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Abstract

In this article we present three similarity measures between simpli-
�ed neutrosophic hesitant fuzzy sets, which contain the concept of single
valued neutrosophic hesitant fuzzy sets and interval valued neutrosophic
hesitant fuzzy sets, based on the extension of Jaccard similarity mea-
sure, Dice similarity measure and Cosine similarity in the vector space.
Then based on these three de�ned similarity measures we present a muli-
ple attribute decision making method to solve the simpli�ed neutrosophic
hesitant fuzzy multiple criteria decision making problem, in which the
evaluated values of the alternative with respect to the criteria is repre-
sented by simpli�ed neutrosophic hesitant fuzzy elements. Further we
applied the proposed similarity measures to pattern recognition. At the
end a numerical examples are discussed to show the e¤ectiveness of the
proposed similarity measures.

Keywords: Vector similarity measure, Jaccard similarity measure, Dice
similarity measure, Cosine similarity measure, hesitant fuzzy sets, interval val-
ued hesitant fuzzy sets, Single valued neutrosophic hesitant fuzzy sets, interval
neutrosophic hesitant fuzzzy sets, multi-criteria decision making, pattern recog-
nition.

1 Introduction

The evidence provided by people to examine issues is frequently fuzzy and crisp,
and the fuzzy set (gFS) has been veri�ed to be very important in multi-criteria
decision making. gFS theory was �rst presented by L. A. Zadeh in 1965[46]
seeing degrees of membership to progressively asses the membership of elements
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in a set. After the introduction of gFS, atanassov[1] presented the concept of
intuitionistic fuzzy set (gIFS) by considering membership and non-membership
degrees of an element to the set. Atanassov et al. extended gIFS to interval
valued intuitionistic fuzzy set ( ^IV IFS)[2]. After the introduction of gIFS alot
of similarity measures are proposed by many researchers as the extension of
the similarity measures for gFS, as a similarity measure is an important tool
for determining similarity between objects. Li and cheng[6] presented similarity
measure for gIFS which is the �rst to applied them to pattern recognition.
S.K De et al. gave some application of gIFS to medical daignosis[7]. Ye[12]
presented cosine similarity measure for gIFS and applied it to medical diagnosis
and pattern recognition. Ye[13, 14] also presented cosine similarity measure and

vector similarity measures for ^IV IFS and trapezoidal ]IFN and applied them
to multiple criteria decision making problem.
Neutrosophic set(gNS) was �rst presented by F. Samarandache[29, 30] which

simpli�es the concept of crisp set,gFS, gIFS, ^IV IFS, and so on. IngNS its inde-
terminacy is computed unambiguously and its truth-membership, indeterminacy-
membership and falsity-membership are signi�ed freely. gNS simpli�es all the
above de�ned sets from philosophical point of view. Several similarity mea-
sures for gNS has been de�ned by Broumi. S. et al. [31]. Majumdar et al.[26]
presented similarity and entropy for gNS: gNS is di¢ cult to apply in real life
and engineering problem. To overcome this di¢ culty wang et. al. [36, 37].

introduced the concept of single valued neutrosophic sets /( ^SV NSs) and inter-
val neutrosophic sets ( ÎNSs) and provided basic operation and properties of
^SV NSs and ÎNSs. The ŜV NSs and ÎNSs is a subclass of gNS. Sahin R.
et al.[28] de�ned subsethood for ^SV NSs. Zhang et al[42] also de�ned some
operation for ]INS. Ye[15, 16, 17, 18] de�ned correlation coe¢ cient, improved
correlation,entropy and similarity measure for ŜV NS and ]INS and gave their
application in multiple attribute decision making problems (M̂CDM). Broumi.
S. et al. [32, 33] presented correlation and cosine similarity measure for ]INS.
Ye[19] presented the concept of simpli�ed neutrosophic sets ( ŜNSs) which

contained the concept of ŜV NS and ]INS and de�ned some basic operation for
ŜNSs and applied them to multi-criteria decision making problem. Ye [20, 21]

also de�ned vector similarity measures for ŜNSs and improved cosine similarity
measures for ŜNSs. Peng et al[11] �nd some drawbacks of the operation for
]SNS de�ned by Ye and presented new operations for ]SNS.
Hesitant fuzzy set ( ĤFS) is another generalization of gFS proposed by

