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I. INTRODUCTION 

Topology is the modern version of Geometry. It is commonly defined as the study of shapes and topological 

spaces. The term topology was introduced by Johann Beredict Listing in the 19th century. Atanassov introduced 

the degree of membership/falsehood (F) in 1986 and defined the intuitionistic fuzzy set as a generalization of 

fuzzy sets.  

The theory of vague sets was first proposed by Gau and Buehre as an extension of fuzzy set theory in 1993. 

Smarandache introduced the degree of indeterminacy/neutrality and defined the neutrosophic set which is a 

generalization of fuzzy set theory and intuitionistic fuzzy sets.  

In 2012, Salama and Alblowi used this neutrosophic set and introduced neutrosophic topological spaces. 

Shawkat Alkhazaleh in 2015 introduced the concept of neutrosophic vague set as a combination of neutrosophic 

set and vague set. 

II. PRELIMINARIES 

Definition 2.1:[11] A neutrosophic vague set ANV (NVS in short) on the universe X written as ANV = 

 ˆ ˆ ˆ; ( ); ( ); ( ) ;
NV NV NVA A Ax T x I x F x x X ,whose truth membership, indeterminacy membership and false 

membership functions is defined as:  

ˆ ˆ( ) [ , ], ( ) [ , ],

ˆ ( ) [ , ]
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T x T T I x I
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Definition 2.2 [11]: Let ANV and BNV be two NVSs of the universe U. If  ui  U, ˆ ( )
NVA iT u   ˆ ( )

NVB iT u ; 

ˆ ( )
NVA iI u  ˆ ( )

NVB iI u ; ˆ ( )
NVA iF u  ˆ ( )

NVB iF u , then the NVS ANV is included by BNV, denoted by ANV  BNV, 

where 1 i n. 

Definition 2.3[11]: The complement of NVS ANV is denoted by 
C

NVA and is defined by  
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ˆ ˆ( ) [1 ,1 ], ( ) [1 ,1 ],

ˆ ( ) [1 ,1 ].

NV NV

NV

C C

A A

C

A

T x T T I x I I

F x F F

   

 

     

  
 

Definition 2.4[11]: Let ANV be NVS of the universe U where ui  U, 
ˆ ( ) [1,1];

NVAT x 

ˆ ˆ( ) [0,0]; ( ) [0,0].
NV NVA AI x F x  Then ANV is called unit NVS (1NV in short), where 1 i n. 

Definition 2.5[11]: Let ANV be NVS of the universe U where ui  U, 
ˆ ( ) [0,0];

NVAT x 

ˆ ˆ( ) [1,1]; ( ) [1,1].
NV NVA AI x F x  Then ANV is called zero NVS (0NV in short), where 1 i n. 

Definition 2.6[11]: The union of two NVSs ANV and BNV is NVS CNV, written as CNV = ANV  BNV, whose 

truth-membership, indeterminacy and false membership functions are related to those of ANV and BNV given by, 

ˆ ( ) [max( , ),max( , )]

ˆ ( ) [min( , ),min( , )]

ˆ ( ) [min( , ),min( , )]

NV NV NV NV NVx x x x

NV NV NV NV NVx x x x x

NV NV NV NV NVx x x x x

C A B A B

C A B A B

C A B A B

T x T T T T

I x I I I I

F x F F F F

   

   

   







 

Definition 2.7[11]: The intersection of two NVSs ANV and BNV is NVS CNV, written as CNV = ANV  BNV, 

whose truth-membership, indeterminacy and false membership functions are related to those of ANV and BNV 

given by, 

ˆ ( ) [min( , ),min( , )]

ˆ ( ) [max( , ),max( , )]

ˆ ( ) [max( , ),max( , )]

NV NV NV NV NVx x x x

NV NV NV NV NVx x x x x

NV NV NV NV NVx x x x x

C A B A B

C A B A B

C A B A B

T x T T T T

I x I I I I

F x F F F F

   

   

   







 

Definition 2.8:[11] Let ANV and BNV be two NVSs of the universe U. If  ui  U, ˆ ( )
NVA iT u  = ˆ ( )

NVB iT u ; 

ˆ ( )
NVA iI u = ˆ ( )

NVB iI u ; ˆ ( )
NVA iF u = ˆ ( )

NVB iF u , then the NVS ANV and BNV, are equal, where 1 i n. 

