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1. Introduction

In 1965, Zadeh [16] introduced the idea of fuzzy sets for modeling the ambiguous theories in the
globe. In 1986, Atanassov [1] generalized fuzzy set and named as intuitionistic fuzzy set, and
discussed it. Also from his view point, there are two degrees for any object in the world. They are
degree of membership to a vague subset and degree of non-membership to that given subset.

Smarandache generalized fuzzy and intuitionistic fuzzy set, and referred as Neutrosophic set
(see [2, 3, 6, 13-15]). It is identified by a truth, a falsity and an indeterminacy membership function.
These sets are applied to many branches of mathematics to overcome the complexities arising from
uncertain data. Neutrosophic set can distinguish between absolute membership and relative
membership. Smarandache used this in non-standard analysis such as result of sport games
(winning/defeating/tie), decision making and control theory, etc. This area has been studied by
several authors (see [5, 10-12]).

In [8], M. Khan et al. presented and discussed the concepts of neutrosophic X —subsemigroup
of semigroup. In [5], Gulistan et al. have studied the idea of complex neutrosophic subsemigroups.
They have introduced the notion of characteristic function of complex neutrosophic sets, direct
product of complex neutrosophic sets.

In [4], B. Elavarasan et al. introduced the concepts of neutrosophic X —ideal of semigroup and
explored its properties. Also, the conditions are given for neutrosophic X —structure becomes
neutrosophic X —ideal. Further, presented the notion of characteristic neutrosophic X —structure
over semigroup.

Throughout this article, X denotes a semigroup. Recall that for any subsets A and B of X,
AB = {uw|u € A and w € B}, the multiplication of A and B.

For a semigroup X,

(i) @ # U CX isasubsemigroup of X if U? € U.
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(ii) A subsemigroup U of X is left (resp., right) ideal if XU S U (resp., UX € U).U is an ideal of X
if U is both left and right ideal of X.

(iii) X is left (resp., right) regular if for each s € X, there exists x € X such that s = xs?(resp., s =
s2x) [7].

(iv) X is regular if for each s € X, there exists x € X such that s = sxs [9].

(v) X is intra-regular if for everys € X, there exist x,y € X such that s = xs?y [9].

(vi) A subsemigroup Yof Xis bi-ideal if YXY €Y. For any r' €X, B(r') = {r’,r’z,r’Xr’} is the

principal bi-ideal of X generated by r’.

2. Basics of neutrosophic X - structures

In this section, we present the required basic definitions of neutrosophic X —structures of X that
we need in the sequel.

The collection of functions from a set X to [-1,0] is denoted by J(X,[—1,0]). Note that
f € 3(X,[—1,0]) is a negative-valued function from X to [—1,0] (briefly, & —function on X). Here
N —structure means (X, f) of X.

Definition 2.1. [8] A neutrosophic X — structure of X is defined to be the structure:

Xyt X { x |xex}

- (TnJIN, FN) - TN (x), IN(x), Fn(x)

where Ty is the negative truth membership function on X, Iy is the negative indeterminacy

membership function on X and Fy is the negative falsity membership function on X.

Note that for any x € X, Xy satisfies the condition —3 < Ty(x) + Iy(x) + Fy(x) < 0.

Definition 2.2. [8] A neutrosophic X —structure Xy of X is called a neutrosophic X —subsemigroup
of X if the below condition is valid:

TN(gihj) <Tn(g) Vv TN(hj)
(Vg h € X)| In(gihy) = Iv(g) n In(ky) |.
FN(gihj) < Fy(g)v FN(hj)

Let Xy be a neutrosophic X — structure of X and let 4,6, € [-1,0] with -3 <A+ d+ €<
0. Then the set Xy(4,8,¢) = {x € X|Ty(x) < A, Iy(x) =6, Fy(x) < ¢} is called a (A, §, &) —level set
of Xn.

Definition 2.3. [4] A neutrosophic X —structure Xy of X is called a neutrosophic X —left (resp.,
right) ideal of X if it satisfies:
Tn(gihj) < Tu(hy) (resp., Ty(gihy) < Tn(9:))
(V gi by €X) In(gihy) = Iy(hy) (resp., Iy(gihj) = Iy(g)
Fy(gihj) < Fy(hy) (resp., Fy(gih;) < Fy(g))

If Xy is both neutrosophic X —left and neutrosophic X —right ideal of X, then it is called a
neutrosophic X —ideal of X.