Torra and Narukawa[34, 35]. The advantege of ĤFS is that it authorizations
the membership degree of an element to a given set with a limited di¤erent
values, which can ascend in a group decision making problem. Recently a ĤFS
has acknowledged more and more consideration since its presence. Xia and
Xu [38, 39, 40, 41] presented hesitant fuzzy information, similarity measures
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for ĤFS and correlation for ĤFS.Chen et al[4] presented some correlation

coe¢ cient for ĤFS and applied them to clustering analysis. Ye[22] presented

vector similarity measures for ĤFS. Chen et al.[3] further extended HFS to

interval valued hesitant fuzzy set. ( ^IV HFS) Farhadinia. B [8, 9] de�ned

information measures for ĤFS; and ^IV HFS: and distance measures for high
order ĤFS:
Dual hesitant fuzzy sets (D̂HFS) was presented by Zhu[43, 44] which is

the generalization of ĤFS, gFS, gIFS and fuzzy multi sets are special cases
of D̂HFS. Recently Su. Z[45] presented similarity measure for D̂HFSs and

applied it to pattern recognition.Correlation of D̂HFS was presented by Ye[23]

and applied them to M̂CDM under D̂HF informations. As mentioned above
that hesitancy is the most common problem in decision making for which ĤFS is
a suitable means by allowing sevrel possible values for an element to a set. How-
ever in ĤFS they consider only one truth-membership function and it cannot ex-
press this problem with a few di¤erent values assigned by truth-membership hes-
itant degree, indeterminacy-membership degree, and falsity-membership degrees
due to doubts of decision makers.and also in D̂HFS they consider two func-
tions that is membership and non-membership functions and can not consider
indeterminacy-membership function. To overawed this problem and the decision
maker can get more information Ye [24] presented the concept of single valued

neutrosophic hesitant fuzzy sets ( ^SV NHF ) and de�ned some basic operations,
aggregation operators and applied it to M̂CDM under ^SV NHF .environment.
Lui P. [25] presented the concept of interval neutrosophic hesitant fuzzy set�
^INHF

�
and de�ned some basic operations, aggregation operators and ap-

plied them to multicriteria decision making problem.
Since vector similarity measures played an important role in decision making,

so we present vector similarity measures for ŜNHF and then give its applica-
tions in M̂CDM and pattern recognition.
The rest of the article is organized as follows. In section 2 we de�ned some

basic de�nitions related to our work. In section 3 we de�ned vector similarity
measures for simpli�ed neutrosophic hesitant fuzzy sets. In section 4 we apply
the peoposed similarity measures to multi attribute decision making problem
under simpli�ed neutrosophic environment. in section 5 we apply the proposed
similarity measures to pattern recognition. At the end we give some numerical
examples to show the e¤ectiveness of the proposed similarity measures, conclu-
sion and refrences are given.

2 Preliminaries

In this section we de�ne some basic de�nitions about hesitant fuzzy sets, interval
valued hesitant fuzzy set, single valued neutrosophic hesitant fuzzy set, interval
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neutrosophic hesitant fuzzy sets and the vector similarity measures, such as
Jaccard similarity measure, Dice similarity measure, Cosine similarity measure.

De�nition 1 [34, 35]Let �U be a �xed set, a hesitant fuzzy set M̂ on �U is de�ned
in terms of a function fM̂ (a) that when applied to �U returns a �nite subsets of
[0; 1]: Hesitant fuzzy set is mathematically represented as,

M̂ = fha; fM̂ (a)ja 2 �Uig;
Where fM̂ (a) is a set of some di¤erent values in [0; 1]; denoting the possible

membership degrees of the element a 2 �U to M̂:

De�nition 2 [3]Let �U be a �xed set, an interval valued hesitant fuzzy set D̂
on �U is de�ned in terms of a function fM̂ (a) that when applied to �U returns a
�nite set of subintervals of [0; 1]: An interval valued hesitant fuzzy set is math-
ematically represented as,

D̂ = fha; fD̂(a)ja 2 �Uig;
Where fD̂(a) is a set of some di¤erent values in [0; 1]; denoting the possible

membership degrees of the element a 2 �U to D̂:

De�nition 3 [24]Let �U be a non empty �xed set. A single valued neutrosophic
hesitant fuzzy set N̂ is the structure of the form:

N̂ = fha; �t(a);�{(a); �f(a)ig

In which �t(a);�{(a) and �f(a) are three sets of some values in the real unit inter-
val [0; 1]; representing the possible truth-membership hesitant degrees, indeterminacy-
membership hesitant degrees and falsity-membership hesitant degree of the el-
ement a 2 �U to the set N̂ ; respectively, with the condition that 0 � '; �;  �
1 and 0 � '+ + �+ +  + � 3; where ' 2 �t(a); � 2 �{(a);  2 �f(a); '+ =
['2�tmaxf'g; �+ = [�2eimaxf�g;  + = [ 2 ef maxf g:
De�nition 4 [25]Let �U be a non empty �xed set. A interval neutrosophic hes-
itant fuzzy set Ĥ is structure of the form

