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Chapter 1

Introduction

1.1 Linguistic Structure

Natural language is a fundamental framework for communication and knowledge representation. Its
mathematical and computational study plays an important role in artificial intelligence, natural lan-
guage processing, and large language models [1H10].

Because linguistic information often involves vagueness, ambiguity, and incomplete information, sev-
eral uncertainty-based frameworks have been developed. Representative examples include Fuzzy Nat-
ural Language [11H14], Neutrosophic Natural Language |15, Hesitant Fuzzy Linguistic Sets [16{{18],
Neutrosophic Linguistic Sets [19-21], Linguistic Graphs [22+24], and Linguistic Matrices [25}26].

This work reviews representative linguistic structures and their mathematical generalizations within
a common framework.

1.2 MOD Structure and Interval Structure

MOD structures are based on modular arithmetic and naturally describe finite cyclic systems [27H29].
They include MOD groupoids, vector spaces, functions, graphs, HyperGraphs, SuperHyperGraphs,
Cayley graphs [30], circulant graphs, cyclic codes, and related structures over

L.

Interval structures represent quantities by ranges rather than exact values and provide useful models
for bounded variability and uncertainty [31},32]. Representative examples include interval groupoids,
semigroups, semirings, matrices, fuzzy and neutrosophic interval structures, and interval-valued un-
certainty models.

Higher-order extensions, including HyperInterval-Valued Uncertain Sets, SuperHyperInterval-Valued
Uncertain Sets, and n-interval structures, are also considered.

9



Chapter 1. Introduction

1.3 Subset Structure and Higher-Order Generalizations

Subset Structures replace individual elements by nonempty subsets and lift ordinary operations to
the subset level.

Let X # @ and let
w:XF— X
be a k-ary operation. Define
PH(X) =P(X)\ {2}
The induced subset operation is

H(PH(X))" — P(X),

&)

where

CAU(Al,...,Ak-) = {w(al,...,ak) ta; € Az}

This differs from a HyperStructure, whose hyperoperation typically has the form
h: X — PY(X).

Thus, Subset Structures use subsets as inputs, whereas HyperStructures introduce set-valued outputs.

Higher levels are obtained recursively by
POx)=X, P(X) =P (PM(X)).

Hence,
X — P(X) —PIX)— .-

provides a natural hierarchy of nested subset structures related to higher-order and SuperHyperStruc-
tures.

1.4 MultiStructure and Iterated MultiStructure

MultiStructures combine several distinguishable mathematical structures within a common multi-
component framework while preserving the identity of each component.

Definition 1.4.1 (MultiStructure). Let
81,82,...,Sm, m22,

be mathematical structures of the same or mutually compatible type. A MultiStructure is the indexed
m~component structure

M= (81,5,....5m).

The index of each component is regarded as part of the structure, so that the constituent structures
remain distinguishable even when some of them have overlapping or identical underlying sets.
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When a set-theoretic realization is required, the underlying components may equivalently be repre-
sented by the tagged disjoint union

|_|{Z} X Si,

where S; denotes the underlying set of S;.

The cases m = 2 and m = 3 are referred to as a BiStructure and a TriStructure, respectively. More
generally, the MultiStructure viewpoint provides a common framework for organizing mathemati-
cal objects composed of several distinguishable structural components. Related examples include
Multimatrices, MultiVector Spaces, Multilntervals, multilayer systems, and multipolar uncertainty
models.

The construction can be iterated to introduce hierarchical depth.

Definition 1.4.2 (Tterated MultiStructure). Let
s

be a class of basic mathematical structures. For n > 0, define recursively

& = | (@n))’".

m>2
Thus, an element of &™) has the form
MY = (80,80, S

where
m>2 ~ S™eem.

For n > 1, an element of &™) is called an Iterated MultiStructure of level n.

Hence, an ordinary MultiStructure introduces several distinguishable components at one level, whereas
an Iterated MultiStructure recursively combines such components and thereby introduces hierarchical
organization. Schematically,

1.5 Meta, Complex, and Real Structures

The survey also considers MetaStructures, in which entire mathematical structures are treated as ob-
jects, together with their iterated forms. In addition, representative Complex and Real Structures are
examined to illustrate algebraic, geometric, and scalar-valued realizations of the general framework.

1.6 Owur Contributions

This work provides a unified survey of linguistic, MOD, interval, subset, multi-component, meta,
complex, and real structures, together with several higher-order generalizations.

The principal contributions are summarized as follows.
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1. We review representative linguistic structures, including fuzzy, neutrosophic, graph-based, and
matrix-based models.

2. We organize representative MOD and interval structures and their algebraic, graph-theoretic,
and uncertainty-based extensions.

3. We formulate a unified power-set-based framework for Subset Structures and clarify their dis-
tinction from HyperStructures.

4. We investigate iterated subset constructions and their connections with higher-order and Su-
perHyperStructures.

5. We present BiStructures, TriStructures, MultiStructures, Iterated MultiStructures, and MetaS-
tructures within a common hierarchical viewpoint.

6. We discuss representative complex and real structures, together with structural relationships,
reductions, closure properties, and well-definedness.

Overall, this organization provides a common mathematical perspective for linguistic information,
modular systems, interval mathematics, subset constructions, MultiStructures, MetaStructures, Hy-
perStructures, and higher-order mathematical structures.
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Preliminaries

In this chapter, we briefly review the basic definitions, terminology, and notation used throughout
this book.

2.1 Fuzzy Set

A Fuzzy Set assigns each element a single membership degree in [0, 1] [33H35]. Related concepts such
as Fuzzy Soft Sets [36,(37] , Fuzzy HyperSoft Sets [38-H40|, HyperFuzzy Sets [41,/42], and Fuzzy Rough
Sets [43/-145] are also known. The definitions and concrete examples are presented below.

Definition 2.1.1 (Fuzzy Set). [33] Let X be a nonempty set. A fuzzy set A on X is characterized
by its membership function
pa X —[0,1].

That is, the fuzzy set A is defined as
A={(@,pa(@)) | = € X},
where p4(x) represents the degree to which the element x € X belongs to the set A.

2.2 Intuitionistic fuzzy set

An intuitionistic fuzzy set assigns each element membership and nonmembership degrees [46H49].
Related concepts such as Intuitionistic Fuzzy Soft Sets [50,/51] and Intuitionistic Fuzzy Rough Sets
[52H54] are also known. The definitions and concrete examples are presented below.

Definition 2.2.1 (Intuitionistic fuzzy set). [46] Let E be a nonempty set. An intuitionistic fuzzy
set (IFS) A on E is given by
A= {{z,pa(z),va(x)) : v € E},

where
pa,va: E—0,1]

are, respectively, the membership and non—membership functions, and for every « € E one has
0 < palx)+rva(x) < 1.

The quantity
Ta(z) :=1—pa(z) —va(z)
represents the hesitation degree at x.

The usual fuzzy set notion is recovered in the special case va(z) = 1 — pa(x) for all z € E, that is,
when 74 (2) = 0 for every z.

13
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2.3 Neutrosophic Set

A Neutrosophic Set assigns to each element three independent membership degrees— truth (7),
indeterminacy (I), and falsity (F')—each taking values in [0, 1], thereby enabling flexible modeling
of uncertainty [55-59]. Neutrosophic Sets are widely recognized as generalizations of Fuzzy Sets and
Intuitionistic Fuzzy Sets, and they offer a highly adaptable framework by explicitly accommodating
the component I. Related concepts such as Neutrosophic Soft Sets [60H62|, Neutrosophic Rough
Sets |63], and Neutrosophic HyperSoft Sets [64H66] are also known. The definitions and concrete
examples are presented below.

Definition 2.3.1 (Neutrosophic Set). [67] Let X be a non-empty set. A Neutrosophic Set (NS) A
on X is characterized by three membership functions:

TA:X—)[O,l], IA:X—)[O,l], FA:X*)[O,”,

where for each © € X, the values Ty (x), I4(z), and F4(x) represent the degrees of truth, indetermi-
nacy, and falsity, respectively. These values satisfy the following condition:

0< TA(I) + IA(I) + FA(:L') < 3.

Example 2.3.2 (Real-Life Example of a Neutrosophic Set). Consider the evaluation of whether a
restaurant is suitable for recommendation. Let

X ={Ry, Ry, R3}

be a set of restaurants. Define a neutrosophic set A representing “restaurants recommended by
customers” by
(R, 0.80, 0.10, 0.20),
A=1{ (R2,0.60,0.30, 0.40),
(Rs, 0.30, 0.20, 0.70)

For example, for restaurant R,
Ta(R2) = 0.60, I4(R2) = 0.30, F4(R2) = 0.40.

Here, 0.60 represents the degree of evidence supporting the recommendation, 0.30 represents indeter-
minate or conflicting information, and 0.40 represents the degree of evidence against the recommen-
dation.

Thus, the neutrosophic representation can simultaneously express positive, indeterminate, and nega-
tive evaluations arising from real-world customer opinions.

2.4 Uncertain Set

An Uncertain Set assigns to each element a degree taken from a prescribed uncertainty model, thereby
providing a common framework that includes fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic
settings [68473].

Definition 2.4.1 (Uncertain Model). [73] Let U denote the class of all uncertain models. Each
M € U is determined by the following data:

« a nonempty set Dom(M) C [0,1]¥ of admissible degree tuples, for some fixed integer k > 1;

e a collection of model-dependent algebraic or geometric constraints imposed on elements of
Dom(M) (for example, u + v < 1 in the intuitionistic fuzzy setting, or 0 < T+ I+ F < 3 in
the neutrosophic setting).
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Typical examples are as follows:

o Fuzzy model: Dom(M) = [0, 1];
¢ Intuitionistic fuzzy model:

Dom(M) = {(p,v) € [0,1]? : p+v < 1};

e Neutrosophic model:

Dom(M) = {(T,I,F) € [0,1]> :0< T+ 1+ F <3}

o Plithogenic model, together with many further extensions.

Definition 2.4.2 (Uncertain Set (U-Set)). [73] Let X be a nonempty universe, and let M be a
fixed uncertain model with degree-domain Dom(M) C [0,1]*. An Uncertain Set of type M (briefly, a
U-Set) on X is a pair

U= (Xv MJVI)»

where
unr : X — Dom(M)

is called the uncertainty-degree function (or membership map) of U.

For each x € X, the value pps(z) € Dom(M) records the degree, or collection of degrees, with which
x belongs to the uncertain set under the model M.

Remark 2.4.3. Several familiar structures appear as special cases:

o If M is the fuzzy model with Dom(M) = [0,1], then pps : X — [0,1] is an ordinary fuzzy
membership function, and U is a fuzzy set.

o If M is a neutrosophic model, then pps(x) = (T(x),I(x), F(x)), and U becomes a neutrosophic
set.

e Other choices of M recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic sets, and
many related models.

Example 2.4.4 (Real-Life Example of an Uncertain Set). Consider a university selecting students
for a scholarship. Let
X = {317 52, 53}

be the set of applicants.

Assume that the uncertainty model M evaluates each applicant by two components:
Dom(M) = [0,1)?,

where the first component represents academic suitability and the second represents financial need.

Define
par: X — [0,1]?

by
par(s1) = (0.90,0.70),

iar (s2) = (0.75,0.95),
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and
s (s3) = (0.60,0.50).

Then

is an Uncertain Set of type M.

For example,
,LLM(SQ) = (075, 095)

indicates that applicant s has an academic suitability degree of 0.75 and a financial-need degree of
0.95.

Thus, the U-Set framework can represent several uncertainty-related evaluation components simulta-
neously within a single mathematical model.

As indicated above, this framework admits many different specializations. For reference, Table
lists representative families of uncertainty sets (U-Sets), organized according to the dimension k of
the degree-domain Dom (M) C [0, 1]% (cf. [37,/74]).
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Table 2.1: A catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-
domain Dom(M) C [0, 1]% .

k note Representative U-Set model(s) whose degree-domain is a subset of [0, 1]
1 Fuzzy Set 77]; N-Fuzzy Set [78-80]; Shadowed Set [81/83]
2 Intuitionistic Fuzzy Set ; Intuitionistic Evidence Set; Interval-Valued Fuzzy

Set [841)85]; Pythagorean Fuzzy Set [86l[87]; Fermatean Fuzzy Set [88,[89]; g-Rung
Orthopair Fuzzy Set , Vague Set ; Bipolar Fuzzy Set (two-component
description) |941/95]; Variable Fuzzy Set ; Paraconsistent Fuzzy Set ;
Bifuzzy Set \

3 Single-Valued Neutrosophic Set ; Picture Fuzzy Set
(Ternary Fuzzy Set ); Three-way Fuzzy Set ; Inconsistent Intuitionis-
tic Fuzzy Set ; Cubic Set ; Spherical Fuzzy Set ; T-Spherical
Fuzzy Set ; Tripolar Fuzzy Set (three-component formalisms) [119H122];
Kleene Three-Valued Set; Neutrosophic Vague Set

4 Quadripartitioned Neutrosophic Set ; Interval-Valued Intuitionistic Fuzzy
Set ; Interval-Valued Pythagorean Fuzzy Set ; Support Neu-
trosophic Set ; Local-Neutrosophic Set ; Linear Diophantine Fuzzy
Set ; Double-Valued Neutrosophic Set ; Dual Hesitant Fuzzy Set

[141}/142]; Bipolar Intuitionistic Fuzzy Set [143H145]; Bipolar Vague Set [146}[147];
Quadripolar Fuzzy Set [148]; Ambiguous Set [149H151|; Belnap four-valued Set;

Turiyam Neutrosophic Set [152{155]

5 Pentapartitioned Neutrosophic Set ; Triple-Valued Neutrosophic Set
|159-161]
6 Hexapartitioned Neutrosophic Set; Tripolar Intuitionistic Fuzzy Set \ ; Bipolar

Neutrosophic Set |[162H164]; Quadruple-Valued Neutrosophic Set [160,/165]; Intu-
itionistic fuzzy Cubic Set [166169]; Interval-Valued Neutrosophic Set [170) ;

7 Heptapartitioned Neutrosophic Set \,\ Quintuple-Valued Neutrosophic Set
(160174175
8 Bipolar Quadripartitioned Neutrosophic Set; Octapartitioned Neutrosophic Set

9 Nonapartitioned Neutrosophic Set ; Neutrosophic Cubic Set ;
Tripolar Neutrosophic Set [183]

n (n>1) Multi-valued (Fuzzy) Sets ; Plithogenic Sets , MultiFuzzy Set ;
n-valued (Lukasiewicz) Set; Multipolar Fuzzy Sets ; n-Refined Fuzzy

Set

2n (n >1)  n-Refined Intuitionistic Fuzzy Set [192]; Multipolar Intuitionistic Fuzzy Sets [193
195], Multi-Intuitionistic Fuzzy Set [187]
3n (n>1) n-Refined Neutrosophic Set [192}/196]; Multipolar Neutrosophic Sets [197}/198];

Multi-Neutrosophic Set
Reading guide. Within the U-Set framework , each model M is determined by a degree-domain Dom(M) C [0, 1]*
together with a membership map pps : X — Dom(M). Accordingly, the table groups representative families by the
ambient dimension k, that is, by the number of numerical components assigned to each element.
(a) A common viewpoint in the literature is that neutrosophic sets form a broad umbrella encompassing several earlier
multi-component fuzzy models and their generalizations; see .
(b) Ambiguous sets are often described as subclasses of certain four-component neutrosophic families; see \, 151].
(¢) Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see .
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Chapter 3

Linguistic Structures

This chapter introduces and reviews several representative linguistic structures.

3.1 Natural Language

Natural language is a human communication system using vocabulary, grammar, and semantics to
form context-dependent expressions for communication and interpretation [202H205]. We briefly recall
the notions of formal language, word, and natural language used throughout this work.

Definition 3.1.1 (Formal Language). [206] Let X be a finite alphabet and let £* denote the set of
all finite strings over . A formal language over 3 is any set

LCX.
Additional syntactic or grammatical rules may be used to determine which strings belong to L.

Definition 3.1.2 (Word). (cf. [206,[207]) Let ¥ be a finite alphabet. A word over ¥ is an element
wey, ¥=]um
n=0

The length of w is denoted by |w|. The empty word e € X* satisfies |e| = 0.

Definition 3.1.3 (Natural Language). (cf. [3,/4L208]) For mathematical purposes, a natural language
is modeled as a structure

N = (2, W, G, Sem),

where ¥ is an alphabet, W C ¥* is a lexicon, G is a grammatical system determining a set of
well-formed expressions Sent(G) C X*, and

Sem : Sent(G) — M

is a semantic mapping into a domain of meanings M. The grammar and semantics may be ambiguous
or context-dependent.

19
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Example 3.1.4 (A Simple Natural Language). Consider a small natural language for describing
animal actions. Let
3 = {cats, dogs, chase,mice},

and let the lexicon be
W = {cats7 dogs, chase,mice}.

Let the grammatical system G be determined by the rule
Sentence — Noun Verb Noun,

where
Noun € {cats,dogs,mice}, Verb = chase.

For example,
Sent(G) = {cats chase mice,dogs chase cats,...}.

Let the semantic domain be

M = {Chase(a,b) : a,b € {cats,dogs, mice}}.
The semantic mapping is defined, for instance, by

Sem(cats chase mice) = Chase(cats, mice),

and
Sem(dogs chase cats) = Chase(dogs, cats).

Hence,

N = (%, W, G, Sem)

provides a simple mathematical model of a natural language in which grammatical expressions are
mapped to their corresponding meanings.

3.2 Hyperword and Hyperlanguage

A hyperword is a nonempty set of words, while a hyperlanguage is a collection of hyperwords [209).

Definition 3.2.1 (Hyperword and Hyperlanguage). (cf. [209]) Let X be a finite alphabet.

A hyperword over ¥ is a nonempty subset

H e P(X")\{0}.

A hyperlanguage over ¥ is a collection of hyperwords; hence

HCPE)\ {0}
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Definition 3.2.2 (Natural Hyperword and Natural Hyperlanguage). (cf. |3L[210]) Let W be the set
of well-formed expressions of a natural language.

A natural hyperword is a nonempty subset

HePW)\{0}.

A natural hyperlanguage is a collection of natural hyperwords:
Hﬁnat g P(W) \ {@}

Example 3.2.3 (Natural Hyperword and Natural Hyperlanguage). Let W be a set of well-formed
English expressions containing

W = {It is raining,Rain is falling, The weather is rainy,

It is sunny,The sun is shining,It is cloudy}.

Consider the following subsets of W:

H; = {It is raining,Rain is falling,The weather is rainy},

H; = {It is sunny,The sun is shining},

and
H; = {It is cloudy}.

Since
Hy, Hy, Hz € POV) \ {0},

each H; is a natural hyperword. In particular, H; groups several well-formed expressions conveying
closely related meanings about rainy weather.

The collection
HLoar = {H1, Ho, Hs}

satisfies

HLyar € P(W)\ {0}

Therefore, HL ¢ is a natural hyperlanguage.

3.3 n-Superhyperword and n-Superhyperlanguage

The notions of hyperword and hyperlanguage can be extended through iterated power-set construc-
tions [211H213].
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Definition 3.3.1 (n-Superhyperword and n-Superhyperlanguage). [214] Let X be a finite alphabet
and define
POZ*):=%%  PMUZY):=P(PHZY), k>0

For n > 1, an n-superhyperword over ¥ is a nonempty element

H e P™(X%)\ {0}

An n-superhyperlanguage is a collection of n-superhyperwords:

L, CP"(X%)\{0}.

For n = 1, these notions reduce to hyperwords and hyperlanguages.

Definition 3.3.2 (Natural n-Superhyperword and Natural n-Superhyperlanguage). Let W be the
set of well-formed expressions of a natural language, and define

POOV) =W,  PFIOW):=P(P*(W)), k>0.

For n > 1, a natural n-superhyperword is a nonempty element

H e P"(W)\ {0}

A Natural n-Superhyperlanguage is a collection of such objects:

£t Cpr(w)\ {0}.

For n = 1, the construction reduces to a natural hyperword and a natural hyperlanguage.

Example 3.3.3 (Natural 2-Superhyperword and Natural 2-Superhyperlanguage). Let
W = {It is raining,Rain is falling,It is sunny,The sun is shining, It is cloudy}

be a set of well-formed English expressions.

Define the natural hyperwords
Hyain = {It is raining,Rain is falling},

Hgy, = {It is sunny,The sun is shining},

and

Houa = {It is cloudy}.
Since

Hraina Hsuna Hcloud S P(W)a
consider

Sl = {Hraina Hcloud}
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and
SZ = {Hsuna Hcloud}-

Then
51,8 € P2(W) \ {0}.

Hence, S; and S, are natural 2-superhyperwords.

For example,
S; ={{It is raining,Rain is falling}, {It is cloudy}}.

The collection
L5 = {51, 52}

satisfies

L5 C P* W)\ {0}.
Therefore, £52' is a Natural 2-Superhyperlanguage.

3.4 Fuzzy Language

Fuzzy sets generalize classical sets by assigning each element a membership degree between zero and
one, thereby representing partial membership and uncertainty [33,35l/77]. Related concepts, including
HyperFuzzy Sets [41}215], SuperHyperFuzzy Sets [42,/216,[217], and Fuzzy Soft Sets [218]/219], are
also known. Fuzzy Natural Language models linguistic expressions through graded memberships,
representing vagueness and partial truth while enabling nuanced interpretation and context-sensitive
acceptability [11}13}/220].

Definition 3.4.1 (Fuzzy Language). (cf. [2214223]) Let 3 be a finite alphabet. Denote by ¥* (resp.
%) the set of all finite (resp. right-infinite) words over X.

(i) Fuzzy set. A fuzzy set A on a universe X is given by its membership function

wa: X —[0,1], 1a(x) is the degree of x belonging to A.

(ii) Fuzzy language on finite words. A (finite-word) fuzzy language is a map

r: X" —[0,1], r(w) is the degree that w is accepted.

(iii) Fuzzy language on infinite words. A (infinite-word) fuzzy language is a map

ry XY — [0,1], ro,(w) is the degree that w is accepted.

(iv) Support. The (finite-word) support and the w-support are
supp(r) :=={w e X* | r(w) >0}, supp(ry) :={w e X% | r,(w) >0},

These notions model uncertainty by assigning to each word a graded acceptance in [0, 1].
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Definition 3.4.2 (Fuzzy Natural Language). (cf. [12,[224]) A Fuzzy Natural Language formalizes
linguistic uncertainty with fuzzy sets. Fix a finite vocabulary . Define

‘CF:(E7 MF> PFa SF)7

where

o Mp :X* — [0,1] assigns to each string w a degree M p(w) measuring how strongly w belongs
to the language/domain (e.g., in a temperature domain, Mg (“warm”) = 0.8).

o Pp:¥*xX* —[0,1] is a fuzzy similarity /proximity (e.g., Pp(“warm”, “cozy”) = 0.7).

o Sp is a set of fuzzy constraints (syntactic/semantic rules); each rule p is given a degree Sp(p) €
[0, 1] indicating admissibility of a construction.

When context variables (e.g., a measured temperature T, a wait time t) are present, Mg can be
instantiated from fuzzy predicates (membership profiles) over those variables and then mapped to
strings in X*.

Example 3.4.3 (A Simple Fuzzy Natural Language for Temperature Description). Consider a fuzzy
natural language for describing temperature conditions. Let

Y = {cold, cool,warm, hot, very}.

Define
Lr = (3, Mp,Pr,Sr).

Suppose the measured temperature is
T = 24°C.

The fuzzy membership component may assign
Mp(cold) = 0.1, Mp(cool) =04,

Mp(warm) = 0.8, Mp(hot) = 0.3.

Thus, the expression warm is the most strongly supported linguistic description of the observed tem-
perature.

A fuzzy similarity function may be specified, for example, by
Pr(warm, hot) = 0.6,

Pr(warm, cool) = 0.5, Pr(cold, hot) =0.1.

Consider also the fuzzy rule
p: Very - warm —» very warm,

with admissibility degree
Sr (p) =0.9.
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Hence, at
T = 24°C,

the system can represent the statement
The temperature is warm

with degree
0.8,

while simultaneously preserving graded similarity between related linguistic expressions and fuzzy
admissibility of linguistic constructions. Therefore,

Lp = (X, Mp,Pr,Sr)

provides a concrete example of a Fuzzy Natural Language.

3.5 Neutrosophic Natural Language

Neutrosophic sets extend the fuzzy-set viewpoint by separating uncertainty into three components:
truth, indeterminacy, and falsity [57,59,(74}/225,[226]. A Neutrosophic Natural Language represents
linguistic expressions through degrees of truth, indeterminacy, and falsity, enabling explicit modeling
of ambiguity, uncertainty, and contradictory meanings [15].

Definition 3.5.1 (Neutrosophic set). [67] Let X be a nonempty set. A neutrosophic set A on X is
specified by three functions

Ta:X —[0,1, I4:X 10,1, Fa:X—]0,1],

where, for each x € X, the numbers T4 (z), Ia(x), and F4(x) represent, respectively, the degrees of
truth-membership, indeterminacy, and falsity-membership of x in A. They satisfy the admissibility
constraint

0<Ts(x)+Ta(x)+ Fa(z) <3 (x e X).

Definition 3.5.2 (Neutrosophic Natural Language). [15] A Neutrosophic Natural Language is a
natural language
NNeu = (27 N7 Pa Sa MNeu)

equipped with a neutrosophic semantic mapping
Myen : LNNew) — [0, 1%,
where, for each linguistic expression w,
Myeu(w) = (T(w),](w),F(w))

Here T'(w), I(w), and F(w) denote the degrees of truth, indeterminacy, and falsity associated with
the interpretation of w, respectively, with

0 <T(w)+ I(w) + F(w) < 3.
Example 3.5.3 (Neutrosophic Interpretation of a Weather Statement). Consider the linguistic ex-

pression

wi; = "It will rain tomorrow.''

in a weather-related natural language.

Suppose that the available meteorological information moderately supports rain, while substantial
uncertainty remains because the forecast is not fully reliable. Define

Myen(wy) = (0.65,0.25,0.20).
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Thus,
T(wy) = 0.65, I(wy) = 0.25, F(wy) = 0.20.

Here, the truth degree 0.65 indicates relatively strong support for the statement, the indeterminacy
degree 0.25 represents uncertainty in the forecast, and the falsity degree 0.20 represents evidence
against rain.

Moreover,
0<0.65+0.254+0.20 = 1.10 < 3.

Hence, the neutrosophic semantic mapping provides a simultaneous representation of support, uncer-
tainty, and opposition concerning the linguistic expression.

3.6 Plithogenic Natural Language

A Plithogenic Set [2274229] provides a mathematical framework for representing elements through
attribute-dependent appurtenance degrees together with contradiction degrees among attribute val-
ues. Depending on the chosen appurtenance domain, the framework can incorporate fuzzy [334230],
intuitionistic fuzzy [49}231], neutrosophic [57,59], and related uncertainty representations.

Definition 3.6.1 (Plithogenic Set). [185,227] Let S be a universe and let
o4PCS.

Let v be an attribute and let
Vo £ @

be the set of possible values of v.

Let
DCO1,  s>1,

be an admissible appurtenance-degree domain.

A Plithogenic Set is a structure
PS = (Pv,V,,dy, ),

where

dy:PxV,— D
is the Degree of Appurtenance Function (DAF), and

ey Vo x V — [0, 1]
is the Degree of Contradiction Function (DCF).

For x € P and a € V,,,
dy(z,a)

represents the appurtenance information of x with respect to the attribute value a.

The contradiction function is assumed to satisfy
cy(a,a) =0
for every a € V,,. When a symmetric contradiction model is used, one additionally assumes

cv(a,b) = cy(b,a) (a,be V).
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Remark 3.6.2. Different versions of Plithogenic Sets may employ different admissible domains for
the appurtenance information. In the finite-dimensional numerical setting considered here,

D C[0,1]°.
In particular, fuzzy, intuitionistic fuzzy, and neutrosophic appurtenance information may be repre-
sented by suitable choices of D.

Definition 3.6.3 (Plithogenic Fuzzy Set). [227,1232,[233] A Plithogenic Fuzzy Set is a Plithogenic
Set
PS = (P7U7 Vv7dvacv)

whose appurtenance domain is
D =10,1].

Thus,
dy: P xV, —[0,1].

For x € P and a € V,, write
pp(z | a) :=dy(z,a).
Then
pp(z | a)€[0,1]
is the fuzzy appurtenance degree of = with respect to the attribute value a, whereas

¢y(a,b) €10,1]

measures the contradiction between the attribute values a,b € V,,.

A Plithogenic Language applies the same principle to linguistic expressions by associating them with
attribute-dependent appurtenance information and explicit contradiction relations among linguistic
attribute values.

Definition 3.6.4 (Multi-Attribute Plithogenic Structure). Let
A={v1,...,on}, m > 1,

be a finite set of attributes.

For every ¢ € {1,...,m}, let
Vi
be the nonempty value set of the attribute v;, let
D; C [0,1]%, si > 1,
be its appurtenance-degree domain, and let
di : X xV; — D,

be its appurtenance function.

Furthermore, let
¢ : Vi xV; —[0,1]
be a contradiction function satisfying
¢i(a,a) =0
for every a € V;, and, when symmetry is assumed,

ci(a,b) = ¢; (b, a).

The structure
P =X AV AD L AdiF2y {ehity)

is called a multi-attribute plithogenic structure on X.
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Definition 3.6.5 (Plithogenic Language). [209[234] Let ¥ be a nonempty vocabulary and let
QCy”

be a nonempty set of admissible linguistic expressions.

Let
A=A{v1,...,om}

be a finite set of linguistic attributes. For each v;, let V; be its value set and let
di Q% V; — Dz

and
Ci‘/;X‘/Z—)[O,”

be the corresponding appurtenance and contradiction functions.

A Plithogenic Language is the structure

Lp= (Ev Q, A, {Vl}gl’ {Di}gla {di};‘ilv {Ci}gl) .

Thus, for every linguistic expression

w € Q)
and every admissible attribute value
acV;
the value
di (w, a) € Dz

describes the appurtenance information of w with respect to a, while
ci(a,b)
represents the contradiction between two values a,b € V; of the same attribute.
Definition 3.6.6 (Plithogenic Natural Language). [209}234] Let
Lp =30 AA{VHL AD N {di}ity, {e}iy)

be a Plithogenic Language.

A Plithogenic Natural Language is an enriched linguistic structure
Lpr = (Lp,MpL,RpL,CPL),

where:

e Mpy is a plithogenic semantic representation derived from the attribute-dependent appurte-
nance functions d;. In particular, after choosing reference values

r; € Vi, i=1,...,m,

one may define
MPL(w) = (dl(wa Tl)v s 7dm(w; rm))'
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RPLIQXQ—)DR

is a prescribed plithogenic relation, similarity, or compatibility mapping, where Dp is an appro-
priate comparison domain. Its construction may use both the appurtenance functions d; and
the contradiction functions ¢;.

e Cpy is a family of linguistic rules or constraints, together with an acceptability mapping
apy, CPL — [0, ].]
For each rule

p €Cpr,

the quantity
apr(p)

represents its graded linguistic acceptability or validity.

Thus, a Plithogenic Natural Language combines linguistic expressions, attribute-dependent uncer-
tainty information, contradiction among attribute values, linguistic relations, and graded linguistic
rules within a common mathematical structure.

Remark 3.6.7. Suitable specializations of the appurtenance domains and contradiction functions
allow fuzzy, intuitionistic fuzzy, neutrosophic, and related language models to be represented or
embedded within the plithogenic framework. The precise reduction depends on the selected degree
domains, attributes, and aggregation rules.

Example 3.6.8 (A Plithogenic Natural Language for Weather Description). Consider a Plithogenic
Natural Language for describing weather conditions. Let

Y, = {comfortable, pleasant, hot, cold, humid, dry}

and let
QCy*

contain the linguistic expressions considered below.

Let the set of attributes be
A= {vT7 VH, Uw},

where
vr = temperature, vy = humidity, v = wind.

Take the corresponding attribute-value sets to be
Vr = {cold,moderate, hot},

Vi = {dry,moderate, humid},

and
Vw = {calm, light,strong}.

For simplicity, let the three appurtenance domains be
Dy =Dy =Dy =[0,1].

Thus,
dp : Qx Vp —[0,1],
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dg : Q x Vg — [0,1},
and
dw : Q x Vi — [O,l].

Consider the linguistic expression
w = comfortable.

Choose the reference attribute values
r7 = moderate, ryg = moderate, rw = light.
Suppose that
dr(w,moderate) = 0.80,
dp(w,moderate) = 0.70,

and
dw (w,light) = 0.90.

Then the corresponding plithogenic semantic profile is
Mpr(w) = (0.80,0.70,0.90).

The three components describe the compatibility of comfortable with moderate temperature, mod-
erate humidity, and light wind, respectively.

Now define contradiction functions on the individual attribute-value domains. For example, suppose
that
cr(hot, cold) =1,
and
cp(humid,dry) = 0.8.

Assuming symmetry,
cr(cold,hot) =1

and
cp(dry, humid) = 0.8.

Thus, strongly conflicting linguistic values can be represented explicitly within their respective at-
tribute domains.

Consider another linguistic expression
w' = pleasant.
Suppose that a prescribed plithogenic similarity mapping satisfies
Rpr(comfortable, pleasant) = (0.90,0.85,0.80).

This vector may represent similarity with respect to temperature, humidity, and wind characteristics.

Finally, consider the linguistic rule
p: moderate temperature + moderate humidity + light wind — comfortable weather.

Let
p €Cpr

and assign the graded acceptability
OLPL(p) = (.88.

Therefore,
Lpr =(Lp,Mpr,Rpr,CPL)

provides a Plithogenic Natural Language for weather description, combining attribute-dependent
appurtenance information, contradiction degrees among attribute values, linguistic similarity, and
graded linguistic rules.
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3.7 Meta-Natural Language

A Meta-Natural Language is a higher-level framework that organizes multiple natural languages as
objects and defines operations among them systematically [235].

Definition 3.7.1 (Meta-Natural Language). [235] Let NL be the class of natural-language structures
L= (X,W,G,Sem).

A Meta-Natural Language is a pair
L= (U {Pr}rer),

where @ # U C NL is a collection of natural languages and, for each A € A,
Oy U — U
is a meta-operation combining or transforming natural languages.

Example 3.7.2 (A Translation-Based Meta-Natural Language). Consider two natural-language
structures
Lexn = (XeN, WeN, GeN, SemgN)

and
Lian = (X354, Wia,Gja,Semja),

representing simplified English and Japanese, respectively.

Let
U={Lgn,Ljar}.

Define a meta-operation
(I)tr : Z/[ — Z/[

by
Oy (Len) = Lya, Oy (Lya) = Len.

For example, the English expression
wgN = It is raining.''
may correspond under the translation process to the Japanese expression
wja = ~~Ame ga futte iru.''
with approximately preserved meaning,

Sempn (weN) = Semja (wja ).

Hence,

’S = (u? {q)tr})

is a Meta-Natural Language in which entire natural-language structures, rather than individual words
or sentences, are treated as objects of a meta-level transformation.
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3.8 Linguistic Graph

A Linguistic Graph is a graph equipped with linguistic information on its vertices and/or edges,
enabling qualitative descriptions of entities and their relationships [26},236].

Let
Tv and Tg

be nonempty sets of linguistic terms for vertices and edges, respectively. Let

XV c TVnV7 XE c TEnEa

where
ny,ng > 1,
be the corresponding linguistic state spaces.
Definition 3.8.1 (Linguistic Graph). Let
G=(V,B)
be a finite simple undirected graph, where
oV

and
EC {{u,v} |u,v eV, u#v}.

A Linguistic Graph is a structure
GL = (V7 Ea )‘Vv )‘E)a

where
/\V V— XV

is a vertex-labeling function and
/\E E— XE

is an edge-labeling function.

For every vertex v € V,
Av(v) = (gv,l(’l)), - agV,nV (’U)), gV,i('U) c Tv,
and for every edge e € F,

)\E(e) = (EE,1(6)7. .. ,EE,HE(e)), EEJ(G) € TE.

Thus, the vertices and edges of the underlying graph may carry qualitative linguistic information.
When

’fl\/:’l’LE'Zl7

each vertex and edge is assigned a single linguistic term.
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Remark 3.8.2. If linguistic information is assigned only to vertices, the structure may be written as
GL:(ME7AV)7 )\V:V_>XV7

and is called a vertex-labeled Linguistic Graph.

Similarly, if linguistic information is assigned only to edges, one may use
GL = (V,E, \g), Mg E — Xg,
yielding an edge-labeled Linguistic Graph.
Example 3.8.3 (A Linguistic Graph for Social Activity). Consider a small social network with
V = {v1,v2,v3,v4},

where each vertex represents an individual.

Let
E = {e12,€23, €34, €14},
where
€12 = {U1,Uz}, €93 = {U2703}7
€34 = {0331}4}7 €14 = {Ulav4}-

Thus, two vertices are adjacent whenever the corresponding individuals are directly connected in the
social network.

For the vertex information, let
Tv = {low,medium, high},

and take
Xy =Ty.

The linguistic terms in 7y represent the activity levels of the individuals.

Define
/\V V. — XV
by
Av(v1) = high, Av (v2) = medium,
Av(v3) = low, Av (v4) = medium.

For the edge information, let
Te = {weak,moderate, strong},

and take
Xg =Tk.

These terms represent the qualitative strength of the social relationships.

Define
Mg B — Xg

by
Ap(e12) = strong, Ag(e23) = moderate,

Ag(esq) = weak, Ae(e14) = strong.
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Av(v1) =high Av (v2) = medium
V1 strong Vg
strong moderate
v weak v
Av (v4) = medium Av (v3) = low

Figure 3.1: A Linguistic Graph with linguistic information assigned to both vertices and edges.

Hence,
Gr = (V,E,A\v,Ag)

is a Linguistic Graph.

The graph is illustrated in Figure [31]

For example,
Av(v1) = high

means that the individual represented by v; has a high activity level, whereas
Av(vs) = low

indicates a low activity level.

Similarly,
Ae(e12) = strong

means that the relationship between v; and v, is qualitatively strong, while
)\E(634) = weak

represents a weak relationship between vz and vy.

Therefore,
GL = (V,E,\v,\g)

simultaneously represents the underlying graph structure, qualitative information associated with
individual vertices, and qualitative information associated with relationships between vertices.

3.9 Linguistic Directed Graph

A Linguistic Directed Graph is a directed graph whose vertices or arcs carry linguistic terms, repre-
senting qualitative and directional relationships between entities.
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Definition 3.9.1 (Linguistic Directed Graph). Let X C 7™ be a linguistic state space. A Linguistic
Directed Graph is a triple
DL = (‘/a A7 >\)7

where
AC{(u,v) eV XV :u#uv}

is a set of directed edges and
AV — X

assigns a linguistic value or linguistic vector to each vertex.

An arc (u,v) € A represents a directed relation from the linguistic state A(u) to the linguistic state
A(v).

Example 3.9.2 (A Linguistic Directed Graph for Information Flow). Consider a directed commu-
nication network with

V= {U1702,U3,U4},

where each vertex represents a person.

Let the set of directed edges be

A = {(Uhvg), (1}2,’03)7 (’Ul,’U4), (U4,1)3)}.

Each arc (u,v) € A indicates that information is transmitted from person u to person v.

Let the linguistic term set be
T = {low,medium, high},

and let
X=T.
Define the linguistic labeling function
AV — X

by

A(v1) = high, A(vg) = medium,

A(vs3) = low, A(v4) = medium.
Hence,

DL = (‘/7 Aa A)

is a Linguistic Directed Graph.

In this example, the linguistic label of each vertex describes the communication activity level of the
corresponding person. Thus, vy is highly active, v and v4 are moderately active, and v3 is less active.

The directed graph can be visualized as shown in Figure 3.2

For example, the arc
(Ula UQ)
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A(v1) = high A(v2) = medium

A(v4) = medium A(v3) = low

Figure 3.2: A Linguistic Directed Graph representing directed communication relationships together
with linguistic vertex labels.

represents a directed relation from the linguistic state
A(v1) = high

to
A(v2) = medium.
Similarly, the arc
('U4’ 1)3)
represents a directed relation from
A(v4) = medium

to
A(vs) = low.

