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Abstract: As an extension of neutrosophic soft sets, Q-neutrosophic soft sets were established to deal with two-
dimensional indeterminate data. Different hybrid models of fuzzy sets were utilized to different algebraic structures,
for example groups, rings, fields and lie-algebras. A field is an essential algebraic structure, which is widely used
in algebra and several domains of mathematics. The motivation of the current work is to extend the thought of
Q-neutrosophic soft sets to fields. In this paper, we define the notion of Q-neutrosophic soft fields. Structural charac-
teristics of it are investigated. Moreover, the concepts of homomorphic image and pre-image of Q-neutrosophic soft
fields are discussed. Finally, the Cartesian product of Q-neutrosophic soft fields is defined and some related properties
are discussed.
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1 Introduction

Fuzzy sets were established by Zadeh [1] as a tool to deal with uncertain data. Since then, fuzzy logic has
been utilized in several real-world problems in uncertain environments. Consequently, numerous analysts
discussed many results using distinct directions of fuzzy-set theory, for instance, interval valued fuzzy set [2]
and intuitionistic fuzzy set [3]. These extensions can deal with uncertain real-world problems but it does not
cope with indeterminate data. Thus, Smarandache [4] initiated the neutrosophic idea to overcome this problem.
A neutrosophic set (NS) [5] is a mathematical notion serving issues containing inconsistent, indeterminate,
and imprecise data. Molodtsov [6] introduced the concept of soft sets as another way to handle uncertainty.
Since its initiation, a plenty of hybrid models of soft set have been produced, for example, fuzzy soft sets [7],
neutrosophic soft sets (NSSs) [8]. Accordingly, NSSs became an important notion for more deep discussions
[9-17]. NSSs were extended to Q-neutrosophic soft sets (Q-NSSs) [18] a new model that deals with two-
dimensional uncertain data. Q-NSSs were further investigated and their basic operations and relations were
discussed in [18, 19].

Different hybrid models of fuzzy sets and soft sets were utilized in different branches of mathematics,
including algebra. This was started by Rosenfeld in 1971 [20] when he established the idea of fuzzy subgroup.
Since then, the theories and approaches of fuzzy soft sets on different algebraic structures developed rapidly.
Mukherjee and Bhattacharya [21] studied fuzzy groups, Sharma [22] discussed intuitionistic fuzzy groups.
Recently, many researchers have applied different hybrid models of fuzzy sets and soft sets to several algebraic
structures such as groups, semigroups, rings, fields and BCK/BCl-algebras [23—32]. NSs and NSSs have
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received more attention in studying the algebraic structure of set theories dealing with uncertainty. Cetkin
and Aygun [33] established the concept of neutrosophic subgroup. Bera and Mahapatra introduced the notion
of neutrosophic soft group [34], neutrosophic soft fields [35]. Moreover, two-dimensional hybrid models
of fuzzy sets and soft sets were also applied to different algebraic structures. Solairaju and Nagarajan [36]
introduced the notion of Q-fuzzy groups. Thiruveni and Solairaju defined the concept of neutrosophic Q-fuzzy
subgroup [37], while Rasuli [38] established the notion of Q-fuzzy subring and anti Q-fuzzy subring. The
concept of Q-NSSs was also implemented in the theories of groups and rings [39,40].

Inspired by the above works and to utilize Q-NSSs to different algebraic structures, in the current paper,
we continue the work presented in [41] about Q-neutrosophic soft fields (Q-NSFs) and investigate some of
its structural characteristics; we give some theorems that simplifies the main definition, also we discuss the
intersection and union of two Q-NSFs . The concepts of homomorphic image and pre-image of Q-NSFs are
investigated. Also, we discuss the Cartesian product of Q-NSFs and discuss some related properties.

2 Preliminaries

In this section, we recall the basic definitions related to this work.

Definition 2.1 ( [18]). Let X be a universal set, () be a nonempty set and A C F be a set of parameters. Let
QN S(X) be the set of all multi Q-NSs on X with dimension [ = 1. A pair (I'g, A) is called a Q-NSS over
X, where T'g : A — p!QNS(X) is a mapping, such that Tg(e) = ¢ if e ¢ A.