Definition 2.4. A neutrosophic X —subsemigroup Xy of X is a neutrosophic X —bi-ideal of X if
the following condition is valid:
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Ty (rst) < Ty(r)v Ty(t)
Vr,s,teX)| Iy(rst) = Iy(@)a Iy(t)
Fy(rst) < Fy(r)v Fy(t)
Clearly any neutrosophic X —left (resp., right) ideal is neutrosophic X —bi-ideal, but the

neutrosophic X —bi-ideal is not necessary to be a neutrosophic X —left (resp., right) ideal.
P y P p-, 118

Example 2.5. Consider the semigroup X = {0, a, b, c} with binary operation as follows:

O|la|b|c
olo|lo|o]|oO
alO0|O0O|0O]|b
b|lOoO|0O]|O]|b
c|b|b|b]|c

0 a b

Then Xy = { } is a neutrosophic X —bi-ideal of

(-0.9,-0.1,-0.7)" (-0.8,-0.2,—0.5)’ (-0.7,-0.3,-0.3) (=0.5,—0.4,—0.1)

X, but Xy is not neutrosophic X —leftideal as well as neutrosophic X —rightideal of X. m

Definition 2.6. [8] For ® # A € X, the characteristic neutrosophic X —structure of X is denoted by
x4(Xy) and is defined to be neutrosophic X —structure

X

A NG S AC A

where

—1ifx€A

Xa(My: X=[-1,0], x - {0 otherwise,

0OifxeA
—1 otherwise,
-1lifxeA
0 otherwise.

XA(I)N : X- [_11 0], X - {

Xa(F)y: X~ [-1,0, x >

X X
(TN, IN, FN) (Tm, Im, Fy)
(i) Xpyis called a neutrosophic X — substructure of Xy over X, denoted by Xy € X, if
Ty(t) = Ty (), Iy(t) < Iy(t), Fy(t) = Fy(t) VtE X.
If Xy € Xy and Xy, € Xy, then we say that Xy = X,.
(i) The neutrosophic R — product of Xy and X, is defined to
be a neutrosophic X —structure of X,

Xy O X, = X { h | h ex},

(TNom» INoM, FNom) Tnem(R), INom(R), Fnom(R)

Definition 2.7. [8] Let Xy: = and X, =

where

(Ty © Ty) (h) = Tyeps (h) /\{TN(r)VTM(S)} if 3r,s € X suchthath=rs
N°1lym = INoMm =

h=rs
0 otherwise,
\/{IN(T) ALy(s)} if 37,5 € X such that h = s
(y o Iy)(h) = Iy (h) = h=rs
-1 otherwise,

(Fy o Fy)(R) = Fuoy () = /\{FN(r) vFy(s)} ifar,s € Xsuchthat h =rs

h=rs
0 otherwise.
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t
(TNoM (D), INoM (D), FNoMm (1))

(iif) Fort € X, the element is simply denoted by

XKy O XD ®) = (Tyom(®), Inom(t), Fnem(t)) for the sake of convenience.

(iv) The union of Xy and X, is a neutrosophic X —structure over X is defined as

Xv U Xy =Xyom = (XJ Tyum, Ivum, FNUM)'
where
(Ty U Ty (hy) = Tyum(hy) = Ty(hy) A Ty (hy),
(Un U Iy)(hy) = Iyom(hy) = Iy(hy) v Iy (hy),
(Fy U Fy)(hy) = Fyou(hy) = Fy(hy) A Fy(hy) Vh; € X.

(v) The intersection of Xy and Xj, is a neutrosophic X —structure over X is defined as

Xv N Xy = Xnom = (X; Tnom, Innm, FNOM):
where
(Ty N Ty)(hy) = Tyam(hy) = Ty(hy) v Ty (hy),
Uy 0 Iy)(hy) = Iyam(hy) = Iy(hy) A Iy (hy),
(Fy N Fy)(hy) = Fyan(hy) = Fy(hy) v Fy(h) ¥ h; € X.

3. Neutrosophic X —bi-ideals of semigroups

In this section, we examine different properties of neutrosophic X —bi-ideals of X.

