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NEUTROSOPHIC SUBSEMIGROUPS

G. MUHIUDDIN

ABSTRACT. In the present paper, we introduce the notion of (Φ, Ψ)-neutrosophic sub-
semigroups of a semigroup where Φ,Ψ ∈ {∈, q,∈ ∨ q}, and related properties are in-
vestigated. We consider characterizations of an (∈,∈)-neutrosophic subsemigroup and an
(∈,∈ ∨ q)-neutrosophic subsemigroup. Conditions for the neutrosophic ∈-subsets, neu-
trosophic q-subsets and neutrosophic ∈ ∨ q-subsets to be subsemigroups are discussed.
Finally, we discuss conditions for a neutrosophic set to be a (q, ∈∨ q)-neutrosophic sub-
semigroup.

1. INTRODUCTION

The notion of neutrosophic set (NS) developed by Smarandache [8, 9, 10] is a more
general platform which extends the concepts of the classic set and fuzzy set, intuitionistic
fuzzy set and interval valued intuitionistic fuzzy set. Nowadays, the theory of neutro-
sophic sets became a very interesting and challenging topic of study as research point of
view. The theory of neutrosophic sets is an important mathematical tool to deal with the
indeterminate information and inconsistent information; and has vast applications in var-
ious directions (see e.g., [3], [4],[11], [11]). For more details we refer readers to the site
http://fs.gallup.unm.edu/neutrosophy.htm. In the year 2015, Agboola and Davvaz intro-
duced the concept of neutrosophic BCI/BCK-algebras and presented elementary prop-
erties of neutrosophic BCI/BCK-algebras. Further in the same year, they studied neu-
trosophic ideals of neutrosophic BCI-algebras (see [1] [2]). Recently, Muhiuddin et al.
studied the notion of (∈,∈)-neutrosophic subalgebras and ideals in BCK/BCI-algebras
[11].

Motivated by a lot of work on neutrosophic sets in various fields of research, in this
paper, we introduce the notion of (Φ,Ψ)-neutrosophic subsemigroup of a semigroup S for
Φ,Ψ ∈ {∈, q,∈∨ q}, and investigate related properties. We provide characterizations of an
(∈,∈)-neutrosophic subsubsemigroup and an (∈,∈ ∨ q)-neutrosophic subsubsemigroup.
Given special sets, so called neutrosophic ∈-subsets, neutrosophic q-subsets and neutro-
sophic ∈∨ q-subsets, we provide conditions for the neutrosophic ∈-subsets, neutrosophic
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q-subsets and neutrosophic ∈∨ q-subsets to be subsemigroups. We discuss conditions for
a neutrosophic set to be a (q, ∈∨ q)-neutrosophic subsubsemigroup.

2. PRELIMINARIES

Let S be a semigroup. Let A and B be subsets of S. Then the multiplication of A and
B is defined as follows:

AB = {ab ∈ S | a ∈ A and b ∈ B} .
Let S be a semigroup. By a subsemigroup of S we mean a nonempty subset A of S such
that A2 ⊆ A.

A fuzzy set A in a set S of the form

A(y) :=

{
t ∈ (0, 1] if y = x,
0 if y 6= x,

(2.1)

is said to be a fuzzy point with support x and value t and is denoted by (x, t).
For a fuzzy set A in a set S, a fuzzy point (x, t) is said to

• contained in A, denoted by (x, t) ∈ A (see [7]), if A(x) ≥ t.
• be quasi-coincident with A, denoted by (x, t) q A (see [7]), if A(x) + t > 1.

For a fuzzy point (x, t) and a fuzzy set A in a set S, we say that

• (x, t) ∈∨ q A if (x, t) ∈ A or (x, t) q A.

For any family {ai | i ∈ Λ} of real numbers, we define∨
{ai | i ∈ Λ} :=

{
max{ai | i ∈ Λ} if Λ is finite,
sup{ai | i ∈ Λ} otherwise.∧

{ai | i ∈ Λ} :=

{
min{ai | i ∈ Λ} if Λ is finite,
inf{ai | i ∈ Λ} otherwise.

