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Abstract.: In this paper, we define two different kinds of neutrosophic
submodules over a classical quotientR-module using single valued neu-
trosophic set. We also define neutrosophic submodule homomorphism and
study the features of neutrosophic set underR-module homomorphism.
Finally we conduct an investigation for the image and inverse image of
neutrosophic submodule under classical homomorphim ofR-module.
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1. INTRODUCTION

The Oxford English dictionary defines the term fuzzy as not clear or vague. In 1965,
Lotfi A. Zadeh defined a fuzzy set which represent vague concepts and contexts expressed
in natural language by means of graded membership of elements in[0, 1] [19, 38]. In 1986
Attanassov put forward intuitionistic fuzzy set theory as a stereotype illustration of a set
in which each component is concomitant with a membership grades and non membership
grades [4]. In 1995, Smarandache outlined neutrosophic set in which each element of a set
is represented by three differing types of membership values [34]. Neutrosophic set is a
tool or a framework for sorting out vague, obscure and contrary data in the genuine world
pragmatic problems([37, 7, 39, 36]). Neutrosophy is another part of theory and rationale
that has focused nature’s provenance and equability features. [17]. Each element of a
neutrosophic set is defined by three contrasting types of registration estimates that talk to
condensed, imprecise and absurd information ([13, 30, 29, 1, 17]).

The algebraic structure in pure mathematics cloning with uncertainty has been studied
by some authors. In 1971, Azriel Rosenfield bestowed a seminal paper on fuzzy subgroup
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and W.J. Liu developed the idea of fuzzy normal subgroup and fuzzy subring. Consolidat-
ing neutrosophic set hypothesis with algebraic structures is a rising pattern in the region of
mathematical research. In 2011, Isaac.P, P.P.John [16] recognized some algebraic nature of
intuitionistic fuzzy submodule of a classical module. Neutrosophic algebraical structures
and its properties provide us a solid mathematical foundation to clarify connected scientific
ideas in designing, information mining and economic science([2],[26],[28]).

2. PRELIMINARIES

Definition 2.1. ([3]) A moduleM over a ringR, denoted asMR, is an abelian group with
a law of composition written‘+′ and the mapR × M → M , written (%, ϑ) Ã %ϑ, that
satisfy these axioms

(1) 1ϑ = ϑ
(2) (%τ)ϑ = %(τϑ)
(3) (% + τ)ϑ = %ϑ + τϑ
(4) %(ϑ + ϑ′) = %ϑ + %ϑ′ ∀ %, τ ∈ R andϑ, ϑ‘ ∈ M .

Definition 2.2. ([3]) A submoduleW of MR is a nonempty subset that is closed under
addition and scalar multiplication.

Definition 2.3. [3] A homomorphismΥ : V → W of R-modules copies that of a linear
transformation of vector spaces. It is a map compatible with the laws of composition:

Υ (ϑ + ϑ′) = Υ (ϑ) + Υ (ϑ′) and Υ (%ϑ) = %Υ (ϑ)

denoted asHomR(M, N), ∀ ϑ, ϑ′ ∈ V and % ∈ R. If Υ is bijective, thenϑ is isomorphic
to W .

Definition 2.4. [6, 3] The kernel of a homomorphismΥ : V → W , the collection of
elementsϑ ∈ V in whichΥ (ϑ) = 0, is a submodule of the domainV .

The image of a homomorphismΥ : V → W , the collection of elementsw in W such
thatΥ (ϑ) = w, forall ϑ ∈ V , is a submodule of the rangeW .

Definition 2.5. [12, 3] Let N ⊆ MR. Then the quotient moduleM/N is the group of
additive cosetsη + N, η ∈ M .

Remark 2.6. [η] represents the cosetη + N, ∀ η ∈ M

Remark 2.7. %[η] = [%η] ∀ % ∈ R

Definition 2.8. [22, 15, 11, 5]LetR be an integral domain. ThenMR is said to be divisible
if ∀η ∈ M can be divided by% ∈ R, in the sense that,

0 6= % ∈ R, η ∈ M ⇒ η = %n for some n ∈ M

.

Definition 2.9. [23, 21, 14]A submoduleN of MR is said to be a prime submodule ofM
if %η ∈ N, % ∈ R, η ∈ N ⇒ either % = 0 or η ∈ N .