Theorem 3.1. For ® # B € X, the following assertions are equivalent:
(i) xg(Xy) isaneutrosophic X —bi-ideal of X,
(i) B isabi-ideal of X.
Proof: Suppose xp(Xy) is a neutrosophic X —bi-ideal of X.Letr,t€ B and s € X. Then
xs(My(rst) < xp(Mn@) V xp(T)y () = -1,
Xe(Dy(rst) = xg(Dy@) A xpDy(E) =0,
xp(F)n(rst) < xpg(F)ny(r) V xg(F)n(t) = -1
Thus rst € B and hence B is a bi-ideal of X,
Conversely, assume B is a bi-ideal of X. Let r,s,t € X.
If r€B and t € B, then rst € B. Now
Xe(My(rst) = =1 = xp(Ty(r) V x5 (T)x (1),
xe(Dy(rst) = 0= xg(Dn() A xp(Dy (),
Xg(F)n(rst) = =1 = xg(F)y(r) V x5 (F)(1).
Ifr ¢ B ort¢ B, then
xp(My(rst) <0 = xpg(T)n@) V xs(T)n(0),
xp(Dn(rst) = =1 = xp(Dn() A xp(Dy ()
xp(F)n@rst) <0 = xg(F)y() V xg(F)n (0.
Therefore yp(Xy) is a neutrosophic X —bi-ideal of X. i

Theorem 3.2. Let A,6,e € [-1,0] be such that —3 < A+ § + € < 0. If Xy is a neutrosophic K —bi-
ideal, then (4, §, €) —level set of Xy is a neutrosophic bi- ideal of X whenever Xy(4,6,¢) = @.

Proof: Suppose Xy (4,8,€)# @ for A4,6,¢ € [-1,0] with —3< A+ 6+ € <0. Let Xy be a
neutrosophic X —bi-ideal and let x,y,z € Xy(4,6,¢€). Then

Ty(xyz) < Ty(x)VTy(2) < 4,
Iy(xyz) = Iy(x)\ Iy(2) = 6,
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Fy(xyz) < Fy(x)VFy(2z) < ¢
which imply xyz € Xy(4, 6, €). Therefore Xy(4,3d,¢€) is a neutrosophic X —bi-ideal of X. O
Theorem 3.3. Let X, be a neutrosophic X — structure of X. Then the equivalent assertions are:
(i) XyOXy<c Xy and Xy Oxx(Xy) © Xy € Xy for any neutrosophic X — structure Xy,
(i) Xp is a neutrosophic X —bi-ideal of X.

Proof: Suppose (i) holds. Then X,, is neutrosophic X — subsemigroup of X by Theorem 4.6 of [8].
Let r,5,t € X and let a = rst. Then

(T)(rst) < Ty o ax Dy © Tid(rs) =\ (T o 2(D) (5) v Ty (01}

a=rst

= A\ O v 1D 3 v T}

a=bt b=rs

< A\ V@) < T v T o),
Iy(rst) = (Iy ° xx(Dy © Iy)(rst) = \/ {Unm o xx(Dp)(rs) Ay ()}

a=rst

= \/ O/ (0 2 @u() 1 ()

a=bt b=rs

> \/ (A Iy (O} = Ly ()a Ly (),

a=rst

(Fm)(rst) < (Fy o xx(F)y © Fy)(rst) = /\ {(Fm o xx(F)y) (rs) v Fy ()}

a=rst

= A\ O v 1B ) v (03}

a=bt b=rs

<\ Fu@) v Fu(0} < Fu (v Fu 0.
a=rst
Therefore X, is a neutrosophic X — bi-ideal of X.
For converse, suppose (ii) holds. Then X, © X, S X,, by Theorem 4.6 of [8].

