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Abstract: In this paper, to combine single valued neutrosophic sets (SVNSs) with covering-based
rough sets, we propose two types of single valued neutrosophic (SVN) covering rough set models.
Furthermore, a corresponding application to the problem of decision making is presented. Firstly,
the notion of SVN B-covering approximation space is proposed, and some concepts and properties
in it are investigated. Secondly, based on SVN B-covering approximation spaces, two types of SVN
covering rough set models are proposed. Then, some properties and the matrix representations of the
newly defined SVN covering approximation operators are investigated. Finally, we propose a novel
method to decision making (DM) problems based on one of the SVN covering rough set models.
Moreover, the proposed DM method is compared with other methods in an example.
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1. Introduction

Rough set theory, as a a tool to deal with various types of data in data mining, was proposed
by Pawlak [1,2] in 1982. Since then, rough set theory has been extended to generalized rough sets
based on other notions such as binary relations, neighborhood systems and coverings.

Covering-based rough sets [3-5] were proposed to deal with the type of covering data.
In application, they have been applied to knowledge reduction [6,7], decision rule synthesis [8,9],
and other fields [10-12]. In theory, covering-based rough set theory has been connected with matroid
theory [13-16], lattice theory [17,18] and fuzzy set theory [19-22].

Zadeh's fuzzy set theory [23] addresses the problem of how to understand and manipulate
imperfect knowledge. It has been used in various applications [24-27]. Recent investigations have
attracted more attention on combining covering-based rough set and fuzzy set theories. There are
many fuzzy covering rough set models proposed by researchers, such as Ma [28] and Yang et al. [20].

Wang et al. [29] presented single valued neutrosophic sets (SVNSs) which can be regarded as
an extension of IFSs [30]. Neutrosophic sets and rough sets both can deal with partial and uncertain
information. Therefore, it is necessary to combine them. Recently, Mondal and Pramanik [31] presented
the concept of rough neutrosophic set. Yang et al. [32] presented a SVN rough set model based on
SVN relations. However, SVNSs and covering-based rough sets have not been combined up to now.
In this paper, we present two types of SVN covering rough set models. This new combination is a
bridge, linking SVNSs and covering-based rough sets.

As we know, the multiple criteria decision making (MCDM) is an important tool to deal with more
complicated problems in our real world [33,34]. There are many MCDM methods presented based on
different problems or theories. For example, Liu et al. [35] dealt with the challenges of many criteria in
the MCDM problem and decision makers with heterogeneous risk preferences. Watrébski et al. [36]
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proposed a framework for selecting suitable MCDA methods for a particular decision situation.
Faizi et al. [37,38] presented an extension of the MCDM method based on hesitant fuzzy theory.
Recently, many researchers have studied decision making (DM) problems by rough set models [39-42].
For example, Zhan et al. [39] applied a type of soft rough model to DM problems. Yang et al. [32]
presented a method for DM problems under a type of SVN rough set model. By investigation,
we have observed that no one has applied SVN covering rough set models to DM problems. Therefore,
we construct the covering SVN decision information systems according to the characterizations of
DM problems. Then, we present a novel method to DM problems under one of the SVN covering
rough set models. Moreover, the proposed decision making method is compared with other methods,
which were presented by Yang et al. [32], Liu [43] and Ye [44].

The rest of this paper is organized as follows. Section 2 reviews some fundamental definitions
about covering-based rough sets and SVNSs. In Section 3, some notions and properties in SVN
B-covering approximation space are studied. In Section 4, we present two types of SVN covering rough
set models, based on the SVN B-neighborhoods and the S-neighborhoods. In Section 5, some new
matrices and matrix operations are presented. Based on this, the matrix representations of the SVN
approximation operators are shown. In Section 6, a novel method to decision making (DM) problems
under one of the SVN covering rough set models is proposed. Moreover, the proposed DM method is
compared with other methods. This paper is concluded and further work is indicated in Section 7.

2. Basic Definitions
Suppose U is a nonempty and finite set called universe.

Definition 1 (Covering [45,46]). Let U be a universe and C a family of subsets of U. If none of subsets in C is
empty and | J C = U, then C is called a covering of U.

The pair (U, C) is called a covering approximation space.

Definition 2 (Single valued neutrosophic set [29]). Let U be a nonempty fixed set. A single valued
neutrosophic set (SVNS) A in U is defined as an object of the following form:

A = {(x, Ta(x),1a(x), Fa(x)) : x € U},

where Ta(x) : U — [0,1] is a truth-membership function, I4(x) : U — [0, 1] is an indeterminacy-membership
function and Fa(x) : U — [0,1] is a falsity-membership function for any x € U. They satisfy 0 < Ty (x) +
I4(x) 4+ Fa(x) < 3forall x € U. The family of all single valued neutrosophic sets in U is denoted by SVN (U).
For convenience, a SVN number is represented by « = (a, b, c), where a,b,c € [0,1] anda+b+c < 3.

Specially, for two SVN numbers & = (a,b,c) and B = (d,e,f),a <<= a<d,b>eandc > f.
Some operations on SVN(U) are listed as follows [29,32]: for any A, B € SVN(U),

(1) ACBIiff To(x) < Tp(x), Ip(x) < Ia(x)and Fg(x) < F4(x) forall x € U.

(2) A=Biff ACBandBC A.

(3) ANB={(x,Ta(x) ANTg(x),1a(x) V Ig(x),Fa(x)V Fg(x)) : x € U}.

(4) AUB={(x,Ta(x)V Tp(x), Ia(x) Ap(x),Fa(x) ANFg(x)) : x € U}.

(5) A= {(x,Fa(x), 1 Ia(x), Ta(x)) : x € U},

(6) A®B={(x,Ta(x)+ Tp(x) — Ta(x) - Tg(x), Ia(x) - Is(x), Fa(x) - Fp(x)) : x € U}.

