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a  b  s  t  r  a  c  t

This  paper  suggests  a  synergy  of fuzzy  logic  and  nature-inspired  optimization  in terms  of  the nature-
inspired  optimal  tuning  of  the  input  membership  functions  of  a class  of Takagi-Sugeno-Kang  (TSK)  fuzzy
models  dedicated  to  Anti-lock  Braking  Systems  (ABSs).  A  set  of TSK  fuzzy  models  is  proposed  by  a novel
fuzzy  modeling  approach  for ABSs. The  fuzzy  modeling  approach  starts  with  the  derivation  of  a  set  of  local
state-space  models  of the  nonlinear  ABS  process  by the linearization  of  the  first-principle  process  model
at  ten  operating  points.  The  TSK  fuzzy  model  structure  and  the initial  TSK  fuzzy  models  are  obtained  by the
modal equivalence  principle  in terms  of  placing  the  local  state-space  models  in  the  rule  consequents  of
the  TSK  fuzzy  models.  An  operating  point  selection  algorithm  to  guide  modeling  is proposed,  formulated
on the  basis  of  ranking  the  operating  points  according  to their importance  factors,  and  inserted  in  the
third  step  of the  fuzzy  modeling  approach.  The  optimization  problems  are  defined  such  that  to  minimize
the  objective  functions  expressed  as the  average  of squared  modeling  errors  over  the time  horizon,  and
the variables  of  these  functions  are  a part  of  the  parameters  of the  input  membership  functions.  Two
representative  nature-inspired  algorithms,  namely  a Simulated  Annealing  (SA)  algorithm  and  a  Particle

Swarm Optimization  (PSO) algorithm,  are  implemented  to  solve  the  optimization  problems  and  to  obtain
optimal  TSK  fuzzy  models.  The  validation  and  the  comparison  of SA  and  PSO  and  of the  new  TSK  fuzzy
models  are  carried  out  for  an  ABS  laboratory  equipment.  The  real-time  experimental  results  highlight
that  the  optimized  TSK  fuzzy  models  are simple  and  consistent  with  both  training  data  and  validation
data  and that  these  models  outperform  the  initial  TSK  fuzzy  models.
ntroduction

The development of accurate models for nonlinear processes is
hallenging as they contribute to high control system performance
n many applications. The nonlinearity of the processes specific to
nti-lock Braking Systems (ABSs) and the importance of the ABS
ontrol systems in the safety subsystems of modern cars justify the
evelopment of fuzzy models in the framework of the model-based
esign of fuzzy control systems.

A systematic way to obtain accurate fuzzy models is the
ptimization in terms of optimization problems with variables
epresented by the parameters of fuzzy models. Nature-inspired

lgorithms are involved in solving the optimization problems, and
hey ensure the optimal tuning of fuzzy models.
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Building upon our previous fuzzy modeling results given in
Refs. [1–5], the main contribution of this paper with respect to the
state-of-the-art is an approach to fuzzy modeling of ABSs using
nature-inspired optimization algorithms. Our approach starts with
the derivation of an initial discrete-time TSK fuzzy model of the
process specific to ABS by the modal equivalence principle. This
fuzzy model is characterized by a set of local linearized state-space
models of the nonlinear ABS process obtained by the linearization
of the first-principle process model at a set of operating points,
and these state-space models are placed next in the rule con-
sequents. Optimization problems targeting the minimization of
objective functions expressed as the average of squared modeling
errors over the time horizon are defined, and the vector variables
in these problems are a part of the parameters of the input m.f.s.
The optimization problems are solved by the implementation of
two representative nature-inspired algorithms, namely an SA algo-
rithm and a PSO algorithm that finally give novel optimal TSK

fuzzy models for ABSs. Concluding, this paper proposes a nature-
inspired-based approach dedicated to the computation of optimal
TSK fuzzy models.
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This paper addresses fuzzy modeling. The fuzzy models will next
e used in the model-based design of stable and optimal fuzzy con-
rol systems. Attractive nonlinear process models including fuzzy
nes that can be treated by our approach are presented in Refs.
6–11]. The Tensor Product (TP) model transformation [12–14] can
lso be considered in combination with TSK fuzzy models because,
s mentioned in Ref. [15], the product decision operator-based TSK
uzzy models and the function of the TP model are generally the
ame. The main difference is that the TSK fuzzy model originally
an be represented as a combination of locally linearized Linear
ime-Invariant (LTI) models, where the locality is expressed by the
hapes of the input m.f.s. However in case of TP model the weight-
ng functions (which correspond to the m.f.s in the fuzzy models)

ay not have locality, they spread in the whole interval of interest,
o the LTI components of the model cannot readily be assigned to

 definite operation point.
The paper is organized as follows. The next section gives the

ackground. The section following the Background section presents
he fuzzy modeling approach with focus on ABS process mod-
ls. The optimization problem is defined and the new operating
oint selection algorithm is formulated. Nature-inspired optimiza-
ion algorithms section gives details on the two nature-inspired
lgorithms, namely PSO and SA, involved in the computation of
he optimal TSK fuzzy models produced by the fuzzy modeling
pproach. Experimental results section offers the experimental
alidation of the proposed TSK fuzzy models for a laboratory ABS
ystems and offers a discussion of the results. Although the labora-
ory process is nonlinear and time-invariant, it models real-world
utomotive applications which are characterized by parametric
isturbances that justify the computation of TSK fuzzy models.
onclusion section points out the concluding remarks.

ackground

Some recent approaches to the fuzzy modeling of ABSs are
ointed out as follows. A Takagi-Sugeno-Kang (TSK) fuzzy model of
eceleration based on analyzing the braking process and dynamic
odel of vehicle and wheel is suggested in Ref. [16]. A quarter vehi-

le braking model for ABS control with four-degrees of freedom
ubjected to irregular excitation from a road surface is proposed in
ef. [17]. Two discrete-time fuzzy models of ABS processes based
n the modal equivalence principle are offered in Ref. [18]. Several
uzzy models are integrated in intelligent ABS controllers based on
uzzy control [19], sliding mode control [19,20], neural networks
21], neuro-fuzzy [20,22] and sliding mode fuzzy control [18,19].
he importance of fuzzy models for ABS control in automotive sys-
ems is discussed in Refs. [15,23].

