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Abstract: The neutrosophic sets were known since 1999, and because of their wide applications and their
great flexibility to solve the problems, we used these the concepts to define a new types of neutrosophic
crisp closed sets and limit points in neutrosophic crisp topological space, namly [neutrosophic crisp
Gem sets and neutrosophic crisp Turig points ] respactvely, we stady their properties in details and
join it with topological concepts. Finally we used [neutrosophic crisp Gem sets and neutrosophic
crisp Turig points] to introduce of topological concepts as : neutrosophic crisp closed (open) sets,
neutrosophic crisp closure, neutrosophic crisp interior, neutrosophic crisp extrior and neutrosophic
crisp boundary which are fundamental for further reserch on neutrosophic crisp topology and will
setrengthen the foundations of theory of neutrosophic topological spaces.
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1. Introduction

In 1999, Smarandache firstly proposed the theory of neutrosophicset [1] which is the generalization
of the class sets, conventional fuzz set [2] and intuitionistic set fuzzy [3]. After Smarandache,
neutrosophic sets have been successfully applied to many fields such as; topology, control theory,
databases, medical diagnosis problem, decision making problem and so on, [4-37] .

A.A. Salama, et, al.[38] proposed a new mathematical model called " Neutrosophic crisp sets and
Neutrosophic crisp topological spaces " .

The idea of "Gem-Set", which is a characterization of the concept of closure is introduced by
AL-Nafee ,Al-Swidi [39] . After AL-Nafee, the idea of "Gem-Set has been successfully using to many
topological concepts such as; interior, exterior, boundary ,separation axioms, continuous functions ,
bitopological spaces, compactness, soft topological spaces, and so on, [40,41,42,43,44,45,46,47 48].

The idea of "controlling soft Gem-Set" and join it with topological concepts in soft topological space
is introduced by [49]. The concept of the soft Turing point and used it with separation axioms in soft
topological space is introduced by [50,51].

The goal of this research is to combine the concept of "Gem-Set" and Turing point with
neutrosophic crisp set to define a new types of neutrosophic crisp closed sets and limit points in
neutrosophic crisp topological space, namly [neutrosophic crisp Gem sets and neutrosophic crisp
Turig points ] respactvely, we stady their properties in details and we also use it to introduce the
some of topological concepts as : neutrosophiccrisp closed (open) sets , neutrosophic crisp closure,
neutrosophic crisp interior, neutrosophic crisp extrior and neutrosophic crisp boundary which are
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fundamental for further reserch on neutrosophic crisp topology and will setrengthen the
foundations of theory of neutrosophic topological spaces.

The paper is structured as follows; In section 2, we first recall the necessary background on
neutrosophic and neutrosophic crisp points [NCPn for short]. In section 3, a neutrosophic crisp
Turing points properties are introduced with their properties. In section 4, the concept of
neutrosophic crisp Gem sets are introduced and studied their properties.

Throughout this paper, NCTS means a neutrosophic crisp topological space , also we write (H) by
H (for short),the collection of all neutrosophic crisp sets on H will be denoted by N(H) .

2. Preliminaries

2.1. Definition [52]
Let H be a non-empty fixed set, a neutrosophic crisp set (for short NCS) D is an object having the
form D = <Ds,D2,Ds> where D1,D2 and Ds are .subsets of H .

We will exhibit the basic neutrosophic operations defnitions (union, intersection and
complement) . Since there are different definitions of neutrosophic operations , we will organize
the existing definitions into two types in each type these operations will be consistent and
functional . In this work we will use one Type of neutrosophic crisp sets operations .

2.2. Definition [52]

A neutrosophic crisp topology (NCTS) on anon-empty set H is a family T of neutrosophic crisp
susets in H satisfying the following conditions ;
On, Hy € T.
CnDeT, forC,.D €T
The union of any number of set in T belongsto T .
The pair ( H,T) is said to be a neutrosophic crisp topological space(NCTS) in H . Moreover the
elements in T are said to be neutrosophic crisp open sets. A neutrosophiccrisp set F is closed iff its
complement (FC) is an open neutrosophic crisp set .

2.3. Definition [52]
Let NI be a non-null collection of neutrosophiccrisp sets over a universe H . Then NI is called
neutrosophic crisp ideal on Hiif ;
¢ CeNlandDeNIthenCUD€eNI .
. CeNlandD<cCthenDeNI.

2.4. Definition [52]
Let (H,) be NCTS ,A be a neutrosophiccrisp set then: The intersection of any neutrosophic crisp
closed sets contained A is called neutrosophic crisp clusuer of A (for short NC-CL(A)) .