3. Single Valued Neutrosophic f-Covering Approximation Space

In this section, we present the notion of SVN B-covering approximation space. There are two
basic concepts in this new approximation space: SVN B-covering and SVN B-neighborhood. Then,
some of their properties are studied.
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Definition 3. Let U be a universe and SV N (U) be the SVN power set of U. For a SVN number B = (a, b, c),
we call C = {C1,Cy,++,Cp},withC; € SVN(U)(i =1,2,...,m), a SVN B-covering of U, if for all x € U,
C; € C exists such that C;(x) > B. We also call (U, C) a SVN B-covering approximation space.

Definition 4. Let C be a SVN B-covering of U and C = {Cy,Cy,...,Cy}. For any x € U, the SVN
B-neighborhood NE of x induced by C can be defined as:

Nf = n{ci e C: Ci(x) > B}. )

Note that C;(x) is a SVN number (T¢, (x), Ic,(x), Fc,(x)) in Definitions 3 and 4. Hence, C;(x) > B
means T, (x) > a, Ic,(x) < band F¢,(x) < c where SVN number g = (a,b,c).

Remark 1. Let C be a SVN B-covering of U, p = (a,b,c) and C = {Cy,Cy,...,Cpn}. Forany x € U,
Nf =n{Ci € C:Te,(x) > a, Ie,(x) < b, Fe,(x) < c}. k)

Example 1. Let U = {xq,xp, X3, X4, X5}, C= {C1,C,C3,Cy} and B = (0.5,0.3,0.8). We can see that Cis
a SVN B-covering of U in Table 1.

Table 1. The tabular representation of single valued neutrosophic (SVN) B-covering C.

u G G Cs Cs
x1 (07,02,05)  (0.6,02,04)  (04,0.1,05)  (0.1,0.5,0.6)
x,  (05,03,02)  (05,0208)  (04,0504)  (0.6,0.1,0.7)
x5  (04,05,02)  (02,03,06)  (050204)  (0.6,0.3,04)
x,  (06,01,07) (04,0507 (03,0605  (0.5,0.3,0.2)
x5 (03,02,06)  (0.7,03,05)  (0.6,03,05)  (0.8,0.1,0.2)

Then,
Ngl =CNn Cz,Ngz =CiNGnN C4,N53 =C3N C4,N‘§4 =CiN C4,N£5 =C,NC3NCy.
Hence, all SVN B-neighborhoods are shown in Table 2.

Table 2. The tabular representation of Nﬁk (k=1,2,3,4,5).

Ny, x1 x2 X3 X4 X5

NE (06,0205  (0503,08 (02,0506 (04,0507  (03,0306)
NE (01,0506)  (0503,08  (02,0506) (04,0507  (03,03,06)
NE (01,0506) (04,0507  (0503,04) (03,0605  (06,0305)
N (01,0506)  (0503,07)  (04,0504) (050307  (03,0.206)
NE. (01,0506) (04,0508  (02,03,06) (03,0607  (0603,05)

~

In a SVN B-covering approximation space (U, C), we present the following properties of the SVN
B-neighborhood.

Theorem 1. Let C be a SVN B-covering of U and C= {C1,Cy,...,Cn}. Then, the following statements hold:

(1) Ng(x) > B for each x € U.
(2) Vxyzel, szf(y) > B, Nl;(z) > B, then Ng(z) > B.
(8)  For two SVN numbers By, B, if B1 < B2 < B, then Nt ¢ NE2 forall x € U.
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Proof.
(1) Foranyxe U,NE(x)=( N C)x)= A GCi(x)>p.
Ci(x)2p Ci(x)=p

(2) LetI={1,2,---,m}. Since Nf(y) > B, foranyi € I, if C;(x) > B, then C;(y) > B. Since Nyﬁ(z) > B,
forany i € I, Ci(z) > B when Ci(y) > B. Then, for any i € I, C;(x) > B implies C;(z) > B.
Therefore, N (z) > B.

(3) Forall x € U, since f; < B2 < B, {Ci € C: Ci(x) > B1} 2 {C; € C: Ci(x) > By}. Hence,
N = N{Ci e C:Ci(x) > B1} CN{Ci € C: Ci(x) > Bo} = N2 forall x € U.

O

Proposition 1. Let C be a SVN B-covering of U. For any x,y € U, NE (y) > B ifand only ing c NE.

Proof. Suppose the SVN number B = (a,b, c).
(=): Since Né(y) > B,

T =T n W)= A Toly)=aluly) =I oY) = Ie,(y) <'b,
x Te, (x)>a TC’_(x)Za * Te, (x)>a Tci(x)Za
Ic, (x)<b I, (x)<b Ic, (x)=c I (x)<b
Fe;(x)<e Fe,(x)<c fe, (x)<b Fe,(x)<c
and
Fep(y) = F aly) = Fe,(y) <c
x TCi(x)za Tci(x)ZH
I, (n<e I, (x)<b
Fe; (x)<b F;(x)<c

Then,
{Cr e €:Te(x) = 0,1, (x) < b, Fe,(x) < ¢} € {G; € C: T, (y) = 0, I, (y) < b, Fe, () < o).

Therefore, for each z € U,

Ty(z)= A Tglz) > (/\ Tc,(z) = Tp(2),
y

g Tc;(x)=a Tc,; (y)2a Ny
Ic, (x)<b I, (y)<b
Fe,(x)<c Fe,(y)<c
Ip(z) =V Ig) < V  Ig(z) = Iy(2),
* Tc; (x)>a Tc; (y)2a v
Ic; (x)<b Ic, (y)<b
Fe,(x)<c Fe,(y)<c
Fp(z)= V  F(z) V  Fe(z) = F(2)
) Tc;(x)2a Tc;(y)=a Y
Ic; (x)<b Ic; (y)<b
F;(x)<c Fe;(y)<c

Hence, Nf - NE .
(«=): For any x,y € U, since Ng c N,

Trp(y) = Trp(y) 2 a, Igp(y) < Ip(y) < band Fp(y) < Fp(y) < ¢

Therefore, Ng(y) >pB. O

The notion of SVN B-neighborhood in the SVN B-covering approximation space in the
following definition.
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Definition 5. Let (U, C) be a SVN B-covering approximation space and C = {Cy,Ca, ..., Cp }. For each x € U,
we define the B-neighborhood Nfﬁ of x as:

Ne={yeu: N = p}. ®)
Note that NE (y) is a SVN number <TN§ (y), IN’j (y), FNf (y)) in Definition 5.
Remark 2. Let C bea SVN B-covering of U, B = (a, b, c) and C= {Cy,Cy,...,Cy}. Foreach x € U,
Ny = {y € U: Toply) > a, I (4) < b, Fyp(v) < ). @
Example 2 (Continued from Example 1). Let f = (0.5,0.3,0.8), then we have
Nﬁ] = {x1, %2}, Nfz = {x2}, Ni - {xs,x5},N§4 = {x2, 14}, Nfs = {xs}.