Definition 2.10. [32, 35]A neutrosophic set P of the universal set X is defined as

P = {(η, tP (η), iP (η), fP (η)) : η ∈ X}
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wheretP , iP , fP : X → (−0, 1+). The three componentstP , iP and fP represent mem-
bership value (Percentage of truth), indeterminacy (Percentage of indeterminacy) and non
membership value (Percentage of falsity) respectively. These components are functions of
non standard unit interval(−0, 1+) [25].

Remark 2.11. [32, 13]

(1) If tP , iP , fP : X → [0, 1], then P is known as single valued neutrosophic set(SVNS).
(2) In this paper, we discuss about the algebraic structureR-module with underlying

set as SVNS. For simplicity SVNS will be called neutrosophic set.
(3) UX denotes the set of all neutrosophic subset ofX or neutrosophic power set of

X.

Definition 2.12. [32, 24, 33]LetP,Q ∈ UX . Then P is contained in Q, denoted asP ⊆ Q
if and only ifP (η) 6 Q(η) ∀η ∈ X, this means that

tP (η) ≤ tQ(η), iP (η) ≤ iQ(η), fP (η) ≥ fQ(η), ∀ η ∈ X

Definition 2.13. [32, 27, 18]The complement ofP = {(η, tP (η), iP (η), fP (η)} is denoted
byPC and defined asPC = {η, fP (η), 1− iP (η), tP (η)} and(PC)C = P

Definition 2.14. [9, 32, 18]LetP, Q ∈ UX .

(1) The unionC = {η, tC(η), iC(η), fC(η) : η ∈ X} of P and Q[24] is denoted by
C = P ∪Q where

tC(η) = tP (η) ∨ tQ(η)

iC(η) = iP (η) ∨ iQ(η)

fC(η) = fP (η) ∧ fQ(η)

(2) The intersectionC = {η, tC(η), iC(η), fC(η) : η ∈ η} of P and Q[24] is denoted
byC = P ∩Q where

tC(η) = tP (η) ∧ tQ(η)

iC(η) = iP (η) ∧ iQ(η)

fC(η) = fP (η) ∨ fQ(η)

Definition 2.15. [31] The sumP + Q = {η, tP+Q(η), tP+Q(η), tP+Q(η) : η ∈ MR} of
two neutrosophic setsP and Q is a neutrosophic set ofMR, defined as follows

tP+Q(η) = ∨{tP (θ) ∧ tQ(ϑ)|η = θ + ϑ, θ, ϑ ∈ MR}
iP+Q(η) = ∨{iP (θ) ∧ iQ(ϑ)|η = θ + ϑ, θ, ϑ ∈ MR}
fP+Q(η) = ∧ fP (θ) ∨ fB(ϑ)|η = θ + ϑ, θ, ϑ ∈ MR}

Definition 2.16. [33, 24]For any neutrosophic subsetP = {(η, tP (η), iP (η), fP (η)) : η ∈
X}, the supportP ∗ of the neutrosophic set P can be defined as

P ∗ = {η ∈ X, tP (η) > 0, iP (η) > 0, fP (η) < 1}
.
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Definition 2.17. [8, 20, 35, 18]The image ofP , whereP ∈ UX , under the mapg : X → Y
is denoted byg(P ) and is defined asg(P ) = {θ, tg(P )(θ), ig(P )(θ), fg(P )(θ) : θ ∈ Y }
where

tg(P )(θ) =

{
∨tP (η) : η ∈ g−1(θ)) g−1(θ) 6= ∅
0 otherwise

ig(P )(θ) =

{
∨iP (η) : η ∈ g−1(θ)) g−1(θ) 6= ∅
0 otherwise

fg(P )(θ) =

{
∧fP (η) : η ∈ g−1(θ)) g−1(θ) 6= ∅
1 otherwise

Furthermore, the inverse ofg , denoted byg−1 : Y → X is defined by

g−1(Q) = {η, tg−1(Q)(η), ig−1(Q)(η), fg−1(Q)(η) : g(η) ∈ Q}
where

tg−1(Q)(η) = tQ(g(η)), ig−1(Q)(η) = iQ(g(η)), fg−1(Q)(η) = fQ(g(η)) ∀ η ∈ X

Definition 2.18. [9, 10] LetP ∈ UM whereM ∈ MR. Then the neutrosophic subsetP of
M is called a neutrosophic submodule ofM if

