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a b s t r a c t
The weights of decision makers play an important role in group decision-making problems. Entropy is a
very important measure in information science. This work models an approach to determine the weights
of decision makers by using an entropy measure. A new normalized projection as a separation measure,
along with TOPSIS (technique for order preference by similarity to ideal solution) technique, is used
for current decision model. The attribute values in current model are characterized by exact values and
intervals. A comparison and experimental analysis show the applicability, feasibility, effectiveness and
advantages of the proposed method.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Entropy is originally developed by Shannon [26], which is used
for measuring the degree of disorder in a system. So it is also called
Shannon entropy. This is a concept from thermodynamics. According to this theory, the natural trend, without exertion of work, is
toward disorder and increase in entropy. The relationship between
increase in disorder and increase in entropy has been noted by
specialists in information science and applied in their ﬁeld [25].
Specially, entropy has become a very important measure which is
used for measuring the uncertainty in a system. So it is also called

information entropy. Subsequent research on Shannon entropy has
contributed to the resolution of a range of problems in decision sci-
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ence [8,27]. For example, the entropy was often used to determine
the weight of attribute [15,65]. This paper provides two methodologies to group decision-making (GDM) problems, they are that
(1) employ Shannon entropy to determine the weight of decision
maker (DM) or expert under a GDM [18,19,21,22,24] environment;
and (2) develop a new normalized projection as a separation measure in TOPSIS (technique for order preference by similarity to ideal
solution) technique. The work (1) is motivated by the following
example.
Example 1.

Suppose that

are the individual decisions of DMs d1 , d2 and d3 respectively, where
the A1 , A2 and A3 are alternatives, the u1 and u2 are beneﬁt attributes
(the larger the better), which are characterized by the hundredmark system. It is obvious that the decision matrix X2 , provided by
DM d2 , is insigniﬁcant because it is only to add a constant 80 to this
decision system over A1 , A2 and A3 . Therefore it does not affect the
order of A1 , A2 and A3 . The decision matrix X2 can be observed from
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information entropy. Entropy is a measure of disorder. Usually the
greater the entropy is, the lower the weight is [15]. X2 is a decision
matrix (here a small decision system) with high entropy (see the
computational result in Example 7 below), which implies that the
weight of DM d2 is very low according to his/her decision X2 .
All systems are subject to the laws of thermodynamics [25]. The
weights of DMs in a decision system should be subject to this law. As
aforementioned, the interest of this paper is to use the information
entropy to determine the importance of DM based on his/her own
decision.
Another interest is the separation measures in TOPSIS technique. In general, the Euclidean distance and the Hamming distance
are the best known and most widely used separation measures.
However, both of them consider only the distance between two
evaluation objectives, the angle between them are ignored. Consider that the projections [28,48,56,59,58,53] are the separation
measures with the angle between two decision objectives, which
are more comprehensive considerations for measuring some separations. This review ﬁnds that the current projection measure is not
always reasonable in real and interval vector settings (see Examples 8–10 below). To solve these problems, this paper interests in
consideration that the separation is replaced by a new normalized
projection measure in a GDM environment.
In addition, considering the increasing complexity in many
real decision situations, only one of information representations is
sometimes difﬁcult to characterize all attributes. Many approaches
have been proposed to solve GDM problems with different preference representations. Chen et al. [6] provided a constructive survey
for GDM, in which three types of fusion approaches are reviewed.
Moreover, with respect to insights gained from prior researches,
several open problems are proposed for the future research. Dong
et al. [10] developed a consensus reaching model to solve GDM
problems, in which the attribute values, provided by DM, are
hybrid, and the individual sets of alternatives, provided by DM, can
change dynamically in the decision process. Chiclana et al. [7] presented a GDM method with hybrid preference relations, where the
self-conﬁdence levels of DMs are considered in decision process.
Dong and Zhang [9] proposed a direct consensus framework for
GDM with different preference representations (preference orderings, utility functions, multiplicative preference relations and fuzzy
preference relations). Using the transformation functions among
different preference representation structures, Dong and Zhang’s
method avoids internal inconsistency issue.
These works have made great contributions to GDM with different preference representations. However, as far as we know, there
is a gap in GDM with hybrid preferences. This gap is that the weight
of DM is based on the entropy of his/her own decision. To ﬁll it, this
work considers that: in some cases, the crisp values may be suitable
for characterizing some attributes; in others, the interval data may
be more suitable for characterizing other attributes [59]. Because
of this kind of background, this paper intends to establish a complex GDM model with crisp values and interval data, in which the
weight of DM is based on the entropy.
In a word, the motivations in this work are intended to achieve
a threefold contribution to existing literature, which is listed as
follows:

(1) This work intends to develop an entropy-based approach to
determine the weight of DM in a GDM setting.
(2) This article intends to explore a new normalized projection to
measure the separation between individual decision and ideal
decision(s).
(3) This paper intends to propose a new GDM method with hybrid
decision information.

The rest of the paper is structured as follows. Section 2 introduces the related work. Section 3 brieﬂy reviews some relevant
concepts and problems, and presents an approach to determine the
weights of DMs for GDM [37,38] with hybrid information. Section 4
introduces an approach to GDM based on entropy-weight on DMs,
a new projection measurement and TOPSIS technique for selecting alternative. Section 5 establishes a GDM algorithm introduced
model in this paper. Section 6 introduces a comparison of weight
methods of DM. To illustrate the practicability, feasibility, effectiveness and advantages of introduced method, Section 7 gives an
illustrative example and Section 8 gives an experimental analysis.
And Section 9 draws our conclusions and future research.

2. Related work
This section introduces the related work, which includes the
approaches to determine the weights of DMs and projection measures.

2.1. Approaches to determine the weights of decision makers
The weights of DMs play a crucial role in the GDM process. How
to determine the weight of DM is one of key techniques. There
are many methods to obtain the weights of DMs. For example,
Dong et al. [11] proposed a dynamic approach to generate the DMs’
weights based on multi-attribute mutual evaluation matrices. This
consensus framework can effectively manage the non-cooperative
behaviors of some DMs. A good idea for allocating the weight of
DM can been found in [10], where DMs have different individual attributes and different individual alternatives. This work has
solved a real-world GDM problem. Herrera-Viedma et al. [13] suggested a method to allocate the weights of DMs with incomplete
fuzzy preference relations based on additive consistency. Urena
et al. [29] described a method to model the weight of DM with
incomplete fuzzy preference relations based on DM’s conﬁdence
from which a GDM procedure. Meng et al. [17] utilized a distance
measure to derive the weights of DMs. Yue [50,51,57] proposed a
series of methods to derive the DMs’ weights for the GDM problems
under real number environments [50,53], interval fuzzy environments [51,55,48,54] and intuitionistic fuzzy environments [52].
Wan and Dong [32] and Wan et al. [33] introduced two methods
for determining the DMs’ weights based on similarity degree. Zhang
and Xu [63] constructed a goal-programming model to derive the
weights of DMs. Pérez et al. [23] proposed a consensus model to
determine the DMs’ weights. How to assign objectively the DMs’
weights becomes a critical step in the GDM process [63]. Bodily
[1] derived the DMs’ weights as a result of designation of voting
weights from an expert to a delegation subcommittee made up of
other DMs of the group. Brock [2] used a Nash bargaining-based
method to estimate the DMs’ weights intrinsically. Utilized some
deviation measures, Xu [41] gave some straightforward formulas
for determining the DMs’ weights. Xu and Cai [42] presented a novel
method based on minimizing group discordance to determine the
DMs’ weights.
The aforementioned methods have made great contributions to
measure the weights of DMs. However, the information in a decision system may be very complex. The importance of a DM in group
of experts is associated with various factors, in which the most
taboo thing is that the decision of a DM has the same information,
as shown the decision X2 in Example 1, provided by 2th DM. If so,
the amount of information from 2th DM is very small. In face, the
weights of DMs can be determined by information entropy, this is a
knowledge gap. To ﬁll it, this paper intends to determine the DMs’
weights based on an entropy measure.
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2.2. Approaches to projection measures
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and the weight vector of attributes

