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REPRESENTATION OF GRAPHS USING INTUITIONISTIC
NEUTROSOPHIC SOFT SETS

MUHAMMAD AKRAM, SUNDAS SHAHZADI

ABSTRACT. The concept of intuitionistic neutrosophic soft sets can be uti-
lized as a mathematical tool to deal with imprecise and unspecified informa-
tion. In this paper, we apply the concept of intuitionistic neutrosophic soft
sets to graphs. We introduce the concept of intuitionistic neutrosophic soft
graphs, and present applications of intuitionistic neutrosophic soft graphs in
multiple-attribute decision-making problems. We also present an algorithm of
our proposed method.

1. INTRODUCTION

Zadeh [39] introduced the concept of fuzzy set, characterized by a membership
function in [0, 1], which is very useful in dealing with uncertainty, imprecision
and vagueness. Since then, many higher order fuzzy sets have been introduced
in literature to solve many real life problems involving ambiguity and uncertainty.
Atanassov [5] introduced the concept of intuitionistic fuzzy sets (IFSs) as an exten-
sion of Zadeh’s fuzzy set [39]. The concept of IFS can be viewed as an alternative
approach for when available information is not sufficient to define the impreciseness
by the conventional fuzzy set. In fuzzy sets the degree of acceptance is considered
only but IFS is described by a membership(truth-membership) function and a non-
membership(falsity-membership) function, the only requirement is that the sum
of both values is less than and equal to one. However, IFSs cannot deal with all
types of uncertainty, including indeterminate information and inconsistent infor-
mation, which exist commonly in different real-world problems. Smarandache [32]
introduced the idea of neutrosophic set theory from philosophical point of view.
Its prominent characteristic is that a truth-membership degree, an indeterminacy
membership degree and a falsity membership degree, in non-standard unit interval
10—, 1], are independently assigned to each element in the set. Moderately, it has
been discovered that without a specific description, neutrosophic sets are difficult
to apply in the real life applications. After analyzing this difficulty, Wang et al.
[34] presented the idea of single-valued neutrosophic set (SVNS) from scientific or
engineering point of view, as an instance of the neutrosophic set and an extension of
IFS, and provide its various properties. SVNSs represent uncertainty, incomplete,
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imprecise, indeterminate and inconsistent information which exist in real world.
On the other hand, Bhowmik and Pal [7] introduced intuitionistic neutrosophic set
(INS) and discussed some of its properties.

Molodtsov [26] introduced soft set theory as a new mathematical tool for dealing
with imprecision. Soft sets introduced by Molodtsov gave us new technique for
dealing with uncertainty after specifying set of parameters. Soft sets has many
applications in several fields including operation research, decision-making, proba-
bility theory, and smoothness of functions, measurement theory [10, 12} 13]. Maji et
al [211 22| [24] proposed fuzzy soft sets, intuitionistic fuzzy soft sets (IFSSs) and neu-
trosophic soft sets (NSSs) by combining fuzzy, intuitionistic fuzzy and neutrosophic
set theories with soft set theory. Said and Smarandache [30] proposed intuitionis-
tic neutrosophic soft set (INSSs) and its application in decision making-problems.
Broumi [11] introduced generalized neutrosophic soft set. Sahin and Kucuk [33] de-
fined similarity and entropy of neutrosophic soft set. Ye [38] proposed correlation
coeflicients of neutrosophic soft set and its application in decision-making problem.
Ye [37] also defined multi criteria decision-making method using aggregation oper-
ators.

Akram and Nawaz [I] have introduced the concept of soft graphs and some opera-
tion on soft graphs. Certain concepts of fuzzy soft graphs and intuitionistic fuzzy
soft graphs are discussed in [2, B 29]. Akram and Shahzadi [4] have introduced
neutrosophic soft graphs. In this paper, we apply the concept of intuitionistic
neutrosophic soft sets to graphs. We introduce the notions of intuitionistic neu-
trosophic soft graphs and present applications of intuitionistic neutrosophic soft
graphs in multiple-attribute decision-making problems.

2. PRELIMINARIES
In this section, we review some basic definitions that will be used in the sequel.

Definition 2.1. [31] Let U be a universe of discourse. A neutrosophic set A/ in U
is characterized by a truth membership function o, an indeterminacy membership
function ¢ and a falsity membership function txr, where oar, dar, Ua: U —]07,
17[ are real standard or nonstandard subsets of |0~ 17.

It is written as

N = < (on(r), on(r),oar(r)) >: 7 € U},

where the sum of opr(r), dar(r) and Par(r) has no restriction, so 0~ < opr(r) +
on(r) +ar(r) < 3%,

The neutrosophic set from philosophical point of view, takes the value from the
real standard or non-standard subsets of 0, 1. Since J0~, 11| will be difficult to
handle in real life applications such as in engineering and scientific problems. So,
for technical applications, we have to take the standard unit interval [0, 1] instead
of 0, 1] .

Definition 2.2. [7] An element z of X is called significant with respect to neu-
trsophic set A of X if the degree of truth-membership or falsity-membership or
indeterminancy-membership value, i.e., Ta(x)or Ix(x) or Fa(xz) > 0.5. Other-
wise, we call it insignificant. Also, for neutrosophic set the truth-membership,
indeterminancy-membership and falsity-membership all can not be significant.
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We define an intuitionistic neutrosophic set by A* =< @, Ta«(x), Lax (x), Fa=(x) >,

where min{7T'a« (), Fa~(z)} < 0.5, min{Ta=(x), Ia«(x)} < 0.5, and min{Fa~(z), L4~ ()} <

0.5, for all z € X, with condition 0 < Ty« () + Ia«(z) + Fa~(z) < 2.

Definition 2.3. [§] Let X,Y and Z be three ordinary nonempty sets. An INS
relation (INSR) is defined as an intuitionistic neutrosophic subset of X x Y, having
the form R = {< (z,v), Tr(z,y), Ir(x,y), Fr(z,y) >z € X,y € Y}, where

Tr: X XY = [0,1],Ir : X XY = [0,1], Fr : X x Y — [0, 1] satisfy the condition
0< TR(xv y) + IR(xvy) + FR(xvy) <2

The collection of all INSR on X x Y is denoted as GR(X x Y).

3. INTUITIONISTIC NEUTROSOPHIC SOFT GRAPHS

Definition 3.1. [30] Let U be an initial universe, and let P be the set of all
parameters. N (U) denotes the set of all INSSs of U. Let N be a subset of P. A
pair (F, N) is called an intuitionistic neutrosophic soft set INSS over U.

Let A (V) denotes the set of all INSSs of V and N (E) denotes the set of all
INSSs of E.

Definition 3.2. An intuitionistic neutrosophic soft graph on a nonempty V is an
ordered 3-tuple G = (F, K, N) such that

(1) N is a non-empty set of parameters,

(2) (F,N) is an INSS over V,

(3) (K, N) is an intuitionistic neutrosophic soft relation on V, ie., K : N —
N(V x V), where N(V x V) is an intuitionistic neutrosophic power set,

(4) (F(e),K(e)) is an ING for all e € N.

That is,
Tk (ey(wy) < min{Tp(e)(x), Tree)(y)}

IK(e) ({Ey) < min{IF(e) (x)v IF(e) (y)}a
Fre(ey(2y) < max{Fr(e) (), Fr(e)(y)}

such that 0 < T (ey(2y) + Ix(e)(2y) + Fr(ey(wy) <2Vee N, z,y e V.
The intuitionistic neutrosophic graph (ING) (F(e), K(e)) is denoted by H(e). Note
that Tk (e)(2y) = Ix(e)(zy) = 0 and Fi()(zy) = 1 forallay € VxV —E,e ¢ N.
(F,N) is called an intuitionistic neutrosophic soft vertex and (K, N) is called an

intuitionistic neutrosophic soft edge.
Thus, ((F,N), (K, N)) is called an INSG if

Tr(e)(zy) < min{Tree)(2), Tree) (y)},
IK(e) (Iy) < min{IF(e)('r)ij(e) (y)}a
FK(e) ({Ey) < maX{FF(e) (I)a FF(e) (y)}a
such that 0 < Tx(e)(zy) + Ix(e)(zy) + Fr(ey(vy) < 2Ve € N, 2,y € V. In

other words, an INSG is a parameterized family of INGs. The class of all INSGs is
denoted by ZN'S(G*). The order of an INSG is