The combination of fuzzy models and nature-inspired optimiza-
ion algorithms belongs to the actual trends in soft computing
ealing with the synergy where all individual contributing tech-
ologies are seamlessly structured together, the designers build
n their unique strengths and compensate for existing limitations.
ttractive points of view on the synergy delivered by the key

echnologies of soft computing are treated in the literature. Such
pproaches are exemplified as follows. The synergy between clas-
ical and soft computing techniques is discussed in Ref. [24] with
ocus on time series prediction. A pseudo-Gaussian basis function
eural network with regression weights is proposed in Ref. [24] and
roduced by a method dedicated to the extraction of valuable pro-
ess information from input–output data. The synergistic use of soft
omputing technologies for fault detection in gas turbine engines

s treated in Ref. [25]. The fault detection method proposed in Ref.
25] employs statistics, signal processing, and soft computing. An
pproach that merges the set calculus and the fuzzy sets to deal
ith a description of geometry of patterns belonging to a certain
puting 27 (2015) 575–589

category is given in Ref. [26] and expressed as a two-stage descrip-
tion of granular classifiers. The global optimization is used in terms
of Particle Swarm Optimization (PSO) to carry out the calibration
of the connections of the interrelationships between the nodes of
cognitive maps in Ref. [27] in the framework of granular comput-
ing. A variable structure systems approach is combined in Ref. [28]
with the Levenberg–Marquardt algorithm to produce an optimiza-
tion approach applied to the training of fuzzy inference systems
and tested on a two  degrees of freedom direct drive SCARA robotic
manipulator. A cooperative coevolutionary algorithm is combined
with a basic mixture of experts model in Ref. [29] and applied to
classification problems showing a better exploration of the weight
space. A framework for granular computing neural-fuzzy model-
ing structures based on neutrosophic logic is suggested in Ref. [30]
and applied on real-world industrial data. A hybrid optimization
approach that combines PSO and genetic algorithms is proposed in
Ref. [31] aiming the use of fuzzy logic to integrate the advantages
of both optimization algorithms and to carry out the parameter
tuning. Three hybrid metaheuristic algorithms that improve other
two hybrid differential evolution metaheuristic algorithms are ana-
lyzed in Ref. [32]. The Lamarckian learning and the Baldwinian
learning are merged in Ref. [33] by analyzing their characteris-
tics in the process of migration among subpopulations resulting in
the hybridization of differential evolution and Hooke–Jeeves local
search. The cultural algorithms framework is extended in Ref. [34]
by enhancing it with social networks that use seeds of knowledge
at the belief space and applied to mechanical design optimization
problems. The parameters of fuzzy systems are tuned by neural
networks in Ref. [35] to provide an industrial quality control sys-
tem for sound speakers and combined with the fractal dimension
used as using, as a measure of the complexity of the sound signal.
Several soft computing techniques are combined with optimization
approaches in Refs. [36,37] and applied to supply chain manage-
ment problems.

A representative part of the state-of-the-art on the nature-
inspired optimal tuning of fuzzy models is discussed as follows. The
optimization of the parameters in the rule antecedents and conse-
quents of TSK fuzzy models by Simulated Annealing (SA) algorithms
is proposed in Ref. [38] and applied to time series prediction. The
design of type-2 fuzzy logic systems by means of interval type-2
fuzzy logic systems is discussed in Ref. [39] targeting the reduction
of the computations needed to get the best footprint of uncertainty.
The SA-based tuning of the parameters of input membership func-
tions (m.f.s) in fuzzy control systems is applied to TSK fuzzy models
of several processes such as general nonlinear systems [40], cou-
pled tanks [41], chaotic time series [42], ABS [1], servo systems
[2], magnetic levitation systems [3,4], and to fuzzy controllers as
well [43,44]. PSO, Gravitational Search and Charged System Search
algorithms suggest in Refs. [44–46] the optimal tuning of TSK fuzzy
controllers with a reduced parametric sensitivity. PSO algorithms
are involved in Ref. [5,47] in TSK fuzzy model identification. The
nature-inspired optimal tuning of fuzzy controllers for networked
control systems is discussed in Ref. [48]. The input m.f.s of TSK
fuzzy models are tuned in Ref. [49] by a combination of Island
Model Parallel Genetic Algorithm and space search memetic algo-
rithm. The cross-entropy method [50], the genetic algorithms [51],
the chaotic ant swarm optimizer [52], the Bacterial Foraging Opti-
mization algorithms [53], the migration algorithms [54,55] and the
PSO-based optimization of linguistic fuzzy models [56] prove good
performance in fuzzy model optimization. Illustrative extensions to
type-2 fuzzy systems are applied in Refs. [57–59] to delta parallel
robots, autonomous wheeled mobile robots and machine learning

data sets.

The evolving TSK fuzzy systems can also be considered to belong
to the class of nature-inspired optimized fuzzy models because
they are characterized by the continuous online rule base learning
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60]. Compared to the above analyzed TSK fuzzy models with fixed
tructures, the evolving TSK fuzzy models are different as they use
everal algorithms for recursive parameter estimation, eventually
ssociated with online clustering [60–64].

The new functionalities of the nature-inspired-based approach
roposed in this paper and dedicated to the computation of optimal
SK fuzzy models are:

 Two nature-inspired optimization algorithms that use SA and PSO
are offered to ensure the optimal tuning of TSK fuzzy models for
ABSs. Our new algorithms are characterized by the implementa-
tion of a constraint that ensures the convergence of the objective
functions, which is inserted to validate the solution for the next
iteration.

 A new generation of optimal TSK fuzzy models is given. The TSK
fuzzy model structure consists of three input variables, five tri-
angular input m.f.s of the linguistic terms (LTs) of each input
variable, different numbers of rules with third-order discrete-
time state-space models in the rule consequents, the SUM and
PROD operators in the inference engine, and the weighted average
method in the defuzzification module.

 An operating point selection algorithm is proposed. This algo-
rithm affects the structure of TSK fuzzy models because it gives
the operating points and, therefore, it sets the number of rules as
each rule is attached to a certain operating point in terms of the
modal equivalence principle.

 An analysis of the comparison between the two  nature-inspired
optimization algorithms is conducted in a case study related
to the fuzzy modeling of an ABS laboratory equipment. A set
of experimental results is included to support this analysis.
The comparison shows that the optimized TSK fuzzy models
ensure the performance enhancement versus the initial TSK fuzzy
models on both training and validation (testing) data in a com-
putationally undemanding manner.

These new contributions and functionalities are important and
dvantageous with respect to the state-of-the-art on other opti-
ization approaches and algorithms for TSK fuzzy model tuning

ecause:

 Our approach ensures a relatively simple and transparent way to
ensure the additional fine tuning of the initial TSK fuzzy mod-
els obtained by the modal equivalence principle. A cost-effective
optimization approach is thus offered.

 The knowledge on the process models is incorporated by the local
crisp models in the rule consequents.

 The algorithms lead to TSK fuzzy models with improved perfor-
mance for an illustrative class of nonlinear systems represented
by ABSs. The performance of the initial and optimized models is
tested by real-time experiments on the laboratory equipment.

 Our approach can be easily extended such that to be combined
with other nature-inspired optimization algorithms to offer high
performance data-based models in terms of our point of view on
the synergy of fuzzy logic and nature-inspired optimization.

