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Abstract Normal neutrosophic numbers (NNNs) are a
significant tool of describing the incompleteness, indeter-
minacy, and inconsistency of the decision-making infor-
mation. In this paper, we firstly propose the definition and
the properties of the NNNs, and the accuracy function, the
score function, and the operational laws of the NNNs are
developed. Then, some operators are presented, including
the normal neutrosophic Bonferroni mean operator, the
normal  neutrosophic  weighted Bonferroni mean
(NNWBM) operator, the normal neutrosophic geometric
Bonferroni mean operator, and the normal neutrosophic
weighted geometric Bonferroni mean (NNWGBM) opera-
tor. We also study their properties and special cases. Fur-
ther, we put forward a multiple attribute decision-making
method which is based on the NNWBM and NNWGBM
operators. Finally, an illustrative example is given to verify
the practicality and validity of the proposed method.
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1 Introduction

As an important research branch of decision theory, mul-
tiple attribute decision making (MADM) has a wide
application in many areas. The multiple attribute decision
making was firstly proposed and applied to select the
investment policy of the enterprises by Churchman et al.
[1]. However, because the fuzziness and indeterminacy of
the information in real decision making are a common
phenomenon, numerical values are inadequate or insuffi-
cient to model real-life decision problems. In some occa-
sions, it can be more accurate to describe the attribute
values by the fuzzy numbers in fuzzy environment. Zadeh
[2] firstly proposed the fuzzy set (FS), and Atanassov [3]
further proposed the intuitionistic fuzzy set (IFS) by adding
the non-membership function to the FS. In recent years,
Smarandache [4] proposed the neutrosophic set (NS) in
which an independent indeterminacy-membership function
was added. In NS, the truth-membership function and the
falsity-membership function are the same as the member-
ship and the non-membership of IFS; the indeterminacy-
membership function is the pivotal difference between NS
and IFS. The three parts, including the truth membership,
the indeterminacy membership, and the false membership,
are completely independent in NS.

The researches on the multiple attribute decision making
based on FS, IFS, and Ns have made many achievements.
Mardani et al. [5] and Kahraman et al [6] reviewed the fuzzy
multiple criteria decision-making techniques and applica-
tions. Because NS is a generalization of IFS and FS, and it
can be better to describe the uncertain information, now it
has been attracted wide attentions [7—15]. Wang et al. [7]
defined the interval neutrosophic set (INS) by extending the
indeterminacy membership, truth membership, and false
membership to the interval numbers. Ye [8—12], and Ridvan
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and Ahmet [13] proposed the correlation coefficient,
entropy, and similarity measures of NS or INS, respectively.
Then, they developed some multiple attribute decision-
making methods. Bausys et al [14] proposed an extended
COPRAS method for NS. Peng et al. [15] proposed an
outranking method for the MADM problems with NS.

In real-life world, the normal distribution is widely
applied to a lot of fields. But both the IFS and INS cannot
consider the normal distribution, so the researches about the
normal fuzzy information are attracting more and more
attentions. Yang and Ko [16] firstly defined the normal fuzzy
numbers (NFNs) to express the normal distribution phe-
nomena. NFNs are more reasonable and realistic to express
the decision-making information in a random fuzzy envi-
ronment. Based on the NFNs and IFS, Wang et al. [17]
proposed the normal intuitionistic fuzzy numbers (NIFNs)
and defined its corresponding operations, the stability factor,
the score function, and so on. Wang and Li [18, 19], Wang
et al. [20] further proposed some intuitionistic normal fuzzy
aggregation operators and developed some MADM methods
based on these operators. However, there have not been
researches about the combination of NFNs with NNs.

Now, more and more researchers pay attention to the
information aggregation operators, which have become an
important research topic [18-26]. Some new extended
aggregation operators for NS and INS were proposed [27—
31], and new intuitionistic normal fuzzy aggregation
operators were developed [18-20]. However, these opera-
tors cannot consider the interrelationships between the
attributes. Bonferroni [32] firstly proposed the Bonferroni
mean (BM) operator which can catch the interrelationship
between the input arguments, BM has been applied in
many application domains and attracted more and more
attentions from the researchers. Yager [33] proposed some
generalizations about the BM, such as the ordered weighted
averaging (OWA) operator [34] and Choquet integral [35].
Yager [36] and Beliakov et al. [37] defined another gen-
eralized form of BM. Nevertheless, Zhu et al. [38] pro-
posed the geometric Bonferroni mean (GBM) in which
both the BM and geometric mean (GM) are considered.

Up to now, there is no research on the normal neutro-
sophic decision-making problems considering the interrela-
tionship between the input normal neutrosophic arguments.
Therefore, it is necessary to pay more attention to this issue.
Because the BM operator can consider the interrelationship
between the attributes, the NNNs have the advantages of
considering the normal random information and the neu-
trosophic variables, which can handle the incomplete,
inconsistent, and indeterminate information. In this paper,
we extend the Bonferroni mean to aggregate the normal
neutrosophic variables by combining BM aggregation
operator with NNNs. We firstly propose two aggregation
operators called the normal neutrosophic Bonferroni mean
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(NNBM) operator and the normal neutrosophic geometric
Bonferroni mean (NNGBM) operator for aggregating the
normal neutrosophic numbers. Then, we study some prop-
erties of them and discuss some of their special cases. For
the situations in which the input arguments have different
weight, we then develop the normal neutrosophic weighted
Bonferroni mean (NNWBM) operator and the normal neu-
trosophic ~ weighted  geometric ~ Bonferroni  mean
(NNWGBM) operator, and then, we propose two procedures
for multiple attribute decision making under the environ-
ments of the NNNs based on the proposed operators.