If Λ = {1, 2}, we will also use a1 ∨ a2 and a1 ∧ a2 instead of
∨
{ai | i ∈ Λ} and∧

{ai | i ∈ Λ}, respectively.
Let S be a non-empty set. A neutrosophic set (NS) in S (see [9]) is a structure of the

form:

A := {〈x;AT (x), AI(x), AF (x)〉 | x ∈ S}

whereAT : S → [0, 1] is a truth membership function, AI : S → [0, 1] is an indeterminate
membership function, and AF : S → [0, 1] is a false membership function. For the sake
of simplicity, we shall use the symbol A = (AT , AI , AF ) for the neutrosophic set

A := {〈x;AT (x), AI(x), AF (x)〉 | x ∈ S}.
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3. NEUTROSOPHIC SUBSEMIGROUPS OF SEVERAL TYPES

Given a neutrosophic set A = (AT , AI , AF ) in a set S, α, β ∈ (0, 1] and γ ∈ [0, 1), we
consider the following sets:

T∈(A;α) := {x ∈ S | AT (x) ≥ α},
I∈(A;β) := {x ∈ S | AI(x) ≥ β},
F∈(A; γ) := {x ∈ S | AF (x) ≤ γ},
Tq(A;α) := {x ∈ S | AT (x) + α > 1},
Iq(A;β) := {x ∈ S | AI(x) + β > 1},
Fq(A; γ) := {x ∈ S | AF (x) + γ < 1},
T∈∨ q(A;α) := {x ∈ S | AT (x) ≥ α or AT (x) + α > 1},
I∈∨ q(A;β) := {x ∈ S | AI(x) ≥ β or AI(x) + β > 1},
F∈∨ q(A; γ) := {x ∈ S | AF (x) ≤ γ or AF (x) + γ < 1}.

We say T∈(A;α), I∈(A;β) and F∈(A; γ) are neutrosophic ∈-subsets; Tq(A;α), Iq(A;β)
and Fq(A; γ) are neutrosophic q-subsets; and T∈∨ q(A;α), I∈∨ q(A;β) and F∈∨ q(A; γ)
are neutrosophic ∈ ∨ q-subsets. For Φ ∈ {∈, q,∈ ∨ q}, the element of TΦ(A;α) (resp.,
IΦ(A;β) and FΦ(A; γ)) is called a neutrosophic TΦ-point (resp., neutrosophic IΦ-point
and neutrosophic FΦ-point) with value α (resp., β and γ). It is clear that

T∈∨ q(A;α) = T∈(A;α) ∪ Tq(A;α), (3.1)

I∈∨ q(A;β) = I∈(A;β) ∪ Iq(A;β), (3.2)

F∈∨ q(A; γ) = F∈(A; γ) ∪ Fq(A; γ). (3.3)

Definition 3.1. Given Φ,Ψ ∈ {∈, q,∈ ∨ q}, a neutrosophic set A = (AT , AI , AF ) in a
semigroup S is called a (Φ,Ψ)-neutrosophic subsemigroup of S if the following assertions
are valid.

x ∈ TΦ(A;αx), y ∈ TΦ(A;αy) ⇒ xy ∈ TΨ(A;αx ∧ αy),

x ∈ IΦ(A;βx), y ∈ IΦ(A;βy) ⇒ xy ∈ IΨ(A;βx ∧ βy),

x ∈ FΦ(A; γx), y ∈ FΦ(A; γy) ⇒ xy ∈ FΨ(A; γx ∨ γy)

(3.4)

for all x, y ∈ S, αx, αy, βx, βy,∈ (0, 1] and γx, γy ∈ [0, 1).

Theorem 3.1. A neutrosophic set A = (AT , AI , AF ) in a semigroup S is an (∈, ∈)-
neutrosophic subsemigroup of S if and only if it satisfies:

(∀x, y ∈ S)

 AT (xy) ≥ AT (x) ∧AT (y)

AI(xy) ≥ AI(x) ∧AI(y)

AF (xy) ≤ AF (x) ∨AF (y)

 . (3.5)

Proof. Assume that A = (AT , AI , AF ) is an (∈, ∈)-neutrosophic subsemigroup of S. If
there exist x, y ∈ S such that AT (xy) < AT (x) ∧AT (y), then

AT (xy) < αt ≤ AT (x) ∧AT (y)

for some αt ∈ (0, 1]. It follows that x, y ∈ T∈(A;αt) but xy /∈ T∈(A;αt). Hence
AT (xy) ≥ AT (x) ∧AT (y) for all x, y ∈ S. Similarly, we show that

AI(xy) ≥ AI(x) ∧AI(y)
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for all x, y ∈ S. Suppose that there exist a, b ∈ S and γf ∈ [0, 1] be such that AF (ab) >
γf ≥ AF (a) ∨ AF (b). Then a, b ∈ F∈(A; γf ) and ab /∈ F∈(A; γf ), which is a contradic-
tion. Therefore AF (xy) ≤ AF (x) ∨AF (y) for all x, y ∈ S.