0(6) = (32 (3 Tren(@)). 32 (3 Inen (@), 32 (3 Frep(w))).

e;€EN weV e;,EN weV e;,EN weV
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The size of an INSG is

@) = (X (X Ticten (@), 32 (D Licten @), Y- (Y Fregeny(wo))).
e;€EN wveFE e;EN wveFE e;EN wveFE

Example 3.1. Consider a simple graph G* = (V, F) such that V' = {wy, wa, w3, wy, ws }
and E = {wiws, waws, wiws, wiws, }. Let N = {e1, es,e3} be a set of parameters
and let (F, N) be an INSS over V with intuitionistic neutrosophic approximation
function F': N — N(V) defined by

F(e1) = {(w1,0.4,0.5,0.3), (w2,0.5,0.4,0.6), (ws,0.6,0.5,0.4), },

F(e2) = {(w1,0.6,0.2,0.3), (ws,0.6,0.5,0.3), (ws,0.7,0.5,0.4) },

F(es) = {(w1,0.8,0.5,0.4), (w2,0.5,0.5,0.3), (ws3,0.6,0.5,0.4)}. Let (K, N) be an
INSS over E with intuitionistic neutrosophic approximation function K : N —
N(E) defined by

K(e1) = {(wrw2,0.3,0.3,0.6), (waws,0.5,0.4,0.6)},

K(e2) = {(w1w3,0.6,0.2,0.2), (wyws, 0.6,0.1,0.4) },

K(eg) = {(wlwg, 0.4, 0.5, 04), (wlwg, 0.6, 0.5, 03)}

Clearly, H(e1) = (F(e1), K(e1)), H(e2) = (F(e2), K(e2)) and H(es) = (F'(e3), K(e3))
are INGs corresponding to the parameters e1, es and es, respectively as shown in
Figure 311

w1(0.4,0.5,0.3)

w1(0.6,0.2,0.3)

2

(=]

2 w2(0.5,0.5,0.3) w1(0.8,0.5,0.4) ws3(0.6,0.5,0.4)
S P ° °

(0.5,0.4,0.6) (0.4,0.5,0.4) (0.6,0.5,0.3)
w3(0.5,0.4,0.6)  w3(0.6,0.5,0.4)  15(0.6,0.5,0.3) w5(0.7,0.5,0.4)

H (ey) coreresponding H (ey) coreresponding H (e3) coreresponding

to parameter e to parameter ey to parameter e3

FIGURE 3.1. Intuitionistic neutrosophic soft graph G = {H(e1), H(ez2), H(es3)}.

Hence G = {H(e1), H(ez2), H(e3)} is an INSG of G*. Tabular representation of
an INSG is given in Table [

TABLE 1. Tabular representation of an intuitionistic neutrosophic
soft graph.

F| w1 | w9 | w3 | Wy | Ws
e1 | (04,0.5,0.3) | (0.5,0.4,0.6) | (0.6,0.5,0.4) | (0.0,0.0,0.0) | (0.0,0.0,0.0)
es | (0.6,0.2,0.3) | (0.0,0.0,0.0) | (0.6,0.5,0.3) | (0.0,0.0,0.0) | (0.7,0.5,0.4)
es | (0.8,0.5,0.4) | (0.5,0.5,0.3) | (0.6,0.5,0.4) | (0.0,0.0,0.0) | (0.0,0.0,0.0)
K | w1wr | WoWs3 | wi1wWws | w1 Ws
e1 | (0.3,0.3,0.6) | (0.5,0.4,0.6) | (0.0,0.0,0.0) | (0.0,0.0,0.0)
ez | (0.0,0.0,0.0) | (0.0,0.0,0.0) | (0.6,0.2,0.2) | (0.6,0.1,0.4)
es | (0.4,0.5,0.4) | (0.0,0.0,0.0) | (0.6,0.5,0.3) | (0.0,0.0,0.0)

The order of INSG is G is O(G) = (0.4 + 0.5 + 0.6) + (0.6 + 0.6 + 0.7) + (0.8 +
0.540.6), (0.5-+0.440.5)+(0.2+0.540.5) 4 (0.54+0.5+0.5), (0.3+0.6+0.4) + (0.3 +
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0.3+0.4) 4 (0.4+0.3+0.4)) = (5.3,4.1,3.4). The size of intuitionistic neutrosophic
soft graph G is S(G) = ((0.3+0.5) + (0.6 4 0.6) 4 (0.4 + 0.6), (0.3 + 0.4) + (0.2 +
0.1) + (0.5 + 0.5), (0.6 + 0.6) + (0.2 + 0.4) + (0.4 + 0.3)) = (3.0,2.0,2.5).

Definition 3.3. Let G; = (F1,K1,N1) and Gy = (F», Ko, N2) be two INSGs
of G7 and G3%, respectively. The Cartesian product of G; and Gz is an INSG
G =G1 x G2 = (F,K, N1 x Ny), where (F = F; x F3, N1 X N3) is an intuitionistic
neutrosophic soft set over V.= V; x Vo, (K = K;j X Ko, N; x N3) is an INSS
over E = {((w,v1), (w,v2)) : w € Vi, (v1,v2) € Eo} U {((w1,v),(ws,v)) : v €
Va, (w1, we) € E1} defined as

(1) TF(617€2)(w 1)) TFl(el)(w) A TF2(€2)(v)a
IF(el ez)(w 1)) - IFl (e1) (w) A IFQ eg)(v)a
FF(el,eg)(w ’U) FF1 1)(11) V FFz(ez)(v) A (w,v) eV, (61,62) € N1 X No,
(i) T (e, 62)((10 vl (w vg)) TF1(61) (w) /\TKQ(GQ)(vl,vg)
I (er ) (W, v1), (w,v2)) = Ip, (er)( )/\IKg(eg)(vla'U2)
w,v1), (w vg)) FFl(el) W)V Fi, ey (V1,02) Y w € VI, (v1,v2) €
v)) =

~

FK (e1,e2) (
E27
(111) Ty 61,62)( w1,V w2; TFg(eg) /\ TKl(el)(w17w2)
Ik ey e0) (w1, v w2, v)) = IF2(e2) /\ I, (ey) (w1, w2),
FK(ehez)((wl, (wa,v ) Fpy(e) V)VFK, () (w1, w2) Vv € Vo, (w1, ws) €
FEr.

H(ey,e2) = Hy(e1) X Ha(ez) for all (eq, e2) € N1 X Ny are intuitionistic neutrosophic
graphs.

Definition 3.4. The cross product of G; and G is an INSG G = G1 © G2 =
(F, K, N1 x N3), where (F, N1 x N3) is an INSS over V =V} x V, (K, Ny x Na) is
an INSS over E = {((w1, v1), (w2, v2)) : (w1, ws) € E1, (v1,v2) € E2} defined as

(1) TF(e1 ez)(w 1)) TF1(e1)( )/\TFz(ez)( )
IF(el ez)(w 1)) _IFl (e1) ( )/\IFQ (e2) ( )
FF(e1 ez)(w ’U) = FF1(61)(w> \ FFz(ez)( ) v ( ) ev, (61762) € N1 x No
(i) Th(er,e0) ((w1,01), (w2,v2)) = Tk, () (w1, wa2) /\TKQ(ez)(vl,vz)
Tk (ere0) (w1, 01), (w2, v2)) = I, (o) (W1, w2) A Igey ey (V1,02),
Fi(er,e) (w1,01), (w2,v2)) = Fi, (e)) (W1, w2)V Fie, () (v1,02) V (w1, w2) €
El, (’Ul,’l}g) S E2
H(e1,es) = Hi(e1)® Ha(eg) for all (eq, e2) € Ny x Ny are intuitionistic neutrosophic
graphs.