The remainder of this paper is constructed as follows. In
the next section, we introduce some basic concepts of the
NNNs, some operational laws, and the prominent charac-
teristics of NNNs. In Sect. 3, some aggregation operators
on the basis of the normal neutrosophic numbers are pro-
posed, such as the normal neutrosophic Bonferroni mean
(NNBM) operator, the normal neutrosophic weighted
Bonferroni mean (NNWBM) operator, the normal neutro-
sophic geometric Bonferroni mean (NNGBM) operator,
and the normal neutrosophic weighted geometric Bonfer-
roni mean (NNWGBM) operator, and their properties are
discussed. In Sect. 4, a multiple attribute decision-making
method on the basis of the normal neutrosophic weighted
Bonferroni mean (NNWBM) operator and the normal
neutrosophic weighted geometric Bonferroni mean
(NNWGBM) operator was proposed. In Sect. 5, a numer-
ical example is given to verify the proposed approach and
to prove its effectiveness and practicality. In Sect. 6, we
conclude the paper and give some remarks.

2 Preliminaries

2.1 The normal fuzzy set and normal intuitionistic
fuzzy set

Definition 1 [36] Let X be a real number set. A is
denoted as A = (a, o). If its membership function satisfies:

AR =e () (6 >0) (1)

then A is called a normal fuzzy number. The set of all
normal fuzzy numbers is denoted as N.

Definition 2 [37, 38]
empty set and (a,0) € N, A = ((a, ), iy, va) is a normal
intuitionistic fuzzy number (NIFN) when its membership
function is expressed as:

Suppose X is an ordinary finite non-

) = e (7, xex, 2)

and its non-membership function is expressed as:

) =1—(1—v)e 5 xex. 3)
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where 0 < pus(x) < 1,0 <vax) <1, and 0 < py + vu -
< 1. When py =1 and v, = 0, the NIFN will become a
NEN. Compared to NFNs, the NIFN adds the non-member-
ship function, which expresses the degree of not belonging to
(a, 0). Moreover, ma(x) =1 — pa(x) — v4(x) shows the
degree of hesitance. The set of NIFNs is denoted by NIFNS.

2.2 The neutrosophic set

Definition 3 [4] Let X be a universe of discourse, with a
generic element in X denoted by x. A neutrosophic number
A in X is expressed as:

A(x) = ([ (Ta(x), La(x), Fa(x))) (4)

where T4(x) is the truth-membership function, 7,(x) is the
indeterminacy-membership function, and F,(x) is the fal-
sity-membership function. T(x), I4(x), and F4(x) are real
standard or nonstandard subsets of J0~, 1.

There is no restriction on the sum of T4(x), I4(x), and
Fa(x), 50 07 < Tx(x) + Ia(x) + Falx) < 37,

Definition 4 [7] Let X be a universe of discourse, with a
generic element in X denoted by x. A single-valued neu-
trosophic number A in X is

A(x) = K(Ta(x), L4 (x), Fa(x))) (5)

where T4(x) is the truth-membership function, I4(x) is the
indeterminacy-membership function, and F4(x) is the fal-
sity-membership function. For each point x in X, we have
Ta(x), 1a(x), Fa(x) € [0, 1], and 0 < Ta(x) + Ia(x) +
Fa(x) < 3.

2.3 The normal neutrosophic set

Definition 5 Suppose X is a universe of discourse, with a
generic element in X denoted by x, and (a,0) €N, a
normal neutrosophic number A in X is expressed as:

A(x) = (x[(a,0), (Ta(x), L4 (x), Fa(x))) (6)
where the truth-membership function 7,(x) satisfies:
X—a 2
Tu(x) = Tae (7) | xex,
the indeterminacy-membership function /,(x) satisfies:
L) =1-(1-L)e ), xex.
and the falsity-membership function F4(x) satisfies:
X—a 2

Fax)=1—(1—Fe ), xex.

For each point x in X, we have T4(x), I4(x), Fa(-

x) € [0, 1], and 0 < Tu(x) + I4(x) + Fa(x) < 3. The set
of all normal neutrosophic numbers is denoted as R.

Example 1 The service life of the lamp bulb obeys the
normal distribution, the normal fuzzy number is
N(1000, 302). The experts evaluate whether the service life
conforms to the normal distribution. At last, the experts
give the evaluation values: The degree of result in range
(1000, 302) is 0.6; the degree of result not in range
(1000, 302) is 0.2; and the degree of hesitance is 0.2. So,
the final evaluation result about the service life of the lamp
bulb is A = ((1000, 302), (0.6, 0.2, 0.2)).

Definition 6 Let d] = <(a] s 61)7 (T] 711 s F1)> and dz =
{(az,02), (T2, 1, F2)) be two NNNs; then, the Euclidean
distance between a; and a, is defined as follows:

2+ TE—IE—FL)ay— (2+TE— 1k — FE)ay)?
SILTCT S 0 PR C W S A P

2
(7)

d(x7y):

E

According to the operational laws defined by Wang
et al. [19], we can give the following definition.