Corollary 2.9 [11]: Let ANV, BNV , CNV and DNV be NVSs.                                                                                         

(a) ANV  BNV and CNV  DNV  ANV  BNV  CNV  DNV and ANV  BNV  CNV  DNV 

(b) ANV  BNV and ANV  CNV  ANV  BNVCNV 

(c) ANV  CNV and BNV  CNV ANV  BNV  CNV 

(d) ANV  BNV and BNV  CNV  ANV  CNV 

(e) 1 0NV NV    (f) 0 1NV NV  

III. NEUTROSOPHIC VAGUE TOPOLOGICAL SPACES 

In this section, we recall some definitions and properties which already exist in neutrosophic vague topological 

spaces. 

Definition 3.1[8]: A neutrosophic vague topology (NVT in short) on X is a family  of neutrosophic vague sets 

(NVS in short) in X satisfying the following axioms: 
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(1) 0NV, 1NV   

(2) G1  G2   for any G1, G2   

(3) Gi  ,  {Gi : i  j}  . 

In this case the pair (X,) is called neutrosophic vague topological space (NVTS in short) and any NVS in  is 

known as neutrosophic vague open set (NVOS in short) in X. The complement Ac of NVOS in NVTS (X,) is 

called neutrosophic vague closed set (NVCS in short) in X. 

Definition 3.2[8]: Let (X,) be a NVTS and A =  ˆ ˆ ˆ,[ , ,A A Ax T I F be NVS in X. Then the neutrosophic vague 

interior and neutrosophic vague closure are defined by 

(1) NV int(A) =  {G/ G is a NVOS in X and G  A}, 

(2) NV cl(A) =  {K/K is a NVCS in X and A  K}. 

Note that for any NVS A in (X,), we have NV cl(Ac) = (NV int(A))c and NV int (Ac) = (NV cl(A))c. It can also 

be shown that NV cl(A) is NVCS and NV int(A) is NVOS in X. 

(1) A is NVCS in X if and only if NV cl(A) = A. 

(2) A is NVOS in X if and only if NV int(A) = A. 

Proposition 3.3[8]: Let A be any NVS in X. Then 

(1) NVint (1-A) = 1-(NVcl(A)) and (2) NVcl(1-A) = 1- (NVint(A)). 

Proposition 3.4[8]:Let (X,) be a NVTS and A, B be NVSs in X. Then the following properties hold: 

(a) NVint(A)  A,                                                 (a’) A  NVcl(A) 

(b)ABNVint(A)NVint(B)                            (b’) A  B  NVcl(A)  NVcl(B) 

(c)NVint(NVint(A))=NVint(A)                            (c’) NVcl(NVcl(A)) = NVcl(A) 

(d)NVint(AB)=NVint(A)NVint(B)                (d’) NVcl(A)NVcl(B) = NVcl(AB). 

(e)NVint(1NV)=1NV.                                               (e’)NVcl(0NV) = 0NV              

Proof: (a), (b) and (e) are obvious, (c) follows from (a).  

(d) From NVint(AB)  NVint(A) and NVint(AB)  NVint(B) we obtain NVint(AB)  NVint(A)  

NVint(B) . On the other hand, from the facts NVint(A) A and NVint(B) B NVint(A)NVint(B)  AB 

and NVint(A) NVint(B)   which implies that   NVint(A) NVint(B)  NVint(AB) thus we obtain the 

required result. 

(a’) – (e’) can be easily deduced from (a) – (e). 

Definition 3.5[8]: A NVS A =  ˆ ˆ ˆ,[ , ,A A Ax T I F in NVTS (X,) is said to be a 

(1) Neutrosophic Vague Regular open set (NVROS in short) if NVint(NVcl(A)) = A. 