Definition 3.5. The lezicographic product of G; and G3 is an INSG G = G10G; =
(F, K, N1 x N3), where (F, N1 x N») is an INSS over V =V x V5, (K, N1 X Na) is
an INSS over E = {((w,v1), (w,v2)) : w € V1, (v1,v2) € Eo} U{((w1,v1), (w2, v2)) :
(w1, ws) € Eq, (v1,v2) € Eo} defined as
(l) TF(61 82)(w U) TFl(Bl)( )/\TF2 (e2) ( )7
IF(el 62)(w U) = IFl (e1) (w) A IFz (e2) (’U),
Fp(ere0)(w,v) = Fpl en) (W) V Fry(e,)(v) ¥V (w,0) €V, (e1,e2) € N1 X Na,
(i) T (ere0) (w0, Ul (w Uz)) TFl(en W) A Trey(ey)(v1, 02),
IK(elyGQ)((w vl ’LU ’02 ) 1(61) )/\IKz(ez)(Ulva)

~
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FK(el,eg) ((w, 1)1), (w, 1)2)) = FFl(el)(w)\/FKg(eg)(vlvv2) Ywe Vl, (’Ul,’UQ) S
E27
(i) Tr(er,ea) ((w1,01), (w2,v2)) = T, (ey) (W1, w2) A Tiey(eq) (v1,v2),
Tk ey ea) (w1, 01), (w2, 02)) = T, (o) (W1, w2) A Tpey ey (1, v2),
Fi(er,e0) ((w1,01), (w2,02)) = Fie, (e1) (w1, w2) V Fiey (ey) (01, 02) V (w1, w2) €
El, (’01,1}2) S EQ.
H(ei,es) = Hi(e1) ® Ha(ez) for all (e1,e2) € Ny X N are INGs.

Definition 3.6. The strong product of G; and G5 is an INSG G = G1®Gy =
(F, K, N1 x N3), where (F, Ny x N3) is an INSS over V = V; x V5, (K, A x N») is an
INSS over E = {((w,v1), (w,v2)) : w € V1, (v1,v2) € Ea} U{((wy,v), (we,v)) : v €
Va, (w1, we) € By} U {((w1,v1), (we,v2)) : (w1, ws) € Eq, (v1,v2) € E2} such that
(1) TF(e1,ez)(w v) TF1(e1)( ) A TFz(ez)( )
IF(el ez)(w 1)) - IFl (e1) (w /\IFQ 62)( )
FF(e1 62)(10 ’U) FF1 1)(’[1) V FF2(€2 ( ) A (w,v) eV, (61,62) € N1 X No,
(i) Tr(e,, e2)((w ’U1 (w vz)) Tpl(el) ) A Tkyey)(V1,02),
Ik (ere0) (W, v1), (0, 02)) = Ip, ey (w /\IK2(62)(U1,112)
Fr(eye0) ( w,v1), (w vg)) FFl(el) )V Fiey (e (v1,02) Vw € Vi, (v1,02) €
Es,
(iil) Tk (e, 62)(( wy (wa, v )) TF2(82) ) AT, (o) (w1, w2),
v)) =

~

T (e e0) (w1, v w2, (82) /\ Ic, (ey) (w1, w2),
Fr(ey,e0) (wl, (wa,v F (VVFg, () (w1, w2) Vv € Vo, (w1, ws) €
El7

(iV) Th(er,e0) (w1, 01), (w2,v2)) = Tk, (1) (W1, w2) A Tty (eg) (V1,02),
Tk (er e0) (w1, 01), (w2, v2)) = I, (o) (W1, w2) A Igey ey (V1,02),
Fi(er,e) ((w1,01), (w2,v2)) = Fi, (e1) (W1, w2)V Fie, () (v1,02) V (w1, w2) €
El, (’Ul,UQ) S EQ.

H(ei,es) = Hi(e1) ® Ha(ez) for all (e1,e2) € Ny X N are INGs.

Definition 3.7. The composition of G; and G5 is an INSG G = G1[G2] =
(F, K, N1 x N3), where (F, N1 x N3) is an INSS over V =V} x V,, (K, Ny x Na) is
an INSS over E = {((w, ), (w,v2)) : w € V1, (v1,v2) € Ea} U{((w1,v), (we,v)) :
v € Vo, (wy,we) € E1}U{((wy,v1), (wa,v2)) : (w1, ws) € E1,v1 # va} defined as

(l) TF(81 82)(w U) TFl(Bl)( )/\TF2 (e2) ( )

IF(el ez)(w 1)) - IFl (e1) ( )/\IFQ 62)(1))

FF(el 62)(w v)_FFl(el)( )\/FFz(ez ( ) (w v)ev(61762)€N1XN27
(i) Tk (er,e0) ((w, 1), (0, 02)) = Ty (e1) (W) A Ty (e (v1, 02),

IK(el,ez)((wvvl)v (’LU ’02)) - IF1 (e1) ( ) A IKz(ez)(vla UQ)

FK(el,eg)((wa 1)1), (w, ’Ug)) FFl(el)(w) V FKZ(GQ)(Ul, ’UQ) Ywe Vi, (’Ul, 'UQ) S

E27
(ili) T (ey,e0) ((w1,0), (w2,v ) TF2(82) ) A Ty (er) (w1, w2),
IK(el,eg)((wlv wz, 2(62) /\ I, (er) (w1, w2),
Fr(ey,e0) ((w1,), (w2, v ) Fpy(e) V)VFK, () (w1, w2) Vv € Vo, (w1, w2) €

E17
(iV) TK (e1, 62)( ’LU1,’U1 ) w27 'U2)) = TFl(el)(’wl,UJg) A TF2(82)(’U1) A\ TF2(82)('U2)7

Tk ey ea) (w1, 01), (w2, 02)) = Ip, (1) (w1, w2) A Iy (en) (V1) A Ty (ey) (v2),
FK(el,eg)((wlavl) (w2,v2)) = Fpy (1) (w1, 02)VFp,(ey) (01)VFEy (ey) (02) ¥ (w1, w2) €
E7, where vy # vg,v1,v2 € Va.
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H(€1,62) = Hl(el)[HQ(GQ)] for all (61,62) € N1 x Ny are INGs.

Proposition 3.1. The Cartesian product, cross product, lexicographic product,
strong product and composition of two INSGs is an INSG.

Definition 3.8. Let G1 = (F1, K1, N1) and Gy = (F», Ko, Na) be two INSGs. The
intersection of G and Go is an INSG denoted by G = G1 NGy = (F,K,N; U
N3), where (F, N1 U N3) is an INSS over V = V] N V3, (K, Ny U Ny) is an INSS
over £ = E1 N Es, the truth-membership, indeterminacy-membership, and falsity-
membership functions of G for all w,v € V' defined by,

Tr(e)(v) if e € Ny — No;
(1) Trey(v) =< Trye)(v) if e € Ny — Ny;
TFl(e)(U) N Try (e (v), ife€ NyNNo.

I, (¢)(v) if e € Ny — Ny;

Irey(v) =4 Ipye)(v if e € Ny — Ny;

)
IFl(e)(v) /\IFQ(G)(U), if e € Ny N Na.

FFl(e)(v) if e € Ny — No;
Frey(v) =3 Frye)(v) if e € Ny — Ny
Fpl(e)(v)\/FF2(e)(v), if e € Ny N Na.
Tk, (e) (wv) if e € N7 — No;
(11) TK(e) (’LU’U) = { TK2(€) (wv) if e € Ny — Ny;
TKl(e) (wv) A TKg(e) (wv), if e € Ny N No.
I, (o) (wv) if e € Ny — No;
IK(B)(U}’U) = { IKQ(G)(w’U) if e € No — Ny;
I, (o) (W) A ey ey (wo), if e € Ny N Na.
Fre,(ey(wo) if e € Ny — No;
FK(e)(w'U) = FK2(6)(U)’U) if e € Ny — Ny;
Fr,(ey(wv) V Fey () (wv), if e € Ny N No.

Definition 3.9. Let G; = (F1, K1, N1) and Go = (Fy, K3, N2) be two INSGs.
The union of G; and G2 may or may not be INSG denoted by G = G; UGy =
(F, K,N1 U N3), where (F, N1 U N3) is an INSS over V = V; U Vs, (K, N1 U N3)
is an INSS over F = E; U Es, the truth-membership, indeterminacy-membership,
and falsity-membership functions of G for all w,v € V' defined by,

Try(e)(v) if e € Ny — No;
(1) Trey(v) = Trye)(v) if e € Ny — Ny;
TFl(e)(U)\/TF2(e)(’U), if e ENl ﬂNQ.
I, (ey(v) if e € Ny — Ny;
Ipe)(v) = § Ir(e)(v) if e € Ny — Ny;
Ir, (&) () Ny (v), if e € N N No.
Fr,(e)(v) if e € Ny — No;
FF(G)(U) = FFg(e)(U) ifGENQ—Nl;

FFl(e)(U) 74\ FF2(8)(U), if e € Ny N Ns.
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Tk, (e) (wv) if e € N7 — No;
(11) TK(e) (’LU’U) = TK2(€) (wv) if e € Ny — Ny;
Tk, (e)(wv) V Tiy () (wv), if e € N1 N Na.
I, (o) (wv) if e € Ny — Ng;
IK(e) (wv) = IKQ(G) (wv) if e € Ny — Nl;
I, (o) (W) A ey ey(wo), if e € Ny N Na.
Fre, (ey(wo) if e € N; — Ny;
FK(e)(w'U) = FK2(6)(U)’U) ife ENQ_Nl;
Fr,(ey(wv) A Fey(e)(wv), if e € Ny N No.