(1) tP (0) = 1, iP (0) = 1, fP (0) = 0
(2) tP (η + θ) ≥ tP (η) ∧ tP (θ)

iP (η + θ) ≥ iP (η) ∧ iP (θ)
fP (η + θ) ≤ fP (η) ∨ fP (θ), for all η, θ in M

(3) tP (γη) ≥ tP (η)
iP (γη) ≥ iP (η)
fP (γη) ≤ fP (η), for all η in MR, for all γ in R

Remark 2.19. We denote neutrosophic submodules over a classicalR-module using single
valued neutrosophic set byU(M).

Remark 2.20. If P ∈ U(M), then the neutrosophic components ofP can be denoted as
(tP (η), iP (η), fP (η)).

Definition 2.21. [9] Define the neutrosophic setγP = {η, tγP (η), iγP (η), fγP (η) : η ∈
M,γ ∈ R} of MR whereP ∈ UM as follows

tγP (η) = ∨{tP (θ) : θ ∈ MR, η = γθ}

iγP (η) = ∨{iP (θ) : θ ∈ MR, η = γθ}

fγP (η) = ∧{fP (θ) : θ ∈ MR, η = γθ}
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3. CONSTRUCTION OFNEUTROSOPHICQUOTIENT SUBMODULES

In this precinct, we elucidate two different aspects or methods within the formation of
neutrosophic quotient submodule of the classical(M/N)R whereN ⊆ M.

Method 1:

Theorem 3.1. If P = {η, tP (η), iP (η), fP (η) : η ∈ M} ∈ U(M) and N ⊆ M , then
defineω, a neutrosophic set inM/N as follows.

ω = {[η], tω([η]), iω([η]), fω([η]) : η ∈ M}
where

tω([η]) = ∨{tP (u) : u ∈ [η]}
iω([η]) = ∨{iP (u) : u ∈ [η]}
fω([η]) = ∧{fP (u) : u ∈ [η]}

Thenω ∈ U(M/N)

Proof. We havetω([0]) = ∨{tP (u) : u ∈ [0]} = tP (0) = 1, similarly iω([0]) = 1 and
fω([0]) = 0
Now for η, θ ∈ M

tω([η] + [θ]) = ∨{tP (u) : u ∈ [η] + [θ]}
= ∨{tP (ζ + ξ) : ζ + ξ ∈ [η] + [θ]}
≥ ∨{tP (ζ + ξ) : ζ ∈ [η], ξ ∈ [θ]}
≥ ∨{tP (ζ) ∧ tP (ξ) : ζ ∈ [η], ξ ∈ [θ]}
= (∨{tP (ζ) : ζ ∈ [η]}) ∧ (∨{tP (ξ) : ξ ∈ [θ]})
= tω([η]) + tω([θ])

then correspondingly
iω([η] + [θ]) ≥ iω([η]) ∧ iω([θ])

and
fQ([η] + [θ]) ≤ fω([η]) ∨ fω([θ])

Now for all % in R, η in M ,

tω(%[η]) = tω([%η])
≥ ∨{tP (%u) : %u ∈ [%η]}
≥ ∨{tP (u) : u ∈ [η]}
= tω([η])

In the same way, we can conclude

iω(%[η]) ≥ iω([η]) and fω(%[η]) ≤ fω([η])

Thusω ∈ U(M/N). ¤

Method 2:
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Theorem 3.2. LetR be an integral domain andM be a divisible module overR. Consider
a prime submoduleN of M . If P ∈ U(M), define a neutrosophic setω in quotient module
M/N defined as, forη ∈ M

tω([η]) =

{
1 [η] = N

∧{tP (u) : u ∈ [η]} otherwise
, iω(η) =

{
1 [η] = N

∧{iP (u) : u ∈ [η]} otherwise

and

fω([η]) =

{
0 [η] = N

∨{fP (u) : u ∈ [η]} otherwise

Thenω ∈ U(M/N).