Definition 7 Let &1 = <((11,61)7 (T],Il,F1)> and 672 =
((az,02), (T2, I, F>)) be two NNNs; then, the operational
rules are defined as follows:

(1) @ @ a = (a1 + az, 01 + 02),

(Ty + T, — T\ T, 1,15, F\ F»)) (8)
2 2
. g2 o
(2) ay ®ay; = <<a1a2,a1a2 —é‘f'—%),
ar a4
(' Ty, I, + I — L1, Fy + F> — F\ Fy)) 9)

B)Mlz«hmimLO—{l—ﬂﬂJﬁFo> 2> 0
(10)

) @ = (@}, 2Pal o), (1= (1= 1) 1= (1= A1)
A>0
(11)

Theorem 1 Let a; = <(a1,61),(T1,11,F1)> and a, =
((az,02), (T2, 1, F5)) be two NNNs, and n, 1y, 1, > 0;
then, we have

(D)@ ®a =d & ad (12)
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(2) a1 ®a, =a, Q@ a (]3) 1 If Sz(&])<.§‘2(6~lz), then a; > ay;
(11) If A\ (d]) =95 (52), then
(3) n(ar @ az) = na © na (14) () If hy(dr) <ha(a), then G, > d;
b)) If hz(dl) = /’lz(dz), then a; = a,.

(4) mar ® mar = (n; + ny)a (15)

3 Normal neutrosophic Bonferroni mean
(5)dl®a) = (a1 ®@a)" (16) operators

3.1 NNBM and NNWBM operators
(6) al @ ap =ap™ (17)

Definition 8 Let a; = ((ak,ak), (Tk,lk,Fk)> be a NNN,
and then, its score function is

Sl(dk) = ak(2 + T, — I — Fk),

- 18
sz(ak):(rk(ZJerfkaFk) ( )
and its accuracy function is

hi(ay) = a2+ Ty — I + Fy), (19)

hy(ag) = ox (24 Ty — I + Fy)

Definition 9 Let g, = <(a1,01),(T1,11,F1)> and a, =
{(az,02), (T2, I, F,)) be two NNNs, the values of score
functions of a; and d, are s1(a,), s2(a;),and s1(az), s2(@z),
and the values of accuracy functions of a; and a, are
hy(ay), ha(ay), and hy (@), hy(a,), respectively. Then, there
will be:

() If Sl(dl) > Sl(dz), then a; > ay;
2) Ifs (ﬁ]) = S](dz), then

@ If hl((il) > h](flg), then a; > C~lz;
@) If hl((i]) = hl((iz), then

m P q (p+q ) m p—1 _g—1 2 2 2 22
(Zi,f=li¢j“i“j) Yij-iz® 4 (pajoi +qa;o;

Bonferroni [32] firstly introduced the Bonferroni mean
(BM) which can provide the aggregation between the max
and min operators and the logical “or” and “and” opera-
tors. However the Bonferroni mean (BM) operator [32] has
mostly been used in the situation where the input argu-
ments are the nonnegative real numbers. In this section, we
will study the BM operator under the environments of
NNNs. Based on the definition of BM [32], we define the
Bonferroni mean operator of NNNs as follows:

Definition 10 [32] Suppose p, ¢ > 0 and {a;, dz,...,dn}
is a set of NNNs. The Bonferroni mean operator of NNNs
is defined as

L . 1 S
NNBMP(dy, d, . . ., ) = mzalﬁaj

=
i#j

(20)

Theorem 2 Let  a = {(ar,01), (Te, I, Fr)) (k=

1,2...,m) be a set of NNNs; then, the result aggregated
from Definition 10 will be still a NNN, and even

1

1

NNBM”4(dy , d, .

1 m
i) = X
»n) = < m(m — 1) i ’

m

= [T (1-77)

ij=1
i

i#]

1
mm—1)

Vo 1)

4
gd- 1= JJ-a=-ny-5)) :
ij=1
i
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Proof By the operational rules of the NNNs, we have then
@ = (dpld o), (01 = (1= 1)1 = (1= FY’ " m n )
i i pl i 1 ( i ( )q ( ) Z Z:]d{)(@ ~;1: Z:lafajzaz_:]affla;]fl(pa?aiz+qai2012>2
J=(apia ) (- (=pt = 0-R)) PR
and | 1— (1—Tf’qu)7H1—(1_11')”(1—1,')",
~ ~q __ p q p-1 g-1 2.2 2 2\?2 =1 =1
a’lf'®aJ.<<aiaj,a’lf' al (pajaiJrqaiaj)), i i
q m
(T{’T;f,l— (=11 —1)"1—0—-F)Y(1-F) )> di-(-Fy(1-F) >
ij=1
i#j
and

1 m 1 m 1 m 1
D oo ~q q -1 _g—1 2 2 2 2?2
m(m—l);ai(gaj _< m(m—l)zafaj’m(m—l)zal’? % (pajai—i—qaiaj) ’

ij=1 ij=1
i i i
1/m(m—1) 1/m(m—1)
m m
== =T1 (-7 AT -nya-n5)7 :
ij=1 ij=1
i#j i#]
1/m(m—1)
m
[[0-0a-FRya-f)9
ij=1
i#j
then,
G & 1) 1 g1 3
m D p+q m — — 2.2 2.2
1 i 7 5 al _ 1 ia’.’a‘? ’ (Zij:liyéj d; ajq) Ei,j:li;ﬁjaf ‘17 (Paj o7 +4qq; Gj) ’
m(m —1) f= " m(m—1) &= VP fm(m — 1)
i#j i#j
_L\ 7 L\ 717
m=T) 1)
m m
q
1| II(1-717) A== [T - -nyra-r5)) :
ij=1 ij=1
i#j i#j
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which completes the proof of the theorem 2.