2.5. Definition [52]
((neutrosophic crisp sets operations of Type.I))

Let H be a non-empty set and C=< Ci, C2, C3 >, D=< Dy, D2, Ds > be two neutrosophic crisp
sets, where D1, C1,D2,C2and Ds Ci are subsets of H ,such that (DinD2)=0 , (DinD3)=@, ( D2n
D3)=0 , (CiNC2)=0 , (CinGC3)=0 , (C2n C3)=0 then:

e On=<@,0,H> (Neutrosophicempty set) .
e Hn=<H,0,0> (Neutrosophic universal set) .
e CND=[GND1],[C2NDz2]and [CsU D3] .
e CUD=[CiUD1],[C2UDz2]and [CsN Ds] .
° CecDe Gc Di1,C2€D2 andDs€Cs .

Ahmed B. AL-Nafee, Florentin Smarandache, A. A. Salama, New Types of Neutrosophic Crisp Closed Sets



177

e  The complement of a NCS (D ) may be definedas: D=<Ds, D2, D1 > .
e C=DeCcD,DcC.
2.6. Definition [53]
((neutrosophic crisp sets operations of Type.2))
Let Hbe anon-emptysetand C=< Ci, C2, C3 >, D=< Dy, D2, D3 > be two neutrosophic crisp
sets, where D1, Ci, D2,C2and D3 ,C1 are subsets of H then:
e (On=<@, 0, 0> (Neutrosophicempty set).
° H~ =<H,H,H> (Neutrosophic universal set) .
e CND=[GND:i],[CNDz2]and [CsN Ds].
e CUD=[CGUDi[CUD:2]and [CsU Ds].
° CeDeC €D1,C €Dand Cs €Ds .
e The complement of a NCS (D ) may be defined as: D€ = <D<, D2¢, Dse> .
° C=De CcD,DcC".
2.7. Definition [53]
For all a,b,c € H .Then the neutrosophic crisp points related to a,b,c are defined as follows ;
e ay=<{a,p,0>onH .
e by,=<@,{b},0> onH .
ey, =<0@,0,{c}>onH .
(The set of all neutrosophic crisp points (ay;,, by,, ¢y, ) is denoted by NCPN) .

3. Neutrosophic crisp turing point
In this work, we will use Type.2 of neutrosophic crisp sets operations , this was necessary to
homogeneous suitable results for the upgrade of this research .

3.1. Definition

Let (H,T) be NCTS ,P € NCPNin H, we define a neutrosophiccrisp ideal NI with respect to a
neutrosophic crisp point P, as follows :

NI(P)={(D € T:P € (D)}

3.2. Definition

Let (H,T) be NCTS,P € NCPN in (H,T), YC H, we define a neutrosophic crisp ideal YNI(P) respect
to subspace (Y, Ty), as follows:

YNI(P) ={De Tx:P € (H\D)} .

3.3. Remark

Let (H,T) be NCTS, YcH, for each D# @y and P € NCPNinY , then ;

YNI(P)={D € Ty:P € (H\D)}={D € Ty :P €(Y\D)} .
Proof
YNI(P) = {De Ty:P € (H\D)} ={ D € Ty: P ¢D,for each PeY}={ De Ty: P €(Y\D), for each PeY} .

3.4. Remark

Let (H,T) be NCTS,Yc H, for each D# @y and P € NCPN in H,then ;

YNI(P) ={ D € Ty :P € (H\D)}={DNY:for each D# @y < NI(P)}.

3.5. Example

Let (H,T) be NCTS, such that H={1} ,

T={ ¢y Hy, A,B,C,D,E,EG}, P =<@.{1},8 > , such that;
A=<{1},0,0>B=<0,{1},0 >, C =<{1},{1},0> ,D=< {1}, 0, {1} > ,
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E=<9,{1},{1} >, F=<9,0,{1} > , G=< {1}, {1}, {1} >.
Then, NI(P,) ={@y , ADF}.
3.6. Definition

Let (H,T) be NCTS ,P € NCPNin H and NI be a neutrosophic crisp ideal on (H, T), we say that p
is a neutrosophiccrisp turing point of NI if DceNIdfor each DeTr ,Tr is collection of all
neutrosophic crisp open set of neutrosophic crisp point p.

3.7. Remark
Let (H,T) be NCTS,P € NCPNinH and NI(P) ={D € T: P € (D)} be aneutrosophiccrisp ideal
on(H,T) .
Then, p is a neutrosophic crisp turing point of NI(P) .
3.8. Example

Let (H,T) be NCTS, such that H={1},

T={ oy, Hy, A,B,C,D,E,FG}, P, =<0,{1},0 >, P, =<{1},0, ® > , such that;
A=<{1},00>,B=<0,{1},0>,C=<{1},{1},0 > ,D=<({1},0,{1} >,
E=<0,{1},{1}>,F=<0,0,{1} > ,G=< {1}, {1}, {1} >.