Conversely, let A = (AT , AI , AF ) be a neutrosophic set in S which satisfies the con-
dition (3.5). Let x, y ∈ S be such that x ∈ T∈(A;αx) and y ∈ T∈(A;αy). Then
AT (x) ≥ αx and AT (y) ≥ αy , which imply that AT (xy) ≥ AT (x) ∧ AT (y) ≥ αx ∧ αy ,
that is, xy ∈ T∈(A;αx ∧ αy). Similarly, if x ∈ I∈(A;βx) and y ∈ I∈(A;βy) then
xy ∈ I∈(A;βx ∧ βy). Now, let x ∈ F∈(A; γx) and y ∈ F∈(A; γy) for x, y ∈ S. Then
AF (x) ≤ γx and AF (y) ≤ γy , and so AF (xy) ≤ AF (x) ∨ AF (y) ≤ γx ∨ γy . Hence
xy ∈ F∈(A; γx ∨ γy). Therefore A = (AT , AI , AF ) is an (∈, ∈)-neutrosophic subsemi-
group of S. �

Theorem 3.2. If A = (AT , AI , AF ) is an (∈, ∈)-neutrosophic subsemigroup of a semi-
group S, then neutrosophic q-subsets Tq(A;α), Iq(A;β) and Fq(A; γ) are subsemigroups
of S for all α, β ∈ (0, 1] and γ ∈ [0, 1) whenever they are nonempty.

Proof. Let x, y ∈ Tq(A;α). Then AT (x) + α > 1 and AT (y) + α > 1. It follows that

AT (xy) + α ≥ (AT (x) ∧AT (y)) + α

= (AT (x) + α) ∧ (AT (y) + α) > 1

and so that xy ∈ Tq(A;α). Hence Tq(A;α) is a subsemigroup of S. Similarly, we can
prove that Iq(A;β) is a subsemigroup of S. Now let x, y ∈ Fq(A; γ). ThenAF (x)+γ < 1
and AF (y) + γ < 1, which imply that

AF (xy) + γ ≤ (AF (x) ∨AF (y)) + γ

= (AF (x) + α) ∨ (AF (y) + α) < 1.

Hence xy ∈ Fq(A; γ) and Fq(A; γ) is a subsemigroup of S. �

Theorem 3.3. If A = (AT , AI , AF ) is a (q, ∈∨ q)-neutrosophic subsemigroup of a semi-
group S, then neutrosophic q-subsets Tq(A;α), Iq(A;β) and Fq(A; γ) are subsemigroups
of S for all α, β ∈ (0.5, 1] and γ ∈ [0, 0, 5) whenever they are nonempty.

Proof. Let x, y ∈ Tq(A;α). Then xy ∈ T∈∨ q(A;α), and so xy ∈ T∈(A;α) or xy ∈
Tq(A;α). If xy ∈ T∈(A;α), then AT (xy) ≥ α > 1 − α since α > 0.5. Hence xy ∈
Tq(A;α). Therefore Tq(A;α) is a subsemigroup of S. Similarly, we prove that Iq(A;β) is
a subsemigroup of S. Let x, y ∈ Fq(A; γ). Then xy ∈ F∈∨ q(A; γ), and so xy ∈ F∈(A; γ)
or xy ∈ Fq(A; γ). If xy ∈ F∈(A; γ), thenAF (xy) ≤ γ < 1−γ since γ ∈ [0, 0, 5). Hence
xy ∈ Fq(A; γ), and therefore Fq(A; γ) is a subsemigroup of S. �

We provide characterizations of an (∈, ∈∨ q)-neutrosophic subsemigroup.

Theorem 3.4. A neutrosophic set A = (AT , AI , AF ) in a semigroup S is an (∈, ∈∨ q)-
neutrosophic subsemigroup of S if and only if it satisfies:

(∀x, y ∈ S)

 AT (xy) ≥
∧
{AT (x), AT (y), 0.5}

AI(xy) ≥
∧
{AI(x), AI(y).0.5}

AF (xy) ≤
∨
{AF (x), AF (y), 0.5}

 . (3.6)

Proof. Suppose that A = (AT , AI , AF ) is an (∈, ∈∨ q)-neutrosophic subsemigroup of S
and let x, y ∈ S. If AT (x) ∧AT (y) < 0.5, then AT (xy) ≥ AT (x) ∧AT (y). For, assume
that AT (xy) < AT (x) ∧AT (y) and choose αt such that

AT (xy) < αt < AT (x) ∧AT (y).
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Then x ∈ T∈(A;αt) and y ∈ T∈(A;αt) but xy /∈ T∈(A;αt). Also AT (xy) + αt < 1,
i.e., xy /∈ Tq(A;αt). Thus xy /∈ T∈∨ q(A;αt), a contradiction. Therefore AT (xy) ≥∧
{AT (x), AT (y), 0.5} whenever AT (x) ∧ AT (y) < 0.5. Now suppose that AT (x) ∧