Remark. Let G; and G5 be two INSG over G* then GG; U G2 may or may not be
INSG.

Definition 3.10. Let G; and G2 be two INSGs. The join of G; and G2 may or
may not be intuitionistic neutrosophic soft graph denoted by G + G2 = (F; +
Fy, K1 + K3, N1 U Ns), where (Fy + F», Ny U N») is an intuitionistic neutrosophic
soft set over V4 U Vs, (K1 + K2, N7 U N3) is an INSS over E; U By U E defined by
(i) (F1 + Fo, N1 U N3) = (Fy, N1) U (F, Na),
(11) (Kl + Ko, N7 U NQ) = (Kl,Nl) U (KQ,NQ) if wv e 4 U FEs,
where e € Ny N Ny, wv € E, and E is the set of all edges joining the ver-
tices of V4 and V5, the truth-membership, indeterminacy-membership, and
falsity-membership functions are defined by

TK1+K2(8) (’LU’U) = mln{TFl (’U}) TF2(8 ( )}
I, 4k (e)(wv) = min{lp o) (w), Ip,e)(v)},
Fr i ko) (wv) = max{Fp, () (w), Fp,(e)(v)} Ywv € E.

Proposition 3.2. If G; and G2 are two INSGs then their join G; + G2 may or
may not be intuitionistic neutrosophic soft graph.

Definition 3.11. The complement of an INSG G = (F, K, N) denoted by G° =
(F°, K¢ N°) is defined as follows:
(i) N°=N,
(i) F(e) = F(e),
(1 ) TKC(e) (w 1)) TF(e)( )/\ TF(e) (1)) - TK(e)(wvv)v
(1 ) IKC(e) (w ’U) = IF(e)( ) A IF(e) (’U) — IK(e) (w,v), and
(v) Fre(ey(w,v) = Fpeey(w) V Fp(e)(v) — Fiey(w,v), for all w,v € V,e € N.

Example 3.2. Let G* = (V, E) be a crisp graph with V' = {v1,v2,v3,v4} and
E = {v1v2, 104, 0103, 0203, 0304 }. Let N = {e1,ea} be a set of parameters and let
(F,N) be an INSS over V with intuitionistic neutrosophic approximation function
F: N — N(V) defined by

Fler) = {(v1,0.4,0.6,0.1), (v2,0.5,0.4,0.7), (v3,0.5,0.3,0.4), (v4,0.5,0.6,0.2)},
Fles) = {(v1,0.4,0.2,0.2), (v2, 0.5,0.3,0.4), (v3, 0.6,0.3,0.5), (v4, 0.5,0.4,0.2) .

Let (K, N) be an INSS over E with intuitionistic neutrosophic approximation func-
tion K : N — N(E) defined by

K(e1) = {(v1v2,0.3,0.3,0.5), (v1v4,0.2,0.5,0.2), (v1v3,0.4,0.3,0.4), (vavs, 0.5,0.3,0.5) },

K(ea) = {(v1v3,0.3,0.2,0.5), (v1v4,0.4,0.1,0.1), (v3v4, 0.5,0.3,0.4), (v3va, (0.5,0.3,
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v1(0.4,0.6,0.1) v2(0.5,0.4,0.7) v1(0.4,0.2,0.2) v3(0.6,0.3,0.5)
(0.3,0.3,0.5) (0.3,0.2,0.5)

(0.2,0.5,0.2)

(0.4,0.1,0.1)
(0.5,0.3,0.5)

v4(0.5, 0.6, 0.2) v3(0.5,0.3,0.4) 04(0.5,0.4,0.2) v2(0.5,0.3,0.4)

H(e1) H{ez)

FIGURE 3.2. INSG G = {H(e1), H(e2)}.

01(0.4,0.6,0.1)  v2(0.5,0.4,0.7)  v1(0.4,0.2,0.2) ©5(0.6,0.3,0.5)
(0.1,0.1,0.2) (0.1,0.0,0.0)
) | @
S = %o
= < g
o — SQ
- [e=]
S S o>
= 8 Q.Qq
o (05.03,0.4) ©>" (0.5,0.3,0.4)
©4(0.5,0.6,0.2)  v3(0.5,0.3,0.4) v4(0.5,0.4,0.2) ©02(0.5,0.3,0.4)
C
Hc(el) H (62)

FIGURE 3.3. Complement of INSG G°¢ = {H¢(e1), H(e2)}

0.5)}.

Clearly, G = {H(e1) = (F(e1),K(e1)),H(ez2) = (F(e2), K(e2))} is intuitionistic
neutrosophic soft graph, H(e;) and H(ez) are intuitionistic neutrosophic graphs
corresponding to the parameters e; and es, respectively as shown in Figure
Now, the complement of INSG G = {H(e;1), H(e2)} is the complement of INGs
H(ey1) and H(ez) which are shown in Figure

Definition 3.12. An INSG G is a complete INSG if H(e) is a complete ING for
alle € N, i.e.,

Tk (e)(wv) = min(Tp () (w), Tre) (v)),

I (e)(wv) = min(Ip ey (w), Ipe)(v)),

Fr(ey(wv) = maX(FF(e) (w), Free) (v))
Yw,veV,eeN.

Definition 3.13. An INSG G is a strong INSG if H(e) is a strong ING for all
e€ N.

Example 3.3. Consider the simple graph G* = (V, E) where V' = {v1, va, v3, v4, U5, U6 }
and E = {v1v2, 0205, U305, V103, V104, U306, UsUs }. Let N = {e1,es}. Let (F,N) be

an INSS over V with its approximation function F': N — A(V') defined by

F(e1) = {(v1,0.4,0.5,0.7), (v2, 0.6, 0.5, 0.5), (vs, 0.6, 0.3, 0.5), (vs, 0.7, 0.5, 0.4), (vs, 0.7, 0.4, 0.5),
(v6,0.3,0.5,0.7)},

F(e2) = {(v1,0.6,0.4,0.3), (v2,0.5,0.3,0.8), (vs3,0.5,0.6,0.3), (v4,0.8,0.5,0.4), (v5, 0.6,
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1(0.4,0.5,0.7) v2(0.6,0.5,0.5)

v1(0.6,0.4,0.3) v3(0.5, 0.6, 0.3)
(0.5,0.4,0.3)

(0.4,0.5,0.7)

®,

o
<,
=]

(0.5,0.3,0.8)

.
v2(0.5,0.3,0.8) v5(0.6,0.3,0.2)

v6(0.3,0.5,0.7)
H(er)

H(e2)

FIGURE 3.4. Strong INSG G = {H (e;1), H(e2)}.

0.3,0.2)}.

Let (K, N) be an INSS over E with its approximation function K : N — N(E)
defined by

K(e1) = {(v1v2,0.4,0.5,0.7), (v1v3,0.4,0.3,0.7), (v1v4, 0.4, 0.5, 0.7), (v2v5, 0.6, 0.4, 0.5),
(v3vs,0.6,0.3,0.5), (v306,0.3,0.3,0.7), (vsvs, 0.3,0.5,0.7)},

K(eg) = {(’1}1’1}3, 0.5, 0.4, 0.3), (’Ul’U4, 0.6, 0.4, 04), (’Ul’Ug, 0.5, 0.3, 0.8), (U2U3, 0.5, 0.3, 0.8),
(vv4,0.5,0.3,0.8), (vevs,0.5,0.3,0.8) }.

H(e1) = (F(e1),K(e1)), and H(ez) = (F(ez2), K(e2)) are strong INGs correspond-
ing to the parameters e;, and ey, respectively as shown in Figure 3.4 Hence

G ={H(ey), H(e2)} is a strong INSG of G*.

Proposition 3.3. If G; and G5 are strong INSGs, then G X Go, and G1[G2] are
strong INSGs.

Remark. The union of two strong INSGs is not necessarily strong INSG.