Therefore, the structure
DL = (‘/7 Aa )‘)

simultaneously represents both the direction of communication and the linguistic information associ-
ated with the vertices.

3.10 Linguistic Edge-Weighted Graph

A Linguistic Edge-Weighted Graph assigns linguistic terms or linguistic vectors as edge weights,
enabling qualitative representation of relationship strengths or characteristics.

Definition 3.10.1 (Linguistic Edge-Weighted Graph). Let X C 7™ be a linguistic state space and
let W C T™, m > 1, be a linguistic weight space. A Linguistic Edge- Weighted Graph is a quadruple

GLW = (‘/a E,)\,U}),
where (V, E, ) is a Linguistic Graph and
w:E—W

assigns a linguistic weight to each edge.

Hence, for every edge e € E,
w(e) = (wi(e), ..., wnle)), wi(e) €T,
describes the relation between its incident vertices by linguistic terms such as
“near”, “far”, “strong”, “weak”.

For m = 1, the edge weight is a single linguistic term.
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Example 3.10.2 (A Linguistic Edge-Weighted Graph for a Transportation Network). Consider a
transportation network with

V - {U17U2,U3,U4},

where the vertices represent four locations, such as stations or terminals.

Let
E= {{U17U2}7 {U27U3}7 {1137114}‘7 {U1,U4}}-

Thus, two locations are adjacent whenever a direct connection exists between them.

Let the linguistic term set be
T = {low,medium, high near,moderate, far}.

Take
X = {low,medium, high}, W = {near,moderate, far}.

Define the vertex-labeling function
ANV —X

by
A(v1) = high, A(v2) = medium,
A(vs3) = low, A(v4) = medium.

Here, the linguistic value assigned to each vertex may describe, for example, the traffic activity level
of the corresponding location.

Next, define the linguistic edge-weight function

w:E—W
by
w({v1,v2}) = near, w({ve,v3}) = moderate,
w({vs,v4}) = near, w({v1,v4}) = far.
Therefore,

GLW = (‘/7 Ev)‘aw)
is a Linguistic Edge-Weighted Graph. A visualization of this graph is shown in Figure |3.3

For instance,
w({v1,v2}) = near

indicates that the direct connection between v; and wvs is linguistically described as short or close,
whereas
w({v1,v4}) = far

indicates a linguistically described long or distant connection.

Similarly, the vertex labels show qualitative activity levels:
A(v1) =high
means that location v, has a high traffic level, while
A(vs) = low

means that location vs has a low traffic level.

Hence, the graph
GLW = (‘/a E7 A7 w)

simultaneously represents linguistic information on vertices and qualitative linguistic weights on edges.
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A(v1) = high A(v2) = medium

moderate

A(v4) = medium A(v3) = low

Figure 3.3: A Linguistic Edge-Weighted Graph with linguistic vertex labels and linguistic edge
weights.

3.11 Linguistic HyperGraph

A HyperGraph generalizes a graph by allowing each hyperedge to connect any nonempty subset of
vertices rather than only vertex pairs [237-240]. A Linguistic HyperGraph is a hypergraph whose
vertices or hyperedges are labeled by linguistic terms, enabling qualitative higher-order relational
representation.

Definition 3.11.1 (HyperGraph). A HyperGraph is a pair
H=(V,E),
where V' is a nonempty set of vertices and
ECPWV)\{0}
is a family of nonempty subsets of V', called hyperedges.

Definition 3.11.2 (Linguistic HyperGraph). Let 7 be a nonempty set of linguistic terms and let
X CT™ be a linguistic state space. A Linguistic HyperGraph is a triple

HL = (‘/:E7>\)7

where (V| E) is a HyperGraph and
AV — X

assigns a linguistic term or linguistic vector to each vertex.

Example 3.11.3 (A Linguistic HyperGraph for Research Collaboration). Consider a research col-
laboration system with
V= {Ulv V2, V3, V4, /05}7

where each vertex represents a researcher.

Let the hyperedge set be
E= {{U17712,U3}, {02,7}4,?)5}, {711,?14}}-

Each hyperedge represents a research project involving all researchers contained in that hyperedge.
Hence,
H = (V,E)

is a HyperGraph.

Let the linguistic term set be

T = {junior,intermediate, senior},
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and let
X=T.
Define the linguistic labeling function
AV — X
by
A(v1) = senior, A(v2) = intermediate,
A(vs) = junior, A(v4) = senior, A(vs) = junior.
Therefore,
HL = (‘/7 Ea A)

is a Linguistic HyperGraph.

In this example, the linguistic label of each vertex describes the academic level of the corresponding
researcher. Thus, v; and v4 are senior researchers, vy is an intermediate researcher, and vz and vs
are junior researchers. A visualization of this Linguistic HyperGraph is shown in Figure [3.4

A(v2) = intermediate

= senior

A(vs) = junig

v4) = senior

€2

Figure 3.4: A Linguistic HyperGraph with linguistic vertex labels and hyperedges representing higher-
order collaborations.

Let
€1 = {U17027’U3}7 €2 = {’02,114,115}, €3 = {U17U4}~

Then e; represents a collaborative project involving the three researchers vy, ve, and v3. Their
linguistic states are

{A(v1), AM(v2), A(v3)} = {senior, intermediate, junior}.

Similarly, the hyperedge

€2 = {UQ,U4,U5}

represents another higher-order collaboration involving researchers with linguistic labels

{A(v2), A(v4), A(v5)} = {intermediate, senior, junior}.
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Finally,
e3 = {v1,v4}

represents a smaller collaboration between two senior researchers.

Hence, the Linguistic HyperGraph
HL = (‘/7 Ea A)

simultaneously represents higher-order relationships among multiple vertices and qualitative linguistic
information associated with those vertices.

3.12 Linguistic SuperHyperGraph

A SuperHyperGraph generalizes a HyperGraph by allowing supervertices and superedges to possess
higher-order, recursively structured relationships beyond ordinary vertex—edge incidence [229}241}-
244]. A Linguistic SuperHyperGraph assigns linguistic terms or vectors to supervertices or superedges,
enabling qualitative representation of complex higher-order relationships.

Definition 3.12.1 (n-SuperHyperGraph). [229] Let V; be a nonempty base set and let n > 0.
Define
PO(Vo) =Vo,  PMI(Vo) = P (P (V).

An n-SuperHyperGraph is a pair
SHG™ = (V, E),

where

V CP*(Vo), ECP(V)\ {0}
The elements of V are called n-supervertices, and the elements of E are called n-superedges.

Definition 3.12.2 (Linguistic n-SuperHyperGraph). Let 7 be a nonempty set of linguistic terms
and let X C 7™ be a linguistic state space. A Linguistic n-SuperHyperGraph is a triple

LSHG™ = (V, E, \),
where (V) E) is an n-SuperHyperGraph and
AV —X

assigns a linguistic term or linguistic vector to each n-supervertex.

Example 3.12.3 (A Linguistic 2-SuperHyperGraph). Let the base vertex set be
Vo = {a,b,¢c,d}.

Consider the case
n=2.

Define three 2-supervertices by

S = {{a,b},{c}},
So = {{b,c},{d}},

and
S3 = {{a,d}}
Since
Sy, S, 85 € PA(Vy),
let

V = {51, 52, S3}.
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Define the superedge set by

E = {{S1, 52}, {52, 53}, {51,52,53}}.

Hence,
(V. E)

is a 2-SuperHyperGraph.

Let the linguistic term set be
T = {low,medium, high},

and take
X="T.
Define
AV —X
by
A(Sl) = high, )\(Sg) = medium, )\(Sg) = low.
Therefore,

LSHG® = (V,E, \)
is a Linguistic 2-SuperHyperGraph.

For example, the superedge

€= {Sla 527 53}

connects three 2-supervertices whose linguistic states are

{high,medium, low}.

Thus, this structure simultaneously represents higher-order superhypergraph relationships and lin-
guistic information assigned to individual supervertices.

3.13 Linguistic Maps, Geometry, and Planes

Linguistic Maps associate linguistic terms between linguistic sets, allowing one-to-one, one-to-many;,
partial, or otherwise nonclassical correspondences between language-based elements systematically
[23]. Linguistic Geometry studies geometric relationships among linguistic points, lines, and distances,
where comparability and direction may depend on linguistic variables [23]. Linguistic Planes are
Cartesian products of linguistic sets or continua, representing points as ordered pairs of linguistic
coordinates for analysis [23].

Definition 3.13.1 (Linguistic Map). Let S and T be linguistic sets. A Linguistic Map is a set-valued
mapping
F:S— P(T),

where F(s) is the set of linguistic terms in T associated with s € S. The value F(s) may be empty,
a singleton, or contain several linguistic terms. A classical single-valued linguistic map is obtained
when

|F(s)] =1 for every s € S.
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Example 3.13.2 (A Simple Linguistic Map). Let
S = {cold,warm, hot}

and
T = {low,medium, high}

be two linguistic sets.

Define the set-valued linguistic map

F:5— P(T)
by
F(cold) = {1low},
F(warm) = {medium, high},
and
F(hot) = 0.
Thus,
|F(cold)| =1,  |F(warm)|=2,  |F(hot)|=0.

Hence, this example illustrates that a Linguistic Map may assign a singleton, several linguistic terms,
or no linguistic term to a given linguistic input.

Definition 3.13.3 (Linguistic Geometry). Let (L, <) be a partially ordered linguistic set and let Dy,
be a set of linguistic distance terms. Define

Cr={(z,y) e LxL:z<yory=x}

A Linguistic Geometry is a structure

gL - (La ja dL)a

where
dL : CL — DL

assigns a linguistic distance to each comparable pair of linguistic points. A linguistic line between
two points is defined only when the points are comparable.

Example 3.13.4 (A Simple Linguistic Geometry). Let
L = {low,medium high}
be a totally ordered linguistic set satisfying

low X medium =< high.

Let the set of linguistic distance terms be

Dy, = {zero,near, far}.

Since L is totally ordered, every pair of elements is comparable. Define
dL : CL — 'DL

by
dr(z,z) = zero for every z € L,
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dr,(low,medium) = dr, (medium, low) = near,
dy,(medium, high) = dr (high,medium) = near,

and
dr(low,high) = dy (high, low) = far.

Therefore,
Gr = (L,=,dyp)

is a Linguistic Geometry.

For example, the linguistic points
low and high

are comparable, and their linguistic distance is
dr(low,high) = far.
Hence, a linguistic line between these two points is defined.

Definition 3.13.5 (Linguistic Plane). Let L; and L2 be linguistic continua, or totally ordered
linguistic sets. A Linguistic Plane is the Cartesian product

My, =Ly x Ls.
Each linguistic point is therefore an ordered pair
p=({1,03), ly € Ly, ¥y € Lo,
whose components are called its linguistic coordinates.
Example 3.13.6 (A Simple Linguistic Plane). Let
Ly = {cold,warm, hot}
be a totally ordered linguistic set describing temperature, with

cold X warm < hot.

Let
Ly = {dry,moderate, humid}

be a totally ordered linguistic set describing humidity, with

dry < moderate =< humid.

The corresponding Linguistic Plane is
HL = L1 X LQ.

For example,
p1 = (cold,dry),

pe = (warm,moderate),

and
p3 = (hot, humid)

are linguistic points in IIj.
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In particular,
p2 = (warm,moderate)

describes a state having a linguistically warm temperature and a moderate humidity level.

Thus,
HL = L1 X LQ

provides a two-dimensional linguistic space in which each point is represented entirely by linguistic
coordinates.

3.14 Linguistic Variables and Linguistic Sets

Linguistic variables take qualitative linguistic terms as values, while linguistic sets collect the possible
terms associated with each variable.

Definition 3.14.1 (Linguistic Variable). A linguistic variable is a variable V' whose possible values
are expressed by linguistic terms rather than numerical values. Its associated set of linguistic values
is denoted by

L(V) = {¢: ¢ is a linguistic term associated with V'}.

The set L(V) may be finite or infinite and may be ordered, partially ordered, or unordered.
Example 3.14.2 (A Simple Linguistic Variable). Consider the variable

V = Temperature.

Instead of assigning numerical values to V', suppose that temperature is described by the linguistic
terms

L(V) = {very cold,cold, moderate, warm, hot}.

These terms may be ordered as

very cold =< cold <X moderate =< warm =< hot.

For example, instead of representing the current temperature by a numerical value such as
25°C,

one may describe it linguistically as
V = warm.

Hence, V is a Linguistic Variable whose possible values are qualitative linguistic terms rather than
numerical quantities.

Definition 3.14.3 (Linguistic Set). Let V be a linguistic variable. A linguistic set associated with
V is a nonempty set

LV)={t;:iel}

whose elements ¢; are linguistic terms representing possible qualitative values of V.
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Example 3.14.4 (A Simple Linguistic Set). Let
V = Risk Level

be a Linguistic Variable.

Define its associated Linguistic Set by

L(V) = {very low,low,medium, high, very high}.

Each element of L(V') represents a possible qualitative evaluation of risk. For instance,

low € L(V) and  high € L(V).

The set may be ordered as

very low <X low X medium =< high <X very high.

Therefore,
L(V)

is a Linguistic Set associated with the Linguistic Variable

V' = Risk Level.

3.15 Linguistic Multidimensional Space

A Linguistic Multidimensional Space is a Cartesian product of linguistic sets, representing multidi-
mensional objects as vectors of linguistic terms [245].

Definition 3.15.1 (Linguistic Multidimensional Space). [245] Let Vi,...,V,, be linguistic variables
with associated linguistic sets
Ly,...,Ly,.

The corresponding n-dimensional linguistic space is the Cartesian product
LM =Ly x Lo x -+ x L.

Each element
x=(21,...,2,) € £

is called a linguistic point or linguistic vector, where
x; € Ly, 1=1,...,n.
Example 3.15.2 (A Three-Dimensional Linguistic Space). Consider the three linguistic variables

Vi = Temperature, Vo = Humidity, V3 = Wind Speed.

Let their associated linguistic sets be

Ly = {cold,warm, hot},
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Ly = {dry,moderate, humid},

and
L3 = {low,medium, high}.

The corresponding three-dimensional linguistic space is

E(S) = Ll X LQ X L3.

For example,
x = (warm, humid, low)

is an element of

L3

Thus, x is a linguistic point, or linguistic vector, representing a weather condition characterized by a
warm temperature, high humidity, and low wind speed.

Other linguistic points include
y = (cold,dry,medium)

and
z = (hot,moderate, high).

Hence,
£(3) = Ll X L2 X L3

provides a multidimensional qualitative representation of weather conditions using linguistic coordi-
nates.

3.16 Linguistic Matrices and Linguistic Algebraic Structures

Linguistic Matrices are matrices whose entries are linguistic terms, enabling qualitative information
to be organized and manipulated in matrix form [25]. Linguistic Algebraic Structures equip linguistic
sets with operations such as minimum and maximum, forming semigroups, semivector spaces, and
semilinear algebras. Throughout this subsection, let (L, <) be a nonempty totally ordered linguistic
set or linguistic continuum. Hence, the operations

min,max : L X L — L
are well defined.
Definition 3.16.1 (Linguistic Matrix). An m x n Linguistic Matriz over L is a matrix
A= (a;;) e ™™,

where
a;j € L, 1<i<m, 1<53<n.

Thus, every entry of A is a linguistic term belonging to L.



Chapter 3. Linguistic Structures

Example 3.16.2 (A Simple Linguistic Matrix). Let
L = {low,medium, high}

be a linguistic set.

Consider the matrix
high medium low

A= |medium high medium
low medium high

Since every entry of A belongs to L, we have
Ae L33,

Therefore, A is a 3 x 3 Linguistic Matrix over L.

For example, if the rows represent three alternatives and the columns represent three qualitative
criteria, then
a12 = medium

indicates that the first alternative has a medium linguistic evaluation with respect to the second
criterion.

Definition 3.16.3 (Linguistic Monoid). Let L be a nonempty set of linguistic terms. A Linguistic
Monoid is a triple
(L7 O? eL)’

where
o:LxL—1L

is a binary operation satisfying the following conditions:

1. Associativity:
(aob)oc=ao(boc)

for all a,b,c € L;
2. Identity: there exists an element ey, € L such that
epoa=aoer =a

for every a € L.

Thus, a Linguistic Monoid is a monoid whose underlying elements are linguistic terms.
Remark 3.16.4. Let
L ={s0,81,...,84}
be a finite totally ordered Linguistic Term Set satisfying
S0 281 200 2 sg.
Then
(La max, 80)
is a commutative Linguistic Monoid, since
max(Sg, $;) = S;.
Similarly,
(L, min, s4)
is a commutative Linguistic Monoid, since

min(sg, s;) = $;.



Chapter 3. Linguistic Structures

Definition 3.16.5 (Linguistic Semifield). Let L be a nonempty set of linguistic terms, and let
0p,1; € L, 0p # 1.
A Linguistic Semifield is a structure
L=(L,4,®,0,11),

satisfying the following conditions:

(L,®,0r)

is a commutative monoid;

(L\{0.},®,11)

is an abelian group;
3. multiplication distributes over addition:
a®(bdc)=(a®b)d(a®c),
(adb)@c=(a®c)® (bRc)
for all a,b,c € L;
4. 0, is absorbing with respect to multiplication:
0r®a=a®0r =0g

for every a € L.

Thus, a Linguistic Semifield is a semifield whose carrier consists of linguistic terms and whose algebraic
operations are defined directly on those terms.

Definition 3.16.6 (Idempotent Linguistic Semifield). A Linguistic Semifield
L= (La @a ®70La 1L)

is called idempotent if
ada=a

for every a € L.
Definition 3.16.7 (Linguistic Semigroup). [246/248] A Linguistic Semigroup is a pair
(L, %),

where
x: LxL— L

is an associative linguistic binary operation; that is,
(rxy)xz=x%(y*2)
for all x,y,z € L. In particular,
(L, min) and (L, max)

are Linguistic Semigroups whenever L is totally ordered.
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Example 3.16.8 (A Linguistic Semigroup under Maximum). Let
L = {low,medium, high}

be totally ordered by
low < medium =< high.

Define
x: LxL— L

x xy = max{x,y}.

For example,
low * medium = medium,

and
medium * high = high.

Since the maximum operation is associative,
max{max{xz,y}, z} = max{x, max{y, z}}

for all z,y,z € L.

Hence,
(L, max)

is a Linguistic Semigroup. In fact, it is also commutative and idempotent because
max{z,y} = max{y, x}

and

max{z,z} = .
Definition 3.16.9 (Linguistic Semivector Space). Let
S = (S, min, max)

be a Linguistic Semifield and let V' be a linguistic set containing S.

A Linguistic Semivector Space over S is defined in either of the following dual forms:
(V, min), max{s,v} €V forallse S, veV,

or
(V, max), min{s,v} €V forallse S, veV,

where (V,min) or (V, max), respectively, is a Linguistic Monoid.
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Example 3.16.10 (A Linguistic Semivector Space). Let
S = {low,medium, high}

with
low X medium =< high,

and let
S = (S, min, max)

be a Linguistic Semifield.

Consider the larger linguistic set

V = {very low,low,medium, high very high},

ordered by
very low <X low X medium =< high <X very high.
Clearly,
SCVW.
Consider the structure
(V, min).

The operation min is closed and associative on V', and very high is its identity element. Thus,
(V, min)

is a Linguistic Monoid.

Moreover, for every
ses and veV,

we have
max{s,v} € V.

For example,
max{medium, very low} = medium,

and
max{high, very high} = very high.

Therefore,
(V, min)

is a Linguistic Semivector Space over
S = (S, min, max).

Definition 3.16.11 (Linguistic Semilinear Algebra). Let
S = (.S, min, max)

be a Linguistic Semifield. A Linguistic Semilinear Algebra over S is a structure
A = (A, min, max)

such that both
(A, min) and (A, max)

are Linguistic Semivector Spaces over S and both operations min and max are closed on A.
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Example 3.16.12 (A Linguistic Semilinear Algebra). Let
S = {low,medium, high}

and let
S = (S, min, max)

be a Linguistic Semifield.

Consider
A = {very low,low,medium high very high},

with the total order
very low =X low X medium X high <X very high.

Both operations
min: AxA— A

and
max: Ax A— A

are closed.

Furthermore,
(A, min)

is a Linguistic Semivector Space over S because
max{s,a} € A

for every s € S and a € A.

Similarly,
(A, max)

is a Linguistic Semivector Space over S because
min{s,a} € A

for every s € S and a € A.

For example,
max{medium, very low} = medium € A,

while
min{medium, very high} = medium € A.

Consequently,
A = (A, min, max)

is a Linguistic Semilinear Algebra over

S = (S, min, max).
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3.17 Linguistic Uncertain Set

An Uncertain Set assigns to each element an admissible uncertainty degree determined by a prescribed
uncertainty model [249-252]. The framework is designed to provide a common mathematical language
for a broad range of uncertainty representations, including fuzzy, intuitionistic fuzzy, neutrosophic,
and other related models [68}73]. The particular semantics of uncertainty are encoded in the model-
dependent degree-domain and in the structural conditions imposed on its elements.

Definition 3.17.1 (Linguistic Uncertain Set). Let X be a nonempty set, let M be an uncertain
model with
Dom(M) C [0, 1],

and let L be a linguistic term set equipped with an order-preserving linguistic scale
v: L —[0,1].

Define
Domy (M) = {(a1,...,a) € L* | («(ar), -, tlax)) € Dom(M)}.

A Linguistic Uncertain Set of type (M, L,t) on X is a pair
Ur = (X, par,n),

where
UM,L X — DOIHL(M)

assigns to each z € X an admissible tuple of linguistic uncertainty degrees.

Example 3.17.2 (A One-Dimensional Linguistic Uncertain Set). Let
X ={x1, 22,23}
and consider the uncertain model M with

Dom(M) = [0, 1].

Let the linguistic term set be
L = {very low,low,medium, high, very high},

ordered by
very low <X low X medium =< high < very high.

Define the order-preserving linguistic scale

t: L —10,1]
by
t(very low) =0, t(low) = 0.25,
t(medium) = 0.50, t(high) = 0.75, t(very high) = 1.
Since
Dom(M) = [0,1],
we have

Domy (M) = L.
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Define

UM,L - X —L
by

par,n(x1) = low,

par,L(x2) = medium,
and
pm,(z3) = very high.

Thus,

Up = (X, pn,1)

is a Linguistic Uncertain Set.

Its numerical interpretation is
W, (z1)) =025, o(parn(z2)) =050, o(parL(zs)) =1,
all of which belong to Dom(M).
Example 3.17.3 (A Three-Dimensional Linguistic Uncertain Set). Let
X ={a,b,c},
and consider an uncertain model M whose degree domain is

Dom(M) = {(t,i,f) € [0,1]*: 0 <t +i+ f < 3}.

Let
L = {low,medium, high}

with the order
low < medium < high.

Define the order-preserving linguistic scale

t: L —10,1]
by
t(low) = 0.2, t(medium) = 0.5, t(high) = 0.8.
Then
Domp (M) = {(¢1,02,03) € L? : 0 < 1(£y) + t(£2) 4 1(l3) < 3} .
Define
UM, L - X — DOHlL(M)
by
pn,r(a) = (high, low, low),
par,r(b) = (medium, medium, low),
and

unr,n(c) = (low,high, medium).
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Their numerical representations are
(t(high), ¢(Low), t(low)) = (0.8,0.2,0.2),
(¢(medium), ¢(medium),¢(low)) = (0.5,0.5,0.2),

and
(¢(1ow), t(high), ¢(medium)) = (0.2,0.8,0.5).

Each of these tuples belongs to
Dom(M).

Therefore,
U =(X,pm,z)

is a Linguistic Uncertain Set with three linguistic uncertainty components for each element.

3.18 HyperLinguistic Fuzzy Set (Proposed in this book)

A Linguistic Fuzzy Set assigns each element a linguistic membership term, providing a qualitative
representation of fuzzy membership and uncertainty [253H255]. A HyperLinguistic Fuzzy Set as-
signs each element a nonempty set of linguistic membership terms, representing hyperlinguistic fuzzy
information and uncertainty. Let

S ={50,81,---,8:}

be a linguistic term set, and let X be a nonempty universe.

Definition 3.18.1 (Linguistic Fuzzy Set). [253)254] A Linguistic Fuzzy Set A on X is characterized
by a linguistic membership function
pa s X — S,

where p4(x) € S represents the linguistic membership degree of  in A. Equivalently,

A={(z,pa(z)) 2z € X}.

Let S be a nonempty linguistic term set. Define the associated hyperlinguistic domain by
H(S) =P(9)\ {0}.
Thus, every
H € H(S)

is a nonempty set of linguistic terms and may be regarded as a hyperword over S. More generally,
any nonempty family
Ly CH(S)

is called a HyperLanguage over S.

Definition 3.18.2 (HyperLinguistic Fuzzy Set). Let X be a nonempty universe and let
Ly CP(S)\ {0}

be a nonempty HyperLanguage over S. A HyperLinguistic Fuzzy Set Ay on X is characterized by a
hyperlinguistic membership function
KAy - X — ,CH

Hence,
Apg ={(z,pa,(2)) 12 € X},
where

pay(z) € P(S)\ {0}

is a nonempty set of linguistic membership terms associated with x.
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Example 3.18.3 (A Simple HyperLinguistic Fuzzy Set). Let
X = {xlv Zo, .’Eg}

be a universe, and let
S = {low,medium, high, very high}

be a linguistic term set.

Consider the HyperLanguage
Ly = {{low,medium}, {medium, high}, {high, very high}}.

Clearly,
Ly CP(S)\{0}.

Define the hyperlinguistic membership function

/,LAHZX—)[,H

by
tay (1) = {low,medium},
Ay (z2) = {medium, high},
and
pay(x3) = {high, very high}.
Therefore,

A = {(x1,{low,medium}), (z2, {medium, high}), (x3, {high, very high})}

is a HyperLinguistic Fuzzy Set on X.

For example,
Jiay (22) = {mediun, high}

indicates that the fuzzy membership of x5 is represented not by a single linguistic term, but by the
hyperword consisting of the two linguistic terms medium and high.

If
t: S —[0,1]

is a linguistic scale, define its hyperextension by
g (H) ={u(s) : s € H}, H € H(S).

Thus,
L © pag + X — P([0,1]) \ {0}

provides the corresponding set-valued fuzzy interpretation.
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Theorem 3.18.4 (Well-Definedness of a HyperLinguistic Fuzzy Set). Let X and S be nonempty sets,
let

0# La € PS)\{0},

and let
Ay : X —)EH.

Then Ap is well defined as a HyperLinguistic Fuzzy Set. Moreover, for every linguistic scale
v S —10,1],

the induced mapping
L © pag + X —> P([0,1]) \ {0}

is well defined.

Proof. For every x € X,
pay(x) € Ly S P(S)\{0}.

Therefore,
HAg ([L’) 7£ 0

and every element of p 4, () belongs to S. Hence the hyperlinguistic membership value of each x is
a valid hyperword over S.

Since
t(s) €10,1] for every s € S,

we obtain
(g (@) = {0(5) : 5 € prag (@)} € [0, 1].

Because fi4,,(x) is nonempty, its image under ¢ is also nonempty. Consequently,

vi(pay () € P([0,1]) \ {0}.

Thus both the hyperlinguistic membership assignment and its fuzzy interpretation are well defined.
O

3.19 SuperHyperLinguistic Fuzzy Set (Proposed in this book)

Let S be a nonempty linguistic term set. Define the iterated power sets recursively by

PUS) =5, PUUS)=P(P"(S), n>0.

For n > 1, define the n-superhyperlinguistic domain by
SH™(S) = P™(S) \ {0}.

An element of SH™(S) is called an n-superhyperword over S.

A nonempty family
LG C SHM(S)

is called an n-SuperHyperLanguage over S.
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Definition 3.19.1 (n-SuperHyperLinguistic Fuzzy Set). Let X be a nonempty universe and let
L4 S P (9)\ {0}

be a nonempty n-SuperHyperLanguage. An n-SuperHyperLinguistic Fuzzy Set Ag"gl on X is charac-
terized by a membership function

MAEqn;)z X — £E§n})1
Thus,
A(Snlz, = {(x,uA(;g(:E)) :IGX},

where

pae (@) € PU(S)\ {0}
is an n-superhyperword representing the higher-order linguistic membership information of x.
Example 3.19.2 (A 2-SuperHyperLinguistic Fuzzy Set). Let
X = {x1, 22, 3}

be a nonempty universe, and let
S = {low,medium, high}

be a linguistic term set.

Consider the case

n=2
Define
PUS) =5, PUS)=P(S),  PXS) =P(P(S))

Let

H; = {{low}, {low,medium}},

Hy = {{medium}, {medium, high}},

and

Hj = {{high}, {low,high}}.
Since

H,,H,,Hs € 792(5) \ {@},

each H; is a 2-superhyperword over S.

Define the 2-SuperHyperLanguage
£2) = {H,, Hy, Hs}.

Then
2
L3 < PX(S)\ {0}.
Now define
,uA(S?I X — ‘CFSQI)-I
by

pae) (@) = Hi, o pye (02) = Hay,  pye (23) = Ha.
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Hence,
Ag}[ = {(z1, Hy), (2, Ha), (v3, H3)}
is a 2-SuperHyperLinguistic Fuzzy Set.

For example,
Ha@) (z2) = {{medium}, {medium, high}}

represents the membership information of x2 by a higher-order linguistic object containing two lin-
guistic hyperwords.

Thus, the membership structure follows the hierarchy

linguistic term — hyperword — 2-superhyperword.

Let
t: S —[0,1]
be a linguistic scale. Define recursively
[0 =
and
LD (1) = {m(a) ‘ae A} . AePrtis).
Then

[ P(S) — P([0,1])
gives the numerical fuzzy interpretation of the n-superhyperlinguistic structure.

Theorem 3.19.3 (Well-Definedness of an n-SuperHyperLinguistic Fuzzy Set). Let X and S be
nonempty, let n > 1, and suppose that

0+ L% CP(s)\ {0}
If

,LLA(SnI} X — ﬁg})[,

then Agnf)l is a well-defined n-SuperHyperLinguistic Fuzzy Set.

Moreover, if
t: S —10,1],

then
6y X — PO, 1)\ 0}

is well defined.

Proof. For every x € X,
Hac (@) € LG5 € PP (S)\ {0}

Hence each membership value is a valid nonempty n-superhyperword over .S.

We prove recursively that

(M Pr(S) — P[0, 1])

is well defined for every r > 0.
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For r = 0, this follows immediately from
t: S8 —1[0,1].

Assume that (") is well defined. For
AcPrti(s),

every a € A belongs to P"(S), and therefore
/) (a) € PT([0,1]).

Consequently,
L(7‘+1)(A) = {L(T')(a) ra € A} € PTH([0, 1]).

Thus the claim follows by induction.

Finally,
IUASS"QI (I) 7é (Av

so its image under () is also nonempty. Therefore,

() (40 (2)) € P([0,11) \ {0}

Hence the n-SuperHyperLinguistic Fuzzy Set and its induced higher-order fuzzy interpretation are
both well defined. O

3.20 Linguistic Term Set

A Linguistic Term Set is a collection of qualitative linguistic labels representing the possible values
of a linguistic variable [256260]. Several related concepts have also been studied, including Hesitant
Fuzzy Linguistic Term Sets [2611264] and Probabilistic Linguistic Term Sets [265-268].

Definition 3.20.1 (Linguistic Term Set). (cf. [256,257]) A Linguistic Term Set is a nonempty set
S = {Sz NS I},

whose elements s; are linguistic terms representing qualitative values of a linguistic variable.

If S is ordered, we write

Si j Sj
whenever s; represents a linguistic value not greater than s;.
Example 3.20.2 (A Linguistic Term Set). Let

V = Temperature

be a linguistic variable.

Consider the linguistic term set

S = {very cold, cold,moderate,warm, hot}.

The elements of S describe qualitative temperature levels. They may be ordered as

very cold =< cold X moderate =< warm =< hot.

Hence,

S

is a Linguistic Term Set associated with the linguistic variable V' = Temperature.

For reference, a comparison between a Linguistic Set and a Linguistic Term Set is presented in

Table B.11
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Table 3.1: Comparison between a Linguistic Set and a Linguistic Term Set.

Aspect

Linguistic Set

Linguistic Term Set

Basic form

Main interpretation
Emphasis

Example

Relation

L(V)={t;:iel}

A set of linguistic values associated
with a linguistic variable V.
Association with a particular linguistic
variable or domain.

L(Risk) = {low,medium, high}

May be regarded as the value set of a
linguistic variable.

S:{Siiiel}

A collection of linguistic terms repre-
senting qualitative values.
Organization and representation of lin-
guistic labels or terms.

S = {low,medium, high}

May serve as the linguistic term do-
main defining that value set.

3.21 HyperLinguistic Term Set (Proposed in this book)

A HyperLinguistic Term Set is a collection of nonempty subsets of linguistic terms, enabling grouped
or multiple qualitative linguistic descriptions.

Definition 3.21.1 (HyperLinguistic Term Set). Let S be a Linguistic Term Set. A hyperlinguistic
term over S is a nonempty subset

H e P(S)\{0}.

A HyperLinguistic Term Set over S is a nonempty family

Hp € P(S)\ {0}

Thus, each element of H;, consists of one or more linguistic terms from S.

Example 3.21.2 (A HyperLinguistic Term Set). Let

S = {low,medium, high}

be a Linguistic Term Set.

Define

and

Since

H; = {low},
Hy; = {low,medium},

Hs = {medium, high}.

Hy, Hy, Hs € P(S)\ {0},

each H; is a hyperlinguistic term over S.

Therefore,

Hi = {Hy, Hy, H3}
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satisfies

Hi CP(S)\ {0}

Hence,
Hy = {{low}, {low,medium}, {medium, high}}

is a HyperLinguistic Term Set.

3.22 SuperHyperLinguistic Term Set (Proposed in this book)

A SuperHyperLinguistic Term Set consists of higher-order collections of linguistic terms formed
through iterated power-set constructions for hierarchical representation.

Definition 3.22.1 (n-SuperHyperLinguistic Term Set). Let S be a Linguistic Term Set and define
the iterated power sets by

PYS) =5,  P"HS)=P(P"(S)), n=0.

For n > 1, an n-superhyperlinguistic term over S is a nonempty element

H™ € P(8)\ {0}.

An n-SuperHyperLinguistic Term Set over S is a nonempty collection

SH™ CP(9)\ {0}.

For n = 1, this construction reduces to a HyperLinguistic Term Set.
Example 3.22.2 (A 2-SuperHyperLinguistic Term Set). Let
S = {low,medium, high}

be a Linguistic Term Set.

Consider
n=2.

Define the following 2-superhyperlinguistic terms:
K; = {{low}, {low,medium}},

K5 = {{medium}, {medium, high}},

and
KS = {{hlgh}7 {10W1high}} :

Since
K1, Ky, K3 € P2(5) \ {0},

each K is a 2-superhyperlinguistic term over S.
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Define
SHP = {Ky, Ky, K3},
Then
(2) 2
SH;7 CP(S)\ {0}
Therefore,

SHY
is a 2-SuperHyperLinguistic Term Set.

For example,
K5 = {{medium}, {medium, high}}

is a higher-order linguistic object consisting of two hyperlinguistic terms.

3.23 Uncertain Linguistic Term Set (Proposed in this book)

An Uncertain Linguistic Term Set represents imprecise linguistic assessments using intervals of ordered
linguistic terms bounded by lower and upper linguistic values.

Definition 3.23.1 (Uncertain Linguistic Term Set). Let
S ={s0,81,...,8¢}
be a finite totally ordered Linguistic Term Set satisfying

S0 2512 2 8.

An uncertain linguistic term over S is an interval
[Shsj]? OS'LS]SQ,

where s; and s; are respectively the lower and upper linguistic bounds.

The Uncertain Linguistic Term Set generated by S is

US) = {[si,s;]: 0<i<j<g}.

The degenerate case
[Sia Si}

is identified with the ordinary linguistic term s;.

Example 3.23.2 (An Uncertain Linguistic Term Set for Risk Assessment). Let
S = {so, 81, 82, $3, S4} = {very low,low,medium high very high}
be a totally ordered Linguistic Term Set satisfying

89 X 51 =X 52 =X 83 =2 84.
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The corresponding Uncertain Linguistic Term Set is

For example,
uy = [81, 82] = [Low,medium],

ug = [89, 84] = [medium, very high],

and
us = [83, 3] = [high, high)]

are uncertain linguistic terms in U(S).

The term
u1 = [low, medium]

represents an uncertain risk assessment lying linguistically between low and medium, while
ug = [medium, very high|

represents a wider range of uncertainty.

Since
Uus = [83, 83]»

it is a degenerate uncertain linguistic term and is identified with the ordinary linguistic term

s3 = high.

Thus, U(S) provides interval-valued linguistic descriptions for representing imprecise qualitative as-
sessments.

3.24 Linguistic Automaton

A Linguistic Automaton incorporates linguistic information into states, transitions, or processing
rules to model qualitative computational behavior and decision processes [269]. Let L be a nonempty
Linguistic Term Set.

Definition 3.24.1 (Linguistic Automaton). A Linguistic Automaton is a structure
A =(Q,%,6,q0, F\ A),
where @ is a set of states, 3 is an input alphabet,
0:Qx3—PQ)
is a transition mapping, gy € @ is an initial state, F' C @ is a set of final states, and
AMQUERXxEXQ)— L

assigns linguistic information to states or transitions.

Thus, the behavior of the automaton may be described using linguistic terms such as

low, medium, high.
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Example 3.24.2 (A Simple Linguistic Automaton). Let

Q:{QO7qlaQQ}7 E:{aab}a
and let the Linguistic Term Set be
L = {low,medium, high}.

Consider the transition
do — q1
with linguistic value
AMqo,a,q1) = high,

and the transition ,
q1 — g2

with
A(q1, b, g2) = medium.

Thus, the automaton describes its transition behavior using linguistic terms such as high and medium.

3.25 Linguistic Finite Automaton

A Finite Automaton is a computational model with finitely many states and transitions, processing
input symbols according to predefined transition rules [2704272]. A Linguistic Finite Automaton
uses finitely many states and linguistic transition values to represent qualitative state changes and
symbolic processing [273]. Let L be a nonempty Linguistic Term Set.

Definition 3.25.1 (Linguistic Finite Automaton). [273] A Linguistic Finite Automaton is a tuple
Arr = (Q,%,0r1,q0, F),
where Q and X are finite nonempty sets, ¢o € Q, F C @, and
0, :QxXx@Q — L

assigns a linguistic transition value to each possible transition.

If
t: L —0,1]

is a linguistic scale, then
Ltodr QXX xQ —[0,1]

gives the corresponding numerical transition degrees.
Example 3.25.2 (A Simple Linguistic Finite Automaton). Let
Q: {QO»ql}v Y= {Oal}a

and
L = {weak,moderate, strong}.

Define the linguistic transition function by

5L(¢]07 1, Q1) = strong,
01.(go, 0, qo) = moderate,

and
0r(q1,1,q1) = weak.

Hence,
ALF = (Q7 27 5La q0, {ql})

is a Linguistic Finite Automaton with linguistically evaluated transitions.
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3.26 Linguistic Petri Net

A Petri net is a mathematical model of concurrent systems using places, transitions, and tokens
to represent states and events [274,275]. Related concepts such as Fuzzy Petri Nets [276[{278] and
Neutrosophic Petri Nets [279-281] are also known. A Linguistic Petri Net integrates linguistic terms
into places, transitions, or rules for qualitative knowledge representation, reasoning, and dynamic
modeling [282287]. Let L be a nonempty Linguistic Term Set.

Definition 3.26.1 (Linguistic Petri Net). A Linguistic Petri Net is a structure
Ny = (P, T,1,0, My, \p, A1),
where P is a finite set of places, T is a finite set of transitions,
I:PxT — Ny, O:TxP—Ng

are the input and output incidence functions, and My is the initial marking.