Some properties of the f-neighborhood in a SVN B-covering of U are presented in Theorem 2 and
Proposition 2.

Theorem 2. Let C be a SVN B-covering of U and C = {Cy,C, ..., Cy}. Then, the following statements hold:

(1) x €N foreachx € UL
x,y,z€ U ifx €N,y € N, then x € N;.
2) VryzelifxeN, yeN, N

Proof.

(1)  According to Theorem 1 and Definition 5, it is straightforward.
(2) Foranyx,y,z€ U, x € N§ & Nf(x) >peNEC Ng,andy € Nf Ny > e Ng C N

Hence, Né C Nf . By Proposition 1, we have NE (x) > B, ie, x € Nf.
O

Proposition 2. Let C be a SVN B-covering of U and C = {Cy,Cy,...,Cp}. Then, forall x € U, x € Nﬁ
if and only if N© C Nf.

Proof. (=): For any z € Nf, we know NE(Z) > B. Since x € N, Nf(x) > B. According to (2) in
Theorem 1, we have Nf (z) > B. Hence, z € Nl; . Therefore, Nl,? - Nl;.
(<): According to (1) in Theorem 2, x € Nf for all x € U. Since Ni C Ng, x € Nf. O

The relationship between SVN B-neighborhoods and pB-neighborhoods is presented in the
following proposition.

Proposition 3. Let C be a SVN B-covering of U. For any x,y € U, N,’f - Ny’g if and only szf - Nf.
Proof. According to Propositions 1 and 2, it is straightforward. [

4. Two Types of Single Valued Neutrosophic Covering Rough Set Models

In this section, we propose two types of SVN covering rough set models on basis of the SVN
B-neighborhoods and the -neighborhoods, respectively. Then, we investigate the properties of the
defined lower and upper approximation operators.
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Definition 6. Let (U,C) be a SVN B-covering approximation space. For each A € SVN(U) where
A = {{x,Ta(x), La(x),Fa(x)) : x € U}, we define the single valued neutrosophic (SVN) covering upper
approximation C(A) and lower approximation C(A) of A as:

C(4) = {(x, VyeulTge(v) A TaW)], Vyeullge (v) ALaW)), AyeulFgp (v) V Fa)]) - x € U3, )
C(A) = {{x AyeulFp (v) V TaW)], Ayeul (1 = I () V IaW)], VyeulTis (v) A Fa()]) : x € U}
If C(A) # C(A), then A is called the first type of SVN covering rough set.
Example 3 (Continued from Example 1). Let B = (0.5,0.3,0.8), A = (0'6’(;’?’0'5) + (0'4’(;'25’0'1) +
(0.3,0.2,0.6) n (0.5,0.3,0.4) n (0.7,0.52,0.3)' Then,
C(A) = {(x1,0.6,03,0.5), (x2,0.4,0.3,0.6), (x3,0.6,0.5,0.5), (x4,0.5,0.3,0.6), (x5,0.6,0.5,0.5)},

(A) = {(x1,0.6,0.5,0.5), (x2,0.6,0.5,0.4), (x3,0.4,0.4,0.5), (x4,0.4,0.5,0.4), (x5,0.6,0.4,0.3) }.

)

Some basic properties of the SVN covering upper and lower approximation operators are
proposed in the following proposition.

Proposition 4. Let C be a SVN B-covering of U. Then, the SVN covering upper and lower approximation
operators in Definition 6 satisfy the following properties: for all A,B € SVN(U),

(1) C(A) = (C(a)), c(a) = (C(4))

(2) IfAC B, thenC(A) C C(B), C(4) € C(B).

(3) C(ANB)=C(A)NC(B), C(AUB) = C(A)UC(B)
(4) C(AUB) 2C(A)UC(B), C(ANB) C C(A)NC(B)
Proof

(1)

C(A") = {0 VyeulTe ) A Tar ()], Vyeullys (v) ALa ()], AyeulFp (y) V Ea (9)]) = x € U}
= {{x, Vyeu[T~g W) ANEAW)] Vyeullgs (y) A (1= Ta ()], AyeulFe (v) V Ta(y)]) : x € U}
= (C(4))".

If we replace A by A’ in this proof, we can also prove C(A’) = (C(A))'.
(2) Since A C B,so T4(x) < Tg(x), Ig(x) < I4(x) and Fg(x) < F4(x) for all x € U. Therefore,

Te(a)(*) = AyeulFgp () V Ta()] < AyeulFr (v) V Tp(y)] = Te(p) (),
Ie(a) (0) = Ayeul( = Ip ) V IaW)] 2 Ayeul( = Igg (1) V I5(y)] = Igp) (x),
F(a)(*) = VyeulTge () NEA()] 2 VyeulTyp (v) A Fp(y)] = Fe(p) (x)-
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Hence, C(A) C C(B). In the same way, there is C(A) C C(B).
(3)

C(ANB)

= {(r, /\yeu[FNﬂ(]/) VTansW)] Ayeul(l - Iﬁ;ﬁ:(]/)) \ IAmB(y)]/Vyeu[TNQ(y) NFansW)]) 1 x € U}

= {xAyeulFrp W) vV (Taly) ATeW)], Ayeul(1 = Ip () V (1a(y) V I3(¥))], Vyeu [T (v) A (Faly)
VFg(y))]) : x € U}

= {oAyeul(F () V Taw)) A (Fe () V Te ()] Ayeul((1 = Ip () V 1a () V (1 = Ige () V
I3y, Vyeul(Tgs (y) AFa(y) V (T () A Fs(y))]) s x € U}

= Cc(A)Nc(B).