Definition 2.2 ( [19]). The union of two Q-NSSs (I'g, A) and (U, B) is the Q-NSS (Ag, C) written as
(g, A) U (Vg,B) = (Ag,C), where C = AU B and forall c € C, (z,q) € X x (), the truth-membership,
indeterminacy-membership and falsity-membership of (A, C) are as follows:

TFQ(C)(x,q) ifce A— B,
Tag(o)(@, @) = § Tug(o) (2, 9) ifce B— A,
max{7Tr,)(,q), Tvy)(7,q)} ifce ANDB,

(IFQ(C)(LE,(]) ifce A— B,
Ing(o)(:0) = § Twge) (2, q) ifce B— A,
(min{/ry,)(,q), lvy(o(7,q)} ifce ANDB,

(Fro(o)(2,9) ifce A— B,
Fage)(#,q) = § Fugo (@, q) ifce B— A,
(min{ Fry, (o) (7, q), Fugo(z,q)} ifc€e ANB.

Definition 2.3 ([19]). The intersection of two Q-NSSs (I'g, A) and (¥, B) is the Q-NSS (A, C') written as
(Tg, A)N(Vg, B) = (Ag,C), where C = AN Bandforall c € C and (z,q) € X x @ the truth-membership,
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indeterminacy-membership and falsity-membership of (Ag, C) are as follows:

TAQ(c)(xv Q) = min{TFQ(c)<x7 Q)> T\I/Q(c) ([E, Q)}7
]AQ(C)(:E7 CI) = maX{IFQ(c) (ZL’, Q)a ]‘IJQ(C)(:E7 Q)}y
FAQ(C)(xy Q) = maX{FFQ(C) (ZL‘, Q)a F\IIQ(C)(x7 Q)}

3 Q-Neutrosophic Soft Fields

In this section, we define the notion of Q-NSF and discuss several related properties.

Definition 3.1. Let (I'g, A) be a Q-NSS over a field (F,+,.). Then, (I'g, A) is said to be a Q-NSF over
(F,+,.)if foralle € A, T'g(e) is a Q-neutrosophic subfield of (F,+,.), where I'g(e) is a mapping given by
Tole) : F x Q — [0, 1.

Definition 3.2. Let (F, +,.) be a field and (I'g, A) be a Q-NSS over (F, +,.). Then, (I'g, A) is called a Q-NSF
over (F,+,.)ifforall z,y € F,q € Q and e € A it satisfies:

1. Troe)(z + y,q) = min {Try)(%, q), Trg©) (¥, @) }> Irge) (@ + ¥, q) < max {Ir, @) (2, q), Irge) (v, 9) }
and FFQ(@) (Z' + v, Q) < max {FFQ(e) (ma Q)u FFQ(@)(y7 Q>}

2. TFQ(e)(_x> q) > TFQ(e)<x> Q), IFQ(e)(_xa q) < [FQ(e)(xa q) and FFQ(e)(_x> Q> < FFQ(e)(xa Q>

2 min {Tro(e)(#:9), T (¥ 0)} Iro( (-9, 4) < max {Irg(e)(#,9), Irg(e) (4, 4) } and
< max {FFQ(e) (x, q), FFQ(e)(?/, Q)}

4. Troe) (71 q) = Troe) (2, 0) Irge) (27", @) < Irg(e)(z,q) and Frg ey (27", q) < Frye)(, ).

Example 3.3. Let F' = (R, +,.) be the field of real numbers and A = N the set of natural numbers be the
parametric set. Define a Q-NSS (I'g, A) as follows for ¢ € ), € Rand m € N

0 if z 1s rational

. . . . )
if z 1s irrational

TFQ(m)<x7 Q) = { 1
9m
if z 1s rational

1-— L
Ji (T, — 3m s
ro(m) (2, 9) {0 if x is irrational

1+ if z 1s rational

0 if z is irrational

3
m

FFQ(m)(xa Q) = {

It is clear that (I'p, N) is a Q-NSF over F.