Example 3.4. Let N7 = {e1} and Ny = {e1,ea} be the parameter sets. Let Gy
and Gg be the two strong INSGs defined as follows:

G1 = {Hi(e1), Hi(e2)} = {({(w1,0.5,0.6,0.4), (we,0.7,0.4,0.5), (ws3,0.5,0.8,0.4) },
{(wiw2,0.5,0.4,0.5), (waws, 0.5,0.4,0.5) 1), ({ (w1, 0.4, 0.6, 0.5), (w3, 0.5,0.7,0.4)},
{(w1w3, 0.4, 0.6, 05)})},

G2 = {HQ(el)} = {(wl, 0.4, 09, 03), (wg, 05, 06, 04), (wlwg, 0.4, 06, 04)}

The union of G1 and G2 isG = Gl UGQ = (H, N1 UNQ), where Nl UNQ = {61,62},
H(e1) = Hi(e1)UHz(eq1) and H(ez) = Hj(ez) are as shown in Figure. Clearly,
G = {H(ey1), H(e2)} is not a strong INSG as shown in Figure.

Proposition 3.4. If G5 x G2 is strong INSG, then at least G; or G5 must be
strong INSG.

Proposition 3.5. If G1[G5] is strong INSG, then at least G; or G2 must be strong
INSG.

Definition 3.14. The complement of a strong INSG G = (F, K, N) is an INSG
G¢ = (F°¢, K¢ N¢) defined by

(i) N°= N,
(ii) F(e)(w) = F(e)(w) for alle € N and w € V,
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w1(0.5,0.6, 0.4) w2(0.7,0.4,0.5) wl(O.'é.l, 0.6,0.5) wl‘E0-4, 0.9,0.3)

(0.5,0.4,0.5)

Q-

(0.4,0.6,0.5)
(0.4,0.6,0.4)

Hi(e1)

Hi(e2)
ws(0.5,0.8,0.4) ° X Hs(e1)
ws(0.5,0.7,0.4) w(0.5,0.6,0.4)

G1 = {Hi(e1), Hi(e2)} Gy = {Ha(e1)}

Ficure 3.5. Strong INSGs G; and Gs.

w1(0.5,0.6,0.3) w2(0.7,0.4, 0.4) wl(O.‘iL, 0.6,0.5)
(0.5,0.4,0.4)

‘Q‘

(0.4,0.6,0.5)

w3(0.5,0.8, 0.4)

[ ]
H(el) 71)3(0.5,0.7,0.4)

He
G = {H(e1), H(es)} (€2)

FI1GURE 3.6. Union of two strong intuitionistic neutrosophic soft graphs.

- 0 if TK(e) (w, v) > 0,
(i) Tice(o (w0, ) ‘{ min{Tp(e)(w), Tree) (0)}, i Ty o) (w, 0) = 0,

- 0 if IK(e) (w, 1)) > 0,
Ticeo(w, 0) ‘{ min{ ey (w), Ipgey ()}, if Tie(e) (w,v) = 0,

0 if FK(e) (’LU, ’U) > 0,
Freey(w,v) = .
Ko )( ) { maX{FF(e)(w)aFF(e)(v)}v if FK(e)(wvv) :Oa
Proposition 3.6. If G is a strong INSG over G*, then G° is also a strong intu-
itionistic neutrosophic soft graph.

Theorem 3.1. If G and G¢ are strong INSGs of G*. Then G U G¢ is a complete
intuitionistic neutrosophic soft graph.

4. ISOMORPHISM OF INTUITIONISTIC NEUTROSOPHIC SOFT GRAPHS

Definition 4.1. Let G; = (F1, K1, N) and Gy = (Fs, K2, N) be two INSGs of
Gi = (W1, E1) and G5 = (Va, E3), respectively. A homomorphism fn : G — Ga is
a mapping fy : Vi3 — Vo which satisfies the following conditions:
(1) Trye)(v1) < Trye) (fe(v1))s Iry (o) (V1) < Ipye)(fe(v1)), Firy(e)(v1) = Fryey(fe(v1)),
(i) Tr,(e)(v1v2) < Trey(ey(fe(v1) fe(v2)), I, o) (v1v2) < Txey(e) (fe(v1) fe(v2)), Fre, ey (v1v2) >
FK2(E)(fE(v1)fe(v2)), for all e € N,vy € Vi,v1v9 € Fy.
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v1(0.3,0.4,0.7) v2(0.2,0.1,0.6) w1(0.4,0.5,0.3) w2(0.3,0.4,0.8)
(0.1,0.3,0.7)

~ = }/1(0.7,0.4,0.3) wz(O.S,O‘A,OJ)
P~ - - ®
g S ) (0.2,0.4,0.6)
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o3 =) D
o ; < HQ(el)

Hy(ez)
(0.1,0.3,0.7)
v2(0.7,0.4,0.3) v1(0.3,0.4,0.8)  v3(0.4,0.5,0.3)
Hi(ey) Hi(e2)
Gy

w3(0.2,0.1,0.6)

Ga

FIGURE 4.1. Gl = {Hl(el),Hl(eg)}, and G2 = {Hg(el),Hg(eg)}.

A bijective homomorphism is called a weak isomorphism if

Ty (e) (V1) = Trye) (fe(v1))s Iry () (V1) = Ipy(e) (fe (V1)) Fry(e) (V1) = Firy(e) (fe(v1)),

Ve € N,v, € V1.

A bijective homomorphism fy : G; — G2 such that

Tk, (e)(v102) = Ty (o) (fe (V1) fe(V2)), Ik, () (V1V2) = Irey (o) (fe(v1) fe(v2)), Fi, (e) (V1v2) =
Fre,e)(fe(v1) fe(ve)), for all e € N vivz € Ey is called a co-weak isomorphism.

An endomorphism of INSG G with V' as the underlying set is a homomorphism of

G into itself.

Definition 4.2. Let G; = (F1,K1,N) and Gy = (Fs, K3, N) be two INSGs of
Gi = V1, Eq) and G5 = (Va, E2), respectively. An isomorphism fn : G1 — Gz is a
mapping fxn : V1 — Vo which satisfies the following conditions:

(1) Trye)(v1) = Trye)(fe(v1)), Iry () (V1) = Ipye)(fe(v1))s Fry(e)(v1) = Frye)(fe(v1)),
(11) TK1(€)(U1U2) = TKz(e)(fe(Ul)fe(UQ))u IKl(e)(U1U2) = IKg(e)(fe(vl)fe(v2))7
Fr\(e)(v1v2) = Fre,e)(fe(v) fe(v2)), for all e € N, vy € Vi, v1v2 € Ey.

Example 4.1. Let N = {ej,ea} be a parameter set. G; = (Fi,K1,N) and

G2 = (F1, K3, N) be two INSGs defined as follows:

Gl = {Hl (61), Hl (62)} = {({(’Ul, 0.3, 0.4, 0.7), (’Ug, 0.7, 0.4, 03)} {(’U V2, 0.2, 0.3, 06)}),
({(v1,0.3,0.4,0.8), (v2,0.2,0.1,0.6), (vs,0.4,0.5,0.3) }, { (v1v2,0.1,0.1,0.7), (v1vs3, 0.1,
0.3,0.7)1)1,

G2 = {Hg(el), Hg(eg)} = {({(wl, 0.7, 0.4, 0.3), (’wg, 0.3, 0.4, 07)}, {(wlwg, 0.2, 0.4, 06)}),
({(wl, 0.4,0.5,0.3), (’wg, 0.3,0.4, 0.8), (ws,0.2,0.1, 0.6)}, {(wlwg, 0.1,0.3, 0.7), (wows,
0.1,0.1,0.5)})}.

A mapping fn : Vi — Va defined by fe, (v1) = wa, fe,(v2) = w1 and fe,(v1) = wa,
fez(UQ) = w3, and f82(v3) = w1, then TF1(€1)(U1) = TF2(€1)(w2)a IF1(€1)(U1) =

IFQ 61)(w2) FFl(el)(vl) FF2(€1)(w2)a and TFl(el)(v2) = TF2(€1)(w1)a IF1(€1)(U2) =

IFQ 61)(w1)a FF1 (e1) (UQ) FFz(el)(wl)v but TKl(el)(vlv2) = TK2(€1)(w2w1)’ IKl(el)(vlv2) #

I, (er)(wawr), Fi,(e)(v1v2) = Fiy(e,)(wowr). Clearly, Hy(ep) is weak isomorphic
to Ha(e1). By routine computation, we can see that Hy(es) is weak isomorphic to
Hj(ez).