Similarly, we can obtain C(A | B) = C(A) UC(B).
(4) SinceAC AUB,BC AUB,ANBC Aand ANBC B,
C(A) S C(AUB), C(B) CC(AUB), C(ANB) C C(A)and C(ANB) C C(B).

~

Hence, C(AUB) 2 C(4)UC(B), C(ANB) € C(A)NC(B). O

We propose the other SVN covering rough set model, which concerns the crisp lower and upper
approximations of each crisp set in the SVN environment.

Definition 7. Let (U, C) bea SVN B-covering approximation space. For each crisp subset X € P(U) (P(U) is
the power set of U), we define the SVN covering upper approximation C(X) and lower approximation C(X) of
X as: o -
C(X)=f{xcU:N;nX # 0}, ©
6
C(X)={xeu: ¥ cxj.
If C(X) # C(X), then X is called the second type of SVN covering rough set.
Example 4 (Continued from Example 2). Let p = (0.5,0.3,0.8), X = {x1,x2}, Y = {x2, x4, x5}. Then,

@(X) = {x11x2f )Q;},Q(X) = {X1,x2},
(Y) = {xl,xz,xg,x4,x5},Q(Y) = {Xz,X4,X5},

C(U) = U,C(U) = U,T() = 3,C(?) = 2.

@]

Proposition 5. Let C be a SVN B-covering of U. Then, the SVN covering upper and lower approximation
operators in Definition 7 satisfy the following properties: for all X, Y € P(U),

(1) C@)=9,CU) =

(2) C(u)=Uu,C() =Q.

3) C(X')= (C(X))’, C(X') = (C(X))

(4) X CY, then C(X) € C(Y), C(X) C C(Y).

(5) C(XNY)=C(X)NC(Y), C(XUY) =C(X)UC(Y).

(6) C(XUY)2C(X)UL(Y), C(XNY) S C(X)NCT(Y).

(7)  C(C(X)) € C(X),C(C(X)) 2 C(X).

(8) C(X)SXcC(X)

(9) XCYorYCX&C(XNY)=C(X)NC(Y),C(XUY)=C(X)UC(Y).

Proof. It can be directly followed from Definitions 5and 7. [
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5. Matrix Representations of These Single Valued Neutrosophic Covering Rough Set Models

In this section, matrix representations of the proposed SVN covering rough set models are
investigated. Firstly, some new matrices and matrix operations are presented. Then, we show
the matrix representations of these SVN approximation operators defined in Definitions 6 and 7.
The order of elements in U is given.

Definition 8. Let C be a SVN B-covering of U with U = {x1,xp,- -+ ,x,} and C = {C1,Ca, -+ ,Cm}.
Then, Mg = (C]-Exl-))nxm is named a matrix representation of C, and Mg = (sij)nxm is called a B-matrix
representation of C, where

Sl']' _ { 1, C]-(xi) > ﬁ,‘

0, otherwise.

Example 5 (Continued from Example 1). Let B = (0.5, 0.3,0.8).

(0.7,0.2,0.5) (0.6,0.2,0.4) (0.4,0.1,0.5) (0.1,0.5,0.6) 1100
(0.5,0.3,0.2) (0.5,0.2,0.8) (0.4,0.5,0.4) (0.6,0.1,0.7) 110 1
Mg =| (04,05,02) (02,03,06) (050204) (060304 | Mi=| 0 0 1 1
(0.6,0.1,0.7) (0.4,0.5,0.7) (0.3,0.6,0.5) (0.5,0.3,0.2) 100 1
(0.3,0.2,0.6) (0.7,0.3,05) (0.6,0.3,0.5) (0.8,0.1,0.2) 01 11
Definition 9. Let A = (aj)uxm and B = ((bk*j,bk]-, b]:]‘>)1§k§m,1§j§l be two matrices. We define
D=AxB= ((d+ dl]/ dl] >)l§l§l’l,1§]§l’ where

(df dijodiy) = (NI = ai) V BiGL 1= AL [T = ag) V(1= big)], 1= AL (1= ag) V (1= b)) ()
Based on Definitions 8 and 9, all N for any x € U can be obtained by matrix operations.
Proposition 6. Let Cbea SVN B-covering of U with U = {x1,xy,- - - ,x,} and C = {Cy,Ca, - -, Cp }. Then
Mé * ML = (Ngi(xj))lgign,lgjgnr 8
where MfT: is the transpose of M.

Proof. Suppose ML = (Ci(x}))mxn, Mé = (six)nxm and Mé «* ML = ({3t dij, 4 ) <i<ni<jcn-
Since C is a SVN B-covering of U, for each i (1 <i < n), there exists k (1 < k < m) such that
it = 1. Then,

<d+ d,],d )

(AR [ =sii) V Te ()], 1 = AR [(1 = sip) V (1 = I (7)), 1 = ARy [(1 = sig) V (1 = Fe (x7))])

= A=l =si) V T (7)), 1 = Agy=a[(1 =) V (1 = I ()], 1 = Ag=1[(1 = si6) V (1 = Fe, (x)))])
(Nsy=1Te (%)), 1 = Agy=1(1 = I, (%)), 1 = Ay =1 (1 — Fe (x7)))

(A z=pTe (%), 1= Acy)=p(1 = Ic (%)), 1 = Acy(x)=p(1 — Feu (%))

(N () =p Co) (x7)

= Ngi(xj),l <ij<m.

Hence, Mﬁ >»<MI = (Nﬁ, (x))1<i<ni<j<n- O

SIS 1SS
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Example 6 (Continued from Example 1).