Ĥ = fha; �t(a);�{(a); �f(a)ig

In which �t(a);�{(a) and �f(a) are three sets of some interval values in the set of
real unit interval [0; 1]; representing the possible truth-membership hesitant de-
grees, indeterminacy-membership hesitant degrees and falsity-membership hes-
itant degree of the element a 2 �U to the set Ĥ; respectively, with the condition
that ' = ['l; 'u] 2 �t(a); � = [�l; �u] 2 �{(a);  = [ l;  u] 2 �f(a) � [0; 1] and 0 �
sup'+ + sup�+ + sup + � 3; '+ = ['2�tmaxf'g; �+ = [�2eimaxf�g;  + =
[ 2 ef maxf g:
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2.1 Vector similarity measures

Let A = (c1; c2; :::; cm) and B = (e1; e2; :::; em) be two vectors of length is m
where all the coordinates are positive. The jaccard similarity measure of these
two vectors [27] is given by

~J(A;B) =
A:B

jjAjj22 + jjBjj22 �A:B
=

mX
k=1

ckek

mX
k=1

c2k +
mX
k=1

e2k �
mX
k=1

ckek

(a)

Where A:B =
mX
k=1

ckek is the inner product of the vectors A and B and

jjAjj2 =

vuut mX
k=1

c2 and jjBjj2 =

vuut mX
k=1

e2 are the Euclidean norms of A and B:

Then the Dice similarity measure [5] is de�ned as follows:

~D(A;B) =
2A:B

jjAjj22 + jjBjj22
=

2
mX
k=1

ckek

mX
k=1

c2k +

mX
k=1

e2k

(b)

and the Cosine similarity measure[10] is de�ned as follows:

~C(A;B) =
A:B

jjAjj2:jjBjj2
=

mX
k=1

ckekvuut mX
k=1

c2k:

vuut mX
k=1

e2k

(c)

The Cosine similarity measure is nothing just the cosine angle between two
vectors.
the above formulas are same in the sence each take the value in the unit

interval [0; 1]: Tha jaccard and dice and cosine similarity measures are respec-
tively unde�ned if ck = ek = 0; for k = 1; 2:::m and ck = 0 or ek = 0; k =
1; 2:::m: Now we assume that the cosine similarity measure equal to zero when
ck = 0 or ek = 0; k = 1; 2:::m:
These vector similarity measure satisfy the following properties for the vec-

tors A and B:

(1) J(A;B) = J(B;A); D(A;B) = D(B;A); and C(A;B) = C(B;A)

(2) 0 � J(A;B); D(A;B); C(A;B) � 1
(3) J(A;B) = D(A;B) = C(A;B) = 1 if A = B
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3 Vector SimilarityMeasure For Simpli�ed Neu-
trosophic hesitant fuzzy Sets

If the simpli�ed neutrosophic hesitant fuzzy set contains �nite set of single
points, that is single valued neutrosophic hesitant fuzzy set. Then the Jaccard,
Dice and Cosine similarity measures are de�ned as follows:

De�nition 5 Let eA and eB be two \SV NHFSs on the universal set bU = fu1; u2; :::; umg;
respectively denoted by eA = fhuj ; � eA(uj); � eA(uj); � eA(uj)juj 2 bUg and eB =

fhuj ; � eB(uj); � eB(uj); � eB(uj)juj 2 bUg for all j = 1; 2; :::;m:Then we de�ne the

jaccard,Dice and cosine similarity measures for \SV NHFSs eA and eB as follows:

bJ \SV NHFS
( eA; eB) = 1

m

mX
j=1

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(�uj)
+

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)
lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
�0BBBB@

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)+
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)

1CCCCA
(1)

bD \SV NHFS
( eA; eB) = 1

m

mX
j=1

2

0BBBB@
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)
+

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)

1CCCCA
lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
(2)
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bC \SV NHFS
( eA; eB) = 1

m

mX
j=1

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)vuut lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

vuut lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
(3)