The mappings
)\p P — L

and
AT — L

assign linguistic information to places and transitions, respectively.

Hence, propositions, truth assessments, transition conditions, or rule strengths can be represented by
linguistic terms.

Example 3.26.2 (A Simple Linguistic Petri Net). Let
P = {p17p2}a T= {tl}a

where p; represents an input condition and p, an output condition.

Let
I(p1,t1) =1, O(ti,p2) = 1.

Take the Linguistic Term Set
L = {low,medium, high}.

Define
Ap(p1) =high,  Ap(p2) = medium,

and
Ar(t1) = high.

Thus, the transition ¢; represents a linguistically strong rule connecting a highly supported input
condition to a medium output condition.
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3.27 Linguistic Dynamic System

A Linguistic Dynamic System represents states, inputs, and transitions through linguistic values,
enabling qualitative modeling of evolving processes over time [288-292]. Let Lx and Ly be linguistic
state and input spaces, respectively.

Definition 3.27.1 (Linguistic Dynamic System). A Linguistic Dynamic System is a discrete-time
system
DL = (LXaLUa(I))a

where
®:Lx x Ly — Lx

is a linguistic state-transition mapping.

The evolution of the system is given by
Tip1 = O(24, uy),

where
xy € Ly, uy € L.

Thus, the states, inputs, and evolution laws of the system may be expressed using linguistic or fuzzy
linguistic information instead of purely numerical quantities.

Example 3.27.2 (A Simple Linguistic Dynamic System). Let the linguistic state space be
Lx = {low,medium, high},
and the linguistic input space be

Ly = {decrease, stable, increase}.

Define the transition mapping
(O3 LX X LU — LX

by, for example,
®(medium, increase) = high,

®(high,decrease) = medium,

and
®(low, stable) = low.
Hence, if
ry = medium and wu; = increase,
then

Tiy1 = @(xt,ut) = hlgh

This gives a simple Linguistic Dynamic System.
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3.28 Linguistic Preference Relation

A Linguistic Preference Relation assigns linguistic terms to pairs of alternatives, representing quali-
tative preference strengths and comparative judgments between alternatives [293H296]. Related con-
cepts, such as Fuzzy Linguistic Preference Relations [297-299] and Neutrosophic Linguistic Preference
Relations [300,301], are also known.

Let
X = {xla"'>$n}

be a finite set of alternatives, and let
L={l,... Ly}
be an ordered Linguistic Term Set.

Definition 3.28.1 (Linguistic Preference Relation). [2931[294] A Linguistic Preference Relation on
X is a mapping
Rp: X xX — L,

where
Rp(zi,25) = Ui

represents the linguistic preference of x; over z;.

Equivalently, it may be represented by the linguistic matrix

RL = (&'j)nxn-

If N: L — L is a linguistic negation operator, reciprocity may additionally be imposed by
Rp(zj, ;) = N(Rp(z4,25)).
Example 3.28.2 (A Simple Linguistic Preference Relation). Let
X ={x1,20,23}
be a set of alternatives, and let
L = {very low,low,equal,high very high}

be an ordered Linguistic Term Set.

Define a Linguistic Preference Relation
Rp:XxX—1L
by
Ry (z1,z2) = high,
Rp(x1,z3) = very high,

and
RL({L‘Q,Z‘;),) = low.

For example,
RL(xl, iL'Q) = high

means that x; is linguistically preferred to xo with a high preference level.

The relation may be represented by a linguistic preference matrix

equal high very high
Ry = low equal low
very low high equal
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3.29 Linguistic Distribution Assessment

A Linguistic Distribution Assessment represents an evaluation by assigning symbolic proportions to
linguistic terms, capturing distributed qualitative judgments across an ordered linguistic term set
effectively (cf. [302H304]).

Definition 3.29.1 (Linguistic Distribution Assessment). Let
S = {s0,51,...,5¢}
be a Linguistic Term Set. A Linguistic Distribution Assessment (LDA) on S is a set
D ={(sij,a4):i=0,1,...,g},

where
g
(67 2 O, Zai =1.
i=0

Here, «; denotes the symbolic proportion associated with the linguistic term s;.
Example 3.29.2 (A Linguistic Distribution Assessment). Let
S = {so, $1, $2, 83, 84} = {very low, low, medium, high, very high}

be an ordered Linguistic Term Set.

Suppose that the evaluation of an alternative is represented by
D = {(s0,0.05), (s1,0.10), (s2,0.25), (s3,0.40), (54,0.20) }.

Since
0.05+0.104+0.254+0.40 4+ 0.20 =1,

the set D is a Linguistic Distribution Assessment on S.

For example, the pair
(s3,0.40) = (high, 0.40)

indicates that the linguistic term high has symbolic proportion 0.40 in the assessment.

3.30 2-Tuple Linguistic Representation Model

The 2-Tuple Linguistic Representation Model expresses linguistic information as a linguistic term
paired with a symbolic translation, preserving precision during aggregation and computation accu-
rately reliably [305H311].

Definition 3.30.1 (2-Tuple Linguistic Representation Model). Let
S ={s0,81,...,8¢}
be an ordered Linguistic Term Set. A 2-tuple linguistic representation is an ordered pair
(si, ),

where

s; €8, a € [-0.5,0.5)

is the symbolic translation associated with s;.

For any
B €l0,g],
the corresponding linguistic 2-tuple is defined by

A(B) = (sis a), i = round(f), a=p—1i
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Example 3.30.2 (A 2-Tuple Linguistic Representation). Let
S = {so, $1, S2, 83, 84} = {very low, low, medium, high, very high}

be an ordered Linguistic Term Set.

Suppose that an aggregated linguistic evaluation is represented numerically by

£ = 2.30.
Then
i =round(2.30) = 2
and
a=p0—-—i=230-2=0.30.
Therefore,

A(2.30) = (s2,0.30) = (medium, 0.30).

Thus, the linguistic assessment is represented by the basic linguistic term medium together with the
symbolic translation 0.30.

3.31 Linguistic Z-Number

A Z-number represents uncertain information using two components: a fuzzy restriction and a mea-
sure of reliability associated with that restriction [312H315]. A Linguistic Z-Number represents an
assessment together with its linguistic reliability, allowing qualitative information and confidence in
that information to be modeled simultancously effectively clearly [316H319].

Definition 3.31.1 (Linguistic Z-Number). Let
SA == {50751a .. '7Sm}
and
S ={ro,r1,...,"n}
be Linguistic Term Sets. A Linguistic Z-Number is an ordered pair

Z:(A,B), A€ Sy, B e Sp,

where A represents a linguistic assessment or restriction and B represents the linguistic reliability,
certainty, or credibility associated with A.

Example 3.31.2 (A Linguistic Z-Number). Let
Sa = {very low, low, medium, high, very high}
be a Linguistic Term Set for assessments, and let
Sp = {very unreliable, unreliable, moderately reliable, reliable, very reliable}

be a Linguistic Term Set for reliability.

Consider
A = high and B = reliable.

Then
Z = (A, B) = (high, reliable)

is a Linguistic Z-Number.

Here, A = high represents the linguistic assessment, while B = reliable expresses the linguistic
reliability associated with that assessment.
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3.32 Probabilistic Linguistic Term Set

A Probabilistic Linguistic Term Set assigns probabilities to selected linguistic terms, representing
uncertain qualitative assessments with explicitly weighted linguistic information [265-267,320].

Definition 3.32.1 (Probabilistic Linguistic Term Set). Let

S:{so,sl,...,sg}

be a linguistic term set. A Probabilistic Linguistic Term Set (PLTS) is a finite collection

L(p) = {Sak(pk) | k = 17 am}a
where

m
Sy, € Sa Pk > 07 Zpk < 1.
k=1

Here, pj, represents the probability associated with the linguistic term s, .

Example 3.32.2 (Probabilistic Linguistic Term Set). Let
S = {so, $1, 2, 83, 84} = {very low, low, medium, high, very high}.

Consider
L(p) = {52(0.3),53(0.5),54(0.2) }.

Since
0.34+05+02=1,

L(p) is a valid Probabilistic Linguistic Term Set. It represents an assessment that is medium with
probability 0.3, high with probability 0.5, and very high with probability 0.2.

3.33 Unbalanced Linguistic Term Set

An Unbalanced Linguistic Term Set contains ordered linguistic labels whose semantic meanings are
unevenly distributed across the underlying evaluation scale [321H323].

Definition 3.33.1 (Unbalanced Linguistic Term Set). [321] Let
S = {S(),Sl, . .789}

be an ordered linguistic term set. It is called an Unbalanced Linguistic Term Set if the linguistic
terms are not uniformly and symmetrically distributed over their underlying semantic domain.

Example 3.33.2 (Unbalanced Linguistic Term Set). Consider the ordered linguistic term set
S = {so, $1, $2, 83,84} = {very low, low, medium, high, very high}.
Suppose its semantic positions on [0, 1] are
0, 0.15, 0.50, 0.80, 1.

The successive distances are
0.15, 0.35, 0.30, 0.20,

which are not equal. Therefore, the linguistic terms are not uniformly distributed, and S is an
Unbalanced Linguistic Term Set.
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3.34 Linguistic Hierarchy

A Linguistic Hierarchy organizes linguistic term sets into multiple granularity levels, enabling consis-
tent transformation between coarse and refined linguistic representations (cf. [257,324]).

Definition 3.34.1 (Linguistic Hierarchy). A Linguistic Hierarchy is a family

LH = [ ] ¢(t,n(t)),

teT
where
Lt,n(t)) = {sgt), sgt)7 cee sg()t)fl}
is a linguistic term set of granularity n(t) at level ¢, with
n(t+ 1) > n(t).
Thus, successive levels provide increasingly refined linguistic representations.

Example 3.34.2 (Linguistic Hierarchy). Consider the two linguistic levels
£(1,3) = {sél), sgl), sél)} = {low, medium, high},

and
02,5) = {s5” 51", s, 557 57}
with
£(2,5) = {very low, low, medium, high, very high}.
Since

3 <5,

the second level provides a finer linguistic granularity than the first one. Hence
LH =/0(1,3)U£(2,5)

forms a simple Linguistic Hierarchy.

3.35 Linguistic Scale Function

A Linguistic Scale Function maps ordered linguistic terms to numerical semantic values, preserving
their ordering and representing linguistic meaning quantitatively (cf. [325-327]).

Definition 3.35.1 (Linguistic Scale Function). Let
S = {s0,51,...,52}
be an ordered linguistic term set. A Linguistic Scale Function is a mapping
f:8—10,1]

defined by
f(sz):(?l, 0§00<91<"'<029§1‘

Thus, f assigns an ordered numerical semantic value to each linguistic term.

Example 3.35.2 (Linguistic Scale Function). Let

S = {s0, $1, S2, $3, 84} = {very low, low, medium, high, very high}.

Define
f:8—10,1]
by
f(so) =0, f(s1) =0.25, f(s2) = 0.50,
f(s3) = 0.75, f(sa) =1
Since

0<0.25<0.50<0.75 < 1,

f preserves the ordering of the linguistic terms and is therefore a Linguistic Scale Function.
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3.36 HyperLinguistic Graph (Proposed in this book)

A HyperLinguistic Graph assigns nonempty sets of linguistic terms to vertices and edges of a graph,
allowing multiple linguistic descriptions for each graph element.

Definition 3.36.1 (HyperLinguistic Graph). Let
G=(V.E)
be a graph and let S be a nonempty Linguistic Term Set. Define
H(S) = P(S)\ {2},
A HyperLinguistic Graph is a structure
GuL = (V,E, A\v, A\p),

where

Thus, each vertex and edge is assigned a nonempty set of linguistic terms.

Example 3.36.2 (HyperLinguistic Graph). Let

V= {uavvw}v E= {{u7v}7 {v,w}},

and let
S = {low, medium, high}.

Define the vertex assignments by
Av (u) = {low, medium},

Av (v) = {medium, high}, Ay (w) = {high},

and the edge assignments by
Ae({u,v}) = {medium},

Ag({v,w}) = {medium, high}.
Since every assigned value is a nonempty subset of .S,
)\V V—)H(S), )\EE—>H(S)

are well defined. Therefore,
GuL = (V, E,A\v, AEg)

is a HyperLinguistic Graph.

Remark 3.36.3. A HyperLinguistic Graph should be distinguished from a Linguistic HyperGraph.
In a HyperLinguistic Graph, the underlying combinatorial structure remains an ordinary graph, while
the linguistic labels are set-valued. In a Linguistic HyperGraph, the underlying incidence structure
itself is a hypergraph.

3.37 SuperHyperLinguistic Graph (Proposed in this book)

A SuperHyperLinguistic Graph extends a HyperLinguistic Graph by assigning higher-order, recur-
sively nested linguistic information to its vertices and edges.
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Definition 3.37.1 (n-SuperHyperLinguistic Graph). Let
G = (V,E)
be a graph and let S be a nonempty Linguistic Term Set. Define recursively
P(S)=S,  P"TS)=P(P"(9)).
For n > 1, an n-SuperHyperLinguistic Graph is a structure
GGl = (V, BAY AR,

where
Ay P (9)\ (2],

and
AW E s Pr(9)\ {2

Thus, each vertex and edge carries an n-level nested linguistic description. For n = 1, this construction
reduces to a HyperLinguistic Graph.

Example 3.37.2 (2-SuperHyperLinguistic Graph). Let
V=A{uv},  E={{uv}},

and let
S = {low, medium, high}.

Consider n = 2, so that

Define the vertex assignments by
)\g)(u) = {{low}, {low, medium} },

and
)\g) (v) = {{medium}, {medium, high} }.

Define the edge assignment by
A2 ({u,v}) = {{medium}, {low, high} }.
Each assigned value is a nonempty element of
P2(S).

Hence,
A2y P29\ (o),

and
AP E— P9)\ {2}

are well defined. Therefore,
Gon = (Ve BAP D)

is a 2-SuperHyperLinguistic Graph.
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Chapter 4

Some MOD Structures

In this chapter, we present several representative MOD structures.

4.1 Modulo Operation

A modulo operation returns the remainder obtained when one integer is divided by a positive integer
according to Euclidean division.

Definition 4.1.1 (Modulo Operation). Let a € Z and n € Z~o. The modulo operation assigns to a
the unique remainder
re{0,1,...,n—1}

such that
a=qgn+r

for some g € Z. We write
amodn =r.

Example 4.1.2 (Example of a Modulo Operation). Let
a=17 and n =>5.

By Euclidean division,
17=3-5+2.

Therefore,
17 mod 5 = 2.

Hence, the modulo operation returns 2, which is the remainder obtained when 17 is divided by 5.

4.2 MOD Groupoid

A groupoid is a nonempty set equipped with a binary operation, without requiring associativity,
identity elements, or inverses in general [328]. Related concepts, such as Matroids [329], Antimatroids
[330], Fuzzy Groupoids [328], HyperGroupoids [3311333], and SuperHyperGroupoids [334], are also
known. A MOD groupoid is a set of residues modulo n equipped with a closed binary operation that
is not necessarily associative.

(0]
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Definition 4.2.1 (MOD Groupoid). Let
Z, =40,1,...,n— 1}, n>2,
and let
tou € L.

Define a binary operation
* 1 Ly X Loy — Loy

by
axb=ta+ub (modn).

Then
(Zn, )

is called a MOD groupoid. The operation is closed on Z,,, while associativity is not required.
Example 4.2.2 (Example of a MOD Groupoid). Let
Z5 = {07 17 27 33 4}3

and choose

Define
axb=2a+3b (mod?5).

For example,
1x4=2(1)+3(4)=14=4 (mod 5).

Similarly,
3x2=2(3)+3(2)=12=2 (mod 5).

Since

axb e Zs
for every

a,b € Zs,
the structure

(Z5v *)

is a MOD groupoid.

4.3 MOD Vector Space

A MOD vector space is a vector space over a finite field, with vector operations performed compo-
nentwise modulo a prime.

Definition 4.3.1 (MOD Vector Space). Let p be a prime and let
F,=2,={0,1,...,p—1}
be the finite field of integers modulo p. For d > 1, define
V =F;.
Vector addition and scalar multiplication are defined componentwise modulo p:
(x1,..yxa) + (Y1, yy4) = (1 +y1,. .., 2a+ya) (mod p),

and
AMz1,. . 2q) = Az, ..., Azg)  (mod p), Ael,.

Then V is called a MOD vector space over IFy,.
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Example 4.3.2 (Example of a MOD Vector Space). Let
p=2>5

and consider the vector space
V =TFz.

Take
x = (1,4), y=(3,2), A =3.

Their vector sum is
r+y=(1+3,44+2)=(4,6)=(4,1) (mod 5).

Also,
Az =3(1,4) = (3,12) = (3,2) (mod 5).

Since both vector addition and scalar multiplication are performed componentwise modulo 5, and
their results remain in
Fz,
the set
V =T

is a MOD vector space over Fj.

4.4 MOD Complex Functions

A MOD Complex Function maps modular complex numbers to modular complex numbers using
arithmetic interpreted modulo a fixed integer m [335].

Definition 4.4.1 (MOD Complex Function). Let m > 2, and let
Cp(m)={a+bip|abe[0,m)}, i2=m-—1,
be the MOD complex plane. A MOD complex function is a mapping
f:Cn(im) — Cp(m)

of the form
f(2) = u(z,y) +irv(z,y), z=x+ipy,

where the real-valued components are interpreted in the MOD interval [0, m), with the corresponding
arithmetic taken modulo m.

Example 4.4.2 (Example of a MOD Complex Function). Let
m=>5
and consider the MOD complex plane
Cn(5) = {a+bir |a,be0,5)}, i% = 4.

Define
f:Ch(5) — Cr(5)
by
f(z) =22 41,
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where all component arithmetic is performed modulo 5.

For
z=3+4ip,

we obtain
f(z)=2B+4ip)+1=T7+8ip.

Reducing both components modulo 5,
7=2 (mod 5), 8=3 (mod 5).

Hence,
fB4+4ip) =24 3ip € Cph(5).

Thus, f is a MOD complex function.

4.5 Fuzzy MOD Functions

A Fuzzy MOD Function maps values in the fuzzy MOD interval [0, 1) to values in [0, 1), with arithmetic
interpreted modulo 1.

Definition 4.5.1 (Fuzzy MOD Function). Let
R,(1)=10,1)
be the fuzzy MOD interval. A fuzzy MOD function is a mapping
[ Bu(1) — Ry (1),

where the arithmetic involved in f is performed modulo 1.

In particular, a polynomial
fl@) =Y aa*,  are0,1),
k=0

is called a fuzzy MOD polynomial function, with all arithmetic interpreted modulo 1.
Example 4.5.2 (Example of a Fuzzy MOD Function). Consider the fuzzy MOD interval
R,(1)=10,1).
Define
f:R,(1) — R,(1)

by
f(z) = (204 0.3) mod 1.

For example, if
x = 0.6,

then
£(0.6) = (2(0.6) + 0.3) mod 1 = 1.5 mod 1 = 0.5.

Since
0.5€10,1),

the value remains in the fuzzy MOD interval. Thus, f is a fuzzy MOD function.
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4.6 Neutrosophic MOD Functions

A Neutrosophic MOD Function maps modular neutrosophic numbers involving indeterminacy I, with
coefficients and arithmetic interpreted modulo a fixed integer [335].

Definition 4.6.1 (Neutrosophic MOD Function). Let m > 2, and define the MOD neutrosophic
plane by
Ri(m)={a+bl|abe[0,m), I*>=1}.

A neutrosophic MOD function is a function defined over R! (m). In particular, a polynomial
T
f(z) = Z arz®, ar, € R (m),
k=0

is called a neutrosophic MOD polynomial function, where all coefficient arithmetic is performed mod-
ulo m.

Example 4.6.2 (Example of a Neutrosophic MOD Function). Let
m=>5

and consider
RI(5)={a+0bI|a,be0,5), I*>=1}.

Define
f: Rl(5) — RL(5)

by
fl@y=2c+1+1),

where all coefficient arithmetic is performed modulo 5.

For
x=3+4I,

we obtain
fB4+4N)=23+4)+(1+1)=7+091.

Reducing the coefficients modulo 5,
7=2 (mod 5), 9=4 (mod 5).

Therefore,
f(3+4I) =2+41I € RL(5).

Hence, f is a neutrosophic MOD function.

4.7 MOD Real Plane

A MOD real plane represents ordered pairs from a bounded semi-open interval, providing a modulo-
based analogue of the real plane [336/339).

Definition 4.7.1 (MOD Real Plane). Let m > 1. The MOD real plane associated with the MOD
interval [0,m) is defined by

Ry (m) = [0,m) x [0,m) = {(a,b) | a,b € [0,m)}.
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4.8 MOD Fuzzy Real Plane

A MOD fuzzy real plane is the unit interval case of a MOD real plane, with coordinates restricted to
[0,1).

Definition 4.8.1 (MOD Fuzzy Real Plane). The MOD fuzzy real plane is the MOD real plane
corresponding to m = 1, namely

Rn(l) - [07 1) X [Oa 1) = {(aab) | a,be [Ov 1)}
Example 4.8.2 (Example of a MOD Fuzzy Real Plane). Consider the MOD fuzzy real plane
Ru(1) = [0,1) x [0,1).

For example, the point
P =(0.3,0.8)

belongs to R, (1), since
0<03<1 and 0<08<1.

Hence,
(0.3,0.8) € R,(1).

Thus, P is an element of the MOD fuzzy real plane.

4.9 MOD Neutrosophic Plane

A MOD neutrosophic plane represents numbers combining real and indeterminate components within
a bounded MOD interval, satisfying the idempotent relation [336,338.|339].

Definition 4.9.1 (MOD Neutrosophic Plane). Let m > 1. The MOD neutrosophic plane is defined
by
TR,(m) = {a+bl|a,bec[0,m), I* =1},

where I denotes the neutrosophic indeterminacy.
Example 4.9.2 (Example of a MOD Neutrosophic Plane). Let
m = 5.
Then the MOD neutrosophic plane is
TR.(5) ={a+0bl|a,bel0,5), I?=1I}.
Consider the neutrosophic number
r=2+31.

Since
2,3€10,5),

we have

2+3I R, (5).

Moreover, using
I’ =1,
we obtain
(24+30)%=4+12I +9I* =4+ 211.

Interpreting the coefficients modulo 5,
44211 =4+1 (mod 5).

Hence, the MOD neutrosophic structure preserves the real and indeterminate components under
modular arithmetic.
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4.10 MOD Complex Plane

A MOD complex plane consists of bounded complex numbers whose real and imaginary components
lie within a common MOD interval |338].

Definition 4.10.1 (MOD Complex Plane). [338] Let m > 2. The MOD complez plane associated
with the MOD interval [0,m) is defined by

Cn(m) ={a+bip|a,be[0,m), iz =m—1},
where ip denotes the MOD imaginary unit.
Example 4.10.2 (Example of a MOD Complex Plane). Let
m = 5.
Then the corresponding MOD complex plane is
Cn(5) = {a+bir | a,be0,5), ip =4}.

Consider the MOD complex number

z2=2+43ip.
Since

2,3€10,5),
we have

z=243ip € On(5).
Moreover,
22 = (24 3ip)? =4+ 12ip + 9i%.
Using
i% =4,
we obtain
2% =40 + 12ip.

Reducing the coefficients modulo 5,
40=0 (mod 5), 12=2 (mod 5).

Hence,
2?2 =2ip (mod 5),

which again belongs to C,,(5).

4.11 MOD Graph

A MOD graph is a graph whose vertices are selected from the integers modulo n, forming a modular
vertex structure [340].

Definition 4.11.1 (MOD Graph). [340] Let
Z,={0,1,...,n—1}, n > 2.

A MOD graph is a graph
G =(V.E)
whose vertex set satisfies
£V CZy.

In particular, V may be the whole set Z,,. Thus, a MOD graph is a graph whose vertices are selected
from the integers modulo n.



Chapter 4. Some MOD Structures

Example 4.11.2 (Example of a MOD Graph). Let
Zs = {0,1,2,3,4}.

Consider the graph
G=(V.E),

where
vV ={0,1,2,4} C Zs

and

B = {{0,1},{1,2},{2,4}, {0,4}}.

Thus, G consists of four vertices selected from the residue class Zs. The corresponding graph is

illustrated below.

O~1, 1~2,  2~4, 4~0,

In this graph,

so G forms the cycle
0-1-2-4-0.

Notice that 3 € Zs is not required to be a vertex, since the definition only requires
V CZs.

Because every vertex of G belongs to Zs, the graph G is a MOD graph.

4.12 MOD HyperGraph (Proposed in this book)

A HyperGraph generalizes a graph by allowing each edge to connect any number of vertices, rep-
resenting higher-order relationships among entities [237,(239}/240,341,1342]. A MOD HyperGraph
is a hypergraph whose vertices are selected from the integers modulo n, while each hyperedge is a
nonempty subset of the modular vertex set.

Definition 4.12.1 (MOD HyperGraph). Let
Zn, =A{0,1,...,n— 1}, n > 2.
A MOD HyperGraph is a hypergraph
H=(V,E)

such that
o+V CZy

and

ECPV)\{2}.

Thus, every hyperedge
ecE

is a nonempty subset of V', whose elements are integers modulo n.
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Example 4.12.2 (Example of a MOD HyperGraph). Let
Zs = {0,1,2,3,4,5}.

Consider the hypergraph

H=(V.E),
where
V' ={0,1,2,3,5} C Zg
and
E: {61,62763,64}7
with

€1 = {0, 1}, €y = {1,2,3}, €3 = {0,3,5}, €4 = {2,5}.

Thus, H has five vertices selected from Zg and four hyperedges. The corresponding hypergraph is
illustrated below.

———————————————————

©_

7777777

In this figure, the hyperedge e; joins the vertices 0 and 1, the hyperedge e2 contains the three vertices
1,2, 3, the hyperedge e3 contains 0, 3,5, and the hyperedge e, contains 2, 5.

Since each hyperedge is a nonempty subset of V' and
Vv g ZG)

the hypergraph H is a MOD HyperGraph.

Note that the element 4 € Zg does not need to belong to V; it is sufficient that the vertex set be a
subset of Zg.

Theorem 4.12.3 (Well-Definedness of a MOD HyperGraph). Let
£V CZy

and
ECPV)\{o}.

Then
H = (V,E)

is a well-defined hypergraph.
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Proof. Since
V C Zn,

the set V' is finite and well-defined. Moreover, for every

eeFE,

we have
g#eCV.

Hence every hyperedge consists only of vertices belonging to V. Therefore the incidence structure
H = (V. E)

satisfies the defining conditions of a hypergraph and is well-defined. O

4.13 MOD SuperHyperGraph (Proposed in this book)

A SuperHyperGraph generalizes hypergraphs by allowing vertices and hyperedges to be nested collec-
tions, representing higher-order and hierarchical relationships among entities [229}243}244}343}345].
A MOD SuperHyperGraph is a higher-order hypergraph whose supervertices are nonempty subsets
of Z,, and whose superhyperedges are nonempty collections of such supervertices.

Definition 4.13.1 (MOD SuperHyperGraph). Let
Z,={0,1,...,n—1}, n > 2.

Let
V CP(Z,) \ {2}

be a nonempty collection of supervertices. A MOD SuperHyperGraph is a pair
SH = (V,£),

where

£CPW)\{a}.

Thus, every supervertex
AeVy

is a nonempty subset of Z,,, and every superhyperedge
Ecg&
is a nonempty collection of supervertices.
Example 4.13.2 (Example 1 of a MOD SuperHyperGraph). Let
Z¢ ={0,1,2,3,4,5}.
Consider the collection of supervertices
V= {Al,A2,A3},

where
Al = {Oa l}a A2 = {2a3}v A3 = {4a5}

Clearly,
’ V € P(Zs) \ {2}

Define the collection of superhyperedges by
&= {{Ala A2}7 {A27 A3}7 {Ah A27 AS}}
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Since every element of £ is a nonempty subset of V, we have
ECPV)\{a}.

Therefore,

SH = V,&)
is a MOD SuperHyperGraph.
Example 4.13.3 (Example 2 of a MOD SuperHyperGraph). Let

Z, ={0,1,2,3,4,5,6}.

Define
V = {B1, By, B3, Bs},
where
B; ={0,2}, By ={1,3,5}, B; = {2,4,6}, B, ={0,6}.
Then
V CP(Z7) \ {2}
Let

E= {{Bh B4}7 {317 BQa B3}5 {327 B37 B4}}
Each superhyperedge is a nonempty collection of supervertices, so

£CPW)\{a}.

Hence,
SH = (V,€)

is a MOD SuperHyperGraph over Z;.
Theorem 4.13.4 (Well-Definedness of a MOD SuperHyperGraph). Let

@ #V CP(Zn) \ {2}

and
ECPWV)\{go}.
Then
SH=V,&)
is a well-defined SuperHyperGraph.
Proof. For every
Ae,
we have
D+ AC Ly,
so each supervertex is a well-defined collection of modular vertices. Furthermore, for every
FEeé,
we have
o+ ECY.
Hence every superhyperedge consists entirely of well-defined supervertices. Therefore
SH = (V,€)
is a well-defined SuperHyperGraph. O

Remark 4.13.5. If every supervertex is a singleton,
V={{v}|veV}

for some
V C Zy,

then the MOD SuperHyperGraph reduces naturally to a MOD HyperGraph.
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4.14 MOD Natural Neutrosophic Graph

A Neutrosophic Graph assigns truth, indeterminacy, and falsity degrees to vertices and edges, enabling
flexible representation of uncertain, incomplete, inconsistent, and complex relational information sys-
tems [59)346-348|. A MOD natural neutrosophic graph has vertices drawn from modular neutrosophic
elements combining ordinary residues with indeterminacy represented by I [340].

Definition 4.14.1 (MOD Natural Neutrosophic Graph). [340] Let
7 ={a+0bl|abecZy, I?=1}

be a MOD natural neutrosophic set, where I represents indeterminacy. A MOD natural neutrosophic
graph is a graph
G=(V,E)

whose vertex set satisfies
@+VCclz,.

Hence, its vertices may contain both ordinary modulo integers and neutrosophic elements involving
1.

Example 4.14.2 (Example of a MOD Natural Neutrosophic Graph). Let
n=2=5
and consider the MOD natural neutrosophic set

175 = {a+0bl | a,b € Zs, 1> =1}.

Define the vertex set
V={0, 1+1, 2431, 4I}.

Here,
0=0+01, 1+1=1+11, 2+3I=2+3I, 41 =0+ 41,

so each vertex belongs to
I
Zs,.

Hence,
V C1Zs.

Let the edge set be
E={{0,14+1},{1+1,2+31I},{2+31,41},{0,41}}.

Thus,
G=(V.E)

is a graph whose vertices are taken from
'z
5.

The graph is illustrated below.
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In this example, the adjacencies are
0~1+4+1, 14+1~2+43I, 2+ 31 ~ 41, 47 ~ 0.
Hence, G forms a cycle on four vertices:

0—(L+1)—(2+3I)—4I —0.

Since every vertex of G belongs to

IZ57
the graph
G = (V,E)
is a MOD natural neutrosophic graph over
I
Zs.

4.15 MOD Bipartite Graph

A bipartite graph is a graph whose vertex set is partitioned into two disjoint subsets, with edges
joining only vertices from different subsets [349-351]. Related concepts such as fuzzy bipartite graphs
[352353], bipartite hypergraphs [3544355], and neutrosophic bipartite graphs [356l357] are also known.
A MOD bipartite graph is a bipartite graph in which the edges connect two disjoint vertex classes
and are considered within a modular framework [340].

Definition 4.15.1 (MOD Bipartite Graph). [340] Let
G = (UUW,E)

be a bipartite graph, where
UnWwW =9

and every edge joins a vertex of U to a vertex of W. Let

w:FE—17Z,

be an edge-weight function. Then
G=UUW, E,w)

is called a MOD bipartite graph if every edge weight is taken from 7Z,.
Example 4.15.2 (Example of a MOD Bipartite Graph). Let
Zs ={0,1,2,3,4}.
Consider the two disjoint vertex sets
U= {uy,us}, W = {wy,wq, w3},

with
Unw =ga.

Let
E= {{Ulawl}v {uh w3}7 {uQa w2}7 {UQ,U}?,}}.

Every edge has one endpoint in U and the other in W. Therefore,

G=(UUW,E)
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is a bipartite graph.

Define the MOD edge-weight function
w:FE—7Zs

by
w({ur, wi}) =2, w({ur, ws}) =4,

and
w({ug, wa}) =1, w({usg,ws}) = 3.

The resulting MOD bipartite graph is illustrated below.

OROROL

In the figure, the left vertex class is
U= {u17 ’U/Q},

while the right vertex class is
W == {wla w2, ’11]3}.

There are no edges between two vertices of U or between two vertices of W. Hence, the bipartite
structure is preserved.

Moreover, the edge weights are
w(uiwy) =2, w(uiws) = 4, w(ugws) =1, w(ugws) = 3,

and therefore
w(E)=1{1,2,3,4} C Zs.

Since every edge weight belongs to
Z57

the weighted bipartite graph
G=(UUW, E  w)

is a MOD bipartite graph over Zs.
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4.16 MOD Cognitive Map

A cognitive map is a directed graph representing causal relationships among concepts, with weighted
edges indicating the strength and direction [358-361]. Related concepts, such as Fuzzy Cognitive Maps
and Neutrosophic Cognitive Maps, are also known [362-366]. A MOD Cognitive Map represents
causal relationships among concepts using directed edges weighted by elements of Z, in modular
arithmetic [367].

Definition 4.16.1 (MOD Cognitive Map). Let
Cy,Cy,y...,Chpy
be a finite set of concepts, and let
Z, ={0,1,...,n—1}, n > 2.
A MOD Cognitive Map (MOD-CM) is a weighted directed graph
G=(V,E,w),

where
V={C,Cq....,Cp}

and
w:E—7Z,.

Each directed edge C; — C; represents a causal relationship between concepts, and its weight
€ij = w(C’i, C]) S Zn

indicates the corresponding MOD causal influence.

The associated adjacency MOD matrix is
M = (eij)mxm>
where e;; is the weight of the directed edge from C; to Cj.

Example 4.16.2 (Example of a MOD Cognitive Map). Let
V= {017 CQu 03}7

where
C1 = Advertising, Cy = Customer Interest, C3 = Sales.

Let
Zs ={0,1,2,3,4}.

Consider the directed edge set

FE = {(Cl, 02)7 (027 03), (Ob CS)}

Define the MOD edge-weight function
w:FE —7Zs
by
w(Cy,Ce) =2, w(Cs,C3) =3, w(C1,C3) = 1.
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Thus, the corresponding MOD cognitive map is

G=(V,E,w).
Its adjacency MOD matrix is
0 2 1
M={0 0 3
0 0 O
Here, for example,
w(C’l, 02) =2

represents a MOD causal influence from advertising to customer interest, while
w(CQ, Cg,) =3

represents a MOD causal influence from customer interest to sales.

Since every edge weight belongs to
Z57

the weighted directed graph
G=(V,E,w)

is a MOD Cognitive Map over Zs.

4.17 Cayley Graph over Z,

A Cayley graph over Z,, is a graph whose vertices are residues, with adjacency determined by specified
modular group differences [368-371]. Related concepts, such as Fuzzy Cayley Graphs [372,373] and
Cayley HyperGraphs [374H376|, are also known.

Definition 4.17.1 (Cayley Graph over Z,). [368,369] Let
Z, =A{0,1,...,n—1}
be the cyclic group under addition modulo n, and let
S CZy\ {0}

The Cayley graph over Z, is the graph
Cay(Zn, S)

with vertex set Z,,, where x is adjacent to y whenever
y—z eSS (modn).
When § = —85, the graph is undirected and is a circulant graph.
Example 4.17.2 (Example of a Cayley Graph over Z,). Let
Zs ={0,1,2,3,4,5}

and choose

S = {1,5}.

Since
5=—-1 (mod 6),
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we have

Consider the Cayley graph
G= Cay(Zg, S)

Two vertices x,y € Zg are adjacent whenever

y—x=1 or y—x=5 (mod6).

Thus, the edge set is
E = {{0,1},{1,2},{2,3},{3,4},{4,5},{5,0} }.

Therefore,
G = Cay(Z¢,{1,5})

is a Cayley graph over Zg. Since
S=-5,

the graph is undirected and forms the cycle graph

Cs.

4.18 Circulant Graph

A circulant graph is a Cayley graph of a cyclic group, where adjacency depends only on modular
differences between vertices [377H380].

Definition 4.18.1 (Circulant Graph). Let
Zn ={0,1,...,n— 1}, n>2,

and let
S C Zn \ {0}.

The circulant graph
Cay(Zn, S)

has vertex set Z,, with an edge from ¢ to j whenever
j—1 (modn)eSs.

If
S=-6,

the graph is undirected. Thus, a circulant graph is a Cayley graph of the cyclic group Z,.

Example 4.18.2 (Example of a Circulant Graph). Let
Zs = {0,1,2,3,4,5,6,7}

and choose
S=1{1,3,5"7}.

Since
-1=7, —3=5 (mod 8),
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we have

Consider the circulant graph

G = Cay(Zs, S).

Two vertices 7, j € Zg are adjacent whenever

j—i (mod8) e {1,3,5,7}.

For example, vertex 0 is adjacent to

because

Similarly, vertex 2 is adjacent to
1, 3,5, 7.

Thus the graph is undirected and each vertex has degree 4.

Therefore,
G = Cay(Zs,{1,3,5,7})

is a circulant graph.

4.19 Cyclic Code over Z,

A cyclic code over Z, is a linear code closed under cyclic coordinate shifts, represented algebraically
by quotient-ring ideals [3814383].

Definition 4.19.1 (Cyclic Code over Z,). Let
Z, =7Z/nZ, n>2,

and let m > 1. A cyclic code of length m over Z, is a Z,-submodule

cczy
such that
(co,c1y-vyCm1) €C
implies
(Em-1,€05---,Cm—2) € C.
Equivalently, identifying
(Coy- -y Cme1) & Co+ 1T+ + Cpr12™ L,

a cyclic code is an ideal of
Zplx]/ (2™ —1).
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Example 4.19.2 (Example of a Cyclic Code over Z,). Let
Zs ={0,1}

and consider codes of length
m=3.

Define
C ={(0,0,0),(1,1,1)} C Z3.

The set C is a Zg-submodule of Z3. Moreover, the cyclic shift of
(1,1,1)

is
(1,1,1),

and the cyclic shift of

(0,0,0)
is

(0,0,0).

Hence C' is closed under cyclic coordinate shifts.

Under the correspondence
2
(co,c1,02) ¢ co + 1 + c22”,

the nonzero codeword corresponds to
g(r) =1+ z+ 2%

Thus,
C=(1+z+27%

is an ideal of
Zg[x]/(x?’ -1).

Therefore,
C ={(0,0,0),(1,1,1)}

is a cyclic code of length 3 over Zs.

4.20 Z,-Module

A Z,-module is an algebraic structure whose elements admit addition and scalar multiplication by
residues modulo n.

Definition 4.20.1 (Z,,-Module). Let
Zn =7/nZ, n > 2.

A Z,-module is an abelian group
(M, +)

equipped with a scalar multiplication
Zyp X M — M, (a,) — ax,

satisfying the usual module axioms for all a,b € Z,, and x,y € M.
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Example 4.20.2 (Example of a Z,-Module). Let
n==~0

and consider
M =172

The addition in M is defined componentwise modulo 6, and scalar multiplication by elements of Zg
is also performed componentwise.

For example, let
x = (2,5), y=(4,3), a=3 € Zs.

Then
r+y=(2+4,5+3)=(6,8)=(0,2) (mod 6),
and
ax = 3(2,5) = (6,15) = (0,3) (mod 6).
Thus,

M =72

is a Zg-module.

4.21 Matrix Ring M(Z,)

The matrix ring My (Z,,) consists of square matrices whose entries are residues modulo n [384/1386].