Mg*N%
110 0 (07,02,0.5) (0.6,02,04) (0.4,0.1,05) (0.1,0.5,0.6) \
110 1 (05,0.3,02) (05,0.2,08) (0.4,05,04) (0.6,0.1,0.7)
= 00 1 1 |*]| (040502 (02,0306 (0.50204) (0.6,03,04)
100 1 (0.6,01,07) (0.4,05,07) (0.3,0.6,05) (0.5,0.3,0.2)
01 1 1 (0.3,0.2,0.6) (0.7,0.3,05) (0.6,0.3,05) (0.8,0.1,0.2)
1 1 8 2 (0.7,02,05) (05,0.3,02) (0.4,05,02) (0.6,0.1,0.7) (0.3,0.2,0.6)
_ 0 0 1 1 |.] (060204 (050208 (020306 (04,0507) (07,03,05)
Lo o1 (04,0.1,05) (04,05,04) (0.5,02,04) (0.3,0.6,05) (0.6,0.3,0.5)
0111 (0.1,0.5,0.6) (0.6,0.1,0.7) (0.6,0.3,04) (0.5,0.3,02) (0.8,0.1,0.2)
(0.6,0.2,05) (05,0.3,08) (02,05,06) (04,0507 (0.3,0.3,0.6)
(0.1,0.5,0.6) (05,0.3,0.8) (0.2,0.5,0.6) (0.4,0.5,07) (0.3,0.3,0.6)
- (0.1,0.5,0.6) (0.4,05,07) (05,0.3,04) (0.3,0.6,05) (0.6,0.3,0.5)
(0.1,05,0.6) (05,03,07) (0.4,05,04) (05,03,07) (0.3,0.2,0.6)
(0.1,0.5,0.6) (0.4,0.5,0.8) (02,0.3,06) (0.3,0.6,0.7) (0.6,0.3,0.5)

Il
—
&
—~
=
~
~—
—
2

JAN
o
—
A
Ll
JAN
a

Definition 10. Let A = ((c;,cij, ¢;i))mxn and B = ((d;r,dj,dj*})nxl be two matrices. We define
C=AoB=((ef e, e ))mx1and D = AoB = ({ft, fi, f ) )mx1, where

(e eije; ) = (Vg (e ), VI (i Adj), Ny (i vV ),

)
< [+’firfj7> = </\]r‘l:1(ci; \/d;r)//\;?:ﬂ(l - Cij) Vdj]/\/;?:1(c; Ad;»-

According to Proposition 6 and Definition 10, the set representations of C(A) and C(A)

(forany A € SVN(U)) can be converted to matrix representations.

Theorem 3. Let C bea SVN B-covering of U with U = {x1,x3,- -+, xn} and C= {C1,Cy, -+ ,Cn}. Then,
forany A € SVN(U),
C(A) = (ME « MT) o A,

C C
8 (10)
C(A) = (Mz*xM]) < A,

where A = (a;) 1 with a; = (Ta(x;), 1a(x;), Fa(x;)) is the vector representation of the SVNS A. C(A) and
C(A) are also vector representations.

Proof. According to Proposition 6 and Definitions 6 and 10, for any x; (i = 1,2,-- - ,n),

((ME ML) 0 A)(xi) = (VIL, (Typ (37) A Ta(5)), Vi I (59) A La37)), ALy (g (37) v Ea(37)

= (C(A))(x:),
and
((ME*M(Tj)OA)(Xz) = <A7:1(Fﬁfi(x])VTA(xj))//\]—l[(l Igp (%)) V 14 (x7)], Vi (Te (%)) A Fa(x))))
= (C(4))(x)

Hence, C(A) = (ML « ML) 0 4,C(4) = (ME+ ML) o A. O
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Example 7 (Continued from Example 3). Let p = (0.5,0.3,0.8), A = (060305) | (040501)

X1 X2
(0.3,02,06) , (0503,04) , (0.7,0.2,03)
5 + o + Yo . Then,

C(4)

(Mé*Mg)oA

(0.6,02,05) (0.5,03,0.8) (0.2,0.5,0.6) (0.4,05,07) (0.3,0.3,0.6) (0.6,0.3,0.5)
(0.1,05,0.6) (0.5,0.3,0.8) (0.2,0.5,0.6) (0.4,0.5,0.7) (0.3,0.3,0.6) (0.4,0.5,0.1)
= (0.1,0.5,0.6) (0.4,05,0.7) (0.5,0.3,04) (0.3,06,05) (0.6,03,05) |o| (0.3,0.206)
(0.1,05,0.6) (05,03,0.7) (0.4,0.5,04) (0.5,03,0.7) (0.3,0.2,0.6) (0.5,0.3,0.4)
(0.1,05,0.6) (0.4,0.5,0.8) (0.2,03,0.6) (0.3,0.6,0.7) (0.6,0.3,0.5) (0.7,0.2,0.3)
(0.6,0.3,0.5)
(0.4,0.3,0.6)
= (0.6,0.5,05) |,
(0.5,0.3,0.6)
(0.6,0.5,0.5)
and
C(4)
= (MExMD)oa
(0.6,02,05) (0.5,0.3,0.8) (0.2,05,0.6) (0.4,0.5,0.7) (0.3,0.3,0.6) (0.6,0.3,0.5)
(0.1,0.5,0.6) (0.5,03,0.8) (0.2,0.5,0.6) (0.4,05,07) (0.3,0.3,0.6) (0.4,0.5,0.1)
= (0.1,05,0.6) (0.4,0.5,0.7) (0.5,0.3,04) (0.3,0.6,05) (0.6,0.3,05) |o | (0.3,02,0.6)
(0.1,05,0.6) (05,03,0.7) (0.4,05,04) (0.5,0.3,07) (0.3,0.2,0.6) (0.5,0.3,0.4)
(0.1,0.5,0.6) (0.4,05,0.8) (0.2,0.3,0.6) (0.3,0.6,0.7) (0.6,0.3,0.5) (0.7,0.2,0.3)
(0.6,0.5,0.5)
(0.6,0.5,0.4)
= (0.4,0.4,0.5)
(0.4,0.5,0.6)
(0.6,0.4,0.3)

Two operations of matrices are defined in [28]. We can use them to study the matrix
representations of C(X) and C(X) of every crisp subset X € P(U).

Definition 11 ([28]). Let A = (ajx)nxm and B = (by;)ux; be two matrices. We define C = A - B = (cij) uxi
and D = A ® B = (d;j) 1 as follows:

c;i = VIt (ﬂ'k N bk'),
) k=1\"1 ] (11)
dij = N [(1 —ag) Vbyjl, foranyi=1,2,--- ,n,and j=1,2,--- 1.