Projection can consider not only the distance but also the angle
between two decision objectives [45]. Projection methods have
attracted great attention from researchers [60,62] and successfully
applied to many multi-attribute decision-making (MADM) [4] and
GDM problems [39,64,16]. For example, Xu and Da [44] and Xu
[40] established two projection models in uncertain MADM context. Xu and Hu [45], Wang et al. [34] and Xu and Cai [43] explored
projection model-based approaches to MADM with intuitionistic
fuzzy information. Zheng et al. [64] and Fu et al. [12] proposed grey
relational projection methods and applied them to MADM. Wei
[35] proposed a projection method in intuitionistic fuzzy setting.
Tsao and Chen [28] proposed a projection-based compromising
method for MADM with interval-valued intuitionistic fuzzy information. Ji et al. [14] introduced a projection-based TODIM method
under multi-valued neutrosophic environments and its application
in personnel selection.
Ju and Wang [16] proposed a projection method for GDM
with incomplete weight information in linguistic setting. Wei [36]
proposed a projection method for GDM in two-tuple linguistic setting. Zeng et al. [60], Yue and Jia [58] and Yue [56,53] developed
GDM methods based on projection measurement with intuitionistic fuzzy information. Xu and Liu [39] and Yue [48] established
projection methods in uncertain GDM context.
These methods are useful to deal with decision problems. However, this research ﬁnds that the existing projection formulae are
unreasonable in real and interval vector settings. Some problems of
existing projection formulae are shown in Examples 8–10 in Section
4 below. To solve these problems, this paper intends to propose new
projection formulae. It is expected that (1) new projection formulae
can resolve the existing projection questions eluded researchers;
(2) new projection formulae satisfy normalization conditions; and
(3) this work shows a new projection-based GDM methodology
with crisp values and interval data.

3. Determination of the weights of decision makers

wk = (w1k , w2k , . . ., wnk ), k ∈ T,
where the xijk ≥ 0, 0 ≤ wjk ≤ 1 and

(2)

n
j=1

wjk = 1.

For convenience, the attribute values xijk in this model are
allowed to be characterized by crisp values and/or intervals. A
decision matrix with hybrid information is given in the following
deﬁnition.
Deﬁnition 1 ([59]). Let X = (xkj )t×n be a decision matrix and let
U = {u1 , u2 , . . ., un } be the set of attributes. If C and I are two subsets
of U such that C ∪ I = U and C ∩ I =∅, then X is called a hybrid decision,
where if uj ∈ C, then the attribute values xkj are characterized by
crisp values; if uj ∈ I, then the attribute values xkj are characterized
by interval data.
The interval mentioned here is in ordinary meaning, as can be
stated in the following deﬁnition.
Deﬁnition 2 ([61]). Let a = [al , au ] = {x|al ≤ x ≤ au }, then a is called
an interval. Especially, if al = au , then a is reduced to a real number.
In general, the normalization of attribute values in Eq. (1) is
necessary. Without losing generality, suppose that there are only
beneﬁt attributes (the larger the better) and/or cost attributes (the
smaller the better) in our model. The normalization will be conducted according to the following formulas.
i in Eq. (1) is a real number, and u is a beneﬁt attribute,
If the xkj
j
then the xijk is normalized by:

yijk =

xijk − minSj
maxSj − minSj

, i ∈ M, j ∈ N, k ∈ T,

(3)

where maxSj and minSj , respectively, are the maximum grade and
minimum grade of the attribute(s) uj , in which the attribute values
are characterized by the same measure system.
If the xijk in Eq. (1) is a real number, and uj is a cost attribute, then
the xijk is normalized by:

The following sets are used for GDM problem in this paper:
• Alternative, or evaluation objective: A set of m feasible alternatives is written as A = {Ai |i ∈ M}, where the M = {1, 2, . . ., m};
• Attribute, or criterion: A set of attributes is written as U = {uj |j ∈
N}, where the N = {1, 2, . . ., n};
• Weight of attribute, or importance of attribute: A weight vector of
attributes is written as w = (w1 , . . ., wj , . . ., wn ), with 0 ≤ wj ≤ 1

n

and
w = 1;
j=1 j
• Decision maker (DM), or expert: A set of DMs is written as
D = {dk |k ∈ T}, where the T = {1, 2, . . ., t};
• Weight of DM, or importance of DM: A weight vector over DMs is
t
 = 1.
written as  = (1 , . . ., k , . . ., t ), with 0 ≤ k ≤ 1 and
k=1 k
Suppose that kth (k ∈ T) DM provides his/her decision information, which includes the following individual decision matrix

yijk =

maxSj − xijk
maxSj − minSj

, i ∈ M, j ∈ N, k ∈ T,

where maxSj and minSj are the same as in Eq. (3).

If the xijk in Eq. (1) is an interval, and uj is a beneﬁt attribute, then

the xijk is normalized by:

⎧
xijkl
⎪
⎪
kl
⎪
⎨ yij =

maxSj

xijku
⎪
⎪
⎪
⎩ yijku = max , i ∈ M, j ∈ N, k ∈ T,

(5)

Sj

where maxSj is the same as in Eq. (3).

If the xijk in Eq. (1) is an interval, and uj is a cost attribute, then

the xijk is normalized by:

⎧
minSj
⎪
kl
⎪
⎨ yij = xkl
ij

minSj
⎪
⎪
⎩ yijku = ku , i ∈ M, j ∈ N, k ∈ T,
xij

where the minSj is the same as in Eq. (3).
(1)

(4)

Example 2.

Suppose that

(6)
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After this transformation, the hybrid decisions Rk are transformed into the crisp decisions as follows:
Uk = (ukij )

m×n

, k ∈ T,

(10)

where, if the rijk in Eq. (8) is a real number, then ukij = rijk .
Example 5. For the R given in Example 4, the entropy matrix is as
follows:

is an individual decision, where the A1 , A2 and A3 are alternatives, and the u1 , u2 and u3 are beneﬁt attributes. The evaluation
scores in u1 are characterized by real numbers in the ten-point scale
(0–10), the evaluation scores in u2 are characterized by intervals in
the hundred-mark system (0–100) and the evaluation scores in u3
are characterized by real numbers in the hundred-mark system.
The maxS1 = 10, maxS2 = maxS3 = 100 and the minS1 = minS2 =
minS3 = 0.
The normalized decision matrices are written as:
Yk = (yijk )

m×n

, k ∈ T.

(7)

Example 3. For the X given in Example 2, the normalized decision
matrix is as follows:

where, for example, u12 = (min(0.316, 1 − 0.340) + min(1 − 0.316,
0.340))/(max(0.316, 1 − 0.340) + max(1 − 0.316, 0.340)) = 0.488.
Then the the entropy of Uk is deﬁned as:
Ek = −

1
ln(mn)

n

m

pkij ln pkij , k ∈ T,

(11)

i=1 j=1

m n

where the pkij = ukij /

i=1

uk
j=1 ij

and 0 ≤ Ek ≤ 1.

3 3

Example 6. For the U given in Example 5, the
u =
i=1
j=1 ij
2.810 and pij = uij /2.180 for all i, j = 1, 2, 3. For example,
p11 = 0.21/2.81 = 0.0747. If all pij are written as the elements of P
as follows:

For the weight vector of attributes in Eq. (2), the weighted decision matrices are obtained as:
Rk = (rijk )

m×n

, k ∈ T,

(8)

where, if the yijk in Eq. (7) is a real number, then rijk = wjk yijk ; if the yijk









in Eq. (7) is an interval yijkl , yijku , then rijk = wjk yijkl , wjk yijku .
Example 4. For the Y given in Example 3, if the the weight vector of
attributes is w = (0.3, 0.4, 0.3), then the weighted decision matrix
is as follows:

then
of U in Example 5 can be calculated as E =
mtheentropy
n
−( i=1 j=1 pij ln pij )/ ln(mn) = −(0.0747 × ln 0.0747 + 0.1737 ×
ln 0.1737 + 0.0854 × ln 0.0854 + 0.0854 × ln 0.0854 + 0.1370 ×
ln 0.1370 + 0.0811 × ln 0.0811 + 0.0641 × ln 0.0641 + 0.2004 ×
ln 0.2004 + 0.0982 × ln 0.0982)/ ln(3 × 3) = 2.1203/2.1972 =
0.9650.
Remark 1. If all attribute values rijk in Eq. (8) are characterized by
the entropy of Rk is calculated by Eq. (11), where
real numbers,
then
m n
the pkij = rijk / i=1 j=1 rijk .

