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1. Introduction 

In 1965, Zadeh [16] introduced the idea of fuzzy sets for modeling the ambiguous theories in the 

globe. In 1986, Atanassov [1] generalized fuzzy set and named as intuitionistic fuzzy set, and 

discussed it. Also from his view point, there are two degrees for any object in the world. They are 

degree of membership to a vague subset and degree of non-membership to that given subset.  

Smarandache generalized fuzzy and intuitionistic fuzzy set, and referred as Neutrosophic set 

(see [2, 3, 6, 13-15]). It is identified by a truth, a falsity and an indeterminacy membership function. 

These sets are applied to many branches of mathematics to overcome the complexities arising from 

uncertain data. Neutrosophic set can distinguish between absolute membership and relative 

membership. Smarandache used this in non-standard analysis such as result of sport games 

(winning/defeating/tie), decision making and control theory, etc. This area has been studied by 

several authors (see [5, 10-12]).  

In [8], M. Khan et al. presented and discussed the concepts of neutrosophic ℵ −subsemigroup 

of semigroup. In [5], Gulistan et al. have studied the idea of complex neutrosophic subsemigroups. 

They have introduced the notion of characteristic function of complex neutrosophic sets, direct 

product of complex neutrosophic sets.  

In [4], B. Elavarasan et al. introduced the concepts of neutrosophic ℵ −ideal of semigroup and 

explored its properties. Also, the conditions are given for neutrosophic ℵ −structure becomes 

neutrosophic ℵ −ideal. Further, presented the notion of characteristic neutrosophic ℵ −structure 

over semigroup. 

Throughout this article, 𝑋 denotes a semigroup. Recall that for any subsets 𝐴 and 𝐵 of 𝑋, 

𝐴𝐵 =  {𝑢𝑤|𝑢 ∈ 𝐴 𝑎𝑛𝑑 𝑤 ∈ 𝐵}, the multiplication of A and B.  

For a semigroup X,  

(i) ∅ ≠ 𝑈 ⊆ 𝑋 is a subsemigroup of 𝑋 if 𝑈2 ⊆ 𝑈. 
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(ii) A subsemigroup 𝑈 of X is left (resp., right) ideal if 𝑋𝑈 ⊆ 𝑈 (resp., 𝑈𝑋 ⊆ 𝑈). 𝑈  is an ideal of 𝑋 

if 𝑈 is both left and right ideal of 𝑋.  

(iii) 𝑋 is left (resp., right) regular if for each 𝑠 ∈ 𝑋, there exists 𝑥 ∈ 𝑋 such that 𝑠 = 𝑥𝑠2(resp., 𝑠 =

𝑠2𝑥) [7]. 

(iv) 𝑋 is regular if for each 𝑠 ∈ 𝑋, there exists 𝑥 ∈ 𝑋 such that 𝑠 = 𝑠𝑥𝑠 [9].  

(v) 𝑋 is intra-regular if for every𝑠 ∈ 𝑋, there exist 𝑥, 𝑦 ∈ 𝑋 such that 𝑠 = 𝑥𝑠2𝑦 [9].  

(vi) A subsemigroup  𝑌 of 𝑋 is bi-ideal if 𝑌𝑋𝑌 ⊆ 𝑌. For any 𝑟′ ∈ 𝑋, 𝐵(𝑟′) = {𝑟′, 𝑟′2
, 𝑟′𝑋𝑟′}  is the 

principal bi-ideal of 𝑋 generated by 𝑟′. 

2. Basics of neutrosophic ℵ – structures 

In this section, we present the required basic definitions of neutrosophic ℵ −structures of 𝑋 that 

we need in the sequel. 

The collection of functions from a set 𝑋 to [−1, 0]  is denoted by ℑ(𝑋, [−1, 0]).  Note that    

f ∈ ℑ(𝑋, [−1, 0]) is a negative-valued function from 𝑋 to [−1, 0] (briefly, ℵ −function on 𝑋). Here 

ℵ −structure means (𝑋, 𝑓) of 𝑋.  

 

Definition 2.1. [8] A neutrosophic ℵ − structure of 𝑋 is defined to be the structure: 

𝑋𝑁: =  
𝑋

(𝑇𝑁,𝐼𝑁,   𝐹𝑁) 
=  { 

𝑥

𝑇𝑁(𝑥), 𝐼𝑁(𝑥),   𝐹𝑁(𝑥) 
 | 𝑥 ∈ 𝑋 }  

where 𝑇𝑁  is the negative truth membership function on X, 𝐼𝑁  is the negative indeterminacy 

membership function on X and 𝐹𝑁 is the negative falsity membership function on X. 

Note that for any 𝑥 ∈ 𝑋, 𝑋𝑁 satisfies the condition −3 ≤ 𝑇𝑁(𝑥) + 𝐼𝑁(𝑥) + 𝐹𝑁(𝑥) ≤ 0.  

 

Definition 2.2. [8] A neutrosophic ℵ −structure 𝑋𝑁 of 𝑋 is called a neutrosophic ℵ −subsemigroup 

of 𝑋 if the below condition is valid: 

(∀ 𝑔𝑖 , ℎ𝑗 ∈ 𝑋) (

𝑇𝑁(𝑔𝑖ℎ𝑗) ≤ 𝑇𝑁(𝑔𝑖) ˅ 𝑇𝑁(ℎ𝑗)

𝐼𝑁(𝑔𝑖ℎ𝑗) ≥ 𝐼𝑁(𝑔𝑖) ˄ 𝐼𝑁(ℎ𝑗)

𝐹𝑁(𝑔𝑖ℎ𝑗) ≤ 𝐹𝑁(𝑔𝑖) ˅ 𝐹𝑁(ℎ𝑗)

). 

 

Let 𝑋𝑁 be a neutrosophic ℵ − structure of 𝑋 and let 𝜆, 𝛿, ε ∈ [−1, 0] with −3 ≤ 𝜆 +  𝛿 +  ε ≤

0. Then the set 𝑋𝑁(𝜆, 𝛿, ε) ≔ {𝑥 ∈ 𝑋|𝑇𝑁(𝑥) ≤ 𝜆, 𝐼𝑁(𝑥) ≥ 𝛿, 𝐹𝑁(𝑥) ≤ ε} is called a (λ, 𝛿, ε) – level set 

of XN.  

 

Definition 2.3. [4] A neutrosophic ℵ −structure 𝑋𝑁  of 𝑋 is called a neutrosophic ℵ −left (resp., 

right) ideal of 𝑋 if it satisfies: 

(∀ 𝑔𝑖 , ℎ𝑗  ∈ 𝑋) (

𝑇𝑁(𝑔𝑖ℎ𝑗) ≤ 𝑇𝑁(ℎ𝑗) (𝑟𝑒𝑠𝑝. , 𝑇𝑁(𝑔𝑖ℎ𝑗) ≤ 𝑇𝑁(𝑔𝑖)) 

𝐼𝑁(𝑔𝑖ℎ𝑗) ≥ 𝐼𝑁(ℎ𝑗) (𝑟𝑒𝑠𝑝., 𝐼𝑁(𝑔𝑖ℎ𝑗) ≥ 𝐼𝑁(𝑔𝑖))

𝐹𝑁(𝑔𝑖ℎ𝑗) ≤ 𝐹𝑁(ℎ𝑗) (𝑟𝑒𝑠𝑝., 𝐹𝑁(𝑔𝑖ℎ𝑗) ≤ 𝐹𝑁(𝑔𝑖))  

). 

 

If 𝑋𝑁 is both neutrosophic ℵ −left and neutrosophic ℵ −right ideal of X, then it is called a 

neutrosophic ℵ −ideal of X. 

 

Definition 2.4. A neutrosophic ℵ −subsemigroup 𝑋𝑁 of 𝑋 is a neutrosophic ℵ −bi-ideal of 𝑋 if 

the following condition is valid: 
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(∀ 𝑟, 𝑠, 𝑡 ∈ 𝑋) (

𝑇𝑁(𝑟𝑠𝑡) ≤ 𝑇𝑁(𝑟)˅  𝑇𝑁(𝑡)

𝐼𝑁(𝑟𝑠𝑡) ≥ 𝐼𝑁(𝑟)˄ 𝐼𝑁(𝑡)

𝐹𝑁(𝑟𝑠𝑡) ≤ 𝐹𝑁(𝑟)˅ 𝐹𝑁(𝑡)
). 

Clearly any neutrosophic  ℵ − left (resp., right) ideal is neutrosophic ℵ −bi-ideal, but the 

neutrosophic ℵ −bi-ideal is not necessary to be a neutrosophic ℵ −left (resp., right) ideal.  