LetU = {xy,--- ,x,} and X € P(U). Then, the characteristic function of the crisp subset X is
defined as xx, where

(X')— 1, x,‘EX,'
Ax\Hi) = 0, otherwise.

Proposition 7. Let C be a SVN B-covering of U with U = {x1,x2,- - ,x,} and C = {Cy,Cy,--- ,Cp }. Then,

M?} © (ME)T = (XNQ (X)) )1<i<n1<j<ns (12)
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Proof. Suppose Mg = (Sit)nxm and Mg © (Mg)T = (tij)nxn. Since C is a SVN B-covering of U,
foreachi (1 <i < n)thereexistsk (1 < k < m)suchthatsy = 1.If t;; = 1, then AJL; [(1 —sy) Vsy] = 1.
It implies that if s = 1, then sj; = 1. Hence, Cy(x;) > B implies C(x;) > B. Therefore, x; € Ni,
i.e., XNEI(X]) =1= tl]
Ift;; = 0, then AJ";[(1 —sj) Vsj] = 0. This implies that if s = 1, thens;x = 0. Hence, Cy(x;) > B
implies Cy(x;) < B. Thus, we have x; ¢ Ni, Le., X (xj))=1=t; O

Example 8 (Continued from Example 2). According to M(E: in Example 5, we have the following result.

1 1 0 0 O
01 0 00
Mg ® (Mg)T =1 00101]|= (XNE_(xj))1§i§5,1§j§5'
01 010 !
00 0 01

For any X € P(U), we also denote xx = (a;),x1 with a; = 1iff x; € X; otherwise, a4; = 0.
Then, the set representations of C(X) and C(X) (for any X € P(U)) can be converted to matrix
representations.

Theorem 4. Let C be a SVN B-covering of U with U = {x1,xa,- -~ ,x,} and C = {Cy,Ca, - -+ ,Cp }. Then,
forany X € P(U),
Xe = ME© (MD)T) - xx,

(13)
Xe) = (ME© (ME)T) @ xx.

Proof. Suppose (Mgj ® (Mé)T) -xx = (a;)nx1 and (Mé ® (Mé)T) ®xx = (bj)yx1. Forany x; € U
(i=1,2--,n),
% € C(X) & xgp(x) =1
Sa; =1
© Vid g () Axx ()] =1
g Elk € {1/2/ e ,Tl}, S.t., XNﬂ(xk) = XX(xk> =1
< Jke{1,2,---,n}, st,x € Nfi NnX
oN nx+0
and
x € C(X) € xgx)(xi) =1
<b=1
& Nzl = 2 () Vax ()] = 1
Aad XN/S(xk) =1— XX(xk) = 11 k = 1121' e, n
@xkeNi—mkeX, k=1,2,---,n
& Nfi C X.
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Example 9 (Continued from Example 4). Let X = {xq,x2}. By Mg © (Mé)T in Example 8, we have

11000 1 1
01000 1 1

(MEo (ME)T) xx=]0 0 1 0 1 0 (=0 |=xex
01010 0 1
0000 1 0 0
1100 0 1 1
01000 1 1

Mo Noxx=[00 101 |00 |=]0|=xm
01010 0 0
0000 1 0 0

6. An Application to Decision Making Problems

In this section, we present a novel approach to DM problems based on the SVN covering rough
set model. Then, a comparative study with other methods is shown.

6.1. The Problem of Decision Making

LetU = {x;:k=1,2,---,1} be the set of patients and V = {y;|i = 1,2,--- ,m} be the m main
symptoms (for example, cough, fever, and so on) for a Disease B. Assume that Doctor R evaluates
every Patient x; (k =1,2,---,1).

Assume that Doctor R believes each Patient x; € U (k = 1,2,---,I) has a symptom value C;
(i=1,2,---,m),denoted by C;(xx) = (Tc,(xx), Ic,(x, Fc,(xx)), where T¢,(x) € [0,1] is the degree
that Doctor R confirms Patient x; has symptom y;, I, (x) € [0, 1] is the degree that Doctor R is not
sure Patient x; has symptom y;, Fc,(x¢) € [0,1] is the degree that Doctor R confirms Patient x; does not
have symptom y;, and Tc, (xi) + Ic, (xx) + Fe, (x) < 3.

Let B = (a,b, c) be the critical value. If any Patient x; € U, there is at least one symptom y; € V
such that the symptom value C; for Patient x; is not less than 5, respectively, then C= {C1,Cq, -+ ,Ci}
is a SVN B-covering of U for some SVN number f.

If d is a possible degree, e is an indeterminacy degree and f is an impossible degree of Disease B of
every Patient x; € U that is diagnosed by Doctor R, denoted by A(xy) = (d, ¢, f), then the decision
maker (Doctor R) for the decision making problem needs to know how to evaluate whether Patients
xx € U have Disease B.

6.2. The Decision Making Algorithm

In this subsection, we give an approach for the problem of DM with the above characterizations
by means of the first type of SVN covering rough set model. According to the characterizations of
the DM problem in Section 6.1, we construct the SVN decision information system and present the
Algorithm 1 of DM under the framework of the first type of SVN covering rough set model.
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Algorithm 1 The decision making algorithm based on the SVN covering rough set model.

Input: SVN decision information system (U, (A:, B, A).
Output: The score ordering for all alternatives.

1: Compute the SVN B-neighborhood NE of x induced by C, for all x € U according to Definition 4;

2: Compute the SVN covering upper approximation C(A) and lower approximation C(A) of A,
according to Definition 6; -

3: Compute Ry = C(A) @ C(A) according to (6) in the basic operations on SVN (U);

4: Compute N

Tz, (%)

0= T (I, ) (P ()

5. Rank all the alternatives s(x) by using the principle of numerical size and select the most
possible patient.

According to the above process, we can get the decision making according to the ranking. In Step 4,
S(x) is the cosine similarity measure between R, (x) and the ideal solution (1,0,0), which was
proposed by Ye [44].