Hence G, is weak isomorphic to G5 but not isomorphic as shown in Figure .11

Example 4.2. Let N = {ej,ea} be a parameter set. G; = (Fi,K1,N) and
G2 = (F1, K2, N) be two INSGs as shown in Figure 2l A mapping fn : Vi — V3
defined by fel (wl) = U2, fel (wQ) = U1, fel (w3) = U4, fel (w4) = vz and f82(w1) =
V1, fes(w2) = va, and fe,(w3) = vsz. By routine computations, we can see that
G is co-weak isomorphic to G2 but not isomorphic as T, (e,)(w2) = T, (e,)(v1),
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w1(0.2,0.4,0.8)

w2(0.2,0.3,0.8) w3(0.1,0.4,0.6) v2(0.3,0.4,0.5) v3(0.5,0.4,0.7) v1(0.2,0.4,0.8)
(0.1,0.3,0.7) pd
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S s |2 e -
= =) o5 — o
S i B s < <
= Sl o S Z
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gf (0.1,0.3,0.7) (0.2,0.4,0.5)

w1(0.3,04,0.5) wa(0:5,04,07) (970 4 0.8)  ©1(0.2,0.4,0.7) v(0.1,0.4,0.6)  v2(0.3,0.4,0.6)  v3(0.3,0.6,0.2)
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Gy = {H:(e1), Hi(e2)} Go = {H2(e1), Ha(e2)}

FIGURE 4.2. Gl = {Hl(el),Hl(eg)}, and G2 = {Hg(el),Hz(ez).

Ip ey (w2) # Ipyer)(V1)s Fry(e)(W2) # Fryer)(v1) and Ty ey (w3) # Try(es)(v3),
I, () (W3) # Iy (ey)(V3)s Fry(e0)(W3) # Firy(ey)(v3)-

Theorem 4.1. For any two isomorphic INSGs their orders and sizes are same.

Definition 4.3. Let G be an INSG with V' as the underlying set. A one-to-one,
onto map fy : V — V is an automorphism of G if

(1) Trye) (1) = Ty (e)(fe(v1))s IRy ) (V1) = IFy (o) (fe(v1))s Fry(e)(v1) = Fry (o) (fe(v1

);

(i) Tk, (e)(01v2) = Tk, (o) (fe(v1) fe(v2)), Ti, (o) (v102) = I, () (fe(v1) fe(v2)), iy (o) (v1v2) =

FKI(E)(fE(vl)fe(vg)), for all e € N, V1,V2 € V.
Definition 4.4. An INSG G = (F, K, N) of G* = (V, E) is an ordered intuitionis-
tic neutrosophic soft graph if it satisfies the following condition:
Tre)(v1) < Treey(v2), Ipe) (V1) < Ipeey(va), Friey(v1) > Fpe)(v2),
Trey(w1) < Triey(w2), Ipe)(w1) < Ipe)(we), Fre) (w1) 2 Free)(w2),

for vy, va, w1, ws € V vy # w1, vo # wa, for all e € N, imply

Tk (e)(viwr) < Ti(e)(V2w2), I (o) (V1w1) < Ige(e) (vaw2), Fie(e) (viw1) > Fre(e) (vawa)

Proposition 4.1. Let G, G2 and G35 are INSGs. Then the isomorphism between
these intuitionistic neutrosophic soft graphs is an equivalence relation.

Proof. Let G1 = (F1,K1,N), Gy = (F», K2, N), and G5 = (F3, K3, N) are three
INSGs with the underlying sets V7, V5 and V3, respectively.

(1) Reflexive: Consider identity mapping fy : Vi — Vi, fe(v) = v for all
v € V1, satisfying

Ty (e) (V) = Try(e) (fe(V)s Iy () (V) = Ipy (o) (fe (V) Fry(e)(v) = Fry(e) (fe(v))s
Tre, (o) (uv) = T, (¢) (fe(u) fe(v)), Ik, (o) (uv) = Ik, (o) (fe(u) fe(v), Fie, (o) (uv) =

FKl(e)(fe( )fe( ))

for all u,v € V3,e € N. Hence fy is an isomorphism of intuitionistic neu-
trosophic soft graph to itself.

(2) Symmetric: Let fn : V4 — V4 be an isomorphism of G onto Ga, fe(v) =/
for all v € Vi, such that

Tr (e) (V) = Try(e) (fe(v)), Ir, (e) (V) = Ipy(e) (fe(V)), Fry(e)(v) = Frye)(fe(v)),
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T, () (uv) = Trey(e) (fe(w) fe(0)); Ik, (o) (W) = Ligy (o) (fe(w) fe(v)), i, (o) (wv) =
FKg(e)(fe( )fe( ))

for all u,v € V1,e € N.

As fy is a bijective mapplng, “1(v") = v for all v/ € V3, then

Try(e) (V) = Ty (f V), Iry(e) (V') = Ip, o) (f 1), Frye) (V') = Firyo) (fH(0)),
Ty (e) (V") = Ty (o) (f~H W) FHV),s Trey (e (u v ) = I, (o (f 1) f7H(V)),
Frey(e)(w'v') = Fie, (o) (f 71w ) f71(v")) for all w/,v" € Va,e € N.

Hence f~':V, — V4 is an isomorphism from G2 to G1, that is G1 &£ Go

implies G2 = (1.

(3) Transitive: Let fy : Vi — Vi and gy : Vo — V3 are isomorphisms
of the intuitionistic neutrosophic soft graphs G; onto G2 and G2 onto
(3, respectively. For transitive relation we consider a bijective mapping
gn o fn : Vi = V3 such that (gn o fn)(u) = ge(fe(u)) for all u € V4.

As fy : Vi — V4 is an isomorphism from G; onto Ga, such that f.(v) = v’
for all v € V7, then

Tr, (e (v)) = Try(e) (fe(v ))) Try(e) (V) Iy (o) (V) = Ipy(e) (fe(v)) = Ipy(e) (V'),

Fry(e)(v) = Fpy(e)(fe(v)) = Fye)(v'), and

Tre, () (u0) = Trey(e) (fe(w) fe(v) = Trey(e) (W'v'), I, (o) (w0) = Ty (o) (fe(u) fe(v)) =
I, e)(u’v’),

FKl(e)(uv) = e)(fe( )fe(v)) = FK2(8)(U/UI)7 for all u,v € V1,e € N.

As gy : Vg — V3 is an isomorphism from G5 onto G3 such that g.(v') = v”
for all v' € Va, then

o (v ) = Try(e)(V"), Ipy ) (V) = Iry(e) (9 (V') = Tpy(e)(v"),
(U/) FF3 (e) (ge(vl)) = F .g(e ( I) and

TK2(e>(u02—TKg(e ) (ge(u)ge (V) = Tiey(e) (W'v"), Ticy(ey (W'v') = Iicy(e) (ge (1) ge (V') =

Fiy (o) (W'0') = Figy(e) (9e(u)ge (V') = Fiey(e) (w0"), for all o/, 0" € Va,e €
N.

For transitive relation we consider a bijective mapping gy o fy : Vi — Vi,
then

Try(e) (V) = Thy(e) (fe (V) = Thry(e) (V') = Try(e) (ge(fe(v))),

I, (¢) (V) = Iy (o) (fe(v) = IRy (e) (V) = Iry () (9e(fe(v))),

Fry(e)(0) = Fry(e)(fe(v) = Frye) (V) = Fry(e)(9e(fe(v))), and

Tre, (e)(wv) = Tk, e)(fe(u) e(v)) = TK2<e>(uv) Ty (e) (ge(fe(uw))ge(fe(v))),
Iy, e)(u v) = Ik, e)(fe(u e(v) = IK2(e)(u V') = IKs(e (ge(fe(u))ge(fe(v))),
Fre,(e)(uv) = Fiey o) (fe(w) fe () = Fiey () (W) = Frey(e) (ge(fe(w))ge(fe(v)))
for all u,v € Vi,e € N.

Therefore gy o fy is an isomorphism between G and Gs.

Hence isomorphism between INSGs by (1), (2) and (3) is an equivalence relation.
O

Proposition 4.2. Let G;, G2 and G5 are INSGs. Then the weak isomorphism
between these INSGs is a partial order relation
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PTOOf. Let Gl = (Fl,Kl,N), GQ = (FQ,KQ,N), and Gg = (Fg,Kg,N) be three
INSGs with the underlying sets Vi, V4 and V3, respectively.