 The operating point selection is an important problem for the
fuzzy modeling approach suggested in this paper. A straightfor-
ward approach to select the most important operating points
is to compare all possible combinations by using a predefined
evaluation criterion proposed in Ref. [65] to select the most rel-
evant inputs for ANFIS learning. Using the importance factor of

a certain input defined in Ref. [66] in the framework of input
selection based on neural networks, this paper proposes an oper-
ating point selection algorithm which ranks the operating points
according to their importance factors. This algorithm is useful to
Fig. 1. Block diagram of process specific to ABS laboratory equipment.

guide modeling, and it is integrated in the third step of our fuzzy
modeling approach.

Fuzzy modeling approach

As shown in Refs. [67,68], the ABS laboratory equipment consists
of two wheels schematically illustrated in Fig. 1. The drive wheel (2)
drives the upper wheel (1) by friction contact. Pulse-Width Mod-
ulation (PWM)  controlled DC motors are employed to power the
drive wheel (2) and to provide the resistant/break torque for the
driven wheel (1).

When the driven wheel (1) reaches the predefined speed thresh-
old, the braking procedure is initiated using a classical disk break
system. The lever mechanism that transforms the rotation of the
breaking motor into a displacement of the pressure pads on the
brake disk introduces a variable dead time for each different refer-
ence input, i.e., for each desired wheel slip.

The continuous-time nonlinear state-space model of the ABS
laboratory equipment [68] is derived on the basis of the first-
principle process model [1,68]

J1ẋ1 = Fnr1�(�) − d1x1 − M10 − M1,

J2ẋ2 = −Fnr2�(�) − d2x2 − M20,
(1)

where � is the longitudinal slip (the wheel slip), J1 and J2 are the
inertia moments of wheels, x1 and x2 are the angular velocities, d1
and d2 are the friction coefficients in wheels’ axes, M10 and M20 are
the static friction torques that oppose the normal rotation, M1 is
the brake torque, r1 and r2 are the radii of wheels, Fn is the nor-
mal  force that the upper wheel pushes upon the lower wheel, �(�)
is the friction coefficient, and ẋ1 and ẋ2 are the wheels’ angular
accelerations.

The identification by experiment-based measurements leads to
the following parameter values given in Ref. [1]:

r1 = r2 = 0.99 m, Fn = 58.214 N, J1 = 7.53 · 10−3 kg m2,

J2 = 25.6 · 10−3 kg m2,

d1 = 1.1874 · 10−4 kg m2/s, d2 = 2.1468 · 10−4 kg m2/s,
M10 = 0.0032 N m, M20 = 0.0925 N m.

(2)

The wheel slip and the nonlinear term S(�) are expressed as

r2x2 − r1x1
� =
r2x2

, x2 /= 0,

S(�) = �(�)
L[sin ϕ − �(�) cos ϕ]

, tan ϕ /= �(�),
(3)
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here L = 0.37 m is the arm’s length which fixes the upper wheel,
nd ϕ = 65.61◦ is the angle between the normal direction in wheels’
ontact point and the direction of L. The typical slip-friction
haracteristics �(�) show that the friction coefficient � depends
onlinearly on the longitudinal slip �, and these characteristics
epend on the road surface in real-world ABSs.

The nonlinear state-space equations of the ABS process are
1,68]

ẋ1 = S(�)(c11x1 + c12) + c13x1 + c14 + (c15S(�) + c16)s1M1,

ẋ2 = S(�)(c21x1 + c22) + c23x2 + c24 + c25S(�)s1M1,

Ṁ1 = c31(b(u) − M1),

(4)

here u is the control signal applied to the actuator, i.e., the DC
otor which drives the upper wheel, and the actuator’s nonlinear
odel is highlighted in the third equation. The expressions of the

arameters in Eq. (4) are [1,68]

c11 = r1d1

J1
, c12 = (M10 + Mg)r1

J1
, c13 = −d1

J1
/, c14 = −M10

J1
,

c15 = r1
J1
, c16 = −1

J1
, c21 = −r2d1

J2
, c22 = −(M10 + Mg)r2

J2
,

c23 = −d2

J2
, c24 = −M20

J2
, c25 = −r2

J2
,

(5)

nd a set of recommendations to compute these parameters is given
n Ref. [69].

The variable � is considered as a controlled output of the ABS
rocess model, and the notation y = � can be used with this regard.
he state variable x1 is substituted from Eq. (3) in the model (4)
eading to the continuous-time state-space equations of the ABS
rocess [1,68]

˙
 =

⎡
⎢⎣
z1(�, x2) 0 z3(�, x2)

0 z40(�) z5(�)

0 0 −c31

⎤
⎥⎦ x +

⎡
⎣ 0

0

c31

⎤
⎦ b(u) + d(�, x2),

(6)

here the state vector x, that is also used as the input vector to the
SK fuzzy model, referred to also as the scheduling vector, is

 = [� x2 M1 ]T , (7)

he superscript T indicates the matrix transposition, z1(�, x2), z3(�,
2), z40(�) and z5(�) are nonlinear functions, and d(�, x2) is the
isturbance input vector.

The TSK fuzzy models are derived on the basis of the state-space
quations (6) of the process specific to ABS. Our fuzzy modeling
pproach consists of the following steps:

Step 1. The structure of the TSK fuzzy models is set. Setting
he TSK fuzzy model structure concerns the number of operating
oints, which is equal to the number of rules nR of the TSK fuzzy
odels, the number of input LTs of the input variables �, x2 and
1, the shapes of the m.f.s of the input LTs, the operators in the

nference engine, and the method for defuzzification. We  recom-
end the SUM and PROD operators in the inference engine, and

he weighted average method in the defuzzification module of the
SK fuzzy models.

Step 2. The continuous-time state-space model of the process,
epresented by Eq. (6) and the first equation in Eq. (3), is linearized
t the nR important operating points. This results in nR linearized
ontinuous-time local process models. The local process models are

laced in the rule consequents of the continuous-time TSK fuzzy
odels, and they related to the modal values of the input m.f.s,

hat represent exactly the coordinates of the operating points in
erms of the modal equivalence principle [70]. The complete rule
puting 27 (2015) 575–589

base of the continuous-time TSK fuzzy model is

Ri : IF �(t) IS Ti�,l AND x2(t) IS Tix2,p
AND M1(t) IS TiM1,q

THEN

{
ẋ(t) = Aix(t) + Biu(t)

ym(t) = Cix(t)
, i = 1. . .nR, (8)

where t is the continuous time variable, ym(t) is the continuous-
time TSK fuzzy model output, the notations Tiv,l , Tiv,p and Tiv,q are
used for the LTs T�,l, Tx2,p and TM1,q of the input variables �(t), x2(t)
and M1(t), respectively, referred to also as scheduling variables. We
recommend the number of LTs and the ranges of indices l = 1. . .5,
p ∈ {1, 2} and q = 1, and v ∈ {�, x2, M1}. The matrices Ai, Bi and Ci in
the rule consequents have appropriate dimensions.