Definition 4.21.1 (Matrix Ring My(Z,)). Let n > 2 and k > 1. Define
My(Zp) = {A = (aij)ixk | aij € Zn} .

With entrywise matrix addition and ordinary matrix multiplication, where all entries are computed
modulo n,
My (Zy)

forms a ring called the matriz ring over Z,.

Example 4.21.2 (Example of the Matrix Ring M(Z5)). Let

A:G i) B:<;l ;))eMg(zg,).

A+B:<g 3)5(8 g) (mod 5).

Their sum is

Their product is
AB — 1-4+2-2 1-142-3 (8 7
T \3-444-2 3-1+4-3) \20 15)°

AB = <g g) (mod 5).

Reducing modulo 5,

Hence both addition and multiplication remain in

My(Zs).
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4.22 Polynomial Ring Z, ]

The polynomial ring Z,,[z] consists of polynomials whose coefficients are residues modulo n [387388].
Definition 4.22.1 (Polynomial Ring). Let
Z = /0.
The polynomial ring over Z, is
Zplxl ={ao+ a1z + -+ anz™ | m=>0, a; € Z,},

with the usual polynomial addition and multiplication, where coefficient arithmetic is performed
modulo n.

Example 4.22.2 (Example of a Polynomial Ring). Consider the polynomials
f(z) =2+ 3z +2?

and
g(x) =4+ 2z
in
Z5 [[L’]

Their sum is
f@)+g(x) =6+5z+2>=1+2" (mod 5).

Their product is
f(x)g(x) = (24 3z + 2)(4 + 2x)

=8 + 16z + 1022 + 22>,

Reducing the coefficients modulo 5,
f(x)g(z) =3+ 2 +22° (mod 5).

Therefore,

f@) +g(x), [f()g(z) € Zs[z].

4.23 Unitary Cayley Graph

A unitary Cayley graph connects two residues whenever their difference is invertible modulo n [389-
391].

Definition 4.23.1 (Unitary Cayley Graph). Let
U, ={a€Z,]|ged(a,n) =1}
be the group of units of Z,,. The unitary Cayley graph is
X, = Cay(Z,,U,),
with vertex set Z,, where distinct vertices x and y are adjacent if and only if
x—yel,.

Equivalently,
ged(z —y,n) = 1.
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Example 4.23.2 (Example of a Unitary Cayley Graph). Let
n=38.

The units of Zg are
Us ={1,3,5,7}.

Hence the unitary Cayley graph is

Xg = Cay(ZSa {L 3,5, 7}>

Two distinct vertices x,y € Zg are adjacent whenever
ged(z —y,8) = 1.

For example,
ged(0—1,8) =1,

so 0 is adjacent to 1. Similarly,

is adjacent to
1,3,5,7.

However,
ged(0 —2,8) =2,

so 0 is not adjacent to 2.

Thus,
X3

is a unitary Cayley graph over Zs.

4.24 Zero-Divisor Graph

A zero-divisor graph represents the multiplicative relationships among the nonzero zero divisors of a
commutative ring [392-395]. Related concepts, including Zero-Divisor HyperGraphs [396}[397], Fuzzy
Zero-Divisor Graphs [398,[399], and Neutrosophic Zero-Divisor Graphs [400H402], are also known.

Definition 4.24.1 (Zero-Divisor Graph of Z,,). Let
Z*(Zy) = {a € Zy \ {0} | ab = 0 for some b # 0}.

The zero-divisor graph of Z,,, denoted by
N(Z,),

is the simple graph with vertex set
Z*(Zy),

where two distinct vertices a and b are adjacent if and only if

ab=0 inZ,.
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Example 4.24.2 (Example of a Zero-Divisor Graph of Zg). Consider the commutative ring
ZS = {07 1a 2a 3) 47 57 6a 7}a

with addition and multiplication taken modulo 8.

The nonzero zero divisors of Zg are
Z*(Zs) = {2,4,6}.

Indeed, each of these elements annihilates a nonzero element modulo 8. For example,
2:4=8=0 (mod 8),
4-6=24=0 (mod 8).

The zero-divisor graph
['(Zs)

therefore has vertex set
V(T(Zs)) = {2,4,6}.

Two distinct vertices x,y € Z*(Zg) are adjacent whenever
zy=0 (mod B).

Now,
2:4=8=0 (mod 8),

so 2 and 4 are adjacent. Similarly,
4-6=24=0 (mod 8),
so 4 and 6 are adjacent.
On the other hand,
2-6=12=4#0 (mod 8),

and hence 2 and 6 are not adjacent.

Therefore,

E(F(Zg)) = {{2’4}’ {4’ 6}}

The corresponding zero-divisor graph is illustrated below.

The solid edges represent pairs whose product is zero modulo 8, whereas the dashed curve indicates
that 2 and 6 are not adjacent. Consequently,

I'(Zg) = Ps,

and the zero-divisor graph is the path
2—4-6.
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4.25 ¢-MOD Zero-Divisor Graph (Proposed in this book)

A ¢-MOD Zero-Divisor Graph connects distinct nonzero zero divisors when ¢ times their product is
congruent to zero modulo n.

Definition 4.25.1 (¢-MOD Zero-Divisor Graph). Let
Zn,={0,1,...,n—1}, n>2,

and let
c € Z,\ {0}.

Denote the set of nonzero zero divisors of Z,, by

Z"(Zn) = Z(Zn) \ {0}

The ¢-MOD Zero-Divisor Graph of Z,,, denoted by
Le(Zn),
is the simple graph with vertex set
V(Le(Zn)) = 27 (Zn),
where two distinct vertices x,y € Z*(Z,,) are adjacent if and only if
cxy =0 (mod n).

Example 4.25.2 (A ¢-MOD Zero-Divisor Graph for Cyclic Maintenance Scheduling). Consider a
manufacturing plant whose daily operation is divided into 12 cyclic time slots. Suppose that periodic
maintenance patterns of machines are encoded by elements of

Zyy ={0,1,...,11}.

The numerical values are regarded as modular cycle codes rather than literal numbers of hours.

The nonzero zero divisors of Zq5 are

Z*(Z12) = {2,3,4,6,8,9,10}.
Associate these codes with seven machines

My, M3, My, Mg, Mg, Mo, Mo,

where the subscript denotes the modular maintenance-cycle code assigned to each machine.

Let
c=2.

The parameter ¢ may be interpreted as a synchronization factor accounting for two operating shifts.
Two machines M, and M, are regarded as synchronization-compatible whenever their adjusted com-
bined cycle satisfies

22y =0  (mod 12).

Thus, the corresponding 2-MOD Zero-Divisor Graph is

I'2(Z12),
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with vertex set
V(FQ(ZlQ)) =1{2,3,4,6,8,9,10}.

For example, consider the machines My and Mj3. Since
2(2)(3)=12=0 (mod 12),
we have
{2, 3} S E(FQ(Zlg))

Hence, the maintenance patterns represented by Ms and Ms are synchronization-compatible under
the factor ¢ = 2.

Similarly,
2(3)(4)=24=0 (mod 12),

{37 4} S E(FQ(ZlQ))

On the other hand,
2(2)(4) =16 20 (mod 12),

and therefore

{2,4} ¢ E(T2(Z12)).

Thus, the maintenance patterns represented by Ms and M, are not synchronization-compatible ac-
cording to this modular criterion.

For this example, the complete edge set is

E(FQ(ZH)) = {{Qa 3}a {27 6}7 {27 9}7 {37 4}7 {37 6}7 {37 8}7 {37 10}a
{4,6},{4,9},{6,8},{6,9},{6,10}, {8,9},{9,10} }.

Consequently, the graph provides a modular network representation of pairwise synchronization
relationships among cyclic maintenance patterns. An edge indicates that the two corresponding
maintenance-cycle codes, after adjustment by the synchronization factor ¢ = 2, return to the zero
residue modulo 12.

This example illustrates how a ¢-MOD Zero-Divisor Graph can be used as an abstract mathematical
model for cyclic scheduling, synchronization, and compatibility analysis in periodically operating
systems.

4.26 Integral Circulant Graph

An integral circulant graph is a circulant graph whose adjacency eigenvalues are integers [403-406].
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Definition 4.26.1 (Integral Circulant Graph). Let n > 2, and let
D
be a set of proper positive divisors of n. The integral circulant graph
1CG, (D)

has vertex set
L

where two distinct vertices z,y € Z,, are adjacent if and only if
ged(z —y,n) € D.
Such a graph is circulant and has only integer adjacency eigenvalues.
Example 4.26.2 (Example of an Integral Circulant Graph). Let
n=3~§

and choose
D ={1,2}.

Consider the integral circulant graph
G =1CGsg({1,2}).

Its vertex set is
V=7¢=1{0,1,2,3,4,5,6,7}.

Two distinct vertices x,y are adjacent whenever
ng(l‘ - Y, 8) € {L 2}

For example,
ged(1—0,8) =1,

SO
{0,1} € E.
Also,
ged(2 —0,8) =2,
SO

{0,2} € E.

In contrast,
ged(4—-10,8)=4¢ D,

SO

{0,4} ¢ E.

Thus,
ICGs({1,2})

is an integral circulant graph determined by the divisor set

D={1,2).
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4.27 HyperMOD Structure (Proposed in this book)

A hyperstructure replaces an ordinary single-valued binary operation by a set-valued hyperoperation
[212,334]). A HyperMOD Structure combines this principle with arithmetic modulo a fixed positive
integer.

Definition 4.27.1 (Hyperstructure). [212334] Let H be a nonempty set, and define
P(H) =P(H)\ {2}

A hyperoperation on H is a mapping
o:Hx H— P*(H).

The pair
(H,0)

is called a hyperstructure. Thus, for every a,b € H, the product
aob
is a nonempty subset of H.
Definition 4.27.2 (HyperMOD Structure). Let
Zm ={0,1,...,m — 1}, m > 2,

and let
S+ HC Ly,

Let
D #ENC Ly X Loy,

For a,b € H, define
aop b= {(ta + ub) mod m | (t,u) € A}.

Assume that H is closed under these modular hyperproducts; that is,
aopnbC H for all a,b € H.
Since A # @, every set a op b is nonempty. Hence,
op: Hx H— P*(H)

is a well-defined hyperoperation.

The hyperstructure
(Ha OA)
is called a HyperMOD Structure over Z,, associated with A.

Remark 4.27.3. If
H=27,,

then the closure condition is automatic, because
(ta + ub) mod m € Z,,

for all
a,bt,u € Zy,.



Chapter 4. Some MOD Structures

Example 4.27.4 (Example of a HyperMOD Structure). Let
H =175 =1{0,1,2,3,4}

and choose
A={(1,1),(1,2)}.
Define
aopb={(a+b) mod5, (a+2b) mod 5}.
Because
H= Z57
both

(a+b)mod5 and (a+2b) mod5
belong to H for every a,b € H. Moreover, since A # &,
aopb# O

Thus,
OA:HXH—)P*(H)

is a well-defined hyperoperation.

For example,
lop2={(1+2)mod5, (1+2-2)mod5}.

Hence,
1 OA 2= {3, 0}
Similarly,
3op4={(83+4) mod 5, (3+2-4) mod 5} ={2,1}.
Therefore,

(Zs,00)
is a HyperMOD Structure.

4.28 SuperHyperMOD Structure (Proposed in this book)

A SuperHyperstructure extends a hyperstructure to higher-order objects obtained through iterated
power-set constructions [3341/407,/408]. A SuperHyperMOD Structure combines this higher-order
organization with modular arithmetic.

Definition 4.28.1 (Iterated Nonempty Powersets). Let S be a nonempty set. Define recursively

PUS) =S
and
PIHN(S) =P (PL(S), r=>0,

where

PH(X) =P(X)\ {2}
Thus,

PL(S) =P(5)\ {2},
and

P2(S) = P*(P*(9)).
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Definition 4.28.2 (r-SuperHyperstructure). Let S be a nonempty set and let » > 1. Suppose that
o £HCPIS).

An r-SuperHyperstructure on S is a pair

(H, %),

where
*:HxXH— P*(H)

is a hyperoperation.

The elements of ‘H are called r-super-elements.

To define modular operations consistently at every level, we first introduce their recursive lifts.
Definition 4.28.3 (Lifted Modular Combination). Let

m > 2, (t,u) € Ly X Ly,
Define mappings

C) P (L) X PL (L) — P (Ziy)

U

recursively as follows.

At level r = 0, define
C't(gz (a,b) = (ta + ub) mod m, a,b € Zy,.

For r > 0 and
A, Be Pt (Z,,),

define

Remark 4.28.4. The lifted modular combination is well defined at every level. Indeed, if
A, B € P L),

then A # @ and B # @. Hence
A £ 2.

Moreover, every element of this set belongs to
Pi(Zm),

SO
O (A, B) € PIY(Zon).

Definition 4.28.5 (r-SuperHyperMOD Structure). Let
Ty ={0,1,...,m — 1}, m > 2,

and let
r>1.

Suppose that
D #HC P L)

Let
SENC Ly X Ly,
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For
A, BeH,

define
Axp B = {ct(;j(A,B) ] (t,u) € A}.

Assume that H is closed under every lifted modular combination; that is,

C{IN(A,B) € M

for all

A BeH
and all

(t,u) € A.
Then

Axp B € P*(H)

for all A, B € H, and therefore
*AcHXH— P*(H)

is a well-defined hyperoperation.

The structure

(Ha *A)
is called an r-SuperHyperMOD Structure over Z,y,.

Remark 4.28.6 (Reduction to the HyperMOD Case). If the preceding construction is extended to

r =0, then
PE (Zm) =Zm
and
C’t(,ou) (a,b) = (ta + ub) mod m.
Consequently,

a*p b= {(ta + ub) mod m | (t,u) € A},

which is precisely the HyperMOD construction. Thus, HyperMOD Structures constitute the level-0

case of the SuperHyperMOD hierarchy.

Example 4.28.7 (Example of a 1-SuperHyperMOD Structure). Let
Z5 = {Oa 17 27 37 4}

and take
H =P.(Zs) = P(Zs) \ {2}

Thus, the members of H are all nonempty subsets of Zs.

Choose
A={(1,1),(1,2)}.

For arbitrary
A, BeH,

we have

CM(A,B)={(a+b)mod 5 |a €A, be B},
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and
C9(A,B) = {(a+2b) mod 5 |a€ A, be B}.

Since A and B are nonempty, both sets are nonempty. Furthermore, every element of either set
belongs to Zs. Hence,
Ci1(A,B), C15(A,B) € #.

Therefore, H is closed under the required lifted modular combinations.

Now let
A={0,1}, B={2}.
Then
CN(A,B) = {(a+b)mod 5 |a € A, be B} =1{2,3}.
Similarly,
C9(A,B) = {(a+2b) mod 5| a € A, be B} = {4,0}.
Hence,
Axpy B= {{2,3}, {0,4}}.
Since
{2,3},{0,4} e H,
we obtain
Axp BeP* (H)
Therefore,

(Ha *A)
is a 1-SuperHyperMOD Structure over Zs.

4.29 Zero-HyperDivisor Graph (Proposed in this book)

A Zero-HyperDivisor Graph extends the ordinary zero-divisor graph by replacing individual divisors
with nonempty subsets under a powerset-based hyperstructure.

Definition 4.29.1 (Zero-HyperDivisor Graph). Let R be a commutative ring and let
P.(R) =P(R) \ {2}
Define the hyperproduct
0: Pu(R) X Pe(R) — P«(R)

by
AoB={ablac A, be B}.

Thus,
(P(R), )

is a powerset-based multiplicative hyperstructure.

A nonzero set

A e P.(R)\ {{0}}
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is called a zero-hyperdivisor if there exists

B e P.(R)\ {{0}}

such that
Ao B = {0}.

Let
Z3(R) ={A e P, (R)\ {{0}} | Ao B = {0} for some B # {0}}.

The Zero-HyperDivisor Graph of R, denoted by
Lu(R),

is the simple graph with vertex set
V(Tu(R)) = Zy(R),

where two distinct vertices A and B are adjacent if and only if
Ao B = {0}.
Example 4.29.2 (Example of a Zero-HyperDivisor Graph). Let
R=7¢=1{0,1,2,3,4,5}.

Consider the nonempty subsets
A ={0,2}, B =1{0,3}.

Using the hyperproduct
AoB={ab (mod6)|acA, bec B},

we obtain
AoB={0-0,0-3,2-0,2-3} (mod 6).

Since
2:3=6=0 (mod 6),

it follows that
Ao B = {0}.

Moreover,
A£{0},  B#{o)
Hence A and B are zero-hyperdivisors and are adjacent in the Zero-HyperDivisor Graph
Ty (Ze).

Thus,
{A,B} € E(I‘H(Z6)).

4.30 Zero-SuperHyperDivisor Graph (Proposed in this book)

A Zero-SuperHyperDivisor Graph extends the zero-hyperdivisor construction to iterated powerset
levels using a SuperHyperstructure.
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Definition 4.30.1 (Zero-SuperHyperDivisor Graph). Let R be a commutative ring. Define the
nonempty iterated powersets by
Pl(R) =R,

and

PEUR) = P.(PHR)),  k>0.

Define recursively the lifted products
Ok : PE(R) x PE(R) — P(R)

by
a®ob=ab

and, for k > 0,
A1 B={Ao,B| A€ A, BeB}.

Define the zero super-element recursively by

0o =0, 0r+1 = {0x}.

For n > 2, a nonzero super-element

A€ PIHR)\{0n}
is called a zero-superhyperdivisor of order n if there exists
B e PIR)\{0.}

such that
A, B=0,.

Let
Zign(R) ={A€PHR)\{0,} | A®, B =0, for some B #0,} .

The Zero-SuperHyperDivisor Graph of order n is the graph

with -
V(FSnH(R)) = ZEH,n(R)7

where two distinct vertices A and B are adjacent if and only if
AG, B=0,.
Example 4.30.2 (Example of a Zero-SuperHyperDivisor Graph). Let
R =7
and consider the order-2 super-elements
A= {{0.2}.{2}}

and
B ={{0,3},{3}}.

Clearly,
o A, B € PX(Zs).
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At the first powerset level, define

A®rB={ab (mod6)|acA, bec B}

We have
{Ov 2} ©1 {0’ 3} = {0}7
{0,2} @1 {3} = {0},
{2} ©1 {0,3} = {0},
and
{2} ©1 {3} = {0}.
Therefore,

Ao B={Ac1B|A€ A, BeB}
= {{0}}.
Since the zero super-element of order 2 is
0 = {{0}}7

we obtain
A©®o B =05.

Moreover,

A # 0g, B # 0.
Hence A and B are zero-superhyperdivisors of order 2, and they are adjacent in
2
T¢h ().

Remark 4.30.3. Under these definitions, the Zero-HyperDivisor Graph is the first powerset-level
case of the Zero-SuperHyperDivisor construction:

Tr(R) =T5h(R).
Thus, the hierarchy may be viewed as

Zero-Divisor Graph — Zero-HyperDivisor Graph — Zero-SuperHyperDivisor Graph.

4.31 MOD Rectangular Natural Fuzzy Numbers

MOD Rectangular Natural Fuzzy Numbers represent ordered pairs of fuzzy modular values with
distinct moduli, providing rectangular finite structures for fuzzy algebraic computations and modeling.

Definition 4.31.1 (MOD Rectangular Natural Fuzzy Number). Let
Fg.
denote a MOD natural fuzzy number system modulo n. For integers
m,n > 2, m # n,

define
o x ¥y = {(a,b) :a € "y, b FL,} .

An element
(a,b) € ¥ 2 x ¥7,,

is called a MOD Rectangular Natural Fuzzy Number.
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Example 4.31.2 (MOD Rectangular Natural Fuzzy Number). Let

Consider
FZ5 X FZg .

For illustration, write a fuzzy modular value as
(s 1),
where 7 is a residue and p € [0, 1] is its membership degree. Take
a=(2,0.8)€tz;

and
b=(1,0.6) € "'Zs.

Then
z = (a,b) = ((2,0.8),(1,0.6)) € FZ5 x F'Z

is a MOD Rectangular Natural Fuzzy Number.

4.32 Mod Rectangular Natural Neutrosophic Numbers

MOD Rectangular Natural Neutrosophic Numbers represent ordered pairs of neutrosophic modular
values with distinct moduli, forming rectangular structures for algebraic operations and uncertainty
representation purposes [409].

Definition 4.32.1 (MOD Rectangular Natural Neutrosophic Number). [409] Let
Iz,
denote the MOD natural neutrosophic number system modulo n. For integers
m,n > 2, m#n,

define
"L x "2y = {(a,b) :a € "Ly, b€ 'L}

An element
(a,b) € '2Z,, x 17,

is called a MOD Rectangular Natural Neutrosophic Number.
Example 4.32.2 (MOD Rectangular Natural Neutrosophic Number). Let

Consider the MOD rectangular natural neutrosophic number system
M =17 x 17Z,.

Choose
a € IZG, be IZQ.

For example, using I to denote indeterminacy, take
a=3+2I, b=1+1,
with the coefficients interpreted modulo 6 and modulo 2, respectively. Then
x=34+2,14+1) €7 x 17,

is a MOD Rectangular Natural Neutrosophic Number.
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4.33 Cyclic Group

A Cyclic Group is a group generated by a single element, so every group element is a power of that
generator.

Definition 4.33.1 (Cyclic Group). A group G is called a Cyclic Group if there exists an element
g € G such that

G={(9)={9" In€Z}.

The element g is called a generator of G.

Example 4.33.2 (Cyclic Group). Consider the group
G=7Z¢=1{0,1,2,3,4,5}
under addition modulo 6. The element 1 generates the whole group, since
(1) ={0,1,2,3,4,5}.

Indeed,
0=0-1, 1=1-1, 2=2-1, ..., 5=5-1 (mod 6).

Hence Zg is a Cyclic Group generated by 1.

4.34 Residue Class Ring

A Residue Class Ring consists of congruence classes modulo an integer, equipped with addition and
multiplication performed modulo that integer.

Definition 4.34.1 (Residue Class Ring). Let n > 2. The Residue Class Ring modulo n is
Zn =7/0Z ={[0],[1],...,[n — 1]},
equipped with addition and multiplication modulo n.

Example 4.34.2 (Residue Class Ring). Consider the residue class ring modulo 5:

Zs = {[0], [1], (2], (3], [4]}-

For example,

and
3] [4) = [12] = [2]

in Zs. Thus, addition and multiplication are performed modulo 5.

4.35 Unit Group

A Unit Group consists of all invertible elements of a ring, forming a group under the ring’s multipli-
cation operation naturally.

Definition 4.35.1 (Unit Group). Let R be a ring with identity. The Unit Group of R is
R*={ueR|IveER, ww=vu=1},

equipped with ring multiplication.
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Example 4.35.2 (Unit Group). Consider the ring
R =7Zs.

Its invertible elements are
Indeed,
and

in Zg. Therefore,
zg = {1, 8], [5], [7]}

forms a Unit Group under multiplication modulo 8.

4.36 Finite Field

A Finite Field is a field containing finitely many elements, necessarily having prime-power cardinality
and supporting ordinary field operations.

Definition 4.36.1 (Finite Field). A Finite Field is a field

having finitely many elements, where

for some prime p and integer m > 1.
Example 4.36.2 (Finite Field). Consider
]F5 = {Oa 17 27 37 4}7
with addition and multiplication modulo 5. Since 5 is prime, every nonzero element has a multiplica-
tive inverse:
For example,
2-3=6=1 (mod5).

Hence F5 is a Finite Field with five elements.



Chapter 4. Some MOD Structures




Chapter 5

Interval Structures

In this chapter, we survey and investigate various interval structures.

5.1 Polynomial Interval Groupoid

A polynomial interval groupoid consists of interval-valued polynomials equipped with a closed coef-
ficientwise binary operation, not necessarily associative in general [410L[411].

Definition 5.1.1 (Polynomial Interval Groupoid). Let R be a ring or a modular ring such as Z,,
and let
T(R) = {[0.a] | a € R}.

Consider the set of interval-valued polynomials

m

PI<R) = {2[07 ak]xk

k=0

ar € R, sz}.

For fixed t,u € R, define
(Z[Q ak]xk> * <Z[O, bk]ﬂ;‘k> = Z[O, tay + ubk]xk,
k=0 k=0 k=0

where missing coefficients are taken to be zero and, for R = Z,,, the endpoint arithmetic is performed
modulo n. Then

(Pz(R), %)
is called a polynomial interval groupoid, provided that * is closed on Pz(R).

Example 5.1.2 (Example of a Polynomial Interval Groupoid). Let

R=175=1{0,1,2,3,4},

and choose
t=2, u=1
Consider
p(z) = [0,1] + [0, 3]z + [0, 2]=2
and

q(z) = [0,4] + [0, 1]z + [0, 3]=2.

113



Chapter 5. Interval Structures

Using

2
= "[0,2ax + bz
k=0

with endpoint arithmetic modulo 5, we obtain

p(z) * q(z) = [0,2(1) + 4] +[0,2(3) + 1]z + [0,2(2) + 3]z>

Hence,
p(z) * q(z) = [0,1] + [0, 2]z + [0, 2]2*
because
6=1, 7=2 (mod 5).
Therefore,

p(x) x q(x) € Pz(Zs),
illustrating closure of the polynomial interval groupoid.

5.2 Interval Matrix Groupoid

An interval matrix groupoid consists of interval-valued matrices equipped with a closed entrywise
binary operation, without requiring associativity in general.

Definition 5.2.1 (Interval Matrix Groupoid). [410] Let R be a ring or a modular ring, and let
Z(R) ={[0,ad] | a € R}.
For positive integers m,n, define
Mo n(Z(R)) = {([0, ai;])mxn | ai; € R}

For fixed t,u € R, define
AxB=tA+uB,

that is,
(10, a;]) * (10, bij]) = ([0, tai; + uby]).
If R = Zg, all endpoint arithmetic is taken modulo ¢g. Then
(Mo n(Z(R)), *)
is called an interval matriz groupoid.
Example 5.2.2 (Example of an Interval Matrix Groupoid). Let
R =175

and consider

0,1 0,2 0,4] [0,1
A= (s 03) - (02 Ba)
Choose
t=2, u=1,
and define
AxB=2A+B.
Fhen [0,2(1) +4] [0,2(2) +1]
aen= (0 12 o2 4):
Reducing the endpoints modulo 5, we obtain
_ ([0,1] [0,0]
AxB = <[0,3] 0, 1]> .
Thus,

Ax B e My (Z(Zs)),

so the operation remains closed in the interval matrix groupoid.
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5.3 Fuzzy Interval Groupoid

A fuzzy interval groupoid consists of intervals with endpoints in the unit interval, equipped with a
closed nonassociative binary operation.

Definition 5.3.1 (Fuzzy Interval Groupoid). Let
T = {[0,a] | a € [0, 1]}
be the set of fuzzy intervals. Let
A € 10,1], A+p<l

Define a binary operation
* ! IF X IF — IF

by
[0, a] * [0,b] = [0, Aa + pb].

Then
(IF ) *)

is called a fuzzy interval groupoid. Associativity of * is not required.

Example 5.3.2 (Example of a Fuzzy Interval Groupoid). Let
Ir ={[0,a] | a € [0,1]},

and choose

Since
A+pu=09<1,

the operation
[0, a] % [0,b] = [0,0.4a + 0.5b]

is well-defined.

Consider
[0,0.6], [0,0.8] € Zp.
Then
[0,0.6] % [0,0.8] = [0,0.4(0.6) + 0.5(0.8)].
Therefore,
[0,0.6] * [0,0.8] = [0,0.24 4 0.40] = [0, 0.64].

Since

0.64 € [0,1],
we have

[0,0.64] € Zp.

Hence, this gives a concrete example of the fuzzy interval groupoid operation.

Theorem 5.3.3 (Well-Definedness of the Fuzzy Interval Groupoid). The binary operation * in the
above definition is well-defined on Ir. Hence,

(IF’ *)

is a well-defined groupoid.
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Proof. Let
[0,a],[0,b] € ZF.
Then
0<a,b<1.

Since

A >0, At+p <1,
we have

0<da+pub<A+p<Ll
Therefore,

[0, \a + pb] € Tp.

Thus * is closed on Zr. Moreover, each pair ([0, al, [0,b]) determines a unique interval
[0, Aa + pb].
Hence * is a well-defined binary operation, and consequently
(Zr,*)

is a well-defined fuzzy interval groupoid. O

5.4 Neutrosophic Interval Groupoid

A neutrosophic interval groupoid consists of intervals with neutrosophic endpoints, equipped with a
closed binary operation involving indeterminacy explicitly algebraically |412].

Definition 5.4.1 (Neutrosophic Interval Groupoid). Let R be a ring and let

R(I)={a+bl|a,be R, I =1}
be its neutrosophic extension. Define the neutrosophic interval set

In(R) ={[0,a] | a € R(I)}.
For fixed t,u € R, define
[0, ] * [0, 8] = [0, ta + up], a,B € R(I).
If R = Z,, the coefficients of the neutrosophic endpoints are computed modulo n. Then
(IN(R), *)

is called a neutrosophic interval groupoid, provided that the operation * is closed on Zy (R).

Example 5.4.2 (Example of a Neutrosophic Interval Groupoid). Let
R =7Zs

and consider
IN(Z5) = {[O,Cl—f' b[] | a,b € Zs, I? = I}

Choose
t=2, u =3,
and let
a=1+2I, 8=2+1.
Then

[0,a] % [0, 8] = [0,2a + 38).
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Thus,
20+38=21+21)+3(2+1)=8+T7I.

Reducing the coefficients modulo 5,
8471 =3+2] (mod5).

Therefore,
[0,14+2I]*[0,24 I] =[0,3 + 2I].

Since
3421 € Zs(1),

the resulting interval belongs to Zy (Zs).

5.5 Interval Semigroup

An interval semigroup is a set of intervals equipped with a closed associative binary operation inherited
from a semigroup structure [413}414].

Definition 5.5.1 (Interval Semigroup). [414] Let S C [0,00) be a nonempty set equipped with a
closed associative binary operation

0:5x 85— 8.

Define
Z(S) ={[0,a] | a € S}.

For [0,al, [0,b] € Z(S), define
0,01 © [0, = [0, a o l].

Then
(Z(9),0)

is called an interval semigroup.

Example 5.5.2 (Example of an Interval Semigroup). Let
S=R>g
with ordinary multiplication. Since multiplication is closed and associative on S, define
Z(S) ={[0,a] [ a € R>o}

with
[0,a] ®[0,b] = [0, ab].

For example,
[0,2] ®[0,3] =1[0,2-3] =0, 6].

Since
6 € Rzo,
we have
[0,6] € Z(S).
Hence,
(Z(5),0)

is an interval semigroup.
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5.6 Interval Polynomial Semigroup

An interval polynomial semigroup consists of interval-valued polynomials closed under an associative
polynomial operation, typically induced by interval coefficient multiplication [413,414].

Definition 5.6.1 (Interval Polynomial Semigroup). Let R C [0, 00) be a commutative semiring, and
let

Z(R) = {[0,a] | a € R}.

Define the set of interval polynomials by

I(R)[z] = {Z[Qai]xi a; € R, m > O} .
i=0
For
p(x) = Z[O7ai]xi7 q(.T) = Z[Oa b]].’I} 5
i=0 §j=0
define
m4+n
p(z) ©q(x) = Z 0, Z a;b; |
k=0 i+j=k
Then

is called an interval polynomial semigroup.

Example 5.6.2 (Example of an Interval Polynomial Semigroup). Let
R =R>y
and consider the interval polynomials
p(z) = [0,1] + 0, 2]z

and
q(z) =10, 3] + [0, 1].

Their product is
p(xr) ®q(x) =1[0,1-3]+[0,1-1+2- 3]z +[0,2-1]2>.

Therefore,
p(z) ® q(z) = [0,3] + [0, 7]z + [0, 2]2>.

Since all endpoints belong to
RZOv

we have
p(z) © q(z) € Z(R)[z].

Thus, this gives a concrete multiplication in an interval polynomial semigroup.

5.7 Fuzzy Interval Semigroup

A fuzzy interval semigroup consists of unit-interval values combined through an associative fuzzy
operation, such as a t-norm, ensuring closure.
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Definition 5.7.1 (Fuzzy Interval Semigroup). Let

Zr = {[0,a] | a € [0,1)}
be the set of fuzzy intervals, and let

T:[0,1] x [0,1] — [0, 1]
be a t-norm. Define

x:Ip XIp — Ip

by

[0,a] % [0,b] = [0,T(a,b)].
Then

(IF’ *)

is called a fuzzy interval semigroup.
Example 5.7.2 (Example of a Fuzzy Interval Semigroup). Let

Ir ={[0,a] | a € [0,1]},
and choose the product t-norm

T(a,b) = ab.

The corresponding operation is
[0, a] * [0,b] = [0, ab).

For example,
[0,0.6] % [0,0.8] = [0,0.6 - 0.8] = [0, 0.48].

Since
0.48 € [0, 1],

we have
[0,0.48] € Zp.

Hence, the product t-norm provides a concrete example of a fuzzy interval semigroup operation.

Theorem 5.7.3 (Well-Definedness of the Fuzzy Interval Semigroup). The operation * defined above
is a well-defined associative binary operation on Zr. Hence,

(ZF’ *)

is a well-defined semigroup.
Proof. Let

[Ov a]a [07 b} € z-F~
Since T is a t-norm,

T(a,b) € [0,1].
Therefore,

[07 T(a’7 b)] E IF)

so * is closed and well-defined.

Moreover, for any
[0,a],[0,0],]0,c] € T,
the associativity of T' gives
T(T(a,b),¢) = T(a, T(b,c)).
Hence,
([0, a] % [0,8]) % [0, ¢] = [0, a] * ([0, 8] * [0, c]).
Thus * is associative, and consequently
(IFv *)

is a well-defined fuzzy interval semigroup. O
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5.8 Neutrosophic Interval Semigroup

A neutrosophic interval semigroup consists of neutrosophic intervals closed under an associative op-
eration respecting the indeterminacy relation algebraically throughout [412].

Definition 5.8.1 (Neutrosophic Interval Semigroup). Let R be a commutative semiring, and define
its neutrosophic extension by

R(I)={a+bl|a,be R, I?=1}.

Let
In(R) ={[0,a] | o € R(I)}

be the set of formal neutrosophic intervals. For
[07 a}, [Oa 6] € IN(R)v

define
[0,a] © 0, 8] = [0, 3],

where multiplication in R(I) is determined by

Then

is called a neutrosophic interval semigroup.

Example 5.8.2 (Example of a Neutrosophic Interval Semigroup). Let
R =Rx>g
and consider its neutrosophic extension
R(I)={a+bl|abecRsq, I*=1}.

Take
a=1+2I, B =3+1.

Then
[0,a] ® [0, 8] = [0,ap].

Using I? = I, we obtain
af=01+20)3+1)

=3+ 1+6I+2I°

=3+ 91I.
Therefore,

[0,1+2I1©[0,3+ 1] =1[0,3+91].

Since

3491 € R(I),
the resulting interval belongs to

In(R).

Thus, this is a concrete operation in a neutrosophic interval semigroup.
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5.9 Interval Semiring

An interval semiring is an interval-valued algebraic structure with associative addition and multipli-
cation, additive identity, and distributivity between both operations.

Definition 5.9.1 (Interval Semiring). Let

(Sv+7 '707 1)

be a commutative semiring whose elements are nonnegative in a compatible order. Define

For

define

and

Then

is called an interval semiring.

7(S) = {[0,a] | a € S}.
0,a],[0,] € Z(S),
[0,a] @ [0,5] = [0, + b]
[0,a] ® [0, 5] = [0, ab).

(Z(5), @, @,10,0], [0, 1])

Example 5.9.2 (Example of an Interval Semiring). Let

S=Ny=1{0,1,2,...}

with the usual addition and multiplication. Then

Consider

Their interval sum is

and their interval product is

Since

both

Hence,

is an interval semiring.

5.10 Interval Semifield

Z(S) ={[0,a] | @ € Np}.

[0,2],]0,3] € Z(S).

0,2] @ [0,3] = 0,2+ 3] = [0, 5],

0,2] ®[0,3] = [0,2- 3] = [0,6].

5,6 € Ny,
[0,5],]0,6] € Z(S).

(Z(No), ®, ®,[0,0],[0,1])

An interval semifield is an interval semiring whose nonzero elements possess multiplicative inverses,
while additive inverses are generally not required.
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Definition 5.10.1 (Interval Semifield). [414] Let
(K7 +7 %y 07 1)

be a commutative semifield, that is, a commutative semiring in which every nonzero element has a
multiplicative inverse. Define
I(K) ={[0,d] | a € K}.

For
[0, a],[0,0] € Z(K),
define
[0,a] ® [0,b] = [0, a + b
and
[0,a] ® [0,b] = [0, ab].
Then

(Z(K), ®,®,[0,0],[0,1])

is called an interval semifield. For every

[0, a] # [0,0],
its multiplicative inverse is
[0,a]7" = [0,a7"],
since
[0,a] ®[0,a™'] = [0,1].
Example 5.10.2 (Example of an Interval Semifield). Let
K =Rso

with the usual addition and multiplication. Every nonzero element a € K has the multiplicative

inverse

1
al=-¢eK.
a

Thus,
I(K) = {[0,a] | a € Rxo}.

For example,
[0,2] ©[0,3] = [0, 5]

and
[0,2] ® [0, 3] = [0, 6].

Moreover, the multiplicative inverse of
[0,2]

is

because

Hence,
(Z(R0), ®,®, [0,0],[0,1])

provides a concrete example of an interval semifield.
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5.11 Interval-Valued Fuzzy Set

An interval-valued fuzzy set assigns each element a closed interval in [0, 1], representing lower and
upper possible membership degrees explicitly [415-419].

Definition 5.11.1 (Interval-Valued Fuzzy Set). Let X be a nonempty set, and let

Z([0,1]) = {[a,b] |0 < a <b < 1}.
An Interval-Valued Fuzzy Set A on X is characterized by a mapping

pa s X — ([0, 1)).
Thus, for each x € X,
pa(e) = h @), 15 @), 0<pk(e) < (@) <1,
where the interval represents the possible membership degrees of x.
Example 5.11.2 (Example of an Interval-Valued Fuzzy Set). Let
X ={z1, 29,23}

be a set of three products, and suppose that the interval-valued membership degrees describe their
possible degrees of customer satisfaction.

Define an interval-valued fuzzy set A by
wa(z1) =1[0.70,0.90],
wa(ze) = [0.40,0.60],

and
wa(zs) =[0.80,0.95].

Thus,
A = {(z1,[0.70,0.90]), (z2, [0.40, 0.60]), (x3, [0.80,0.95])} .

For example,
pa(zy) =1[0.70,0.90]

means that the possible membership degree of z; in the set of highly satisfactory products lies between
0.70 and 0.90. Hence, A is an interval-valued fuzzy set on X.

5.12 Interval-Valued Soft Set

An Interval-Valued Soft Set assigns each parameter a lower and upper subset of the universe, repre-
senting bounded parametric uncertainty explicitly [420L/421].

Definition 5.12.1 (Interval-Valued Soft Set). Let X be a nonempty universe, let E be a set of
parameters, and let
ACE.

Denote by IVS(X) the family of all interval-valued sets
[L,U], LCUCX.
An Interval-Valued Soft Set over X is a mapping
Fa:A—1IVS(X),
such that, for each e € A,
Fa(e) = [Fi(e). F{(e)],  Fx(e) S Fi(e) C X.

Thus, each parameter is associated with a lower and an upper approximation of a subset of X.
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Example 5.12.2 (Interval-Valued Soft Set). Let
X:{xl7x27l‘3}7 A:{617€2}-

Define

Fa(er) = [{z1}, {z1, 22}],
and

Fa(es) = [{xg},{xg,xg}}.
Since

{1'1} C {1’1,152}, {xQ} - {itz,xg},
the mapping
Fy:A—1IVS(X)

defines an Interval-Valued Soft Set over X.

5.13 Interval-Valued Neutrosophic Set

An interval-valued neutrosophic set assigns each element truth, indeterminacy, and falsity intervals,
allowing uncertainty within all three membership components simultaneously [422(426].