(2)Neutrosophic Vague Regular closed set (NVRCS  in short) if NVcl(NVint(A)) = A. 

(3)Neutrosophic Vague Regular semi open set (NVRSOS in short) if there exists a NVROS U such that U  A 

 cl(U).  

(4) Neutrosophic Vague Semi open set(NVSOS in short) if A  NVcl(NVint (A)). 
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(5) Neutrosophic Vague Pre-closed set(NVPCS in short) NVcl(NVint (A))  A. 

(6) Neutrosophic Vague -closed  set(NVCS in short) NVcl(NVint(NVcl((A)))  A. 

Definition 3.6[9]: 

Let A be NVS of a NVTS (X,). Then the neutrosophic vague alpha interior of A (NVint(A) in short) and 

neutrosophic vague alpha closure of A (NVcl(A) in short) are defined by 

(1) NV int(A) = {G/ G is a NVOS in X and G  A} 

(2) NV cl(A) = {K/ K is a NVCS in X and A  K} 

Result 3.7[9]: Let A be NVS of a NVTS (X,).  

(1) NVcl(A) = A  NVcl(NVint(NVcl(A))). 

(2) NVint(A) = A  NVint(NVcl(NVint(A))). 

Definition 3.8[9]: 

 Let A be NVS of a NVTS (X,). Then the neutrosophic vague pre interior of A (NVpint(A) in short) and 

neutrosophic vague pre closure of A (NVpcl(A) in short) are defined by 

(1) NV pint(A) = {G/ G is a NVPSOS in X and G  A} 

(2) NV pcl(A) = {K/ K is a NVPCS in X and A  K} 

Result 3.9[9]: Let A be NVS of a NVTS (X,), then 

(1) NV pcl(A) = A  NVcl (NVint(A)) 

(2) NVpint(A) = A  NV int (NVcl(A)) 

Definition 3.10[9]:  

A NVS A =  ˆ ˆ ˆ,[ , ,A A Ax T I F in NVTS (X,) is said to be a 

(1) Neutrosophic Vague w-closed set (NVWCS in short) if NV cl(A)  U whenever A  U and U is NVSOS in 

X. 

(2) Neutrosophic Vague rg closed set (NVRGCS in short) if NV cl(A)  U whenever A  U and U is NVROS 

in X. 

(3) Neutrosophic Vague gp closed set (NVGPCS in short) if NV pcl(A)  A whenever A  U and U is NVOS 

in X. 

(4) Neutrosophic Vague wg closed set (NVWGCS in short) if NV cl(NVint(A)) U whenever A  U and U is 

NVOS in X. 

(5)Neutrosophic Vague gpr closed set (NVGPRCS in short) if NVpcl(A)  U whenever A  U and U is 

NVROS in X. 

(6)Neutrosophic Vague rwg closed set (NVRWGCS in short) if NVcl(NVint(A))  U whenever A  U and U 

is NVROS in X. 

Definition 3.11[9]: A NVT space (X,) is said to be NV T1/2 space if every NVGC sets are NVC sets in (X,). 
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IV. NEUTROSOPHIC VAGUE RW CLOSED SETS. 

In this section we introduce Neutrosophic vague rw closed sets and examine some of its characteristics. 

Definition 4.1:  

A NVS A is said to be a neutrosophic vague regular weakly closed sets (NVRWCS in short) in (X,) if NV 

cl(A)  U whenever A  U and U is NVRSOS in X. 

The family of all NVRWCSs of a NVTS (X,) is denoted by NVRWC(X).  

Proposition 4.2:  

Every (1) Neutrosophic Vague Closed set (2) Neutrosophic Vague RC closed set (3) Neutrosophic Vague W-

closed set is NVRWC set. 

Proof: (1) Let A be a NV closed set, i.e., NV cl(A) = A . Let A  U, where U is NVRSO set. Then  Nvcl(A) = 

A   U implies that A is NVRW closed set. 