Let x € X. If x =7rb and r=st forsomer,b,s,t € X, then

(T o 2D © o)) = [\ (T o 1:D) () ¥ Ty (b))

x=rb

= N\ © vy 03}y o))

xX=rb r=st

= A\ @ v}
x=rb r=st

= Ne=rp{Tu(5;) v Ty (b)} for some s; € X and r= s;t;

> /\ TM(Sitib) = TM(X),

x=s;t;b

CRYRONERPIGERVACRYRODIGISMOY

x=rb
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VAV AL IOIN XOMGI MO

x=rb r=pq

= \/\/ ey oy

x=rb r=st

= Vye=aplly(s;) n Iy ()}, for some s; € X and r = s;t;

< \/ Gt =100,

x=s;t;b
o tx Py © B @ = [\ (Eur o 2x(FI) 0 v Fu5))
x=1b

= A\ © v 1P @3 v Fu5))

x=rb a=st

= /\ {/\{(FM ()} v Fy(b)}

x=rb r=st

= Ax=rp{Fu(s;) v Fyy(b)} for some s; € X and a = s;t;

> /\ Fy(sit;h) = Fy ().

x=s;t;b

Otherwise x # rb or a # st forallr,b,s,t € X. Then

Ty o xx(My ° Ty)(x) =0 =Ty (x),
Unexx(Dy ° ) (x) = -1 < Iy(x),
(Fm o xx(F)y © Fy)(x) =0 = Fy(x).

Therefore X, Oxx(Xy) © Xy € Xy for any neutrosophic X — structure Xy over X. i

Definition 3.4. A semigroup X is called neutrosophic X — left (resp., right) duo if every
neutrosophic X —left (resp., right) ideal is neutrosophic X —ideal of X.

If X is both neutrosophic X —left duo and neutrosophic X —right duo, then X is called
neutrosophic 8 —duo

Theorem 3.5. If X is regular left duo (resp., duo, right duo), then the equivalent assertions are:
(i) Xy in Xis neutrosophic X —bi- ideal,
(ii) Xy in X is neutrosophic X —right ideal (resp., ideal, left ideal).

Proof: (i) = (ii) Suppose X, is a neutrosophic X —bi- ideal and g,h € X. As X is regular, we get
g =gtg € gX N Xg for some t € X which gives gh € (gX NXg)X € gX NXg as X is left duo. So
gh=gs and gh=s'g for some s,s'€X. As X is regular, 3r € X: gh = ghrgh = gsrs'g =
g(srs')g. Since X, is neutrosophic R —bi- ideal, we have

Ty (gh) = Ty (g(srs')g) < Ty(g) vV Tu(g) = Tu(9),
Iy(gh) = Iy(g(srs)g) = Iy(g) ANy (g) = Iu(9),
Fy(gh) = Fy(g(srs’)g) < Fy(g) vV Fy(g) = Fy(g).

Therefore X, is neutrosophic X —right ideal.
(ii) = (i) Suppose X, is neutrosophic N —rightideal and let x,y,z € X. Then
Tu(xyz) < Ty (x) < Ty (x) VvV Ty (2),
Iy (xyz) = Iy(x) = Iy (x) ANy (2),

K. Porselvi, B. Elavarasan, F. Smarandache and Y. B. Jun, Neutrosophic &-bi-ideals in semigroups



Neutrosophic Sets and Systems, Vol. 35, 2020 428

Fy(xyz) < Fy(x) < Fy(x) vV Fy (2).

Therefore X,, isaneutrosophic X —bi-ideal. m

Theorem 3.6. If X is regular, then the equivalent assertions are:
(i) X isleft duo (resp., right duo, duo),
(ii) X is neutrosophic R —left duo (resp., right duo, duo).

Proof: (i) = (ii) Let r, s € X, we have rs € (rXr)s € r(Xr)X € Xr as Xris left ideal. Since X is
regular, we have rs = tr for some t € X.

If X, is neutrosophic R —left ideal, then Ty (rs) = Ty (tr) < Ty (r), Iy (rs) = Iy(tr) = I,(r) and
Fy(rs) = Fy(tr) < Fy(r). Thus X, is neutrosophic X —right ideal and therefore X is neutrosophic
X —left duo.

(i) = (i) Let A be aleftideal of X. Then x,(X)) is a neutrosophic X —left ideal by Theorem
3.5 of [4]. By assumption, x,(Xy) is neutrosophic X —ideal. Thus A is a right ideal of X. o

Theorem 3.7. If X is regular, then the equivalent assertions are:
(i) Every neutrosophic X —bi-ideal is a neutrosophic X —right (resp., left ideal, ideal) ideal,
(i) Every bi-ideal of X is a right ideal (resp., left ideal, ideal).