Here lej = max(le(�� eA(~uj);�� eA(~uj); �� eA(~uj)); le(�� eB(~uj);�� eB(~uj); �� eB(~uj))) for
all ~uj 2 bU; where le(�� eA(~uj);�� eA(~uj); �� eA(~uj)) and le(�� eB(~uj);�� eB(~uj); �� eB(~uj)), re-
spectively represents the number of values in �� eA(~uj);�� eA(~uj); �� eA(~uj) and �� eB(~uj);�� eB(~uj); �� eB(~uj):
When the number of values in �� eA(~uj);�� eA(~uj); �� eA(~uj) and �� eB(~uj);�� eB(~uj); �� eB(~uj):
are not equal that is le(�� eA(~uj);�� eA(~uj); �� eA(~uj)) 6= le(�� eB(~uj);�� eB(~uj); �� eB(~uj)):
Then the pessimestic add the minimum value while the optimistic add the max-
imum value. This depend on the decision makers that was successfully applied
for hesitant fuzzy sets by [40].
The above de�ned three vector similarity measures satisfy the condition

de�ned in Ye[22].
(A1) bJ \SV NHFS

( eA; eB) = bJ \SV NHFS
( eB; eA); bD \SV NHFS

( eA; eB) = bD \SV NHFS
( eB; eA); bC \SV NHFS

( eA; eB) =bC \SV NHFS
( eB; eA):

(A2) 0 � bJ \SV NHFS
( eA; eB); bD \SV NHFS

( eA; eB); bC \SV NHFS
( eA; eB) � 1:

(A3) bJ \SV NHFS
( eA; eB) = bD \SV NHFS

( eA; eB) = bC \SV NHFS
( eA; eB) =< 1; 0; 0 >

iff eA = eB
Proof. (A1) obviously it is true.
(A2) obviously the property is true due to the inequality ~x2 + ~y2 � 2~x~y for

eq 1 and eq 2 and the cosine value for eq 3.
(A3) When eA = eB then �� eA(~uj) = �� eB(~uj); �� eA(~uj) = �� eB(~uj) and �� eA(~uj) =

�� eB(~uj) for each ~uj 2 bU; j = 1; 2; :::;m: So there arebJ \SV NHFS
( eA; eB) = 1; bD \SV NHFS

( eA; eB) = 1; and bC \SV NHFS( eA; eB) = 1:
In real life problem, the elements ~uj (j = 1; 2; :::;m) in a universal set bU =

f~u1; ~u2; :::; ~ujg have di¤erent weights. Let b$ = ($1; $2; :::; $j)
bT be the weight

vector of ~uj (j = 1; 2; :::;m) with $j � 0; j = 1; 2; :::;m; and
mX
j=1

$j = 1:

Therefore we extend the above three similarity measures to weighted vector
similarity measures for \SV NHFSs:

The weigthed Jaccard similarity measure for \SV NHFSs eA and eB as follows:
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bJ \SV NHFS
( eA; eB) = mX

j=1

$j

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)
lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
�0@ lejX

i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)
1A

(4)
The Dice similarity measure for \SV NHFSs eA and eB as follows:

bD \SV NHFS( eA; eB) = mX
j=1

$j

2

0BBBB@
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)
+

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)

1CCCCA
lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
+

lejX
i=1

h
�� eB�(i)(~uj)

i2
(5)

The Cosine similarity measure for \SV NHFSs eA and eB as follows:

bC \SV NHFS
( eA; eB) = mX

j=1

$j

lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj) +
lejX
i=1

�� eA�(i)(~uj)�� eB�(i)(~uj)0@
vuut lejX

i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i21A
0@
vuut lejX

i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i21A
(6)

If the SNHFS contain a set of interval values instead of a set of single
points. Then
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bJ \SV NHFS
( eA; eB) = 1

2m

mX
j=1

lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)
+

lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)+
lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)
lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��UeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��UeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeB�(i)(~uj)

i2
+

lejX
i=1

h
��UeB�(i)(~uj)

i2
+

lejX
i=1

h
��LeB�(i)(~uj)

i2
+

lejX
i=1

h
��UeB�(i)(~uj)

i2
+

lejX
i=1

h
��LeB�(i)(~uj)

i2
+

lejX
i=1

h
��UeB�(i)(~uj)

i2
�0BBBBBBBBBB@

lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)
+

lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)+
lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)

1CCCCCCCCCCA
(7)

The dice similarity measure for \INHFSs
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bD \SV NHFS
( eA; eB) = 1

4m

mX
j=1

2

0BBBBBBBBBBBB@

0@ lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)
1A

+

0@ lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(�uj)��UeB�(i)(~uj)
1A

+

0@ lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)
1A

1CCCCCCCCCCCCA
lejX
i=1

h
��LeA�(i)(~uj)
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The weighted Jaccard similarity measures for INHFS
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The weighted Dice similarity measure
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The weighted Cosine measure

bC \SV NHFS
( eA; eB) = mX

j=1

$j

lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj) +
lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj)+
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj) +
lejX
i=1

