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Abstract: Neutrosophic vague graphs are employed as a mathematical key to hold an imprecise and unspecified data. Vague
sets gives more intuitive graphical notation of vague information, that delicates crucially better analysis in data relationships,
incompleteness and similarity measures. In this paper, the neutrosophic bipolar vague line graphs are introduced. The necessary and
sufficient condition for a line graph to be neutrosophic bipolar vague line graph is provided. Further, homomorphism, weak vertex
and weak line isomorphism are discussed. The given results are illustrated with suitable example.
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1 Introduction

The line graph, L(G), of a graph G is the intersection graph of the set of lines of G. Hence the
vertices of L(G) are the lines of G with two vertices of L(G) adjacent whenever the corresponding lines
of G are adjacent [17]. Vague sets are denoted as a higher-order fuzzy sets which develops the solution
process are more complex to obtain the results more accurate than fuzzy but not affecting the complexity on
computation time/volume and memory space. The neutrosophic set is introduced by the author
Smarandache in order to use the inconsistent and indeterminate information, and has been studied
extensively (see [26]-[30]). In the definition of neutrosophic set, the indeterminacy value is quantified
explicitly and truth-membership, indeterminacy-membership and false-membership are defined completely
independent with the sum of these values lies between 0 and 3. Neutrosophic set and related notions paid
attention by the researchers in many domains. The combination of neutrosophic set and vague set are
introduced by Alkhazaleh in 2015 [3]. Single valued neutrosophic graph are established in [8, 9]. Some
types of neutrosophic graphs and co-neutrosophic graphs are discussed in [13]. neutrosophic vague bipolar
set and its application to graphs are established in [21]. Al-Quran and Hassan in [2] introduced a
combination of neutrosophic vague set and soft expert set to improving the reason-ability of decision
making in real life application. Neutrosophic vague graphs are investigated in [20]. Comparative study of
regular and (highly) irregular vague graphs with applications are obtained in [10]. Furthermore, some
properties of degree of vague graphs, domination number and regularity properties of vague graphs are
established by the author Borzooei in [4, 5, 6]. Motivated by papers [3, 18, 20], we introduce the concept of
neutrosophic bipolar vague line graphs. The main contributions of this paper as follows:

* Neutrosophic Bipolar Vague Line Graphs (NBVLGs) are introduced and explained with an
example. The obtained neutrosophic bipolar vague line graph L(G) is a strong neutrosophic bipolar vague
graph.

* The necessary and sufficient condition for a line graph to be NBVLG is formulated with
supporting proofs.

* Furthermore, the results of homomorphism, weak vertex and weak line isomorphism are
developed.

2 Preliminaries

In this section, basic definitions and example are given.
Definition 2.1 /31] A vague set A on a non empty set X is a pair (Ty, Fy), where Ty: X = [0,1] and
Fy:X — [0,1] are true membership and false membership functions, respectively, such that
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0 <Ta(x) +Fa(y) <1 forany x € X.
Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on X X Y
that is R = (T, Fr), where Tp: X XY — [0,1], Fr: X X Y — [0,1] and satisfy the condition:
0 < Tr(x,y) + Fr(x,y) <1 forany x € X.

Definition 2.2 [4] Let G* = (V,E) be a graph. A pair G = (], K) is called a vague graph on G*, where
J = (T}, Fy) is a vague set on V and K = (T, Fg) is a vague set on E SV XV such that for each
xy € E,

Tye(xy) < min(Ty(x), Ty()) and Fy(xy) = max(Fy(x), ().

Definition 2.3 /26] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A S B if
Vx € X, Ta(x) < Tg(x),I4(x) = Ig(x)and Fy(x) = Fg(x).

Definition 2.4 /11, 26] Let X be a space of points (objects), with generic elements in X denoted by x. A
single valued neutrosophic set A in X is characterised by truth-membership function Ty(x),
indeterminacy-membership function Iy (x) and falsity-membership-function Fy(x),
For each point x in X, Tg(x), Fa(x),14(x) € [0,1]. Also
A={x,Ta(x), Fy(x),I5(x)} and 0 < Tq(x) + I4(x) + Fa(x) < 3.