(1) Reflexive: Consider identity mapping fy : Vi — Vi, fe(v) = v for all
v € V7, satisfying
Ty (e) (V) = Try(e) (fe(V), IFy () (V) = IF(e) (fe(V), Fy(e) (V) = Fry(e) (fe(V)),
Ty (e) (uv) = Ty () (fe(w) fe(v)), TRy (o) (uv) = Ik, (o) (fe(w) fe(v)), Fic, (e) (uv) =
Fre, ey (fe(u) fe(v)),
for all u,v € Vi,e € N. Hence fy is a weak isomorphism of intuitionistic
neutrosophic soft graph to itself. Thus G; is a weak isomorphic to itself.

(2) Anti symmetric: Let fy : V43 — Vi be an isomorphism of G; onto G,
fe(v) =0 for all v € V4, such that
Try(e) (V) = Tpy(e) (fe(v), Ipy(e) (v) = Iy (e) (fe(v)), Fry(e) (V) = Frye) (fe(v)),
T, (o) (uv) < Trey(ey (fe() fe(v), Ik (o) (uv) < Tiepiey (fe() fe(v)), Ficy e (uv) =
FKz(e)(fe(u)fe(v))v
for all u,v € V3,e € N.

Let gy : Vo — V4 be an isomorphism of Gy onto Gi, g.(v') = v for all

v’ € Va, such that

TFz(e) (v') = TF1(e (ge (")), Ip, e)(v/) = IF1( (ge
ey (') < Tic )9 (0)9:(0): Lo o (')
Fiy () (ge (') ge(v')),

for all u’,v' € V3,e € N.

Both weak isomorphisms fy from G; onto Gy and gy from Gy onto G,
are holds when G; and G2 have same number of edges and the correspond-
ing edges have same truth-membership degree, indeterminacy-membership
degree and falsity-membership degree corresponding to the parameter to
the set of parameters. Hence G; and G, are identical.

(3) Transitive: Let fy : Vi — V2 and gy : Vo — V3 are weak isomorphisms
of the intuitionistic neutrosophic soft graphs G; onto G2 and G2 onto
(3, respectively. For transitive relation we consider a bijective mapping
gn o fn : Vi = V3 such that (gn o fn)(u) = ge(fe(u)) for all u € V4.

As fy : Vi — Vs is a weak isomorphism from G; onto Gs, such that
fe(v) = for all v € V4, then

(V"), Fry(e) (V") = Fry(e) (9e(v')),
< Ik (0)(ge(u)ge(V'), Frey(e)(W'v') >

Try( e)(v)) Ty ey (fe(v ))) Try(e) (V') Iy (e) (V) = Ipy(e) (fe(v)) = Ipy(e) (V'),

Fr (e)(v) = Fpy(e)(fe(v)) = Fye)(v'), and

TK1 (e) (uv) < Tieye) (fe(u) fe (V) = Tieye) (W), Ire, (o) (uv) < Tiey(e) (fe(u) fe(v)) =
I, (e) (u'v"),

Fre,(e)(uv) > Fre,e)(fe(u) fe(v)) = Fie,(ey(u'v’), for all u,v € V1,e € N.

As gy : Vo — V3 is an isomorphism from G onto G5 such that g.(v') = v”

for all v' € V,, then

Try(ey (v '/) Try(e)(ge(v 'I)) Trye)(V"); Ipy(e) (V") = Ipy(e) (9 (V")) = Ipy(e) (v"),
Frye)(v /)/ Fry(e)(ge(v ))/ZF Fi(e)(v"), and » , ,
Try(e) (W) < Tieye) (ge (W) ge (V') = Treye) (W'0"), Iy (e) (W) < Tiey(e)(ge(u')ge(v')) =

Fiey (o) (W) Z Figy(e) (9e(t)ge (V') = Ficy(e) (u”v”), for all u',v" € Va,e €
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For transitive relation we consider a bijective mapping gy o fy : Vi — Vs,
then

TF1 (&) (V) = Trye) (f

e(”)) TFz(e (U ) TFs(e)(ge(fe(U)))v
I, () (v) = IF2(e (fe(v)) = IF2(e (V') = Iy () (ge(fe(v))),
FFl(e) (U) F2(e ( fe(v )) Fp, e)(v ) FFs(e) (ge(fe(v)))v and
Tre, (o) (uv) < Trey(e) (fe(u) fe(v) = Trey(e) (V') < Tieye) (ge(fe(u))ge(fe(v))),
(u) fe(v)) = Txy(e) (W) < Tieye) (ge(fe(u))ge(fe(v)))

IKl e)(u ) < IK2 e)(f8 )
Fi, (e)(uv) > Fiey (o) (fe(u) fe (V) = Fiey(e) (0'0') = Fieye)(ge(fe(u))ge(fe(v)))
for all u,v € Vi,e € N.

Therefore gy o fy is a weak isomorphism between G; and Gj, i.e., weak
isomorphism satisfying transitivity.

Hence isomorphism between INSGs by (1), (2) and (3) is a partial order relation. O

Definition 4.5. An INSG G is self complementary if G = G°.
Proposition 4.3. Let G and G2 be INSGs. Then G = G if and only if G§ = GS.

Proof. Let Gy, G2 be the two INSGs. Suppose that G; = G4, then there exist a
bijective mapping fx : Vi — Vi such that f.(v) = o' for all v € Vi, Tp,()(v) =
TFg(e)(fe(v>)a IFl(e)(v) = IFz(e) (fe(v)), FF1(€) (v) = FFz(e)(fe(v))v and TKl(e) (uv) =
Tiey(e) (fe(u) fe(v)) Ly (o) (uv) = Ifey () (fe(u) fe(v)),

Fr (ey(uv) = Fry(e)(fe(u)fe(v)), for all u,v € Vi,e € N. By the definition of
complement of INSGs

Ty, (e)(wv) = Ty (e) (W) A Ty (e) (V) — Ty () (),
= Try(e) (fe(w) A Tye) (fe()) = Trey(e) (fe(u) fe(v))
=T, ) (fe(u) fe(v)),

I, (e) () = Iy (e) () A Ipy o) (V) — Ik, (o) (w0),
= Iy (o) (fe(u) A Try(e) (fe(v)) = Tiy (o) (fe(u) fe(v))

= I, (o) (fe(u) fe(v)),

Fig) (o) (wv) = Fry(e) (W) V Fpy () (v) — Fre, (e) (W),
= Fp, e)(fe(U)) A FFg(e (fe(v)) = Frey(ey(fe(u) fe(v))
= I, () (fe(u) fe(v))

Hence G§ = GS.

Conversely, assume that G{ = G, then there exist an isomorphism gy : Vi — V2
such that g.(v) = v/,

T, (e)(v) = Thy(e) (9 (v)), IF1 (€) (V) = Ipy(e)(9¢(V)), Fry () (V) = Fry(e) (fe(v)), for all
veEVi,e€ NTg o (w) =Tg (g ( ) (U)) I, (o) (wv) = Tig, (o) (ge(u)ge (v), Fig, (o) (wv) =
Fie,(¢)(9e(u)ge(v)), for all u,v € V4,
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By using the definition of complement of intuitionistic neutrosophic soft graph

Tie, () (wv) = Tg, (o) (W) AT (o) (V) = T, (o) (W),

Tf<2(e)(9e( w)ge(v)) = T, () (9e (1) AT, () (9e(v)) = Tiy(e) (e (1)ge (v)),
1 (e)(uv) = I e)(u) Ay (6)(v) = Irey o) (w0),

Tiey () (9e(w)ge (V) = T, (o) (9e (W) A gy () (9e (V) = Tkca(e) (9e(u)ge(v),
Fi (e)(wv) = u) V Fg (o)(v) = Fi, () (uv),
Fiey0)(9e(w)ge(v) = Fiy(0)(9e (1)) V Fiy (¢)(9e(v) = Ficy(e) (e (u)ge(v))-
As Th (o (wv) = T, ) (ge(w)ge(v), I, (o) (wv) = IKz(e)( ge(u)ge(v)), Fi, (o) (uv) =
Froo) (ge(u)ge(v)), for allu,v € Vi,e € N, gy : Vi — Va is an isomorphism between

G1 and (s, that is G; = Gs. O

FFl(e

—~

Proposition 4.4. If GG; is co-weak isomorphic to G2, then there can be a homo-
morphism between G§ and G%.