As aforementioned, the weights of DMs is crucial in the GDM
problems. The following research focuses on rating DMs based on
Shannon/information entropy.
To establish
the

 entropy of Rk in Eq. (8), we ﬁrstly transform the

The entropy-based weights should be subject to the law that
the lower the information entropy Ek , the higher the weight k is
[15]. That is, the larger the value 1 − Ek , the higher the weight k
is. Therefore the
tentropy-based weights of DMs can be deﬁned as
k = (1 − Ek )/ k=1 (1 − Ek ). So the weights of DMs are expressed
by the following equation:

formula [31]:

k =

interval rijkl , rijku in Rk into a real value ukij by using the following

ukij =

min{rijkl , 1 − rijku } + min{1 − rijkl , rijku }
max{rijkl , 1 − rijku } + max{1 − rijkl , rijku }

, i ∈ M, j ∈ N, k ∈ T.
(9)

1 − Ek
t−

t

E
k=1 k

,

where it is obvious that the 0 ≤ k ≤ 1 and

(12)

t


k=1 k

= 1.

Example 7. For the individual decisions X1 , X2 , X3 in Example 1,
the attribute values are normalized by Eq. (3), and the normalized
decisions Y1 , Y2 , Y3 are shown as:
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where

Rk = (rijk )

1.975, s2 =

(k = 1, 2, 3),

3 
i=1

3×2
2
r2
j=1 ij

s1 =

and

= 2.400, s3 =

3 2
i=1

3 2

r3
j=1 ij

i=1

r1
j=1 ij

741

=

= 2.280.

4. Normalized projection approach to group
decision-making

Deﬁnition 3. ([59]) Let ˛ = (˛1 , ˛2 , . . ., ˛t ) and ˇ = (ˇ1 , ˇ2 , . . ., ˇt )
be two real vectors, then

For the weight k of DMs, we assign the k to Rk in Eq. (8), then
the individual weighted decision Hk (k ∈ T) are calculated by:

Projˇ (˛) =

Hk = (hkij )

m×n

, k ∈ T,

(13)

where if the rijk in Eq. (8) is a real number, then hkij = k rijk ; if the xijk

in Eq. (8) is an interval [rijkl , xijku ], then hkij = [k rijkl , k rijku ].
For convenience, we convert the Hk in Eq. (13) into a group
decision as the following expression:

˛ˇ
|ˇ|

(16)

is called a projection of vector ˛ onto vector ˇ, where the |ˇ| is the
module of vector ˇ, and the ˛ˇ is the inner product between ˛ and
ˇ.
Generally, the larger the value Projˇ (˛) is, the closer the ˛ is
to the ˇ [64,12]. However, this research ﬁnds the following counterexample.
Example 8. If we take ˛ = (2, 0) and ˇ = (1, 0), then the
˛ˇ = 2 +0 = 2, |ˇ| = 1 and ˇˇ = |ˇ|2 = 1. According to Eq. (16), we
have the Projˇ (˛) = 2 and Projˇ (ˇ) = 1. In this case, we have
Projˇ (ˇ) < Projˇ (˛) . However, it is obvious that the ˇ is much closer
to itself than to the ˛ since ˛ =
/ ˇ.
To solve this problem, we give the following normalized projection measure.

(14)
where the elements hikj are the same as hkij in Hk of Eq. (13).
According to the idea of the TOPSIS technique [30], the positive
and negative ideal decisions for all Hi (i ∈ M) are obvious, as the
following matrices show.
H+ =

(h+
) ,
kj t×n

H− =

(h−
) ,
kj t×n

(15)

=
where if the hikj in Eq. (14) is a real number, then the h+
kj

i in Eq. (14) is an interval
maxi ∈ M {hikj } and h−
= mini ∈ M {hikj }; if ykj
kj

], then h+
= [h+l
, h+u
] = [maxi ∈ M {hilkj }, maxi ∈ M {hiu
}] and
[hilkj , hiu
kj
kj
kj
kj
kj

= [h−l
, h−u
] = [mini ∈ M {hilkj }, mini ∈ M {hiu
}].
h−
kj
kj
kj
kj
As mentioned in the Introduction, the separation measures are
main tools in TOPSIS technique. To improve and optimize the separation measures in real and interval vector settings, we ﬁrst review
the classical projection between two real vectors.

Deﬁnition 4. Let ˛ = (˛1 , ˛2 , . . ., ˛t ) and ˇ = (ˇ1 , ˇ2 , . . ., ˇt ) be two
real vectors, then the normalized projection of vector ˛ onto vector
ˇ is deﬁned as:
NProjˇ (˛) =

˛ˇ
.
˛ˇ + |˛ˇ − |ˇ|2 |

(17)

It is obvious that if ˛ and ˇ are non-negative vectors, then the
Eq. (17) satisﬁes 0 ≤ NProjˇ (˛) ≤ 1. The closer the NProjˇ (˛) is to 1,
the closer the vector ˛ is to the ˇ.
For the ˛ = (2, 0) and ˇ = (1, 0) in Example 3, according to Eq. (17), we have NProjˇ (˛) = 2/(2 + |2 − 1|) = 2/3 and
NProjˇ (ˇ) = 1/(1 + |1 − 1|) = 1. Hereby, we can see that the NProjˇ (ˇ)
is closer to (here, equal to) 1 than the NProjˇ (˛). Therefore, the ˇ
here is much closer to itself than to the ˛.
However, we are puzzled by the following example.
Example 9. If we take ˛ = (0, 1, 2) and ˇ = (1, 0, 1), then
the ˛ˇ = 2 and ˇˇ = |ˇ|2 = 2. According to Eq. (17), we have
the NProjˇ (˛) = 2/(2 + |2 − 2|) = 1 and NProjˇ (ˇ) = 2/(2 + |2 − 2|) = 1. In
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this case, we have NProjˇ (ˇ) = NProjˇ (˛) . However, the instinct tells
us that the ˇ should be much closer to itself than to the ˛ since
/ ˇ.
˛ =
And for this, we give the following normalized projection.
Deﬁnition 5. Let ˛ = (˛1 , ˛2 , . . ., ˛t ) and ˇ = (ˇ1 , ˇ2 , . . ., ˇt ) be two
real vectors, then the normalized projection of vector ˛ onto vector
ˇ is deﬁned as:
NProjˇ (˛) =

min{|˛ˇ|, |˛|2 , |ˇ|2 }
.
max{|˛ˇ|, |˛|2 , |ˇ|2 } + |˛ˇ − |ˇ|2 |

(18)

For the ˛ = (0, 1, 2) and ˇ = (1, 0, 1) in Example 4, we have the
˛ˇ = 2, |˛|2 = 1 +4 = 5 and ˇˇ = |ˇ|2 = 2. It follows that the min{|˛ˇ|,
|˛|2 , |ˇ|2 } = min{2, 5, 2} = 2, max{|˛ˇ|, |˛|2 , |ˇ|2 } = 5. According to
Eq. (18), we have the Projˇ (˛) = 2/(5 + 0) = 2/5, Projˇ (ˇ) = 2/(2 + 0) = 1.
This is what we would expect.
Similar to Eq. (16), a previous research [59] introduced the classical projection between two interval vectors.
˜ =
Deﬁnition 6. Let ˛
˜ = ([˛l1 , ˛u1 ], [˛l2 , ˛u2 ], . . ., [˛lt , ˛ut ]) and ˇ
([ˇ1l , ˇ1u ], [ˇ2l , ˇ2u ], . . ., [ˇtl , ˇtu ]) be two interval vectors, then
˜
˛
˜ˇ
Projˇ˜ (˛)
˜ =
˜
|ˇ|