Step 3. The sampling period Ts is set. The nR models in the con-
sequents of the TSK fuzzy model (8) are next discretized accepting
the presence of the zero-order hold. The complete rule base of the
discrete-time TSK fuzzy model is

Ri : IF �k IS Ti�,l AND x2,k IS Tix2,p
AND M1,k IS TiM1,q

THEN

{
xk+1 = Ad,ixk + Bd,iuk

yk,m = Cd,ixk
, i = 1. . .nR, (9)

where the subscript k indicates the discrete time variable, and yk,m
is the discrete-time TSK fuzzy model output. The matrices Ad,i, Bd,i
and Cd,i in the rule consequents have appropriate dimensions, and
their expressions will be exemplified in the sequel.

The recommended value of the sampling period is Ts = 0.01 s,
which accounts for the process dynamics [68]. The disturbance
input vector is neglected in Eqs. (8) and (9) for the sake of sim-
plicity and for dealing with models that are close to real-world
applications.

An operating point selection algorithm is proposed as follows
in order to select the important nR operating points from the set of
all possible operating points {Aj|j = 1 . . . n}, with n – the number of
possible operating points. The algorithm consists of the following
sub-steps that guide this third step of the modeling approach:

- Sub-step 3.1.  The algorithm is initialized in terms of setting its
parameters ı, 0 < ı < 1 – the importance threshold, and �, 0 < � < 1
– the significance threshold.

- Sub-step 3.2.  The operating point Aj, j = 1 . . . n, is introduced in
the rule consequent of the initial TSK fuzzy model, the outputs
yj,k of the initial TSK fuzzy model at the discrete time moment k,
k = 1 . . . N, are recorded. The change range RAj that corresponds to
the operating point Aj, j = 1 . . . n, is calculated:

RAj = N
max
k=1

yj,k −
N

min
k=1
yj,k, (10)

and the importance factor IAj of the operating point Aj, j = 1 . . . n, is
next calculated:

IAj =
RAj
n

max
j=1
RAj

. (11)

As shown in Ref. [66] but in the context of the input variables
of fuzzy models, the most important operating point is character-
ized by IAj = 1. Eqs. (11) and (17) show that a large change range

RAj and a large importance factor IAj indicate a big influence of the
corresponding operating point Aj, j = 1 . . . n. Contrarily, small values
of RAj and IAj point out a relatively unimportant operating point Aj,
j = 1 . . . n.
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 Sub-step 3.3. The importance of all operating points is ranked
according to the values of the importance factors IAj , j = 1. . .n.

 Sub-step 3.4.  All operating points that fulfill the condition

Aj < ı (12)

re removed.
The condition (12) indicates that the corresponding operat-

ng point is unimportant; therefore, this operating point can be
emoved. The sub-step 3.4 produces the set of remaining nr oper-
ting points that are selected out of the initial n operating points,
r < n.

 Sub-step 3.5.  The closely related operating points are recognized
in order to conduct the independent operating point testing by
the calculation of the correlation functions, Corr(Ai, Aj), between
the selected operating points Ai and Aj, i, j = 1...nr:

orr(Ai, Aj) =
1/N

N∑
k=1

[(yi,k − ȳi)(yj,k − ȳj)]
√
�yi�yj

, 0 ≤ Corr(Ai, Aj) ≤ 1,

(13)

here ȳi and ȳj are the means of the TSK fuzzy model output vec-

ors yi = [ yi,1 yi,2 . . . yi,N ]T and yj = [ yj,1 yj,2 . . . yj,N ]T , i,
 = 1 . . . nr, respectively, and �yi and �yj are the variances of the vec-
ors yi and yj, i, j = 1 . . . nr, respectively. If the following condition is
ulfilled:

orr(Ai, Aj) > �, (14)

hen the operating point Ai is closely related with the operating
oint Aj.

The condition (14) is involved in keeping the independent oper-
ting points among the nr selected operating points. The condition
14) also allows to remove one of the two operating points Ai or Aj.
herefore, the sub-step 3.5 results in the set of remaining nR inde-
endent operating points out of the nr selected operating points,
R < nr.

Step 4. The optimization problem that leads to optimal TSK fuzzy
odels is defined as

�∗ = arg min
�∈D

J(�),

J(�) = 1
N

N∑
k=1

(yk(�) − yk,m(�))2 = 1
N

N∑
k=1

(ek,m(�))2,
(15)

here � is the parameter vector of the TSK fuzzy model and also
he vector variable of the objective function J(�), �* is the optimal
arameter vector of the TSK fuzzy model and the solution to Eq.
15), yk(�) is the process output at kth sampling interval, yk,m(�) is
he fuzzy model output, the modeling error is

k,m(�) = yk(�) − yk,m(�), (16)

D is the feasible domain of �, and N is the length of the dis-
rete time horizon. The elements of the vector � are a part of the
arameters of the input m.f. parameters.

Step 5. The nature-inspired optimization algorithms are applied
o solve the optimization problem (15) that leads to the vector �*.
he elements of the vector �* are the optimal input m.f. parameters,
nd they belong to the optimal TSK fuzzy model.
ature-inspired optimization algorithms

SA and PSO are the two nature-inspired optimization algorithms
mployed in the numerical solving of the optimization problem
puting 27 (2015) 575–589 579

defined in Eq. (15). These algorithms are presented briefly as fol-
lows.

Simulated Annealing algorithm

The operating mechanism of SA algorithms uses a probabilistic
framework to accept the solution on the basis of the analogy with
the temperature decrease in metallurgy [71,72]. Considering the
initial solution represented by the vector ϕ ∈ Rq, with the fitness
value g(ϕ) of the fitness function g, g : Rq → R, the new probable
solution is represented by the vector   ∈ Rq which is chosen such
that to belong to the vicinity of ϕ. As proposed in Ref. [44] and
applied to the optimal tuning of TSK fuzzy controllers and in Refs.
[2,4] to the optimal tuning of TSK fuzzy models for servo systems
and magnetic levitation systems, in order to make the SA algorithm
more computationally efficient we  define two additional iteration
indices, namely the success rate sr and the rejection rate rr. The suc-
cess rate sr aims the acceleration of the cooling process by forcing a
jump in temperature when the minimum value of the fitness func-
tion changes for a preset number of times at the same temperature
level. The rejection rate rr is an alternative index to assess the con-
vergence of the algorithm, and it is reset only when small values of
the fitness function are found and not when the temperature cools.