Proof. SinceN ⊆ M , the neutrosophic components of[0] = (1, 1, 0)
Now for η, θ in M , consider

tω([η] + [θ]) =

{
1 [η] + [θ] = N

∧{tP (u) : u ∈ [η] + [θ]} otherwise

Case 1: If [η] + [θ] = N , then clearlytω([η] + [θ]) ≥ tω([η]) ∧ tω([θ]),
iω([η] + [θ]) ≥ iω([η]) ∧ iω([θ]) andfω([η] + [θ]) ≤ fω([η]) ∨ fω([θ])

Case 2: If [m] + [n] 6= N , then

tω([η] + [θ]) = ∧{tP (u) : u ∈ [η] + [θ]}
= ∧{tP ((η + ζ) + (θ + ξ) : ζ, ξ ∈ N}
≥ ∧{tP (η + ζ) ∧ tP (θ + ξ) : ζ, ξ ∈ N}
≥ (∧{tP (η + ζ) : ζ ∈ N}) ∧ (∧{tP (θ + ξ) : ξ ∈ N})
= (∧{tP (v1) : v1 ∈ [η]}) ∧ (∧{tP (v2) : v2 ∈ [θ]})
= tω([η]) ∧ tω([θ])

In the same manner,

iω([η] + [θ]) ≥ iω([η]) ∧ iω([θ])

and

fω([η] + [θ]) ≤ fω([η]) ∨ fω([θ]).

For% in R, η in M , consider

tω(%[η]) =

{
1 %[η] = N

∧{tA(u) : u ∈ %[η]} otherwise

Case 3: If %[η] = N , tω(%[η]) = 1 ≥ tω([η]), similarly iω(%[η]) ≥ iω([η]) and
fω(%[η]) ≤ fω([η])
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Case 4: If %[η] 6= N ⇒ %η /∈ N ⇒ % 6= 0, η /∈ N and

tω(%[η]) = tω([%η])
= ∧{tP (u) : u ∈ [%η]}
= ∧{tP (%η + v) : v ∈ N}
= ∧{tP (%η + %θ) : θ ∈ N}
= ∧{tP (%(η + θ)) : θ ∈ N}
= ∧{tP (η + θ) : θ ∈ N}
= ∧{tP (w) : w ∈ [η]}
= tω([η])

Correspondinglyiω(%[η]) ≥ iω([η]) and fω(%[η]) ≤ fω([η])
Henceω ∈ U(M/N)

¤

Corollary 3.3. If N is contained inM whereM ∈ MR andR is a field andP ∈ U(M).
Then by the theorem 3.2,ω ∈ U(M/N).

Definition 3.4. If P ∈ U(M) and N ⊆ M , then the restriction of a neutrosophic
submoduleP to N is represented byP |N and it is a neutrosophic set ofN defined as
P |N = {θ, tP |N (θ), iP |N (θ), fP |N (θ)} where∀ θ ∈ N and

tP |N (θ) = tP (θ)

iP |N (θ) = iP (θ)

fP |N (θ) = fP (θ)

Proposition 3.5. If P ∈ U(M) and N ⊆ M , thenP |N ∈ U(N).

Proof. If P = {η, tP (η), iP (η), fP (η) : η ∈ M} ∈ U(M) andN ⊆ M then the

tP |N (0) = tP (0) = 1, iP |N (0) = iP (0) = 1 and fP |N (0) = fP (0) = 0.

Now % in R, η in M

tP |N (%η) = tP (%η)
≥ tP (η)
= tP |N (η)

Similarly iP |N (%η) ≥ iP |N (η) and fP |N (%η) ≤ fP |N (η)
Now θ, ϑ ∈ N

tP |N (θ + ϑ) = tP (θ + ϑ)
≥ tP (θ) ∧ tP (ϑ)
= tP |N (θ) ∧ tP |N (ϑ)

Similarly iP |N (θ + ϑ) ≥ iP |N (θ) ∧ iP |N (ϑ), fP |N (θ + ϑ) ≤ fP |N (θ) ∨ fP |N (ϑ)
ThusP |N ∈ U(N) ¤
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Remark 3.6. Let P, Q ∈ U(M) and P ⊆ Q. ThenP ∗ ⊆ Q∗ andQ|Q∗ ∈ U(Q∗). Now
defineQ, a neutrosophic set ofQ∗/P ∗ where forη ∈ Q∗

tω([η]) = ∨{tP (ζ) : ζ ∈ [η]}

iω([η]) = ∨{iP (ζ) : ζ ∈ [η]}

fω([η]) = ∧{fP (ζ) : u ∈ [η]}
Then by the theorem 3.2,ω ∈ U(Q∗/P ∗) and it is denoted asQ/P.