Proof: (i) = (ii) Let A be a bi-ideal of X. Then by Theorem 3.1 x,(X)) is neutrosophic
R —bi-ideal for a neutrosophic X —structure X, . Now by assumption, x,(Xy) is neutrosophic
X —rightideal. So by Theorem 3.5 of [4], A4 is right ideal.

(ii) = (i) Let X); be aneutrosophic X —bi-ideal and let r,s € X. Then we get rXr is a bi-ideal
of X. By hypothesis, we can have rXr isrightideal. Since X isregular, we can get r€ rXr. So rs €
(rXr)X € rXr implies rs = rxr for some x € X. Now,

Ty (rs) = Ty(rxr) < Ty () vV Ty (r) = Ty(r),
Ly(rs) = Iy (rxr) = Iy () Ay () = Iy ()
Fy(rs) = Fy(rxr) < Fy(r) vV Fy(r) = Fy (r).
Thus X, is a neutrosophic X —right ideal of X. m

Theorem 3.8. For any X, the equivalent conditions are:
(i) X isregular,

(il) Xy N Xy = Xy OXyOX, for every neutrosophic X —bi-ideal X, and neutrosophic X —
ideal Xy of X.

Proof: (i) = (ii) Suppose Xisregular, X), is a neutrosophic X — bi-ideal and Xy is a neutrosophic
X — ideal of X. Then by Theorem 3.3, we have X, OXy®Xy, € X, and X, OXyOX, € Xy. So
Xy OXy®Xy S Xy N Xy

Let ' € X. As X isregular, thereis p € X such that v’ = r'pr’ = r'pr'pr’. Now

Tenen () = [\ T (@ V Ty ()}

rr=de

= N merve N\ merv v

ri=rie v=prIpri

< \ TG VIO < TG VTN = T 0,

ri=rie

Iyonom (") = Viyrzaellu (d) A Iyom(€)}
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= \/ Gt \/ Cnrmatuen

ri=rie v=pr'pr’

> \/ UnG) A IO 2 1) A 1O = Ty 0,

ri=rie

Fuann@) = [\ (Fu(@ V Frons (@)}

rr=de

N\ Eaeve N\ e vEG)

ri=rre v=pripri
< N\ FuGDVEGD) < G VG = Fugon ().
ri=rie

Thus Xyny € Xy O Xy® Xy, and hence Xy ny = Xy OXyOXyy.
(it) = (i) Suppose (ii) holds. Then Xy N xx(Xn) = Xy Oxx (Xn)OXy. But Xy N xxXy) =
Xy, 50 Xy = Xy Oxx(Xy)OXy for every neutrosophic X — bi-ideal X), of X.
Let u' € X. Then xp(n(Xy) is neutrosophic X — bi-ideal by Theorem 3.1.
By assumption, we have
XB(w)(T)M:XB(w) (Mo xx(My o XB(un) Mu = XB(un)XB(ur) (M m,
XB(ur)(I)M:XB(w)(I)M o xx(Dy ° XB(w)(I)M = XB(w)XB(ur)(I)M/
XB(ur)(F)M=XB(w) (F)m e xx(F)y ° XB(ur) (F)m = Xsanxe)(F)u-
Since u' € B(u'), we have
Xeanxsw)TuW) = xpun(My@) = -1,
XB(ul)XB(ul)(I)M(u’) = XB(ur)(I)M(u,) =0,
XB(ul)XB(ul)(F)M(u’) = )(B(ur)(F)M(u,) =-1
Thus u’€ B(u)XB(u') and hence X is regular. O

Theorem 3.9. For any X, the below statements are equivalent:

(i) X isregular,
(ii) Xy N Xy = Xy OXy for every neutrosophic X — bi-ideal X, and neutrosophic X — left
ideal Xy of X.

Proof:(i) = (ii) Let X, and Xy be neutrosophic X — bi-ideal and neutrosophic X —left ideal of X
respectively. Letr € X. Then 3x € X : r=rxr. Now
Tyen(r) = /\ {Tw W) v Ty(W)} < Ty (r)v Ty (xr) < Ty (r)v Ty (1) = Tyan (1),

i @) = \[ U @) & @D} 2 @) n T Gr) = 1y () & 13 () = Do 0,
Fyon(r) = /\{FM (W) v Fy()} < Fy(r)v Fy(xr) < Fy(r)v Fx(r) = Fyan (7).

r=uv

Therefore Xynny S Xy OXy.