In the following, we will discuss some properties of
NNBM operator as follows:

Theorem 3 (Idempotency) Ler {dy,aa,...,an} be a set
of NNNs, if all a, (k=1,2,...,m) are equal, i.e., a =
ak=1,2,...,m), then

NNBM (a1, ds, . . ., d) = d

Proof Since gy =a (k=1,2,...,
Definition 10,

NNBM"(dy, s, . . ., i)

m), then according to

which completes the proof of theorem 3.

Theorem 4 (Commutativity) Let a; (k=1,2,...,m) is
any permutation of @ (k =1,2,...,m). Then,

NNBM(ay, s, - . .,dm) = NNBM(d}, d, .. ., d,)

Y m

Proof ‘Let NNBMP(dy o, .., dn) = (m S

a@ aq)

ptq

m
gl ~1 ~Ip ~Iq
NNBMP(d\,dy, . . .,d,) = _1 Z a; aj
=1
t#f
Since  {a},d,....d, is any permutation of
9 D
{a\,d,...,a,}, then we have Y7 dal=
m ~Ip ~Iq
D ijeting G G-
Thus,
NNBM (&,,d, .. .,d,) = NNBM(d,,d, .. ., @, )which

completes the proof of the theorem 4.

Now we discuss some special cases of the NNBM by
assigning different values to the parameters p, g:

(1) If g = 0, then
1 & v
(EZ ) (22)

NNBM?(a,,a, .. .,a

@ Springer

which we call it the normal neutrosophic generalized mean
(NNGM) operator.
2)If p=1and g = 0, then

S )

which we call it the normal neutrosophic mean (NNM)
operator.
(3) If p =2 and g = 0, then

1
1 m 2
NNBM?*(dy, dy, . . ., dm) = (-Zaf) (24)

me3

NNBM!?

EI—

(@, ay,...,4

which we call it the normal neutrosophic square mean
(NNSM) operator.
@ If p=1and g =1, then

(S

1 m

NNBM!! -
m(m—1)

(&l7d25 .. -adm) =

which we call it the normal neutrosophic interrelated
square mean (NNISM) operator.

The NNBM operator just considers the relationship of
the aggregated arguments but ignores the importance of
their weights. In the following, we will define another
Bonferroni mean operator, the normal neutrosophic
weighted Bonferroni mean (NNWBM) operator, to over-
come the shortcoming.

Definition 11 Let {a;,da,...,dy,} be a set of NNNs. The
weighted Bonferroni mean operator of NNNs is defined as

NNWBM?(dy, dy, . . ., )

i ﬁ Z’”: (wi i) © (w; ;)" (26)

i

where w = (wq, wo,..., wm)Tis the weight vector of NNNs.
a k=1,2,...m)0<w <1 (k=1,2,...,m) and
2w = 1.

Theorem 5 Let ay = <(ak,<7k), (Tk,lk,Fk)> (k =

1,2,...,m) be a set of the NNNs; then, the result aggre-
gated based on the Definition 11 will be still a NNN, and
even
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_ 4 @ (w;a;)? = —1 Y w; ;) @ (w;a;)?
m(m_l)Z(Wiai) ®(1]) < n(n_l)Z( i z) ®(/ ]) s

ij=1

i#j i#]

<Z?J:li7£j (Wi ;)" @ (w; a')q)

1 S i Wi @ (i) (17 (wya)* (wia))> +q (wia;)* (w; Uj)2>2

1

VPEG" = 1)

n

- [ JIO-a-a-m)"e0-(1-1))"

ij=1
i#j

— \ Pte

n(n—1)
1—11-= H (1 _ (1 *I;Vi)p<1 71}/'//')61)
ij=1
i#j

3

_ L\ piq
n(n—1) pra

1
n(n—1) las]

a-|1- ﬁ(lf(lfF;V’)pOfFjo)q) >

ij=1
i#]

(27)

The NNWBM operator has the following properties:

Theorem 6 (Idempotency) Let {d,as,...,a,} be a
collection of NNNs, if all g, (k=1,2,...,m) are equal,
ie., a =ak=1,2,..., m), for all k, then

NNWBM (1, da, - . ., ) =

The proof of the Theorem 6 can be easily completed with
the same way as the Theorem 3.

Theorem 7 (Commutativity) Let @, (k=1,2,...,m) is
any permutation of @, (k =1,2,...,m). Then,
NNWBM(d1, @, - - -, dn) = NNWBM(@,, d, . . ., d,)

The proof of the Theorem 7 can be easily completed with
the same way as the Theorem 4.

3.2 NNGBM and NNWGBM operators

Definition 12 Suppose p, g > 0 and {a,,d,,...,d,} be a
set of NNNs. The geometric Bonferroni mean operator of
the NNNs is defined as

1
n(m—1)

L . 1 = . -
NNGBM”4(ay, dy, . . .,an) = —— I | (pai +qaj)
ptal it
i#j

(28)

Theorem 8 Let ay = <(ak,0’k), (Tk,lk,Fk)> (k =
1,2,...,m) be a set of the NNNs; then, the result aggre-
gated based on the Definition 12 will be still a NNN, and
even
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12
1 s m(m— 1 - g;i+q 0o U —
NNGBM™(a1, o, ... am) = | - (P“i+qaj)l/ ", Z potas) H (Pai+qaj)l/ U
P pra|mm=D= (pa+qa)” | i
i# i# i
1/p+q

| (R A R I
ij=1

i#
1/p+q m (e 1/p+q
(1_ I (l_lfljg)l/m(ml)> 7<1_ i (1_F§,qu>1/< 1)) >>

1j=1i#j 1j=1i%)