Remark 3.7. We writePN for the neutrosophic quotient submoduleω of M/N , i.e. PN ∈
U(M/N)

4. HOMOMORPHISMS OFNEUTROSOPHICSUBMODULES

In this section we study about the inherent attributes of the image and inverse image of
a neutrosophic set and a neutrosophic submodule under classical module homomorphism
and the homomorphism properties of neutrosophic submodules.

Let M and N be theR modules andΥ ∈ HomR(M,N). Also P ∈ U(M) and Q ∈
U(N)

Definition 4.1. Υ ∈ HomR(M, N) is called a weak neutrosophic homomorphism of P
onto Q ifΥ (P ) ⊆ Q and we denote it asP ∼ Q.

Υ ∈ HomR(M, N) is called aneutrosophic homomorphismof P onto Q ifΥ (P ) = Q
and we represent it asP ≈ Q.

Theorem 4.2. LetP, Q ∈ UM andΥ ∈ HomR(M,N). Then

(1) Υ (P + Q) = Υ (P ) + Υ (Q)
(2) Υ (rP ) = rΥ (P ) ∀ r ∈ R
(3) Υ (r1P + r2Q) = r1Υ (P ) + r2Υ (Q) ∀ r1, r2 ∈ R

Proof. (1): We have

Υ (P + Q)(θ) = {θ, tΥ (P+Q)(θ), iΥ (P+Q)(θ), fΥ (P+Q)(θ) : θ ∈ N}
and

(Υ (P ) + Υ (Q))(θ) = {θ, tΥ (P )+Υ (Q)(θ), iΥ (P )+Υ (Q)(θ), fΥ (P )+Υ (Q)(θ) : θ ∈ N}

If Υ−1(θ) = φ, then tΥ (P+Q)(θ) = 0, iΥ (P+Q)(θ) = 0 and fΥ (P+Q)(θ) =
1 also,

tΥ (P )+Υ (Q)(θ) = ∨{tΥ (P )(κ) ∧ tΥ (Q)(ν); y = κ + ν, κ, ν ∈ N} = 0

sinceΥ−1(κ) = φ or Υ−1(ν) = φ asΥ−1(θ) = φ
ThustΥ (P+Q)(θ) = tΥ (P )+Υ (Q)(θ)



Neutrosophic Quotient Submodules and Homomorphisms 41

If Υ−1(θ) 6= φ, then

tΥ (P+Q)(θ) = ∨{tP+Q(η) : η ∈ M, θ = g(η)}
= ∨{∨{tP (ρ) ∧ tQ(ς) : ρ, ς ∈ M,η = ρ + ς}; θ = Υ (η)}
= ∨{∨{tP (ρ) ∧ tQ(ς) : ρ, ς ∈ M} : θ = Υ (ρ) + Υ (ς)}
= ∨({∨{tP (ρ) : κ = Υ (ρ)}} ∧ {∨{tQ(ς) : ν = Υ (ς)}} : θ = κ + ν})
= ∨{tΥ (P )(ρ) ∧ tΥ (Q)(ς) : θ = κ + ν}
= tΥ (P )+tΥ (Q)(θ)

Thus in both casestΥ (P+Q)(θ) = tΥ (P )+Υ (Q)(θ). In the same way, we can prove
that
iΥ (P+Q)(θ) = iΥ (P )+Υ (Q)(θ) and fΥ (P+Q)(θ) = fΥ (P )+Υ (Q)(θ)

(2) We have
Υ (rP ) = {θ, tΥ (rP )(θ), iΥ (rP )(θ), fΥ (rP )(θ) : θ ∈ N}

and
rΥ (P ) = {θ, trΥ (P )(θ), irΥ (P )(θ), frΥ (P )(θ) : θ ∈ N}

If Υ−1(θ) = φ, then tΥ (rP )(θ) = 0. Also

trΥ (P )(θ) = ∨{tΥ (P )(ϑ) : ϑ ∈ N, θ = rϑ} = 0

ThustΥ (rP )(θ) = trΥ (P )(θ)
If Υ−1(θ) 6= φ, then

tΥ (rP )(θ) = ∨{trP (η) : η ∈ M, θ = Υ (η)}
= ∨{∨{tP (u) : u ∈ M, η = ru}}
= ∨{∨{tP (u) : u ∈ M, θ = Υ (ru)}}
= ∨{∨{tP (u) : u ∈ M, θ = rΥ (u)}}
= ∨{trΥ (P )(u) : θ = rΥ (u)}
= ∨trΥ (P )(θ)