6.3. An Applied Example

Example 10. Assume that U = {x1, X3, X3, X4, X5} is a set of patients. According to the patients’ symptoms,
we write V.= {y1,Y2,Y3,ya} to be four main symptoms (cough, fever, sore and headache) for Disease B.
Assume that Doctor R evaluates every Patient xi (k =1,2,-- - ,5) as shown in Table 1.
Let B = (0.5,0.3,0.8) be the critical value. Then, C = {Cy,Cy, C3,Cy4} is a SVN B-coverings of U.
ka (k =1,2,3,4,5) are shown in Table 2.
Assume that Doctor R diagnoses the value A =
Disease B of every patient. Then,

(0.603,05) , (040501) , (030206) , (050304) , (07,0203)
X1 + X2 + X3 + X4 + X5 Of

C(A) = {(x1,0.6,0.3,0.5), (x5,0.4,0.3,0.6), (x3,0.6,0.5,0.5), (x4,0.5,0.3,0.6), (x5,0.6,0.5,0.5) },
C(A) = {(x1,0.6,0.5,0.5), (x2,0.6,0.5,0.4), (x3,0.4,0.4,0.5), (x4,0.4,0.5,0.4), (x5,0.6,0.4,0.3) }.
Then,

Ra

= {(x1,0.84,0.15,0.25), (x,0.76,0.15,0.24), (x3,0.76,0.2,0.25), (x4,0.7,0.15,0.24), (x5,0.84,0.2,0.15) }.

Hence, we can obtain s(x;) (k =1,2,---,5) in Table 3.

Table 3. s(x;) (k=1,2,---,5).

u X1 X2 X3 Xq X5

s(x,) 0.945 0.937 0.922 0.909 0.958

According to the principle of numerical size, we have:
s(xg) < s(x3) <s(xp) <s(x1) <s(xs).

Therefore, Doctor R diagnoses Patient x5 as more likely to be sick with Disease B.
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6.4. A Comparison Analysis

To validate the feasibility of the proposed decision making method, a comparative study was
conducted with other methods. These methods, which were introduced by Liu [43], Yang et al. [32]
and Ye [44], are compared with the proposed approach using SVN information system.

6.4.1. The Results of Liu’s Method

Liu’s method is shown in Algorithm 2.

Algorithm 2 The decision making algorithm [43].

Input: A SVN decision matrix D, a weight vector w and .
Output: The score ordering for all alternatives.

1: Compute
nk = <Tnkr1nk1Fnk>
= HSVNNWA(nkllnkZI o /nkm)

m m

IT(A+(y=1)Tp) " =TT (1-Tg;)™

— i=1 i=1

— \m [ ’
Hl(1+(7—1)ka)w"+(7—1) _Hl(l—Tk;)w"
i= i=

m

1 1+ -1 -1+ (-1 1T 15

i=1

m = >(k:1/2//l)/

1 (1) (1—F) i+ (1) [T Ef

Tnk .
NERTRT
3: Obtain the ranking for all s(n;) by using the principle of numerical size and select the most
possible patient.

2: Calculate s(ng) =

Then, Algorithm 2 can be used for Example 10. Let ny; = (Ty;, Iy, Fr;) be the evaluation
information of x; on C, in Table 1. That is to say, Table 1 is the SVN decision matrix D. We suppose the
weight vector of the criteria is w = (0.35,0,25,0.3,0.1) and v = 1.

Step 1: Based on HSVNNWA operator, we get

ny = (0.557,0.178,0.482), n, = (0.484,0.283,0.395),
ng = (0.414,0.318,0.347), ny = (0.465,0.286,0.558),

ns = (0.578,0.233,0.486).
Step 2: We get
s(nqp) = 0.735, s(np) = 0.706, s(n3) = 0.660, s(n4) = 0.596, s(n5) = 0.734.

Step 3: According to the cosine similarity degrees s(ny) (k = 1,2,---,5), we obtain x4 < x3 <
Xy < X5 < X7.
Therefore, Patient x; is more likely to be sick with Disease B.

6.4.2. The Results of Yang’s Method

Yang’s method is shown in Algorithm 3.
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Algorithm 3 The decision making algorithm [32].

Input: A generalized SVN approximation space (U, V, R), B € SVN(V).
Output: The score ordering for all alternatives.

1: Calculate the lower and upper approximations E(B) and R(B);

2: Compute ny, = (ﬁ(B) @E(B))(xk) k=1,2,---,0);
3: Compute
Tﬂxk ‘Tn* +Inxk ‘In* +Fﬂxk ¥

+Fr%xk-\/(Tn*)2+([n*)2+(Fn*)2 k = 1,2, e ,l),

*)
51y, n") = \/T%xkﬂz

fxy

where n* = (Ty+, I+, Fy+) = (1,0,0);
4: Obtain the ranking for all s(n1y,, n*) by using the principle of numerical size and select the most
possible patient.

(030605) | (070201) | (060403)  (080405)
LA ¥ Y3 Y4
According to Table 1, the generalized SVN approximation space (U, V, R) can be obtained in Table 4,

where U = {xl, X2,X3,X4, X5} and V = {yl,yz,y3,y4}.

For Example 10, we suppose Disease B € SVN(V) and B =

Table 4. The generalized SVN approximation space (U, V, R).

R X1 X2 X3 X4 X5

Y1 (0.7,0.2,0.5) (0.5,0.3,0.2) (0.4,0.5,0.2) (0.6,0.1,0.7) (0.3,0.2,0.6)
Y2 (0.6,0.2,0.4) (0.5,0.2,0.8) (0.2,0.3,0.6) (0.4,0.5,0.7) (0.7,0.3,0.5)
Y3 (0.4,0.1,0.5) (0.4,0.5,0.4) (0.5,0.2,0.4) (0.3,0.6,0.5) (0.6,0.3,0.5)
Ya (0.1,0.5,0.6) (0.6,0.1,0.7) (0.6,0.3,0.4) (0.5,0.3,0.2) (0.8,0.1,0.2)

Step 1: We get

(B)

= {(x1,0.6,0.2,0.4), (x2,0.6,0.2,0.4), (x3,0.6,0.3,0.4), (x4,0.5,0.4,0.5), (x5,0.8,0.3,0.5)},
(B) = {(x1,0.5,0.6,0.5), (x5,0.3,0.6,0.5), (x3,0.3,0.5,0.5), (x4,0.6,0.6,0.5), (x5,0.6,0.6,0.5) }.