AT (y) ≥ 0.5. Then x ∈ T∈(A; 0.5) and y ∈ T∈(A; 0.5), which imply that xy ∈
T∈∨ q(A; 0.5). Hence AT (xy) ≥ 0.5. Otherwise, AT (xy) + 0.5 < 0.5 + 0.5 = 1, a
contradiction. Consequently, AT (xy) ≥

∧
{AT (x), AT (y), 0.5} for all x, y ∈ S. Sim-

ilarly, we know that AI(xy) ≥
∧
{AI(x), AI(y), 0.5} for all x, y ∈ S. Suppose that

AF (x) ∨ AF (y) > 0.5. If AF (xy) > AF (x) ∨ AF (y) := γf , then x, y ∈ F∈(A; γf ),
xy /∈ F∈(A; γf ) and AF (xy) + γf > 2γf > 1, i.e., xy /∈ Fq(A; γf ). This is a contradic-
tion. HenceAF (xy) ≤

∨
{AF (x), AF (y), 0.5}wheneverAF (x)∨AF (y) > 0.5. Now, as-

sume thatAF (x)∨AF (y) ≤ 0.5. Then x, y ∈ F∈(A; 0.5) and so xy ∈ F∈∨ q(A; 0.5). Thus
AF (xy) ≤ 0.5 or AF (xy)+0.5 < 1. If AF (xy) > 0.5, then AF (xy)+0.5 > 0.5+0.5 =
1, a contradiction. Thus AF (xy) ≤ 0.5, and so AF (xy) ≤

∨
{AF (x), AF (y), 0.5} when-

everAF (x)∨AF (y) ≤ 0.5. ThereforeAF (xy) ≤
∨
{AF (x), AF (y), 0.5} for all x, y ∈ S.

Conversely, let A = (AT , AI , AF ) be a neutrosophic set in S which satisfies the con-
dition (3.6). Let x, y ∈ S and αx, αy, βx, βy, γx, γy ∈ [0, 1]. If x ∈ T∈(A;αx) and
y ∈ T∈(A;αy), then AT (x) ≥ αx and AT (y) ≥ αy . If AT (xy) < αx ∧ αy , then
AT (x) ∧AT (y) ≥ 0.5. Otherwise, we have

AT (xy) ≥
∧
{AT (x), AT (y), 0.5} = AT (x) ∧AT (y) ≥ αx ∧ αy,

a contradiction. It follows that

AT (xy) + αx ∧ αy > 2AT (xy) ≥ 2
∧
{AT (x), AT (y), 0.5} = 1

and so that xy ∈ Tq(A;αx ∧ αy) ⊆ T∈∨ q(A;αx ∧ αy). Similarly, if x ∈ I∈(A;βx) and
y ∈ I∈(A;βy), then xy ∈ I∈∨ q(A;βx ∧ βy). Now, let x ∈ F∈(A; γx) and y ∈ F∈(A; γy).
Then AF (x) ≤ γx and AF (y) ≤ γy . If AF (xy) > γx ∨ γy , then AF (x) ∨ AF (y) ≤ 0.5
because if not, then

AF (xy) ≤
∨
{AF (x), AF (y), 0.5} ≤ AF (x) ∨AF (y) ≤ γx ∨ γy,

which is a contradiction. Hence

AF (xy) + γx ∨ γy < 2AF (xy) ≤ 2
∨
{AF (x), AF (y), 0.5} = 1,

and so xy ∈ Fq(A; γx ∨ γy) ⊆ F∈∨ q(A; γx ∨ γy). Therefore A = (AT , AI , AF ) is an (∈,
∈∨ q)-neutrosophic subsemigroup of S. �

Theorem 3.5. If A = (AT , AI , AF ) is an (∈, ∈ ∨ q)-neutrosophic subsemigroup of a
semigroup S, then neutrosophic q-subsets Tq(A;α), Iq(A;β) and Fq(A; γ) are subsemi-
groups of S for all α, β ∈ (0.5, 1] and γ ∈ [0, 0.5) whenever they are nonempty.