Thus we gettΥ (rP )(θ) = trΥ (P )(θ) ∀θ ∈ N. Similarly we get

iΥ (rP )(θ) = irΥ (P )(θ) fΥ (rP )(θ) = frΥ (P )(θ)

(3) This follows from(1) and (2). ¤

Theorem 4.3. If P ∈ U(M) and Υ ∈ HomR(M, N), thenΥ (P ) ∈ U(N).

Proof. We haveΥ (P ) = {(θ, tΥ (P )(θ), iΥ (P )(θ), fΥ (P )(θ)) : y ∈ N}. Then

tΥ (P )(0) = ∨{tP (η) : η ∈ M, Υ (η) = 0} = tP (0) = 1

Similarly iΥ (P )(0) = 1 andfΥ (P )(0) = 0
Now, letκ, ν ∈ N

If Υ−1(κ) = φ or Υ−1(ν) = φ,: then correspondinglytΥ (P )(κ) = 0 or tΥ (P )(ν) =
0
⇒ tΥ (P )(κ) ∧ tΥ (P )(ν) = 0 and sotΥ (P )(κ + ν) ≥ tΥ (P )(κ) ∧ tΥ (P )(ν).
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If Υ−1(κ) 6= φ 6= Υ−1(ν),: then

tΥ (P )(κ + ν) = ∨{tP (η) : η ∈ M,κ + ν = Υ (η)}
= ∨{tP (ρ + ς) : ρ, ς ∈ M, κ + ν = Υ (ρ + ς)}
≥ ∨{tP (ρ + ς) : ρ ∈ Υ−1(κ), ς ∈ Υ−1(ν)}
= ∨{tP (ρ + ς) : ρ, ς ∈ M, Υ (ρ) = κ, Υ (ς) = ν}
≥ ∨{tP (ρ) ∧ tP (ς) : ρ, ς ∈ M, Υ (ρ) = κ, Υ (ς) = ν}
≥ (∨{tP (ρ), ρ ∈ M, Υ (ρ) = κ}) ∧ (∨{tP (ς) : ς ∈ M, Υ (ς) = ν})
= tΥ (P )(κ) ∧ tΥ (P )(ν)

Similarly we can prove that

iΥ (P )(κ + ν) ≥ iΥ (P )(κ) ∧ iΥ (P )(ν)

and
fΥ (P )(κ + ν) ≤ fΥ (P )(κ) ∨ fΥ (P )(ν)

If Υ−1(θ) = φ, θ ∈ N,: thentΥ (P )(θ) = 0 ⇒ tΥ (P )(%θ) ≥ tΥ (P )(θ),∀% ∈ R

If Υ−1(θ) 6= φ, θ ∈ N,: then

tΥ (P )(rθ) = ∨{tP (η) : η ∈ M, %θ = Υ (η)}
≥ ∨{tP (%ρ) : %ρ ∈ M, %θ = Υ (%ρ)}
≥ ∨{tP (%ρ) : rρ ∈ M, ρ ∈ Υ−1(θ)}
= ∨{tP (rρ) : rρ ∈ M, θ = Υ (ρ)}
≥ ∨{tP (ρ) : ρ ∈ M, θ = Υ (ρ)}
= tΥ (P )(θ)

Similarly we can prove thatiΥ (P )(%θ) ≥ iΥ (P )(θ) and fΥ (P )(%θ) ≤ fΥ (P )(θ), ∀θ ∈
N.

ThusΥ (P ) ∈ U(N) ¤

Theorem 4.4. If Q ∈ U(N) and Υ ∈ HomR(M,N), thenΥ−1(Q) ∈ U(M).

Proof. We haveΥ−1(Q)(η) = {η, tΥ−1(Q)(η), iΥ−1(Q)(η), fΥ−1(Q)(η) : η ∈ M} where

tΥ−1(Q)(η) = tQ(Υ (η)), iΥ−1(Q)(η) = iQ(Υ (η)) and fΥ−1(Q)(x) = fQ(Υ (η)).