Proposition 3.4. Let (I'g, A) be a Q-NSF over (F,+,.). Then, for the additive identity O and the multiplica-
tive identity 1p, forall v € F,q € () and e € A the following hold

1. TFQ(e) (OF> Q) > TFQ(e) (.ﬁl?, q)a [FQ(e) (OFa Q> < [FQ(e) (337 Q) and FFQ(e) (OFa Q) < FFQ(e) (1', Q>
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2. TFQ(e)(1F7 Q) > TFQ(e)($7 Q)a IFQ(e)(lFa Q) < IFQ(e)(xa q) and FFQ(e)(lFa Q) < FFQ(e)(xa q),fOi‘[L’ 7é Op.
3. TFQ(e) <0F7 q) > TFQ(6)<1F7 Q), IFQ(e) (OF> Q) < IFQ(e)(lFa Q) and FFQ(e)(OFa Q) < FFQ(e)(1F7 Q)

Proof. Vx € F,qge Qande € A
L. Try ) (0r, @) = Trg(e)(x — 2, q) = min {Try ) (2, 0), Trge) (2, @) } = Troe) (2, ),
It o) (0F, @) = Irge) (x — 2,¢) < max {Irg(e) (7, ). Irg(e) (2, 0) } = Irge) (2, q),
Fro(e)(0r, ) = Fro(e)(z — ,q) < max {Frq(e) (2, ), Fro@) (2, 4) } = Frg (2, q).

2. TFQ(€)<1F7 Q) = TFQ(S)(ZE.]J_l, Q) > min {TFQ(e)(xa Q>v TFQ(e) ($, Q)} - TFQ(e) (ZE, Q)a
Irg ) (1r, @) = Irge)(z.27", q) < max { I, (x ), Irge) (2 Q)} = Iry () (2, 9),
Fro©(1r, @) = Frge(z.a™, q) < max {Fry, ) (%, q), Fro@) (@, 0) } = Froe (2, q).

3. Follows directly by applying 1. 0

Theorem 3.5. A O-NSS (I'g, A) over the field (F,+,.) is a Q-NSF if and only if for all z,y € F,q € Q) and
ec A

L Troe)(z —y,q) = min {Try, ) (2, q), Try e y Q) } Irge) (@ — v, q) < max {Ir, (2, q),
IFQ e)( Y,q } FFQ e) - Y, Q> S maX{FFQ e) x q) FFQ(E)(y Q)}

2. TFQ(e)(:U Yy >Q) > min {TFQ e) x Q) TFQ y7 } IFQ(e Ty Q) < maX{IFQ(e)<x7Q)7
Irge) (¥, ) by Froe(zy™, q) < maX{FrQ<e ,q), Fro ) (Y, Q)}

Proof. Suppose that (I'g, A) is a Q-NSF over (F, +,.). Then,

Tro(e)(x — y,q) =min {Tr ) (2, 0), Trg ) (—y, @) } = min {Try ) (%, 9), Tro (v, ) }
Irg(e)(z — y,q) <max {Irye)(x,q), er(e) q)} < max {Ir, (%, q), Irge) (v, )},
Froe) (@ —y,q) <max {Fr,(z,q), Fry( e>( ,q) } < max {Fry,)(2, ), Frge) (¥ 9) }-

Also,

> min {TFQ e) x, q) TFQ( )( q)}’
< aX{IpQ(e x Q) [FQ(e)(ya Q)}>
< max { Fry (o) (2, 9), Fro e (¥, 9) }-

TFQ(@) (x'y_l’ ¢) = min {TFQ(e ,q), TFQ )}
IFQ(@)(x'y_l’Q) SmaX{[FQ( (z.q), [FQ )}
FFQ(@)(w'yilvq) Sma“X{FFQ( (x,q), FFQ(e ( q)}
Conversely, Suppose that conditions 1 and 2 are satisfied. We show that for each e € A, (I'g, A) is a
Q-neutrosophic subfield
Troe)(=2,4) = Trq(e)(Or — 2,q) = min {Trq()(0r, 4), Troe) (2. 9) }
> min {TFQ (7, 9), Trg (o) (7, q )} = Troe) (T, q),
It (e)(—7,q) = Ity e)(0F — 2, q) < max {IpQ y(OF, @), Irye)(, q)}
< maX{IpQ ) (7, q), Irg(e) (T, q)} = Ity (7, q),
Or,q), Fr, e)(x q)}
2,9), Fro@(7,9)} = Froe(2,9) }