Definition 5.13.1 (Interval-Valued Neutrosophic Set). [427-429] Let X be a nonempty set. An
Interval-Valued Neutrosophic Set A on X is characterized by three interval-valued mappings

TA,IA7FA X — I([O, 1]),

where, for each z € X,

and
Fa(z) = [Fk(x), F{ (2)].
These intervals represent the truth, indeterminacy, and falsity degrees of x, respectively.
Example 5.13.2 (Example of an Interval-Valued Neutrosophic Set). Let
X ={z1,x2}
be a set of two alternatives. Define an interval-valued neutrosophic set A on X by

Ta(z1) = [0.70,0.85],  Ia(z1)=[0.10,0.20],  Fa(z1)=[0.15,0.25],

and
Ta(x2) = [0.40,0.60], I4(z2) =[0.20,0.35], F4(z2) =[0.30,0.45].

Equivalently,
A = {(z1,[0.70,0.85],[0.10, 0.20], [0.15, 0.25]) ,

(2, 0.40,0.60], [0.20, 0.35], [0.30, 0.45])} .

For instance,

Tu(z1) = [0.70,0.85)]

represents the possible truth degree of x1,

I4(z1) =10.10,0.20]
represents its possible indeterminacy degree, and

Fy(xz1) =[0.15,0.25]

represents its possible falsity degree.

Therefore, A is an interval-valued neutrosophic set on X.
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5.14 Interval-Valued Uncertain Set

An interval-valued uncertain set assigns each element admissible intervals within a model-dependent
degree-domain, representing bounded uncertainty in component values explicitly [74].

Definition 5.14.1 (Interval-Valued Uncertain Set). [74] Let X be a nonempty set, and let M be
an uncertain model with degree-domain

Dy € [0,1]%, s> 1.
Define

I(DM) = {([ala b1]7 ceey [a& bs])

An Interval-Valued Uncertain Set of type M on X is a pair

where
i o X — I(Dyy).

Thus, each x € X is assigned an admissible interval-valued uncertainty degree determined by the
underlying uncertain model M.

5.15 Hyperlnterval-Valued Uncertain Set

A HyperInterval-Valued Uncertain Set assigns each element a nonempty family of admissible
uncertainty-degree intervals determined by the underlying uncertain model [430].

Let M be an uncertain model with degree-domain
Dy C[0,1)%, k>1,
equipped with the componentwise order. Define
Z(Dy) = {[a,b]p,, | a,b € Dy, a<b},

where

[a7b]DM:{d6DM|a§d§b}.

Definition 5.15.1 (Hyperlnterval-Valued Uncertain Set). Let X # &. A HyperInterval-Valued
Uncertain Set of type M on X is a mapping

Hy : X — P*(Z(Dnr)),

where

PH(S) = P(5)\ {2}

Thus, each x € X is assigned a nonempty family of admissible uncertainty-degree intervals.
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5.16 SuperHyperInterval-Valued Uncertain Set

A SuperHyperInterval-Valued Uncertain Set assigns each element hierarchically iterated nonempty
nested families of admissible uncertainty-degree intervals across multiple structural levels [430]. Define
the iterated nonempty powersets recursively by

POS) =5

and
PrtI(S) = PH(P(S),  r>0.

Definition 5.16.1 (SuperHyperInterval-Valued Uncertain Set). Let X # @ andn > 1. A SuperHyperInterval-
Valued Uncertain Set of type M and order n on X is a mapping

SHY : X — P*"=(T(Dyy)).

Hence, each x € X is assigned an (n — 1)-level hierarchical family of admissible uncertainty-degree
intervals.

5.17 n-Interval Semigroup

An n-interval semigroup combines n interval semigroups into a componentwise product structure
whose operation remains closed and associative throughout components [431].

Definition 5.17.1 (n-Interval Semigroup). Let
(Si, *i), i=1,...,n,
be interval semigroups, where n > 2. Define
S=5x---x5,.

For
r=(z1,.., %), Y= (Y1,---,Yn) €5,

define the componentwise operation

x*y:(xl*lyh'"amn*nyn)'

Then
(S, %)

is called an n-interval semigroup.
Example 5.17.2 (Example of a 2-Interval Semigroup). Let
S1 ={[0,a] | @ € No}
with the operation
[0,a] %1 [0,0] = [0,a + b],

and let
So ={[0,a] | a € No}

with the operation
[0, a] %2 [0,b] = [0, ab].

Both (S7,%1) and (S, *2) are interval semigroups, since ordinary addition and multiplication on Ny
are closed and associative.
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Define
S =25 x8,.
Consider
z=([0,2],[0,3]),  y={([0,4],[0,5]).
Then
zxy = ([0,2] % [0,4],[0, 3] %2 [0, 5])

= ([0,2+4],[0,3-5])

= ([0, 6], [0, 15]).
Since

([0,6],[0,15]) € S1 x Ss,

the structure

(5,%)

is a 2-interval semigroup.

5.18 n-Interval Groupoid

An n-interval groupoid combines n interval groupoids through componentwise operations, requiring
closure in each component but does not require associativity in general [431].

Definition 5.18.1 (n-Interval Groupoid). Let
(Gi,x;), i1=1,...,n,
be interval groupoids, where n > 2. Define

G:G1X-~-XGn.

For
33:(331,...7$n), y:(y17---ayn)EGa
define
Txy = (T1%1 Y1, Tn *n Yn)-
Then
(G, )

is called an n-interval groupoid. Associativity is not required.

Example 5.18.2 (Example of a 2-Interval Groupoid). Let
G = {[O,Cl] | a < Z5}

with
0,) %1 [0,8] = [0,a+b (mod 5)],
and let
G2 ={[0,a] | a € Z5}
with

[0,a] %2 [0,5] = [0,2a+ b (mod 5)].

Both operations are closed on their respective interval sets.

Define
G = G1 X GQ.

Take
€T = ([07 1]’[0?3])7 Y= ([0a4]7[0’2])
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Then
THY = ([O7 1] %1 [0,4], [0, 3] *2 [0, 2])
=([0,14+4 (mod5)],[0,2(3)+2 (mod 5)])
= ([0,0], [0, 3]).
Hence,

rxy € G.

Moreover, the second component need not be associative. For example,
(1%22)%33=4%,3=1 (mod 5),

whereas
1#g (2%23)=1%22=4 (mod 5).

Thus associativity is not required, and

(G, %)

is a 2-interval groupoid.

5.19 n-Interval Group

An n-interval group combines n interval groups componentwise, inheriting closure, associativity, iden-
tities, and inverses from every constituent group structure directly [431].

Definition 5.19.1 (n-Interval Group). Let
(Giy4), i=1,...,n,
be interval groups, where n > 2. Define
G=G x ---x@G,

with the componentwise operation

(@1, @) % (Y155 Yn) = (T1F1L YL, -+ o5 T Fn Yin)-
Then
(G, %)

is called an n-interval group. Its identity is

e=(e1,...,en),
and the inverse of

x=(21,...,%n)
is

el = (et ).

Example 5.19.2 (Example of a 2-Interval Group). Let
G1={[0,a] | a € Z3}

with
[O,CL] *1 [07 b] = [07 a+b (mOd 3)]3
and let
Gy ={[0,a] | a € Z5}
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with
[0,a] %2 [0,0] = [0,a4+b (mod 5)].

Then (G1,*;) and (Ga, *2) are interval groups isomorphic to the additive groups

Zg and Z5,

respectively.
Define
G= G1 X GQ.

For

T = ([0’ 1]7[074])7 Y= ([072]7[073])7
we obtain

zxy=([0,1+2 (mod3)],[0,4+3 (mod 5)])

= ([07 0]7 [O’ 2})

The identity element is
€= ([O’ 0]7 [070])'

For example, the inverse of
€T = ([07 1]7 [074])
is
a~! = ([0,2], [0, 1)),

because
142=0 (mod 3)
and
44+1=0 (mod 5).
Therefore,
rxx = ([070]7 [Ov O]) = €.
Hence,

(G, %)

is a 2-interval group.

5.20 Interval Arithmetic

Interval arithmetic performs numerical operations on intervals so that the resulting interval contains
all possible values of the corresponding operation.

Definition 5.20.1 (Interval Arithmetic). Let
X = [a,b], Y =[e,d]
be closed real intervals. For a binary operation o, define
XoY={zoy|lzeX, yeY}

In particular,
X+Y=la+cb+d,
X-Y=la—db—d,

and
XY = [min{ac7 ad, be, bd}, max{ac, ad, be, bd}} .

These operations constitute interval arithmetic.
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Example 5.20.2 (Example of Interval Arithmetic). Let
X =1[1,3] and Y =[2,4].
Using interval arithmetic, their sum is
X+Y=[1+23+4]=]3,7].

Their difference is
X-Y=[1-4,3-2]=[-3,1].

For multiplication,
XY = [min{1-2,1-4,3-2,3-4}, max{1-2,1-4,3-2,3-4}].

Hence,
XY =[2,12].

Thus, interval arithmetic provides intervals containing all possible results of the corresponding oper-
ations.

5.21 Interval Matrix

An interval matrix is a matrix whose entries are intervals rather than single numerical values (cf.

[4321434)).
Definition 5.21.1 (Interval Matrix). Let
ZR) = {[a,b] | a,b € R, a < b}.

An interval matriz is a matrix

A= (Aij)mxn
such that
Aij € I(R)
for every ¢ and j. Equivalently,
Aij = [y, @i, Q;; < G

Example 5.21.2 (Example of an Interval Matrix). Consider the matrix

4= ([ui,z ] ZD |

Each entry of A is a closed real interval. For example,
All = [172]7 A12 = [033]7 A21 - [_1, 1]) A22 = [274]

[0,
2,

Therefore,
A € I(R)?*2,

and A is an interval matrix.
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5.22 Interval Graph

An interval graph represents intersections among intervals on the real line [435-437].

Definition 5.22.1 (Interval Graph). Let
F={Il,|veV}

be a finite family of closed intervals on the real line. The interval graph associated with F is the
graph
G= (V’ E)’

where two distinct vertices u,v € V' are adjacent if and only if
IL,nNI, #o.

Thus,
{u,0} e E = I,NI,#2.

Example 5.22.2 (Example of an Interval Graph). Let
V= {U17U27U37U4}
and assign to the vertices the following closed intervals:

I,, =10,2], I, =11,3], I,, =[2.5,4], I,, = [5,6].

4

Recall that two distinct vertices v; and v; are adjacent precisely when their corresponding intervals
intersect:
{’Ui,’Uj}EE <~ Iviﬂij #@

In the present example,
I, NI, =[1,2] # 9,

and
I,NI,, =[2.5,3] # 2.

Hence,
{v1,v2}, {ve,v3} € E.

On the other hand,
Ivl N I’U3 =4,

and
L,NI, =92 (1=1,2,3).

Therefore, vy is an isolated vertex.

The interval representation is illustrated below.
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Thus, the corresponding interval graph is
G=(V.E),

where

E = {{U1702}7 {Ug,Ug}}.

Its graph representation is shown below.

Consequently, the vertices v1, vo, v3 induce the path

U1 — V2 — U3,

while vy is isolated. Hence,
G2 P3sUK;.

This example demonstrates that adjacency in an interval graph is determined exactly by the nonempty
intersection of the intervals assigned to its vertices.

5.23 Interval Hypergraph

An interval hypergraph is a hypergraph whose hyperedges form consecutive blocks under a suitable
linear ordering of the vertices (cf. [438-440]).

Definition 5.23.1 (Interval Hypergraph). Let
H = (V,E)

be a finite hypergraph. The hypergraph H is called an interval hypergraph if there exists a linear
ordering
V< vy < e < Uy

of V such that every hyperedge e € F has the form
e = {Ui7’l)7;+1, e ,’Uj}

for some
1<i<j<n.

Thus, every hyperedge consists of consecutive vertices in the ordering.
Example 5.23.2 (Example of an Interval Hypergraph). Let

V = {v1,v9,v3, 04,05}
be a vertex set equipped with the linear ordering

V1 < Vg <v3 < Vg < Us.

Define the hyperedge set
E= {617627 63}7
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where

e1 = {v1,v2}, e = {vg,v3,04}, es = {vg,v5}.

Each hyperedge consists of consecutive vertices with respect to the given linear ordering. More
precisely,
er ={v; |1 <7< 2},

62:{U2|2§ZS4}7

and
es={v; |4 <i<5}.

The interval structure of the hyperedges can be represented by the index intervals

e1 < [1,2], es ¢ [2,4], es ¢ [4,5].

The corresponding interval representation is illustrated below.

€1 = {01,1/2} €3 = {U4,U5}

[ J

ONNONNORRO

(TTE ST

U1 < Vg < V3 < V4 < Vs

€y = {'UQ,'U,?,,'U4}

Alternatively, the same hypergraph can be visualized directly as a hypergraph whose hyperedges
surround consecutive blocks of vertices.

D66 66

€2

Thus, every hyperedge forms an interval of consecutive vertices in the ordering
V1 < Vg < vz < Vg < Us.

Therefore,
H=(V,E)

is an interval hypergraph.
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5.24 Interval Order

An interval order is a partially ordered set representable by precedence relations between intervals
on the real line.

Definition 5.24.1 (Interval Order). Let
(P, =)

be a partially ordered set. It is called an interval order if each element z € P can be assigned a real
interval

[w = [aan bm]
such that, for all distinct x,y € P,
T<Yy = by <ay.

Hence, = precedes y precisely when the interval representing x lies entirely to the left of the interval
representing y.

Example 5.24.2 (Example of an Interval Order). Let
P = {x17x27x3}

and assign the intervals

I:c1 = [072]7 Imz = [173}7 de = [4a 5]
Since
2 < 4,
we have
r, < I3.
Similarly, since
3 <4,
we have
Tro < IT3.
However,
I:E1 m I:Ez # ®7
so neither
Tr1 < T2
nor
To < X1
holds.
Hence, the partial order
xr1 < 13, To < I3,

with 1 and x5 incomparable, is an interval order.
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5.25 HyperInterval Graph (Proposed in this book)

A HyperInterval Graph extends an ordinary graph by assigning a nonempty family of admissible
intervals to each vertex and edge. Thus, interval-valued information may be represented in a set-
valued rather than a single-interval form.

Let Z be a nonempty universe of admissible intervals, and define
P(I) = P(D)\ {@}.
Definition 5.25.1 (HyperInterval Graph). Let
G =(V,B)

be a graph and let Z # & be a prescribed universe of admissible intervals.

A HyperInterval Graph is a structure
Gu1 = (V, E,Hly, Hlg),

where
HIy : V — P*(2)

and
Hlg: E — P*(T).

Thus, for every vertex v € V and every edge e € F,
o # Hly(v) CZ, o # Hlg(e) CZ.
Hence, each vertex and edge is assigned a nonempty family of admissible intervals.

Example 5.25.2 (Example of a HyperInterval Graph). Let

G=(V,E),
where
V = {Ul,'l}Q,Ug}
and
E = {e12,e23}, ez = {v1,v2}, eas = {v2,v3}.

Let the universe of admissible intervals be

Z ={[0,1],[1,2],[2,3],[3,4]}.

Define
Hly : V — P*(2)
by
HIV('Ul) = {[07 1]v [17 2}}7
HIV(UZ) = {[17 2]7 [2v 3]7 [37 4]}a
and

HIy (v3) = {[2, 3]}



Chapter 5. Interval Structures

Similarly, define
Hlg: E — P*(2)

by
Hlg(e12) = {[0, 1], [1, 2]},

and
Hlp(e23) = {[2,3],[3,4]}.

Each assigned value is a nonempty subset of Z. For instance,
HIy (ve) ={[1,2],[2,3],[3,4]} € P*(Z),

and
Hlp(e2s) = {[2,3],[3,4]} € P*(2).

Therefore,
GHI = (Va E7 HIV7 HIE)

is a HyperInterval Graph.

Unlike a graph in which each vertex or edge is assigned only one interval, the present structure assigns
a nonempty family of intervals to every vertex and edge.

5.26 SuperHyperInterval Graph (Proposed in this book)

A SuperHyperInterval Graph extends a HyperInterval Graph by allowing interval information to be
organized into recursively nested nonempty families. This construction provides a natural hierarchy
of higher-order interval-valued information.

Definition 5.26.1 (Iterated Nonempty Powersets of Intervals). Let Z # @& be a universe of admissible
intervals. Define recursively
PAI) =1,

and, for every r > 0,

PIHUI) =P (PI(T)\ {2}

In particular,

and

PUI) =P (P(T)).
Definition 5.26.2 (n-SuperHyperInterval Graph). Let
G=(V,E)
be a graph, let Z # @ be a universe of admissible intervals, and let

n>1.

An n-SuperHyperInterval Graph is a structure

GGl = (v, Bosur, sy
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where -
SHIJI V. — PHIT)

and
SHI . E — P(T).

Thus, every vertex and edge is assigned an n-level nonempty nested family of admissible intervals.

Remark 5.26.3 (Reduction to the HyperInterval Graph). For

we have

Consequently,
SHI : V — P*(T),  SHIY : E— P*(T),

which is precisely the structure of a HyperInterval Graph.

Hence, a HyperInterval Graph is the order-1 case of the SuperHyperInterval Graph hierarchy.

Example 5.26.4 (Example of a 2-SuperHyperInterval Graph). Let

G= (V, E)?
where
V - {U13U23U3}
and
E = {e12,e23}, e1z = {v1,v2}, ea3 = {v,v3}.
Let

1= {[07 1]) [172]7 [273]’ [374]}

be the universe of admissible intervals.

For n =2,
PII) =P* (P*(T)).

Thus, an element of

PI(I)

is a nonempty family whose members are themselves nonempty families of intervals from Z.

Define
SHIY : V — P2(T)
by
SHIYY (v1) = {{[0,1], 1,21}, {[2,3]}} ,
SHI§/2) (v2) = {{[1,2],[2,3]},{[2, 3], [3,4]}},
and

SHI? (vs) = {{[0, 1]}, {[3,4]}} .

Similarly, define
SHIY : E — P2(T)
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by
SHIY (e12) = {{[0, 1], [1. 2]}, {[1, 2], [2.3]}},

and
SHIY (e23) = {{[2.3]}. {[2.3],[3.4]}} -

For example,

{10,1],[1,2]} € PX(T)
and
{12,3]} € PL(D).
Therefore,
SHIP (v1) = {{[0,1],[1, 21}, {[2. 3]}} € P2(2).

The same argument applies to every value of
SHI{? and SHI.

Hence,
GG = (v suI? sHr)

is a 2-SuperHyperInterval Graph.

The hierarchy represented in this example is
interval — nonempty family of intervals — nonempty family of nonempty families of intervals.

Thus, the graph carries second-order hierarchical interval information on both its vertices and edges.

5.27 Interval Vector

An Interval Vector is a vector whose components are intervals, representing bounded uncertainty or
variability within each coordinate of space.

Definition 5.27.1 (Interval Vector). Let
IR ={[z,7] | 2,7 € R,  <T}.
An Interval Vector is a vector
x=([z1,Z1],...,[2,,Tn]) € IR™.
Example 5.27.2 (Interval Vector). Consider
x = ([1,2],[-1,1],[3,5]).

Since each component is a closed real interval, we have

x € IR®.

Hence x is an Interval Vector.
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5.28 Interval Linear System

An Interval Linear System is a linear equation system whose coefficients or right-hand sides are
intervals rather than exact values.

Definition 5.28.1 (Interval Linear System). An Interval Linear System is a system
Ax =b,

where
A c TIR™*™, b € IR™,

are an interval matrix and an interval vector, respectively.

Example 5.28.2 (Interval Linear System). Consider

where

Thus,

This is an Interval Linear System.

5.29 Interval Polynomial

An Interval Polynomial is a family of polynomials whose coeflicients vary independently within pre-
scribed intervals, representing uncertainty in polynomial parameters.

Definition 5.29.1 (Interval Polynomial). An Interval Polynomial of degree at most n is specified
by interval coefficients

ag,...,a, € IR

akEak}.

ag = [172}7 a; = [_]—7 ]-]7 az = [2a3]

and represents the family
n
P= {Z apx®
k=0

Example 5.29.2 (Interval Polynomial). Let

Then the Interval Polynomial
P = {ag+ a1z +az® | ap € [1,2], a1 € [-1,1], a2 € [2,3]}
represents a family of quadratic polynomials. For example,
p(z) = 1.5+ 0.5z + 2.522

belongs to P.
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5.30 Interval-Valued Function

An Interval-Valued Function maps each input element to an interval, allowing outputs to represent
bounded ranges rather than single values.

Definition 5.30.1 (Interval-Valued Function). Let X be a nonempty set. An Interval-Valued Func-
tion is a mapping
F: X — 1R,

where
F(z) = [E(z), F(z)]

for every z € X.

Example 5.30.2 (Interval-Valued Function). Let
X=R

and define
F: X —IR

by
F(z)=[zx—1,z+1].

For example,
F(2)=11,3].

Hence F' is an Interval-Valued Function.

5.31 Interval-Valued Relation

An Interval-Valued Relation assigns an interval-valued degree to each ordered pair, representing
uncertain strength of relationships between elements in sets.

Definition 5.31.1 (Interval-Valued Relation). Let X and Y be nonempty sets. An Interval- Valued
Relation from X to Y is a mapping

R:X xY — 7(0,1]),
where Z([0,1]) denotes the set of all closed subintervals of [0, 1]. Thus,
R(z,y) = [R(z,y), R(z,y)].
Example 5.31.2 (Interval-Valued Relation). Let
X = {1, 22}, Y ={y1,12}-

Define
R: X xY — Z([0,1])

by
R($1,y1) = [07709]7 R(xlva) = [03,05]a

R(ﬁg, yl) = [04, 06], R(.’E27 yg) = [08, ].]

Thus, R is an Interval-Valued Relation from X to Y.
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5.32 Interval-Valued Intuitionistic Fuzzy Set

An Interval-Valued Intuitionistic Fuzzy Set assigns interval membership and nonmembership degrees
to each element while satisfying intuitionistic consistency constraints simultaneously [441-445].

Definition 5.32.1 (Interval-Valued Intuitionistic Fuzzy Set). Let X be a nonempty set. An Interval-
Valued Intuitionistic Fuzzy Set A on X is characterized by

MA,NA X —>I([O, 1]),

where
such that

for every z € X.

Example 5.32.2 (Interval-Valued Intuitionistic Fuzzy Set). Let

X = {Cﬂl,ibg}.

Define

My (z1) = [0.5,0.6], Na(z1) =10.2,0.3],
and

My (x2) =[0.3,0.5], Na(z2) =1[0.2,0.4].
Then

06+03=09<1

and

05+04=09<1.

Therefore, A is an Interval-Valued Intuitionistic Fuzzy Set on X.

5.33 Interval Type-2 Fuzzy Set

A Type-2 Fuzzy Set assigns each element a membership function, allowing uncertainty in the mem-
bership degrees themselves to be represented [446-448]. Related concepts, including Type-3 Fuzzy
Sets [449H451|, Type-n Fuzzy Sets, and Type-2 Neutrosophic Sets [452H454], have also been stud-
ied. An Interval Type-2 Fuzzy Set represents each primary membership degree by an interval, with
uniform secondary membership over the corresponding interval domain [455]/456].

Definition 5.33.1 (Interval Type-2 Fuzzy Set). [456L[457] Let X be a nonempty universe. An
Interval Type-2 Fuzzy Set A is characterized by interval-valued primary memberships

Jatg[()?]-]a xGX,
with secondary membership function
pi(@,u) =
for every
u € Jy.
Equivalently,

A={((z,u),1) |z € X, ue .}



Chapter 5. Interval Structures

Example 5.33.2 (Interval Type-2 Fuzzy Set). Let
X ={z1,x2}
and define the primary membership intervals
Jz, =[0.4,0.7], Jz, = [0.6,0.9].

Let
pale,u) =1

for every u € J,. Then
A={((z1,u),1) |ue[0.4,0.7}U{((z2,u),1) | u e [0.6,0.9]}.

Hence A is an Interval Type-2 Fuzzy Set.

5.34 Proper Interval Graph

A Proper Interval Graph is an interval graph admitting an interval representation where no repre-
senting interval properly contains another interval [458-H461].

Definition 5.34.1 (Proper Interval Graph). A graph
G=(V,E)
is a Proper Interval Graph if there exists a family of intervals

{IU}UEV

such that
{u,v} € E <= I,NI, # &,

and no interval properly contains another interval.

Example 5.34.2 (Proper Interval Graph). Let

V= {Uh V2, U3}

and assign the intervals
L, =102, I,=[13], I, =[2545]
Then
Ivlmlvz#ga Ivz ﬂl’t}g#*®)

but

L, NI, =0.
Thus

)

E = {{v1,v2}, {v2,v3}}.

Since no interval properly contains another, G = (V| E) is a Proper Interval Graph.
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5.35 Unit Interval Graph

A Unit Interval Graph is an interval graph representable by equal-length intervals, with adjacency
determined exactly by nonempty interval intersections [462H465|.

Definition 5.35.1 (Unit Interval Graph). A graph
G = (V,E)
is a Unit Interval Graph if there exists a family of unit-length intervals
{Lo}vev

such that
{u,v} € E <= I,NI, # 2.

Example 5.35.2 (Unit Interval Graph). Let

V= {’Ula/UQa U3}

and assign the unit intervals
I,, =10,1], I,, =10.5,1.5], I,, =[1.2,2.2].
Then
I?)l ﬁ 11)2 # gv I’Ug m 11)3 % 67

while

I,,NI, =2.
Therefore,

E = {{v1,v2}, {v2,v3}},
and G = (V, E) is a Unit Interval Graph.
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Chapter 6

Subset Structures (Power Structures)

This chapter discusses Subset Structures.

6.1 Subset Structure (Power Structure)

This section introduces several types of Subset Structures. Subset Structure is viewed here as a com-
mon umbrella terminology encompassing classical power/complex constructions and related subset-
based structures.

6.1.1 Subset Topological Spaces

Subset Topological Spaces organize families of subsets using union, intersection, and inherited semi-
group operations to create ordinary and special structures [466-468]|.

Definition 6.1.1 (Subset Topological Spaces). Let (P, *) be a semigroup, and let
S=P(P)\{o}, S =Su{g}=P(P).
For A, B C P, define the induced set operation
AxB={axb:a€ A, be B}.
The following structures are called the subset topological spaces associated with (P, *):
T, =(8,U,n),

TU = (S7U7*)7 Tﬂ = (8/70,*).

Here, T, is called the ordinary subset topological space, while T\, and T are called special subset
topological spaces.

Example 6.1.2 (Subset Topological Space). Let
P=17Zy,=1{0,1}
with addition modulo 2, denoted by *. Then
S = {{0},{1},{0,1}},
145
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and
S = {@,{0},{1},{0,1}}.

For example, if
A=1{0,1}, B ={1},

then
AxB={0+1,1+1}={0,1},

where addition is taken modulo 2. Moreover,
AUB={0,1}, ANB={1}.
Thus the associated subset topological structures are

To = (S/,U,ﬂ), TU = (S7U7*)7 Tﬂ = (8/707*).

6.1.2 Subset Groupoids

Subset Groupoids extend a groupoid operation to nonempty subsets by combining every pair of
elements and collecting all resulting products [469].

Definition 6.1.3 (Subset Groupoid). Let (G, %) be a groupoid, and let
S§=P(G)\ {2}
be the family of all nonempty subsets of G. For A, B € S, define
AxB={axb:a€ A, be B}.

Then
(S, %)

is called the subset groupoid induced by (G, *).
Example 6.1.4 (Subset Groupoid). Let
G =175 =1{0,1,2}

and define
axb=a—">b (mod 3).

Then (G, *) is a groupoid. Consider
A={0,1}, B =1{1,2}.
The induced subset product is
AxB={0%1,0%2,1x1,1x2}.

Since
0x1=2, 0x2=1, 1x1=0, 1%x2=2,

we obtain
AxB={0,1,2} =G.

Hence this gives a concrete operation in the induced Subset Groupoid.
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6.1.3 Subset Semirings

Subset Semirings extend semiring addition and multiplication to subsets, producing set-valued oper-
ations and yielding Type I or Type II structures [470].

Definition 6.1.5 (Subset Semiring). Let
(R, +,-)
be a semiring, and let
S =P(R)
be the collection of all subsets of R. For A, B € S, define
A@dB={a+b:a€ A, be B},

and
A B={a-b:a€ A, be B}.
Then
(S, 8,®)

is called the Subset Semiring induced by R. If R is a ring, it is called a Subset Semiring of Type I; if
R is a semiring, it is called a Subset Semiring of Type II.

Example 6.1.6 (Subset Semiring). Let
R={0,1}

be the Boolean semiring, where

a + b = max{a, b}, a-b = min{a, b}.

Consider
S§=P®)\{z} = {{0},{1}.{0,1}}.
Let
A=1{0,1}, B ={1}.
Then
AeB={0+1,1+1} ={1},
and

A®B={0-1,1-1} ={0,1}.

Thus the Boolean semiring operations induce corresponding operations on the nonempty subsets of
R.

6.1.4 Subset Semilinear Algebras

Subset Semilinear Algebras are subset semivector spaces over semifields equipped with an associative
induced product closed within the subset family [471].

Definition 6.1.7 (Subset Semilinear Algebra). Let F' be a semifield and let P be a set equipped
with addition and an associative product -. Let

S ="P(P)

be a subset semivector space over F'.

For A, B € S, define the induced product
AoOB={a-b:ac A, be B}.

It
AoOBeS forall A,B € S,

and (S,®) is a semigroup, then
(S, +,0)

is called a Subset Semilinear Algebra over the semifield F.
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Example 6.1.8 (Subset Semilinear Algebra). Let
F =R>

and consider the family
S = {[0,0,] a e RZO}'

For
A =10,q], B =[0,0],
define
A+ B=1[0,a+ 0],
and, for A € F|

AA = [0, Aa.

The induced product is
AOB={zy:xz € A, y€ B} =][0,ab].

For example, if
A=10,2, B=[0,3],

then
A+ B =0,5], A® B =]0,6].

Hence S is closed under the induced addition, scalar multiplication, and associative product.

6.1.5 Subset Interval Groupoids

Subset Interval Groupoids extend groupoid operations coordinatewise to interval elements and then
to nonempty families of intervals under induced multiplication [472].

Definition 6.1.9 (Subset Interval Groupoid). Let (G,x*) be a groupoid, and define the associated
interval groupoid

2(G) = {la, 0] : a,b € G},
with the coordinatewise operation

[a,b] * [c,d] = [a*c,bxd].
Let

§ =P(Z(G)) \ {2}
For A, B € S, define
AxB={xxy:xz €A, ye B}

Then
(S,%)
is called the Subset Interval Groupoid induced by (G, *).
Example 6.1.10 (Subset Interval Groupoid). Let
G =175 =1{0,1,2}
with addition modulo 3. Consider
A=A{0,1],[1,2]},  B={[1,0]}.
Using the coordinatewise operation

[a,b] * [e,d] =[a+¢,b+d] (mod 3),

we obtain

[O, 1] * [1, 0] = [1, 1]
and

[1,2] % [1,0] = [2,2].
Therefore,

AxB= {[17 1]v [272}}

Thus A * B is again a nonempty family of interval elements.
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6.1.6 Subset Vertex Graphs for Social Networks

Subset Vertex Graphs represent subsets as vertices, connecting through shared elements in Type I or
strict inclusion in Type II [473].

Definition 6.1.11 (Subset Vertex Graph). Let S be a nonempty set and let
v CP(s)\ {2},

A Subset Vertex Graph is a graph
G=(V.E)

whose vertices are subsets of S, with adjacency determined by a set-theoretic relation.

For a Type-1 Subset Vertex Graph,

{A,B}e E <— A#Band ANB# .

For a Type-II Subset Vertex Graph, G is directed and
(A,B)e E < ACB.
In both cases, loops are excluded.

Example 6.1.12 (Subset Vertex Graph). Let
S ={L1,2,3}

and consider

vV = {{1},{1,2},{2,3}}.

For the Type-I Subset Vertex Graph, two distinct vertices are adjacent whenever they have a
nonempty intersection. Since

{1} n{1,2} = {1},
and
{1,2}n{2,3} = {2},
while

{1}n{2,3} = 2,

the edge set is

E={{{1},{1,2}}, {{1,2},{2,3}}} .

For the Type-II Subset Vertex Graph,
{1} ¢ {1,2},

so there is a directed edge
{1} —{1,2}.

No other strict inclusion relation occurs among these vertices.
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6.1.7 Subset Polynomial Semirings and Subset Matrix Semirings

Subset Polynomial Semirings consist of polynomials whose coefficients are nonempty subsets, with
addition and multiplication induced from the semiring operations [474].

Definition 6.1.13 (Subset Polynomial Semiring). Let
(Rv +, )

be a semiring, and let

S =P(R)\{a}.
For A, B € S, define
A®B={a+b:a€ A, be B}, A®@B={ab:a € A, be B}.
The Subset Polynomial Semiring over R is
Sz] = {ZAizc’ :n>0, A; € S},
i=0
where polynomial addition and multiplication are induced by & and ®.

Example 6.1.14 (Subset Polynomial Semiring). Let
R =Ny
with the usual addition and multiplication. Consider
p(a?) = {17 2} + {07 1}’56
and
q(z) = {2} + {1}z.
For the constant coefficients,
{12t {2} = {3,4},
while
{0, 1} & {1} = {1,2}.

Hence
p(z) ® q(x) = {3,4} + {1, 2}x.

For multiplication,
{1,2} @ {2} = {2,4},
({12t @{1}) & ({0,1} ® {2}) = {1,2,3,4},
and
{0,1} ® {1} = {0,1}.
Therefore,
p(x) ® q(z) = {2,4} + {1,2,3,4}x + {0, 1}z

Subset Matrix Semirings consist of matrices with subset entries, where addition and multiplication
are performed entrywise using induced semiring operations [474].
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Definition 6.1.15 (Subset Matrix Semiring). Let
(R7 +, )
be a semiring, and let
S =P(R)\ {2},
where, for A,B € S,
A®B={a+b:ac A, be B}, A®@B={ab:a € A, be B}.

For positive integers m,n, define

Mmyn(S) = {[A”] : Aij S S}

For
A=[4;],  B=[Bjj| € Mmn(S),
define the entrywise operations
A® B = [A;; ® Byjl, A® B = [A;; ® Byjl.
Then

(Minn(S), ®, ®)
is called the Subset Matrix Semiring induced by R.

Example 6.1.16 (Subset Matrix Semiring). Let
R=Nj
with the usual addition and multiplication, and consider

a-fon ] s [l
{2} {0,2}]” {1.2} {2}
Using entrywise induced addition, we obtain
_ ({n2p {12}
AvE= [{3,4} 2.4
Similarly, using entrywise induced multiplication,
_ ({o,1p {01}
aon =[]

Thus both operations produce matrices whose entries are again nonempty subsets of R.

6.1.8 Subset Non Associative Semirings

Subset Non-Associative Semirings extend semiring operations to subset families while preserving
distributivity but allowing multiplication to fail the associative law [475].

Definition 6.1.17 (Subset Non-Associative Semiring). Let
(R’ +, )
be a non-associative semiring, and let
S CP(R)

be a nonempty family of subsets of R. For A, B € S, define the induced operations

A@eB={a+b:ac€ A, be B},
and

A®B={a-b:ac A, bec B}.

If S is closed under ® and ®, (S, ®) is a commutative monoid, and ® distributes over @, while ® is
not required to be associative, then
(S,8,®)

is called a Subset Non-Associative Semiring.
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Example 6.1.18 (Subset Non-Associative Semiring). Let
R =TFse; ®Foeq = {0,e1,e2,e1 + €2},
with the usual vector addition over Fy. Define multiplication bilinearly by
e]-e; = es, es-e1 =eq, e1-ey =¢€y-e9=0.
Then multiplication is distributive over addition but is not associative, since
(61'61)'61 =€2-€1 = €1,

whereas
61’(61‘61):61'6220.

Let
S={{z}:2€R}.

For singleton subsets, define
{z}o{yt ={z+y}, A{a}e{y}={v-y}

Then S is closed under both operations. Moreover,

({ei} @ {e1}) @ {e1} = {er},
while
{ei} ® ({er} @ {e1}) = {0}.

Hence the induced subset multiplication is non-associative.

6.1.9 Power Semigroup

Power Semigroups extend a semigroup operation to nonempty subsets by collecting all pairwise prod-
ucts, preserving associativity under the induced operation [476H478].

Definition 6.1.19 (Power Semigroup). Let
(Sa )
be a semigroup, and let
P(S) =P(S)\ {2}
be the family of all nonempty subsets of S.

For A, B € P*(S), define
A©B={a-b:ac A, be B}.
Then
(P*(5),0)
is called the Power Semigroup of S.
Example 6.1.20 (Power Semigroup). Let
S =7 ={0,1,2}
with addition modulo 3. Then (5, +) is a semigroup and

P*(S) - {{0}’ {1}a {2}7 {07 1}7 {07 2}7 {17 2}7 S}

Consider
A={0,1}, B =1{1,2}.

Their power-semigroup product is
AOB={a+b (mod3):a€ A, be B}.

Hence
AGB=1{1,2,2,0} ={0,1,2} = S.

Thus P*(S), equipped with the induced operation, forms the Power Semigroup of Zs.
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6.1.10 Power Algebra

Power Algebra extends every operation of an algebra to nonempty subsets by applying the operation
elementwise to all possible tuples [479}/480].

Definition 6.1.21 (Power Algebra). Let

be an algebra, and let
For each n-ary operation

in Q, define
CAU(Al, . ,An) = {w(al, . ,an) a; € Al}

Then

is called the Power Algebra of A.
Example 6.1.22 (Power Algebra). Consider the Boolean algebra
A =({0,1},V,A).

Its nonempty power set is

P*(A) = {{0}, {1},{0,1}}.
Let

X =40,1}, Y ={1}.

The induced join operation gives
VX, Y)={zVy:zeX, yeY}={1},
while the induced meet operation gives
ANX,Y)={zAy:xeX, yeY}={0,1}.

Therefore,

o~

(P*(4),V.A)
is the Power Algebra induced by A.

6.1.11 Complex Algebra of Subalgebras

Complex Algebra of Subalgebras consists of nonempty subalgebras closed under complex operations
inherited from power algebra and forms a subalgebra [481},482].

Definition 6.1.23 (Complex Algebra of Subalgebras). Let
A=(4,Q)

be an algebra, and let
Sub*(A)

denote the family of all nonempty subalgebras of A.

If Sub™(A) is closed under all complex operations induced from €2, then
(Sub*(A), Q)

is called the Complex Algebra of Subalgebras of A.
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Example 6.1.24 (Complex Algebra of Subalgebras). Consider the algebra
A = (Z4,+,—,0),
where addition is taken modulo 4. Its subgroups, and hence its nonempty subalgebras, are
H, = {0}, H, ={0,2}, Hy =7Zy4.

Thus
Sub*(A) = {HQ, Hl, HQ}

For example, the complex sum of Hy and H; is
HotH, ={a+b (mod4):ac Hy, be H} = H,

and
H{+Hy; = Hs.

Moreover,
—H; = H; (i=0,1,2).

Hence the family of subalgebras is closed under the induced complex operations and forms a Complex
Algebra of Subalgebras.

6.1.12 Closure System

A Closure System is a family of subsets containing the universe and remaining closed under arbitrary
intersections of its members (cf. [483]).

Definition 6.1.25 (Closure System). Let X be a set. A family

C CP(X)

is called a Closure System on X if
XelC
and, for every family
{Ci}iGI g Cv

one has

ﬂ Cz eC.

iel

Thus, a Closure System is a family of subsets closed under arbitrary intersections.

Example 6.1.26 (Closure System). Let

X ={1,2,3}
and define
C={X,{1,2},{2,3},{2}}.
Clearly,
X ecC.
Moreover,

{1,2}n{2,3} = {2} e,

and intersections involving {2} remain equal to {2}. The intersection of the empty family is X, which
also belongs to C.