��LeA�(i)(~uj)��LeB�(i)(~uj) +
lejX
i=1

��UeA�(i)(~uj)��UeB�(i)(~uj)0BBBBB@

vuuuuuuut
lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��UeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��LeA�(i)(~uj)

i2
+

lejX
i=1

h
��UeA�(i)(~uj)

i2
+

1CCCCCA
0BBBBB@

vuuuuuuut
lejX
i=1

h
��LeB�(i)(~uj)

i2
+

lejX
i=1

h
��UeB�(i)(~uj)

i2
+

lejX
i=1

h
��LeB�(i)(~uj)

i2
+

lejX
i=1

h
��UeB�(i)(~uj)

i2
+

lejX
i=1

h
��LeB�(i)(~uj)

i2
+

lejX
i=1

h
��UeB�(i)(~uj)

i2
1CCCCCA

(12)

12



4 Multi attribute decision making With single
valued neutrosophic hesitant information

In this section we present a multi-criteria decision making method adapted from
Ye[22] to utilize the vector similarity measures for \SV NHFSs and \INHFSs
with \SV NHF and \INHF information respectively.
For a \MCDM problem with \SV NHF and \INHF information respectively,

let �A = f �A1; �A2; :::; �Ang be a set of alternatives and �C = f �C1; �C2; :::; �Cmg be a
set of attributes. If for the alternatives �Aj (for j = 1; 2; :::; n) the decision mak-
ers provide several values under the criteria �Ci (for i = 1; 2; :::;m); then each
value is considered as a \SV NHF element and \INHF element (�� ji;��ji; ��ji)( for j =
1; 2; :::; n; i = 1; 2; :::;m):

Therefore we can stimulate a \SV NHF and \INHF decision matrix re-
spectively ~D = (�� ji;��ji; ��ji)n�m; where (�� ji;��ji; ��ji)( for j = 1; 2; :::; n; i =

1; 2; :::;m):is in the form of \SV NHF elements or \INHF elements.
For the selection of best alternatives in multiple-criteria decision making

environments,the concept of ideal point has been used in the decision set. Al-
though in real world the ideal point does not exists. The ideal point deliver
a suitable theoretical hypothesis to evaluate alternatives. Therefore we de�ne
each value in each ideal \SV NHF or \INHF element (���j ;��

�
j ; ��

�
j ) for the ideal

alternative �A� = fh �Ci; (���j ;���j ; ���j )ij �Ci 2 �Cg as ���j�(k) = 1;���j�(k) = 0; ���j�(k) =

0; or ���j�(k) = [1; 1];��
�
j�(k) = [0; 0]; ��

�
j�(k) = [0; 0]; for k = 1; 2; :::; lei; where lei

is the number of values or interval values in (�� ji;��ji; ��ji)( for j = 1; 2; :::; n; i =
1; 2; :::;m):
For the di¤erent importance of each criteria the weighting vector of criteria is

given as �$ = ($1; $2; :::; $m)
T ; where $i � 0; i = 1; 2; :::;m; and

Pm
i=1$i =

1:
Then we exploit the three weighted vector similarity measures for \SV NHFSs

or \INHFSs for \MCDM under \SV NHF or \INHF information, which can be
de�ned as follows:
Step 1. Calculate one of the three vector similarity measures between the

alternative �Aj (for j = 1; 2; :::; n) and the ideal alternative �A� by using one of
the three formulas:

13



d$J \SV NHF (
�Aj ; �A

�) =
mX
j=1

$i

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj) +

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)

+

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
����A��(i)

(~uj)
i2

+

lejX
i=1

h
����A��(i)

(~uj)
i2
+

lejX
i=1

h
����A��(i)

(~uj)
i2
�0BBBB@

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj) +

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)

+

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)

1CCCCA
(13)

d$D( �Aj ; �A�) = mX
j=1

$i

2

0BBBB@
lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj) +

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)

+

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)

1CCCCA
lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
����A��(i)

(~uj)
i2

+

lejX
i=1

h
����A��(i)

(~uj)
i2
+

lejX
i=1

h
����A��(i)

(~uj)
i2

(14)

14



d$C( �Aj ; �A�) = mX
j=1

$i

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj) +

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj) +

lejX
i=1

�� eA�(i)(~uj)����A��(i)
(~uj)vuut lejX

i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
+

lejX
i=1

h
�� eA�(i)(~uj)

i2
vuut lejX

i=1

h
����A��(i)