Froge)(—2,q) = Frye)(0F — 2, q) < max { Fr(
< max {FFQ

)(
)
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also,
TFQ(e) (33 +Y, Q) = TFQ(e)(x - (_y)a Q) > min {TFQ(e) (l’, Q)a TFQ(e) (y> Q>}a
[FQ(S)(x +Y, q) = IFQ(e)(x - (_y)7 Q) < max {IFQ(S)(x7 Q)a IFQ(e) (ya Q)}v
Froe(@+9,q) = Froe(z — (—y),q) < max { Fry (2, q), Froe (¥, 9) }-
Next,
Troe) (7, q) = Troe(Lpx ™", q) = min {Tr, ) (1p, 9), Try, e)(x 9}
> min {Tro ) (2, 9), Tro ) (@, 0) } = Tro () (7, q),
Inge) (" q) = Irge(lr-z™, q) < max {Iry ) (1r. q), Irge (2, ) }
< max {IFQ e)('ra Q) IFQ ( 7Q)} - IFQ(e)(‘r7Q)7
Fro@(,q) = Froe(lra™, q) <max {Frye(1r, ), Frge )( ,q)}
SmaX{FFQ(e) X C]) FFQ :L‘ » q } FFQ )(ZE,C])}
and
TFQ(e)(x'yv Q) = TFQ(e) (x(y_l)_lv Q) > min {TFQ(e)(w7 Q)7 TFQ(G) (ya q)}v
IFQ(e) ($.y, Q) = IFQ(e) (x(y—l)—l’ Q) < max {IFQ(e) (7;7 Q)’ ]FQ(E) (ya CD}?
Froe)(2.y,q) = Frye(x(y™") ™" q) < max {Fry @ (2, q), Froe) (y, ) }-
This completes the proof. []

Theorem 3.6. Let (I', A) and (Y, B) be two Q-NSFs over (F,+,.). Then, (I'q, A)N (Y, B) is also Q-NSF
over (F,+,.).

Proof. Let (I'g, A) N (Vg, B) = (Ag, AN B). Now, Vz,y € F,ge Qande € AN B,

Thro(e)(T — y,q) = min {TFQ<e) (z = ,9), Twge)(x — ¥, Q)}
> mln{mln {TFQ( ) (7,9), Tro ) (U, 4 } min {quQ 7,q), Ty (e)(y q)}}
= min { min { T (e) (2, ), Twge) (@, ¢) b min {Trg ) (4, @), Twge) (¥ q)}}
= min {TAQ(e)(% 0); Tage) (¥, Q>}7
also,
Inge)(® =y, q) = max 3 I, (o) (T — ¥, 9), Twg (o) (T — ¥, Q)}
<m

X{maX{IrQ x q),TFQ(e)(y,q)},maX{wa(e)(%Q),IWQ<e)(y,Q)}}
= max{max{]pQ(e 7,q), Luy(e) (T, q) } maX{er o, 0), Twg ) (Y, Q)}}

= max {IAQ(e) (z,9), Ing(e) (v, Q)}a
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similarly, F,(¢)(z — y,¢) < max {FAQ(e) (7,9), Fage) (¥, q)} Next,

Thge)(zy ", q) = min {TFQ@(w-y‘l, q), TmQ(e>(fE-y‘1, q)}

> mn{mm {TFQ © (T, ), Tro(e) } min {Tg/Q(e 7,q), Ty e) (Y, Q)}}
= mm{mm {TFQ o) (@ . q), Tyge) } min {TFQ o, q), T\IJQ(@)(?J Q)}}
= min {TAQ(e) (ZL", Q), TAQ(e)(ya Q)}a

also,

IAQ(E)(x.y_l,q max § Ire) (2. y~! ),I\I,Q(e)(x.y_l,q)}

| /\

{

X{max{IpQ (z,q), Irg(e) (y,q } maX{LpQ x Q)a]qJQ(e)(y»Q)}}
{maX{IFQ 2,q), Tug(e) (2, q) }max {Irge) (Y, q), Ty (e )(%@}}
maxe {

Ing(e)(,q), IAQ<>(y,q)}

similarly, we can show Fj, () (r.y™!,q) < max {FAQ(E) (7,9), Fag(e) (¥, q)} This completes the proof. O

Remark 3.7. For two Q-NSFs (I'g, A) and (U, B) over (F,+,.), (I'g, A) U (¥, B) is not generally a Q-
NSF.