Example 2.5. Consider the semigroup 𝑋 =  {0, 𝑎, 𝑏, 𝑐} with binary operation as follows:  

. 0 a b c

0 0 0 0 0

a 0 0 0 b

b 0 0 0 b

c b b b c  

Then  𝑋𝑁 = {
0

(−0.9,−0.1,−0.7)
,

𝑎

(−0.8,−0.2,−0.5)
,

𝑏

(−0.7,−0.3,−0.3)
,

𝑐

(−0.5,−0.4,−0.1)
} is a neutrosophic ℵ −bi-ideal of 

𝑋, but 𝑋𝑁 is not neutrosophic ℵ −left ideal as well as neutrosophic ℵ −right ideal of 𝑋.        □ 

Definition 2.6. [8] For Φ ≠ A ⊆ 𝑋, the characteristic neutrosophic ℵ −structure of 𝑋 is denoted by  

𝜒𝐴(𝑋𝑁) and is defined to be neutrosophic ℵ −structure  

𝜒𝐴(𝑋𝑁) =   
𝑋

(𝜒𝐴(𝑇)𝑁 , 𝜒𝐴( 𝐼)𝑁 , 𝜒𝐴(𝐹)𝑁)
 

where 

𝜒𝐴(𝑇)𝑁 : X→ [−1, 0], 𝑥 → {
−1 𝑖𝑓 𝑥 ∈ 𝐴  

0   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,
 

𝜒𝐴(𝐼)𝑁 : X→ [−1, 0], 𝑥 → {
0 𝑖𝑓 𝑥 ∈ 𝐴  

−1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,
 

𝜒𝐴(𝐹)𝑁 : X→ [−1, 0], 𝑥 → {
−1  𝑖𝑓 𝑥 ∈ 𝐴  
0  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 

 

Definition 2.7. [8] Let 𝑋𝑁: =  
𝑋

(𝑇𝑁,  𝐼𝑁,   𝐹𝑁) 
 and 𝑋𝑀: =  

𝑋

(𝑇𝑀,  𝐼𝑀,   𝐹𝑀) 
 .  

(i) 𝑋𝑀 is called a neutrosophic ℵ − substructure of 𝑋𝑁 over 𝑋, denoted by 𝑋𝑁 ⊆ 𝑋𝑀, if  

𝑇𝑁(𝑡) ≥  𝑇𝑀(𝑡),  𝐼𝑁(𝑡) ≤  𝐼𝑀(𝑡), 𝐹𝑁(𝑡) ≥  𝐹𝑀(𝑡) ∀t ∈ 𝑋. 

If 𝑋𝑁 ⊆ 𝑋𝑀 and 𝑋𝑀 ⊆ 𝑋𝑁, then we say that 𝑋𝑁 = 𝑋𝑀. 

(ii) The neutrosophic ℵ − product of 𝑋𝑁 and 𝑋𝑀 is defined to   

   be a neutrosophic ℵ −structure of 𝑋, 

𝑋𝑁 ʘ 𝑋𝑀 ∶=  
𝑋

(𝑇𝑁∘𝑀,  𝐼𝑁∘𝑀,   𝐹𝑁∘𝑀) 
=  {

ℎ

𝑇𝑁∘𝑀(ℎ),  𝐼𝑁∘𝑀(ℎ),   𝐹𝑁∘𝑀(ℎ) 
 | ℎ ∈ 𝑋}, 

where 

(𝑇𝑁 ∘ 𝑇𝑀)(ℎ) = 𝑇𝑁∘𝑀(ℎ) = {
⋀ {𝑇𝑁(𝑟) ˅ 𝑇𝑀(𝑠)}

ℎ=𝑟𝑠

  𝑖𝑓 ∃ 𝑟, 𝑠 ∈ 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ℎ = 𝑟𝑠

0                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 

(𝐼𝑁 ∘ 𝐼𝑀)(ℎ) = 𝐼𝑁∘𝑀(ℎ) = {
⋁ {𝐼𝑁(𝑟) ˄ 𝐼𝑀(𝑠)}

ℎ=𝑟𝑠

  𝑖𝑓 ∃ 𝑟, 𝑠 ∈ 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ℎ = 𝑟𝑠

−1                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 

 

(𝐹𝑁 ∘ 𝐹𝑀)(ℎ) = 𝐹𝑁∘𝑀(ℎ) = {
⋀ {𝐹𝑁(𝑟) ˅ 𝐹𝑀(𝑠)}

ℎ=𝑟𝑠

  𝑖𝑓 ∃ 𝑟, 𝑠 ∈ 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ℎ = 𝑟𝑠

0                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
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(iii) For t ∈ X, the element 
t

(TN∘M(t),  IN∘M(t),   FN∘M(t)) 
 is simply denoted by 

(XN ʘ XM)(t) = (TN∘M(t),   IN∘M(t),   FN∘M(t)) for the sake of convenience. 

(iv) The union of 𝑋𝑁 and 𝑋𝑀  is a neutrosophic  ℵ −structure over 𝑋 is defined as  

𝑋𝑁 ∪ 𝑋𝑀 = 𝑋𝑁∪𝑀 = (𝑋; 𝑇𝑁∪𝑀,   𝐼𝑁∪𝑀,    𝐹𝑁∪𝑀), 

where 

(𝑇𝑁 ∪ 𝑇𝑀)(ℎ𝑖) = 𝑇𝑁∪𝑀(ℎ𝑖) =  𝑇𝑁(ℎ𝑖) ˄ 𝑇𝑀(ℎ𝑖), 

(𝐼𝑁 ∪ 𝐼𝑀)(ℎ𝑖) = 𝐼𝑁∪𝑀(ℎ𝑖) =  𝐼𝑁(ℎ𝑖) ˅ 𝐼𝑀(ℎ𝑖), 

                   (𝐹𝑁 ∪ 𝐹𝑀)(ℎ𝑖) = 𝐹𝑁∪𝑀(ℎ𝑖) =  𝐹𝑁(ℎ𝑖) ˄ 𝐹𝑀(ℎ𝑖) ∀ℎ𝑖 ∈ 𝑋. 

(v) The intersection of 𝑋𝑁 and 𝑋𝑀 is a neutrosophic  ℵ −structure over 𝑋 is defined as 

𝑋𝑁 ∩ 𝑋𝑀 = 𝑋𝑁∩𝑀 = (𝑋; 𝑇𝑁∩𝑀,   𝐼𝑁∩𝑀,    𝐹𝑁∩𝑀), 

where 

(𝑇𝑁 ∩ 𝑇𝑀)(ℎ𝑖) = 𝑇𝑁∩𝑀(ℎ𝑖) =  𝑇𝑁(ℎ𝑖) ˅ 𝑇𝑀(ℎ𝑖), 

(𝐼𝑁 ∩ 𝐼𝑀)(ℎ𝑖) = 𝐼𝑁∩𝑀(ℎ𝑖) =  𝐼𝑁(ℎ𝑖) ˄ 𝐼𝑀(ℎ𝑖), 

                     (𝐹𝑁 ∩ 𝐹𝑀)(ℎ𝑖) = 𝐹𝑁∩𝑀(ℎ𝑖) =  𝐹𝑁(ℎ𝑖) ˅ 𝐹𝑀(ℎ𝑖) ∀ ℎ𝑖 ∈ 𝑋. 

3. Neutrosophic ℵ −bi-ideals of semigroups 

 In this section, we examine different properties of neutrosophic ℵ −bi-ideals of 𝑋.  

 

Theorem 3.1. For Φ ≠ B ⊆ 𝑋, the following assertions are equivalent: 

(i)  χB(XN) is a neutrosophic ℵ −bi-ideal of X, 

(ii) 𝐵 is a bi-ideal of X. 

Proof: Suppose 𝜒𝐵(𝑋𝑁) is a neutrosophic ℵ −bi-ideal of X. Let r, t ∈ 𝐵 and 𝑠 ∈ 𝑋. Then 

               𝜒𝐵(𝑇)𝑁(𝑟𝑠𝑡) ≤ 𝜒𝐵(𝑇)𝑁(𝑟) ∨ 𝜒𝐵(𝑇)𝑁(𝑡) = −1, 

𝜒𝐵(𝐼)𝑁(𝑟𝑠𝑡) ≥ 𝜒𝐵(𝐼)𝑁(𝑟) ∧ 𝜒𝐵(𝐼)𝑁(𝑡) = 0, 

                𝜒𝐵(𝐹)𝑁(𝑟𝑠𝑡) ≤ 𝜒𝐵(𝐹)𝑁(𝑟) ∨ 𝜒𝐵(𝐹)𝑁(𝑡) = −1.  

Thus 𝑟𝑠𝑡 ∈ 𝐵 and hence B is a bi-ideal of X,       

Conversely, assume  𝐵 is a bi-ideal of 𝑋. Let 𝑟, 𝑠, 𝑡 ∈ 𝑋. 

If 𝑟 ∈ 𝐵 and 𝑡 ∈ 𝐵, then 𝑟𝑠𝑡 ∈ 𝐵. Now 

      𝜒𝐵(𝑇)𝑁(𝑟𝑠𝑡) = −1 = 𝜒𝐵(𝑇)𝑁(𝑟) ∨ 𝜒𝐵(𝑇)𝑁(𝑡), 

𝜒𝐵(𝐼)𝑁(𝑟𝑠𝑡) = 0 = 𝜒𝐵(𝐼)𝑁(𝑟) ∧ 𝜒𝐵(𝐼)𝑁(𝑡), 

      𝜒𝐵(𝐹)𝑁(𝑟𝑠𝑡) = −1 = 𝜒𝐵(𝐹)𝑁(𝑟) ∨ 𝜒𝐵(𝐹)𝑁(𝑡).  

If 𝑟 ∉ 𝐵 or t∉ 𝐵, then 

 𝜒𝐵(𝑇)𝑁(𝑟𝑠𝑡) ≤ 0 = 𝜒𝐵(𝑇)𝑁(𝑟) ∨ 𝜒𝐵(𝑇)𝑁(𝑡), 

𝜒𝐵(𝐼)𝑁(𝑟𝑠𝑡) ≥ −1 = 𝜒𝐵(𝐼)𝑁(𝑟) ∧ 𝜒𝐵(𝐼)𝑁(𝑡) 

𝜒𝐵(𝐹)𝑁(𝑟𝑠𝑡) ≤ 0 = 𝜒𝐵(𝐹)𝑁(𝑟) ∨ 𝜒𝐵(𝐹)𝑁(𝑡).  