Proof. Assume that Tq(A;α), Iq(A;β) and Fq(A; γ) are nonempty for all α, β ∈ (0.5, 1]
and γ ∈ [0, 0.5). Let x, y ∈ Tq(A;α). Then AT (x) + α > 1 and AT (y) + α > 1. It
follows from Theorem 3.4 that

AT (xy) + α ≥
∧
{AT (x), AT (y), 0.5}+ α

=
∧
{AT (x) + α,AT (y) + α, 0.5 + α}

> 1,

that is, xy ∈ Tq(A;α). Hence Tq(A;α) is a subsemigroup of S. By the similar way,
we can induce that Iq(A;β) is a subsemigroup of S. Now, let x, y ∈ Fq(A; γ). Then
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AF (x) + γ < 1 and AF (y) + γ < 1. Using Theorem 3.4, we have

AF (xy) + γ ≤
∨
{AF (x), AF (y), 0.5}+ γ

=
∨
{AF (x) + γ,AF (y) + γ, 0.5 + γ}

< 1,

and so xy ∈ Fq(A; γ). Therefore Fq(A; γ) is a subsemigroup of S. �

Theorem 3.6. For a neutrosophic setA = (AT , AI , AF ) in a semigroup S, if the nonempty
neutrosophic ∈ ∨ q-subsets T∈∨ q(A;α), I∈∨ q(A;β) and F∈∨ q(A; γ) are subsemigroups
of S for all α, β ∈ (0, 1] and γ ∈ [0, 1), then A = (AT , AI , AF ) is an (∈, ∈ ∨ q)-
neutrosophic subsemigroup of S.

Proof. Let T∈∨ q(A;α) be a subsemigroup of S and assume that

AT (xy) <
∧
{AT (x), AT (y), 0.5}

for some x, y ∈ S. Then there exists α ∈ (0, 0.5] such that

AT (xy) < α ≤
∧
{AT (x), AT (y), 0.5}.

It follows that x, y ∈ T∈(A;α) ⊆ T∈∨ q(A;α), and so that xy ∈ T∈∨ q(A;α). Hence
AT (xy) ≥ α or AT (xy) + α > 1. This is a contradiction, and so

AT (xy) ≥
∧
{AT (x), AT (y), 0.5}

for all x, y ∈ S. Similarly, we show that

AI(xy) ≥
∧
{AI(x), AI(y), 0.5}

for all x, y ∈ S. Now let F∈∨ q(A; γ) be a subsemigroup of S and assume that

AF (xy) >
∨
{AF (x), AF (y), 0.5}

for some x, y ∈ S. Then

AF (xy) > γ ≥
∨
{AF (x), AF (y), 0.5}, (3.7)

for some γ ∈ [0.5, 1), which implies that x, y ∈ F∈(A; γ) ⊆ F∈∨ q(A; γ). Thus xy ∈
F∈∨ q(A; γ). From (3.7), we have xy /∈ F∈(A; γ) and AF (xy) + γ > 2γ ≥ 1, i.e.,
xy /∈ Fq(A; γ). This is a contradiction, and hence

AF (xy) ≤
∨
{AF (x), AF (y), 0.5}

for all x, y ∈ S. Using Theorem 3.4, we know that A = (AT , AI , AF ) is an (∈, ∈∨ q)-
neutrosophic subsemigroup of S. �

Theorem 3.7. If A = (AT , AI , AF ) is an (∈, ∈ ∨ q)-neutrosophic subsemigroup of
a semigroup S, then nonempty neutrosophic ∈ ∨ q-subsets T∈∨ q(A;α), I∈∨ q(A;β) and
F∈∨ q(A; γ) are subsemigroups of S for all α, β ∈ (0, 0.5] and γ ∈ [0.5, 1).

Proof. Assume that T∈∨ q(A;α), I∈∨ q(A;β) and F∈∨ q(A; γ) are nonempty for all α, β ∈
(0, 0.5] and γ ∈ [0.5, 1). Let x, y ∈ I∈∨ q(A;β). Then

x ∈ I∈(A;β) or x ∈ Iq(A;β),

and

y ∈ I∈(A;β) or y ∈ Iq(A;β).
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Hence we have the following four cases:

(i) x ∈ I∈(A;β) and y ∈ I∈(A;β),
(ii) x ∈ I∈(A;β) and y ∈ Iq(A;β),

(iii) x ∈ Iq(A;β) and y ∈ I∈(A;β),
(iv) x ∈ Iq(A;β) and y ∈ Iq(A;β).

The first case implies that xy ∈ I∈∨ q(A;β). For the second case, y ∈ Iq(A;β) induces
AI(y) > 1 − β ≥ β, that is, y ∈ I∈(A;β). Thus xy ∈ I∈∨ q(A;β). Similarly, the
third case implies xy ∈ I∈∨ q(A;β). The last case induces AI(x) > 1 − β ≥ β and
AI(y) > 1 − β ≥ β, that is, x ∈ I∈(A;β) and y ∈ I∈(A;β). Hence xy ∈ I∈∨ q(A;β).
Therefore I∈∨ q(A;β) is a subsemigroup of S for all β ∈ (0, 0.5]. By the similar way, we
show that T∈∨ q(A;α) is a subsemigroup of S for all α ∈ (0, 0.5]. Let x, y ∈ F∈∨ q(A; γ).
Then

AF (x) ≤ γ or AF (x) + γ < 1,

and

AF (y) ≤ γ or AF (y) + γ < 1.