Our SA algorithm is adapted from the SA algorithms given in
Refs. [1–4,43,44] and applied to optimal control and modeling. The
steps of our SA algorithm are

Step A. The initial solution is generated, i.e., the following oper-
ations are conducted:

-  A random initial solution ϕ is generated and its fitness value g(ϕ)
is calculated.

-  The minimum temperature �min is set.
- Using the notation � for the current iteration index, the following

parameters are initialized: the maximum number of iterations
�min, the maximum accepted success rate srmax, the maximum
accepted rejection rate rrmax, and the minimum accepted value
of the fitness function gmin.

- The initial temperature �0 is set. �0 is the value of the temperature
�� for � = 0.

- The initial rejection rate rr is set to rr = 0.

Step B. The initial value of the iteration index � is set to � = 0
and the initial success rate sr is set to sr = 0.

Step C. A new probable solution   is generated in the vicinity of
ϕ by disturbing ϕ, and its fitness value g( ) is calculated.

Step D. The decision on accepting or not the new solution is
made. With this regard, the change of fitness is computed as the
difference �g ϕ

�g ϕ = g(�) − g(�). (17)

If �g ϕ ≤ 0, ϕ =   is accepted as the new vector solution.
Otherwise, the random parameter q�, 0 ≤ q� ≤ 1, is set, and the
probability p of   to be the next solution is calculated

p = exp

(−�g ϕ
��

)
. (18)

If p > q�, ϕ =   is the new solution.
Step E. If the new solution is accepted, the new solution and g

are updated, � is incremented and rr is reset to rr = 0. Otherwise,
rr is incremented. If rr has reached its maximum value rrmax, the
algorithm jumps to step I; otherwise, the algorithm continues with

the next step.

Step F. sr is incremented. If sr has reached its maximum value
srmax, the algorithm continues with the next step; otherwise, �
is incremented. If � has reached its maximum value �max, the
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lgorithm continues with the next step; otherwise, the algorithm
umps to step C.

Step G. The temperature is decreased in terms of the temperature
ecrement rule, referred to also as the cooling schedule, which gives
he next temperature ��+1

�+1 = ˛cs��, (19)

here ˛cs = const, ˛cs < 1.
Step H. If �� > �min or g(ϕ) > gmin, the algorithm jumps to step C.

therwise, the algorithm continues with the next step.
Step I. The obtained vector solution ϕ is validated by checking

he following inequality-type constraint which guarantees that the
SK fuzzy model with the obtained model parameters � = ϕ ensures
he convergence of the objective function:

yN(�) − yN,m(�)| ≤ εy|yN(�) − y1(�)|, (20)

here we recommend εy = 0.001 for a 2% settling time. The vali-
ation condition (20) and this recommendation are inspired from
he optimal tuning of TSK fuzzy controllers by PSO, Gravitational
earch and Charged System Search algorithms [44–46].

Step J. The algorithm is stopped, and the last validated vector
olution � is the solution to the optimization problem (15).

This SA algorithm is mapped onto the optimization problem (15)
y means of the following relations:

 the relations between the parameter vectors ϕ and   in the SA
algorithm and the parameter vector � in the optimization prob-
lem:

 = �, ϕ = �, (21)

 the relation between the fitness function g in the SA algorithm
and the objective function J in the optimization problem:

( ) = J(�), g(ϕ) = J(�). (22)

With this regard, q is the dimension of the search space.
The last new solution found will be the vector solution �* to the

ptimization problem (15):

∗ = ϕ. (23)

article Swarm Optimization algorithm

The operating mechanism of PSO algorithms uses swarm par-
icles which are characterized by two vectors, namely the particle
osition vector Xi and the particle velocity vector Vi

i = [ x1
i
. . . xd

i
. . . xq

i
]
T
, Vi = [ v1

i
. . . vd

i
. . . vq

i
]
T
,

i = 1. . .Np, (24)

here i, i = 1 . . . Np, is the index of the current particle in the swarm,
nd Np is the number of particles in the swarm. Let Pi,Best be the
est particle position vector of a specific particle with the index i,

 = 1 . . . Np, and Pg,Best be the best swarm position vector:

i,Best = [ p1
i
. . . pd

i
. . . pq

i
]
T
,

Pg,Best = [ p1
g . . . pdg . . . pqg ]

T
, i = 1. . .Np. (25)

The next particle velocity vd
i
(� + 1) and the next particle posi-

d
ion x
i
(� + 1) are obtained by the state-space equations [73,74]:

vd
i
(� + 1) = w(�)vd

i
(�) + c1r1[pdg(�) − xd

i
(�)] + c2r2[pd

i
(�) − xd

i
(�)],

xd
i
(� + 1) = xd

i
(�) + vd

i
(� + 1), d = 1. . .q, i = 1. . .Np,

(26)
puting 27 (2015) 575–589

where r1 and r2 are uniformly distributed random variables,
0 ≤ r1 ≤ 1, 0 ≤ r2 ≤ 1, w is the inertia weight, and c1 and c2 are the
weighting factors of the stochastic accelerations pulling the parti-
cles toward their final positions. The parameter w(�) points out the
effect of the previous velocity vector on the new one, and an upper
limit wmax is imposed to all velocities to prevent the particles from
moving too rapidly in the search space. The expression of w(�) is

w(�) = wmax − �(wmax − wmin)/�max. (27)

As mentioned in Ref. [44], if wmax is too small, particles may  not
explore sufficiently beyond local solutions. The minimum value of
w(�) in Eq. (27) is wmin. Setting low values of c1 and c2 will allow
particles to roam far from the target regions before being tugged
back; contrarily, too high values of c1 and c2 will result in abrupt
movements toward or overshooting the target regions.

Our PSO algorithm is adapted from the PSO algorithm given in
Ref. [44] and applied to the optimal tuning of TSK fuzzy controllers
targeting a reduced parametric sensitivity. The steps of our PSO
algorithm are

Step A. The q-dimensional search space is initialized by setting
its boundaries. The maximum number of iterations �max and the
parameters in Eq. (26) are initialized.

Step B. The initial population of particles is generated by con-
ducting the following operations:

-  The particle position vector is initialized as a uniformly dis-
tributed random vector Xi, i = 1 . . . Np, that belongs to the search
space, and the particle velocity vector Vi, i = 1 . . . Np, is initalized
accounting for the boundaries of the search space.

- The best particle position vector Pi,Best = Xi, i = 1 . . . Np, and the best
swarm position vector Pg,Best are calculated.

- If g(Pi,Best) < g(Pg,Best), i = 1 . . . Np, the best swarm position vector
is updated in terms of Pg,Best = Pi,Best.