Now
tΥ−1(Q)(0) = tQ(Υ (0)) = tQ(0) = 1. Similarly we can writeiΥ−1(Q)(0) = 1 and fΥ−1(Q)(0) =
0
Now ∀ η, θ ∈ M

tΥ−1(Q)(η + θ) = tQ(Υ (η + θ))
= tQ(Υ (η) + Υ (θ))
≥ tQ(Υ (η)) ∧ tQ(Υ (θ))
= tΥ−1Q(η) ∧ tΥ−1Q(θ)

Similarly we can prove that

iΥ−1(Q)(η + θ) ≥ iΥ−1Q(η) ∧ iΥ−1Q(θ)
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and

fΥ−1(Q)(η + θ) ≥ fΥ−1Q(η) ∧ fΥ−1Q(θ)

Now ∀η ∈ M, % ∈ R

tΥ−1(Q)(%η) = tQ(Υ (%η))
= tQ(%Υ (η))
≥ tQ(Υ (η))
= tΥ−1(Q)(η)

Similarly iΥ−1(Q)(%η) ≥ iΥ−1(Q)(η) and fΥ−1(Q)(%η) ≤ fΥ−1(Q)(η).
ThusΥ−1(Q) ∈ U(M) ¤

Theorem 4.5. Let Υ ∈ HomR(M, M~) be a neutrosophic module homomorphism ofP
ontoQ, whereP ∈ U(M) andQ ∈ U(Υ (M)) . Then the mapΠ : M/N → M~, defined
byΠ([η]) = Υ (η), η ∈ M is a neutrosophic quotient module homomorphism ofPN on to
Q, wherePN ∈ U(M/N) andN ⊆ M .

Proof. Given thatΥ : M → M~ be neutrosophic module homomorphism ofP onto
Q, ⇒ Υ (P ) = Q. Then to prove thatΠ : M/N → M~ where Π([η]) = Υ (η) is
neutrosophic module homomorphism ofPN ontoQ.
First we prove thatΠ ∈ HomR(M/N, M~). Let %1, %2 ∈ R, ρ, ς ∈ M , then

Π([%1[ρ] + %2[ς]) = Π(%1(ρ + N) + %2(ς + N))
= Π(%1ρ + %2ς + N)
= Π([%1ρ + %2ς])
= Υ (%1ρ + %2ς)
= %1Υ (ρ) + %2Υ (ς)
= %1Π([ρ]) + %2Π([ς])

For anyr ∈ R, [η] ∈ M/N , then

Π(r[m]) = Π(r(η + N))
= Π(rη + N)
= Π([rη])
= Υ (rη)
= rΥ (η)
= rΠ([η])

⇒ Π ∈ HomR(M/N, M~). Then to prove thatΠ(PN ) = Q, Now

Π(PN )(ϑ) = {ϑ, tψPN
(ϑ), iψPN

(ϑ), fψPN
(ϑ) : ϑ ∈ Π(M/N)}
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where

tΠ(PN )(ϑ) = ∨{tPN ([η]) : [η] ∈ Π−1(ϑ), ϑ ∈ Π(M/N)}
= ∨{∨{tP (ζ) : ζ ∈ [η],Π([η]) = ϑ, ϑ ∈ Υ (M)}
= ∨{tP (ζ) : ζ ∈ [η], Υ (η) = ϑ, ϑ ∈ Υ (M)}
= tΥ (P )(ϑ)

Similarly, iΠ(PN )(ϑ) = iΥ (P )(ϑ), fΠ(PN )(ϑ) = fΥ (P )(ϑ)
⇒ Π(PN ) = Υ (P ) = Q ⇒ Π is a neutrosophic module homomorphism ofPN onto
Q. ¤

5. CONCLUSION

Neutrosophic submodule is one among the generalizations of classical algebraic struc-
ture, module. Neutrosophic algebraic constructions provide additional preciseness and
mouldability to the classic algebraic structures as in contrast to the fuzzy or intuitionis-
tic fuzzy algebraic structures. This study has evolved the perception of quotient module in
neutrosophic set and defined the development of neutrosophic submodule from a quotient
module . The properties of homomorphism of neutrosophic submodules are additionally
examined. This work are often extended to the properties of isomorphism of neutrosophic
submodules.
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