Therefore, C is closed under arbitrary intersections and is a Closure System on X.
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6.1.13 Subgroup Lattice

A Subgroup Lattice organizes all subgroups of a group under inclusion, with intersection as meet and
generated subgroup as join [484H487].

Definition 6.1.27 (Subgroup Lattice). Let G be a group, and let
Sub(G)={H CG:H <G}

be the set of all subgroups of G.

For H, K € Sub(G), define
HNK=HNK

and
HvVEK=(HUK),

where (H U K) denotes the subgroup generated by H U K. Then
(Sub(G), A, V)
is called the Subgroup Lattice of G.
Example 6.1.28 (Subgroup Lattice). Let
G="17Z¢
under addition modulo 6. Consider the subgroups
H ={0,3}, K =10,2,4}.

Their meet is
HANK=HnK ={0}.
Their join is
HVK=(HUK).

Since 2 and 3 together generate Zg,
HV K =7Zg.

Thus, in the subgroup lattice of Zg,

0,3} A {0,2,4} = {0},  {0,3} v {0,2,4} = Z.

6.1.14 Set-Inclusion Graph

Set-Inclusion Graphs connect subsets of two prescribed sizes whenever one subset is contained within
another, forming a bipartite graph structure [488,489].

Definition 6.1.29 (Set-Inclusion Graph). Let
[n] ={1,2,...,n}, 1<k<{t{<n-1
The Set-Inclusion Graph G(n,k,£) is the graph with vertex set
[n] [n]
V= U ,
< k L
where two distinct vertices A, B € V' are adjacent if and only if

ACB or B C A.
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Example 6.1.30 (Set-Inclusion Graph). Consider
G(3,1,2).

Since
[3} = {17 2, 3}’

the vertex set is
V= {{1}, {2}, {3}, {1,2}, {1, 3}, {2, 3} }.

Two vertices are adjacent whenever one is contained in the other. Therefore,

({1341, 21} {{1},{1, 3}},
E= {{2}7{172}}’{{2}’{2’3}}7
{351,311, {{3},{2,3}}

Thus G(3,1,2) is a bipartite graph whose two parts consist of the 1-subsets and 2-subsets of [3],
respectively.

6.1.15 Kneser Graph

Kneser Graphs represent fixed-size subsets as vertices, joining two vertices exactly when the corre-
sponding subsets are mutually disjoint within the universe [407,490-493].

Definition 6.1.31 (Kneser Graph). Let
[n] ={1,2,...,n}, n > 2k.

The Kneser Graph KG(n,k) is the graph with vertex set

where two distinct vertices A, B € V are adjacent if and only if
ANB=g.
Example 6.1.32 (Kneser Graph). Consider the Kneser graph
KG(5,2).
Its vertex set consists of all 2-element subsets of
[5] ={1,2,3,4,5},

SO

For example, the vertex

A={1,2}

is adjacent precisely to the 2-subsets disjoint from A, namely

{3.4},  {3,5},  {4,5}.
Hence,
{1,2} ~ {3,4}, {1,2} ~ {3,5}, {1,2} ~ {4,5}.
On the other hand,
{12} £ {1,3}
because
(1,250 {1,3} = {1} £ 2.
The graph KG(5,2) is the well-known Petersen graph.
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6.1.16 Power-Set Lattice

A Power-Set Lattice is the lattice of all subsets of a set, ordered by inclusion, with union and inter-
section operations.

Definition 6.1.33 (Power-Set Lattice). Let X be a set. The Power-Set Lattice of X is
(P(X), <),
where the meet and join are given by
AANB=ANB, AvB=AUB.
Example 6.1.34 (Power-Set Lattice). Let
X ={a,b}.

Then
P(X) = {67 {a}7 {b}7 {a7 b}}

For example, let

A={a}, B={b}).

Their meet and join are
ANB=ANB =g,

and
AV B=AUB = {a,b}.

Therefore,

(P(X), <)

is a Power-Set Lattice.

6.1.17 Intersection Graph of Sets

An Intersection Graph of Sets represents sets as vertices, connecting two distinct vertices exactly
when their corresponding sets intersect nontrivially.

Definition 6.1.35 (Intersection Graph of Sets). Let
F={A;|iel}
be a family of nonempty sets. The Intersection Graph of F is the graph
G=(V,E),

where

V=F

and, for distinct A, B € F,
{A,B} e E <= ANB# 0.

Example 6.1.36 (Intersection Graph of Sets). Let
F = {Ala A2a A3}a

where
Ay ={1,2}, Ay ={2,3}, Az = {4,5}.

We have
A1 NAy =12} # 2,
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whereas
AiNA3 =0, AsNAs =@.

Hence, the corresponding Intersection Graph is
G=(V,E),

with
V ={A, Ay, A3}

and
E={{Ay, As}}.
Thus, only A; and Ay are adjacent.

6.2 Subset Structure versus HyperStructure and More

This section discusses the mathematical relationship between subset structures, hyperstructures, it-
erated subset structures, and SuperHyperStructures. Although these concepts are closely related
through power-set constructions, they differ essentially in their carriers, operations, and levels of
set-valuedness.

6.2.1 Subset Structure

Let X be a nonempty set and define
PH(X) =P(X)\ {2}

Suppose that
w: X X

is a k-ary operation on X. The operation w can be naturally extended to nonempty subsets of X by

k

G (PH(X)) — P*(X),

where
W(AL, ..., Ax) ={w(a1,...,ar) :a; € A;;, 1 <i<k}.

Definition 6.2.1 (Subset Structure). Let
A= (X, {WA})\EA)
be an algebraic structure. The corresponding Subset Structure is the structure
P*(A) = (P*(X), {@x}rea)

where every operation wy is extended to subsets pointwise.

Thus, a Subset Structure replaces individual elements of X by nonempty subsets of X, while the
original operations are inherited through elementwise evaluation.

For example, if
(X, %)

is a groupoid, then
AxB={axb:a€ A, be B}

gives the corresponding Subset Groupoid.

Similarly, subset semigroups, subset semirings, subset matrix semirings, and subset polynomial semir-
ings can be viewed as particular instances of this general construction.
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6.2.2 Subset Structure V.S. HyperStructure

A Subset Structure should be distinguished from a HyperStructure. The main difference is the
location at which the set-valuedness occurs.

Definition 6.2.2 (HyperStructure). Let X be a nonempty set. A k-ary hyperoperation on X is a

mappin
oo h: Xk — P*(X).

A structure equipped with one or more hyperoperations is called a HyperStructure.

For an ordinary operation,
w:XF X,
each tuple of elements produces exactly one element. In contrast, a hyperoperation
h: X*F — PH(X)
may produce several elements simultaneously.
A Subset Structure instead has .
G (PH(X)) — P*(X).

Hence, its inputs are themselves subsets of X.

The essential distinction can therefore be written as

HyperStructure: X* — P*(X)

whereas

Subset Structure: (P*(X))k — P*(X).

Moreover, for the singleton embedding
t: X — PH(X), v(z) = {x},
the subset extension of an ordinary operation satisfies

@<{x1}5 ceey {Ik}) = {W(Il, s 7$k)} :

Thus, the operation remains effectively single-valued on singleton subsets.

This property distinguishes an induced Subset Structure from a genuine HyperStructure, since a
general hyperoperation may satisfy
|h(£€17 . ,Q?k)‘ > 1.

Nevertheless, every hyperoperation can itself be extended to subsets. If
h:X*F — PY(X),
define R .
h: (PH(X))" — P*(X)
by
h(Ay,... A) = U h(as,. .., ax).

a1€AL,...,ap €A

Therefore, subset constructions and hyperoperations can be combined naturally.

Consequently, a Subset Structure and a HyperStructure are not identical concepts, although both are
naturally connected through the power-set operator.
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6.2.3 Iterated Subset Structure
The subset construction can be repeated recursively.

Define
P*O(X)=X

and, for every n > 0,

Pt (x) = P (P*(") (X )) :

Thus,
P (X) = P*(X),

PE(X) =P (P*(X)),

and more generally
PO (X)

consists of n-level nested nonempty subsets.

For example,
x € X,

{x1,22} € P*I(X),

and

{{or,22} {23} } € PO (X).
Definition 6.2.3 (Iterated Subset Structure). Let
A= (X, {wr}ren)

be an algebraic structure. For n > 1, the n-th Iterated Subset Structure is
P = (PX), {fhaen)

where the operations are defined recursively by
Wl =
A W

and
wg\nJrl](Al, coLAR) = {w&”](al,...,ak) ta; € Ai}.

Hence there is a hierarchy

X —P(X)—PIX)— ... — P(X).

The canonical singleton embeddings
on : PH(X) — P (X)

are given by

on(A) = {A}.
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There is also a natural flattening operation. For n > 1, define recursively

p1 s P*I(X) — PH(X)

by
p(A) = A4,
and
pn1(A) = U fin(A)
AcA
Thus,

fn 2 P*(X) — P*(X)

removes the intermediate nesting levels.

For example,

H2 ({{aa b}a {ba C}}) = {a7 b7 C}'
Therefore, flattening preserves the underlying elements but generally loses hierarchical information.

6.2.4 Iterated Subset Structure V.S. SuperHyperStructure

Tterated Subset Structures provide a natural mathematical framework for describing objects con-
taining nested collections of objects. This idea is closely related to SuperHyperStructures, where
super-elements may themselves possess internal set-valued structure.

To make the distinction precise, let
v cpr(X),

Definition 6.2.4 (n-Level SuperHyperStructure). An n-Level SuperHyperStructure over X is a struc-
ture

H™) — (V("), {hg\n)}AeA) )

where
y ) c pxn) (X)

and each ky-ary superhyperoperation is a mapping
(n) A
s (V)T (V).
Thus, two different mechanisms are involved.

An Tterated Subset Structure introduces hierarchical depth:

X =5 PH(X) = PIX) - -

A HyperStructure introduces multivaluedness:

Xk PH(X).
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A SuperHyperStructure may combine both:

(P X))’c — P (PH(X)) = PO (X).

Therefore, schematically,

‘Iterated Subset Structure = nested set-valued carrier‘

whereas

‘ SuperHyperStructure = nested carrier + hyper-valued interaction. ‘

In particular, an n-th Iterated Subset Structure has operations of the form
k
Wl (P*(">(X)) — (),
whereas an n-level SuperHyperStructure may have

k
h(m . (P*<">(X)) —s prnt ().

Accordingly, the power-set iteration
X — P(X) — PIX) — ...

provides a natural bridge from ordinary structures to increasingly hierarchical structures. Hyper-
operations provide an independent generalization by replacing single-valued outputs with set-valued
outputs. Their combination yields a natural abstract framework for SuperHyperStructures.
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BiStructure, TriStructure, and MultiStruc-
ture

This chapter examines BiStructures, TriStructures, and MultiStructures.

7.1 Introduction to BiStructure and MultiStructure

This section first provides an overview of BiStructure and MultiStructure. The concepts collected in
this chapter are not necessarily instances of the generic MultiStructure definition; some are included
because they exhibit intrinsic binary, ternary, or multiple structural organization.

7.1.1 BiStructure

BiStructures combine two distinguishable mathematical structures into a two-component framework
while preserving the identity of each component.

Definition 7.1.1 (BiStructure). Let
51 and 52

be two mathematical structures of the same or compatible type. A BiStructure is the ordered two-
component structure

B=(81,5,).

The component positions are regarded as part of the structure, so that S; and S; remain distinguish-
able even when their underlying sets overlap or coincide.

If a set-theoretic realization is required, the two components may be represented by the tagged disjoint
union

{1} x S1 U {2} x S5,
where S; denotes the underlying set of S;.

163
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7.1.2 TriStructure

TriStructures combine three distinguishable mathematical structures into a three-component frame-
work while preserving the identity of each component.

Definition 7.1.2 (TriStructure). Let
51,852,853

be three mathematical structures of the same or compatible type. A TriStructure is the ordered
three-component structure

T = (81,82,83).

The component positions are regarded as part of the structure, so that the three constituent structures
remain distinguishable even when some of their underlying sets overlap or coincide.

If a set-theoretic realization is required, the components may be represented by the tagged disjoint
union

|_|{Z} X Si,

where S; denotes the underlying set of S;.

7.1.3 MultiStructure

MultiStructures combine several compatible mathematical structures into a unified multi-component
framework while preserving the identity of each individual component.

Definition 7.1.3 (MultiStructure). Let
81;827"'a8n7 77‘22’

be mathematical structures of the same or mutually compatible type. A MultiStructure is the indexed
n-component structure

M = (81,8, ...,8n).

The index of each component is regarded as part of the structure, so that the constituent structures
remain distinguishable even when some of them have identical or overlapping underlying sets.

If a set-theoretic realization is required, the components may be represented by the tagged disjoint
union

|_|{Z} X Si,

where S; denotes the underlying set of S;.

7.1.4 TIterated MultiStructure

Iterated MultiStructures recursively combine MultiStructures from one level to form higher-level
structures, thereby introducing hierarchical organization while preserving the constituent components.
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Definition 7.1.4 (Tterated MultiStructure). Let
s

be a class of basic mathematical structures. For k > 0, define recursively

S+D) — U (G(k))".

n>2

Thus, every element of G(*+1) has the form
MEHD — (sf”,sé’“’,...,sﬁ) 7

where
n>2, Si(k) ec®,

For k£ > 1, an element of &) is called an [terated MultiStructure of level k.

Thus, a MultiStructure combines several distinguishable structures at a single level, whereas an
Tterated MultiStructure recursively combines structures from preceding levels and therefore introduces
hierarchical depth.

7.2 Concepts of BiStructure

This section discusses the concepts of BiStructure.

7.2.1 Bimatrices

Bimatrices combine two distinct matrices into a single formal structure, enabling paired representation
and comparison of matrix-based information or systems [494,495].

Definition 7.2.1 (Bimatrix). Let
Ay = [ayy] and Ay = [by]
be two distinct matrices. A bimatriz is the formal combination
Ap = A1 U Ag, Ay # Ao,

where U is used only as a notational symbol joining the two component matrices.

If both A; and As are m X n matrices, then
Ap = A1 U A,

is called an m x n rectangular bimatriz.

7.2.2 Bipartite Graph

Bipartite Graphs partition vertices into two disjoint classes, with every edge connecting vertices
belonging to different classes and never within one [496{{499).

Definition 7.2.2 (Bipartite Graph). A graph
G=(V,E)
is called a bipartite graph if its vertex set can be partitioned into two disjoint sets
V=Vul,, inv, =g,

such that every edge joins a vertex in Vj to a vertex in V5.
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7.2.3 Bilinear Algebra

Bilinear Algebras combine two distinct linear algebras defined over the same field into a unified
two-component algebraic structure [500].

Definition 7.2.3 (Bilinear Algebra). Let
V=WVu ‘/2a

where V4 and V3 are linear algebras over the same field F. Then V is called a Bilinear Algebra (or
Linear Bialgebra) over F.

7.2.4 Bivector Space

Bivector Spaces combine two vector spaces over the same field into a unified structure preserving
their individual vector-space components [500}/501].

Definition 7.2.4 (Bivector Space). Let
V=Wuv;,

where V7 and V5 are vector spaces over the same field F'. Then V is called a Bivector Space over F'.

7.2.5 Bipolar Fuzzy Set

Bipolar Fuzzy Sets represent positive and negative membership information simultaneously using
degrees from the intervals [0, 1] and [—1, 0] [95].

Definition 7.2.5 (Bipolar Fuzzy Set). Let X be a nonempty set. A Bipolar Fuzzy Set A on X is
defined by

A= {(z, ph (@), nx (@) v e X},
where
phe X = [0,1],  pgcX —[-1,00

Here, uj(x) represents the positive membership degree of x, whereas p, (x) represents its negative
membership degree.

7.2.6 Bipolar Neutrosophic Set

Bipolar Neutrosophic Sets represent positive and negative truth, indeterminacy, and falsity degrees
simultaneously for properties and their corresponding counter-properties [604/502].

Definition 7.2.6 (Bipolar Neutrosophic Set). Let X be a nonempty set. A Bipolar Neutrosophic
Set A on X is represented by

A= {(z, T4 (x), I} (x), F{ (), Ty (x),1;(x), Fy(x)) iz € X},
where

and
Ty, I, Fy:X —[-1,0].

The positive components describe truth, indeterminacy, and falsity with respect to a property, while
the negative components describe the corresponding degrees with respect to its counter-property.
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7.2.7 Bipolar Uncertain Set

Bipolar Uncertain Sets represent uncertain information from positive and negative perspectives, al-
lowing paired evaluations associated with properties and corresponding counter-properties.

Definition 7.2.7 (Bipolar Uncertain Set). Let X be a nonempty universe, and let
II= {7T+a 77—}
be two distinct poles. Let M be an uncertain model with a nonempty degree-domain

Dy

A Bipolar Uncertain Set of type M on X is a tuple
Ul\l} = (X7M7Halu‘ll_\[/[) )

where
par 2 X — Dy

is defined by

with
ppr (), i () € Doy

Here, pi,(z) and py,(z) represent the uncertainty degrees of z with respect to the positive and
negative poles, respectively.

7.2.8 Bigroup

Bigroups combine two distinct group structures into a single two-component algebraic structure, while
retaining the group properties of each component [503-507].

Definition 7.2.8 (Bigroup). [507] Let
G =G1UG,,

where

(Gl,*l) and (Gg,*g)

are two distinct groups. Then

G = (G1,%1) U (Ga, *2)
is called a Bigroup.

Example 7.2.9 (Bigroup). Let
Gi = (Za;+4),  Ga=(Zs,+3),
where +,, denotes addition modulo n. Since both G; and G5 are groups, the two-component structure
G = (Zs,+4) U (Z3, +3)

is a Bigroup.
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7.2.9 Bisemigroup

Bisemigroups combine two distinct semigroups into a two-component algebraic structure, with each
component independently satisfying associativity under its corresponding operation [507].

Definition 7.2.10 (Bisemigroup). Let
S =51USs,

where

(Sl,*l) and (SQ,*Q)

are two distinct semigroups. Then
S = (Sl, *1) U (527*2)

is called a Bisemigroup.

Example 7.2.11 (Bisemigroup). Let
Sl = (NOa +)

and
S = ({0, 1}, max).

Since addition on Ny and the maximum operation on {0, 1} are associative,
S = (No, +) U ({07 1},max)

is a Bisemigroup.

7.2.10 Biinterval

Biintervals combine two distinct intervals into a two-component interval structure, allowing two ranges
of values to be represented simultaneously [508].

Definition 7.2.12 (Biinterval). Let
I = [a1,b1] and I = [az, bo]
be two distinct intervals. The two-component interval structure
Ip=5LUI
is called a Biinterval.
Example 7.2.13 (Biinterval). Consider the two distinct intervals
I, =10,1], I, = [2,4].

Then
Ip = [07 1} U [274}

is a Biinterval consisting of the two interval components I; and I5.
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7.2.11 Biring

Birings combine two distinct rings into a two-component algebraic structure, with each component
independently satisfying the corresponding ring axioms [507].

Definition 7.2.14 (Biring). Let
R =Ry URy,

where
(Ry,+1,-1) and (R2,+2,-2)

are two distinct rings. Then
R = (Rh +1a '1) U (R27 +27 '2)

is called a Biring.
Example 7.2.15 (Biring). Let
Ry = (Z4;+4,4), Ry = (Ze, +6,6),
where the operations are taken modulo 4 and 6, respectively. Since R; and R are rings,
R = (Z4,+4,-4) U (Zg, +6,6)

is a Biring.

7.2.12 Bimodule

Bimodules are abelian groups carrying compatible left and right module actions, allowing two rings
to act simultaneously from opposite sides on the same structure consistently.

Definition 7.2.16 (Bimodule). Let R and S be rings. An (R, S)-bimodule is an abelian group M
that is simultaneously a left R-module and a right S-module such that

(rm)s = r(ms)
forallr € R, me M, and s € S.
Example 7.2.17 (Bimodule). Let
R=S5=1%Z, M =17.
Define the left and right actions by ordinary multiplication:
rem=rm, m-s=ms.

Then, for all r,m, s € Z,

(r-m)-s=(rm)s=r(ms)=r-(m-s).

Hence Z is a
(Z,Z)-bimodule.
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7.2.13 Bitopological Space

Bitopological Spaces equip one underlying set with two topologies, enabling simultaneous study of
two notions of openness, continuity, separation, and convergence on it at once [509-511].

Definition 7.2.18 (Bitopological Space). Let X be a nonempty set, and let 7y and 75 be topologies
on X. Then

(X7 T1, 7—2)
is called a Bitopological Space.
Example 7.2.19 (Bitopological Space). Let
X = {a7 b7 C}’
and define
n ={9, X, {a}},
and

7 ={9, X, {b,c}}.
Both 7 and 7 are topologies on X. Therefore,
(Xv 71, 72)

is a Bitopological Space.

7.2.14 Bilattice

Bilattices equip one set with two lattice orders, providing two independent ordering perspectives that
can represent distinct notions such as truth and information simultaneously together (cf. [512,/513]).

Definition 7.2.20 (Bilattice). A Bilattice is a structure
B = (B7 §17 §2)

such that
(B,<1) and (B, <2)

are lattices.

Example 7.2.21 (Bilattice). Let
B =1{0,1}2.

Define two partial orders by
(a,b) <1 (¢,d) <= a<candb<d,

and
(a,b) <3 (¢,d) <= a<candb>d.

Both
(B,Sl) and (B7S2)

are lattices. Hence
(B, <4,<2)

is a Bilattice.
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7.2.15 Biset

Bisets are sets equipped with compatible left and right group actions, allowing two groups to act
simultaneously while preserving the interaction between both actions consistently.

Definition 7.2.22 (Biset). Let G and H be groups. A (G, H)-biset is a set X equipped with a left
action of G and a right action of H such that

(9z)h = g(zh)
forallge G,z € X, and h € H.

Example 7.2.23 (Biset). Let
G=H=X=12Z,.

Define the left and right actions by
g-r=g+x (mod 2),

and
x-h=xz+h (mod?2).

Then
(9g-z)-h=g+z+h=g-(z-h)

Therefore X is a
(ZQ, Zg)-biset.

7.2.16 Bicategory

Bicategories generalize categories by including objects, morphisms, and morphisms between mor-
phisms, with associativity and identity laws holding coherently up to natural isomorphisms rather
than strictly (cf. [514-516]).

Definition 7.2.24 (Bicategory). A Bicategory B consists of objects A, B, ..., hom-categories
B(A, B),

composition functors
o:B(B,C) x B(A,B) — B(A, (),

and identity 1-morphisms 1,4, where associativity and identity laws hold up to coherent natural
isomorphisms satisfying the pentagon and triangle axioms.

Example 7.2.25 (Bicategory). The category

Cat

provides a standard example of a Bicategory. Its

e objects are small categories,
e 1-morphisms are functors,

e 2-morphisms are natural transformations.

Composition of functors and natural transformations gives the required bicategorical composition. In
fact, Cat is a strict 2-category and hence, in particular, a Bicategory.
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7.2.17 Bialgebra

Bialgebras combine algebra and coalgebra structures on one vector space, requiring multiplication
and comultiplication to satisfy compatibility conditions linking both structures in a coherent way
(cf. [517518]).

Definition 7.2.26 (Bialgebra). Let K be a field. A Bialgebra over K is a vector space B equipped
with an algebra structure
(B, m,n)

and a coalgebra structure
(B,Ae)

such that
A:B—-B®B and e:B—- K

are algebra homomorphisms.
Example 7.2.27 (Bialgebra). Let K be a field and consider the polynomial algebra
B = K]|x].
Define the comultiplication and counit on the generator z by
Alz)=z®1+1®x, e(x) =0,

with
A(l)=1®1, e(l) =1,

and extend A and ¢ as algebra homomorphisms. Then
(K[z],m,n, Ae)

is a Bialgebra over K.

7.2.18 Bimodule Category

Bimodule Categories are categories equipped with compatible left and right actions of two monoidal
categories, extending the bimodule concept from algebraic objects to categorical settings (cf. [519,
520]).

Definition 7.2.28 (Bimodule Category). Let C and D be monoidal categories. A (C,D)-bimodule
category is a category M equipped with actions

>:CXM— M, 4 MxD— M,
together with coherent natural isomorphisms
(cpm)<ad 2 e (m<ad).
Example 7.2.29 (Bimodule Category). Let
C =D=M = Vectg,
where Vect is the monoidal category of vector spaces over a field K. Define
VeoM=V®g M,

and
MaW =M Qg W.

The canonical associativity isomorphism
(Veor M)k W2V g (M eg W)

gives the required compatibility. Hence
Vectx

(Vect i, Vect i )-bimodule category.
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7.2.19 Bilinear Map

A Bilinear Map is a function linear in each of two arguments separately, while mapping pairs into a
vector space.

Definition 7.2.30 (Bilinear Map). Let V', W, and U be vector spaces over a field K. A map
B:VxW-—U

is called bilinear if it is linear in each argument separately.

Example 7.2.31 (Bilinear Map). Let

V=W=U=R
and define

B:RxR—R

by
B(z,y) = zy.
For any x1,x2,y € R and A € R,

B(zy + w2,y) = (v1 + 22)y = B(w1,y) + B(72,9),

and
B(A‘Thy) = )\B('rhy)

Similarly, B is linear in the second argument. Hence B(z,y) = zy is a Bilinear Map.

7.2.20 Bifunctor

A Bifunctor is a functor defined on a product of two categories, acting functorially and consistently
in both variables separately.

Definition 7.2.32 (Bifunctor). Let C, D, and £ be categories. A Bifunctor is a functor
F:CxD—¢.

Thus, F' is functorial in both variables.

Example 7.2.33 (Bifunctor). Let
Vectk

be the category of vector spaces over a field K. Define

F : Vectg x Vectx — Vectg
by

FV,IW)=V @k W.

For linear maps

f: V=V, g: W = W',
define

F(f,9)=fog: VoW —V oW

by

(f®@9)(ve@w) = f(v)®g(w).

This construction preserves identities and compositions. Therefore, the tensor product defines a
Bifunctor.
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7.2.21 Bigraded Algebra

A Bigraded Algebra decomposes into components indexed by two degrees, with multiplication sending
component pairs into their summed-degree component naturally.

Definition 7.2.34 (Bigraded Algebra). Let K be a field. A Bigraded Algebra is a K-algebra A with

a decomposition
A= @ Apyq

(p,q)EN?
such that
Ap,qAr,s g Ap+r,q+s
for all p,q,r,s € N.
Example 7.2.35 (Bigraded Algebra). Let
A =K[z,y]
be the polynomial algebra in two variables. Define

Ap.q = KaPyl, p,q € N.

Then
A= P 4.
(p,q)EN?
Moreover,
(zPy?)(z"y®) = prrrqurs € Aptrgts-
Hence

Ap,ths < AP+T’7¢Z+S’

so K]z, y] is a Bigraded Algebra.

7.2.22 Bicomplex Numbers

Bicomplex Numbers extend complex numbers using two commuting imaginary units, producing four-
dimensional hypercomplex numbers with algebraic properties and zero divisors.

Definition 7.2.36 (Bicomplex Numbers). Let ¢ and j be commuting imaginary units satisfying
i? =% =—1, ij = ji.
A Bicomplex Number is an element

2 =21+ jz, 21, 29 € C(4).

Equivalently,
z=a+bi+cj+ dij, a,b,c,d € R.

Example 7.2.37 (Bicomplex Number). Let

“=j , ij = ji.
Consider
z =1+ 2i+ 35 + 41j.
Equivalently,
z=(1+2i)+ j(3+49).
Since
142, 3+ 4i e C(i),
we have
z € C(>i) + jC(4).
Therefore,

z=1+2i+3j +4ij

is a Bicomplex Number.
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7.2.23 Bipartite Molecular Graph

A Molecular Graph represents a molecule as a graph whose vertices denote atoms and edges de-
note chemical bonds between them [521,522]. Related concepts, including Molecular HyperGraphs
[523H526], Molecular Fuzzy Graphs [527], Molecular SuperHyperGraphs [528}|529], and Chemical Su-
perHyperGraphs, have also been studied. A Bipartite Molecular Graph is a molecular graph whose
atoms can be partitioned into two disjoint classes such that every bond joins atoms from different
classes [530}/531].

Definition 7.2.38 (Bipartite Molecular Graph). Let
G=(V,E)

be a molecular graph, where V' represents the atoms and F represents the bonds of a molecule. The
graph G is called a Bipartite Molecular Graph if there exist disjoint subsets Vi, Vo C V such that

V=ViuWv,

and
Eg{{u,v}|u€V1, UEVQ}.

Thus, no edge joins two vertices belonging to the same part. Equivalently, the molecular graph
contains no odd cycle.

Example 7.2.39 (Bipartite Molecular Graph). Consider the molecular graph of water,

H; — O - H,.
Let
V = {O7H17H2}
and
FE = {{O,H1}7{O,H2}}.
Define
‘/1 = {O}a ‘/2 = {H15H2}-

Then

V=WVuvs,

and every edge joins a vertex in Vi to a vertex in V5. Therefore,
G=(V,E)

is a Bipartite Molecular Graph.

7.3 Concepts of TriStructure

This section examines the concepts of TriStructure.

7.3.1 Tripolar Fuzzy Set

Tripolar Fuzzy Sets assign positive, neutral, and negative membership degrees to each element, rep-
resenting information from three distinct perspectives simultaneously |119-122,/532].
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Definition 7.3.1 (Tripolar Fuzzy Set). Let X be a nonempty set. A Tripolar Fuzzy Set A on X is
defined by
A= {(Z‘,pA(.T),VA(.T),(SA(x)) HEES X} ’

where
pa,va:X —[0,1], 04:X — [-1,0],

and
0<pa(z)+rva(z)<1 (z € X).

Here, pa(z), va(z), and §4(z) represent the positive, neutral, and counter-property membership
degrees of x, respectively.

Example 7.3.2 (Tripolar Fuzzy Set). Let
X = {1‘1,1}2}.
Define a Tripolar Fuzzy Set A on X by

A ={(21,0.6,0.2,—0.3), (x2,0.4,0.5, —0.7)} .

Thus,

pa(z1) = 0.6, va(z) =0.2, da(z1) =—0.3,
and

pa(ze) =04, va(zg) = 0.5, da(xe) =—0.7.
Since

064+02=08<1 and 04405=09<1,

all required conditions are satisfied. Hence A is a Tripolar Fuzzy Set on X.

7.3.2 Tripolar Neutrosophic Set

Tripolar Neutrosophic Sets assign positive, neutral, and negative truth, indeterminacy, and falsity
degrees, representing uncertainty from three distinct perspectives simultaneously [183].

Definition 7.3.3 (Tripolar Neutrosophic Set). Let X be a nonempty set and let
P={+,0,—}.

A Tripolar Neutrosophic Set A on X is a mapping
74: X —[0,1)°

such that, for every xz € X,

ra(@) = (T4 @), I @), Ff 0), (T4(0), 18(2), F§ @), (Tx (), I3 (), Fi (2))),

where
Tﬁ,[ﬁ,Fg:X%[O,l], p € P.

Thus, each pole p € {+,0,—} assigns a neutrosophic triple consisting of truth, indeterminacy, and
falsity degrees.

Example 7.3.4 (Tripolar Neutrosophic Set). Let
X = {ml, J]Q}.
Define a Tripolar Neutrosophic Set A on X by

Ta(z1) = ((0.8,0.1, 0.2), (0.4,0.5,0.3), (0.2, 0.6,0.7)),
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and
Ta(z2) = ((0.670.2, 0.3),(0.5,0.4,0.2), (0.3, 0.570.8)).

For example, for x1,
(T4, 14, Ff)=(08,0.1,0.2),

(73,19, F%) = (0.4,0.5,0.3),

and
(Ty, I, Fy)=(0.2,0.6,0.7).

Since every component belongs to [0, 1], A is a Tripolar Neutrosophic Set on X.

7.3.3 Tripolar Uncertain Set

Tripolar Uncertain Sets assign uncertainty degrees to positive, neutral, and negative poles, represent-
ing each element from three distinct perspectives simultaneously.

Definition 7.3.5 (Tripolar Uncertain Set). Let X be a nonempty universe, and let
II={my,mo, 7}
be three distinct poles. Let M be an uncertain model with a nonempty degree-domain

Dyy.

A Tripolar Uncertain Set of type M on X is a tuple
U]\l} = (X7M7Halu‘ll_\[/[) )

where
ph o X — D3,
is defined by
par(x) = (i (), pis (2), (@), @ € X,
with
1y (), 1y (@), iy () € Dt

Here, the three components represent the uncertainty degrees of x with respect to the positive, neutral,
and negative poles, respectively.

7.3.4 Tripartite Graph

Tripartite Graphs partition vertices into three independent sets, with every edge connecting vertices
that belong to two distinct vertex parts [533-535].

Definition 7.3.6 (Tripartite Graph). A graph
G=(V.E)
is called a Tripartite Graph if its vertex set can be partitioned as
V=VuVuVs

such that every edge has endpoints in two distinct parts. Equivalently, each V; is an independent set.
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Example 7.3.7 (Tripartite Graph). Let
Vi= {aub}a Vo = {Cv d}v Vi = {eaf}a

and let
V=ViuVouVs.
Define
E= {{a, C}, {ave}7 {b7 d}7 {bv f}7 {C7 6}7 {d7 f}}

Since every edge joins vertices belonging to two distinct parts and no edge connects vertices within
the same V;, the graph
G = (V,E)

is a Tripartite Graph. A graphical representation of G is shown in Figure

() ) O,
Vi Vo V3

Figure 7.1: A Tripartite Graph with vertex partition V = V7 U V5o U V3.

7.3.5 Trilinear Map

Trilinear Maps are mappings of three vector variables that remain linear with respect to each argument
when the others are fixed [536}537].

Definition 7.3.8 (Trilinear Map). Let Vi, Vs, V3 and W be vector spaces over a field F. A map
T:VixVoxVy—W

is called trilinear if it is linear in each argument separately.

Example 7.3.9 (Trilinear Map). Let
Vi=Vo=Vs=W=R.

Define
T-RxRxR—R

by
T(z,y,z) = xyz.

For fixed values of any two arguments, T is linear in the remaining argument. Hence T is a Trilinear
Map.

7.3.6 Trilinear Form

Trilinear Forms are scalar-valued mappings of three vector arguments that are linear in each argument
separately over a common field.



Chapter 7. BiStructure, TriStructure, and MultiStructure

Definition 7.3.10 (Trilinear Form). Let V be a vector space over a field F. A Trilinear Form on V
is a map

T:VxVxV—F
that is linear in each of its three arguments separately.

Example 7.3.11 (Trilinear Form). Let

V =R%
For
UZ(U1,UQ), UZ(U1,U2)7 w:(whw?)a
define
T:-VxVxV-—R
by

T(u,v,w) = ugv1wy + Ugv2ws.

The map T is linear in each of its three arguments separately. Therefore, T is a Trilinear Form on
R2.

7.3.7 Tricategory

Tricategories generalize bicategories by incorporating higher morphisms, with composition, associa-
tivity, and identity laws satisfied through coherent higher-dimensional equivalences and isomorphisms
(cf. [538H543]).

Definition 7.3.12 (Tricategory). A Tricategory T consists of objects and, for every pair of objects
A, B, a hom-bicategory
T(A,B),

together with composition and identity structures whose associativity and unit laws hold up to co-
herent equivalences and higher isomorphisms.

Example 7.3.13 (Tricategory). A standard example is the strict 3-category
2Cat,

whose

e objects are strict 2-categories,
e l-morphisms are strict 2-functors,
e 2-morphisms are 2-natural transformations,

e 3-morphisms are modifications.

Since every strict 3-category is, in particular, a Tricategory,
2Cat

provides an example of a Tricategory.
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7.3.8 Trigroup

A Trigroup combines three distinct group structures into a single three-component algebraic frame-
work while preserving each individual group component (cf. [544]).

Definition 7.3.14 (Trigroup). Let
G=G1UGUG3,

where
(G1,#1), (G2, *2), (G3,%3)

are three distinct groups. Then
G = (G1,%1) U (G2, #2) U (G3,%3)
is called a Trigroup.

Example 7.3.15 (Trigroup). Consider the three cyclic groups
G1 = (L2, +2), Ga = (Z3, +3), Gs = (Zs,+s),
where +,, denotes addition modulo n. Then the three-component structure
G = (Za,+2) U (Z3,+3) U (Zs,+5)

is a Trigroup.

7.3.9 Trisemigroup

Trisemigroups are sets equipped with three associative binary operations satisfying specified compat-
ibility identities that govern interactions among the three operations (cf. [544]).

Definition 7.3.16 (Trisemigroup). A Trisemigroup is a set S equipped with three associative binary
operations
, F, L

such that, for all z,y,z € S,

x4yt z)=az4(yz),

(xdy)Fz=(zFy k2

zb(ydz)=(ztFy) 2z

x4y Lz)=ac-d(y2),

(rLlybz=(@kFyt 2
xb(yLlz)=(xky) Lz,
zl(ydz)=(x Ly)dz,
zl(yk2)=(x-dy) Lz

Example 7.3.17 (Trisemigroup). Let

and define the three binary operations by
rdy=z+y, rhy=z+y, rly=x+y.

Since ordinary addition is associative and all three operations coincide, every required mixed com-
patibility identity reduces to
r+(y+z2)=(+y) +2

Therefore,
(No, -, F, 1)

is a Trisemigroup.
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7.3.10 Trialgebra

Trialgebras are vector spaces equipped with three bilinear associative operations satisfying compati-
bility identities that collectively define a trisemigroup-like algebraic structure (cf. [545.546]).

Definition 7.3.18 (Associative Trialgebra). Let F' be a field. An Associative Trialgebra is an F-
vector space A equipped with three bilinear operations

-, F, 1:AxA— A
such that each operation is associative and the underlying set
(A,4,F, 1)
is a Trisemigroup.
Example 7.3.19 (Associative Trialgebra). Let
A=R
be regarded as a vector space over R. Define three bilinear operations by
-y =2xy, rky=uay, rly=uxy.

Each operation is bilinear and associative. Moreover, because the three operations coincide, all
Trisemigroup compatibility identities follow from

z(yz) = (zy)z.

Hence
(R,4,F, L)

is an Associative Trialgebra over R.

7.3.11 Filippov Algebra

A Filippov Algebra is a vector space with an alternating multilinear bracket satisfying the generalized
Jacobi identity known as Filippov identity [547H550].

Definition 7.3.20 (Filippov Algebra). Let K be a field and let n > 2. A Filippov Algebra, or n-Lie
Algebra, is a vector space L equipped with an alternating n-linear bracket

[,y ]: L" — L
satisfying the Filippov identity
[irlv oy Tn—1, [yla e 7yn]] = Z[ylv ey [xla e 7xn717y’i]7 U 7yn]
i=1
Example 7.3.21 (Filippov Algebra). Let
L=R*

with basis
{617 €2, €3, 64}~

Define an alternating trilinear bracket by
4
leis €5, ex] = Zf‘:ijkéela
=1

where €;;1¢ is the Levi-Civita symbol. For example,
[61,6’2,63} = €4, [61,62,64] = —e€s3.

This bracket satisfies the Filippov identity, so L is a 3-Lie Algebra, and hence a Filippov Algebra.
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7.3.12 Ternary Semigroup

A Ternary Semigroup is a nonempty set with an associative ternary operation combining three ele-
ments into another element of the set [551553].

Definition 7.3.22 (Ternary Semigroup). A Ternary Semigroup is a nonempty set S equipped with
a ternary operation
f:8 —§8
satisfying
f(f((l, b, C)’ d, e) = f<a7 f(b’ ) d)’ 6) = f(a, b, f(c7 d, e))
for all a,b,c,d,e € S.
Example 7.3.23 (Ternary Semigroup). Let
S=N
and define
f:8—8
by
fla,b,c) =a+b+c.
Then, for all a,b,c,d,e € S,
f(fla,be),dje) =a+b+c+d+e,
fla, f(b,c;d)e) =a+b+c+d+e,

and
fla,b, f(c,d,e)) =a+b+c+d+e.