(2) Let A be a NVRC set i.e., A = NVcl(NVint(A)). Let U be a NVRSO set such that A  U. NVcl(A)  

NVcl(NVcl(NVint(A))  (NVint(A))  NVint(U)  U implies A is a NVRWC set. 

 (3) Let A be a NVWC set. Let A  U and U be a NVRSO set. Since A is a NVWC set and every NVRO set is 

NVO set, NVcl(A)  U. Thus A is a NVRWC set. 

Remark 4.3: The converse of the above Proposition need not be true as shown in the following example. 

Example 4.4: 

 (1) Let X = {a,b,c} and let  = {0,G,1} is a NVT on X, where the NVO set  

, , ,
[0.2,0.3];[0.5,0.7];[0.7,0.8] [0.1,0.4];[0.8,0.9];[0.6,0.9] [0.1,0.2];[0.6,0.7];[0.8,0.9]

a b c
G x

  
  
  

. Then the neutrosophic set  

, , ,
[0.3,0.5];[0.6,0.9];[0.5,0.7] [0.2,0.3];[0.5,1];[0.7,0.8] [0.1,0.6];[0.7,0.8];[0.4,0.9]

a b c
A x

  
  
  

is a NVRWC set in X but it is not a NVCS and NVRCS in (X,). 

(2) Let X = {a,b,c} and let  = {0,G,1} is a NVT on X, where  the neutrosophic vague open set 

, , ,
[0.3,0.6];[0.8,0.9];[0.4,0.7] [0.2,0.4];[0.6,0.9];[0.6,0.8] [0.1,0.5];[0.7,0.8];[0.5,0.9]

a b c
G x

  
  
  

.        Then NV set  

, , ,
[0.2,0.6];[0.4,0.7];[0.4,0.8] [0.1,0.4];[0.3,0.8];[0.6,0.9] [0.3,0.3];[0.4,0.5];[0.3,0.7]

a b c
B x

  
  
  

 is a NVRWC set but it is not a NVWC set in X. 

 

Proposition 4.5:  

The finite union of two NVRWC subsets of (X,) is also a NVRWC subset of X. 

Journal of Xi'an University of Architecture & Technology

Volume XII, Issue VIII, 2020

ISSN No : 1006-7930

Page No: 645



 
 

Proof: Suppose that A and B are two NVRWC sets in X such that AB  U where U is a NVRSO set in X. 

Then A  U and B  U. Since A and B are NVRWC sets, NVcl(A)  U and NVcl(B)  U. By Proposition 3.4, 

NV cl(AB) = NV cl(A)  NV cl(B)  U which implies AB is also a NVRWC set in X. 

Remark 4.6:  

The intersection of two NVRWC sets need not be a NVRWC set in (X,) which is proved by following 

example. 

Example 4.7: 

 Let X = {a,b,c},  = {0, F, 1} where F is NVO set in X and  

, , ,
[0.3,0.6];[0.8,0.9];[0.4,0.7] [0.2,0.4];[0.6,0.9];[0.6,0.8] [0.1,0.5];[0.7,0.8];[0.5,0.9]

a b c
F x

  
  
  

.      The NV sets  

, , ,
[0.2,0.6];[0.4,0.7];[0.4,0.8] [0.1,0.4];[0.3,0.8];[0.6,0.9] [0.3,0.4];[0.4,0.5];[0.6,0.7]

a b c
A x

  
  
  

and 

, , ,
[0.2,0.4];[0.5,0.7];[0.7,0.8] [0.1,0.4];[0.8,0.9];[0.6,0.9] [0.1,0.2];[0.6,0.7];[0.8,0.9]

a b c
B x

  
  
  

are NVRWC sets but AB is not NVRWC set in (X,). 

Proposition 4.8: 

 Every NVRWC set is    (1) NVRWGC (2) NVGPRC (3) NVRGC set. 

Proof: (i) Let A be a NVRWC set. Let U be a NVRO set such that A  U. Since every NVRO set is NVRSO set 

and by hypothesis, NVcl(NVint(A))  NVcl (A)  U. Hence A be a NVRWGC set.  