For example, let /' = (Q, +,.), £ = 2Z. Consider two Q-NSFs (I', £') and (¥, E) over F as follows: for
r€Q,geQandm e Z

0.50 ifz—d4tm,3t € Z,
Trqam (@, 4) = otherwise

0 if v =4tm,3t € Z,
]FQ 4m .
0.25 otherwise,

2 0.40 ifz=4tm,dt e Z,
m w .
ro(um) (7, ) 0.10 otherwise,

and

if v = 6tm, 3t € Z,

Ty (4m) (z,q)
o otherwise,

I if x = 6tm, It € Z,
woam)( 0.50 otherwise,

0.20 ifx = 6tm,dt € Z,
0.40 otherwise.

F‘IJQ(4m)($aQ) = {
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Let (g, A) U (Y, B) = (Ag, E). Form = 2,z = 8,y = 12 we have

Trg)(8 —12,q) = Thy(s)(—4, q) = max {TFQ(S)(_47 ), Twy(8)(—4, Q)} = max{0,0} =0
and
min {TAQ(S) (87 Q)vTAQ( )(127 Q)}
max {TFQ (8,9), Twy(s) } max {TFQ(S) (12,9), Tw,(s )(12,q)}}

min {
min { max {0.50, 0}, max {0, 07}}
{

min {0.50 070}_050

Hence, T, (s)(8 — 12, ¢) < min {TAQ (8,9), Taqs )(12,q)}. Thus, the union is not a Q-NSF.

4 Q-Neutrosophic Soft Homomorphism

In this section, we define the Q-neutrosophic soft function, then define the image and pre-image of a Q-
NSS under a Q-neutrosophic soft function. In continuation, we introduce the notion of Q-neutrosophic soft
homomorphism along with some of it’s properties.

Definition 4.1. Let g : X X Q — Y x Q and h : A — B be two functions where A and B are parameter sets.
Then, the pair (g, h) is called a Q-neutrosophic soft function from X x Q to Y x Q.

Definition 4.2. Let (I'g, A) and (¥, B) be two Q-NSSs defined over X x () and Y x (), respectively, and
(g, h) be a Q-neutrosophic soft function from X x @ to Y x . Then,

1. The image of (I'g, A) under (g, h), denoted by (g, h)(I'g, A), is a Q-NSS over Y x @ and is defined by:

(9.0)(Tq. 4) = (9(T). h(4)) = {{b.9(Ta)(b) : b € h(A)) }.

where forall b € h(A),y € Y and q € Q,

T _ ) maxga g~y Maxn@-b[Tro () (2, ¢)]  if (z,9) € g7 (y, q),
o) (¥:9) =1 otherwise

I MmNz g)=(y,q) minh(a)zb[—]FQ(a) (z,q)] if(z,9) € 97 (y,q),
ro)e) (9 ) = 1 otherwise,

F,

. ming(az,q):(y,q) minh(a)zb[FFQ(a) (ZE, Q)} if (ZL’, q) € gil(ya q)v
ore)) (Y, ) =

1 otherwise,

2. The preimage of (¥, B) under (g, h), denoted by (g, h) ' (¥q, B), is a Q-NSS over X and is defined
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by:
(9.0)7 (. B) = (97 (%), ™ (B)) = { (a.97"(¥a) @) : a € 17(B) ) |.
where foralla € h™'(B),z € X and q € Q,

Ty-1w0) @) (7, @) = Tugn@)(9(7, q)),
Iy-1(wg) @) (@, @) = Tugm) (9(2, ),
Fo1w0)(@) (T, @) = Fugin@)(9(7, q))-

If g and h are injective (surjective), then (g, h) is injective (surjective).