Then, P; is a neutrosophic crisp turing point of neutrosophic crisp ideal NI(P;) ,but not P, .
3.9. Theorem

Let (H,T) be NCTS,ay, # by, € NCPNin H, then, < {b},®, @ > is a neutrosophic crisp closed set

if and only if ay, is not a aneutrosophic crisp turing point of NI(by, ).
Proof

Let ay, # by, € NCPNinH. Assume that< {b},®, @ > is a neutrosophiccrisp closed set ,so
that < {b},8,0 > = cl (< {b},®, @ >). But ay, # by, get that ay, & cl (< {b},d, @ >). Therefore,
there exists a neutrosophic crisp open set U such that, ay,€ U, Un< {b},®, ® > =@y . So that
an,€ U, U¢ Nl(by,) ,because if U€ Nl(by,), then< {b},8,® > €U ,that means Un< {b},d, @ >
#@y ,this a contradiction!. Hence ay, is not a neutrosophic crisp turing point of NI(by, ).
Conversely,

Let ay, # by, € NCPNin H. Since ay, is not a neutrosophiccrisp turing point of NI(by, ), then
there exists a neutrosophiccrisp open set U such that, ay,€ U, U¢ Nl(by,), so <{b},0, @ >
€U.Thus ay, € U, Un< {b},®, @ > =@y implies ay, ¢cl(< {b},d, @ >).

Hence < {b},0, @ >=cl(< {b}, 0, @ >), thus < {b},®, @ > is a neutrosophiccrisp closed set in H.
Proof by the same proof of 2.10. Theorem .

4. Neutrosophic crisp Gem set

4.1. Definition

Let (H, T) be NCTS,P € NCPN in H ,NI(P) be aneutrosophic crisp ideal on (H, T) and D c(H, T),

we defined the neutrosophic crisp set ND'F with respect to space (H,T) as follows:

NDT ={P; € NCPNin H; FnD ¢ NI(P), for each FeTp ,Tp is collection of all neutrosophic crisp open
set of neutrosophiccrisp point P;.The neutrosophiccrisp set ND™ is called neutrosophiccrisp
Gem-Set .

4.2. Example

Let (H,T) be NCTS, such that H={1,2,3},
T={0_N,HNA,BCDEFG},P=<91{1},0 >D=< 9{1,3},0 >, such that;
A=< 01},0 >B=<0,{2},0 >C=<0,{3},0 > D=<0,1,2,0 >.
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E=<0,{13},0,0 > F=<0,{23,0 >,G=<0,{123,0 >.
Then, NI(P)={@,N, B,C ,F} and ND"?=<{1},0, 9 >.

4.3. Theorem
Let (H,T) be NCTS,P € NCPN in H, and let D,C be subsets of (H,T).Then
1. ONT =0y

2. HyP=Hy, whenever NI(P) = @y .

3. C<c D - NCPcND™

4. For any points P;,P, € NCPNinH ,with NI(P,)2 NI(P;) then ND*fz < ND*F1.
5. PeDif and only if Pe ND™.

6. If P €D, then (ND?T)=ND?.

7. If P, €D,P, € C with P, #,P,, DNC= @y, then ND**1~NC*P2 = @y.

8. If ay,, by, € NCPN in Hwith ay, #by,, then by, e(ay,)<implies ay, #(an,)by, and
by, (by,)ay, -

4.4 . Remark
The equality of theorem part (3),(4) does not necessarily hold as shown :
Let (H,T) be NCTS, suchthat H={1,2}, D =< 0,{2},0 >, C =< 0,{1},0 >,
T={ On, H\, A,B, G}, P, =<0,{2},0 >, P, =< 0,{1},0 >,
A=<09{1},0> B=<0,{2},0 > G =< 0,{1,2},0 >,
Then,NI(P, )= {@y, A}, NI(P, ) = {@y, B}and ND*F1 =< @,{2}, 0 >, ND*Pz = ¢y ,NC*P1 = @y
Note that,
1) ND*Pz2 € ND*P1 but NI(P,) 2 NI(P,).
2) NC'P1 € ND*Pr but CZD.

4.5 .Theorem
Let(H, T) be NCTS, P, € NCPN in H and D,C be subsets of (H, T).Then ND*P1 U NC*P1 = N(D U C)*P1.
Proof
It is obviously known that D c (DuUC) and C c (DuUC), then from theorem 3.3 part(3) we get,
ND*P1 « N(D u C)*Prand ND*F1 < N(A U C)*P1, for any P; € NCPN in H. Hence
ND*P1 U NC*P1 € N(D U C)*P1 (1)
For reverse inclusion, let P, & ND*P1.Then there exists neutrosophic crisp open set U containing p
,with DnUe NI( P, ).Similarly, if P, ¢ NC*1 then there exists neutrosophiccrisp open set V
containing P,with CnVE€ NI(P;) .Then by hereditary property of neutrosophic crisp ideal, we get ,
DnUnVe NI(P;) and CnUnVe NI(P;). Again by the finite additivity condition of neutrosophic crisp
ideal, we get (DUC)NUNVE NI(P,).Hence P,& N(D U C)*F1.So,
N(D U C)*P1 € ND*P1 UNC™P1 -——(2).
From (1) and (2) we get, ND*P1 U NC*P1 = N(D u C)*F1 .
4.6 .Theorem
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Let (H.T) be NCTS, P, € NCPN in H and D,C be subsets of (H, T).Then N(D n C)*P1c ND*P» n NC*P1,