(i) = (i) Suppose (ii) holds, and let X, and Xy be neutrosophic R — right ideal and
neutrosophic X — left ideal of X respectively. Since every neutrosophic X — right ideal is
neutrosophic X — bi-ideal, X, is neutrosophic X — bi-ideal. Then by assumption, Xp,y S
Xy OXy. By Theorem 3.8 and Theorem 3.9 of [4], we can get X,,OXy € Xy and X,,OXy € X); and
so XyOXy € Xy N Xy = Xyan- Therefore X, OXy = Xynn-

Let KandL be right and left ideals of X respectively, and r € KnL. Then
Xk X)) Ox, (Xu) = xx (Xu) N x,(Xy) which implies yy; (Xy) = xxn,(Xy). Since r € K N L, we have
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Xknt(Mu() = =1 = X, My @), Xkn Du (1) =0 = x5, (D (1) and Xkt (F)y () = -1 =
Xk (F)y(r) whichimply r € KL.Thus KNLE KLSKNL. So KNL=KL. Thus X isregular. o

Theorem 3.10. For any X, the equivalent conditions are:
(i) X isregular,
(ii) Xy N Xy € Xy OXy for every neutrosophic X — rightideal Xy and neutrosophic X —
bi-ideal X,, of X.
Proof: It is same as Theorem 3.9. m
Theorem 3.11. For any X, the equivalent assertions are:
(i) X isregular,

(ii) X, NXy NXy € X,0Xy OXy for every neutrosophicXk — right ideal X; neutrosophic X —
bi-ideal X, and neutrosophic X — leftideal Xy of X.

Proof: (i) = (ii) Suppose X is regular, and let X;, X);, Xy be neutrosophic X — right, bi-ideal, left
ideals of X respectively. Let r € X. Then there is x € X with r= rxr = rxrxr. Now

Tpomon (1) = /\ {T, W) v Tyen ()} < T, (rx)V Typon (rxr) < T, (r)v{Ty (r)v Ty (x7)}

S T,MVTy @)V Ty (1) = Traman (1),

Iopon (1) = \/‘UL(U) A Iyon ()} 2 I,(rx) A Iyoy(rxr) 2 I,(M) ATy (r) A Iy(xr)}

2 I,y (@) A In() = L apan (1),

Fromon(r) = /\ {F, W) v Fyoy(0)} < FL(rx)v Fyon (rxr) < F (r)vEy (r)v Fy(x1)

S F,(r)VvEy(M)v Fy(r) = FLapan (1)
Therefore X;aynny € X, OXy OXy.

(ii) = (i) Suppose (ii) holds, and let X; and Xy be neutrosophic X — right and neutrosophic
X — left ideal of X respectively, and X, a neutrosophic X —bi-ideal of X. Then yy(Xy) is a
neutrosophic X — bi-ideal by Theorem 3.1. Now X; N Xy = X; N xx(Xy) N Xy € X, Oxx (Xy)OXy S
X, ©Xy. Again by Theorem 3.8 and Theorem 3.9 of [4], we can get X; ©Xy € X, N Xyand so X;©Xy =
X, N Xy.

Let K and L be right and left ideals of X respectively. Then yx(Xy)Ox.(Xu) = xx(Xy) N
X1 (Xy). By Theorem 3.6 of [4], we have yx;(Xy) = xxni(Xy). Letr € KN L. Then

Xkt (M (1) = Xk (My () = -1,
Xkt (D (M) = XDy (@) =0,
Xkt (F)u(r) = X (F)y(r) = —1.
Sor€ KL. Thus KNL €KL S KnL. Hence K NL = KL. Therefore X is regular. o
Theorem 3.12. For any X, the equivalent conditions are:
(i) X is regular and intra- regular,
(ii) Xy N Xy S Xy OXy for every neutrosophic X — bi-ideals Xy, Xy of X.