Proposition 4.5. If G; is weak isomorphic to Gg, then G¢ and G§ are weak
isomorphic intuitionistic neutrosophic soft graphs.

5. APPLICATIONS

Intuitionistic neutrosophic soft graph has several applications in decision making
problems and used to deal with uncertainties from our different daily life problems.
In this section we apply the concept of INSSs in a decision making problems. Many
practical problems can be represented by graphs. We present an application of
INSG to a multiple criteria decision-making problem. We present an algorithm
for most appropriate selection of an object in a multiple criteria decision-making
problem.

Algorithm 5.1.

(1) Input the set of parameters ey, e, ..., ek .

(2) Input the INSSs (F, N) and (K, N).

(3) Input the INGs H(ey), H(ez),...,H(eg).

(4) Calculate the score values of INGs H(e1), H(ez), ..., H(ey) using formula

Sij = (T2 + (1;)2 + (1 - Fy)? (5.1)

Tabular representation of score values of INGs H (ey), V k.
(5) Compute the choice values of C), = > S;; for alli = 1,2,...,n and p =
J

1,2,... .k
n |k
(6) The decision is S; if S; = malx{mirll Cp}.
1= =
(7) If ¢ has more than one value then any one of S; may be chosen.

An algorithm for the selection of optimal object based upon given set of information.

(1) An appropriate selection of a machine for a specific task is an important
decision-making problem for a machine manufacturing corporation. The
performance of a manufacturing corporation is badly affected by the wrong
selection. The main purpose in machine selection is that machine will
achieve the require tasks within possible short time and minimum cost.
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The main purpose is to select the machine that will complete the re-
quired task within the time available for the lowest possible cost. Rate
of productivity, automatic system and price are important aspects consid-
ered in selection of a machine. The rate of productivity, value of prod-
uct and charge of manufacturing depends upon the performance of ma-
chine. Mr. X should be an expert or at least familiar with the ma-
chine properties, to select a best machine among the parameters (alter-
natives), i.e., “price”, “rate of productivity” and “automatic system”. Let
V = {m1, ma, ms3, myg, ms,mes}, set of six machines to be consider as the
universal set and N = {ej,es,e3} be the set of parameters that charac-
terize the machine, the parameters e, es and es stands for “price”, “rate
of productivity” and “automatic system”, respectively. Consider the INSS
(F,N) over V which define the “efficiency of machines” corresponding to
the given parameters that Mr. X want to select. (K, N) is an INSS over E =
{mima, moms, memy, mims, mima, mims, mamy, Mams, MaMme, Mama,
msms, Mmsmeg, Mams, Mameg, msme } define degree of truth membership, de-
gree of indeterminacy, and degree of falsity membership of the connection
between two machines corresponding to the selected attributes e;, e2 and
es. The INGs H(ey), H(ez) and H(ez) of INSG G = {H (e1), H(e2), H(e3)}
corresponding to the parameters “price”, “rate of productivity” and “au-
tomatic system”, respectively are shown in Figure 5.1
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FIGURE 5.1. Intuitionistic neutrosophic soft graph G = {H(e1), H(ez), H(e3)}
Tabular representation of score values of INGs H(e1), H(ez), and H(e3)

with normalized score function S;; = /(T};)? + (I;)? + (1 — F})? and choice
value for each machine m; for i = 1,2, 3,4,5,6.

TABLE 2. Tabular representation of score values and choice values
of H(ey).

mi mo ms may ms me mk
my 0 0.62 0.62 0.80 0.67 0.71 3.42
mo  0.62 0 0 0.66 091 097 3.16
ms3  0.62 0 0 0.70 094 0.99 3.25
myg 0.80 0.66 0.70 0 0 0.75 291
ms  0.67 091 094 0 0 1.0 3.52
me 0.71 097 094 0.75 1.0 0 4.37
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TABLE 3. Tabular representation of score values and choice values
of H(eg).

mi mo ms my ms me ’I’fl,k
mi 0 079 094 1.0 088 0.78 4.39
mg  0.79 0 0.75 0 0.94 0 2.48
mz 094 0.75 0 0.95 0.93 0 3.57
ma 1.0 0 0.95 0 1.0 095 3.9
ms 088 094 093 1.0 0 1.0 4.75
meg 0.78 0 0 095 1.0 0 2.73

TABLE 4. Tabular representation of score values and choice values

mi mo ms may ms me mk
my 0 094 094 095 099 0.81 4.63
me  0.94 0 094 094 1.0 0.67 449
ms 094 0.94 0 0.94 0.86 0 3.68
myg 095 094 094 0 0 0.79 3.62
ms 099 1.0 0.86 0 0 0.70  3.55
me 0.81 0.67 0 0.79 0.70 0 2.97

3
The decision is S; if §; = m%fc{mirll my} = m%f({3.42, 2.48,3.25,2.91,3.52,2.73} =
1= p= i=

3.52. Clearly, the maximum score value is 3.52, scored by the ms. Mr. X
will buy the machine ms.

We present a multi-criteria decision making problem for product marketing
if there are multiple brands of a product, product marketing has intuition-
istic neutrosophic behaviour. Consider Mr. X who is a retail owner wants
to maximize his profit by selling some electronic items which meets all the
requirements set by a retail outlet owner. Let V' = {S1, Sa, S3, 54, S5} be a
set of five brands of an item to be sold in an international market, and let
N = {e; =“price”, e; =“quality” } be a set of parametric factors in product
marketing. Let (F, N) be the INSS over V', which describes the effectiveness
of the brands, TF(ek)(Si)v TF(ek)(Si)v and TF(ek)(Si)a fori=1,2,...,5,k =
1,2 represent the degree of membership (goodness), degree of indetermi-
nacy and degree of non-membership (poorness) of the brands corresponding
to the parameters e; =“price” and es =“quality”, respectively and (K, N)
be the INSSon F = {5152, 5154, 5153, 5253, 5354, 5255, 5355, 5155, 5455}
describes the relationship between brands corresponding to the parameters
e1 =“price” and ey =“quality”. The INSG is shown in Figure The
method for selection of brand in product marketing is presented in Algo-

rithm 5.2
Algorithm 5.2.

(a) Input the set of parameters e, ez, ..., e .
(b) Input the INSSs (F, N) and (K, N).
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(¢) Construct ING H(e;) N H(e2) N...N Heyg).
(d) Calculate the average score values of INGs H(e) using formula
Tipey T Lirey t 1= Fipe

Cij = 3 , (52)

Tabular representation of score values of INGs H (e).
(e) Compute the choice values of C; = > ¢ foralli=1,2,...,n.
J

(f) The decision is S; if S; = mjalx C;.

(g) If i has more than one value then any one of S; may be chosen.

51(0.4,0.5,0.6) 52(0.6,0.4,0.5) 51(0.5,0.3,0.5) 54(0.4,0.3,0.6)
,0.5,0. . (¢
(0.3,0.4,0.5) @,9 - (0.3,0.2,0.6) e
G & S (O ¥
v R 03 S
© » o ’0-5) ‘o
i o o ‘s,
s 2 g
e s
= (0.1,0.3,0.6) £0.5,0.1,0.4) S5(0.6,0.2,0.4)
>

$2(0.2,0.3,08)  S3(0.7,0.4,0.2)
54(0.1,0.5,0.4) S3(0.5,0.3,0.2) H(e )
2
H(er)

FIGURE 5.2. Intuitionistic neutrosophic soft graph.

The ING H(e1) N H(ez) is shown in Figure 53 and tabular representa-
tion of average score values of ING is shown in Table

51(0.4,0.3,0.6)  (0.2,0.3,0.7)  S2(0.6,0.3,0.8)

(03
S5(0.2,0.2,0.4) 0.5
> (}_6,)

)
53(0.5,0.3,0.2) 54(0.1,0.3,0.6)

H(e)

FIGURE 5.3. H(e1) N H(e2)

TABLE 5. Tabular representation of score values with choice values.
S1 So Ss Sy Ss C;

S1 0 0.27 0 0.23 0 0.5

So | 0.27 0 0.27 04 0 0.54

S3 0 0.27 0 0.30 0.30 0.87

Sy | 0.23 0 0.30 0 0 0.53

Ss 0 0 0.30 0 0 0.30

Clearly, the maximum score value is 0.87, scored by the S3. Mr. X will
choose the brand Ss.
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