 Therefore 𝜒𝐵(𝑋𝑁) is a neutrosophic ℵ −bi-ideal of 𝑋.                        □  

Theorem 3.2. Let 𝜆, 𝛿, ε ∈ [−1, 0] be such that −3 ≤  𝜆 +  𝛿 +  ε ≤ 0. If 𝑋𝑁 is a neutrosophic ℵ −bi- 

ideal, then (𝜆, 𝛿, ε) −level set of 𝑋𝑁 is a neutrosophic bi- ideal of 𝑋 whenever 𝑋𝑁(𝜆, 𝛿, ε) ≠  ∅. 

Proof: Suppose 𝑋𝑁 ( 𝜆, 𝛿, ε) ≠  ∅  for 𝜆, 𝛿, ε ∈ [−1, 0]  with −3 ≤  𝜆 +  𝛿 +  ε ≤ 0.  Let 𝑋𝑁  be a 

neutrosophic ℵ −bi-ideal and let 𝑥, 𝑦, 𝑧 ∈ 𝑋𝑁(𝜆, 𝛿, ε). Then 

𝑇𝑁(𝑥𝑦𝑧) ≤ 𝑇𝑁(𝑥)⋁𝑇𝑁(𝑧) ≤ 𝜆, 

𝐼𝑁(𝑥𝑦𝑧) ≥ 𝐼𝑁(𝑥)⋀ 𝐼𝑁(𝑧) ≥ 𝛿, 
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𝐹𝑁(𝑥𝑦𝑧) ≤ 𝐹𝑁(𝑥)⋁𝐹𝑁(𝑧) ≤ ε 

which imply 𝑥𝑦𝑧 ∈ 𝑋𝑁(𝜆, 𝛿, ε). Therefore 𝑋𝑁(𝜆, 𝛿, ε) is a neutrosophic ℵ −bi-ideal of 𝑋.     □ 

Theorem 3.3. Let 𝑋𝑀  be a neutrosophic ℵ − structure of 𝑋. Then the equivalent assertions are: 

(i) 𝑋𝑀 ʘ 𝑋𝑀 ⊆  𝑋𝑀 and 𝑋𝑀 ⨀𝜒𝑋(𝑋𝑁) ʘ 𝑋𝑀 ⊆  𝑋𝑀 for any neutrosophic ℵ − structure 𝑋𝑁 , 

(ii)  𝑋𝑀 is a neutrosophic ℵ −bi-ideal of 𝑋. 

Proof: Suppose (i) holds. Then 𝑋𝑀 is neutrosophic ℵ − subsemigroup of 𝑋 by Theorem 4.6 of [8]. 

Let 𝑟, 𝑠, 𝑡 ∈ 𝑋 and let 𝑎 = 𝑟𝑠𝑡. Then 

(𝑇𝑀)(𝑟𝑠𝑡) ≤ (𝑇𝑀 ∘ 𝜒𝑋(𝑇)𝑁  ∘  𝑇𝑀)(𝑟𝑠𝑡) = ⋀ {(𝑇𝑀 ∘ 𝜒𝑋(𝑇)𝑁)

𝑎=𝑟𝑠𝑡

(𝑟𝑠) ˅ 𝑇𝑀(𝑡)} 

 

                                                 = ⋀ { ⋀ {(𝑇𝑀

𝑏=𝑟𝑠

(𝑟) ˅ 𝜒𝑋(𝑇)𝑁

𝑎=𝑏𝑡

(𝑠)} ˅ 𝑇𝑀(𝑡)} 

      

                                           ≤ ⋀{𝑇𝑀(𝑟) ∨ 𝑇𝑀(𝑡)} ≤ 𝑇𝑀(𝑟) ∨ 𝑇𝑀(𝑡), 

         𝐼𝑀(𝑟𝑠𝑡) ≥ (𝐼𝑀 ∘ 𝜒𝑋(𝐼)𝑁  ∘  𝐼𝑀)(𝑟𝑠𝑡) = ⋁ {(𝐼𝑀 ∘ 𝜒𝑋(𝐼)𝑁)(𝑟𝑠) ˄ 𝐼𝑀(𝑡)

𝑎=𝑟𝑠𝑡

} 

                                     = ⋁ { ⋁ { 𝐼𝑀(𝑟)˄ 

𝑏=𝑟𝑠

𝜒𝑋(𝐼)𝑁(𝑠)} ˄ 𝐼𝑀(𝑡)

𝑎=𝑏𝑡

} 

                                  ≥ ⋁ { 𝐼𝑀(𝑟)˄ 𝐼𝑀(𝑡)

𝑎=𝑟𝑠𝑡

} ≥ 𝐼𝑀(𝑟)˄ 𝐼𝑀(𝑡), 

        (𝐹𝑀)(𝑟𝑠𝑡) ≤ (𝐹𝑀 ∘ 𝜒𝑋(𝐹)𝑁  ∘  𝐹𝑀)(𝑟𝑠𝑡) = ⋀ {(𝐹𝑀 ∘ 𝜒𝑋(𝐹)𝑁)

𝑎=𝑟𝑠𝑡

(𝑟𝑠) ˅ 𝐹𝑀(𝑡)} 

 

                                                   = ⋀ { ⋀ {(𝐹𝑀

𝑏=𝑟𝑠

(𝑟) ˅ 𝜒𝑋(𝐹)𝑁

𝑎=𝑏𝑡

(𝑠)} ˅ 𝐹𝑀(𝑡)} 

      

                                             ≤ ⋀ {𝐹𝑀(𝑟)

𝑎=𝑟𝑠𝑡

˅ 𝐹𝑀(𝑡)} ≤ 𝐹𝑀(𝑟)˅ 𝐹𝑀(𝑡). 

 

Therefore  𝑋𝑀 is a neutrosophic ℵ − bi-ideal of 𝑋.        

For converse, suppose (ii) holds. Then 𝑋𝑀 ʘ 𝑋𝑀 ⊆  𝑋𝑀 by Theorem 4.6 of [8]. 

Let 𝑥 ∈ 𝑋. If 𝑥 = 𝑟𝑏 and r= 𝑠𝑡  for some r, 𝑏, 𝑠, 𝑡 ∈ 𝑋, then 

(𝑇𝑀 ∘ 𝜒𝑋(𝑇)𝑁  ∘  𝑇𝑀)(𝑥) = ⋀ {(𝑇𝑀 ∘ 𝜒𝑋(𝑇)𝑁)

𝑥=𝑟𝑏

(𝑟) ˅ 𝑇𝑀(𝑏)} 

 

                                                               = ⋀ {⋀{𝑇𝑀

𝑟=𝑠𝑡

(𝑠) ˅ 𝜒𝑋(𝑇)𝑁

𝑥=𝑟𝑏

(𝑡)} ˅ 𝑇𝑀(𝑏)} 

      

                                   = ⋀ {⋀{(𝑇𝑀

𝑟=𝑠𝑡

(𝑠)

𝑥=𝑟𝑏

} ˅ 𝑇𝑀(𝑏)} 

                                                                                         = ⋀ {𝑇𝑀(𝑠𝑖)𝑥=𝑟𝑏  ˅ 𝑇𝑀(𝑏)} for some 𝑠𝑖 ∈ 𝑋 and r= 𝑠𝑖𝑡𝑖 

         

≥ ⋀ 𝑇𝑀(𝑠𝑖𝑡𝑖𝑏)

𝑥=𝑠𝑖𝑡𝑖𝑏

=  𝑇𝑀(𝑥),  

  

(𝐼𝑀 ∘ 𝜒𝑋(𝐼)𝑁  ∘  𝐼𝑀)(𝑥) = ⋁ {(𝐼𝑀 ∘ 𝜒𝑋(𝐼)𝑁)(𝑟) ˄ 𝐼𝑀(𝑏)

𝑥=𝑟𝑏

} 
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                                     = ⋁ { ⋁ { 𝐼𝑀(𝑠)˄ 

𝑟=𝑝𝑞

𝜒𝑋(𝐼)𝑁(𝑡)} ˄ 𝐼𝑀(𝑏)

𝑥=𝑟𝑏

} 

             = ⋁ {⋁{ 𝐼𝑀(𝑠)} 

𝑟=𝑠𝑡

 ˄ 𝐼𝑀(𝑏)

𝑥=𝑟𝑏

} 

 

                                                                             = ⋁ {𝐼𝑀(𝑠𝑖) ˄ 𝐼𝑀(𝑏)}𝑥=𝑎𝑏 , for some 𝑠𝑖 ∈ 𝑋 and 𝑟 = 𝑠𝑖𝑡𝑖 

 

           ≤ ⋁ 𝐼𝑀(𝑠𝑖𝑡𝑖𝑏) =

𝑥=𝑠𝑖𝑡𝑖𝑏

𝐼𝑀(𝑥), 

(𝐹𝑀 ∘ 𝜒𝑋(𝐹)𝑁  ∘  𝐹𝑀)(𝑥) = ⋀ {(𝐹𝑀 ∘ 𝜒𝑋(𝐹)𝑁)

𝑥=𝑟𝑏

(𝑟) ˅ 𝐹𝑀(𝑏)} 

 

                                                               = ⋀ {⋀{(𝐹𝑀

𝑎=𝑠𝑡

(𝑠) ˅ 𝜒𝑋(𝐹)𝑁

𝑥=𝑟𝑏

(𝑡)} ˅ 𝐹𝑀(𝑏)} 

      

                                   = ⋀ {⋀{(𝐹𝑀

𝑟=𝑠𝑡

(𝑠)

𝑥=𝑟𝑏

} ˅ 𝐹𝑀(𝑏)} 

                                                                                          = ⋀ {𝐹𝑀(𝑠𝑖)𝑥=𝑟𝑏  ˅ 𝐹𝑀(𝑏)} for some 𝑠𝑖 ∈ 𝑋 and 𝑎 = 𝑠𝑖𝑡𝑖 

         

≥ ⋀ 𝐹𝑀(𝑠𝑖𝑡𝑖𝑏)

𝑥=𝑠𝑖𝑡𝑖𝑏

=  𝐹𝑀(𝑥). 