(29)

Proof By the operational laws of the NNNs, we have and
) pai+qa; =((pai+qa;,poi+qa),

a; = <(Paial70'i)7 (1 - (1 - T) 7IIP7F1p
— (-1 (1 - 1) L F )

ad; = ((qa,q97), (1= (1L = T)". 11, F) ) (

then
1/2
m ~ . m m O.l+ gi 2 m
11 (vai+qa) = < I (pai+qa). ZM 1 (pai+aa) |,
ij=1 ij=1 ij=1 (Pai +qaj) ij=1
i i i i
[Ta-a-nya-m)9 -] (1 -rg) -1 (1 -FF) >
ij=1 ij=1 ij=1
i#j i# 7]
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and
1
m(m—1)
T = 1/m(m—1)
[ (pai+aa) =< [ (vai+aa) :
ij=1 ij=1
i#] i#j
1/2
“ PUH‘(]UJ e 1/m(m—1)
pa;,+qa;
IJZ:I pa +qa )2 ,l:[l ( ! J)
i# i

(1 _(1 —Tl) (1 _T])q)l/m(mfl)’1

m
(H
ij=1i#j

m

) 1/mn=1)
—H( 1114) A-11(1-rF) >
ij=1
t#f i

then

J
nm=T)

The proof of the Theorem 9 can be easily completed
similar to the Theorem 3.

Theorem 10 (Commutativity) Suppose a (k=
1,2,...,m) is any permutation of da; (k=1,2,...,m).
Then

NNGBM(dy, d, . . ., @) = NNGBM(,, &, . .., .,

The proof of the Theorem 10 can be easily completed with
the same way as the Theorem 4.

Now we discuss some special cases of the NNGBM by
assigning different values to the parameters p, g:
(1) If g = 0, then

L[ "
=5 (H (Pm)) (30)

which we call it the normal neutrosophic generalized
geometric mean (NNGGM) operator.

NNGBM?(ay, as, . . ., dp)

1 - 7] a 1 - mim—
n+g H(pai+qai) :< —H(pai—i—qaj)l/( 1),

pP+q ij=1 p+qi,/':l
i#j i#f
1/2
1 1L & (poiteq)’| 1 ( 1/mm=1)
pai+qa;) ’
p+a|mm—1)5= (pa;+qa)’ gl :
i#j i#j
rtq
| I—H(l—(l_Ti)p (1_Tj)q)1/m(m—l) :
ij=
i
ptq pra
. H - Iip IJq) 1/m(m—1 . H (1 Ff FJ{{)Um(mfl >
Pt ij=1
i 7

which completes the proof of the Theorem 8.

The geometric Bonferroni mean operator of the NNNs
has some properties as follows:

Theorem 9 (Idempotency) Let {ai,as,...,
of the NNNs. If all g (k=1,2,...,m) are equal, i.e.,
ax =a(k=1,2,...,m), for all k, then

NNGBM(dy,dy, - . ., Gm) = @

am} be a set

2)If p=1and g =0, then

NNGBM'(ay, ay, . . ., ap) = <ﬁ (a,-))Z (31)

which we call it the normal neutrosophic geometric mean
(NNGM) operator.
(3) If p =2 and g = 0, then
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j

which we call it the normal neutrosophic square geometric
mean (NNSGM) operator.
@ Ifp=1and g =1, then

ﬁ (2a;)

i=1

NNGBM?*(ay, ay, . .., ap) = < (32)

1
n(m=1)

NNGBM'"!(a,, a, ..., ay)

1
2

m
I | (d;+dj)
ij=1
i#j

NNWGBM"(dy, dy, . . ., dm) = <

p+qu=1
i#i
12 w1 12 wi-1 _\?
1 1 &P a oW g
2
p+q m(m—l)i‘/.:l (pal% +qaj‘¢/>
i#]
i
il N\ q\ 1/m(m=1)
- 1—H(1_(1_T1.W1)1’(1_TJ%>) 7
ij=

i#j

NNWGBMP(d, ds, . . ., i)
ey
l il ). w;
=— (p(@)" +q(a)") (34)
p+q g !
i#i

where w = (wq, wo,..., wm)Tis the weight vector of NNNss,
a (k=1,2,...m) ,0<w <1 (k=1,2,...,m) and
2= i = 1.

Theorem 11 Let ay = ((ak70'k)7 (Tk,lk,Fk)> (k =
1,2,...,m) be a set of the NNNs; then, the result aggre-

gated based on the Definition 13 will be still a NNN, and
even

1

w;j m(m—1)
g )

1/m(m—1)

[T (1= a—a=nry - (-1

(35)

which we call it the normal neutrosophic interrelated
square geometric mean (NNISGM) operator.

Similar to the NNBM operator, the NNGBM operator
also just considers the interrelationship of the input argu-
ments and ignores their own importance. In the following,
we will extend the NNGBM to the normal neutrosophic
weighted Bonferroni mean (NNWGBM) operator which
can not only considers the interrelationship but also takes
the weights into account.