(19)

˜ where |ˇ|
˜ =
is called a projection of vector ˛
˜ onto vector ˇ,

t

k=1

2
2
˜ =
((ˇkl ) + (ˇku ) ) and ˛
˜ˇ

t

k=1

˜ =
Suppose that ˛
˜ = ([0, 1], [0, 2]) √and ˇ
Example 10.
˜ = 3, ˇ
˜ˇ
˜ = |ˇ|
˜ 2 = 2 and |ˇ|
˜ = 2, accord([0, 1], [0, 1]). Since the ˛
˜ˇ
√
√
˜ = 2/ 2.
˜ = 3/ 2 and Projˇ˜ (ˇ)
ing to Eq. (19), we have that Projˇ˜ (˛)
˜ < Proj ˜ (˛).
In this case, we have Proj ˜ (ˇ)
˜ As mentioned in Example
ˇ

˜ the ˇ
˜ should be much closer to itself than to the ˛.
1, since ˛
˜ =
/ ˇ,
˜
Similar to Eq. (18), we give the following normalized projection
measure between two interval vectors.
˜ =
˜ = ([˛l1 , ˛u1 ], [˛l2 , ˛u2 ], . . ., [˛lt , ˛ut ]) and ˇ
Deﬁnition 7. Let ˛
l
u
l
u
l
u
([ˇ1 , ˇ1 ], [ˇ2 , ˇ2 ], . . ., [ˇt , ˇt ]) be two interval vectors, then the
˜ is deﬁned as fol˜ onto vector ˇ
normalized projection of vector ˛
lows:
NProjˇ˜ (˛)
˜ =

˜ |˛|
˜ 2}
min{|˛
˜ ˇ|,
˜ 2 , |ˇ|
.
˜ |˛|
˜ 2 } + |˛
˜ − |ˇ|
˜ 2|
max{|˛
˜ ˇ|,
˜ 2 , |ˇ|
˜ˇ

(20)

˜ are non-negative vectors, then the
It is obvious that if ˛
˜ and ˇ
˜ ≤ 1. The closer the NProjˇ˜ (˛)
˜ is to 1,
Eq. (20) satisﬁes 0 ≤ NProjˇ˜ (˛)
˜
˜ is to the ˇ.
the closer the vector ˛
˜ = ([0, 1], [0, 1]) in ExamFor the ˛
˜ = ([0, 1], [0, 2]) and ˇ
ple 5, we next use the Eq. (20) to calculate the normalized
˜ Since the ˛
˜ = 3, |˛|
˜ˇ
˜ =
projection of ˛
˜ on ˇ.
˜ˇ
˜ 2 = 5 and ˇ
˜ |˛|
˜ 2 } = min{3, 5, 2} = 2,
˜ 2 = 2, it follows that min{|˛
˜ ˇ|,
˜ 2 , |ˇ|
|ˇ|
˜ |˛|
˜ 2 } = max{3, 5, 2} = 5. We have the NProj ˜ (˛)
max{|˛
˜ ˇ|,
˜ 2 , |ˇ|
˜ =
ˇ
˜ = 2/(2 + |2 − 2|) = 1. In this case,
2/(5 + |3 − 2|) = 1/3, NProj ˜ (ˇ)
ˇ

˜ This is also what we would expect.
we have Projˇ˜ (˛)
˜ < Projˇ˜ (ˇ).
Next we extend the projection of one vector onto another to the
projection of one matrix onto another.
Deﬁnition 8. Suppose that X = (xkj )t×n and Y = (ykj )t×n be two
decision matrices, then
NProjY (X) =

min{|XY |, |X|2 , |Y |2 }
min{|XY |, |X|2 , |Y |2 } + |XY − |X|2 |

(21)

is called

nthe projection of matrix X onto matrix Y, where the XY2 =
t
k=1

x y
j=1 kj kj

is the inner product between X and Y, the |X| =

t n

(xkj )2 and |Y |2 =
(y )2 , respectively, are the
k=1
j=1 kj
squared norm of matrix X and Y.
According to Deﬁnition 8, the normalized projections of Hi onto
H+ and H− , respectively, are calculated by:
k=1

j=1

NProjH+ (Hi ) =

min{|Hi H+ |, |Hi |2 , |H+ |2 }
,
max{|Hi H+ |, |Hi |2 , |H+ |2 } + |Hi H+ − |H+ |2 |

NProjH− (Hi ) =

min{|Hi H− |, |Hi |2 , |H− |2 }
, i ∈ M,
max{|Hi H− |, |Hi |2 , |H− |2 } + |Hi H− − |H− |2 |
(22)

where

Hi H+ =

the

h+u )), Hi H−
hiu
kj kj
hiu
h−u )),
kj kj
2
(hiu
) )), |H+ |2
kj
2
(h+u
) ))
kj
2
(h−u
) )).
kj

=

t

k=1

|Hi
=

|2

t

=

k=1

and |H−

|2

t





(









(

=



n
n
( u ∈ C,j=1 hikj h+
+
(hil h+l
k=1
uj ∈ I,j=1 kj kj
kj
j
n
n
hi h− +
(hil h−l +
uj ∈ C,j=1 kj kj
uj ∈ I,j=1 kj kj
2
2
t
n
n
( u ∈ C,j=1 (hikj ) +
((hilkj )
k=1
uj ∈ I,j=1
j
n
n
+ 2
+l 2
uj ∈ C,j=1

t

k=1



(hkj ) +



n

(

uj ∈ I,j=1

2
(h− )
uj ∈ C,j=1 kj

+

+

+

((hkj ) +

n

uj ∈ I,j=1

2

((h−l
) +
kj

The C and I are the same as in Deﬁnition 1.
The relative closeness of each group decision Hi with respect to
ideal decisions H+ and H− is based upon their normalized projection
measurements as follows:
NPRC i =

(˛lk ˇkl + ˛uk ˇku ).

In general, the larger the value Projˇ˜ (˛)
˜ is, the closer the ˛
˜ is to
˜
the ˇ. However, the following example shows a counterexample.

ˇ

t n

NProjH+ (Hi )
NProjH+ (Hi ) + NProjH− (Hi )

, i ∈ M.

(23)

All alternatives are ranked in accordance with the order of their
relative closeness. The larger NPRCi means the better alternative Ai .
5. Presented algorithm
This section intends to establish a GDM algorithm with hybrid
information representations. The following steps are involved in
the decision procedure.
Step 1. Establish the individual decisions and the weights of
attributes.
are established by Eq. (1),
The individual decisions Xk = (xijk )
t×n