Otherwise 𝑥 ≠ 𝑟𝑏 or 𝑎 ≠ 𝑠𝑡 for all r, 𝑏, 𝑠, 𝑡 ∈ 𝑋. Then 

(𝑇𝑀 ∘ 𝜒𝑋(𝑇)𝑁  ∘  𝑇𝑀)(𝑥) = 0 ≥ 𝑇𝑀(𝑥), 

(𝐼𝑀 ∘ 𝜒𝑋(𝐼)𝑁  ∘  𝐼𝑀)(𝑥) = −1 ≤ 𝐼𝑀(𝑥), 

(𝐹𝑀 ∘ 𝜒𝑋(𝐹)𝑁  ∘  𝐹𝑀)(𝑥) = 0 ≥ 𝐹𝑀(𝑥). 

Therefore 𝑋𝑀 ⨀𝜒𝑋(𝑋𝑁) ʘ 𝑋𝑀 ⊆  𝑋𝑀 for any neutrosophic ℵ − structure 𝑋𝑁 over 𝑋.     □ 

 

Definition 3.4. A semigroup 𝑋  is called neutrosophic ℵ − left (resp., right) duo if every 

neutrosophic ℵ −left (resp., right) ideal is neutrosophic ℵ −ideal of 𝑋.  

If 𝑋 is both neutrosophic ℵ − left duo and neutrosophic ℵ − right duo, then 𝑋  is called 

neutrosophic ℵ −duo 

 

Theorem 3.5. If 𝑋 is regular left duo (resp., duo, right duo), then the equivalent assertions are: 

 (i) 𝑋𝑀  in X is neutrosophic ℵ −bi- ideal, 

 (ii) 𝑋𝑀  in X is neutrosophic ℵ −right ideal (resp., ideal, left ideal). 

Proof: (𝒊) ⟹ (𝒊𝒊) Suppose 𝑋𝑀 is a neutrosophic ℵ −bi- ideal and 𝑔, ℎ ∈ 𝑋.  As 𝑋 is regular, we get 

𝑔 = 𝑔𝑡𝑔 ∈ 𝑔𝑋 ∩ 𝑋𝑔 for some 𝑡 ∈ 𝑋 which gives 𝑔ℎ ∈ (𝑔𝑋 ∩ 𝑋𝑔)𝑋 ⊆ 𝑔𝑋 ∩ 𝑋𝑔 as 𝑋 is left duo. So 

𝑔ℎ = 𝑔𝑠  and 𝑔ℎ = 𝑠′𝑔  for some 𝑠, 𝑠′ ∈ 𝑋.  As 𝑋  is regular, ∃𝑟 ∈ 𝑋 : 𝑔ℎ = 𝑔ℎ𝑟𝑔ℎ = 𝑔𝑠𝑟𝑠′𝑔 =

𝑔(𝑠𝑟𝑠′)𝑔. Since 𝑋𝑀  is  neutrosophic ℵ −bi- ideal, we have 

𝑇𝑀(𝑔ℎ) = 𝑇𝑀(𝑔(𝑠𝑟𝑠′)𝑔) ≤ 𝑇𝑀(𝑔) ∨ 𝑇𝑀(𝑔) = 𝑇𝑀(𝑔), 

𝐼𝑀(𝑔ℎ) = 𝐼𝑀(𝑔(𝑠𝑟𝑠′)𝑔) ≥ 𝐼𝑀(𝑔) ∧ 𝐼𝑀(𝑔) = 𝐼𝑀(𝑔), 

𝐹𝑀(𝑔ℎ) = 𝐹𝑀(𝑔(𝑠𝑟𝑠′)𝑔) ≤ 𝐹𝑀(𝑔) ∨ 𝐹𝑀(𝑔) = 𝐹𝑀(𝑔). 

Therefore 𝑋𝑀  is neutrosophic ℵ −right ideal.  

 (𝒊𝒊) ⟹ (𝒊) Suppose 𝑋𝑀  is neutrosophic ℵ −right ideal and let 𝑥, 𝑦, 𝑧 ∈ 𝑋. Then 

           𝑇𝑀(𝑥𝑦𝑧) ≤ 𝑇𝑀(𝑥) ≤ 𝑇𝑀(𝑥) ∨ 𝑇𝑀(𝑧), 

𝐼𝑀(𝑥𝑦𝑧) ≥ 𝐼𝑀(𝑥) ≥ 𝐼𝑀(𝑥) ∧ 𝐼𝑀(𝑧), 
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𝐹𝑀(𝑥𝑦𝑧) ≤ 𝐹𝑀(𝑥) ≤ 𝐹𝑀(𝑥) ∨ 𝐹𝑀(𝑧). 

Therefore 𝑋𝑀  is a neutrosophic ℵ −bi-ideal.                 □ 

 

Theorem 3.6. If 𝑋 is regular, then the equivalent assertions are: 

 (i) 𝑋  is left duo (resp., right duo, duo), 

 (ii) 𝑋  is neutrosophic ℵ −left duo (resp., right duo, duo). 

Proof: (𝒊) ⟹ (𝒊𝒊) Let r, s ∈ 𝑋,  we have 𝑟𝑠 ∈ (𝑟𝑋𝑟)𝑠 ⊆ 𝑟(𝑋𝑟)𝑋 ⊆ 𝑋𝑟 as 𝑋𝑟 is left ideal. Since 𝑋  is 

regular, we have 𝑟𝑠 = 𝑡𝑟 for some 𝑡 ∈ 𝑋.  

If 𝑋𝑀 is neutrosophic ℵ −left ideal, then 𝑇𝑀(𝑟𝑠) = 𝑇𝑀(𝑡𝑟) ≤ 𝑇𝑀(𝑟), 𝐼𝑀(𝑟𝑠) = 𝐼𝑀(𝑡𝑟) ≥ 𝐼𝑀(𝑟) and 

𝐹𝑀(𝑟𝑠) = 𝐹𝑀(𝑡𝑟) ≤ 𝐹𝑀(𝑟). Thus 𝑋𝑀 is neutrosophic ℵ −right ideal and therefore 𝑋  is neutrosophic 

ℵ −left duo. 

(𝒊𝒊) ⟹ (𝒊) Let 𝐴 be a left ideal of 𝑋. Then 𝜒𝐴(𝑋𝑀) is a neutrosophic  ℵ −left ideal by Theorem 

3.5 of [4]. By assumption, 𝜒𝐴(𝑋𝑀) is neutrosophic ℵ −ideal. Thus 𝐴 is a right ideal of 𝑋.       □ 

 

Theorem 3.7. If 𝑋 is regular, then the equivalent assertions are: 

(i) Every neutrosophic ℵ −bi-ideal is a neutrosophic ℵ −right (resp., left ideal, ideal) ideal,  

(ii) Every bi-ideal of X  is a right ideal (resp., left ideal, ideal). 

 

Proof:  (𝒊) ⟹ (𝒊𝒊)  Let 𝐴  be a bi-ideal of 𝑋 .  Then by Theorem 3.1 𝜒𝐴(𝑋𝑀)  is neutrosophic 

ℵ −bi-ideal for a neutrosophic ℵ −structure 𝑋𝑀 . Now by assumption, 𝜒𝐴(𝑋𝑀)  is neutrosophic 

ℵ −right ideal.  So by Theorem 3.5 of [4], 𝐴 is right ideal.   

 

         (𝒊𝒊) ⟹ (𝒊) Let 𝑋𝑀  be a neutrosophic ℵ −bi-ideal and let 𝑟, 𝑠 ∈ 𝑋.  Then we get r𝑋𝑟 is a bi-ideal 

of 𝑋. By hypothesis, we can have r𝑋𝑟 is right ideal.  Since 𝑋  is regular, we can get r∈ 𝑟𝑋𝑟. So 𝑟𝑠 ∈

(𝑟𝑋𝑟)𝑋 ⊆ 𝑟𝑋𝑟 implies 𝑟𝑠 = 𝑟𝑥𝑟 for some 𝑥 ∈ 𝑋. Now, 

 𝑇𝑀(𝑟𝑠) = 𝑇𝑀(𝑟𝑥𝑟) ≤ 𝑇𝑀(𝑟) ∨ 𝑇𝑀(𝑟) = 𝑇𝑀(𝑟), 

𝐼𝑀(𝑟𝑠) = 𝐼𝑀(𝑟𝑥𝑟) ≥ 𝐼𝑀(𝑟) ∧ 𝐼𝑀(𝑟) = 𝐼𝑀(𝑟) 

𝐹𝑀(𝑟𝑠) = 𝐹𝑀(𝑟𝑥𝑟) ≤ 𝐹𝑀(𝑟) ∨ 𝐹𝑀(𝑟) = 𝐹𝑀(𝑟). 