(~uj)
i2
+

lejX
i=1

h
����A��(i)

(~uj)
i2
+

lejX
i=1

h
����A��(i)

(~uj)
i2

(15)
We use the following formulas under the \SV NHF information.
Under \INHF information, we use the following formulas:
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Practical example
This example is adopted from Ye [22] is used as the demonstration of the

e¤ectiveness of of the proposed decision making method in real life problem.
For SVNH information
There is an investment company, which wants to invest some money in the

best option. There is a panel with four possible alternatives to invest the money:
(1) A1 is a car company (2) A2 is a food company , (3) A4 is a computers

company, (4) A4 is an arms company. The following three criterias on which
the investment company must take decision are (1) C1 is the risk, (2) C2 is the
growth, (3) C3 is the environmental impact. The weight vector of the criteria
is given as (0:35; 0:25; 0:4)T the four possible alternative
The decision matrix for attributes and alternative the data is represented by
\SV NHFN
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�D =

26666666666664

~C1 ~C2 ~C3

~A1

�
f0:3; 0:4g; f0:2; 0:3g;

f0:5; 0:6g

� �
f0:4; 0:5g; f0:1; 0:3g;

f0:4; 0:6g

� �
f0:1; 0:2g; f0:3; 0:4g;

f0:6; 0:7g

�
~A2

�
f0:9; 1g; f0:05; 0:07g;

f0:01; 0:02g

� �
f0:8; 0:9g; f0:1; 0:2g;

f0:1; 0:2g

� �
f0:7; 0:9g; f0:1; 0:2g;

f0:01; 0:02g

�
~A3

�
f0:5; 0:6g; f0:2; 0:3g;

f0:1; 0:2g

� �
f0:5; 0:7g; f0:1; 0:2g;

f0:2; 0:3g

� �
f0:5; 0:7g; f0:1; 0:2g;

f0:2; 0:3g

�
~A4

�
f0:9; 1g; f0:1; 0:2g;
f0:15; 0:25g

� �
f0:8; 0:9g; f0:1; 0:2g;

f0:1; 0:2g

� �
f0:4; 0:5g; f0:2; 0:4g;

f0:3; 0:5g

�

37777777777775
Table 1: The values obtained through the de�ned weighted vector similarity

measures for \SV NHFS

WJSV NHF ( ~A
�; Âk) WD \SV NHF (

~A�; Âk) WC \SV NHF (
~A�; Âk)

~A1 0:2254 0:3384 0:4099
~A2 0:9420 0:9762 0:8752
~A3 0:68125 0:81120 0:8812
~A4 0:73040 0:8205 0:8395

Ranking order ~A2 � ~A4 � ~A3 � ~A1 ~A2 � ~A4 � ~A3 � ~A1; ~A3 � ~A2 � ~A4 � ~A1

The values obtained in table 1 shows that the Jaccard and Dice similarity
measures have the same result that is eA2 is the best alternative while the Cosine
similarity measure shows that eA3 is the best alternative. From table 1 we
conclude that the Jaccard and Dice similarity measure are better to use in
multi-criteria decision making.
For INS information
Now we consider the above example for INHFSs;
The decision matrix for attributes and alternative the data is represented by
\INHFN

�D =

2666666666666666666664

~C1 ~C2 ~C3

~A1

8<: f[0:3; 0:4]; [0:4; 0:5]g;
f[0:2; 0:3]; [0:3; 0:4]g;
f[0:5; 0:6]; [0:6; 0:7]g

9=;
8<: f[0:4; 0:5]; [0:5; 0:6]g;
f[0:1; 0:2]; [0:3; 0:4]g;
f[0:4; 0:5]; [0:5; 0:6]g

9=;
8<: f[0:1; 0:2]; [0:2; 0:3]g;
f[0:3; 0:4]; [0:4; 0:5]g;
f[0:6; 0:7]; [0:7; 0:8]g

9=;
~A2

8<: f[0:8; 0:9]; [0:9; 1]g;
f[0:01; 0:02]; [0:02; 0:03]g;
f[0:01; 0:02]; [0:02; 0:03]g

9=;
8<: f[0:8; 0:9]; [0:9; 1]g;

f[0:1; 0:2]; [0:2; 0:3]g;
f[0:1; 0:2]; [0:1; 0:2]g

9=;
8<: f[0:7; 0:8]; [0:9; 1]g;
f[0:05; 0:15]; [0:15; 0:25]g;
f[0:01; 0:02]; [0:05; 0:09]g