Definition 13 Let {a;,da,...,dy,} be a set of NNNs. The
weighted geometric Bonferroni mean operator of the NNNs
will be defined as:

@ Springer

The weighted geometric Bonferroni mean of the NNNs has
some properties as follows:

Theorem 12 (Idempotency) Let {d;,ay, . ..,an} be a set
of NNNs, if all a, (k=1,2,...,m) are equal, i.e., di
ak=1,2,....,m), for all k, then

NNWPG(dy, ds, . . ., ) = @

The proof of the Theorem 12 can be easily completed with
the same way as the Theorem 3.

Theorem 13 (Commutativity) Leraj, (k=1,2,...,m) be
any permutation of ay (k =1,2,...,m). Then
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NNGBM(dy,ay, - - .,dm) = NNGBM(d}, d, . . ., a,,)

9 m

The proof of the Theorem 13 can be easily completed
similar to Theorem 4.

4 A multiple attribute decision-making method
on the basis of NNWBM and NNWGBM
operator

In this section, we will apply the normal neutrosophic
weighted geometric Bonferroni mean (NNWBM) operator
(or NNWGBM) to solve the multiple attribute decision-
making problems on the basis of the NNNs.

For a multiple attribute decision-making problem, sup-
pose A = {Ay, A,,..., A,,} is the set of the alternatives, and
C = {Cy, Cy,..., C,} is the set of the attributes. Suppose
each attribute is independent, and the evaluation value of
the alternative A; on the condition of the attribute C; is
ay = <(a,~j, ai), (Tyj, 1, Fij)>, which is presented in the form
of the NNN, where Ty, I;, F;; € [0, 1] and Tj; + I;; +
F;; < 3. The weight vector of the attribute is w = (wy,
W,..., W), which w; € [0, 1], 370 w; = 1.

1 n

Then, we use the normal neutrosophic weighted geo-
metric Bonferroni mean (NNWBM) operator (or
NNWGBM) to develop a method to deal with the multiple
attribute decision-making problems as follows:

Step I Normalize the decision matrix.

Because there are two types of attributes, i.e., the benefit
type and the cost type, we firstly convert the different types
to the same one. So, the decision matrix of normal
neutrosophic variables D = (a;),,,., Will be converted to

the standardized matrix D = (a;)
For the benefit type:

mxn

. ajj gj 0y
G — UGN (T I F
! <<max,~(ai]~)’max,»(aij)a,~j>’( s ”)>

For the cost type:

. min; (a;;) g 0j
i = —, - — |, Fi',l —Ii', Ti' 37
“ < ( a; max;(ay) a; (Fi »Ti) ) G7)

Step 2 Calculate the comprehensive evaluation values of
the alternatives based on the NNWBM operator (or
NNWGBM). (Generally, we can take p = g = 1)

(36)

d; = NNWBM"(Gy1, i, . . ., din) = < PCE) > (way) ©(wea) |

jk=1
J#k

n J %71) n
(Zj,k:u‘#k (wiay)" ® (w aik)q) m

1

Sk (W) @ (we ag) ! (P (weai)® (w;05)” +q (wya5)” (weo ik)2>E

VP a0 m(m — 1)

n

= [T = (=m)" e -0 -1))") ,

k=1
ik

1
nin—1)
n

== T - (=) 0= 1))
Jk=1
i

1
g

1 \ 7
ey \ P

TL(- (=) =m0 >
jik=1
J#k
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or

a; = NNWGBM”(a;y, ap, . .

- 1 L . o
.,a,-n) = < I H (pag_’f +qa;]‘ik) ( 1)7

P + qu(:l
Jj#k
5\ 172
12 wi—1 12wy —
1 1 - (ij/ aj o +qw, it 16”‘) ﬁ (pawf +c1am-)ﬁ
2 ij ik )
pt+aq|nn—1) 4= <pa?jf _H]alyzk) PR
J#k ! ik
i
n P 1/n(n—1)
t= (=TT (1= (1=17) (1= 1)) ,
f )
#k
1
ptq
n WP Wing 1/n(n—1)
1—H(1—(1—(1—1,-j))®(1—(1—1,-k))) ;
Jk=1
J#k
1 1
P prta
1 w\P )
1—{1-111 (1 - (1 —F,.,f) (1 —F;,tk)q) >
Jk=1 '
#k
is cost. The weight vector of the attributes is
where i = 1,2,...,m. o = (0.35, 0.25, 0.4). The final evaluation outcomes are

Step 3 Calculate the score value of each comprehensive
evaluation value by Eq. (18).

Step 4 Rank all the alternatives {A;, A,,..., A,,} and
select the most desirable one(s) according to the Definition
0.

Step 5 End.

5 The numerical example

In this section, based on NNWBM operator (NNWGBM), a
numerical example is given to verify the proposed
approach.

There is a company which is planning to invest some
money to an industry (cited from [al0]). There are four
alternative companies to be chosen, including (1) A; is a
car company; (2) A, is a food company; (3) A5 is a com-
puter company; (4) A4 is an arms company. There are three
evaluation attributes, including: (1) C is the risk; (2) C; is
the growth; (3) C; is the environment. We can know the
attributes C; and C, are benefit criteria, and the type of C;

@ Springer

expressed by the NNNs and shown in Table 1.

5.1 Procedure of decision-making method based
on the NNWBM operator

1. Normalize the decision matrix
Since C1 and C2 are benefit attributes, and C3 is a cost
attribute, we utilize the formulas (36) and (37) to
obtain the standardized decision matrix, which is
shown in Table 2.

2. Calculate the comprehensive evaluation value of each

alternative by formula (38) (suppose p = g = 1).