Hence (N, f) is a Ternary Semigroup.

7.3.13 Ternary Group

A Ternary Group is an associative ternary system where each one-variable equation has a unique
solution when other elements are fixed [554-556].

Definition 7.3.24 (Ternary Group). A Ternary Group is a ternary semigroup (G, f) such that each
equation

f(m7a’b):c7 f(a’x7b):c’ f(a’b?x)zc
has a unique solution = € G for all a,b,c € G.

Example 7.3.25 (Ternary Group). Let

G=17
and define
f:GP— G
by
fla,b,c)=a—b+c.
Then

f(f(a,b,e),d,e) = f(a, f(b,e,d),e) = f(a,b, f(c,dye)) =a—b+c—d+e.
Moreover, each equation
f(z,a,b) = ¢, fla,z,b) = ¢, fla,b,z) =c
has a unique solution in Z. For example,
fla,z,b) =c

gives
r=a+b—c.

Therefore, (Z, f) is a Ternary Group.
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7.3.14 Ternary Algebra

A Ternary Algebra is a vector space equipped with a trilinear operation combining three elements
into another element within it [557H559].

Definition 7.3.26 (Ternary Algebra). Let K be a field. A Ternary Algebra is a vector space A over
K equipped with a trilinear operation

[,,]:AxAx A— A.

Thus, for all x,y,z € A, the product

[z,y,2] € A
is linear in each argument separately.
Example 7.3.27 (Ternary Algebra). Let
A=R
and define
[,]: A% — A
by

[z,y, 2] = zyz.

For example,
[2,3,4] = 24.

Since ordinary multiplication in R is linear in each variable when the other variables are fixed, the
operation

[2,y, 2] = zyz

is trilinear. Hence R equipped with this operation is a Ternary Algebra.

7.3.15 Ternary Ring

A Ternary Ring is an additive abelian group equipped with distributive, associative ternary multipli-
cation combining three elements into one element [560H562].

Definition 7.3.28 (Ternary Ring). A Ternary Ring is an abelian group (R, +) equipped with a
ternary multiplication
[,]:R*—R
that is distributive over addition in each argument and satisfies ternary associativity:
[[a,b,c],d,e] = [a, [b,c,d], €] = [a,b,]c,d,e]]
for all a,b,c,d,e € R.

Example 7.3.29 (Ternary Ring). Let
R=7Z

with the usual addition, and define the ternary multiplication by
[a,b,c] = abc.
It is distributive in each argument. Moreover,
[[a,b,c],d,e] = (abc)de = abede,
[a, [b, ¢, d], e] = a(bed)e = abede,

and
[a, b, [c,d, e]] = ab(cde) = abede.

Thus,
[[a,b,c],d,e] = [a, [b,c,d], €] = [a,b,][c,d,€]].

Therefore, (Z,+, [, -,-]) is a Ternary Ring.
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7.4 Concepts of MultiStructure

This section examines the concepts of MultiStructure.

7.4.1 Multimatrix

Multimatrices combine multiple matrices into one formal structure, preserving each component while
allowing unified representation and analysis of matrix systems.

Definition 7.4.1 (Multimatrix). Let
Ay, As, . Ay, n>2,

be matrices. A Multimatriz is the formal n-component matrix structure
Ay =A1UAU---UA,,

where U denotes the formal combination of the component matrices. If all A; are m X p matrices,
then A, is called an m X p rectangular multimatriz.

Example 7.4.2 (Multimatrix). Consider the three matrices
1 0 2 1 0 1
Sl R e B

Ay = A1 U Ay U Ag

Then

is a Multimatrix. Since all three component matrices are 2 x 2, A,y is a 2 X 2 rectangular Multimatrix.

7.4.2 MultiVector Space

MultiVector Spaces combine multiple vector spaces over the same field into a unified structure con-
sisting of several distinct vector-space components.

Definition 7.4.3 (MultiVector Space). Let
V=WnuWhu---UV,, n >3,

where each V; is a vector space over the same field F'. Then V is called a MultiVector Space, or an
n-Vector Space, over F.

Example 7.4.4 (MultiVector Space). Let
Vi=R, Va=R%  V3=R3
each regarded as a vector space over the field R. Then the formal three-component structure
V=VuhuV;=RUR?*UR?

is a MultiVector Space over R.
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7.4.3 Multilnterval

Multilntervals combine multiple interval components into a single finite structure while preserving
each interval as a distinguishable constituent of the representation.

Definition 7.4.5 (Multilnterval). Let
Ii,Is, ..., 1, n>2,

be intervals. A Multilnterval is a finite collection of these interval components, represented by
I=hLUlLU:---Ul,.

When the interval components are required to remain distinguishable, Z is regarded as an n-component
interval structure.

Example 7.4.6 (Multilnterval). Consider the four intervals
L=1001], L=[24, Iz=[57, I=[810.
Then
I=hLUILLUI3UIl,

is a four-component Multilnterval, where the individual interval components are retained as distin-
guishable parts of the structure.

7.4.4 Multipartite Graph

A Multipartite Graph partitions its vertices into multiple disjoint sets, with edges allowed only be-
tween vertices belonging to different parts [563H566].

Definition 7.4.7 (Multipartite Graph). Let
G=(V,B)

be a graph. Then G is called a k-partite graph if its vertex set can be partitioned into k pairwise
disjoint sets
V=VuWu. - UV, VinVy =2 (i#3j),

such that no two vertices belonging to the same part V; are adjacent. Equivalently, every edge of G
has its endpoints in two distinct parts.

Example 7.4.8 (Multipartite Graph). Let

Vi= {aab}v Vo = {C,d}, V3 = {6}, Vi = {f7g}a
and set
V=ViuValVaUV;.

Define
E= {{a,c}7 {a7 e}v {b» f}» {C’ 6}7 {d7 g}v {67 f}}

Every edge has endpoints belonging to distinct parts, and no two vertices within the same V; are
adjacent. Therefore,
G = (V.E)

is a 4-partite graph. A graphical representation of G is shown in Figure
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Figure 7.2: A 4-partite graph with vertex partition V = V; U Vo U V3 U Vy.

7.4.5 MultiGraph

MultiGraphs allow multiple edges, and possibly loops, between vertices by assigning a nonnegative
integer multiplicity to each unordered vertex pair [407].

Definition 7.4.9 (MultiGraph). Let V be a finite set, and let

(2),

denote the set of unordered pairs of vertices with repetition allowed. A MultiGraph is a pair

G=(V,pn),

|4
(1),

assigns to each pair {u,v} its edge multiplicity. Thus, multiple edges and loops are allowed.

where

Example 7.4.10 (MultiGraph). Let
V = {u,v,w}.

Define the edge multiplicity function by
p({u,v}) =3, p({v,w}) =2, p({u,u}) =1,

and
p({u,w}) = p({v,v}) = p{w,w}) = 0.

Thus, there are three parallel edges between v and v, two parallel edges between v and w, and one
loop at u. Hence

G=(V,n)
is a MultiGraph. A graphical representation of G is shown in Figure[7.3

(o ()

Figure 7.3: A MultiGraph with three parallel edges between u and v, two parallel edges between v
and w, and one loop at u.

7.4.6 Iterated MultiGraph

Iterated MultiGraphs generalize multigraphs by using iterated multisets as vertices while retaining
edge multiplicities between pairs of such vertices [407].
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Definition 7.4.11 (Tterated MultiGraph). Let X be a nonempty set, and let M(X) denote the set
of all finite multisets over X. Define recursively

MU(X)=X, M'"THX)=M(M"(X)).
An lterated MultiGraph of order n is a MultiGraph
G = (™ L),

where
v C M (X)

V()
N(n)5< 9 > — Np

assigns an edge multiplicity to each unordered pair of vertices. Thus, the vertices are n-fold iterated
multisets over X.

is a finite vertex set and

Example 7.4.12 (Iterated MultiGraph). Let
X ={a,b}

and consider the multisets
My = {{a,a}}, Mz = {{a,b}}

in M(X). Define
U = {M;, M>}}, W = {{Ma, Ma}},

so that

UW e M*(X).
Let

vE® = {u,w},
and define

Wuwh =2 WPuuh =1 PW W} =0.

Thus, there are two parallel edges between U and W, one loop at U, and no loop at W. Hence
a® — (V(2)7u(2))

is an Iterated MultiGraph of order 2. A graphical representation is shown in Figure [7.4

(=)

U={M, M}y W ={{M, M}

Figure 7.4: An Iterated MultiGraph of order 2, where the vertices U, W € M?(X) are second-order
multisets, with two parallel edges between U and W and one loop at U.
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7.4.7 Multipolar Fuzzy Set

Multipolar Fuzzy Sets represent each element through multiple membership degrees, allowing several
distinct poles or perspectives to be modeled simultaneously [567H569].

Definition 7.4.13 (Multipolar Fuzzy Set). Let X be a nonempty set and let m > 2. A Multipolar
Fuzzy Set A on X is defined by a mapping

wa: X — [0,1]™,

where a - )
pale) = (1) @), 1P @), 1y (@)
Each component

p X —[01,  1<j<m,
represents the membership degree of & with respect to the j-th pole.
Example 7.4.14 (Multipolar Fuzzy Set). Let

X ={x1, 22}
and let m = 3. Define
pa(zr) = (0.8,0.4,0.2), pwa(ze) = (0.3,0.7,0.6).

Equivalently,

pa: X — 0,1
Thus, z; has membership degrees 0.8, 0.4, and 0.2 with respect to the three poles, while x5 has
membership degrees 0.3, 0.7, and 0.6. Hence A is a 3-polar Fuzzy Set on X.

7.4.8 Multipolar Neutrosophic Set

Multipolar Neutrosophic Sets assign multiple truth, indeterminacy, and falsity triples to each element,
representing uncertainty from several distinct poles simultaneously [570H573].

Definition 7.4.15 (Multipolar Neutrosophic Set). Let X be a nonempty set and let m > 2. A
Multipolar Neutrosophic Set A on X assigns to each z € X an m-tuple of neutrosophic values

Ax) = (T (@), 1 (@), F (@), .. (T (@), I (@), F™ (),

where ' _ .
TIE‘J)7IX)’F[E{):X—>[O71L 1§]§m

For each pole j, the values ngj ) (z), I,(4j) (z), and F,E;j ) (z) represent the truth, indeterminacy, and falsity
degrees of x, respectively.

Example 7.4.16 (Multipolar Neutrosophic Set). Let
X ={z1,22}
and let m = 3. Define
Alzy) = ((0.8, 0.1,0.2), (0.5,0.3,0.4), (0.2, 0.6, 0.7)),

and
A(zs) = ((0.6, 0.2,0.3), (0.4,0.5,0.2), (0.7,0.1, 0.4)).
For example, the three neutrosophic values associated with x; are

(T4, 1, ) = (08,01,02),
(T, 1Y) FiY) = (05,0.3,04),

and
(T, 1, Fi) = (02,0.6,0.7).

Since every truth, indeterminacy, and falsity component belongs to [0, 1], A is a 3-polar Neutrosophic
Set on X.
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7.4.9 Multipolar Uncertain Set

An m-Polar Uncertain Set assigns to each element one admissible uncertainty degree for each of m
distinct poles.

Definition 7.4.17 (m-Polar Uncertain Set). Let X be a nonempty universe, let
m>1,

and let
II={m,m2y...,Tm}

be a set of m distinct poles. Let M be an uncertain model with a nonempty degree-domain

Dy C[0,1)°, s> 1.

An m-Polar Uncertain Set of type M on X is a tuple
Ut = (X, ML, iy )
where
Pl o X — D

is the m-polar uncertainty-degree function.

For every z € X,
phr (@) = (uara (@), par2()s - - g (@),
where
par(x) € D, r=1,...,m.

Here, s, (x) represents the uncertainty degree of & with respect to the r-th pole m,.

7.4.10 Iterated Multipolar Fuzzy Set (Proposed in this book)

Tterated Multipolar Fuzzy Sets recursively assign multipolar fuzzy values at successive levels, creating
hierarchical membership structures with multiple poles at each depth.

Definition 7.4.18 (Iterated Multipolar Fuzzy Set). Let X be a nonempty set and let m > 2. Define
recursively

DY =[o,1, D= (D))", nxo0.

An [lterated m-Polar Fuzzy Set of depth n on X is a mapping

p™ s X — D,

Equivalently, for n > 1,
" (@) = (du(@), da(@), .. dim (),

where
d;(z) € D{n=Y), j=1,...,m.

Thus, each pole at depth n contains an m-polar fuzzy value of depth n — 1.

Remark 7.4.19. For n =1,
Dr(i) - [03 1]m7

so an Iterated m-Polar Fuzzy Set reduces to an ordinary m-Polar Fuzzy Set.
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7.4.11 Multiset

Multisets generalize ordinary sets by assigning each element a nonnegative integer multiplicity, thereby
allowing repeated occurrences while retaining a precise mathematical representation of general col-
lections.

Definition 7.4.20 (Multiset). Let X be a set. A Multiset M over X is specified by a multiplicity
function
my X — No,

where mjs(z) denotes the number of occurrences of = in M.

Example 7.4.21 (Multiset). Let
X ={a,b, c}.

Define the multiplicity function
ma : X — NO

by
mp(a) = 3, mp(b) = 2, mp(c) = 1.

Then the corresponding Multiset can be written as

M = {a,a,a,b,b,c}}.

Thus, a, b, and ¢ occur with multiplicities 3, 2, and 1, respectively.

7.4.12 Multihypergraph

Multihypergraphs extend hypergraphs by allowing repeated hyperedges and, in some formulations,
repeated vertices within hyperedges, thereby representing higher order relations with multiplicity
information explicitly included [574,/575|.

Definition 7.4.22 (Multihypergraph). [575] Let V be a finite set and let M(V') denote the family
of finite multisets over V.. A Multihypergraph is a pair

H=(V,£),

where £ is a multiset of elements of M(V'). Thus, vertices may occur repeatedly within a hyperedge,
and hyperedges may also have multiplicities.

Example 7.4.23 (Multihypergraph). Let
V ={a,b,c}.
Consider the multihyperedges
e1 ={a,a,0}},  ea ={{bc}}

Define the multiset of hyperedges by
E={{e1,e1,e2}}.

Thus, the hyperedge e; appears twice, while e appears once. Hence
H= (V&)

is a Multihypergraph. In particular, the vertex a occurs twice in ey, and the hyperedge e; itself has
multiplicity 2. A graphical representation is shown in Figure
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6(11) = {a,a,b}} e2 = {{b,c}}

2
6(1 )= {{a7a7 b}}
In each copy of e1, vertex a has multiplicity 2.

Figure 7.5: A Multihypergraph with multihyperedges &€ = {{e1, e1, e2}}, where e; = {{a, a, b}} appears
twice and es = {{b, c}} appears once.

7.4.13 Multilayer Network

Multilayer Networks represent entities across multiple layers, allowing connections within and between
layers and supporting analysis of systems with several interacting relational dimensions simultaneously
together [576H578].

Definition 7.4.24 (Multilayer Network). Let V be a set of entities and let
Li,..., Ly
be sets of elementary layers. A Multilayer Network is a structure
M = (Vy,En, V,{L1,...,Laq}),

where
Vi CV XLy x---X L4

is the set of node-layer tuples and
En CVy x Vi

is the set of edges between them.
Example 7.4.25 (Multilayer Network). Let
V = {a,b}, L; = {online, offline}.
Define the node-layer set
Vir = {(a, online), (b, online), (a, offline), (b, offline)}.

Let
En = {((a,online), (b, online)), ((a, offline), (b, offline) ), ((a, online), (a, offline)) } .

Then
M = (Va, En, V, {L1})

is a Multilayer Network containing both intralayer and interlayer connections.

7.4.14 Multiplex Network

Multiplex Networks represent the same set of nodes across multiple layers, where each layer captures
a distinct type of relation among those nodes simultaneously separately [579H582].
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Definition 7.4.26 (Multiplex Network). Let V' be a common node set and let L be a set of layers.
A Multiplex Network is a structure
M = (V.{Ei}er),

e ()

is the edge set associated with layer ¢. Thus, the same nodes may have different relations in different
layers.

Example 7.4.27 (Multiplex Network). Let
V ={a,b,c}

where

and let
L= {61562}7

where £; represents friendship and ¢ represents professional collaboration. Define

E, = {{CL, b}7 {b7 C}}>
and
Efz = {{CL,C}, {b7 C}}

Then
M = (‘/7 {E&?Efz})

is a Multiplex Network in which the same node set participates in two different relational layers.

7.4.15 Multisorted Algebra

Multisorted Algebras use multiple carrier sets, called sorts, with operations whose input and output
types are explicitly specified across different sorts within one algebraic system [5831[584].

Definition 7.4.28 (Multisorted Algebra). Let S be a set of sorts. A Multisorted Algebra consists of
a family of carrier sets

{As}ses
together with operations of the form
fiAs X xAs, — Ay,
where
S1y.-+,8n,t €S.

Thus, each operation has specified input and output sorts.

Example 7.4.29 (Multisorted Algebra). Let the set of sorts be
S = {Nat, Bool},

with carrier sets
Anat = No, Apool = {0, 1}.

Consider the operations
+: ANat X ANat — ANat,

and
isZero : Anat — ABool,
where
1 pr—
isZero(n) =< n=0,
0, n#0.
Then

A = ({ANat, ABool }, +, isZero)
is a Multisorted Algebra with two distinct sorts.
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7.4.16 Multilinear Map

A Multilinear Map is a function linear in each argument separately while allowing multiple vector-
space inputs and one output simultaneously (cf. |585H587]).

Definition 7.4.30 (Multilinear Map). Let Vi,...,V,, and W be vector spaces over a field K. A map
fVix- o xV, —W

is called multilinear if it is linear in each argument separately.
Example 7.4.31 (Multilinear Map). Let
Vi=V,=R*>,  W=R
Define
f:VixVoa—R

by
F((z1,22), (Y1, 92)) = T1y1 + T2y2-

For example,
f((1,2),(3,4))=1-3+2-4=11.

Since f is linear in each argument separately, it is a Multilinear Map.

7.4.17 Multilinear Form

A Multilinear Form is a multilinear map from several vector arguments into the underlying scalar
field of the vector space.

Definition 7.4.32 (Multilinear Form). Let V' be a vector space over a field K. An n-linear form is
a multilinear map

p: V' — K

Example 7.4.33 (Multilinear Form). Let

V=R3
and define
p: V3 —R
by
(2, Y, 2) = T1Y223.
For
xr = (1,2,3)7 Y= (2,4, 1), z = (3, 1,5)7

we obtain

olx,y,z) =1-4-5=20.

Since ¢ is linear in each argument, it is a Multilinear Form.
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7.4.18 Tensor

A Tensor is an element of a tensor product space representing multilinear relationships among vectors,
covectors, or other tensorial components.

Definition 7.4.34 (Tensor). Let Vi,...,V,, be vector spaces over a field K. A tensor is an element
TeVI®k: @k Va.

A tensor of the form
fUl ® e ® Un

is called a simple or decomposable tensor.

Example 7.4.35 (Tensor). Let
V=W =R?

with standard basis
€1 = (1,0), €y = (0, 1).

Then
T=eQe€eVeRW

is a simple tensor. Thus, T' is a Tensor in

R? @ R2.

7.4.19 Tensor Algebra

A Tensor Algebra combines tensor powers of a vector space into a graded algebra under multiplication
induced by tensor products (cf. [588]).

Definition 7.4.36 (Tensor Algebra). Let V' be a vector space over a field K. The Tensor Algebra of
Vis

(V) =Ever,
n=0
where
Ve =K.
Multiplication is induced by the tensor product

VP « y®a __y y@(pta)

Example 7.4.37 (Tensor Algebra). Let
V =Re

be a one-dimensional real vector space. Its tensor algebra is
TV)=ReVoV2gev®g...

For example,
e-(e@e)=exemec V.

Hence T'(V) is a Tensor Algebra.
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7.4.20 Multigraded Algebra

A Multigraded Algebra decomposes into components indexed by multiple degrees, with multiplication
sending homogeneous components into components of summed degree (cf. [589,590]).

Definition 7.4.38 (Multigraded Algebra). Let K be a field and let » > 1. A Multigraded Algebra is
a K-algebra A admitting a decomposition

A:@Aa

aENT
such that
AaAp C Aatp
for all o, 8 € N".
Example 7.4.39 (Multigraded Algebra). Let
A =Kz, y].
Define
Apq = KaPy?, (p,q) € N°.
Then
A= P A,

(p,q)EN?

Moreover,

(xpr)(xrys) — mp+ryq+s c Ap+r,q+s-

Therefore, K[z, y] is a Multigraded Algebra.

7.4.21 Multicategory

A Multicategory generalizes a category by allowing morphisms with multiple input objects and one
output object, together with associative composition (cf. [591-593]).

Definition 7.4.40 (Multicategory). A Multicategory C consists of a class of objects and, for objects
X1,...,X,, Y, sets of multimorphisms

C(X1,...,Xn;Y),
together with identity multimorphisms and associative, unital composition of multimorphisms.

Example 7.4.41 (Multicategory). Let the objects be vector spaces over a field K, and define
CVi,..., Vs W)
to be the set of all multilinear maps
Vix--xV, — W

For example, the map
f:RXR—}Ra f(x,y):xy,

is a multimorphism

f € C(R,R;R).

Composition of multilinear maps gives the required multicategory composition. Hence this forms a
Multicategory.
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7.4.22 n-ary Semigroup

An n-ary Semigroup is a nonempty set with an associative operation combining n elements into one
element of the set [594H597].

Definition 7.4.42 (n-ary Semigroup). Let n > 2. An n-ary Semigroup is a nonempty set S equipped
with an n-ary operation

f:8"—S

satisfying generalized associativity; namely, for all x1,...,22,—1 € Sand 1 <i,j <mn,
flxy, o micn, f(@is o Titn—1), Tiny - -+ T2n—1)
= f(l‘l, . ,Z‘j_l, f(l‘j, e 7xj+n—1)axj+n7 . 7$2n—1)-
Example 7.4.43 (n-ary Semigroup). Let
S=N

and define

f:8"—S
by

flxr, ... zpn) =21+ + Xy,
Any nesting of f on
L1y, Top_1
gives
T1+ X2+ + Top—1-

Therefore, f satisfies generalized associativity, and

(N, f)

is an n-ary Semigroup.

7.4.23 n-ary Group

An n-ary Group is an associative n-ary system where equations are uniquely solvable in any argument
when others are fixed [598-600].

Definition 7.4.44 (n-ary Group). An n-ary Group is an n-ary semigroup (G, f) such that, for every
1€ {1,...,n}, the equation
f(al, ey Qi—1, x,ai+1, e ,an) = b

has a unique solution z € G for arbitrary

a17'"aai—laai+1a"'7an7b €G.
Example 7.4.45 (n-ary Group). Let

G=7
and define
flxr, ... zn) =21+ + Xy,

This operation is n-ary associative. Moreover, the equation

flar,...;ai—1,2,ai41,...,a,) = b
has the unique solution
r=0b-— Z aj.
J#i
Hence
(Z, f)

is an n-ary Group.
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7.4.24 TIterated Multiary Semigroup (Proposed in this book)

An Tterated Multiary Semigroup recursively composes an n-ary associative operation, producing
higher-arity associative operations on the same underlying set systematically.

Definition 7.4.46 (Iterated Multiary Semigroup). Let (S, f) be an n-ary semigroup, where
f:8"— 8, n > 2.

Define recursively
M=,

and, for r > 1,

f[H_H (1’17 e ax(r+1)(n71)+1) =f (f[r] (T1,... 7xr(n71)+1)a Tr(n—1)42--- 7x(r+1)(n71)+1) .

Then
f[r] :Sr(n—1)+1 -9

is called the r-th iterated multiary operation. The structure
So) — (5’ {fm}@)
is called an [terated Multiary Semigroup.
Example 7.4.47 (Iterated Multiary Semigroup). Let
S=N
and let

flze,...,zy) = ZCBZ
i=1

Then its r-th iterated operation is

r(n—1)+1
f[r](xla"wxr(n—l)-&-l) = Z Z;.
i=1
For example,
f[21($17 e Top—1) =X A T

Thus,
(N A7)

is an Iterated Multiary Semigroup.

7.4.25 Iterated Multiary Group (Proposed in this book)

An Iterated Multiary Group recursively composes an n-ary group operation, preserving unique solv-
ability while generating higher-arity group operations systematically consistently.

Definition 7.4.48 (Iterated Multiary Group). Let (G, f) be an n-ary group. For each r > 1, define
the iterated operation
f[7] . GT'(n—1)+1 -G

recursively by
M=

and

Fr @y e ) = (fm (@15 Tr(n—1)41), Tr(n—1)425 - - - ’x<r+1><"—1>+1> :
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If every equation
f[r](al, ey Q1 Ty A1y e ey Q) = b, m=r(n—1)+1,

has a unique solution x € G in each argument position, then

g«m)Z:(Gg{fh@TZI)
is called an Iterated Multiary Group.
Example 7.4.49 (Iterated Multiary Group). Let
G=2Z

with the n-ary operation
flxy,...,xpn) =214+ -+ xp.

For every r > 1,
ey, em) =2+ + T, m=r(n—1)+1.

The equation

f[r](al, ey Q1 Ty Qg1 e ey Q) = b
has the unique solution
xr=>b- Z aj.
J#i

Hence

(Zv {f[r]}r21)

is an Iterated Multiary Group.

7.4.26 S-MultiSpace

An S-Multispace combines multiple mathematical spaces, possibly carrying different structures, into
one framework while preserving the individual nature of its component spaces and associated opera-
tions [601H6041604H606].

Definition 7.4.50 (S-Multispace). Let
(Xi,Si), izly"'an7 n227

be mathematical spaces, where S; denotes the structure defined on X;. An S-Multispace is the
structure

M:Om@y

i=1

X:O&
=1

Thus, an S-Multispace combines several spaces, possibly equipped with different mathematical struc-
tures, within a single framework.

Example 7.4.51 (S-Multispace). Let

whose underlying space is

(X1,81) = (R, Tsta)
be the real line with its usual topology, and let
(X2,82) = (Z,+)
be the additive group of integers. Then
M= (R, 75ta) U (Z,+)

is an S-Multispace combining a topological space and a group structure.
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7.4.27 S-MultiHyperSpace (Proposed in this book)

An S-MultiHyperSpace combines multiple hyper-structured spaces whose elements are nonempty
subsets of underlying spaces, preserving distinct component structures within one unified multi-space
framework and interaction.

Definition 7.4.52 (S-MultiHyperSpace). Let
(X, Si), i=1,...,n, n>2,
be mathematical spaces. For each 7, let
Hi € P(Xi) \ {2}

be a nonempty family of subsets of X;, equipped with a structure S¥ induced or defined on H;. An
S-MultiHyperSpace is the structure

n

My =i, ).

i=1
Thus, each component of an S-MultiHyperSpace consists of hyper-elements represented by nonempty
subsets of an underlying space.

Example 7.4.53 (S-MultiHyperSpace). Let
Xy = {avb}7 Xo = {172a3}a
and define
Hl = {{a}v {CL, b}}a
Ho = {{la 2}a {27 3}}
Equip both families with the inclusion relation C. Then
My = (H1,C) U (He, C)

is an S-MultiHyperSpace whose elements are nonempty subsets of the underlying spaces.

7.4.28 S-MultiSuperHyperSpace (Proposed in this book)

An S-MultiSuperHyperSpace combines multiple recursively nested superhyper spaces, allowing higher-
order collections of underlying elements while preserving distinct component structures within a uni-
fied multi-space framework hierarchically.

Definition 7.4.54 (S-MultiSuperHyperSpace). Let
(X, Si), i=1,...,n, n>2,
be mathematical spaces, and define recursively
PYX:) =P(X:), P THX) =P(P(Xy)).
For an integer r > 2, let
SH{" € P"(X))

be a nonempty family equipped with a corresponding structure SP#. An S-MultiSuper HyperSpace of

level r is
n

M= (SHET),SZSH) .
i=1
Thus, its components may consist of recursively nested collections of elements of the underlying
spaces.
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Example 7.4.55 (S-MultiSuperHyperSpace). Let
X1 ={a,b}, Xo = {1,2}.

For level r = 2, define
SHP = {{{a},{a,b}}} C P2(X)),

and

SHy = {{{1}.{1,2}}} € P*(x).
Equip the components with the inclusion structure. Then
MS) = (SHP ) u (SHSY, <)

is an S-MultiSuperHyperSpace of level 2.

7.4.29 S-Iterated Multispace (Proposed in this book)

An S-Tterated Multispace recursively combines S-Multispaces from preceding levels, producing hierar-
chical spaces whose components may themselves consist of multiple structured mathematical spaces
at deeper levels.

Definition 7.4.56 (S-Tterated Multispace). Let &(©) be a nonempty class of mathematical spaces.
Define recursively, for r > 0,

&t = {Lnj X;

i=1

n>2, XieG(”}.

An element
M e s, r>1,

is called an S-Iterated Multispace of level r.

Thus, each level recursively combines several multispaces constructed at the preceding level.
Example 7.4.57 (S-Iterated Multispace). Let the level-0 spaces be
X = (R, +), Xy = (R, Tta),
Xy = (Z,+), Xy = (Z,<).
Define two level-1 S-Multispaces by
M =X U Ay, My = X3 U Xy

Then
M®P = My UM,

is an S-Iterated Multispace of level 2.

7.4.30 Euclidean Multispace (Proposed in this book)

A Euclidean Multispace combines several Euclidean spaces, possibly of different dimensions, within
one framework while preserving their individual Euclidean structures.
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Definition 7.4.58 (Euclidean Multispace). Let
R™ i=1,....m, m?>2,

be Euclidean spaces, possibly of different dimensions. A Fuclidean Multispace is the union

i=1

where each component R"¢ is equipped with its standard Euclidean metric

i 1/2
di(z,y) = (Z(xk - yk)2> -

k=1

Thus, a Euclidean Multispace combines several Euclidean spaces within a single multi-space frame-
work.

Example 7.4.59 (Euclidean Multispace). Consider
E=R*UR’.

On R?, use

di(z,y) =/ (z1 — 1) + (w2 — 12)?,

and on R3, use

da(x,y) = /(z1 — 1) + (w2 — y2)% + (23 — y3)2.

Thus,
E = (R? dy) U (R?, dy)

is a Euclidean Multispace.

7.4.31 Baire Multispace (Proposed in this book)

A Baire Multispace combines multiple Baire spaces within one framework, while each component
preserves the Baire property under its topology.

Definition 7.4.60 (Baire Multispace). Let
(X5, m), i=1,....,m, m>2,

be Baire spaces. A Baire Multispace is the multi-space

m

B = U(Xi,Ti),

i=1

where each component (X;,7;) is a Baire space; that is, every countable intersection of open dense
subsets of X is dense in Xj;.

Example 7.4.61 (Baire Multispace). Consider
B = (Ra Tstd) U (R27 Tstd)-

Both
R and R?

with their usual topologies are complete metrizable spaces and hence Baire spaces. Therefore, B is a
Baire Multispace.
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7.4.32 Multi-Metric Space

A Multi-Metric Space combines several metric spaces, each carrying its own metric, within one unified
framework for representing distance structures.

Definition 7.4.62 (Multi-Metric Space). Let

M:OMi, m > 2,

=1

where each
(M i Pi )

is a metric space. Then

(M, p;)

S~
I
s

©
I
-

is called a Multi-Metric Space.
Example 7.4.63 (Multi-Metric Space). Let
M, =R, M, = R?,

with metrics
pr(z,y) = |z —yl

and

pa(2,y) = V(21 — 11)? + (22 — 2)?,
respectively. Then s
M = (My, p1) U (Ma, p2)

is a Multi-Metric Space.

7.4.33 MultiGroup

A MultiGroup combines several group structures together with specified compatibility relations be-
tween their operations (cf. [607]).

Definition 7.4.64 (MultiGroup). Let
G ={(Gi,0:) | 1 <i<n}, n>2,
be a family of groups, and let
DC{(i,j)[1<4,j<n, i#j}

be a set of ordered pairs specifying which operations are required to satisfy cross-distributive laws.

The family G is called a MultiGroup if, for every (i,j) € D,
zoi (yojz) = (w0iy) o (v o z)

and
(yojz)o;x=(yo;x)oj (20 )

whenever all the expressions involved are defined.

Thus, the ordered pair (4, j) € D means that the operation o, distributes over the operation o;.
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Example 7.4.65 (MultiGroup). Consider the field

Fy = {0,1,2).
Let

G = (]F3, +)

be its additive group and
Gy = (ng ')v Fg = {172}7

be its multiplicative group.

Take
g - {G17 GQ}

and specify the compatibility direction
D= {(27 1)}’

meaning that multiplication is required to distribute over addition whenever all the expressions in-
volved are defined.

In particular, for
z,y,z € F

such that
y+zeF3,

the distributive laws inherited from the field F3 give
z-(y+z)=z-y+x-z

and
(y+2) z=y-xz+z- .

For example, take
Since

14+1=2¢€Fy,

all the relevant expressions are defined, and

2.(141)=2-2=4=1 (mod 3),

while
2:-142-1=242=4=1 (mod 3).
Similarly,
(141):2=2-2=1 (mod 3),
and
1:24+41-2=2+2=1 (mod 3).
Hence

G ={(Fs,+), (F3,)}

provides a simple example of a MultiGroup with multiplication distributing over addition whenever
the cross-operations are defined.
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7.4.34 Multi-Ring

A Multi-Ring combines several ring structures together with compatible associativity and distribu-
tivity conditions between their labeled operations (cf. [608]).

Definition 7.4.66 (Multi-Ring). Let
R={(Ri,+i,>xi)|1<i<m}, m2>2,

be a family of rings.

The family R is called a Multi-Ring if, for distinct indices ¢ and j, the cross-operations satisfy
(x+iy) +jz=a+i(y+; 2),

(x x;y) xj 2= X; (y X; 2),
together with the left and right distributive laws
z X (y+52) = (X y) +5 (x X5 2),
and
(y 45 2) Xz = (y Xi ) +; (2 X x),
whenever all the expressions involved are defined.

Example 7.4.67 (Multi-Ring). Let
Rl = R2 = Za

and consider two labeled copies of the ordinary ring structure:
+1=+2=+, X1 = Xg =
Then
(Ri,+1,%1)  and  (Rg,+2, X2)

are rings.

Since the labeled operations coincide with ordinary addition and multiplication on Z, the cross-
associativity identities become

(z+y)+z=2+(y+2),

and
(zy)z = x(y2).
Likewise, the cross-distributive identities become
x(y+z2)=zy+zz
and
(y+ 2)x = yx + za.

All these identities hold for every
x,Y, 2 € 7.

Therefore,
R = {(Zv"i'l’ X1), <Z7+27 X?)}

is a simple labeled example of a Multi-Ring.
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7.4.35 n-Ary Algebra

An n-ary algebra generalizes an ordinary binary algebra by replacing the binary product with an
n-linear operation satisfying generalized associativity [609H611].

Definition 7.4.68 (n-Ary Algebra). Let k be a commutative ring and let A be a k-module. For an
integer n > 2, an n-ary algebra is a pair

(A, p),
where
A" — A

is an n-linear operation satisfying

u(u(xl, ce s Tn), Ty e - ,szn—1)

- ﬂ(xlv /J'(:E27 ey xn+1)a Tn+425 - 7x2n71)

== /1‘(3317 s 7xn717ﬂ<33na s 75(;277,71))
for all

XT1y...,Top—1 € A.

This condition is called n-ary associativity. For n = 2, the definition reduces to that of an ordinary
associative algebra.

Example 7.4.69 (3-Ary Algebra). Let

A=R
and define
prAd— A
by
(g, z) = wyz.

The map g is trilinear. Moreover, for all z1,...,z5 € R,
p(p(wy, w2, 3), T4, T5) = T1T2T3T4Ts,
p(wy, (T2, 23, T4), 5) = T1T203T475,

and
(w1, T2, u(23, T4, T5)) = T1T2T3T4T5.

Hence

(R, p)

is a 3-ary algebra.

7.4.36 n-Ary Hypergroup

An n-ary hypergroup generalizes an ordinary hypergroup by replacing the binary hyperoperation with
an n-ary set-valued operation satisfying generalized associativity and solvability in every argument
[612615].

Definition 7.4.70 (n-Ary Hypergroup). [612,/613] Let H # @ and let
f:H" — P*(H)
be an n-ary hyperoperation, where

P(H) =P(H)\ {2}
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The pair (H, f) is called an n-ary hypergroup if the following conditions hold.

First, f is associative; that is, for every

T1,...,Ton_1 € H

and every i,j € {1,...,n},

f(*/'rlv‘"7xi717f(xi7"°7-’I’.i+n71)7$i+n7'°'7x2n71)

= f(a?l,...,.’l,‘jfl,f(l'j,...,Ij+n,1>7{1}j+n,...756’2”,1).
Second, for every i € {1,...,n} and every

al,...,ai_l,ai+1,...,a7L,b€H,
there exists x; € H such that
be f(al,...,ai_l,xi,ai+1,...,a,L).

Thus, every position of the n-ary hyperoperation is solvable with respect to any prescribed output
element.

For nonempty subsets Ay,..., A, C H, extend f by

f(Ala--~7An): U f(a1,...,an).

a; €A;
Example 7.4.71 (3-Ary Hypergroup). Let
H=173= {03152}

and define
f:H> — P*(H)

by
flz,y,2) ={(x+y+2) mod 3 }.

For example,
f(1,2,2) = {2}.
Since addition modulo 3 is associative,
f(f(z1,22,73), 24, 25) = f(21, f(22, 3, 24),75) = (21,22, f(23,74,75)).
Furthermore, each argument is solvable. For instance, given a, b, c € Zs, the equation

c€ f(a,z,b)

has the solution
r=c—a—>b (mod 3).
Therefore,

(H, f)
is a 3-ary hypergroup.
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7.4.37 n-ary Fuzzy Relation

An n-ary fuzzy relation assigns each tuple from a Cartesian product a membership degree in [0, 1],
representing graded relational strength among n components simultaneously [616}/617].

Definition 7.4.72 (n-ary Fuzzy Relation). Let X7i,...,X, be nonempty sets. An n-ary Fuzzy
Relation is a fuzzy subset of
X1 X X Xn7

represented by a membership function

R: Xy x--xX, —]0,1].
For each (x1,...,x,), the value

R(z1,...,25)
denotes the degree to which the tuple satisfies the relation.
Example 7.4.73 (3-ary Fuzzy Relation). Let
X; =X, =X5=[0,1].

Define

R2X1XX2XX3—>[071]

by
R(z,y,z) = min{x,y, z}.

For example,
R(0.8,0.6,0.9) = 0.6.

Thus, the tuple
(0.8,0.6,0.9)

belongs to the fuzzy relation with membership degree 0.6. Hence R is a 3-ary Fuzzy Relation.

7.4.38 n-ary Function

An n-ary function maps each ordered n-tuple of input values to exactly one output value, generalizing
unary and binary functions to multiple arguments within a specified codomain (cf. [408,618,619]).

Definition 7.4.74 (n-ary Function). Let Xi,...,X,, and Y be nonempty sets. An n-ary Function
is a mapping
fXix---xX,—Y.

Thus, f assigns a unique output
flx1,...,2,) €Y

to each n-tuple (z1,...,z,).
Example 7.4.75 (3-ary Function). Let
f:R*—R
be defined by
flz,y,2) =z +y+ =z

For example,
f(1,2,3) =6.

Thus, each ordered triple
(z,y,2) € R?

is assigned exactly one real number. Therefore, f is a 3-ary Function.
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7.4.39 Multilnterval-valued Fuzzy Set (Proposed in this book)

A Multilnterval-valued Fuzzy Set assigns each element a finite nonempty family of membership in-
tervals, representing several admissible fuzzy degrees or evidence ranges simultaneously within [0, 1].