where the X1 , X2 , . . ., Xm are provided by DMs, respectively, in which
the attribute values are allowed to have different preference representations. Speciﬁcally, the attribute values xijk in this model are
allowed to be characterized by crisp values and/or intervals.
Step 2. Normalize the individual decisions.
The individual decisions Xk (k ∈ T) are normalized by using Eqs.
(3)–(6), and the normalized decisions Yk (k ∈ T) are shown in Eq. (7).
Eqs. (3)–(6) provide the normalization methods of attribute values in GDM setting.
Step 3. Construct the weighted decisions.
For the weight vector wk = (w1k , w2k , . . ., wnk ) of attributes, given
by kth DM and shown in Eq. (2), the weighted decisions Rk (k ∈ T)
are constructed by Eq. (8).
There are many methods to determine the weights of attributes.
Interested reader can refer to the literature [10].
Step 4. Transform the decisions with hybrid information into
the crisp decisions.
For the convenience of calculation of entropy, the intervals in
Rk (k ∈ T) are transformed into real values by Eq. (9). Then the crisp
decisions Uk (k ∈ T) are calculated by Eq. (10).
Step 5. Calculate the entropies of the crisp decisions.
The entropies of crisp decisions Uk (k ∈ T) are calculated by Eq.
(11).
The entropy is a measure in a system. In this context, a individual
decision can be thought of as an evaluation system.
Step 6. Determine the weights of DMs.
The weights of DMs are determined by Eq. (12).
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The DM’s weight k in Eq. (12) is based on the entropy of individual decision Rk (k ∈ T) in Eq. (8), i.e., the Rk in Eq. (8) is thought
of as a quantitative decision system of kth DM.
Step 7. Calculate the individual weighted decisions.
The individual weighted decisions are calculated by Eq. (13). In
this way, the individual importance of DM has been considered in
decision process.
Step 8. Convert the individual weighted decisions into the group
decisions.
The individual weighted decision matrices Hk (k ∈ T) in Eq. (13)
can be converted into the group decision matrices Hi (i ∈ M) by Eq.
(14), in which each alternative Ai is evaluated by a group of DMs.
The concerns of individual decisions are the decisions of DMs, while
the concerns of group decisions are the alternatives.
Step 9. Determine the ideal decisions.
The ideal decisions H+ and H− of the group decisions Hi (i ∈ M)
are determined by Eq. (15).
The ideal decision is a relative concept. There are many ideal
decisions in different decision settings. Interested reader can refer
to the literature [49].
Step 10. Calculate the separation measures.
Based on the normalized projection measurement, the separations between each group decision Hi and their ideal decisions H+
and H− , NProjH+ (Hi ) and NProjH− (Hi ), are calculated by Eq. (22).
The separation measures here are more comprehensive considerations. Speciﬁcally, both distance and angle factors are
considered by a normalized projection measure.
Step 11. Calculate the relative closeness.
For each group decision, the relative closeness is calculated by
Eq. (23).
In face, the NProjH+ (Hi ) or NProjH− (Hi ) is also able to provide a
separation measure. The larger the value NProjH+ (Hi ), or smaller the
value NProjH− (Hi ) is, the better the alternative Ai is. The TOPSIS technique is a compromise method [3,46]. The compromise between
NProjH+ (Hi ) and NProjH− (Hi ) is achieved by a relative closeness
NPRCi in Eq. (23).
Step 12. Rank the preference order of alternatives.
The alternatives are ranked in descending order in accordance
with the order of their relative closeness.

6. Advantages comparison of weight methods of decision
maker
This section makes a comparison of weight methods of DM. We
compare the differences and advantages between this proposal and
other two models.
Herrera-Viedma et al. [13] introduced an approach that use DMs’
consistency to allocate the weights of the DMs. In this model, the
weight of the DM is based on the consistency of decision information of DM, and in which the incomplete fuzzy preference relations
are provided by DMs. The consistency level of fuzzy preference relations are estimated by the additive consistency and completeness
of preference values. The higher the consistency level of preference
values provided by a DM is, the larger the weight of DM is.
Urena et al. [29] also introduced an approach to GDM, in which
the conﬁdence level associated to a reciprocal intuitionistic fuzzy
preference relation is used for different importance degrees to
DMs. In Urena’s model, the hesitancy degree of the reciprocal intuitionistic fuzzy preference relation is used to determine the DM’s
conﬁdence from which a GDM procedure. The importance of DM
is estimated by the consistency and conﬁdence degrees in decision process. The conﬁdence of DMs can increase the consistency.
The higher the consistency and conﬁdence levels is, the larger the
weight of DM is. This is a good idea for determining the weight of
DM, although it is not obviously focused in the weight of expert.
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To illustrate and compare the entropy-based weight presented
in this work, ﬁrstly, the differences between this proposal and
above-mentioned methods [13,29] are reported as follows:
(1) There is no the missing information in the decision matrices
of DMs in this work; while there is the missing information in
the decision matrices of DMs in above-mentioned methods. The
incomplete fuzzy preference relation is beneﬁcial to the human
being decisions. However, it affects the calculation of weight of
DM.
(2) The weight of DM is based on the disorder of his/her decision
matrix in this work. The greater the disorder a decision is, the
higher the entropy a decision is, the lower the weight this DM is;
while the weight of DM is based on the consistency in decision
matrix and the conﬁdence in group of DMs in above-mentioned
methods. The higher the consistency and conﬁdence levels is,
the larger the weight of DM is.
(3) The weight of DM is allocated by using entropy measure in this
work. The higher the entropy a decision is, the lower the weight
this DM is; while the weight of DM is allocated by using the
additive consistency and completeness of preference values in
[13]. And the weight of DM is allocated by using the hesitancy
degree [29].
(4) The preference values are provided by DM in real number or
interval in this work; while the preference values are provided
by DMs in incomplete reciprocal intuitionistic preference relations in [13]. And the preference values are provided by DMs in
reciprocal intuitionistic fuzzy preference relation in [29].
Each approach has its advantages and disadvantages. The advantages in this work and above-mentioned methods [13,29] are
reported as follows:
(1) In some cases, where the decision information provided by DM
is complete, the entropy-based weight in this work can reﬂect
the overall quality of his/her decision matrix. The weight is
comprehensive since the decision information is complete. That
is one of its main advantages. However, it is difﬁcult that the
determination of decision information is characterized by exact
values. That is one of its main disadvantages.
(2) In some cases, where the decision information provided by DM
is incomplete, the missing information is estimated from the
existing information. The incomplete fuzzy preference relation
is more suitable for all the human being decisions. That is one of
its main advantages. However, it is difﬁcult that the weights of
DMs is determined in incomplete decision information setting.
That is one of its main disadvantages.
7. Illustrative example
An evaluation of trust between members in a virtual enterprise
is given in this section. Virtual enterprises represent a dynamic
networking alliance that can react sensitively to changing market opportunities and gather knowledge resources from a wide
range of enterprises using Internet technology to develop, design,
manufacture, and market goods and services [66]. The success of
a virtual enterprise depends on the effective integration and sharing of knowledge and information among alliance enterprises. The
partner selection and the related trust issues such as trust evaluation, mutual trust, and trust building have largely been affecting
the success of a virtual enterprise [20]. Trust is an important facilitator of knowledge sharing [5]. Now the trust models have focused
on qualitative measurement due to its complexity.
The current trusts of four members in a virtual enterprise are
evaluated in this example. The four members evaluated here com-
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Table 3
Weighted evaluation matrices of members.

Table 1
Evaluation matrices and weights of attributes.
Matrix

Member

u1

u2

u3

u4

Matrix

Member

u1

u2

u3

u4

X1

A1
A2
A3
A4
w1

7.0
8.0
6.0
5.0
0.2

[79.0, 85.0]
[80.0, 86.0]
[61.0, 67.0]
[82.0, 90.0]
0.3

8.0
6.0
7.0
9.0
0.2

[72.0, 82.0]
[65.0, 67.0]
[80.0, 83.0]
[84.0, 92.0]
0.3

R1

A1
A2
A3
A4

0.140
0.160
0.120
0.100

[0.237, 0.255]
[0.240, 0.258]
[0.183, 0.201]
[0.246, 0.270]

0.160
0.120
0.140
0.180

[0.216, 0.246]
[0.195, 0.201]
[0.240, 0.249]
[0.252, 0.276]

R2

X2

A1
A2
A3
A4
w2

7.0
7.0
6.0
8.0
0.3

[80.0, 86.0]
[55.0, 62.0]
[68.0, 85.0]
[73.0, 85.0]
0.2

9.0
9.0
10.0
5.0
0.3

[59.0, 63.0]
[70.0, 98.0]
[82.0, 85.0]
[58.0, 95.0]
0.2

A1
A2
A3
A4

0.210
0.210
0.180
0.240

[0.160, 0.172]
[0.110, 0.124]
[0.136, 0.170]
[0.146, 0.170]

0.270
0.270
0.300
0.150

[0.118, 0.126]
[0.140, 0.196]
[0.164, 0.170]
[0.116, 0.190]