(0.1827,0.0208), (0.5704, 0.7848,0.8133))
(0.1954,0.0169), (0.6111,0.7084, 0.7258))
(0.1761,0.0143), (0.6232,0.8102, 0.7834))
(0.2251,0.0190), (0.5770,0.7419,0.7535))

o~ o~~~

a
az
az
as

3. Calculate the score function by formula (18).

Sl(dl) = 01776, Sl(dz) = 022997 Sl(d3)
=0.1813, s51(ds) = 0.2435
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Table 1 Evaluation values of
four alternatives with respect to
the three attributes

Table 2 Standardized decision
matrix

Table 3 Standardized decision
matrix

Table 4 Ordering of the
alternatives by utilizing the
different p, g in NNWBM
operator

191
Cl 2 C3

Al (3, 0.4), (0.4, 0.2, 0.3)) (7, 0.6), (0.4, 0.1, 0.2)) (5, 0.4), (0.7, 0.2, 0.4))

A2 ((4,0.2), (0.6, 0.1, 0.2)) (8, 0.4), (0.6, 0.1, 0.2)) ((6,0.7), (0.3, 0.5, 0.8))

A3 ((3.5,0.3), (0.3, 0.2, 0.3)) (6, 0.2), (0.5, 0.2, 0.3)) (5.5, 0.6), (0.4, 0.2, 0.7))

A4 ((5,0.5), (0.7, 0.1, 0.2)) (7, 0.5), (0.6, 0.1, 0.1)) ((4.5,0.5), (0.6, 0.3, 0.8))
Cl 2 C3

Al (0.6, 0.1067), (0.4, 0.2, 0.3))  ((0.875, 0.0875), (0.4, 0.1, 0.2))  ((0.9, 0.0475), (0.4, 0.8, 0.7))

A2 ((0.8,0.02), (0.6, 0.1,0.2)) (1, 0.0333), (0.6, 0.1, 0.2)) ((0.75, 0.1167), (0.8, 0.5, 0.3))

A3 ((0.7,0.0514), (0.3,0.2,0.3)) ((0.75, 0.0111), (0.5, 0.2, 0.3))  ((0.818, 0.0935), (0.7, 0.8, 0.4))

A4 ((1,0.1), (0.7, 0.1, 0.2)) ((0.875, 0.0595), (0.6, 0.1, 0.1)) (1, 0.0794), (0.8, 0.7, 0.6))

Cl1

C2

C3

Al
A2
A3
A4

(0.6, 0.1067), (0.4, 0.2, 0.3))
(0.8, 0.02), (0.6, 0.1, 0.2))

(0.875, 0.0875), (0.4, 0.1, 0.2))
(1, 0.0333), (0.6, 0.1, 0.2))

(
(
(0.7, 0.0514), (0.3, 0.2, 0.3))
((1,0.1), (0.7, 0.1, 0.2))

(
(
((0.75, 0.0111), (0.5, 0.2, 0.3))
(

(0.875, 0.0595), (0.6, 0.1, 0.1))

(0.9, 0.0475), (0.4, 0.8, 0.7))
(0.75, 0.1167), (0.8, 0.5, 0.3))
(0.818, 0.0935), (0.7, 0.8, 0.4))
(1, 0.0794), (0.8, 0.7, 0.6))

o~ o~~~

D, q Score values s;(d;) Ranking
p=04g=1 s1(d@r) = 0.1292, s1(dp) = 0.1457, Ay = Ay = Ay = As
s1(@;) = 0.1235, sy(as) = 0.1648
p=0,g=2 s1(a)) = 0.2357, s1(a) = 0.2517, Ay = Ay = A = As
s51(ds) = 0.2206, s;(d4) = 0.3003
p=0,¢g=10 s1(a;) = 0.4494, s,(a,) = 0.4448, Ay = Al = Ay, = A
s51(d3) = 0.4163, s;(dy) = 0.5902
p=14g=0 s1(ar) =0.0879, si(a) = 0.1338, Ag = Ay - A3 - Ay
s1(dz) = 0.1002, s;(dy) = 0.1486
p=24=0 si(ar) =0.1569, si(ax) = 0.2394, Ay = Ay - A3 - Ay
s1(d3) = 0.1756, s1(dy) = 0.2679
p=0.g=0 s1(d@r) = 0.2772, s1(d2) = 0.4181, Ay = As = Ay = A
s1(d3) = 0.3158, s1(ds) = 0.5166
p=2q=1 s1(d@r) = 0.2087, s1(dy) = 0.2824, Ay = As = Az = A
s1(d3) = 0.2179, s;(dy) = 0.3061
p=10,g=1 s1(ay) = 0.2853, sy(a,) = 0.4185 Ay - Ax - Az - Ay
s1(dz) = 0.3181, s1(dy) = 0.5075
p=1LlLg=1 s1(d) = 0.1776, s1(d) = 0.2299 Ay = Ay = A3 = Ay
s1(d3) = 0.1813, s1(dy) = 0.2435
p=1LlLg=2 s1(a)) = 0.2408, s1(d) = 0.2848 Ay = Ay = A = As
s1(d3) = 0.2350, s1(dy) = 0.3161
p=0,¢g=10 s1(a)) = 0.4270, s1(a) = 0.4328 Ay = Ay = A = As

1
s1(ds) = 03942, s;(dy) = 0.5552
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4. Rank all of the alternatives and choose the most
desirable one by the score function.
According to the score function s;(d;), the ranking is
Ay = Ay = A3 = Ay

Thus, the best alternative is Aj.