Definition 4.3. Let (g, h) be a Q-neutrosophic soft function from X x @ to Y x Q. If g is a homomorphism
from X x QtoY x @, then (g, h) is said to be a Q-neutrosophic soft homomorphism. If g is an isomorphism
from X x @ toY x Q) and h is a one-to-one mapping from A to B, then (g, h) is said to be a Q-neutrosophic
soft isomorphism.

Example 4.4. Let A = N (the set of natural numbers) be the parametric set and F' = (Z;, +,.) be a field.
Define a Q-NSS (I'g, A) as follows, forany a € A, q € @ and = € Zs,

S- ifx e {1,3}
Froy (2, q) = 4 ot RAC I
Fo(@) (@:4) {0 if z € {0,2,4)
Now, let g : Zs x Q — Zs x Q and h : N — N be given by g(z,q) = 3z + 1 and h(a) = a*. Then for
be N2 y e 3Zs+ 1, the image of (I, A) under (g, h) as follows :

- ) 0 ifye{0,24}
o)) (Y, q) = . a1
e s ifye{L3}
1— = ifye{0,2,4}
Ly (Y, q) = {0 L fyciia)
iy e {0,2,4)
Fyroyw)(y,9) = {5*“5 ity € {1.3)

Theorem 4.5. Let (I'g, A) be a Q-NSF over Fy and (g, h) : Fy x Q — Fy x ) be a Q-neutrosophic soft
homomorphism. Then, (g,h)(I'g, A) is a Q-NSF over F.

roof. Leto € and y1,Y2 € Fo. For g (y1,q9) = @ or g ~(y2,q) = @, the proot 1s straight forward.
P Letb € h(A) and E. F ! 0] ! o, th fi ight f d
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So, assume there exists z1, 7o € F such that g(z1,q) = (y1,q) and g(x2,q) = (y2,q

Tyro)v) (V1 — Y2, q) = max max |:TFQ(a) (z, Q)}

9(z,9)=(y1—y2,q) h(a)=b

> _T a - ) :|
> hr(r(ljicb ol ) (1 — 22, q)

> max | min {TFQ(G)(m,q),TFQ(a)(—l’%Q)H

h(a)=b L

> max | min {TFQ(Q)(M,C])aTFQ(a)(xQ,Q)}]

|:TFQ(0,)<:U27 Q)} }

h(a)=b L

= min{ max [TFQ(G)(ILQ)}

h(a)=b

max
h(a)=b

Toro)wy(1-y2',¢) =  max  max [Tw ) (z, q)]

9(z,q)=(y1.y5 "q) h(a)=b

> }f(rcllf)ii(b _TFQ(G) (551-1’2_ 7Q)}

> max | min {TFQ(Q)(xlaq)’TFQ(a)(x2_17Q)}:|

h(a)=b L

> max | min {TFQ(G)<.CL'1,Q),TFQ(a)(lQaq)}]

|:TFQ(a)<x27 CI)} }

h(a)=b L

= min{ max |:T1“Q(a)(x17q>i|v

h(a)=b

Since, the inequality is satisfied for each =1, xo € F}, satisfying g(z1,q) =

Then,

T - 9 >
sC)®) (Y1 — Y2, q) = 9(e1,0)=(y1,0) ha)=b

"

ln{Tg ) (y1:0), Tyr ><b>(y27q)}-
”
e

I
=]

T, ,q) > min
b)) (Y192 ) > (21.0)=(y1,) h(a)=b

min 3 Tyro)0) (Y1, @), Tor )(b)(yz,Q)}'

Similarly, we show that

ooy (1 — ¥2,¢) < max {fng)(b)(yh ) o)) (v2; Q)}a
Lyrg)w)(¥1-92 5 q) < max {fg<rQ><b>(y17 Q) Lyrg) o) (42, 9) }
Fyro)) (Y1 — ¥2,q) < max {Fg(rQ)(b)(yu ), Fy(ro)m) (Y2, Q)},
Fyro)w)(y1-y2 '+ q) < max {Fg@Q)(b)(?Jb 1), Fyr)w) (y2, CJ)}-

maX max [TFQ( y (21, q)],

maX max [TFQ( y (21, Q)]»

max

h(

a)=b

max max
g(x2,q)=

(y1,9) h(a)=b

max max
g(x2,9)=

(y1,9) h(a)=b

). Then,

(y1,q) and g(x2,q) = (42, ).