R3

A1
A2
A3
A4
w3

8.0
9.0
7.0
6.0
0.2

[70.0, 72.0]
[80.0, 87.0]
[68.0, 82.0]
[58.0, 61.0]
0.3

7.0
8.0
9.0
8.0
0.3

[84.0, 89.0]
[61.0, 83.0]
[58.0, 80.0]
[73.0, 82.0]
0.2

A1
A2
A3
A4

0.160
0.180
0.140
0.120

[0.210, 0.216]
[0.240, 0.261]
[0.204, 0.246]
[0.174, 0.183]

0.210
0.240
0.270
0.240

[0.168, 0.178]
[0.122, 0.166]
[0.116, 0.160]
[0.146, 0.164]

X3

Table 2
Normalized evaluation matrices of members.
Matrix

Member

u1

u2

u3

u4

Y1

A1
A2
A3
A4
w1

0.70
0.80
0.60
0.50
0.2

[0.79, 0.85]
[0.80, 0.86]
[0.61, 0.67]
[0.82, 0.90]
0.3

0.80
0.60
0.70
0.90
0.2

[0.72, 0.82]
[0.65, 0.67]
[0.80, 0.83]
[0.84, 0.92]
0.3

Y2

A1
A2
A3
A4
w2

0.70
0.70
0.60
0.80
0.3

[0.80, 0.86]
[0.55, 0.62]
[0.68, 0.85]
[0.73, 0.85]
0.2

0.90
0.90
1.00
0.50
0.3

[0.59, 0.63]
[0.70, 0.98]
[0.82, 0.85]
[0.58, 0.95]
0.2

Y3

A1
A2
A3
A4
w3

0.80
0.90
0.70
0.60
0.2

[0.70, 0.72]
[0.80, 0.87]
[0.68, 0.82]
[0.58, 0.61]
0.3

0.70
0.80
0.90
0.80
0.3

[0.84, 0.89]
[0.61, 0.83]
[0.58, 0.80]
[0.73, 0.82]
0.2

prise a set denoted by A = {A1 , A2 , A3 , A4 }. The set of DMs is written
as D = {d1 , d2 , d3 }, where the dk (k = 1, 2, 3) is a group of experts
from this alliance. The attributes of evaluation are based on the
concerns of DMs, which are U = {u1 , u2 , u3 , u4 } = {collaborative
relation, activity correlation, collaborative time, past trust value}.
The collaborative relation includes outsourcing, collaboration,
and corporate relations. The activity correlation is an interactive
relationship between members, participating in activities are associated with trust between members. A long period of collaboration
can accumulate great trust between members, therefore, collaborative time is an important attribute. Trust between members is
affected by previous experiences of collaboration. Therefore, past
trust value is adopted to evaluate current trust [5].
The individual decision matrices Xk = (xijk )
(k = 1, 2, 3) and
4×4

the weights of attributes are given by Step 1, in which the xijk in
u1 and u3 are characterized by real numbers in ten-point scale; and
the xijk in u2 and u4 are characterized by interval data [xijkl , xijku ] in
hundred-mark system. The evaluation matrices and the weights of
attributes are shown in Table 1.
According to Step 2, the normalized matrices of trust evaluations
are calculated, which are shown in Table 2.
For the attributes’ weight vector given by each DM, the weighted
(on attributes) evaluation matrices of the members can be obtained
by Step 3, which are shown in Table 3.
By Step 4, the intervals in Rk shown in Table 3 can be converted
into real values, which are shown in Table 4.
The entropies Ek (k ∈ T) of the weighted evaluation matrices are
calculated by Step 5, which are shown in Table 5. The DMs’ weights

Table 4
Crisp evaluation matrices of members.
Matrix

Member

u1

u2

u3

u4

U1

A1
A2
A3
A4

0.1400
0.1600
0.1200
0.1000

0.3263
0.3316
0.2376
0.3477

0.1600
0.1200
0.1400
0.1800

0.3004
0.2469
0.3236
0.3587

U2

A1
A2
A3
A4

0.2100
0.2100
0.1800
0.2400

0.1990
0.1325
0.1806
0.1876

0.2700
0.2700
0.3000
0.1500

0.1390
0.2019
0.2005
0.1806

U3

A1
A2
A3
A4

0.1600
0.1800
0.1400
0.1200

0.2706
0.3342
0.2903
0.2173

0.2100
0.2400
0.2700
0.2400

0.2092
0.1682
0.1601
0.1834

Table 5
Entropies, DMs’ weights and their ranking.
DM

Ek

k

Ranking

d1
d2
d3

0.9697
0.9910
0.9870

0.5795
0.1721
0.2484

1
3
2

Table 6
Individual weighted evaluation matrices Hk (k = 1, 2, 3) of members.
Matrix

Member

u1

u2

u3

u4

H1

A1
A2
A3
A4

0.0811
0.0927
0.0695
0.0580

[0.1373, 0.1478]
[0.1391, 0.1495]
[0.1061, 0.1165]
[0.1426, 0.1565]

0.0927
0.0695
0.0811
0.1043

[0.1252, 0.1426]
[0.1130, 0.1165]
[0.1391, 0.1443]
[0.1460, 0.1599]

H2

A1
A2
A3
A4

0.0361
0.0361
0.0310
0.0413

[0.0275, 0.0296]
[0.0189, 0.0213]
[0.0234, 0.0293]
[0.0251, 0.0293]

0.0465
0.0465
0.0516
0.0258

[0.0203, 0.0217]
[0.0241, 0.0337]
[0.0282, 0.0293]
[0.0200, 0.0327]

H3

A1
A2
A3
A4

0.0397
0.0447
0.0348
0.0298

[0.0522, 0.0537]
[0.0596, 0.0648]
[0.0507, 0.0611]
[0.0432, 0.0455]

0.0522
0.0596
0.0671
0.0596

[0.0417, 0.0442]
[0.0303, 0.0412]
[0.0288, 0.0397]
[0.0363, 0.0407]

and their ranking are calculated by Step 6, which are also shown in
Table 5.
For the weights of DMs, assigning k to the weighted evaluation
matrix Rk , we have individual weighted decisions Hk by Step 7,
which are shown in Table 6.
For convenience to rank alternatives, we convert the individual
weighted decisions Hk (k = 1, 2, 3) into the group decisions Hi (i = 1,
2, 3, 4) by Step 8, which are shown in Table 7.
The ideal decisions of Hi (i = 1, 2, 3, 4) are determined by Step 9,
which are shown in Table 8.
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Table 7
Group evaluation matrices Hi (i = 1, 2, 3, 4) of members.
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Table 10
Entropies based on attributes.

Matrix

DM

u1

u2

u3

u4

Entropy

u1

u2

u3

u4

H1

d1
d2
d3

0.0811
0.0361
0.0397

[0.1373, 0.1478]
[0.0275, 0.0296]
[0.0522, 0.0537]

0.0927
0.0465
0.0522

[0.1252, 0.1426]
[0.0203, 0.0217]
[0.0417, 0.0442]

Ej1

0.9892

0.9927

0.9919

0.9936

0.9963

0.9920

0.9784

0.9925

0.9919

0.9917

0.9972

0.9962

H2

d1
d2
d3

0.0927
0.0361
0.0447

[0.1391, 0.1495]
[0.0189, 0.0213]
[0.0596, 0.0648]

0.0695
0.0465
0.0596

[0.1130, 0.1165]
[0.0241, 0.0337]
[0.0303, 0.0412]

H3

d1
d2
d3

0.0695
0.0310
0.0348

[0.1061, 0.1165]
[0.0234, 0.0293]
[0.0507, 0.0611]

0.0811
0.0516
0.0671

[0.1391, 0.1443]
[0.0282, 0.0293]
[0.0288, 0.0397]

d1
d2
d3

0.0580
0.0413
0.0298

[0.1426, 0.1565]
[0.0251, 0.0293]
[0.0432, 0.0455]

0.1043
0.0258
0.0596

[0.1460, 0.1599]
[0.0200, 0.0327]
[0.0363, 0.0407]

H4

Ej2
Ej3

Table 11
Overall entropy, weights of DMs and their ranking based on attributes.
DM

Ek

k

Ranking

d1
d2
d3

0.9919
0.9898
0.9942

0.3378
0.4228
0.2394

2
1
3

Table 12
Entropies based on categories of attributes.