Definition 2.5 /1, 9] A neutrosophic graph is defined as a pair G* = (V,E) where
(1) V={vy,v,,..,v,} such that T;:V - [0,1], [;:V = [0,1] and F;:V - [0,1] denote the
degree of truth-membership function, indeterminacy-function and falsity-membership function,
respectively, and
0<Ty(v)+L(v)+F(v) <3,
(i) EC VXV where T,: E = [0,1], I,:E —= [0,1] and F,: E — [0,1] are such that
T;(uv) < min{Ty (), Ty (v)},
I (uv) < min{l; (w), I;(v)},
F; (uv) < max{F;(u), F;(v)},
and 0 < T,(uv) + I, (uv) + F,(uv) < 3, Yuv € E.

Definition 2.6 /3] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X be written
as

Ay = {(x, Ta, (%), iANV(x), Fap, (), x € X},
whose truth-membership, indeterminacy-membership and falsity-membership function is defined
as

Tapy () = [T~0), T* (0], Iay, (¥) = [~ (), I* (x)]andFy , (x) = [F~(x), F*(x)],
where T*(x) =1 —F (%), Ff(x) =1—-T"(x),and 0 < T~ (x) + [~ (x) + F~(x) < 2.

Definition 2.7 /3] The complement of NVS Ayy is denoted by A%y, and it is given by
Ty () =[1=T*(),1 =T~ ()],
[f, ) =[1-1"(0)1-1"(x)],
Ffy ) =[1—F*(x),1 - F~(x)].

Definition 2.8 /3] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U,

Tayy (U0) < Ty, W), Iny, () = Iy, (W), Fay, () = F, (),
then the NVS, Ay are included in By, denoted by Ayy € Byy where 1 <i < n.
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Definition 2.9 /3] The union of two NVSs Ayy and Byy is a NVSs, Cyy, written as Cyy =
Any U Byy, whose truth-membership function, indeterminacy-membership function and false-membership
function are related to those of Ayny and Byy by
Tepy () = [max(Ty,, (x), Tg,, (x)), max(Ty,, (x), g, ()]
Iy, (x) = [min(Ig,, (), Ig,, (X)), min(I,, (), I§, ()]
Fey, (%) = [min(Fg,, (x), Fg,, (x)), min(Fg,, (x), Fg,, ()],

Definition 2.10 /3] The intersection of two NVSs, Ayy and Byy is a NVSs Cyy, written as Cyy = Ayy N
Byy, whose truth-membership function, indeterminacy-membership function and false-membership
function are related to those of Ayy and Byy by

T(CNV (x) = [min(Tg,, (1), Tgy, (), min(T4, (x), Tg,, ()]
Iy, (x) = [max(Ig,, (0), Ig,, (), max (I, (), Ig,, ()]
Fepy () = [max(Fy,, (x), i, (x)), max(Fy, (x), Fg,,, (6))]-

Definition 2.11 /20] Let G* = (R, S) be a graph. A pair G = (A, B) is called a neutrosophic vague
graph (NVG) on G* or a neutrosophic vague graph where A = (T, Iy, Fy) is a neutrosophic vague set on
R and B = (T, Iy, F) is a neutrosophic vague set S € R X R where
(DR = {v1,vy,...,v,} suchthat Ty :R - [0,1],15: R — [0,1], F4 : R — [0,1] which satisfies the
condition Fy = [1 —T;]
Ti:R - [0,1],I5:R - [0,1], F{: R — [0,1] which satisfying the condition F5f = [1 — T4 ]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v; € R, and
0L Ty(v)+Ig(v) +Fy(v) <2
(2) S € R x R where
Tg:RXR->[01],I5:RXxR-=[01], Fg:RXx R - [0,1]
Tg:RXR-[0,1],/5:RXxR—>[0,1],Fg:R xR - [0,1]
represents the degree of truth membership function, indeterminacy membership and falsity membership of
the element v;, vj € S, respectively and such that,
0 < Tg (vv)) + Ig (viv)) + Fg (v;v5) < 2
0 < T]];{(vivj) + Iﬁ;(viVj) + F[E;’(vivj) < 2,
such that
Tg (v;v;) < min{Ty (v;), Ty (v))}
Iy (vivy) < min{ly (v), Iy (v))}
Fi (v;v;) < max{Fg (v), Fg (v},
and similarly
Tg (vvj) < min{T4 (v;), T4 (v})}
Ig (vivy) < min{Ig (v;), I (v))}
Fg (vivy) < max{Fy (v;), Fy (v)}.