R
R

R(B)®R(B) = {(x1,0.80,0.12,0.20), (x5,0.72,0.12,0.20), (x3,0.72,0.15,0.20), (x4, 0.80,0.24, 0.25),
(x5,0.92,0.18,0.25) }.
Step 3: Let n* = (1,0,0). Then,
$(1x,, 1*) = 0.960, s(1x,, n*) = 0.951, s(ny,, n*) = 0.945, s(ny,, n*) = 0.918, s(nyy, n*) = 0.948.
Step 4:
§(Mxy, 1%) < S(Nxy, 1*) < S(Nyy, 1*) < 5(Mxy, 1) < 5(Myy,1*).
Therefore, Patient x; is more likely to be sick with Disease B.

6.4.3. The Results of Ye’s Methods

Ye presented two methods [44]. Thus, Algorithms 4 and 5 are presented for Example 10.
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Algorithm 4 The decision making algorithm [44].

Input: A SVN decision matrix D and a weight vector w.
Output: The score ordering for all alternatives.

1: Compute

Wi (xp, A*) = LIt Wilagi-a; +byi-bj +cxi-c]] (k=12 ,1),
VI w0/ T il (@ V2 (B P ()]
where af = (aj, b}, cf) = (1,0,0) (i = 1,2,--- ,m);
2: Obtain the ranking for all Wy (x, A*) by using the principle of numerical size and select the most
possible patient.

For Example 10, Table 1 is the SVN decision matrix D. We suppose the weight vector of the
criteria is w = (0.35,0,25,0.3,0.1).
Step 1:

Wi (x1, A*) = 0.677, Wy (xa, A*) = 0.608, W3 (x3, A*) = 0.580, Wy (xg, A*) = 0.511, Wi(x5, A*) = 0.666.

Step 2: The ranking order of {x1,xp, -+, x5} is x4 < x3 < xp < x5 < x7. Therefore, Patient x; is
more likely to be sick with Disease B.

Algorithm 5 The other decision making algorithm [44].

Input: A SVN decision matrix D and a weight vector w.
Output: The score ordering for all alternatives.

1: Compute

x\ m . ﬂki-ﬂ;ﬁ+hki-b?+ck,’-cf _ .
Mi(xi A7) = iz i AR A /@ () (] 2 =121,
ki " Vki T ki i i i

where «f = (af, b}, cf) = (1,0,0) (i =1,2,--- ,m);
2: Obtain the ranking for all M (xx, A*) by using the principle of numerical size and select the most

possible patient.

By Algorithms 5, we have:
Step 1:

My (x1, A*) = 0.676, M (xp, A*) = 0.637, M3(x3, A*) = 0.581,
My(xy, A*) = 0521, M5 (x5, A*) = 0.654.

Step 2: The ranking order of {x1,xp, -+, x5} is x4 < x3 < xp < x5 < x7. Therefore, Patient x7 is
more likely to be sick with Disease B.
All results are shown in Table 5, Figures 1 and 2.

Table 5. The results utilizing the different methods of Example 10.

Methods The Final Ranking  The Patient Is Most Sick With the Disease B
Algorithm 2 in Liu [43] X4, X3, X2, X5, X1 X1
Algorithm 3 in Yang et al. [32] Xy, X3, X5, X2, X1 X1
Algorithm 4 in Ye [44] X4, X3, X2, X5, X1 X1
Algorithm 5 in Ye [44] X4, X3, X2, X5, X1 X1

Algorithm 1 in this paper X4, X3, X2, X1, X5 X5




Symmetry 2018, 10, 710 17 of 20

1

0.9 W] W2 W3 W WS
0.8
0.7
06
0.5
0.4
0.3
02
01

o
Alporithm 1 Algarithm 2 Alzorithm 3 Alporithm 4 Algorithm 5

Figure 1. The first chat of different values of patient in utilizing different methods in Example 10.

0.9
0.8
0.7
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0.5
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o 1] w—— ] —— ] et .

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5

Figure 2. The second chat of different values of patient in utilizing different methods in Example 10.

Liu [43] and Ye [44] presented the methods by SVN theory. In their methods, the ranking order
would be changed by different w and y. We as well as Yang et al. [32] used different rough set models to
make the decision. Yang et al. present a SVN rough set model based on SVN relations, while we
present a new SVN rough set model based on coverings. The results are different by Yang’s and our
methods, although the methods are both based on an operator presented by Ye [44].

In any method, if there are more than one most possible patient, then each patient will be the
optimal decision. In this case, we need other methods to make a further decision. By means of different
methods, the obtained results may be different. To achieve the most accurate results, further diagnosis
is necessary in combination with other hybrid methods.

7. Conclusions

This paper is a bridge, linking SVNSs and covering-based rough sets. By introducing some
definitions and properties in SVN B-covering approximation spaces, we present two types of SVN
covering rough set models. Then, their characterizations and matrix representations are investigated.
Moreover, an application to the problem of DM is proposed. The main conclusions in this paper and
the further work to do are listed as follows.

1. Two types of SVN covering rough set models are first presented, which combine SVNSs with
covering-based rough sets. Some definitions and properties in covering-based rough set model,
such as coverings and neighborhoods, are generalized to SVN covering rough set models.
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Neutrosophic sets and related algebraic structures [47-49] will be connected with the research
content of this paper in further research.

It would be tedious and complicated to use set representations to calculate SVN covering
approximation operators. Therefore, the matrix representations of these SVN covering
approximation operators make it possible to calculate them through the new matrices and
matrix operations. By these matrix representations, calculations will become algorithmic and
can be easily implemented by computers.

We propose a method to DM problems under one of the SVN covering rough set models. It is
a novel method based on approximation operators specific to SVN covering rough sets firstly.
The comparison analysis is very interesting to show the difference between the proposed method
and other methods.
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