9=;
~A3

8<: f[0:5; 0:6]; [0:6; 0:7]g;
f[0:2; 0:3]; [0:3; 0:4]g;
f[0:1; 0:2]; [0:2; 0:3]g

9=;
8<: f[0:4; 0:5]; [0:5; 0:7]g;
f[0:1; 0:2]; [0:2; 0:3]g;
f[0:2; 0:3]; [0:3; 0:4]g

9=;
8<: f[0:4; 0:5]; [0:5; 0:7]g;
f[0:1; 0:2]; [0:2; 0:3]g;
f[0:2; 0:3]; [0:3; 0:4]g

9=;
~A4

8<: f[0:8; 0:9]; [0:9; 1]g;
f[0:1; 0:2]; [0:2; 0:3]g;

f[0:15; 0:25]; [0:25; 0:35]g

9=;
8<: f[0:7; 0:8]; [0:9; 1]g;
f[0:1; 0:2]; [0:2; 0:3]g;
f[0:1; 0:2]; [0:2; 0:3]g

9=;
8<: f[0:4; 0:5]; [0:5; 0:6]g;
f[0:2; 0:3]; [0:3; 0:5]g;
f[0:3; 0:4]; [0:4; 0:5]g

9=;

3777777777777777777775
Table 2: The values obtained throug using weighted vector similarity mea-
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sures for \INHFN

WJSV NHF () WDSV NHF () WJSV NHF ()
~A1 0:2825 0:4238 0:4357
~A2 0:9437 0:9708 0:9765
~A3 0:6100 0:7568 0:7297
~A4 0:7171 0:8197 0:8337

Ranking order ~A2 � ~A4 � ~A3 � ~A1 ~A2 � ~A4 � ~A3 � ~A1; ~A2 � ~A4 � ~A3 � ~A1

The values obtained from table 2 shows that the best alternatives is eA2:
5 pattern recognition

In this section we appliad the above de�ned vector similarity measures to pattern
recognition. The method use here is adapted from Ye[12].

Example 6 We are given three sample pattern ~A1; ~A2; and ~A3 respectively
which are represented by the following \SV NHFSs in the �nite universe eU =
fa1; a2; a3g: We are also given an unkown pattern �Q. Our aim is to classify �Q
in one of the given pattern. The principle of recognizing pattern is that of the
maximum degree of similarity between \SV NHFSs is discribed by

N = argMax1�k�3

n eC ^SV NHFS
( eAk; ~Q)o

~A1 = fha1; f0:6; 0:7g; f0:2; 0:3g; f0:3; 0:4gi; ha2; f0:4; 0:5g; f0:3; 0:4g; f0:4; 0:5gi;
ha3; f0:3; 0:4g; f0:2; 0:4g; f0:5; 0:7gig

~A2 = fha1; f0:4; 0:5g; f0:3; 0:5g; f0:5; 0:6gi; ha2; f0:6; 0:7g; f0:2; 0:3g; f0:3; 0:4gi;
ha3; f0:5; 0:6g; f0:2; 0:3g; f0:2; 0:4gig

~A3 = fha1; f0:2; 0:3g; f0:3; 0:4g; f0:6; 0:7gi; ha2; f0:4; 0:5g; f0:3; 0:4g; f0:4; 0:5gi;
ha3; f0:6; 0:7g; f0:2; 0:3g; f0:3; 0:4gig

�Q = fha1; f0:1; 0:2g; f0:3; 0:4g; f0:7; 0:8gi; ha2; f0:2; 0:3g; f0:3; 0:4g; f0:6; 0:7gi;
ha3; f0:4; 0:5g; f0:3; 0:5g; f0:5; 0:6gig

( ~A1; �Q) = 0:3501; ( ~A2; �Q) = 0:4317; (~A3;
�Q) = 0:4723

One can observe that the pattern should be classi�ed in eA3 according to the
pattern recognition principle. This result is the same obtained by Ye[12].
For \INHFS
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Example 7 For \INHFS we use the same example de�ned above just the pat-
terns are represented by \INHFSs:

~A1 = fha1; f[0:4; 0:5]; [0:6; 0:7]g; f[0:1; 0:2]; [0:2; 0:3]g; f[0:2; 0:3]; [0:3; 0:4]gi;
ha2; f[0:3; 0:4]; [0:4; 0:5]g; f[0:3; 0:4]; [0:3; 0:4]g; f[0:3; 0:4]; [0:4; 0:5]gi;
ha3; f[0:2; 0:3]; [0:3; 0:4]g; f[0:1; 0:3]; [0:2; 0:4]g; f[0:4; 0:6]; [0:5; 0:7]gig