Definition 2.12 Let G* = (V,E) be a crisp graph. A pair G = (J, K) is called a neutrosophic bipolar
vague graph (NBVG) on G* or a neutrosophic bipolar vague graph where
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JP = ((T])P, (f])P, (F])P),]N = ((T,)N, (f])N, (ﬁ})N) is a neutrosophic bipolar vague set on V and
KP = ((Ti)", L), (FOP), KN = (D) ON, (DN, (F)i)N) is a neutrosophic Bipolar vague set
E CV XV where
(D)V = {v3,vy,...,v,} such that (T;)":V - [0,1], (I;)F:V - [0,1], (F;)F: V = [0,1] which satisfies
the condition (F;)F = [1 — (T}")"]
(THP:V = [0,1], (I;)HP:V - [0,1], (F;")P:V - [0,1] which satisfies the condition (Fj*)" = [1 —
(17"
And
TNV - [-1,0], (;)N:V - [-1,0], (F)N:V = [—1,0] which satisfies the condition (F;")Y =
[-1- ("]
(THN:V - [-1,0], IHN:V - [-1,0], (F;)N:V = [-1,0] which satisfies the condition (F;")V =
[-1—(T)Y]

denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v; € V., and
0 < (T (w) + U) (w) + (F) () < 2.
0 < (T (w) + ) () + (N (wy) < 2.
0= ()" () + UDY(w) + F)Y (i) = -2.
0 < (T (w) + UHY () + FHY (i) = -2.
(2) E €V XV where
(THP:V XV > [01], Ug)P:V XV > [0,1], (Fg)F:V xV - [0,1]
(THP:V XV > [0,1], UH)P:V XV > [0,1], (FE)P:V xV - [0,1]
And
(TOHN:V XV - [-1,0], U)N:V XV - [-1,0], (F)N:V x V > [-1,0]
(THN:V XV > [-1,0], DNV XV > [-1,0], (FE)N:V x V - [-1,0]
denotes the degree of truth membership function, indeterminacy membership and falsity membership of
the element v;, v; € E. respectively and such that

0 < (TR)P (i v) + )" (v, v)) + (F)P (v, v)) < 2.

0 < (T)P (v, v) + )P (v, vp) + (FEF (v, vp) < 2.

0 = (TN (v, v) + TN (v, v) + (FON (v, v) = 2.

0= (THY (i, v) + U (Wi vp) + (FOY (v, vp) = 2.
such that

(T)F (xy) < min{(T7)" (), (T7)P (1)}

()P (xy) < max{(I[; )" (x), I7)F )}

(F)P (xy) < max{(F,)" (x), (F)F ()}

(TEHF (xy) < min{(T})" (), (TP (1)}

IOF (xy) < max{(;)" (x), IHF ()}

(FF (xy) < max{(F;)" (), (F)HF )}
And

(T (xy) = max{(T7)N (x), (TN ()}

(LM (xy) = min{(I;)N (x), )N )}

(FON (xy) = min{(F;)N (x), FHN ()},

(TR Cey) = max{(T;/HN (), (T ()}
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(IO Cey) = min{ (O (x), IHY ()}
(FOY Cey) = min{(F;HY (), (FHY )},

3 Neutrosophic Bipolar Vague Line Graphs
In this section, the necessary and sufficient condition of NBVLG are provided. The definition of
NBVLGs, homomorphism and weak isomorphism are given.
Definition 3.1 Let A(D) = (D, S) be an intersection graph G = (V,E) and let G = (H1,K;) be

a NBVG with underlying set V. A NBVG of A(D) is a pair (H,, K,), where

(H2)" = (T, U, (Fi)', (Ta)’, Ua,)”, (Fa,)),

(HDN = (T )Y, U IN, FED", (Ta)V, gV, (Fg,)V)and

(K2)" = (TP, Uk, (FL)T, (Tie)', Uk, (Fi,))P),

(KN = (TN, TN, FY, (T)™, Ui )™, (Fie) )™),
are NBVSs of D and S, respectively, such that

(TP (D) = (T,)° W), UE)DT (D) = ()" (i), (Fif,)" (D) = (Fif,)" (v),

(Ti)" (D) = (TP W), (Ug,)" (D) = Ug)" (wi), (Fi,)* (D) = (Fig,)” (o),

(T (D) = (TN (o), UEDN (D) = U )Y o), (FE)V (D) = (F)™ (v,

(T (D) = (TN ), U™ (D) = U )V o), (F)V (D) = (Fr )N (v),
forall D;,D; € D.