Proof: (i) = (ii) Let X); and Xy be neutrosophic X — bi-ideals. Let h € X. Then by regularity of
X, h=hxh = hxhxh for some x € X. Since X is intra-regular, 3y,z€X : h= yh?z. Then
h = hxyhhzxh. Now
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Tyon(h) = /\{TM (r) vTy()} < Ty (hxyh)v Ty (hzxh) < Ty(R)v Ty(h) = Tyan(h),

h=rt

e (1) = \ [ s ) & 14(0) = g Chayh) n Ty Chzeh) = by () n T () = Dy (),
h=rt

Fyon(h) = /\{FM (1) v Fy(©)} < Fy(hxyh)v Fy(hzxh) < Fy(R)v Fy(h) = Fyan(h).
h=rt

Therefore X, N Xy € X, OXy for every neutrosophic X — bi-ideals X,, and Xy.

(ii) = (i) Suppose (ii) holds, and let X;; and Xy be neutrosophic X — right and left ideal of X
respectively. Then X, and Xy are neutrosophic X — bi-ideals. By assumption, Xyny € Xy OXy.
By Theorem 3.8 and Theorem 3.9 of [4], we can get X, ®OXy € Xy and X,,OXy € Xy, and so
XuOXy € Xy N Xy = Xynn. Therefore X,,0OXy = Xynn-

Let K, L be right, left ideals of X respectively. Then yx(Xy)Ox.(Xun) = xx Xn) 0 x1 (Xnp)-

By Theorem 3.6 of [4], xx.(Xm) = Xk (Xy). Let r€KNL. Then yxn,(My(@)=-1=
Xkt (M (M), Xkt D (1) =0 = 1, (D (r) and xga,(F)y () = =1 = xx (F)y(r) which imply r €
KL. Thus KNL S KL< KnL and hence K NL = KL. Therefore X is regular.

Also, for 7 € X, xgr)(Xm) N Xy (Xu) = Xp(ry (Xm) OXpry(Xy)- By Theorem 3.8 and Theorem 3.9
of [4], we get XB(r)(XM) = XB(r)B(r)(XM)-SinceXB(r)(T)M(T) =-1= XB(r)(F)M(T)and XB(r)(I)M(T') =

0, we get xprpe)(Mu() =—1=xprprm(FIu() and xprpe) Iy () =0 which imply r €
B(r)B(r). Thus X isintra-regular. |

Theorem 3.13. For any X, the equivalent conditions are:
(i) X is intra-regular and regular,
(i) Xy N Xy € (X OXy) N (XyOX,,) for every neutrosophic X — bi-ideals X), and Xy of X.

Proof:(i) = (ii) Suppose X is regular and intra- regular, and let X, and Xy be neutrosophic X —
bi-ideals of X. Then by Theorem 3.12, X, OXy 2 X); N Xy. Similarly we can prove that Xy OX, 2
Xy N Xy.Therefore (X, OXy) N (XyOXy) 2 Xy N Xy for every neutrosophic X — bi-ideals X, and
Xy of X.

(i) = (i) Let X); and Xy be neutrosophic X — bi-ideals of X. Then X, N Xy € X); OXy gives
X is intra-regular and regular by Theorem 3.12. O

Theorem 3.14. For any X, the equivalent assertions are:
(i) X is intra-regular and regular,
(i) Xy N Xy € Xy OXyOXy, for every neutrosophic X — bi-ideals X, and Xy of X.

Proof:(i) = (ii) Let X, and Xy be neutrosophic X — bi-ideals, and a € X. As X is regular, a =
axa = axaxaxa for some x € X. Since X is intra-regular, a = ya®z for some y,z € X. Then a =
(axya)(azxya)(azxa). Now

Tyonom (@) = /\ {Tm (k) v Tyoy (M)}

a=km

= N\ @y \inovr,op

a=(axya)v v=rt
< Ty(axya)v Ty(azxya)v Ty (azxa)
<Ty(@)vTy(@)vTy(a) = Tuan(a),

Inonom (@) = \/ {Iy (k) A Iyopy(m)}

a=km
=/ tutevyan (\/the) Al @)
a=(axya)v v=rt
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> Iy (axya) n Iy(azxya)a I (azxa)
> Iy(a) A Iy(a) Aly(a) = Iyan(a),

and

Fyonem(@) = /\ {Fy (k) v Fyop (M)}

a=km
= N\ Gy v\ (R0 VE©O)
a=(axya)v v=rt

< Fy(axya)v Fy(azxya)v Fy(azxa)
< Fy(a)v Fy(@)v Fy(a) = Fyan(@).
Therefore X,, N Xy € X,y OXy0OXy for every neutrosophic X — bi-ideals X, and Xy of X.
(i) > (i) Let h; € X. Then
Xy Xu) € XpenyXn) 0 Xy Xu) € Xpeny X O Xpeny Xm) OXxpnjy (Xm)-