  (ii) Let A be a NVRWC set. Let A  U, U is NVRO set. Since every NVC set is NVPC set and every NVRO 

set is NVRSO set, NVpcl(A)  NVcl(A)  U. Hence A is NVGPRC set. 

  (iii) Let A be a NVRWC set. Let A  U where U is NVRO set. Every NVRO set is NVRSO set.  By 

hypothesis, NVcl(A)  U. Thus A is NVRGC set. 

Remark 4.9: The converse of the above Proposition need not be true as shown in the following example. 

Example 4.10:  

(1) Let X = {a,b},  = {0, G1,G2,1} where the NVO sets G1 and G2 are 

1 ,
[0.6,0.8];[0.1,0.2];[0.2,0.4] [0.7,0.9];[0.2,0.5];[0.1,0.3]

a b
G

  
  
  

, 

2 ,
[0.2,0.4];[0.5,0.6];[0.6,0.8] [0.3,0.6];[0.7,0.8];[0.4,0.7]

a b
G

  
  
  

. Let the NV set  

,
[0.1,0.3];[0.6,0.7];[0.7,0.9] [0.2,0.5];[0.7,0.9];[0.5,0.8]

a b
B

  
  
  

. Then B is both NVGPRC set 

and NVRWGC set but it is not NVRWC set in (X,). 

(2) Let X = {a,b},  = {0, G1,G2,1} where the NVO sets G1 and G2 are 
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1 ,

[0.2,0.4];[0.7,0.9];[0.6,0.8] [0.3,0.5];[0.6,0.8];[0.5,0.7]

a b
G

  
  
  

, 

2 ,
[0.4,0.9];[0.1,0.3];[0.1,0.6] [0.5,0.7];[0.2,0.6];[0.3,0.5]

a b
G

  
  
  

. Let the NV set   

,
[0.2,0.3];[0.6,0.7];[0.7,0.8] [0.3,0.4];[0.4,0.5];[0.6,0.7]

a b
A

  
  
  

is NVRGC set but it is not a 

NVRWC set in (X,). 

Remark 4.11: The concept of NVRWC set is independent with the concept of NVWGC sets and NVGPC sets 

as shown in the following example. 

Example 4.12:  

In example 3.10 (2), in the neutrosophic vague topological space (X,), the NV set, 

,
[0.3,0.5];[0.3,0.5];[0.5,0.7] [0.2,0.5];[0.3,0.6];[0.5,0.8]

a b
A

  
  
  

is NVRWC set but it is not 

NVWGC & NVGPC set and the NV set 

 ,
[0.2,0.3];[0.8,0.9];[0.4,0.8] [0.2,0.5];[0.6,0.9];[0.5,0.8]

a b
B

  
  
  

 is both NVWGC set and 

NVGPC set but it is not NVRWC set. 

Proposition 4.13:  

If A is NVRWC subset of X such that A  B  NVcl(A), then B is a NVRWC set in X. 

Proof: Let A be NVRWC set of X such that A  B  NVcl(A). Let U be a NVRSO set of X such that B  U. 

Then by hypothesis,  A  U. Since A is NVRWC, NVcl(A)  U. Now NV cl(B)  NV cl(NV cl(A)) = NV 

cl(A)  U. Hence B is a NVRWC set in X. 

Remark 4.14:  

The converse of the above theorem need not be true in general as seen in the following example. 

Example 4.15: 

 Let X = {a,b},  = {0, G1,G2,1}. Clearly (X,) is a NVT  on X where the NVO sets G1 and G2 are 

1 ,
[0.6,0.8];[0.1,0.2];[0.2,0.4] [0.7,0.9];[0.2,0.5];[0.1,0.3]

a b
G

  
  
  

,            

2 ,
[0.2,0.4];[0.5,0.6];[0.6,0.8] [0.3,0.6];[0.7,0.8];[0.4,0.7]

a b
G

  
  
  

.  