Thus 𝑋𝑀 is a neutrosophic ℵ −right ideal of 𝑋.              □ 

Theorem 3.8. For any 𝑋, the equivalent conditions are: 

(i) 𝑋 is regular, 

(ii) 𝑋𝑀 ∩ 𝑋𝑁 = 𝑋𝑀 ʘ𝑋𝑁⨀𝑋𝑀  for every neutrosophic ℵ − bi-ideal 𝑋𝑀  and neutrosophic ℵ − 

ideal 𝑋𝑁 of 𝑋. 

Proof: (𝒊) ⇒ (𝒊𝒊) Suppose 𝑋is regular, 𝑋𝑀 is a neutrosophic ℵ − bi-ideal and 𝑋𝑁  is a neutrosophic 

ℵ −  ideal of X. Then by Theorem 3.3, we have 𝑋𝑀 ʘ𝑋𝑁⨀𝑋𝑀 ⊆  𝑋𝑀  and 𝑋𝑀 ʘ𝑋𝑁⨀𝑋𝑀 ⊆  𝑋𝑁 . So 

𝑋𝑀 ʘ𝑋𝑁⨀𝑋𝑀 ⊆  𝑋𝑀 ∩ 𝑋𝑁 .  

Let 𝑟′ ∈ 𝑋.   As 𝑋 is regular, there is 𝑝 ∈ 𝑋 such that 𝑟′ = 𝑟′𝑝𝑟′ = 𝑟′𝑝𝑟′𝑝𝑟′. Now 

                                 𝑇𝑀∘𝑁∘𝑀(𝑟′) = ⋀ {𝑇𝑀(𝑑) ∨ 𝑇𝑁∘𝑀(𝑒)}

𝑟′=𝑑𝑒

 

= ⋀ {𝑇𝑀(𝑟′) ∨ { ⋀ {𝑇𝑁(𝑝𝑟′𝑝) ∨ 𝑇𝑀(𝑟′)}

𝑣=𝑝𝑟′𝑝𝑟′

}

𝑟′=𝑟′𝑒

 

                  ≤ ⋀ {𝑇𝑀(𝑟′) ∨ 𝑇𝑁(𝑟′)}

𝑟′=𝑟′𝑒

≤ 𝑇𝑀(𝑟′) ∨ 𝑇𝑁(𝑟′) = 𝑇𝑀∩𝑁(𝑟′), 

        

                   𝐼𝑀∘𝑁∘𝑀(𝑟′) = ⋁ {𝐼𝑀(𝑑) ˄ 𝐼𝑁∘𝑀(𝑒)𝑟′=𝑑𝑒 }                 
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                           = ⋁ {𝐼𝑀(𝑟′)˄{ ⋁ {  

𝑣=𝑝𝑟′𝑝𝑟′

𝐼𝑁(𝑝𝑟′𝑝)˄ 𝐼𝑀(𝑟′)

𝑟′=𝑟′𝑒

}}                     

 

                        ≥ ⋁ {𝐼𝑀(𝑟′) ˄ 𝐼𝑁(𝑟′)}

𝑟′=𝑟′𝑒

≥  𝐼𝑀(𝑟′) ˄ 𝐼𝑁(𝑟′) = 𝐼𝑀∩𝑁(𝑟′),  

   

                                   𝐹𝑀∘𝑁∘𝑀(𝑟′) = ⋀ {𝐹𝑀(𝑑) ∨ 𝐹𝑁∘𝑀(𝑒)}

𝑟′=𝑑𝑒

                             

                                                        = ⋀ {𝐹𝑀(𝑟′) ∨ { ⋀ {𝐹𝑁(𝑝𝑟′𝑝) ∨ 𝐹𝑀(𝑟′)}

𝑣=𝑝𝑟′𝑝𝑟′

}

𝑟′=𝑟′𝑒

 

                  ≤ ⋀ {𝐹𝑀(𝑟′) ∨ 𝐹𝑁(𝑟′)}

𝑟′=𝑟′𝑒

≤ 𝐹𝑀(𝑟′) ∨ 𝐹𝑁(𝑟′) = 𝐹𝑀∩𝑁(𝑟′).  

Thus 𝑋𝑀∩𝑁 ⊆ 𝑋𝑀  ʘ 𝑋𝑁⨀ 𝑋𝑀  and hence  𝑋𝑀∩𝑁 = 𝑋𝑀 ʘ𝑋𝑁⨀𝑋𝑀 .  

(𝒊𝒊) ⇒ (𝒊) Suppose (ii) holds. Then 𝑋𝑀 ∩ 𝜒𝑋(𝑋𝑁) = 𝑋𝑀⨀𝜒𝑋(𝑋𝑁)⨀𝑋𝑀. But 𝑋𝑀 ∩ 𝜒𝑋(𝑋𝑁) =

𝑋𝑀, so 𝑋𝑀 = 𝑋𝑀⨀𝜒𝑋(𝑋𝑁)⨀𝑋𝑀 for every neutrosophic ℵ − bi-ideal 𝑋𝑀 of 𝑋. 

Let 𝑢′ ∈ 𝑋. Then 𝜒𝐵(𝑢′)(𝑋𝑀) is neutrosophic ℵ − bi-ideal by Theorem 3.1.  

By assumption, we have 

    𝜒𝐵(𝑢′)(𝑇)𝑀=𝜒𝐵(𝑢′)(𝑇)𝑀 ∘ 𝜒𝑋(𝑇)𝑁 ∘ 𝜒𝐵(𝑢′)(𝑇)𝑀 = 𝜒𝐵(𝑢′)𝑋𝐵(𝑢′)(𝑇)𝑀 , 

𝜒𝐵(𝑢′)(𝐼)𝑀=𝜒𝐵(𝑢′)(𝐼)𝑀 ∘ 𝜒𝑋(𝐼)𝑁 ∘ 𝜒𝐵(𝑢′)(𝐼)𝑀 = 𝜒𝐵(𝑢′)𝑋𝐵(𝑢′)(𝐼)𝑀, 

    𝜒𝐵(𝑢′)(𝐹)𝑀=𝜒𝐵(𝑢′)(𝐹)𝑀 ∘ 𝜒𝑋(𝐹)𝑁 ∘ 𝜒𝐵(𝑢′)(𝐹)𝑀 = 𝜒𝐵(𝑢′)𝑋𝐵(𝑢′)(𝐹)𝑀. 

 Since 𝑢′ ∈ 𝐵(𝑢′), we have 

     𝜒𝐵(𝑢′)𝑋𝐵(𝑢′)(𝑇)𝑀(𝑢′) = 𝜒𝐵(𝑢′)(𝑇)𝑀(𝑢′) = −1, 

𝜒𝐵(𝑢′)𝑋𝐵(𝑢′)(𝐼)𝑀(𝑢′) = 𝜒𝐵(𝑢′)(𝐼)𝑀(𝑢′) = 0, 

         𝜒𝐵(𝑢′)𝑋𝐵(𝑢′)(𝐹)𝑀(𝑢′) = 𝜒𝐵(𝑢′)(𝐹)𝑀(𝑢′) = −1 

Thus u’∈ 𝐵(𝑢′)𝑋𝐵(𝑢′) and hence 𝑋 is regular.                    □ 

  

Theorem 3.9. For any 𝑋, the below statements are equivalent: 

(i) 𝑋 is regular, 

(ii) 𝑋𝑀 ∩ 𝑋𝑁 = 𝑋𝑀 ʘ𝑋𝑁  for every neutrosophic ℵ −  bi-ideal 𝑋𝑀  and neutrosophic ℵ − left 

ideal 𝑋𝑁 of 𝑋. 

Proof:(𝒊) ⇒ (𝒊𝒊) Let 𝑋𝑀 and  𝑋𝑁 be neutrosophic ℵ − bi-ideal and neutrosophic ℵ −left ideal of 𝑋 

respectively. Let r ∈ 𝑋.  Then ∃𝑥 ∈ 𝑋 :  r= 𝑟𝑥𝑟. Now 

                                  𝑇𝑀∘𝑁(𝑟) = ⋀ {𝑇𝑀

𝑟=𝑢𝑣

(𝑢) ˅ 𝑇𝑁(𝑣)} ≤ 𝑇𝑀(𝑟)˅ 𝑇𝑁(𝑥𝑟) ≤ 𝑇𝑀(𝑟)˅ 𝑇𝑁(𝑟) = 𝑇𝑀∩𝑁(𝑟), 

                        𝐼𝑀∘𝑁 (𝑟) = ⋁ {𝐼𝑀(𝑢) ˄  𝐼𝑁(𝑣)}

𝑟=𝑢𝑣

≥ 𝐼𝑀(𝑟) ˄  𝐼𝑁(𝑥𝑟) ≥ 𝐼𝑀(𝑟) ˄  𝐼𝑁(𝑟) = 𝐼𝑀∩𝑁(𝑟), 

                                  𝐹𝑀∘𝑁(𝑟) = ⋀ {𝐹𝑀

𝑟=𝑢𝑣

(𝑢) ˅ 𝐹𝑁(𝑣)} ≤ 𝐹𝑀(𝑟)˅ 𝐹𝑁(𝑥𝑟) ≤ 𝐹𝑀(𝑟)˅ 𝐹𝑁(𝑟) = 𝐹𝑀∩𝑁(𝑟). 

 Therefore 𝑋𝑀∩𝑁 ⊆ 𝑋𝑀 ʘ𝑋𝑁 .     