5.2 Procedure of decision-making method based
on the NNWGBM operator

1. Normalize the decision matrix
Since C1 and C2 are benefit attributes, and C3 is a cost
criterion, we use the formulas (36) and (37) to get the
standardized decision matrix, which is shown in
Table 3.

2. Calculate the comprehensive evaluation value of each
alternative by formula (39) (suppose p = g = 1).

a, = ((0.6783,0.0302), (0.8143,0.0917,0.1101)
d> = ((0.6850,0.0224), (0.8556,0.0517,0.0596)
a3 = ((0.6748,0.0207), (0.8567,0.1050, 0.0892)
ds = ((0.7032,0.0240), (0.8372,0.0643,0.0744)

= - -

3. Calculate the score function by formula (18).

S](d]) = 177217 S1<dz) = ]87987 S1(d3)
= 1.7968, s, (ds) = 1.8977

4. Rank all of the alternatives and choose the most

desirable one by the score function.
According to the score function s;(d;), the ranking is
Ay = Ay = A3 = Ay

Thus, the best alternative is A4.
5.3 Analysis of the effect of the factor p, ¢

In order to demonstrate the influence of the parameter p,
g on decision-making results of this example, we use the
different values p, g in NNWBM or NNWGBM operator in
step 4 to rank the alternatives. The ranking results are
shown in Tables 4 and 5.

As shown in Table 4, the ordering of the alternatives
may be different for the different values of p, ¢ in NNWBA
operator. But the best alternative is the same one A4. In
Table 5, the ordering of the alternatives also may be dif-
ferent for the different values of p, g. The best alternative is
A, or Ay. In practical applications, we generally adopt the
values of the two parameters as p = g = 1, which are not

Table 5 Ordering of the

Score values s;(d;) Ranking

s1(d@y) = 2.5272, s51(@) = 2.6809,

Ay = Ay - Az - A

alternatives by utilizing the P 4q

different p, ¢ in NNWGBM p=0,g=1

operator
p=0,g=2
p=0,¢g=10
p=1qg=0
p=249=0
p=10,4=0
p=2,q=1
p=10,g=1
p=14g=1
p=1qg=2
p=14g=10
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s1(ds) = 2.5721, s1(dy) = 2.6587
s1(d@)) = 1.6499, s;(d@,) = 1.8015,
s1(d@s) = 17067, s;(dy) = 1.7247
s1(@) = 0.6120, s;(d@) = 0.7106,
s1(d3) = 0.6521, s1(dy) = 0.6168
s1(d@y) = 2.5272, s51(@) = 2.6809,
s1(d3) = 2.5721, sy (ds) = 2.6587
s1(d@y) = 0.6499, (@) = 1.8015,
s1(ds) = 1.7067, s (ds) = 1.7247
s1(@) = 0.6121, s1(d@) = 0.7106,
s1(ds) = 0.6521, s1(dy) = 0.6168
s1(@) = 1.3853, s1(d@) = 1.5031,
s1(ds) = 14232, s1(dy) = 1.4891
s1(@;) = 0.6081, s1(d,) = 0.7005,
s1(ds) = 0.6433, s1(ds) = 0.6295

s1(@) = 1.7721, s5,(@) = 1.8798
51(az) = 1.7968, s(dy) = 1.8977
s1(@) = 1.4110, s5,(@,) = 1.4988
51(d3) = 1.4304, s (@) = 1.5024
s1(d@) = 0.6236, s1(d@) = 0.6972,

51(d@3) = 0.6486, s (ds) = 0.6370

A2>'A4>A3>-A1

Ay = Ag > Az - Ay

Ay = Ay > Az - A

Ay = Ay > Ay - Ay

Ay = Ay = Ay - A

Ay = Ay - Az = A

Ay = Ay - Ay - A

Ay = Ag = Az - A

Ay = Ag > Az - Ay

Ay = Ag > Az - Ay
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only easy and intuitive but also fully capture the correla-
tions between criteria.

6 Conclusions

The multiple attribute decision-making method on the basis of
normal neutrosophic variables has a wider application in
many domains. The normal neutrosophic set (NNS) will be
more appropriate to deal with the incompleteness, indeter-
minacy, and inconsistency of the decision-making informa-
tion, and the Bonferroni mean (BM) operator can consider the
interrelationships between the input arguments. So, in this
paper, we proposed two aggregation operators called the
normal neutrosophic Bonferroni mean (NNBM) operator and
the normal neutrosophic geometric Bonferroni mean
(NNGBM) operator for aggregating the information expres-
sed by the normal neutrosophic numbers. We studied some
properties of them and discussed some of their special cases.
For the situations in which the input arguments have different
weights, we then developed the normal neutrosophic weighted
Bonferroni mean (NNWBM) operator and the normal neu-
trosophic weighted geometric Bonferroni mean (NNWGBM)
operator, on the basis of which we propose two procedures for
multiple attribute decision making under the environments
where the information is expressed by the NNNs. Moreover,
we use the NNWBM operator and NNWGBM operator to
aggregate the evaluation information of alternatives, so the
decision makers can get the desirable alternative according to
their interest and the practical need by changing the values of
P, q, which makes the results of the proposed multiple attribute
decision-making method more flexible and reliable. In the
further research, the study about the applications of the new
decision-making method is necessary and significative
because the applications of the normal distribution are widely
distributed in many domains in the uncertain environment.
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