If AF (x) ≤ γ and AF (y) ≤ γ, then

AF (xy) ≤
∨
{AF (x), AF (y), 0.5} ≤

∨
{γ, 0.5} = γ

by Theorem 3.4, and so xy ∈ F∈(A; γ) ⊆ F∈∨ q(A; γ). IfAF (x) ≤ γ andAF (y)+γ < 1,
then

AF (xy) ≤
∨
{AF (x), AF (y), 0.5} ≤

∨
{γ, 1− γ, 0.5} = γ

by Theorem 3.4. Thus xy ∈ F∈(A; γ) ⊆ F∈∨ q(A; γ). Similarly, if AF (x) + γ < 1
and AF (y) ≤ γ, then xy ∈ F∈∨ q(A; γ). Finally, assume that AF (x) + γ < 1 and
AF (y) + γ < 1. Then

AF (xy) ≤
∨
{AF (x), AF (y), 0.5} ≤

∨
{1− γ, 0.5} = 0.5 < γ

by Theorem 3.4. Hence xy ∈ F∈(A; γ) ⊆ F∈∨ q(A; γ). Consequently, F∈∨ q(A; γ) is a
subsemigroup of S for all γ ∈ [0.5, 1). �

Theorem 3.8. If A = (AT , AI , AF ) is a (q, ∈ ∨ q)-neutrosophic subsemigroup of a
semigroup S, then nonempty neutrosophic ∈ ∨ q-subsets T∈∨ q(A;α), I∈∨ q(A;β) and
F∈∨ q(A; γ) are subsemigroups of S for all α, β ∈ (0.5, 1] and γ ∈ [0, 0.5).

Proof. Assume that T∈∨ q(A;α), I∈∨ q(A;β) and F∈∨ q(A; γ) are nonempty for all α, β ∈
(0.5, 1] and γ ∈ [0, 0.5). Let x, y ∈ T∈∨ q(A;α). Then

x ∈ T∈(A;α) or x ∈ Tq(A;α).

and

y ∈ T∈(A;α) or y ∈ Tq(A;α).

If x ∈ Tq(A;α) and y ∈ Tq(A;α), then obviously xy ∈ T∈∨ q(A;α). Suppose that
x ∈ T∈(A;α) and y ∈ Tq(A;α). Then AT (x) + α ≥ 2α > 1, i.e., x ∈ Tq(A;α).
It follows that xy ∈ T∈∨ q(A;α). Similarly, if x ∈ Tq(A;α) and y ∈ T∈(A;α), then
xy ∈ T∈∨ q(A;α). Now, let x, y ∈ F∈∨ q(A; γ). Then

x ∈ F∈(A; γ) or x ∈ Fq(A; γ),
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and

y ∈ F∈(A; γ) or y ∈ Fq(A; γ).

If x ∈ Fq(A; γ) and y ∈ Fq(A; γ), then clearly xy ∈ F∈∨ q(A; γ). If x ∈ F∈(A; γ)
and y ∈ Fq(A; γ), then AF (x) + γ ≤ 2γ < 1, i.e., x ∈ Fq(A; γ). It follows that
xy ∈ F∈∨ q(A; γ). Similarly, if x ∈ Fq(A; γ) and y ∈ F∈(A; γ), then xy ∈ F∈∨ q(A; γ).
Finally, assume that x ∈ F∈(A; γ) and y ∈ F∈(A; γ). Then AF (x) + γ ≤ 2γ < 1
and AF (y) + γ ≤ 2γ < 1, that is, x ∈ Fq(A; γ) and y ∈ Fq(A; γ). Therefore xy ∈
F∈∨ q(A; γ). Consequently, T∈∨ q(A;α), I∈∨ q(A;β) and F∈∨ q(A; γ) are subsemigroups
of S for all α, β ∈ (0.5, 1] and γ ∈ [0, 0.5). �

Given a neutrosophic set A = (AT , AI , AF ) in a set S, we consider:

S1
0 := {x ∈ S | AT (x) > 0, AI(x) > 0, AF (x) < 1}.

Theorem 3.9. If a neutrosophic set A = (AT , AI , AF ) in a semigroup S is an (∈,∈)-
neutrosophic subsemigroup of S, then the set S1

0 is a subsemigroup of S.