 (𝒊𝒊) ⇒ (𝒊)  Suppose (ii) holds, and let 𝑋𝑀 and 𝑋𝑁  be neutrosophic ℵ −  right ideal and 

neutrosophic ℵ −  left ideal of X respectively. Since every neutrosophic ℵ −  right ideal is 

neutrosophic ℵ −  bi-ideal,  𝑋𝑀  is neutrosophic ℵ −  bi-ideal.  Then by assumption, 𝑋𝑀∩𝑁 ⊆

𝑋𝑀 ʘ𝑋𝑁 . By Theorem 3.8 and Theorem 3.9 of [4], we can get 𝑋𝑀⨀𝑋𝑁 ⊆ 𝑋𝑁 and 𝑋𝑀⨀𝑋𝑁 ⊆ 𝑋𝑀 and 

so 𝑋𝑀⨀𝑋𝑁 ⊆ 𝑋𝑀 ∩ 𝑋𝑁 = 𝑋𝑀∩𝑁. Therefore 𝑋𝑀⨀𝑋𝑁 = 𝑋𝑀∩𝑁 . 

 Let 𝐾 and 𝐿  be right and left ideals of 𝑋  respectively, and r  ∈ 𝐾 ∩ 𝐿.  Then   

𝜒𝐾(𝑋𝑀)⨀𝜒𝐿(𝑋𝑀) = 𝜒𝐾(𝑋𝑀) ∩ 𝜒𝐿(𝑋𝑀) which implies 𝜒𝐾𝐿(𝑋𝑀) = 𝜒𝐾∩𝐿(𝑋𝑀). Since r ∈ 𝐾 ∩ 𝐿, we have 
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𝜒𝐾∩𝐿(𝑇)𝑀(𝑟) = −1 = 𝜒𝐾𝐿(𝑇)𝑀(𝑟), 𝜒𝐾∩𝐿(𝐼)𝑀(𝑟) = 0 = 𝜒𝐾𝐿(𝐼)𝑀(𝑟)  and 𝜒𝐾∩𝐿(𝐹)𝑀(𝑟) = −1 =

𝜒𝐾𝐿(𝐹)𝑀(𝑟) which imply r ∈ 𝐾𝐿.Thus 𝐾 ∩ 𝐿 ⊆ 𝐾𝐿 ⊆ 𝐾 ∩ 𝐿. So 𝐾 ∩ 𝐿 = 𝐾𝐿. Thus 𝑋 is regular.    □ 

 

Theorem 3.10. For any 𝑋, the equivalent conditions are: 

(i) 𝑋 is regular, 

(ii) 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝑀 ʘ𝑋𝑁 for every neutrosophic ℵ − right ideal 𝑋𝑁 and neutrosophic ℵ −   

        bi-ideal 𝑋𝑀 of 𝑋. 

Proof: It is same as Theorem 3.9.                    □ 

Theorem 3.11. For any 𝑋, the equivalent assertions are: 

(i) 𝑋 is regular, 

(ii) 𝑋𝐿 ∩ 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝐿⨀𝑋𝑀 ʘ𝑋𝑁 for every neutrosophicℵ − right ideal 𝑋𝐿, neutrosophic ℵ − 

bi-ideal 𝑋𝑀 and neutrosophic ℵ − left ideal 𝑋𝑁 of 𝑋. 

Proof: (𝒊) ⇒ (𝒊𝒊) Suppose 𝑋 is regular, and let 𝑋𝐿 , 𝑋𝑀, 𝑋𝑁 be neutrosophic ℵ − right, bi-ideal, left 

ideals of 𝑋 respectively. Let r ∈ 𝑋.  Then there is 𝑥 ∈ 𝑋 with r= 𝑟𝑥𝑟 = 𝑟𝑥𝑟𝑥𝑟. Now 

          𝑇𝐿∘𝑀∘𝑁(𝑟) = ⋀ {𝑇𝐿

𝑟=𝑢𝑣

(𝑢) ˅ 𝑇𝑀∘𝑁(𝑣)} ≤ 𝑇𝐿(𝑟𝑥)˅ 𝑇𝑀∘𝑁(𝑟𝑥𝑟) ≤ 𝑇𝐿(𝑟)˅{𝑇𝑀(𝑟)˅ 𝑇𝑁(𝑥𝑟)}  

≤ 𝑇𝐿(𝑟)˅𝑇𝑀(𝑟)˅ 𝑇𝑁(𝑟) = 𝑇𝐿∩𝑀∩𝑁(𝑟), 

             𝐼𝐿∘𝑀∘𝑁 (𝑟) = ⋁ {𝐼𝐿(𝑢) ˄  𝐼𝑀∘𝑁(𝑣)}

𝑟=𝑢𝑣

≥ 𝐼𝐿(𝑟𝑥) ˄  𝐼𝑀∘𝑁(𝑟𝑥𝑟) ≥ 𝐼𝐿(𝑟)˄{𝐼𝑀(𝑟) ˄  𝐼𝑁(𝑥𝑟)}

≥ 𝐼𝐿(𝑟)˄𝐼𝑀(𝑟) ˄  𝐼𝑁(𝑟) = 𝐼𝐿∩𝑀∩𝑁(𝑟),       

            𝐹𝐿∘𝑀∘𝑁(𝑟) = ⋀ {𝐹𝐿

𝑟=𝑢𝑣

(𝑢) ˅ 𝐹𝑀∘𝑁(𝑣)} ≤ 𝐹𝐿(𝑟𝑥)˅ 𝐹𝑀∘𝑁(𝑟𝑥𝑟) ≤ 𝐹𝐿(𝑟)˅𝐹𝑀(𝑟)˅ 𝐹𝑁(𝑥𝑟)

≤ 𝐹𝐿(𝑟)˅𝐹𝑀(𝑟)˅ 𝐹𝑁(𝑟) = 𝐹𝐿∩𝑀∩𝑁(𝑟). 

 Therefore 𝑋𝐿∩𝑀∩𝑁 ⊆ 𝑋𝐿⨀𝑋𝑀  ʘ𝑋𝑁 .     

(𝒊𝒊) ⇒ (𝒊) Suppose (ii) holds, and let 𝑋𝐿 and 𝑋𝑁 be neutrosophic ℵ − right and neutrosophic 

ℵ − left ideal of X respectively, and 𝑋𝑀   a neutrosophic ℵ −bi-ideal of  𝑋. Then  𝜒𝑋(𝑋𝑀)  is a 

neutrosophic ℵ − bi-ideal by Theorem 3.1. Now 𝑋𝐿 ∩ 𝑋𝑁 = 𝑋𝐿 ∩ 𝜒𝑋(𝑋𝑀) ∩ 𝑋𝑁 ⊆  𝑋𝐿 ʘ𝜒𝑋(𝑋𝑀)⨀𝑋𝑁 ⊆

𝑋𝐿⨀𝑋𝑁 . Again by Theorem 3.8 and Theorem 3.9 of [4], we can get 𝑋𝐿⨀𝑋𝑁 ⊆ 𝑋𝐿 ∩ 𝑋𝑁and so 𝑋𝐿⨀𝑋𝑁 =

𝑋𝐿 ∩ 𝑋𝑁 . 

 Let 𝐾 and L be right and left ideals of 𝑋 respectively. Then 𝜒𝐾(𝑋𝑀)⨀𝜒𝐿(𝑋𝑀) = 𝜒𝐾(𝑋𝑀) ∩

𝜒𝐿(𝑋𝑀). By Theorem 3.6 of [4], we have 𝜒𝐾𝐿(𝑋𝑀) = 𝜒𝐾∩𝐿(𝑋𝑀). Let r ∈ 𝐾 ∩ 𝐿. Then 

𝜒𝐾𝐿(𝑇)𝑀(𝑟) = 𝜒𝐾∩𝐿(𝑇)𝑀(𝑟) = −1, 

𝜒𝐾𝐿(𝐼)𝑀(𝑟) = 𝜒𝐾∩𝐿(𝐼)𝑀(𝑟) = 0, 

𝜒𝐾𝐿(𝐹)𝑀(𝑟) = 𝜒𝐾∩𝐿(𝐹)𝑀(𝑟) = −1. 

So r ∈ 𝐾𝐿. Thus 𝐾 ∩ 𝐿 ⊆ 𝐾𝐿 ⊆ 𝐾 ∩ 𝐿. Hence 𝐾 ∩ 𝐿 = 𝐾𝐿. Therefore 𝑋 is regular.      □ 

Theorem 3.12. For any 𝑋,  the equivalent conditions are: 

(i) 𝑋 is regular and intra- regular, 

(ii) 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝑀 ʘ𝑋𝑁 for every neutrosophic ℵ − bi-ideals 𝑋𝑀, 𝑋𝑁 of 𝑋. 