So
Xg(hj)(T)M(hj) = XB(hj)B(hj)B(hj)(T)M(hf)’
X(n)) D (hy) < Xpnp)senpeny Du(hy),
XB(hj)(F)M(hj) = XB(hj)B(hj)B(hj)(F)M(hj)-
Since )(B(hj)(T)M(hj) =-1= )(B(hj)(F)M(hj) and )(B(hj)(I)M(hj) =0, we get
XB(hj)B(hj)B(hj)(T)M(hj) =-1= Xs(h,-)B(h,-)B(n,-)(F)M(hj) and XB(hj)B(hj)B(hj)(I)M(hj) =0 which
imply h; € B (hj)B (hj)B(h;). Therefore X is intra-regular and regular. m

Theorem 3.15. For any X, the equivalent assertions are:
(i) X isintra-regular,

(ii) For each neutrosophic X —ideal X,, of X, X, (a) = Xy (a?) Va € X.

Proof: (i) = (ii) Let a € X. Then a = ya®z for some y,z € X. For a neutrosophic X —ideal Xy,
we have
Tu(a) = Ty(ya®z) < Ty(a*z) < Ty(a?) < Ty(a),
Iu(@) = Iy(ya*z) = Iy(a*z) = Iy(a®) = Iy(a),

Fy(a) = FM(yazz) < FM(aZZ) < FM(aZ) < Fy(a),
so Ty (a) = Ty(a?); I,(a) = Iy(a®) and Fy(a) = Fy(a?) for all a € X. Therefore X, (a) = X,,(a?)

(ii) = (i) Let a € X. Then I(a?) is an ideal of X. Thus X1a2)(Xu) is neutrosophic X —ideal
by Theorem 3.5 of [4]. By assumption, x;2)(Xy)(@) = X,z (Xu)(@®). Since x;,2)(T)y(a*) =
-1= Xz(az)(F)M(az) and Xz(az)(I)M(az) =0, we get Xz(az)(T)M(a) =-1= Xz(az)(F)M(a) and
Xi@y(Du(a) =0 imply a € [(a®). Thus X is intra-regular. O

Theorem 3.16. For any X, the equivalent assertions are:
(i) X isleft (resp., right) regular,
(ii) For each neutrosophic X —left (resp., right) ideal X), of X, X)(a) = X (a®) Va € X.

Proof: (i) = (ii) Suppose X is left regular. Then a =ya® for some y€ X Let X, be
neutrosophic X — left ideal. Then Ty(a) =Ty(va®) <Ty(a@*) and so Ty(a) = Ty(a?),Iy(a) =
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Iy(ya?) = I,(a) and so Iy(a) =Iy(a?), and Fy(a) = Fy,(ya?) < Fy(a) and so Fy(a) = Fy(a?).
Therefore X, (a) = X,,(a?) forall a € X.

(ii) = (i) Let Xj be neutrosophic X —left ideal. Then for any a € X, we have x,2)(T)y(a) =
XL(aZ)(T)M(az) = _LXL(aZ)(I)M(a) = XL(aZ)(I)M(az) =0 and XL(aZ)(F)M(a) = XL(aZ)(F)M(az) =-1
imply a € L(a?). Thus X is left regular. o

Corollary 3.17. Let X be a regular right duo (resp., left duo). Then the equivalent conditions are:

(1) X isleft regular,

(ii) For each neutrosophic X —bi-ideal X,; of X, we have Xy (a) = X, (a?) forall a € X.

Proof: Itis evident from Theorem 3.5 and Theorem 3.16. O

Conclusions

In this paper, we have presented the concept of neutrosophic X — bi —ideals of semigroups and
explored their properties, and characterized regular semigroups, intra-regular semigroups and
semigroups using neutrosophic X-bi-ideal structures. We have also shown that the neutrosophic
R-product of ideals and the intersection of neutrosophic X-ideals are identical for a regular
semigroup. In future, we will focus on the idea of neutrosophic X —prime ideals of semigroups and
its properties.

Acknowledgments: The authors express their gratitude to the referees for valuable comments and
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