Table 8
Ideal decisions of members.
Decision

DMs

u1

u2

u3

u4

H+

d1
d2
d3

0.0927
0.0413
0.0447

[0.1426, 0.1565]
[0.0275, 0.0296]
[0.0596, 0.0648]

0.1043
0.0516
0.0671

[0.1460, 0.1599]
[0.0282, 0.0337]
[0.0417, 0.0442]

H−

d1
d2
d3

0.0580
0.0310
0.0298

[0.1061, 0.1165]
[0.0189, 0.0213]
[0.0432, 0.0455]

0.0695
0.0258
0.0522

[0.1130, 0.1165]
[0.0200, 0.0217]
[0.0288, 0.0397]

Table 9
Normalized projections, relative closeness and rankings of members.
Member

NProjH+ (Hi )

Ranking

NProjH− (Hi )

Ranking

NPRCi

Ranking

A1
A2
A3
A4

0.7391
0.6617
0.6121
0.8413

2
3
4
1

0.5654
0.6242
0.6700
0.5047

2
3
4
1

0.5666
0.5146
0.4774
0.6250

2
3
4
1

Attribute

Ej1

Ej2

Ej3

u1 and u3
u2 and u4

0.9926
0.9954

0.9895
0.9948

0.9839
0.9846

Table 13
Overall entropy, weights of DMs and their ranking based on categories of attributes.
DM

Ek

k

Ranking

d1
d2
d3

0.9940
0.9921
0.9842

0.2025
0.2652
0.5323

3
2
1

The entropies based on attribute uj (j = 1, 2, 3, 4) are shown in
Table 10.
Therefore, the overall entropy of Uk is deﬁned as follows:
Ek =

The normalized projections of group decision matrices Hi (i = 1,
2, 3, 4) on the ideal decisions H+ and H− are calculated by Step 10;
the relative closeness of each Hi (i = 1, 2, 3, 4) to ideal decisions H+
and H− are calculated by Step 11, and the trusts of four members
are ranked by Step 12, which are summarized in Table 9.
Table 9 shows that the preference order of trusts of four members as follows:
A4

A1

A2

A3 ,

that is to say, the best trust is A4 , followed by A1 , A2 and A3 .
8. Experimental analysis
In this section, we show an experimental comparison with other
measures to illustrate the effectiveness and advantages of introduced method in this paper.
8.1. Experimental comparison with other entropy models

entropy of
Ejk = −

1
ln m

can be calculated by

m

pkij ln pkij , k ∈ T, j ∈ N,
i=1

m

where the pkij = ukij /

uk .
i=1 ij

Ejk , k ∈ T,

(24)

(25)

j=1

where the Ejk is shown in Eq. (24).
The weights of DMs are also calculated by Eq. (12). The overall
entropy Ek of Uk , the weights of DMs and their ranking are shown
in Table 11.
Table 11 shows that the order of DMs is different than the order
in Table 5.
In our model, the hybrid information in Rk shown in Eq. (8)
includes two categories: real numbers and interval data. If the
entropy value of Uk is based on different categories, then we investigate the changes of the entropies.
For the category characterized by real numbers in Rk , the
entropy of category can be calculated by
k
EjC
=−

1
ln(mn1 )

m

pkij ln pkij , k ∈ T, j ∈ N,
i=1

m n

where the pkij = rijk /

In this subsection, we analyze the impacts of different entropy
models of Uk in Eq. (10) on the results in illustrative example.
If the entropy value of Uk is based on the attribute (uj ) vector, or column vector, Ujk = (uk1j , uk2j , . . ., ukmj ) (j ∈ N, k ∈ T), then the
Ujk

n

1
n

i=1

rk,
uj ∈ C,j=1 ij

(26)

the rijk in Rk are real numbers

and the n1 = |C|.
For the category characterized by intervals in Rk , the entropy of
category can be calculated by
EjIk = −

1
ln(mn2 )

m

pkij ln pkij , k ∈ T, j ∈ N,
i=1

m n

where the pkij = ukij /

i=1

uk ,
uj ∈ I,j=1 ij

(27)

the ukij are shown in Uk , and

the n2 = |I|.
The entropies based on categories of attributes are shown in
Table 12, where the n1 = |C| = |{u1 , u3 }| = 2 and n2 = |I| = |{u2 , u4 }| = 2.
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Table 14
Normalized projections, relative closeness and rankings of members based on different entropy models.
Member

NPA+

NPA−

NPRCA

Ranking

NPC+

NPC−

NPRCC

Ranking

NPRCi

Ranking

A1
A2
A3
A4

0.8790
0.8700
0.8760
0.8561

0.8308
0.8385
0.8368
0.8328

0.5141
0.5092
0.5115
0.5069

1
3
2
4

0.8706
0.9153
0.8865
0.8107

0.8620
0.8334
0.8511
0.9024

0.5025
0.5234
0.5102
0.4732

3
1
2
4

0.5170
0.4975
0.4864
0.5346

2
3
4
1

Notes: The NPA+ and NPA− indicate NProjH+ (Hi ) and NProjH− (Hi ) respectively based on attributes. The NPRCA indicates the relative closeness based on attributes. The NPC+ and
NPC− indicate NProjH+ (Hi ) and NProjH− (Hi ) respectively based on categories. The NPRCC indicates the relative closeness based on categories. The NPRCi is shown in Eq. (23)
and the ranking is shown in Table 9.

The overall entropy of Uk is deﬁned as follows:
Ek =

1 k
(E + EjIk ), k ∈ T,
2 jC
k
EjC

(28)
EjIk

is shown in Eq. (26) and
is shown in Eq. (27).
where the
The weights of DMs are also calculated by Eq. (12). The overall
entropy Ek of Uk , the weights of DMs and their ranking are shown
in Table 13.
Table 13 shows that the order of DMs is also different than the
order in Table 5. So it must be that the scores of alternatives are
different than the scores in Table 9. The normalized projections,
relative closeness and their rankings based on attributes, categories
and overall entropy in Eq. (11) are summarized in Table 14.
As mentioned in Introduction section, the information entropy
is a measure of uncertainty. The Eq. (24) measures the uncertainty
of attribute values in an attribute uj vector, which is partial. The
entropy in Eq. (25) is an average of partial entropies, it exists a
large deviation with overall entropy in Eq. (11). Eqs. (26) and (27)
have partial completeness for determining the entropy. However,
they are only an entropy measure in a category. And the Eq. (27) is
also an average of entropies of two categories, it is not as accurate
as the entropy in Eq. (11). Table 14 shows the difference of rankings
based on three entropy measures.
8.2. Experimental comparison with other projection measures
In this subsection, we show the experimental comparisons of
normalized projection with other measures: the classical projection measure and a new projection measure [59] proposed by Yue
and Jia.
Firstly, we make an experimental comparison with the classical
projection measure, and verify the rankings’ changes of four members’ trusts in the above-mentioned example. In order to do so, we
review the classical projection of a decision matrix on another. Let
X = (xkj )t×n and Y = (ykj )t×n be two decision matrices, then
XY
ProjY (X) =
,
|Y |

Hi H+
H H−
, ProjH− (Hi ) = i
, i ∈ M.
|H+ |
|H− |

(30)

The relative closeness in Step 5 is expressed by the following
equation:
PRC i =

ProjH+ (Hi )
ProjH+ (Hi ) + ProjH− (Hi )

Member

ProjH+ (Hi )

Ranking

ProjH− (Hi )

Ranking

PRCi

Ranking

A1
A2
A3
A4

0.3332
0.3185
0.3103
0.3468

2
3
4
1

0.3325
0.3174
0.3098
0.3483

3
2
1
4

0.5006
0.5008
0.5004
0.4990

2
1
3
4

Table 16
Separations, relative closeness and trusts’ ranking of members based on the projection proposed by Yue and Jia [59].
Member

NP H+ (Hi )

Ranking

NP H− (Hi )

Ranking

NRCi

Ranking

A1
A2
A3
A4

0.9000
0.8601
0.8380
0.9367

2
3
4
1

0.8407
0.8687
0.8848
0.8155

2
3
4
1

0.5170
0.4975
0.4864
0.5346

2
3
4
1

We have know from Examples 3 and 5 that the classical projection is unreliable. Our main work is to present an empirical
evidence to show that the proposed approach is better than existing approaches. In order to do so, we further compare this work
with other measures.
Let X and Y be two matrices, then a new projection measure of
vector X onto vector Y is proposed by Yue and Jia [59] as follows:
NP Y (X) =

, i ∈ M.