Step C. The particles’ fitness is evaluated using the following rela-
tions that map  the PSO algorithm onto the optimization problem
(15):

- the relation between the agents’ position vector Xi in the PSO
algorithm and the parameter vector � in the optimization prob-
lem:

Xi = 
, i = 1...Np, (28)

- the relation between the fitness function g in the PSO algorithm
and the objective function J in the optimization problem:

g(Xi) = J(
), i = 1...Np. (29)

Step D. The local best and the global best of the population are
calculated in terms of

- If g(Xi) < g(Pi,Best), i = 1 . . . Np, the best particle position vector
Pi,Best is updated to Pi,Best = Xi.

- If g(Pi,Best) < g(Pg,Best), i = 1 . . . Np, the best swarm position vector
Pg,Best is updated to Pg,Best = Pi,Best.

Step E. The population is updated using (26).
Step F. The obtained vector solution Pg,Best is validated by check-
ing the inequality-type constraint (20) which guarantees that the
TSK fuzzy model with the obtained model parameters 
 = Pg,Best

ensures the convergence of the objective function. This step is sim-
ilar to the step I in the SA algorithm.
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Table 1
Definition of operating points of TSK fuzzy models.

Model number Operating points nR

1 A9(� = 1, x2 = 50, M1 = 10),
A10(� = 1, x2 = 150, M1 = 10)

4

2  A1(� = 0.1, x2 = 50, M1 = 10),
A2(� = 0.1, x2 = 150, M1 = 10),
A5(� = 0.4, x2 = 50, M1 = 10),
A6(� = 0.4, x2 = 150, M1 = 10),
A9(� = 1, x2 = 50, M1 = 10),
A10(� = 1, x2 = 150, M1 = 10)

6

3  A1(� = 0.1, x2 = 50, M1 = 10),
A2(� = 0.1, x2 = 150, M1 = 10),
A2(� = 0.2, x2 = 50, M1 = 10),
A4(� = 0.2, x2 = 150, M1 = 10),
A5(� = 0.4, x2 = 50, M1 = 10),
A6(� = 0.4, x2 = 150, M1 = 10),
A7(� = 0.8, x2 = 50, M1 = 10),
A8(� = 0.8, x2 = 150, M1 = 10),

10
Fig. 2. ABS laboratory equipment experimental setup.

Step G. If � < �max, the algorithm jumps to step B. Otherwise, the
lgorithm is stopped, and the best found solution will be the vector
olution �* to the optimization problem (15):

∗ = Pg,Best . (30)

xperimental results

The fuzzy modeling approach presented in the section follow-
ng the Background section has been applied in combination with
he two nature-inspired optimization algorithms presented in the
revious section in order to obtain the TSK fuzzy models of the ABS
aboratory equipment. A part of the results and of the implemen-
ation details is presented as follows.

The results presented in this section have been obtained on the
BS laboratory equipment experimental setup shown in Fig. 2. The

Fig. 3. Control signal versus time
A9(� = 1, x2 = 50, M1 = 10),
A10(� = 1, x2 = 150, M1 = 10)

ABS laboratory equipment experimental setup belongs to the Intel-
ligent Control Systems Laboratory of the Politehnica University of
Timisoara, Romania.

The input selection algorithm given in Fuzzy modeling approach
section is applied for three values of the importance threshold,
namely ı = 0.4, ı = 0.3 and ı = 0.2, and one value of the significance
threshold, i.e., � = 0.5. This leads to three TSK fuzzy models, referred
to as the TSK fuzzy model 1, the TSK fuzzy model 2 and the TSK
fuzzy model 3, respectively, with the operating points specified in
Table 1.

Setting the sampling period Ts = 0.01 s, the control signal u con-
sidered as the input of the ABS has been generated as two  weighted
sums (one for training and one for validation) of pseudo-random
binary signals in order to cover different ranges of magnitudes and
to benefit from the advantages of pseudo-random binary signals
used as input signals in system identification (spectral character-
istics, persistent excitation, noise reduction). The evolutions of the
control signal versus time are presented in Fig. 3, which gives the

input data for training, and in Fig. 4, which gives the input data for
validation (testing).

The input signals illustrated in Figs. 3 and 4 have been
applied to the ABS laboratory equipment in order to generate

 used in the training data.
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a�,l ≤

b�,l ≤
Fig. 4. Control signal versus tim

he input–output data points. Fig. 3 outlines a total number of
 = 35,000 data points which represent the training data, and Fig. 4
utlines a total number of N = 35,000 data points which represent
he validation data.

The five steps of the fuzzy modeling approach have been applied
o derive the three optimal TSK fuzzy models specified in Table 1.

�LT�,l : [0,  1.1] → [0,  1],

�LT�,l (�) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0, � < a�,l,

1 + (� − b�,l)
(b�,l − a�,l)

, 

1 − (� − b�,l)
(c�,l − b�,l)

, 

0, � ≥ c�,l,
The step 1 of the fuzzy modeling approach starts with set-
ing the largest domains of variation of the state variables in all
BS operating regimes, 0 ≤ � ≤ 1.1, 0 ≤ x2 ≤ 180 and 0 ≤ M1 ≤ 11.
he fuzzification modules in the TSK fuzzy models employ the LTs

Fig. 5. Real-time experimental results: wheel slip � versus time for the initial TSK fu
 in the validation (testing) data.

assigned to the input variables and defined as follows. The first
input variable, �, uses five LTs, with the notation, LT�,l, l = 1 . . .5,
characterized by the triangular m.f.s

 � < b�,l,

 � < c�,l,

a�,l < b�,l < c�,l, l = 1. . .5.
(31)

The parameters a�,l, j = 1 . . .5, and c�,l, j = 1 . . .5,  are variable, they
are the feet of the triangular m.f.s defined in Eq. (31), and they

belong to the vector variable � of the objective function in Eq. (15).
The parameters b�,j, j = 1 . . .5, which stand for the modal values of
the m.f.s, are fixed, and their values are [29] b�,1 = 0.1, b�,2 = 0.2,
b�,3 = 0.4, b�,4 = 0.8, and b�,5 = 1.

zzy model 3 and for the real-world process considering the training data set.
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The second input variable, x2, uses the two LTs LTx2,p, p ∈ {1, 2},
ith the triangular m.f.s

�LTx2,p : [0,  180] → [0,  1],

�LTx2,p (x2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0, x2 < ax2,p,

1 + (x2 − bx2,p)
(bx2,p − ax2,p)

,  ax2,p ≤ x2 < bx2,p,

1 − (x2 − bx2,p)
(cx2,p − bx2,p)

,  bx2,p ≤ x2 < cx2,p,

0, x2 ≥ cx2,p,

ax2,p < b

The parameters ax2,p, p ∈ {1, 2}, and cx2,p, p ∈ {1, 2}, are vari-
ble, they are the feet of the triangular m.f.s defined in Eq. (32),
nd they belong to �. The parameters bx2,j, j = 1. . .2, are fixed, and
heir values are [1,5] bx2,1 = 50 and bx2,2 = 150.