Proof

It is known that DNCcD and DnCcC, then from theorem part (3), N(D n C)**1c ND*P* and
N(D n C)*Prc NC*F1.Hence N(D N C)*P1c ND*P1 n ND*P1,for any P, € NCPN in H.
4.7 .Theorem

Let (H,T) be NCTS,ay, € NCPN in H, for each neutrosophic crisp open set U containingay,, then
(an,)an, cU.
proof

Let by, 2U ,s0 ay,#by, ,then we get that Un(by,)= @y € NI((ayn,).That means (by, £(ay,)an,
Thus{(ay,)ay, < U.
4.8 .Theorem

Let (H,T) be NCTS, P, € NCPN in H and D be subsets of (H, T).Then

D*P1={®N ifPleD}
d(P)  ifP, €D
Proof

Case(1)

IfP, € D,To proveD*f1 = @y.Let D*P1 # @y, then there exists least one element.say P, € D*F1 (by
definition of D**1), we have Cp, N D & NI(P,). HenceP, € DN Cp, So P, € D which contradiction!,
then D*F1 = @y.

Case (2)

If P, €D, to prove D**1 =cI(P,). Let P, € D**1 implies P, €DN Vp, for each Vp, € Tp, implies
that P; € Vp, for each Vp, € Tp, it follows P, € cl(P;) then D*P1 ¢ cl(P,) for each D be subsets of
(H.T). Let P, € cl(P,) and P, & D*P1 then there exists neutrosophic crisp open set Vp, containing
P, such that DN Vp, € NI(P;), which implies that P, ¢DN Vp then P, ¢ D or P; € Vp,which means
that P, € D or P, ¢ cl(P,) which contradiction! in two case. Hence P, € D*F1 implies thatcl(P;) €
D*P1. Therefore, D*F1 = cl(P,).if P, € D.

4.9. Definition
Let (H,T), (Y,8) be NCTS. Then, the mapping f:(H, T)—(Y, 6) is called NI'- map ,if and only if,
for every subset D of (H,T), P, € NCPN in H, f(D*P1) =(f (D))**P, .
4.10. Example
Let (H,T), (Y, 8) be NCTS, such that H={1,2,3}, Y={a,b,c},
T={ @y, Hy, A, B}, 8={ Oy, Yn, G}, such that.
A<{1},0,0 >B=< {23},0,0 > G =< {a},0, @ >.
Define f(2)=f(1)=c and f(3)=a, Put D={3} subset of (H,T) .
Then D** =B= < {2,3},8,0 >, so f{(D*3)=(f (D))"®== (< {a,c},®, @ >)*a =< {a,b,c}, 0,0 >.
4.11. Definition

Let (H,T), (Y,8) be NCTS.Then, the mapping f:(H,T) — (Y,8) is called NI"-map if and only if,
for every subset D of (Y,8),p € NCPNinY, f(D*f) =(f~1 (D))'ft @ .

4.12. Example

Let (H,T),(Y,8) be NCTS, such that H={a,b,c}, Y={1,2,3}

T={ @y, Hy, A, B}, 8={ Oy, Yy, G}, such that.
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A=<{a}, 0,0 >, B=<{bc}, 0,0 >, G=<{1},0,0 >.
Define f(b)=f(a)=3 and f(c)=1.Put D={3} subset of (Y,§) .
Then D' =B =< {23},0,0 > , sof! (D) =(f! (D)<= (< {ba},® @ >)c=<{bc}, 00 >

Conclusion

We defined a new types of neutrosophic crisp closed sets and limit points in neutrosophic crisp
topological space namly [neutrosophic crisp Gem sets and neutrosophic crisp Turig points]
respactvely , we stady their properties in details and we also use it to introduce the some of
topological concepts as : neutrosophic crisp closed (open) sets , neutrosophic crisp closure,
neutrosophic crisp interior , neutrosophic crisp extrior and neutrosophic crisp boundary which are
fundamental for further reserch on neutrosophic crisp topology and will setrengthen the

foundations of theory of neutrosophic topological spaces .

We expect, this paper will promote the future study on neutrosophic crisp topological spaces and

many other general frameworks .
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