Proof. Let x, y ∈ S1
0 . Then AT (x) > 0, AI(x) > 0, AF (x) < 1, AT (y) > 0, AI(y) > 0

and AF (y) < 1. Suppose that AT (xy) = 0. Note that x ∈ T∈(A;AT (x)) and y ∈
T∈(A;AT (y)). But xy /∈ T∈(A;AT (x) ∧ AT (y)) because AT (xy) = 0 < AT (x) ∧
AT (y). This is a contradiction, and thus AT (xy) > 0. By the similar way, we show that
AI(xy) > 0. Note that x ∈ F∈(A;AF (x)) and y ∈ F∈(A;AF (y)). If AF (xy) = 1, then
AF (xy) = 1 > AF (x)∨AF (y), and so xy /∈ F∈(A;AF (x)∨AF (y)). This is impossible.
Hence xy ∈ S1

0 , and therefore S1
0 is a subsemigroup of S. �

Theorem 3.10. If a neutrosophic set A = (AT , AI , AF ) in a semigroup S is an (∈, q)-
neutrosophic subsemigroup of S, then the set S1

0 is a subsemigroup of S.

Proof. Let x, y ∈ S1
0 . Then AT (x) > 0, AI(x) > 0, AF (x) < 1, AT (y) > 0, AI(y) > 0

and AF (y) < 1. If AT (xy) = 0, then

AT (xy) +AT (x) ∧AT (y) = AT (x) ∧AT (y) ≤ 1.

Hence xy /∈ Tq(A;AT (x) ∧ AT (y)), which is a contradiction since x ∈ T∈(A;AT (x))
and y ∈ T∈(A;AT (y)). Thus AT (xy) > 0. Similarly, we get AI(xy) > 0. Assume that
AF (xy) = 1. Then

AF (xy) +AF (x) ∨AF (y) = 1 +AF (x) ∨AF (y) ≥ 1,

that is, xy /∈ Fq(A;AF (x)∨AF (y)). This is a contradiction because of x ∈ F∈(A;AF (x))
and y ∈ F∈(A;AF (y)). Hence AF (xy) < 1. Consequently, xy ∈ S1

0 and S1
0 is a

subsemigroup of S. �

Theorem 3.11. If a neutrosophic set A = (AT , AI , AF ) in a semigroup S is a (q,∈)-
neutrosophic subsemigroup of S, then the set S1

0 is a subsemigroup of S.

Proof. Let x, y ∈ S1
0 . Then AT (x) > 0, AI(x) > 0, AF (x) < 1, AT (y) > 0, AI(y) > 0

andAF (y) < 1. It follows thatAT (x)+1 > 1,AT (y)+1 > 1,AI(x)+1 > 1,AI(y)+1 >
1, AF (x) + 0 < 1 and AF (y) + 0 < 1. Hence x, y ∈ Tq(A; 1) ∩ Iq(A; 1) ∩ Fq(A; 0).
If AT (xy) = 0 or AI(xy) = 0, then AT (xy) < 1 = 1 ∧ 1 or AI(xy) < 1 = 1 ∧ 1.
Thus xy /∈ Tq(A; 1 ∧ 1) or xy /∈ Iq(A; 1 ∧ 1), a contradiction. Hence AT (xy) > 0 and
AI(xy) > 0. If AF (xy) = 1, then xy /∈ Fq(A; 0 ∨ 0) which is a contradiction. Thus
AF (xy) < 1. Therefore xy ∈ S1

0 and the proof is complete. �
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Theorem 3.12. If a neutrosophic set A = (AT , AI , AF ) in a semigroup S is a (q, q)-
neutrosophic subsemigroup of S, then the set S1

0 is a subsemigroup of S.

Proof. Let x, y ∈ S1
0 . Then AT (x) > 0, AI(x) > 0, AF (x) < 1, AT (y) > 0, AI(y) > 0

and AF (y) < 1. Hence AT (x) + 1 > 1, AT (y) + 1 > 1, AI(x) + 1 > 1, AI(y) + 1 > 1,
AF (x) + 0 < 1 and AF (y) + 0 < 1. Hence x, y ∈ Tq(A; 1) ∩ Iq(A; 1) ∩ Fq(A; 0). If
AT (xy) = 0 or AI(xy) = 0, then

AT (xy) + 1 ∧ 1 = 0 + 1 = 1

or

AI(xy) + 1 ∧ 1 = 0 + 1 = 1,

and so xy /∈ Tq(A; 1 ∧ 1) or xy /∈ Iq(A; 1 ∧ 1). This is impossible, and thus AT (xy) > 0
andAI(xy) > 0. IfAF (xy) = 1, thenAF (xy)+0∨0 = 1, that is, xy /∈ Fq(A; 0∨0). This
is a contradiction, and so AF (xy) < 1. Therefore xy ∈ S1

0 and the proof is complete. �

We provide conditions for a neutrosophic set to be a (q,∈∨ q)-neutrosophic subsemi-
group.