The third input variable, M1, uses the single LT LTM1,1, with the
riangular m.f.

�LTM1,1
: [0,  11] → [0,  1],

�LTM1,1
(M1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0, M1 < aM1,1,

1 + (M1 − bM1,1)
(bM1,1 − ax2,p)

,  aM1,1 ≤ M1 < bM1,1,

1 − (M1 − bM1,1)
(cM1,1 − bx2,p)

,  bM1,1 ≤ M1 < cM1,1,

0, M1 ≥ cM1,1,

aM1

The parameters aM1,1 and cM1,1 are variable, they are the feet
f the triangular m.f. defined in Eq. (33), and they belong to �. The
arameter bM1,1 is fixed and its value is set according to Refs. [1,5],
M1,1 = 10.

The state-space model matrices in the consequents of the rules
1 and R10 of the discrete-time TSK fuzzy model 3, i.e., nR = 10,
erived in the step 3 of the fuzzy modeling approach, are

Ad,1 =

⎡
⎣ 0.9441 −0.0025 0.0194

−1.0335 1.0012 −0.0601

0 0 0.8157

⎤
⎦ , Bd,1 =

⎡
⎣ 0.0021

−0.0059

0.1843

⎤
⎦ , C

Ad,10 =

⎡
⎣ 1.0041 −0.0003 0.0069

−0.3192 1 −0.0519

0 0 0.8157

⎤
⎦ , Bd,10 =

⎡
⎣ 0.0007

−0.0054

0.1843

⎤
⎦ , 

Summing up the details concerning the input m.f.s presented in
qs. (31)–(33), the parameter vector of the TSK fuzzy model 3 (the
ector variable of the objective function) is

 = [ a�,1 c�,1 a�,2 c�,2 a�,3 c�,3 a�,4 c�,4 a�,5 c�,5 ax

he initial value of this parameter vector, which corresponds to the
nitial TSK fuzzy model 3, is
 = [ 0 0.2 0.1 0.4 0.2 0.8 0.4 1 0.8 1.1 0 150 50 180 0 11 ]T . (36)

The feasible domain in Eq. (15) is

 = [−0.01, 0.01] × [0.15,  0.25] × [0.05,  0.15] × [0.35,  0.45] × [0.15,  0.25] × [0.75,  0.85] × [0.35,  0.45] × [0.95,  1.05]

× [0.75,  0.85] × [1.05,  1.15] × [−0.1, 0.1] × [130.9, 170.1] × [40, 60] × [170, 190] × [−0.5, 0.5] × [10.5, 11.5] ∈ R16. (37)

Eq. (37) highlights the q = 16-dimensional search space.
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Fig. 6. Real-time experimental results: wheel slip � versus time for the initial T

The first set of experimental results is presented in Figs. 5 and 6
s the outputs of the real-world process (the ABS laboratory equip-
ent) and of the initial TSK fuzzy model 3 before the application

f the nature-inspired algorithms (i.e., with the parameter vector
 given in Eq. (36)), for the training and validation data set, respec-
ively. Figs. 5 and 6 illustrate the large difference between the TSK
uzzy model 3 and the real-world process, and they justify the need
or the optimal tuning of the TSK fuzzy model.

Some details concerning the application of the two nature-
nspired algorithms described in the previous section and involved
n the step 5 of the fuzzy modeling approach will be presented as
ollows. The two nature-inspired algorithms, namely SA and PSO,
im the calculation of the vector solution �* to the optimization
roblem (15).

The maximum success and rejection rates in the SA algo-
ithm were set to rrmax = 100 and srmax = 50. The SA algorithm
as stopped after �max = 80 iterations, with the final temperature

80 = 0.093246. The initial temperature was set to �0 = 1, and the
inimum temperature was set to �min = 10−8. The value of the

arameter in the temperature decrement rule was set to ˛cs = 0.8.
he minimum accepted value of the fitness function (i.e., of the
bjective function) was set to gmin = 10−4.

The evolution of the objective function defined in Eq. (15) versus
he iteration number in the SA algorithm is presented in Fig. 7 for
he TSK fuzzy model 3 considering the validation data set. Fig. 7
hows that the solution to Eq. (15) obtained by our SA algorithm
ffers a strong decrease of the objective function. Fig. 7 also shows
hat the minimum of the objective function is not reached, but the
urther decrease of the objective for the given TSK fuzzy model
tructure can be achieved by increasing the number of iterations.

The final solution obtained by the SA algorithm is
∗ = [ 0.0086 0.1614 0.09901 0.4067 0.2295 0.4019 0.9578 0.847 1.12

The second set of experimental results is presented in
igs. 8 and 9 as the outputs of the real-world process and of
he TSK fuzzy model 3 after the application of the SA algorithm


∗ =
[

0.0025 0.2381 0.1289 0.35 0.25 0.8245 0.4016 0.9543 0.8475
i.e., with the parameter vector �* given in Eq. (38)), for the training
nd validation data set, respectively. Figs. 8 and 9 clearly show that
he performance of the TSK fuzzy model 3 is strongly improved
y the application of our SA algorithm from the point of view
zzy model 3 and for the real-world process considering the validation data set.

2202 169 59.85 180.5 −0.3227 11.04 ]
T
. (38)

the modeling errors. The modeling errors are alleviated in both
training and validation data sets.

The values of the parameters of the PSO algorithm were set to
Np = 20, �max = 80 (equal to �max considered in the SA algorithm in
order to ensure the fair comparison with the results obtained by
the SA algorithm), c1 = c2 = 0.3, wmin = 0.4 and wmax = 0.9. These
parameter values ensure a good tradeoff to PSO algorithm’s con-
vergence speed and accuracy as recommended in Ref. [44].

The evolution of the objective function defined in Eq. (15) versus
the iteration number in the PSO algorithm is presented in Fig. 10 for
the TSK fuzzy model 3 considering the validation data set. Fig. 10
shows, similar to the case of the SA algorithm, that the solution
to Eq. (15) obtained by our PSO algorithm offers a strong decrease
of the objective function. In addition, Fig. 10 points out that the
value of the objective function is smaller compared to the value of
the objective function obtained by the SA algorithm (presented in
Fig. 7) and that the further decrease of the objective can be achieved
by increasing the number of iterations.

The final solution obtained by the PSO algorithm is

577 0.089 169.54 48.21 170.29 −0.4517 11.0068
]T
. (39)

The third set of experimental results is presented in
Figs. 11 and 12. For comparison reasons, Figs. 11 and 12 illustrate
the outputs of the TSK fuzzy model 3 after the application of the SA
algorithm and of the TSK fuzzy model 3 after the application of the
PSO algorithm (i.e., with the parameter vector �* given in Eq. (39))
for the training and validation data set, respectively. Figs. 11 and 12
highlight:

- the performance improvement of the TSK fuzzy model 3 tuned
by the PSO algorithm with respect to the initial TSK fuzzy model
(versus Figs. 5 and 6),
- the behaviors of the TSK fuzzy model 3 tuned by two  nature-
inspired algorithms with quite different operating principles are
close,
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Fig. 7. Objective function J versus the iteration number � of the SA algorithm for the TSK fuzzy model 3 considering the validation data set.