(Tg)" (DiD)) = (T§,)F (vivy), U)7 (D:D)) = (£ (wivy), (FE,)F (D;D)) =
(F£)F (vv)),

(T, )? (DiD)) = (Tg,)" (vivy), Ug,)P (D:D)) = (Ig,)’ (vivy), (Fg,)" (D;iD;) =
(Fg)P (viv))

(TN (D:Dy) = (TEN (wivy), U,)N (D:Dy) = ()N (wivy), (F )N (D;Dy) =
(FON wivy),

(T )Y (DiD)) = (TN (wivy), U )V (D:D)) = (I )" (viv)), (F,)V (DiDy) =
(Fe)N (wiv))
forall D;D; € S.

That is any NBVG of intersection graph A(D) is a neutrosophic bipolar vague intersection graph
of G.

Definition 3.2 Let L(G) = (M, N) be a line graph of a graph G = (V,E). A NBVLG of a NBVG
G = (Hy, K7) (with underlying set V) is a pair L(G) = (H,, K3), where
(H2)" = (T, U, (Fi)', (Ti)’, Ua,)”, (Fa)),
(HDY = (T, AN, FEDY, TV, da)N, (Fi,)Y)and
(K2)" = (TP, Uk (FE)T, (Tie)', Uk, (Fi,))P),
(KN = (TN, TN, FY, (TN, Ui )™, (Fie) )™),
are NBVSs of M and N, respectively such that,
(Ti,)" (Dx) = (TP (x) = (T{)" (uxvx)
AP (Dx) = U£)T () = ()" (V)
(FIjI-Z)P(Dx) = (ngl)P(x) = (Flg-l)P(uxvx)
(Ti,)" (Dx) = (Tie))" (%) = (Tie,)” (U V)
(Igz)P(Dx) = (Ilzl)P(x) = (IEI)P(uxe)
(Fi,)" (Dx) = (Fg,)" (x) = (Fi,)” (ux )
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(TN (D) = (TEOV () = (TN ()
)N (Dy) = TV (x) = U )N (wxv)
(F)V (Dx) = (FEDV () = (FED" (uxvy)
(Ti)Y (D) = (T )V (0) = (TN (uav)
U )V (Dx) = )V (x) = U )N (wxv)
F )V (Dx) = (F )V (x) = (Fg )" (uxv).
forall D, € M,u,v, € N.
(Tg,)" (DxDy) = min{(T¥,)" (x), (T¢, )" )}
(I£,)7 (DxDy) = min{(I£, )" (x), (I£,)" ()}
(F¢,)T (DxDy) = max{(F¢,)" (x), (F¢)" ()}
(Ti,)" (DxDy) = min{(Tx,)" (%), (Tg,)? )}
(Ig,)? (DxDy) = min{(Ig, )" (x), g, )* ()}
(Fg,)" (DxDy) = max{(Fg,)" (x), (Fg, )" ()}
(Tg,)Y (DxDy) = max{(T¢ )" (x), (Tg )Y ()}
(Ig,)" (DxDy) = max{(Ig )" (x), (I£)" ()}
(Fg,)N (DxDy) = min{(FZ )N (), (F{)" ()}
(T )" (D Dy) = max{(Tg, )™ (x), (T, )N ()}
UIg,)" (DxDy) = max{(Ig )" (%), (Ix, )" ()}
(Fi, )Y (DxDy) = min{(F )" (), (Fe )N ()}
forall D,D, € N.

Proposition 3.3 ! b.x[ D A& lftgléa I aAGNRYy3I b. DO
t NERIRisblsRious from the definition, therefore it is omitted.
Proposition 3.4 L@G) A& b. £[ DD 2FK®)Y 4 0KS fGoyS INF LK 27

t NRP@véndG = (H{,K;) isNBVLGof G and L(G) = (H;,K;) isaNBVG of L(G)
(Ti,)" (Dx) = (TP (%)
AP (Dx) = Ug)" (%)
(Fi,)" (Dy) = (F¢)" ()
(Ti)" (Dx) = (Ti,)’ (%)
Ur,)"(Dx) = Ug)" (x)
(Fi, )" (D) = (Fi, )T (%),
(TE)" (D) = (TEHN (x)
UEIN (D) = U)HN ()
(Fi,)" (Dx) = (FDY ()
(Ti)" (D) = (Te)N ()
U )" (Dx) = U)" ()
(Fia, )Y (Dy) = (Fg )N ().

V x € E andso D, € M ifandonlyiffor x € E,

(TP (DxDy) = min{(T¥))" (x), (T£ )" ()}
(I£,)" (DxDy) = min{(I§)" (), U£)" ()}
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