(31)

The classical projections, relative closeness and trusts’ ranking
of four members in the above-mentioned example are shown in
Table 15.
Table 15 shows that the trusts’ ranking of four members differs
from the ranking based on the normalized projection in Table 9.

RP Y (X)
,
RP Y (X) + |1 − RP Y (X)|

(32)

where the RPY (X) = XY/|Y|2 , the XY and |Y| are the same as in Eq. (21).
It is similar to the normalized projection proposed in Eq. (21). Next
we compare it with the normalized projection proposed in Eq. (21).
If the Eq. (22) is replace by the projection measure in Eq. (32),
then the projection of Hi onto H+ and H− are shown respectively as
follows:
NP H+ (Hi ) =

(29)

is called the classical projection [58] of X on Y.
Then we employ the classical projection to replace the Eq. (22),
which are shown as follows.
ProjH+ (Hi ) =

Table 15
Projections, relative closeness and trusts’ ranking of members based on the classical
projection.

=

RP H+ (Hi )
, NP H− (Hi )
RP H+ (Hi ) + |1 − RP H+ (Hi )|

RP H− (Hi )
, i ∈ M,
RP H− (Hi ) + |1 − RP H− (Hi )|

(33)

where the RP H+ (Hi ) = Hi H+ /|H+ |2 , RP H− (Hi ) = Hi H− /|H− |2 ; the
Hi H+ , |H+ |2 and |H− |2 are the same as in Eq. (22).
The relative closeness in Eq. (23) is modiﬁed accordingly as follows:
NRC i =

NP H+ (Hi )
, i ∈ M.
NP H+ (Hi ) + NP H− (Hi )

(34)

The separations, relative closeness and trusts’ ranking of four
members in above-mentioned example, based on the projection
measure proposed in [59], are shown in Table 16.
Table 16 shows that the ranking of trusts of four members is
consistent with the ranking based on the normalized projection in
Table 9.
Three different projection measures lead to two different rankings. Although we never really know the actual ranking of trusts
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Table 17
Statistics of rankings based on nine measures.
Measure
NProjY+ ( · )
NProjY− ( · )
NPRC(·)
ProjY+ ( · )
ProjY− ( · )
PRC(·)
NP H+ ( · )
NP H− ( · )
NRC(·)

A4
√
√
√
√

A1

A2

A3

A3

A2

A1

A4

A2

A1

A3

A4

√
√
√
√
√

of four members in above-mentioned example, an ideal ranking is
based on the following idea. If a ranking is selected by multiply
measures, then the most widely preferred choice a ranking is, the
highest reliability the ranking is. The most widely preferred choice
should be an ideal ranking.
Based on this idea, we further review above-mentioned measures. Firstly, we review the normalized projection measure. It is
noted that the NProjH+ ( · ) in Eq. (22) is also a measure for selecting
alternatives. By Eqs. (18) and (20), the larger the value NProjH+ (Hi ),
the better the alternative Ai is. Similarly, the NProjH− ( · ) in Eq. (22)
is also a measure to rank the alternatives. The smaller the value
NProjH− (Hi ), the better the alternative Ai is. The rankings based on
NProjH+ ( · ) and NProjH− ( · ) are also shown in Table 9.
Table 9 shows that three rankings are consistent. So we may say
that the normalized projection is a robust measure. Further, it is an
ideal measure.
Similar to the normalized projection, we further review the classical projection. It is noted that the ProjH+ ( · ) in Eq. (30) is also a
measure. The larger the value ProjH+ (Hi ), the better the alternative
Ai is. Also the ProjH− ( · ) in Eq. (30) is also a measure. The smaller the
value ProjH− (Hi ), the better the alternative Ai is. The trusts’ ranking
of four members based on the Eq. (30) are also shown in Table 15.
Table 15 shows that three rankings are not consistent. In this
sense, we say that the normalized projection in Eq. (22) is superior
to the classical projection measure in Eq. (30).
Similar to above discussion, next discuss the new projection
measure [59] proposed by Yue and Jia. The NP H+ ( · ) and NP H− ( · ) in
Eq. (33) are also measures. Speciﬁcally, the larger the value NP H+ ( · ),
the better the alternative Ai is; and the smaller the value NP H− ( · ),
the better the alternative Ai is. The trusts’ rankings of four members
in the above-mentioned example, based on NP H+ ( · ) and NP H− ( · ),
are also shown in Table 16.
Table 16 shows that the rankings based on NP H+ ( · ) and NP H− ( · )
are also consistent with the ranking based on NPRCi in Eq. (23).
To ﬁnd an ideal ranking of alternatives, we list these rankings
based on nine measures in Table 17.
Table 17 shows that the ranking A4 A1 A2 A3 is the most
widely preferred ranking from nine measures. In this sense, it is an
ideal ranking. And it is consistent with the normalized projection
measurement shown in Eq. (23). This result conﬁrms the superiority of normalized projection measure provided in this paper.
However, we do not known which ranking between the projection
in Eq. (21) and the projection in Eq. (32) is the proper one. For this,
we further compare them in the following section.
8.3. A dynamic comparison with other projection measures
In this subsection, we show a dynamic comparison with the classical projection measure in Eq. (29) and the new projection measure
in Eq. (32), and further validate the results based on normalized
projection measure.
1 = [x1l , x1u ] = [79, 85] in X in Table 1. To
We now review the x12
1
12
12
1 = [˛, 6 + ˛], where the ˛ ∈ [0,
show a dynamic comparison, let x12

Fig. 1. Rankings of the trusts A1 , A2 , A3 , A4 based on the normalized projection in
Eq. (23).

Fig. 2. Rankings of trusts A1 , A2 , A3 , A4 based on the classical projection in Eq. (31).

94] is a parameter. Other values are the same as in Table 1. Then let
˛ increase from 0 to 94, and the normalized projection in Eq. (23)
is employed to rank the alternatives A1 , A2 , A3 , A4 , we observe the
changes of their rankings. The curves of rankings of A1 , A2 , A3 and
A4 are shown in Fig. 1.
We make a dynamic comparison based on this ﬁgure with other
two projection measures.
Similar to the normalized projection measure, next we employ
the classical projection measure to rank the trusts of members A1 ,
A2 , A3 , A4 , then we observe the changes of their rankings. Their
rankings are shown in Fig. 2.
We can see that the rankings based on the classical projection
are very different from the changes based on the normalized projection, which further shows the necessity to improve the classical
projection.
Next we make a comparison with the projection measure in Eq.
(34). If we employ the Eq. (34) to rank the alternatives A1 , A2 , A3 ,
A4 , we obtain rankings shown in Fig. 3.
Fig. 3 is very similar to the changes based on the normalized
projection. That is to say, the normalized projection in Eq. (21) is
supported by the projection measure in Eq. (32) in this dynamic
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DMs and the normalized projective measure to rank alternatives in a GDM environment with hybrid information.
However, hybrid information deals with real numbers and intervals only. That should be a severe limitation. In the future, we will
continue working on other information representations, such as
the ordinary fuzzy numbers, the intuitionistic fuzzy numbers and
interval-valued intuitionistic fuzzy numbers [47], and so on.
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