Let the NV sets  

,
[0.2,0.3];[0.6,0.7];[0.7,0.8] [0.4,0.5];[0.4,0.6];[0.5,0.6]

a b
A

  
  
  

,  
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,
[0.2,0.3];[0.3,0.4];[0.7,0.8] [0.4,0.5];[0.3,0.5];[0.5,0.6]

a b
B

  
  
  

. Then 

A  B, A and B are NVRWC sets, but B is not a subset of NV cl(A). 

Proposition 4.16:  

If A is NVRO and NVRWC set then A is NVRC set and hence NV clopen. 

Proof: Suppose A is NVRO and NVRWC set. As every NVRO set is NVRSO and A  A, then   NV cl(A)  A 

and also A  NV cl(A) implies NVcl(A) = A. Thus A is NVC set. Since A is NVRO then A is NVO set. NV 

cl(NV int(A)) =  NV cl(A) = A. Therefore A is NVRC and hence NV clopen. 

Definition 4.17:  

A NVS A is said to be a neutrosophic vague rw open (NVRWO in short) set, if Ac is NVRWC set in (X,). 

Proposition 4.18:  

Let A be a NVRWO set of a NVT space (X,) and NV int(A)  B  A. Then B  NVRWO(X). 

Proof: Let A be a NVRWO in X such that NVint(A)  B  A, which implies Ac  Bc  (NV int A)c  Ac  Bc 

  NV cl(Ac). By proposition 4.13, Bc is NVRWC set implies that B is NVRWO set. 

The above discussions are implemented in the following diagram. 

 

 

 

 

 

 

 

 

 

 

 

where A                  B means that A implies B but not conversely and A                      means that A and B are 

independent to each other. 

V. APPLICATIONS OF NEUTROSOPHIC VAGUE RW CLOSED SETS. 

Definition 5.1: A NVTS (X,) is said to be neutrosophic vague rwT1/2 space (NVrwT1/2 space in short) if every 

NVRWC set is NVC set in X. 

Definition 5.2: A NVTS (X,) is said to be a neutrosophic vague rwTw space (NVrwTw space in short) if every 

NVRWC set is NVWC set. 

Proposition 5.3: Every NVrwT1/2 space is NVrwTw space. 

NVRWC

S 

NVCS NVRCS NVWCS 

NVWGCS NVGPCS 

NVRWGCS NVGPRCS NVRGCS 
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Proof: Let X be a NVrwT1/2 space and let A be NVRWC set in X. Since every NVWRC set is NVWC set, A is 

NVWC set. Hence X is NVrwTw space in (X,). 

Proposition 5.4: NVrwT1/2 space and NVT1/2 space are independent to each other. 

Proof: Straight forward from the fact that NVGC sets and NVRWC sets are independent to each other. 

Definition 5.5: A neutrosophic vague topological space is called NVRW connected if there is no proper NV set 

of X which is both NVRWC set and NVRWO set. 

Proposition 5.6: Every NVRW connected space is NV connected. 

Proof: Straight forward. 

Proposition 5.7:A NVT space is NVRW connected if and only if there exists no non-zero NVRWO sets A and 

B in X such that A = BC. 

Proof: Necessity:  Suppose thst A and B are NVRWO set such that 0A B   and A = BC. Since A = BC, B 

is a NVRWO set, BC = A is NVRWC set and 0B  implies that 1 . ., 1.CB i e A  Hence there exists a 

proper NV set A ( 0, 1A A  ) such that A is both NVRWC and NVRWO set contradicts the hypothesis that 

X is NVRW connected. 

 Sufficiency: Let (X,) be NVT and A is both NVRWC and NVRWO set in X such that 0 1.A  Let B=AC. 

Then B is NVRWO set and 1A implies that B = AC 0 , a contradiction. Therefore there is no proper NV 

set of X which is both NVRWC and NVRWO. Thus the NVT (X,) is NVRW connected. 

Conclusion: In this paper, we have introduced neutrosophic vague rw closed sets in neutrosophic vague 

topological spaces and analysed some of its characteristics. In further neutrosophic rw connectedness has been 

discussed. In future, neutrosophic vague rw closed sets can be extended to some new or existing concepts like 

continuity.  
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