[TFQ( )(552, Q)] }

[TFQ( )(!E2> Q)} }
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Theorem 4.6. Let (Y, B) be a Q-NSF over F, and (g, h) be a Q-neutrosophic soft homomorphism from
Fy X Q to Fy x Q. Then, (g,h)"*(¥q, B) is a Q-NSF over over F}.

Proof. Fora € h™*(B) and x,, x5 € F}, we have

Ty-1(w0)@) (1 — 22,q) = Tuyin)(9(21 — T2, 9))
= Tugn)(9(z1,9) — 9(z2, )

> min {T\I,Q[h g(x1, q)),T\pQ[h(a)}(_g<$2, Q))}
> min { Tugn)(9(21,9)), Tagin(9(22,0)) |

= min {T “1(Wg)(a) $1, )7Tg*1(‘lfQ)(a) (@2, Q)}
and

Ty wo)@) (1235 q) = Tugm@) (9(21.25 ", q))
= Tugn)(9(z1,9)-9(23", q))
2 min {T‘PQ[h(a)l@(l’la 0)), Twgnay(9(72,9)” 1)}
2 min {Twh(an(g(%q)),TwQ[h@ (g(x2, ))}

= min {Tg_l(%)(a)(xl, q), Tg—l(\pQ)(a) (2, C])}
Similarly, we can obtain

I H¥qg)(a) ( — 2,4 )Smax 971 (¥q)(a) x17q>7lg

o0 (@20}
(w20,

2,4
2,4
Fo1w0)(0) (21, 9); Fg=1(w0)(a) (T2,

Iy-1(wo)a o (T1.25 ,q)gmax{] ~1(Wg)(a) (21,9), 1, “1(Wg)(a
Fy-1(wq)@) (21 — 22,4 {

3
J

q) q)
Fy1qwg)a) (@123, q) < max ¢ Fymrqwg)(@) (01, 0)s Fy-1(wg)(a) (22, 9)

Thus, the theorem is proved. [

S Cartesian Product of Q-Neutrosophic Soft Fields

In this section, we define the Cartesian product of Q-NSFs and prove that it is also a Q-NSF.

Definition 5.1. Let (I'g, A) and (U, B) be two Q-NSFs over (F, +, .) and (F», +, .), respectively. Then, their
Cartesian product (Ag, A x B) = (I'g, A) x (¥, B), where Ag(a,b) = I'g(a) x Vg(b) for (a,b) € A x B.
Analytically, forz € Fy,y € Frand q € )

Ag(a) = { (@), ), Txgtan ((#,9),0). Lng(an ((2,9).4). Fagian (2,9).4) ) }. where
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TAQ(a,b) ((ZB, y)v Q) =min {TFQ(a) (:B7 q) ) T\I/Q(b) (% Q) }7

IAQ(a,b) ((l’, y)a Q) =max {[FQ(UL) (xa q) ) [\IJQ(b) (3/7 q }a

FAQ(a,b) ((I’, y)a Q) = nax {FFQ((Z) (Q?, Q)a F\IIQ(b) Y, Q)
Theorem 5.2. Let (I'g, A) and (Y, B) be two Q-NSFs over (Fy,+,.) and (Fy, +, .), respectively. Then, their
Cartesian product (I'g, A) x (Y, B) is a Q-NSF over (Fy x F3).