Proof: (𝒊) ⇒ (𝒊𝒊) Let 𝑋𝑀 and 𝑋𝑁 be neutrosophic ℵ − bi-ideals.  Let ℎ ∈ 𝑋.  Then by regularity of 

𝑋 , h = ℎ𝑥ℎ = ℎ𝑥ℎ𝑥ℎ for some x ∈ 𝑋.  Since 𝑋  is intra-regular, ∃𝑦, 𝑧 ∈ 𝑋  : h = 𝑦ℎ2𝑧.  Then            

ℎ = ℎ𝑥𝑦ℎℎ𝑧𝑥ℎ. Now 
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           𝑇𝑀∘𝑁(ℎ) = ⋀ {𝑇𝑀

ℎ=𝑟𝑡

(𝑟) ˅ 𝑇𝑁(𝑡)} ≤ 𝑇𝑀(ℎ𝑥𝑦ℎ)˅ 𝑇𝑁(ℎ𝑧𝑥ℎ) ≤ 𝑇𝑀(ℎ)˅ 𝑇𝑁(ℎ)      = 𝑇𝑀∩𝑁(ℎ), 

  𝐼𝑀∘𝑁 (ℎ) = ⋁ {𝐼𝑀(𝑟) ˄  𝐼𝑁(𝑡)}

ℎ=𝑟𝑡

≥ 𝐼𝑀(ℎ𝑥𝑦ℎ) ˄  𝐼𝑁(ℎ𝑧𝑥ℎ) ≥ 𝐼𝑀(ℎ) ˄  𝐼𝑁(ℎ) = 𝐼𝑀∩𝑁(ℎ), 

                     𝐹𝑀∘𝑁(ℎ) = ⋀ {𝐹𝑀

ℎ=𝑟𝑡

(𝑟) ˅ 𝐹𝑁(𝑡)} ≤ 𝐹𝑀(ℎ𝑥𝑦ℎ)˅ 𝐹𝑁(ℎ𝑧𝑥ℎ) ≤ 𝐹𝑀(ℎ)˅ 𝐹𝑁(ℎ) = 𝐹𝑀∩𝑁(ℎ). 

 Therefore 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝑀 ʘ𝑋𝑁 for every neutrosophic ℵ − bi-ideals 𝑋𝑀 and 𝑋𝑁.   

 (𝒊𝒊) ⇒ (𝒊) Suppose (ii) holds, and let 𝑋𝑀 and 𝑋𝑁 be neutrosophic ℵ − right and left ideal of X 

respectively. Then 𝑋𝑀  and 𝑋𝑁  are neutrosophic ℵ − bi-ideals. By assumption, 𝑋𝑀∩𝑁 ⊆ 𝑋𝑀  ʘ𝑋𝑁 . 

By Theorem 3.8 and Theorem 3.9 of [4], we can get 𝑋𝑀⨀𝑋𝑁 ⊆ 𝑋𝑁  and 𝑋𝑀⨀𝑋𝑁 ⊆ 𝑋𝑀  and so 

𝑋𝑀⨀𝑋𝑁 ⊆ 𝑋𝑀 ∩ 𝑋𝑁 = 𝑋𝑀∩𝑁 . Therefore 𝑋𝑀⨀𝑋𝑁 = 𝑋𝑀∩𝑁 . 

 Let 𝐾, 𝐿 be right, left ideals of 𝑋 respectively. Then 𝜒𝐾(𝑋𝑀)⨀𝜒𝐿(𝑋𝑀) = 𝜒𝐾(𝑋𝑀) ∩ 𝜒𝐿(𝑋𝑀).   

By Theorem 3.6 of [4], 𝜒𝐾𝐿(𝑋𝑀) = 𝜒𝐾∩𝐿(𝑋𝑀).  Let 𝑟 ∈ 𝐾 ∩ 𝐿.  Then  𝜒𝐾∩𝐿(𝑇)𝑀(𝑟) = −1 =

𝜒𝐾𝐿(𝑇)𝑀(𝑟), 𝜒𝐾∩𝐿(𝐼)𝑀(𝑟) = 0 = 𝜒𝐾𝐿(𝐼)𝑀(𝑟)  and 𝜒𝐾∩𝐿(𝐹)𝑀(𝑟) = −1 = 𝜒𝐾𝐿(𝐹)𝑀(𝑟)  which imply 𝑟 ∈

𝐾𝐿. Thus 𝐾 ∩ 𝐿 ⊆ 𝐾𝐿 ⊆ 𝐾 ∩ 𝐿 and hence 𝐾 ∩ 𝐿 = 𝐾𝐿. Therefore 𝑋 is regular.  

Also, for 𝑟 ∈ 𝑋, 𝜒𝐵(𝑟)(𝑋𝑀) ∩ 𝜒𝐵(𝑟)(𝑋𝑀) = 𝜒𝐵(𝑟)(𝑋𝑀)⨀𝜒𝐵(𝑟)(𝑋𝑀). By Theorem 3.8 and Theorem 3.9 

of [4], we get 𝜒𝐵(𝑟)(𝑋𝑀) = 𝜒𝐵(𝑟)𝐵(𝑟)(𝑋𝑀).since𝜒𝐵(𝑟)(𝑇)𝑀(𝑟) = −1 = 𝜒𝐵(𝑟)(𝐹)𝑀(𝑟)and 𝜒𝐵(𝑟)(𝐼)𝑀(𝑟) =

0,   we get 𝜒𝐵(𝑟)𝐵(𝑟)(𝑇)𝑀(𝑟) = −1 = 𝜒𝐵(𝑟)𝐵(𝑟)(𝐹)𝑀(𝑟)  and 𝜒𝐵(𝑟)𝐵(𝑟)(𝐼)𝑀(𝑟) = 0  which imply 𝑟 ∈

𝐵(𝑟)𝐵(𝑟). Thus 𝑋 is intra-regular.                              □ 

Theorem 3.13. For any 𝑋, the equivalent conditions are: 

(i) 𝑋 is intra-regular and regular, 

(ii) 𝑋𝑀 ∩ 𝑋𝑁 ⊆ (𝑋𝑀 ʘ𝑋𝑁) ∩ (𝑋𝑁ʘ𝑋𝑀) for every neutrosophic ℵ − bi-ideals 𝑋𝑀 and 𝑋𝑁 of 𝑋. 

Proof:(𝒊) ⇒ (𝒊𝒊) Suppose 𝑋 is regular and intra- regular, and let 𝑋𝑀 and 𝑋𝑁 be neutrosophic ℵ − 

bi-ideals of 𝑋. Then by Theorem 3.12, 𝑋𝑀 ʘ𝑋𝑁 ⊇ 𝑋𝑀 ∩ 𝑋𝑁 . Similarly we can prove that 𝑋𝑁 ʘ𝑋𝑀 ⊇

𝑋𝑁 ∩ 𝑋𝑀.Therefore (𝑋𝑀  ʘ𝑋𝑁) ∩ (𝑋𝑁ʘ𝑋𝑀) ⊇ 𝑋𝑀 ∩ 𝑋𝑁  for every neutrosophic ℵ − bi-ideals 𝑋𝑀  and 

𝑋𝑁 of 𝑋. 

(𝒊𝒊) ⇒ (𝒊) Let 𝑋𝑀 and 𝑋𝑁 be neutrosophic ℵ − bi-ideals of 𝑋. Then 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝑀  ʘ𝑋𝑁 gives 

𝑋 is intra-regular and regular by Theorem 3.12.                  □ 

Theorem 3.14. For any 𝑋,  the equivalent assertions are: 

(i) 𝑋 is intra-regular and regular, 

(ii) 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝑀 ʘ𝑋𝑁⨀𝑋𝑀 for every neutrosophic ℵ − bi-ideals 𝑋𝑀 and 𝑋𝑁 of 𝑋. 

Proof:(𝒊) ⇒ (𝒊𝒊) Let 𝑋𝑀  and 𝑋𝑁  be neutrosophic ℵ − bi-ideals, and 𝑎 ∈ 𝑋.  As 𝑋  is regular, 𝑎 =

𝑎𝑥𝑎 = 𝑎𝑥𝑎𝑥𝑎𝑥𝑎 for some 𝑥 ∈ 𝑋.  Since 𝑋 is intra-regular, 𝑎 = 𝑦𝑎2𝑧  for some 𝑦, 𝑧 ∈ 𝑋. Then 𝑎 =

(𝑎𝑥𝑦𝑎)(𝑎𝑧𝑥𝑦𝑎)(𝑎𝑧𝑥𝑎). Now 

𝑇𝑀∘𝑁∘𝑀(𝑎) = ⋀ {𝑇𝑀

𝑎=𝑘𝑚

(𝑘) ˅ 𝑇𝑁∘𝑀(𝑚)} 

                                                              = ⋀ {𝑇𝑀

𝑎=(𝑎𝑥𝑦𝑎)𝑣

(𝑎𝑥𝑦𝑎) ˅ {⋀{

𝑣=𝑟𝑡

𝑇𝑁(𝑟) ∨ 𝑇𝑀(𝑡)}} 

                                            ≤ 𝑇𝑀(𝑎𝑥𝑦𝑎)˅ 𝑇𝑁(𝑎𝑧𝑥𝑦𝑎)˅ 𝑇𝑀(𝑎𝑧𝑥𝑎) 

                                              ≤ 𝑇𝑀(𝑎)˅ 𝑇𝑁(𝑎)˅ 𝑇𝑀(𝑎)      = 𝑇𝑀∩𝑁(𝑎), 

𝐼𝑀∘𝑁∘𝑀 (𝑎) = ⋁ {𝐼𝑀(𝑘) ˄  𝐼𝑁∘𝑀(𝑚)}

𝑎=𝑘𝑚

 

                                                            = ⋁ {𝐼𝑀(𝑎𝑥𝑦𝑎) ˄  {⋁{

𝑣=𝑟𝑡

𝐼𝑁(𝑟) ∧ 𝐼𝑀(𝑡)}}

𝑎=(𝑎𝑥𝑦𝑎)𝑣
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                                            ≥ 𝐼𝑀(𝑎𝑥𝑦𝑎) ˄  𝐼𝑁(𝑎𝑧𝑥𝑦𝑎)˄  𝐼𝑀(𝑎𝑧𝑥𝑎) 

                                          ≥ 𝐼𝑀(𝑎) ˄  𝐼𝑁(𝑎) ∧ 𝐼𝑀(𝑎) = 𝐼𝑀∩𝑁(𝑎), 

 

and 

𝐹𝑀∘𝑁∘𝑀(𝑎) = ⋀ {𝐹𝑀

𝑎=𝑘𝑚

(𝑘) ˅ 𝐹𝑁∘𝑀(𝑚)} 

                                                                = ⋀ {𝐹𝑀

𝑎=(𝑎𝑥𝑦𝑎)𝑣

(𝑎𝑥𝑦𝑎) ˅ {⋀{

𝑣=𝑟𝑡

𝐹𝑁(𝑟) ∨ 𝐹𝑀(𝑡)}} 

                                            ≤ 𝐹𝑀(𝑎𝑥𝑦𝑎)˅ 𝐹𝑁(𝑎𝑧𝑥𝑦𝑎)˅ 𝐹𝑀(𝑎𝑧𝑥𝑎) 

                                                                             ≤ 𝐹𝑀(𝑎)˅ 𝐹𝑁(𝑎)˅ 𝐹𝑀(𝑎) = 𝐹𝑀∩𝑁(𝑎).  