Fig. 8. Real-time experimental results: wheel slip � versus time for the TSK fuzzy model 3 after optimization by the SA algorithm and for the real-world process considering
the  training data set.

Fig. 9. Real-time experimental results: wheel slip � versus time for the TSK fuzzy model 3 after optimization by the SA algorithm and for the real-world process considering
the  validation data set.
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Fig. 10. Objective function J versus iteration number � of the PSO algorithm for the TSK fuzzy model 3 considering the validation data set.

Fig. 11. Real-time experimental results: wheel slip � versus time for the TSK fuzzy model 3 after optimization by the SA algorithm and after optimization by the PSO algorithm
considering the training data set.

Fig. 12. Real-time experimental results: wheel slip � versus time for the TSK fuzzy model 3 after optimization by the SA algorithm and after optimization by the PSO algorithm
considering the validation data set.
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Table  2
Results for TSK fuzzy models 1–3 on the training data and on the validation data.

Model number Nature-inspired
algorithm

RMSE training RMSE validation

1 SA 0.39833 0.41376
1  PSO 0.38368 0.40785
1  GSA 0.36929 0.42375
2  SA 0.33685 0.36879
2  PSO 0.32122 0.34193
2  GSA 0.30917 0.35526
3  SA 0.28532 0.30038
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3  PSO 0.27481 0.29462
3  GSA 0.26450 0.30610

 the TSK fuzzy model 3 tuned by the PSO algorithm exhibits a
better behavior (i.e., closer to the real-world process response)
compared to the TSK fuzzy model 3 tuned by the SA algorithm.

The algorithms and the model performance have been com-
ared with the TSK fuzzy model 1 and with the TSK fuzzy model 2.
he comparative analysis of the models is carried out in terms of
he root mean square error (RMSE) between the model output (the
heel slip) of the TSK fuzzy models and of the real-world process.

he RMSE is viewed as a global performance index defined as

MSE =
√
J(
∗) =

√√√√ 1
N

N∑
k=1

(yk(
∗) − yk,m(
∗))2

=

√√√√ 1
N

N∑
k=1

(ek,m(
∗))2. (40)

The RMSE has been computed and measured for the training
ata and for the validation (testing) data.

The results obtained by the three TSK fuzzy models tuned by
he SA algorithm and by the PSO algorithm are summarized in
able 2 for the training data and for the validation data. In addition,
he results of the proposed method are compared with another
lgorithm reviewed in Section 2, namely a Gravitational Search
lgorithm (GSA) is employed in the numerical solving of the opti-
ization problem defined in Eq. (15). The values of the parameters

f the GSA were set to: number of agents Np = 20 (equal to Np con-
idered in the PSO algorithm for the fair comparison of the results),
aximum number of iterations �max = 80 (equal to �max consid-

red in both the SA algorithm and the PSO algorithm for the fair
omparison of the results), depreciation law of the gravitational
onstant g(k) with the advance of the GSA’s iterations expressed as
(�) = g0exp(− ��/�max), with the initial value of the gravitational
onstant g0 = 100 and the parameter � = 20, and the parameter ε in
he denominator of the force the force acting between to agents
et to ε = 0.0001. These parameter values ensure a good tradeoff
o GSA’s convergence speed and accuracy as recommended in Ref.
44]. The results obtained by the application of the GSA are also
ncluded in Table 2.

Table 2 and Figs. 5–12 show that the best performance on the
raining data is ensured by the TSK fuzzy model 3 tuned by the GSA.
he best performance on both the training data and the validation
ata is ensured by the TSK fuzzy model 3 tuned by the PSO algo-
ithm. The TSK fuzzy model 3 offers the lowest value of RMSE and
f J. Table 2 shows the performance enhancement exhibited by the
nal TSK fuzzy models tuned by our fuzzy modeling approach com-

ared to the initial TSK fuzzy models on both the training data and
he validation data for the same process inputs.

The results presented in Table 2 and in Figs. 5–12 also show that
he performance of the proposed TSK fuzzy models are consistent
puting 27 (2015) 575–589 587

with both training data and validation data. The further perfor-
mance improvement can be ensured by increasing the number
of iterations, by increasing the number of operating points, by
considering other shapes of input m.f.s as those applied in Ref.
[4] for another process and by inserting other nature-inspired
optimization algorithms in our fuzzy modeling approach.

Conclusions

This paper has suggested a set of TSK fuzzy models dedicated
to ABSs. The models are derived by the synergy of fuzzy logic and
nature-inspired optimization in terms of the nature-inspired opti-
mal  tuning of the input membership functions of TSK fuzzy models
in the framework of appropriately defined optimization problems
which target the minimization of objective functions expressed as
the average of squared modeling errors over the time horizon. Our
synergy is formulated as a novel fuzzy modeling approach based
on the combination of the modal equivalences principle and on
the optimal tuning of a part of the input m.f. parameters in terms
of two  nature-inspired algorithms The fuzzy modeling approach
is assisted by a new operating point selection algorithm to guide
modeling.

The main advantages of our approach are the simplicity of TSK
fuzzy models, their consistency with both training data and testing
data, and the simplicity and transparency of the fuzzy modeling
approach. These advantages should be also emphasized in other
suggestive applications.

Our fuzzy modeling approach is different and advantageous
with respect to the popular sector nonlinearity approach [75]. The
difference concerns the fact that the bounds of the domains of
the scheduling (variables) are not accounted for, but the impor-
tant operating points are taken into consideration. Therefore, our
approach offers better highlighting of system’s behavior in the
important operating regimes.

The TSK fuzzy models are validated against experimental data
which correspond to an ABS laboratory equipment as a represen-
tative nonlinear dynamic system. The comparison of experimental
results shows the performance improvement ensured by the pro-
posed TSK fuzzy models after the application of the nature-inspired
algorithms. The comparison can continue accounting for other
state-of-the-art algorithms for evolving fuzzy systems [60–63] and
for other nature-inspired algorithms accounting for several con-
straints [31–35,76,77].

Future research will deal with the extension of the fuzzy
modeling approach to the modeling of Multi Input-Multi Output
nonlinear dynamic systems. The experiment-based estimation of
the gradients of the objective functions will be included in order
to ensure the online identification of closed-loop fuzzy control sys-
tems in order to next carry out the model-based design of stable
and optimal fuzzy control systems.
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