Proof. Let (Ag, A x B) = (I'g, A) x (Vg, B), where Ag(a,b) =T'g(a) x VUq(b) for (a,b) € A x B. Then,
for ((x1,41), ), (2, 92),q) € (F1 X F3) x Q we have,

TAQ(a,b) (((1'1, yl) - (ZL‘27 yQ)v Q)>
= Thg(ab) ((1’1 — T9, Y1 — Y2), Q)
= min {TFQ(Q)((xl T3), q) Ty ((3/1 — Y2), Q)}

)
> min { min {77, () (%1, 4), Tro (@) ( — 22, ¢) }> min {Toym) (415 9), Two @) ( — v2, Q)}}
@(#1,0), Trg(e) (#2,0) } min { Ty (41,0), Toro (92, 9)} |
a) ) (yl,q)},min {TFQ(a) (I27Q>7Tpr(b) (?JQ,Q)}}

in § Tag(an) ((21,91),9), TAQ(a,b)((w27y2)7Q)}

v

=

=

=3

=
——

=
)

min {TFQ( (ml,

I
=

I
= E
=

also,

Ixg(ab) <((m1,y1) — (72,92), Q)>
= Ing(ap) (21 — 22,91 — 12),q)
= max {Irg(w (21 = 22), ), Lugw (1 — 12),9) }
< max{max {Iro0)(21,4), Irg @) ( — 22,9 )} max { Ly, (y1,4), Tvom ( — yQ,Q)}}

1
<max{max{IFQ(G)<‘T17Q)’IFQ(@)(‘T2’ q) }, max { Lyy ) (41.9), f%w)(yM)}}

0): Ty (1:4) b max { T (o) (22.). Tugn (v2:9) } }
)

g (22, 92), )}

= max { max {IFQ(a ($1, Lwom)

= max {[AQ(CL b)( xy, yl »q
similarly, Fa,(q,5) (((xl, y1) — (z2,92), ) max {FAQ xl, Y1), ) Frgab) ((xg, Ya2), q) } Next,

Tag(ab) (((9517 y1)-(za, y2) Q)>

= TAQ(a,b) ((xl-xglu yl'y2_1)7 q)
= min {Trg ) ((r1.221),9), Togm) (1192 1), 9) }

> min { min {Trg( (21,4), Trow (22 ",0) } min { Tage) (11, ), Togw (v:",0) } |
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> min { min { Tty @) (21, 9), Tro(a) (22, ) } min { Ty ) (41, 0) . Togm) (42, ) }}
= min { min {11, () (1. 9), Two@) (1, @) b min { Tt @) (22, 0), Tw, o) (42, @) }}

= min {TAQ(a,b) ((xb yl)a Q> ) TAQ(a,b) ((an y2)7 q)}a

Trgab) (((1317 y1)-(2,92) Q))
= IAQ(a,b) ((x1~x2_1a 91-92_1)7 Q)
max {[FQ(a) (($1-$51), C]) ) fpr(b) ((yl-yz_l), C])}

< max { max { Fro o) (21, 0), Trote (v370) } max { T (41, ), Tugiey (v ",0) } |
< max { max {IFQ(a) (371, Q) ) [FQ(a) (5U2, Q) }7 max {[\IrQ(b) (3/17 Q) ) [\I'Q(b) (3/27 Q) }}
= Inax { max {IFQ(a) (xla Q)a I\I/Q(b) (yla Q) }7 max {-[FQ(GL) (]32, Q> ; I\I/Q(b) (y27 Q> }}

I
&V
5
S~
Q
=
=
~~
—
8
S
Ny
=
N—
[lw)
SN—
S~
Q
=
=
~—~
—
5
[\&]
<
[\&]
SN—
=)
N—
H,_/

similarly, FAQ(a,b)(((1317?/1)761)-((13273/2)_1,Q)> < maX{FAQ(a,b)(('rlayl)JQ)7FAQ(a,b)<(I27y2)7Q)}- This
completes the proof. U

6 Conclusions

In this study, we have introduced the concept of Q-neutrosophic soft fields. We have investigated some of
its structural characteristics. Also, we have discussed the concepts of homomorphic image and pre-image of
Q-neutrosophic soft fields. Moreover, we have defined the Cartesian product of Q-neutrosophic soft fields and
discussed some related properties. The proposed notion enriches knowledge on neutrosophic sets in the branch
of algebra. Also, it illuminates the way for more further deep discussion in algebra under neutrosophic and
Q-neutrosophic soft environment for example, by establishing the notions of n-valued neutrosophic soft fields
Q-neutrosophic soft modules and more.
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