Therefore 𝑋𝑀 ∩ 𝑋𝑁 ⊆ 𝑋𝑀  ʘ𝑋𝑁ʘ𝑋𝑀 for every neutrosophic ℵ − bi-ideals 𝑋𝑀 and 𝑋𝑁 of 𝑋. 

 (𝒊𝒊) ⇒ (𝒊) Let ℎ𝑗 ∈ 𝑋. Then  

𝜒𝐵(ℎ𝑗)(𝑋𝑀) ⊆ 𝜒𝐵(ℎ𝑗)(𝑋𝑀) ∩ 𝜒𝐵(ℎ𝑗)(𝑋𝑀) ⊆ 𝜒𝐵(ℎ𝑗)(𝑋𝑀)⨀ 𝜒𝐵(ℎ𝑗)(𝑋𝑀) ⨀𝜒𝐵(ℎ𝑗)(𝑋𝑀). 

 

So 

 𝜒𝐵(ℎ𝑗)(𝑇)𝑀(ℎ𝑗) ≥ 𝜒𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗)(𝑇)𝑀(ℎ𝑗), 

𝜒𝐵(ℎ𝑗)(𝐼)𝑀(ℎ𝑗) ≤ 𝜒𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗)(𝐼)𝑀(ℎ𝑗), 

     𝜒𝐵(ℎ𝑗)(𝐹)𝑀(ℎ𝑗) ≥ 𝜒𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗)(𝐹)𝑀(ℎ𝑗). 

 Since 𝜒𝐵(ℎ𝑗)(𝑇)𝑀(ℎ𝑗) = −1 = 𝜒𝐵(ℎ𝑗)(𝐹)𝑀(ℎ𝑗) and 𝜒𝐵(ℎ𝑗)(𝐼)𝑀(ℎ𝑗) = 0, we get 

𝜒𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗)(𝑇)𝑀(ℎ𝑗) = −1 = 𝜒𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗)(𝐹)𝑀(ℎ𝑗)  and 𝜒𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗)(𝐼)𝑀(ℎ𝑗) = 0  which 

imply ℎ𝑗 ∈ 𝐵(ℎ𝑗)𝐵(ℎ𝑗)𝐵(ℎ𝑗).  Therefore 𝑋 is intra-regular and regular.            □ 

 

Theorem 3.15. For any 𝑋,  the equivalent assertions are: 

(i) 𝑋 is intra-regular, 

(ii) For each neutrosophic ℵ −ideal 𝑋𝑀 of 𝑋, 𝑋𝑀(𝑎) = 𝑋𝑀(𝑎2) ∀𝑎 ∈ 𝑋. 

Proof: (𝒊) ⇒ (𝒊𝒊) Let 𝑎 ∈ 𝑋. Then 𝑎 = 𝑦𝑎2𝑧 for some 𝑦, 𝑧 ∈ 𝑋.  For a neutrosophic ℵ −ideal 𝑋𝑀,  

we have 

𝑇𝑀(𝑎) = 𝑇𝑀(𝑦𝑎2𝑧) ≤ 𝑇𝑀(𝑎2𝑧) ≤ 𝑇𝑀(𝑎2) ≤ 𝑇𝑀(𝑎), 

𝐼𝑀(𝑎) = 𝐼𝑀(𝑦𝑎2𝑧) ≥ 𝐼𝑀(𝑎2𝑧) ≥ 𝐼𝑀(𝑎2) ≥ 𝐼𝑀(𝑎), 

𝐹𝑀(𝑎) = 𝐹𝑀(𝑦𝑎2𝑧) ≤ 𝐹𝑀(𝑎2𝑧) ≤ 𝐹𝑀(𝑎2) ≤ 𝐹𝑀(𝑎), 

so 𝑇𝑀(𝑎) = 𝑇𝑀(𝑎2); 𝐼𝑀(𝑎) = 𝐼𝑀(𝑎2) and 𝐹𝑀(𝑎) = 𝐹𝑀(𝑎2) for all 𝑎 ∈ 𝑋. Therefore 𝑋𝑀(𝑎) = 𝑋𝑀(𝑎2)  

 (𝒊𝒊) ⇒ (𝒊) Let 𝑎 ∈ 𝑋. Then 𝐼(𝑎2) is an ideal of 𝑋. Thus 𝜒𝐼(𝑎2)(𝑋𝑀) is neutrosophic ℵ −ideal 

by Theorem 3.5 of [4].  By assumption, 𝜒𝐼(𝑎2)(𝑋𝑀)(𝑎) = 𝜒𝐼(𝑎2)(𝑋𝑀)(𝑎2).  Since 𝜒𝐼(𝑎2)(𝑇)𝑀(𝑎2) =

−1 = 𝜒𝐼(𝑎2)(𝐹)𝑀(𝑎2)  and 𝜒𝐼(𝑎2)(𝐼)𝑀(𝑎2) = 0,  we get 𝜒𝐼(𝑎2)(𝑇)𝑀(𝑎) = −1 = 𝜒𝐼(𝑎2)(𝐹)𝑀(𝑎)  and 

𝜒𝐼(𝑎2)(𝐼)𝑀(𝑎) = 0 imply 𝑎 ∈ 𝐼(𝑎2). Thus 𝑋 is intra-regular.                     □ 

 

Theorem 3.16. For any 𝑋,  the equivalent assertions are: 

(i) 𝑋 is left (resp., right) regular, 

(ii) For each neutrosophic ℵ −left (resp., right) ideal 𝑋𝑀 of 𝑋, 𝑋𝑀(𝑎) = 𝑋𝑀(𝑎2)  ∀𝑎 ∈ 𝑋. 

Proof: (𝒊) ⇒ (𝒊𝒊)  Suppose 𝑋  is left regular. Then 𝑎 = 𝑦𝑎2  for some 𝑦 ∈ 𝑋    Let 𝑋𝑀  be 

neutrosophic ℵ − left ideal. Then 𝑇𝑀(𝑎) = 𝑇𝑀(𝑦𝑎2) ≤ 𝑇𝑀(a2)  and so 𝑇𝑀(𝑎) = 𝑇𝑀(𝑎2), 𝐼𝑀(𝑎) =
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𝐼𝑀(𝑦𝑎2) ≥ 𝐼𝑀(𝑎)  and so 𝐼𝑀(𝑎) = 𝐼𝑀(𝑎2),  and 𝐹𝑀(𝑎) = 𝐹𝑀(𝑦𝑎2) ≤ 𝐹𝑀(𝑎)  and so 𝐹𝑀(𝑎) = 𝐹𝑀(𝑎2). 

Therefore 𝑋𝑀(𝑎) = 𝑋𝑀(𝑎2) for all 𝑎 ∈ 𝑋. 

(𝒊𝒊) ⇒ (𝒊) Let 𝑋𝑀  be neutrosophic ℵ −left ideal. Then for any 𝑎 ∈ 𝑋,  we have 𝜒𝐿(𝑎2)(𝑇)𝑀(𝑎) =

𝜒𝐿(𝑎2)(𝑇)𝑀(𝑎2) = −1, 𝜒𝐿(𝑎2)(𝐼)𝑀(𝑎) = 𝜒𝐿(𝑎2)(𝐼)𝑀(𝑎2) = 0  and 𝜒𝐿(𝑎2)(𝐹)𝑀(𝑎) = 𝜒𝐿(𝑎2)(𝐹)𝑀(𝑎2) = −1  

imply 𝑎 ∈ 𝐿(𝑎2). Thus 𝑋 is left regular.                     □ 

Corollary 3.17. Let 𝑋 be a regular right duo (resp., left duo).  Then the equivalent conditions are: 

(i) 𝑋 is left regular, 

(ii) For each neutrosophic ℵ −bi- ideal 𝑋𝑀 of 𝑋, we have 𝑋𝑀(𝑎) = 𝑋𝑀(𝑎2) for all 𝑎 ∈ 𝑋. 

Proof:  It is evident from Theorem 3.5 and Theorem 3.16.              □ 

 

Conclusions 

In this paper, we have presented the concept of neutrosophic ℵ − bi −ideals of semigroups and 

explored their properties, and characterized regular semigroups, intra-regular semigroups and 

semigroups using neutrosophic ℵ-bi-ideal structures. We have also shown that the neutrosophic 

ℵ-product of ideals and the intersection of neutrosophic ℵ-ideals are identical for a regular 

semigroup. In future, we will focus on the idea of neutrosophic ℵ −prime ideals of semigroups and 

its properties.  

Acknowledgments: The authors express their gratitude to the referees for valuable comments and 

suggestions which improve the article a lot. 
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