~A2 = fha1; f[0:3; 0:4]; [0:4; 0:5]g; f[0:2; 0:3]; [0:4; 0:5]g; f[0:3; 0:5]; [0:4; 0:6]gi;
ha2; f[0:4; 0:6]; [0:5; 0:7]g; f[0:2; 0:3]; [0:3; 0:4]g; f[0:3; 0:4]; [0:4; 0:5]gi;
ha3; f[0:4; 0:5]; [0:6; 0:7]g; f[0:1; 0:2]; [0:2; 0:3]g; f[0:1; 0:3]; [0:2; 0:4]gig

~A3 = fha1; f[0:1; 0:2]; [0:2; 0:3]g; f[0:2; 0:3]; [0:3; 0:4]g; f[0:5; 0:6]; [0:6; 0:7]gi;
ha2; f[0:3; 0:4]; [0:4; 0:5]g; f[0:2; 0:3]; [0:3; 0:4]g; f[0:3; 0:4]; [0:4; 0:5]gi;
ha3; f[0:5; 0:6]; [0:6; 0:7]g; f[0:1; 0:2]; [0:2; 0:3]g; f[0:2; 0:3]; [0:3; 0:4]gig

�Q = fha1; f[0:1; 0:3]; [0:2; 0:4]g; f[0:2; 0:3]; [0:3; 0:4]g; f[0:6; 0:7]; [0:7; 0:8]gi;
ha2; f[0:1; 0:2]; [0:2; 0:3]g; f[0:2; 0:4]; [0:4; 0:5]g; f[0:5; 0:7]; [0:6; 0:8]gi;
ha3; f[0:2; 0:4]; [0:4; 0:6]g; f[0:3; 0:4]; [0:4; 0:5]g; f[0:4; 0:5]; [0:5; 0:6]gig

( ~A1; �Q) = 0:1954; ( ~A2; �Q) = 0:1960; (~A3;
�Q) = 0:2150

One can observe that the pattern should be classi�ed in eA3 according to the
pattern recognition principle. This result is the same obtained by Ye[12].
Discussion
As simpli�ed neutrosophic hesitant fuzzy set is an important extension of

the Fuzzy set(gFS),Intuitionistic fuzzy set(gIFS), Single valued neutrosophic
set(ŜV NS), interval neutrosophic set (]INS),Hesitant fuzzy set(ĤFS) and Dual
hesitant fuzzy set(D̂HFS), single valued neutrosophic hesitant fuzzyset ( ^SV NHFS),

inteval neutrosophic hesitant fuzzy set ( ^INHFS). As mentioned above that
hesitancy is the most common problem in decision making for which ĤFS is a
suitable means by allowing sevrel possible values for an element to a set. How-
ever in ĤFS they consider only one truth-membership function and it cannot
express this problem with a few di¤erent values assigned by truth-membership
hesitant degree, indeterminacy-membership degree, and falsity-membership de-
grees due to doubts of decision makers.and also in D̂HFS they consider two
functions that is membership and non-membership functions and can not con-
sider indeterminacy-membership function. Therefore simpli�ed neutrosophic
sets is the more suitable for decision making and can handle incomplete, incon-
sistance and indeterminate information which occure in decision making. The
other advantege of the simpli�ed neutrosophic set is that it contain the con-
cept of single valued neutrosophic hesitant fuzzy sets and as well as interval
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neutrosophic hesitant fuzzy sets. As comparing to other sets the simpli�ed neu-
trosophic hesitant fuzzy set contain more information and the decision makers
can get more information to take their decision.
Conclusion
As simpli�ed neutrosophic hesitant fuzzy set ( \SNHFS) is a new extension

which consists of the concept of Fuzzy set(gFS),Intuitionistic fuzzy set(gIFS),
Single valued neutrosophic set(ŜV NS), interval neutrosophic set (]INS), Hes-
itant fuzzy set(ĤFS) and Dual hesitant fuzzy set(D̂HFS), single valued neu-

trosophic set ( ^SV NHFS), inteval neutrosophic hesitant fuzzy set ( ^INHFS).
In this article we de�ned vector similarity measures for simpli�ed neutrosophic
hesitant fuzzy set and applied them to multi-criteria decision making and pat-
tern recognition. We also observe that the Jaccard and Dice similarity measures
are better to apply in multi-criteria decision making problem then the Cosine
similarity measure. In future we shall apply the above distance measures to
medical diagnosis.
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