Theorem 3.13. For a subsemigroup Q of a semigroup S, let A = (AT , AI , AF ) be a
neutrosophic set in S such that

(∀x ∈ Q) (AT (x) ≥ 0.5, AI(x) ≥ 0.5, AF (x) ≤ 0.5) , (3.8)

(∀x ∈ S \Q) (AT (x) = 0, AI(x) = 0, AF (x) = 1) . (3.9)

Then A = (AT , AI , AF ) is a (q,∈∨ q)-neutrosophic subsemigroup of S.

Proof. Assume that x ∈ Iq(A;βx) and y ∈ Iq(A;βy) for all x, y ∈ S and βx, βy ∈ [0, 1].
ThenAI(x)+βx > 1 andAI(y)+βy > 1. If xy /∈ Q, then x ∈ S\Q or y ∈ S\Q sinceQ
is a subsemigroup of S. HenceAI(x) = 0 orAI(y) = 0, which imply that βx > 1 or βy >
1. This is a contradiction, and so xy ∈ Q. If βx ∧ βy > 0.5, then AI(xy) + βx ∧ βy > 1,
i.e., xy ∈ Iq(A;βx ∧ βy). If βx ∧ βy ≤ 0.5, then AI(xy) ≥ 0.5 ≥ βx ∧ βy , i.e.,
xy ∈ I∈(A;βx ∧ βy). Hence xy ∈ I∈∨ q(A;βx ∧ βy). Similarly, if x ∈ Tq(A;αx)
and y ∈ Tq(A;αy) for all x, y ∈ S and αx, αy ∈ [0, 1], then xy ∈ T∈∨ q(A;αx ∧ αy).
Now let x, y ∈ S and γx, γy ∈ [0, 1] be such that x ∈ Fq(A; γx) and y ∈ Fq(A; γy). Then
AF (x)+γx < 1 andAF (y)+γy < 1. It follows that xy ∈ Q. In fact, if not then x ∈ S\Q
or y ∈ S \ Q since Q is a subsemigroup of S. Hence AF (x) = 1 or AF (y) = 1, which
imply that γx < 0 or γy < 0. This is a contradiction, and so xy ∈ Q. If γx ∨ γy ≥ 0.5,
then AF (xy) ≤ 0.5 ≤ γx ∨ γy , that is, xy ∈ F∈(A; γx ∨ γy). If γx ∨ γy < 0.5, then
AF (xy) + γx ∨ γy < 1, that is, xy ∈ Fq(A; γx ∨ γy). Hence xy ∈ F∈∨ q(A; γx ∨ γy), and
consequently A = (AT , AI , AF ) is a (q,∈∨ q)-neutrosophic subsemigroup of S. �

Combining Theorems 3.3 and 3.13, we have the following corollary.

Corollary 3.14. For a subsemigroup Q of S, if A = (AT , AI , AF ) is a neutrosophic set
in S satisfying conditions (3.8) and (3.9), then Tq(A;α), Iq(A;β) and Fq(A; γ) are sub-
semigroups of S for all α, β ∈ (0.5, 1] and γ ∈ [0, 0, 5) whenever they are nonempty.

4. CONCLUSION

In this paper, we introduce the notion of (Φ, Ψ)-neutrosophic subsemigroup of a semi-
group S for Φ,Ψ ∈ {∈, q,∈ ∨ q}, and investigate related properties. We provide char-
acterizations of an (∈,∈)-neutrosophic subsubsemigroup and an (∈,∈ ∨ q)-neutrosophic
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subsubsemigroup. Given special sets, so called neutrosophic ∈-subsets, neutrosophic q-
subsets and neutrosophic ∈ ∨ q-subsets, we provide conditions for the neutrosophic ∈-
subsets, neutrosophic q-subsets and neutrosophic ∈∨ q-subsets to be subsemigroups. We
discuss conditions for a neutrosophic set to be a (q, ∈∨ q)-neutrosophic subsubsemigroup.
We hope that this work will provide a deep impact on the upcoming research in this field
and other related algebraic structures studies to open up new horizons of interest and inno-
vations. As future directions, one can further study the neutrosophic set theory in different
algebras such as BCK/BCI-algebras, BL-algebras, EQ-algebras, B-algebras, MV-algebras,
Q-algebras, etc.
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