Let
L=A{[a,8]C[0,1]|0<a< B <1}

Definition 7.4.76 (Multilnterval-valued Fuzzy Set). Let X # @. A Multilnterval-valued Fuzzy Set
(MIVFS) on X is a mapping
A: X — Py, (L),

where
Pin(L)={SCL|S#a, |S] <}

Thus, each = € X is assigned a finite nonempty family
A(x) = {la;(x), B ()] | j € Jo}
of admissible fuzzy membership intervals.

Example 7.4.77 (Multilnterval-valued Fuzzy Set). Let

X = {x1,22}.
Define
A: X — Pi (L)
by
A(x1) = {[0.2,0.4],[0.6,0.8]},
and

A(zs) = {[0.3,0.5],[0.7,0.9]}.

Each A(x;) is a finite nonempty family of intervals contained in [0, 1]. Therefore,
A

is a Multilnterval-valued Fuzzy Set on X.

7.4.40 Multilnterval-valued Neutrosophic Set (Proposed in this book)

A Multilnterval-valued Neutrosophic Set assigns each element finite nonempty families of intervals
for truth, indeterminacy, and falsity, representing multiple admissible neutrosophic evaluations simul-
taneously within [0, 1].

Definition 7.4.78 (Multilnterval-valued Neutrosophic Set). Let X # @. A Multilnterval-valued
Neutrosophic Set (MIVNS) on X is a triple

A= (TA7IA7FA)7

where

TA7IA,FA X — 'Pgn([,)

Hence, each x € X is assigned finite nonempty families of intervals for its truth, indeterminacy, and
falsity degrees, respectively.
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Example 7.4.79 (Multilnterval-valued Neutrosophic Set). Let

X = {z}.
Define
Ta(x) = {[0.6,0.8],[0.8,0.9]},
I4(x) =4{]0.1,0.2],[0.2,0.3]},
and

Fa(z) = {[0.1,0.3],0.3,0.4]}.
Each component is a finite nonempty family of intervals in [0, 1]. Hence
A= (TA,IAa FA)

is a Multilnterval-valued Neutrosophic Set on X.

7.4.41 TIterated Multilnterval-valued Fuzzy Set (Proposed in this book)

An Iterated Multilnterval-valued Fuzzy Set recursively combines Multilnterval-valued fuzzy member-
ship structures, allowing each element to possess hierarchical collections of interval-based membership
information across levels successively.

For n > 1, define recursively
My = ,Pf*in(L)v
and

Moy = [ Mn)™

m>2

Definition 7.4.80 (Iterated Multilnterval-valued Fuzzy Set). Let X # & and n > 1. An Iterated
Multilnterval-valued Fuzzy Set of level n is a mapping

A X 5 M,

Thus, AM is an ordinary Multilnterval-valued Fuzzy Set, whereas higher levels recursively combine
several lower-level Multilnterval membership structures.

Example 7.4.81 (Iterated Multilnterval-valued Fuzzy Set). Consider level 2. Let
X ={z1,x2}
and define the following elements of Mj:
H, ={[0.2,0.4],[0.5,0.7]},

Hs = {0.3,06]},
and
H; = {[0.6,0.8],[0.8,0.9]}.
Define
A? X — My
by
AP (z1) = (Hy, Hy),
and
AP (2y) = (Hy, Hs).
Since
Hy, Hy,Hz € My,
we have
(Hy, Ha), (Ho, Hs) € M.
Therefore,

A®)

is an Iterated Multilnterval-valued Fuzzy Set of level 2.
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7.4.42 Tterated Multilnterval-valued Neutrosophic Set (Proposed in this book)

An Iterated Multilnterval-valued Neutrosophic Set recursively organizes truth, indeterminacy, and
falsity Multilnterval structures into hierarchical levels, enabling nested neutrosophic uncertainty rep-
resentation for each element systematically.

Definition 7.4.82 (Iterated Multilnterval-valued Neutrosophic Set). Let X # @ and n > 1. An
Iterated Multilnterval-valued Neutrosophic Set of level n is a triple

A(n) — (T,Eln)a Ij(qn)7F1£1n)) ;
where

A »tA Lt A . ne

Thus, the truth, indeterminacy, and falsity components are represented by recursively nested Multi-
Interval structures of level n.

Example 7.4.83 (Iterated Multilnterval-valued Neutrosophic Set). Consider level 2 and let

X = {z}.
Define
H, ={][0.6,0.8],[0.8,0.9]}, H,; = {[0.4,0.6]},
Hs = {[0.1,0.3],[0.3,0.4]}, Hy = {[0.2,0.5]},
where
Hy,Hy, H3, Hy € M.
Define
T3 (2) = (Hy, Hy),
I'D(x) = (Ha, Hy),
and

F(x) = (Hs, Hy).

Since each ordered pair belongs to

M2a

the triple
2) +(2 2
A = ('1 (4 ),1(4 ),Fg ))

is an Iterated Multilnterval-valued Neutrosophic Set of level 2.

7.4.43 Multipartite Molecular Graph (Proposed in this book)

A Multipartite Molecular Graph is a molecular graph whose atoms are partitioned into several disjoint
classes, with bonds occurring only between atoms from different classes.

Definition 7.4.84 (Multipartite Molecular Graph). Let
G = (V,E)

be a molecular graph. The graph G is called a k-partite Molecular Graph, where k > 2, if its vertex
set can be partitioned as
V=wviuWwu. - UV,

where each V; # @, and
{u,v} e & = weV,veV, forsomei#j.

Thus, no chemical bond joins two atoms belonging to the same part. A molecular graph admitting
such a partition is called a Multipartite Molecular Graph.
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Example 7.4.85 (Multipartite Molecular Graph). Consider the molecular graph of carbon dioxide,
0; =C=0s.

Let
V ={C,04,02}

and
E= {{07 01}7 {Ca 02}}

Define the partition
Vi= {0}7 Vo = {01}7 Vs = {02}

Then
V=ViuVauVs,

and every edge joins vertices belonging to different parts. Therefore, the molecular graph
G=(V,E)

is a 3-partite Molecular Graph.

7.4.44 Molecular MultiGraph

A Molecular MultiGraph represents a molecule by allowing multiple edges between the same pair of
atoms, thereby modeling multiple bonds explicitly.

Definition 7.4.86 (Molecular MultiGraph). A Molecular MultiGraph is a multigraph
G=(V.E,p),

where V' is the set of atoms, E is the set of unordered pairs of atoms connected by chemical bonds,
and
w:E—N

assigns to each adjacent pair its bond multiplicity.

Thus,
w({u,v}) =1,2,3,...

may represent a single, double, triple, or higher-order bond between the atoms » and wv.

Example 7.4.87 (Molecular MultiGraph). Consider the carbon monoxide molecule
Cc=0,

whose carbon and oxygen atoms are connected by a triple bond.

Let
V ={C,0}, E:{{C,O}},
and define
w:E—N
by
u({C,0}) = 3.

The value 3 represents the triple bond between the carbon and oxygen atoms. Hence,
G=(V,E,p)

is a Molecular MultiGraph.
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Chapter 8

MetaStructures

This chapter discusses MetaStructures.

8.1 MetaStructures and Iterated MetaStructures

MetaStructures treat entire mathematical structures as objects and use meta-operations to combine
them, producing new structures within a unified framework [620]. Iterated MetaStructures repeatedly
apply the MetaStructure construction, creating hierarchical levels where structures themselves become
objects of progressively higher recursive meta-structures.

Definition 8.1.1 (MetaStructure). [620] Let ¥ be a fixed mathematical signature, and let Stry
denote the class of all X-structures. A MetaStructure is a structure

M= U, {Pr}ren),

where
@ # U C Stry

is a collection of mathematical structures, and each meta-operation
Oy UM — U

maps a finite tuple of structures to another structure in ¢. Thus, a MetaStructure treats entire
mathematical structures as objects and combines them through meta-level operations.

Definition 8.1.2 (Iterated MetaStructure). Let ¥ be a fixed mathematical signature. Define recur-
sively
U = Stry,,

and, for n > 0, let
Yyt

be a nonempty collection of MetaStructures whose objects belong to ().

An n-th Iterated MetaStructure is a MetaStructure
MO = (U, {80 }en)
where each
e (U(”))h —um
is a meta-operation at level n.

Thus, Iterated MetaStructures recursively form higher-order structures whose objects are themselves
structures from the preceding meta-level.
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8.2 Concepts for MetaStructures

This section presents several concepts related to MetaStructures.

8.2.1 Meta-Graph

A Meta-Graph is a graph whose vertices are themselves graphs, with edges representing prescribed
relations between those constituent graphs directly [621H625).

Definition 8.2.1 (Meta-Graph). Let & be a nonempty collection of graphs and let R be a family of
binary relations on &. A Meta-Graph is a graph

M = (Vu, En),

where

Vi C 6.

Thus, each meta-vertex is itself a graph, and a meta-edge connects two graphs whenever they satisfy
a prescribed relation in R.

Example 8.2.2 (Meta-Graph). Let
G = ({a’ b}’ {{a7 b}})7 Gy = ({3;‘, Y, Z}, {{1”7 y}7 {y7 2}7 {Z’ x}})
Thus, G, is a graph consisting of a single edge, whereas G5 is a triangle. Define
Vi ={G1, Gz}, Ey = {{G1, G2} }.

Then
M = Vi, En)

is a Meta-Graph whose meta-vertices are the graphs G; and G3. A graphical representation is shown

in Figure 8]
Ga

G

{G1, G2}

|\ J

Figure 8.1: A Meta-Graph with two meta-vertices G; and Gs, where each meta-vertex is itself a
graph.

8.2.2 Meta-HyperGraph

A Meta-HyperGraph is a hypergraph whose vertices are hypergraphs and whose meta-hyperedges can
simultaneously connect multiple constituent hypergraphs within it [624].

Definition 8.2.3 (Meta-HyperGraph). [624] Let $ be a nonempty collection of hypergraphs. A
Meta-HyperGraph is a hypergraph
My = (Var, Enr),
where
D#Vu C9H, Eyx CP(Va) \ {2}
Thus, each meta-vertex is itself a hypergraph, and each meta-hyperedge may connect several hyper-
graphs simultaneously.
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Example 8.2.4 (Meta-HyperGraph). Let Hy, Ho, H3 be three hypergraphs and set
Vi = {H1, Ha, H3}, En = {{H:, Hs, Hs} }.

Then
My = (Var, Enr)

is a Meta-HyperGraph having one meta-hyperedge that simultaneously connects the three hyper-
graphs.

8.2.3 Meta-SuperHyperGraph

A Meta-SuperHyperGraph is a SuperHyperGraph whose supervertices are nested collections of Super-
HyperGraphs, enabling hierarchical relations among higher-order graph structures themselves [624].

Definition 8.2.5 (Meta-SuperHyperGraph). [624] Let & be a nonempty collection of SuperHyper-
Graphs and let n > 1. An n-Meta-SuperHyperGraph is a SuperHyperGraph

M$3 = (Var, Enr),

where
Ve CP™(S),  Em CP(Vm)\{2}.

Hence, its supervertices are nested collections of SuperHyperGraphs, allowing hierarchical relations
among higher-order graph structures.

Example 8.2.6 (Meta-SuperHyperGraph). Let
6 = {51, S2},
where S; and S; are SuperHyperGraphs. For n = 1, define
Vir = {81}, {82}, {81, 82}} S P(®),

and
En = {{{S1},{51,5}}}.

Then )
Mé'})l = (VM’ EM)

is a 1-Meta-SuperHyperGraph.

8.2.4 Iterated Meta-Graph

An Tterated Meta-Graph recursively forms graph hierarchies whose vertices are Meta-Graphs from
preceding levels, creating progressively deeper graph-of-graphs structures recursively [624].

Definition 8.2.7 (Iterated Meta-Graph). [624] Let &(©) be a nonempty collection of graphs and
define recursively

B+ = {M | M is a Meta-Graph whose vertices belong to QS(t)} :
For t > 1, an Iterated Meta-Graph of depth t is a graph

MO — (V<t>, E<t>) ,

where
v® C &

Thus, its vertices are recursively constructed meta-graphs from the preceding hierarchical level.
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Example 8.2.8 (Iterated Meta-Graph). Let the ordinary graphs be
Gl = ({a7 b}, {{a, b}}),
GZ = ({C, da 6}7 {{Ca d}v {dv 6}7 {6, C}})a

and
Gs = ({f.9.h}. {{f. g} {g. 1}}).
Define two Meta-Graphs by
My = ({G1, G2}, {{G1,G2}})
and
My = ({G2, Gs}, {{G2,G3}}).
Now define
M® = ({My, Mz}, {{ My, Ms}}).

Then M®) is an Iterated Meta-Graph of depth 2, since its vertices M; and M, are themselves Meta-
Graphs, whose vertices are ordinary graphs. A graphical representation is shown in Figure |8.2

Figure 8.2: An Iterated Meta-Graph M () of depth 2. The second-level vertices M; and M, are
Meta-Graphs, while their meta-vertices Gy, G2, G3 are ordinary graphs.

8.2.5 Category of Structures

A category of structures consists of mathematical structures as objects and structure-preserving maps
as morphisms, equipped with associative composition and identity morphisms for every object [626].

Definition 8.2.9 (Category of Structures). Let X be a fixed mathematical signature. A Category of
Structures, denoted by
StI‘E,

is a category whose objects are Y-structures and whose morphisms are structure-preserving maps
between them. Thus,
Ob(Stry) = {E-structures},

with associative composition of morphisms and an identity morphism for each object.

Example 8.2.10 (Category of Structures). Consider the category
Grp

of groups. Its objects include
ZQ and Z4,

and the map
[y — Ly, f([z]2) = [22]4,

is a group homomorphism and hence a morphism in Grp. Thus, Grp is a Category of Structures.
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8.2.6 2-Category

A 2-category consists of objects, morphisms between objects, and 2-morphisms between morphisms,
equipped with associative vertical and horizontal compositions satisfying identity and interchange
laws coherently [627-631].

Definition 8.2.11 (2-Category). [627H629] A 2-category C consists of objects

A B,C,...,
1-morphisms

f:A— B,
and 2-morphisms

a:f=yg

between parallel 1-morphisms f,g: A — B. The 2-morphisms admit vertical and horizontal compo-
sitions satisfying associativity, identity, and interchange laws. Equivalently, for every pair of objects
A, B, the collection

C(A, B)

forms a category.
Example 8.2.12 (2-Category). The category
Cat
forms a 2-category in which objects are categories, 1-morphisms are functors
F:C— D,
and 2-morphisms are natural transformations
a:F=@G

between parallel functors F,G : C — D.

8.2.7 Internal Category

An internal category is a category defined inside a category, using objects of objects and arrows,
together with source, target, identity, and composition morphisms satisfying axioms [632634].

Definition 8.2.13 (Internal Category). Let C be a category with the required pullbacks. An Internal
Category in C consists of two objects
Cy,Cy € Ob(C)7

together with source and target morphisms
s,t: Cp — C,

an identity morphism
i Co — Cl,
and a composition morphism
m : Cl X Co 01 — Cl,

satisfying the usual associativity and identity axioms internally in C.

Example 8.2.14 (Internal Category). Consider an internal category in Set with

Co =1{0,1}
and
Cy = {idy,idy,a},
where
s(a) =0, t(a) =1
The maps

S,t101—>00

give the source and target, while the identity and composition maps are defined by the usual cate-
gorical rules. Hence this is an Internal Category in Set.
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8.2.8 System of Systems

A System of Systems is an integrated arrangement of independently functioning systems whose in-
teractions, coordination, or dependencies produce capabilities beyond those of individual constituent
systems [635-640)].

Definition 8.2.15 (System of Systems). [635] Let {S;}icr be a family of systems. A System of
Systems is a structure

S = ({Si}ier, R),

where each S; is itself a system and
R - U Si X SJ‘
ijel
represents interactions, dependencies, or coordination relations among the constituent systems. Thus,
the basic components of S are themselves systems.

Example 8.2.16 (System of Systems). Let
Sl = (X17R1)7 Xl = {a7b}7 Rl = {(aab)}7

and
Sy = (XZaRQ)a X2 = {C7 d}v Ry = {(Cv d)}

Define an inter-system relation
R={(b,c)}.

Then
S= ({Sl, Sa}t, R)

is a simple System of Systems consisting of two interacting constituent systems.

8.2.9 Network of Networks

A Network of Networks consists of multiple constituent networks connected through inter-network
links, allowing interactions among separate networks while preserving their internal vertices and
edges [641H646].

Definition 8.2.17 (Network of Networks). [646] Let
G; = (V;, Ey), iel,
be a family of networks. A Network of Networks is a structure
N = ({Gi}ier, Binter) ,

where
Einter g U (‘/:L X ij)
i,j€1
i#]

is the set of links connecting vertices belonging to different constituent networks.

The associated total network is

G == (U ‘/iv U Ez U Einter) .

iel i€l
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Example 8.2.18 (Network of Networks). Let
G1 = ({a, 0}, {{a, b}})

and
Gy = ({Cv d}v {{Cv d}}) :
Define the inter-network edge set by
Einter = {{b,c}}.
Then
N = ({G1,G2}, Einter)

is a Network of Networks. Its associated total network is

G = ({a,b,c,d}, {{a,b},{b,c}, {c,d}}).

8.2.10 HyperMeta Graph (Proposed in this book)

A HyperMeta Graph is a graph whose vertices are nonempty collections of graphs, with edges repre-
senting relations between these collections.

Definition 8.2.19 (HyperMeta Graph). Let & be a nonempty collection of graphs, and define
P () =P(6)\ {2}
A HyperMeta Graph is a graph

where

and
Ey C {{A7B} | A,BeVy, A B}.

Thus, each hyper-meta-vertex is a nonempty collection of graphs, and edges represent prescribed
relations between such collections.

Theorem 8.2.20 (Well-Definedness of a HyperMeta Graph). Let & be a nonempty collection of
graphs and let
Va CPY(&),  P(6)=P(6)\ {2}

Suppose
Ey C {{A,B} | A,B € Vy, A;éB}.

Then
My = (Vu,En)

is a well-defined simple graph whose vertices are nonempty collections of graphs.

Proof. Since
Vu CP* (&),

every element of Vi is a nonempty collection of graphs from &.

Moreover, every element of Ey has the form
{4, B}, A BeVy, A#B.

Hence each edge joins two distinct vertices of Vi, so no loops occur and all edges are valid two-element
subsets of V.

Therefore,
My = (Vu, En)

is a well-defined simple graph, and hence a well-defined HyperMeta Graph. O
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8.2.11 Meta-Fuzzy Set

A Meta-Fuzzy Set assigns membership degrees to entire fuzzy sets, enabling higher-level representation
and analysis of collections of fuzzy information [647].

Definition 8.2.21 (Meta-Fuzzy Set). [647] Let X be a nonempty set, and let

Fus(X) = {u| p: X = [0,1)}
denote the collection of all fuzzy sets on X. A Meta-Fuzzy Set on X is a mapping

pf : Fuz(X) — [0, 1].
Thus, pf assigns a membership degree to each fuzzy set rather than to each individual element of X.
Example 8.2.22 (Meta-Fuzzy Set). Let
X = {x1,22}.

Consider the fuzzy set p € Fuz(X) given by

w(zy) = 0.8, w(xs) = 0.4.

Define the Meta-Fuzzy Set
pf : Fuz(X) — [0, 1]

by
/J'ﬂ(l/) _ V(xl) —;l/(ﬂ?g)
for every v € Fuz(X). Then
0.8+0.4
p() = === = 06,

Thus, the fuzzy set p itself has the meta-membership degree 0.6.

8.2.12 Meta-Neutrosophic Set

A Meta-Neutrosophic Set assigns truth, indeterminacy, and falsity degrees to entire neutrosophic sets,
enabling higher-level evaluation of neutrosophic information structures [647].

Definition 8.2.23 (Meta-Neutrosophic Set). [647] Let X be a nonempty set, and let
Neu(X) = {A = (TA,IA,FA) ‘ TA,IA,FA X = [0,1]}
be the collection of neutrosophic sets on X. A Meta-Neutrosophic Set on X is a mapping

N*: Neu(X) — [0,1],

defined by
NF(A) = (TF(A), IF(A), FF(A)),
where
T%,1* F* : Neu(X) — [0,1].
Hence,

0 <THA)+I*(A) + FF(A) < 3
for every A € Neu(X).
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Example 8.2.24 (Meta-Neutrosophic Set). Let
X = {xla x?}?

and consider the neutrosophic set
A= (Ta,1a,Fa)

defined by
(Ta(z1),Ia(z1), Fa(z1)) = (0.8,0.2,0.1),
and
(Ta(z2), La(x2), Fa(zz)) = (0.6,0.4,0.3).
Define
N*(A) = (TH(A), I*(A), F}(A))
by
Tﬁ(A) - Ta(z1) ;—TA(-TQ)’
If(A) = M7
and
Fﬁ(A) — Fa(z1) ‘;FA(l“z).
Hence,
N¥(A) = (0.7,0.3,0.2) .
Since

0.7+03+02=12<3,

this is a valid Meta-Neutrosophic evaluation of A.
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Chapter 9

Concepts for Complex Structures

This chapter explains several concepts related to Complex Structures. The term Complex Structure
is used in a broad book-specific sense in this chapter.

9.1 About Complex Structures

First, we provide an overview of Complex Structures.

9.1.1 Complex Structures

A Complex Structure is a mathematical structure whose elements lie in the complex numbers,
equipped with specified operations and relations.

Definition 9.1.1 (Complex Structure). Let C denote the field of complex numbers. A Complex
Structure is a mathematical structure

C=(X,QR),

where
o+ X CC,

Q is a family of operations on X, and R is a family of relations on X. Thus, the underlying elements
of the structure are complex numbers.

9.1.2 Quaternion Structures

A quaternion number is a four-dimensional hypercomplex number comprising one real component and
three imaginary components with generally noncommutative multiplication [648H650]. Quaternion
Structures are mathematical structures whose elements are quaternions, equipped with specified
operations and relations that may reflect quaternionic noncommutative multiplication behavior.
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Definition 9.1.2 (Quaternion Structure). Let
H={a+bi+cj+dk|ab,cdeR}
be the quaternion algebra, where
i? =52 =k? =ijk = —1.
A Quaternion Structure is a mathematical structure
H=(X,QR),

where

Z+XCH,

and 2 and R are respectively families of operations and relations defined on X.

9.1.3 Octonion Structures

An octonion number is an eight-dimensional hypercomplex number comprising one real component
and seven imaginary components with noncommutative, nonassociative multiplication [651}/652]. Oc-
tonion Structures are mathematical structures whose elements are octonions, equipped with specified
operations and relations that may reflect noncommutative and nonassociative multiplication behavior.

Definition 9.1.3 (Octonion Structure). Let @ denote the algebra of octonions,

7
0= {Z are,

r=0

areR}, eg = 1.

An Octonion Structure is a mathematical structure
0=(X,QR),

where
g+#+X CQO,

and (2 and R are respectively families of operations and relations on X. The operations may inherit
the noncommutative and nonassociative properties of octonion multiplication.

9.2 Concepts for Complex Structures

This section presents several concepts related to Complex Structures.

9.2.1 Finite Complex Numbers

Finite Complex Numbers have the form
a+bip

over Z,, where

it =—1 (mod n),

and all coefficient arithmetic is performed modulo n [653H655].



Chapter 9. Concepts for Complex Structures

Definition 9.2.1 (Finite Complex Numbers). Let
Z,=1{0,1,...,n— 1}, n>2,

and let ip be a finite imaginary unit satisfying

The set of Finite Complex Numbers modulo n is defined by
C(Z,) ={a+bip|a,beZ,}.
All arithmetic on the coefficients is performed modulo n.
Example 9.2.2 (Finite Complex Numbers). Let n = 5. Then
C(Zs) = {a +bip | a,b € Zs, i3 = 4}.

For example,
z=2+43ip

is a finite complex number modulo 5.

9.2.2 Complex-Valued Graphs

Complex-Valued Graphs assign complex numbers to vertices and edges as weights or attributes,
thereby extending graphs with magnitude and phase information [656].

Definition 9.2.3 (Complex-Valued Graph). Let
G=(V.E)
be a graph. A Complex-Valued Graph is a structure
Gc = (V. E,wy,wE),

where

wy V. — C, wp: E— C.
Thus, each vertex and edge is assigned a complex-valued weight or attribute.

Example 9.2.4 (Complex-Valued Graph). Let

V = {u,v}, E = {{u,v}}.
Define the complex-valued vertex weights by
wy(u) =141, wy(v) =2 —1,

and the edge weight by
wg({u,v}) =3+ 2i.

Then
G(C = (ME7WV7ME)

is a Complex-Valued Graph. A graphical representation is shown in Figure
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wr({u,v}) =3+2i

wy(u) =141 wy(v)=2-—1

Figure 9.1: A Complex-Valued Graph with complex values assigned to both vertices and the edge.

9.2.3 Quaternion-Valued Graphs (Proposed in this book)

Quaternion-Valued Graphs assign quaternion numbers to vertices and edges, enabling multidimen-
sional noncommutative weights, attributes, and interactions within graph-based models.

Definition 9.2.5 (Quaternion-Valued Graph). Let
G = (V,E)
be a graph and let H denote the quaternion algebra. A Quaternion-Valued Graph is a structure
Gy = (V,E,wy,wg),

where
wy V. — H, wg: F— H.

Thus, vertices and edges carry quaternion-valued weights or attributes.

Example 9.2.6 (Quaternion-Valued Graph). Let

V = {u,v}, E = {{u,v}}.

Define
wy(u) =1+1i,  wy(v) =2+,
and
wg({u,v})=1+i+j+k.
Then

GH = (ManVawE)

is a Quaternion-Valued Graph.

9.2.4 Octonion-Valued Graphs (Proposed in this book)

Octonion-Valued Graphs assign octonions to vertices and edges, representing higher-dimensional
weights and interactions with potentially noncommutative and nonassociative algebraic behavior.

Definition 9.2.7 (Octonion-Valued Graph). Let
G=(V,B)
be a graph and let @ denote the octonion algebra. An Octonion-Valued Graph is a structure
Go = (V, B,wy,wE),

where
wy V. — 0, wg: F— O.

Thus, vertices and edges carry octonion-valued weights or attributes, possibly reflecting the noncom-
mutative and nonassociative properties of octonion multiplication.
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Example 9.2.8 (Octonion-Valued Graph). Let

V = {u,v}, E = {{u,v}}.

Define
wy(u) =14eq, wy (v) =2+ eq,
and
wr({u,v}) =1+ e + es.
Then

Go = (V, E,wv,wE)
is an Octonion-Valued Graph.

9.2.5 MOD Complex graph

A MOD Complex Graph uses finite complex numbers modulo n as vertex values, edge weights, or
both within a graph [340].

Definition 9.2.9 (MOD Complex Graph). Let
C(Zyn) ={a+bip|a,be Ly, i2=—-1 (modn)}, n>2.

A MOD Complex Graph is a graph
G = (V,E)

in which the vertices are selected from
V C C(Z,),

and/or the edges are assigned MOD complex weights through a map
w:E — C(Z,).
Thus, vertex values, edge weights, or both are finite complex numbers defined modulo n.
Example 9.2.10 (MOD Complex Graph). Let
C(Zs) = {a +bip | a,b € Zs, i3 = 4}.

Take
V={l+ir, 2+3ir}, E={{l1+ir,2+3ir}},

and define the edge weight by
w({l+ip,2+3ip}) =4+ 2ip.
Since both vertices and the edge weight belong to C(Zs), the structure
Gue = (V, E,w)

is a MOD Complex Graph. A graphical representation is shown in Figure (9.2

9.2.6 Complex Fuzzy Set

A Complex Fuzzy Set assigns each element a complex-valued membership grade combining an am-
plitude in
[0,1]

with a real-valued phase component [657-659].
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w{l+ip,24+3ip}) =4+ 2ip

. 4+ 2ip )
1+ZF 2+3ZF

€ C(%Zs) € C(Zs)

Figure 9.2: A MOD Complex Graph over C(Zs), with edge weight 4 + 2ip.

Definition 9.2.11 (Complex Fuzzy Set). Let X be a nonempty universe. A Complex Fuzzy Set A
on X is characterized by a complex-valued membership function

pa X — D,

where
D={ze€C:|z| <1}

For each x € X, A
pa(a) = ra(z)e®s),

where
ra(x) €10,1], Oa(x) € R.

Here, r4(x) represents the membership amplitude and 6 4(z) represents the phase.

Example 9.2.12 (Complex Fuzzy Set). Let
X = {1‘1,.1‘2}.

Define _ .
pwa(zy) = 0.76”/3, pa(xe) = 0.4e™.

Then ‘ ‘
A= {(m170.7e”/3), (22, 0.46”)}

is a Complex Fuzzy Set on X.

9.2.7 Complex Neutrosophic Set

A Complex Neutrosophic Set assigns complex-valued truth, indeterminacy, and falsity grades, each
represented through independent amplitude and phase components [170,660-663].

Definition 9.2.13 (Complex Neutrosophic Set). Let X be a nonempty universe. A Complex Neu-
trosophic Set A on X is characterized by three complex-valued functions

Ta,Ip,Fa: X — D,

where
D={zeC:|z| <1}

For each z € X,

and
Fa(z) = fa(z)e2 ),
where
tA('T)> UA(x)7 fA(x) € [07 1]7 aA(x)a 6A(x)a ’VA('I) € R,
with

0<ta(x)+ua(z)+ falz) <3.
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Example 9.2.14 (Complex Neutrosophic Set). Let
X = {z}.

Define
Ta(x) = 0.7€/3, Ta(z) =0.2¢"/2, Fa(x) =0.1€"".

Then
A= { (x 0.7¢7/3,0.2¢7/2, 0.16”) }

is a Complex Neutrosophic Set.

9.2.8 Complex Uncertain Set

A Complex Uncertain Set assigns each element a complex-valued uncertainty tuple whose modulus
satisfies the constraints of the underlying uncertain model.

Definition 9.2.15 (Complex Uncertain Set). Let X be a nonempty universe, and let M be an
uncertain model with

Dom(M) C [0,1)*,  k>1.

Let
D={zeC:|z| <1},

and define the induced complex degree-domain by
Dome (M) = {(z1,...,2) € D¥ | (|21, - -, |2k]) € Dom(M)} .
A Complex Uncertain Set of type M on X is a pair
U = (X, 1),

where
1S, : X — Dome(M).

Thus, each element is assigned a complex-valued uncertainty tuple whose modulus tuple satisfies the
underlying uncertain model M.

Example 9.2.16 (Complex Uncertain Set). Let
X ={z}
and consider the uncertain model
Dom(M) = {(a,b) € [0,1)* |a+b < 1}.

Define
uSy(z) = (O.66iﬂ/370.36i“/2) .

Since
0.6 +0.3<1,

this defines a Complex Uncertain Set of type M.
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9.2.9 Complex Vector Space

A Complex Vector Space is a vector space over the complex numbers, supporting vector addition and
complex scalar multiplication satisfying standard axioms [664}/665].

Definition 9.2.17 (Complex Vector Space). A Complex Vector Space is a vector space
Vv
over the field of complex numbers C. Thus, scalar multiplication is a map
CxV —V

satisfying the usual vector-space axioms.

Example 9.2.18 (Complex Vector Space). Consider

VvV =C2.
For
u=(1,4), v=(2,-1i), A=1+1,
both
u+v e C?
and
Au € C2.

Hence C? is a Complex Vector Space.

9.2.10 Complex Algebra

A Complex Algebra is a complex vector space equipped with a bilinear multiplication that combines
elements while respecting complex scalar multiplication |666-668)].

Definition 9.2.19 (Complex Algebra). A Complex Algebra is a complex vector space A equipped
with a C-bilinear multiplication

m:AxA— A, (a,b) — ab.

If
(ab)c = a(be)

for all a,b,c € A, then A is an associative complex algebra.
Example 9.2.20 (Complex Algebra). Consider
A = My(C),

the set of all 2 x 2 complex matrices. With ordinary matrix addition, scalar multiplication, and
matrix multiplication,

M(C)

is an associative Complex Algebra.
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9.2.11 Complex Matrix

A Complex Matrix is a rectangular array whose entries are complex numbers, supporting standard
matrix operations such as addition and multiplication (cf. [669]).

Definition 9.2.21 (Complex Matrix). A Complez Matriz is a matrix
A = (aij) € My n(C),

whose entries satisfy
a;; € C, 1<:<m, 1<j5<n.

Example 9.2.22 (Complex Matrix). The matrix

1+ 2
A‘(—4 3+%>€Mﬂ@

is a Complex Matrix.

9.2.12 Complex Hilbert Space

A Complex Hilbert Space is a complete complex inner-product space whose induced norm provides
geometric and analytic structure for vectors (cf. [670H673]).

Definition 9.2.23 (Complex Hilbert Space). [670,671] A Complex Hilbert Space is a complex vector
space H equipped with an inner product

(w)y:HxH—C
such that H is complete with respect to the norm
]l = v/ (2, ).
Example 9.2.24 (Complex Hilbert Space). Consider
H=C?

with inner product
(r,y) = 2171 + 2272

Then C? is a finite-dimensional Complex Hilbert Space.

9.2.13 Complex Manifold

A Complex Manifold is a manifold locally modeled on complex Euclidean space, with holomorphic
transition maps between overlapping coordinate charts [674H678].

Definition 9.2.25 (Complex Manifold). A Complex Manifold of complex dimension n is a manifold
M locally modeled on C™ such that all transition maps

ppopyt
between overlapping coordinate charts are holomorphic.

Example 9.2.26 (Complex Manifold). The complex plane
M=C
is a Complex Manifold of complex dimension 1, with the global coordinate chart

p:C—C, o(z) = 2.
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9.2.14 Almost Complex Structure

An Almost Complex Structure is a smooth bundle endomorphism of the tangent bundle whose square
equals the negative identity map everywhere (cf. [679]).

Definition 9.2.27 (Almost Complex Structure). Let M be a smooth manifold. An Almost Complex
Structure on M is a smooth bundle endomorphism

J:TM —TM

satisfying ,
JP=— IdT]\/[ .

Example 9.2.28 (Almost Complex Structure). Let

M =R2

Define

J:TR? — TR?
by

J(iL’, y) = (7y7 .T)
Then

J2(x7y) = (—LC, —y),

SO

J?=—1d.

Hence J defines an Almost Complex Structure on R2.

9.2.15 Complex Lie Group

A Complex Lie Group is simultaneously a group and complex manifold whose multiplication and
inversion maps are holomorphic functions globally [680-682].

Definition 9.2.29 (Complex Lie Group). A Complex Lie Group is a group G that is also a complex
manifold such that the multiplication

GxG—QG, (g,h) — gh,

and inversion
G— G, gr— g_l7

are holomorphic maps.

Example 9.2.30 (Complex Lie Group). Consider
C* =C\ {0}

under multiplication. The maps
and
are holomorphic. Hence

is a Complex Lie Group.
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9.2.16 Complex Dynamical System

A Complex Dynamical System studies repeated iteration of holomorphic or meromorphic maps on
complex spaces and their resulting long-term behavior [683H685|.

Definition 9.2.31 (Complex Dynamical System). Let X be a complex manifold and let
f:X—X
be a holomorphic map. A Complex Dynamical System is the pair

(X, 1),

whose dynamics are determined by the iterates
ft=fofo-0f, mz0.
| S —
n times

Example 9.2.32 (Complex Dynamical System). Let

X=C
and define
f:C—C, f(z) = 22
Then
(C. 1)
is a Complex Dynamical System, with iterates
(z) = 2%".

9.2.17 Complex Normed Space

A Complex Normed Space is a complex vector space equipped with a norm measuring vector magni-
tude and satisfying norm axioms.

Definition 9.2.33 (Complex Normed Space). A Complex Normed Space is a complex vector space
V equipped with a norm
[-1:V —10,00)

satisfying
[Az]l = [A] ||

for all A € C and x € V, together with the usual norm axioms.
Example 9.2.34 (Complex Normed Space). Let

vV =C?
and define

(21, 22) | = V/|21]? + |z2]?.

2= (1+4,2),

For example, if

then

lell = VITFiP+T2P = V23 = V6.

Thus,
€11

is a Complex Normed Space.
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9.2.18 Complex Banach Space

A Complex Banach Space is a complete complex normed vector space in which every Cauchy sequence
converges to an element (cf. [686-688]).

Definition 9.2.35 (Complex Banach Space). A Complex Banach Space is a complex normed space
V-1
that is complete with respect to the metric
d(z,y) = llz —yl|.
Example 9.2.36 (Complex Banach Space). Consider
V=C

with the norm
2] = |-

Every Cauchy sequence in C converges to an element of C. Therefore,
€11

is a Complex Banach Space.

9.2.19 Hermitian Vector Space

A Hermitian Vector Space is a complex vector space equipped with a Hermitian inner product satis-
fying conjugate symmetry and positivity [689H691].

Definition 9.2.37 (Hermitian Vector Space). A Hermitian Vector Space is a complex vector space
V equipped with a Hermitian inner product

():VxV—C

satisfying

for every nonzero x € V.

Example 9.2.38 (Hermitian Vector Space). Let

V=C?
and define
(x,y) = 2171 + 2272

For

x = (1,4), y=1(2,1),
we obtain

(x,y)=1-24i-1=2+1.
Moreover,

(z,z) =12+ |i* =2 > 0.

Hence C? with this inner product is a Hermitian Vector Space.
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9.2.20 Hermitian Matrix

A Hermitian Matrix is a complex square matrix equal to its conjugate transpose and admits unitary
diagonalization with real eigenvalues [692-694].

Definition 9.2.39 (Hermitian Matrix). A complex square matrix

Ae M,(C)
is called a Hermitian Matrix if
A" = A,
where
A =A"

is the conjugate transpose of A.

Example 9.2.40 (Hermitian Matrix). Consider
(2 1+
A= (1 —i 3 ) '

L (2 14d)
A_(l—i 3)_’4'

Its conjugate transpose is

Therefore, A is a Hermitian Matrix.

9.2.21 Unitary Matrix

A Unitary Matrix is a complex square matrix whose inverse equals its conjugate transpose, preserving
inner products, lengths, and orthogonality [695[698].

Definition 9.2.41 (Unitary Matrix). A complex square matrix

U e M,(C)

is called a Unitary Matrix if
U'U=U0U" =I,.

Equivalently,
Ut=u

Example 9.2.42 (Unitary Matrix). Consider

()

Then
and

Hence U is a Unitary Matrix.
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9.2.22 Unitary Group

The Unitary Group consists of all unitary matrices of a fixed degree under matrix multiplication. It
forms a compact real Lie group [699701].

Definition 9.2.43 (Unitary Group). The Unitary Group of degree n is defined by
Un)={Ue€ M,(C)|U*U=UU"=1,},
where U™ denotes the conjugate transpose of U. Equivalently,
Uul=u
The group operation is ordinary matrix multiplication.
Example 9.2.44 (Unitary Group). Consider

U(2) = {U € My(C) | U*U = I} .

()

For example, let

Then
« (1 0
=5 %)
and hence
U'U=UU"= 10 =1
- —\o0 1) 7
Therefore,

Moreover, if U,V € U(2), then
UV (UV) = V*UUV = V*V = L,
SO
UV e U(2).

Thus, U(2) is a Unitary Group under matrix multiplication.

9.2.23 Complex Lie Algebra

A Complex Lie Algebra is a complex vector space with a bilinear bracket satisfying antisymmetry
and Jacobi identity for elements [702H704].

Definition 9.2.45 (Complex Lie Algebra). A Complex Lie Algebra is a complex vector space g
equipped with a bilinear bracket

[]exg—g
satisfying
[z,2] =0

and the Jacobi identity
[z, [y, 2l] + [y, [z, 2]] + [z, [z, y]] = 0.
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Example 9.2.46 (Complex Lie Algebra). Let
g =gl,(C) = M>(C),

and define the bracket
[A, B] = AB — BA.

(9 =)

[A,B] = AB — BA = (8 é)

For example, let

Then

The commutator bracket is complex bilinear, antisymmetric, and satisfies the Jacobi identity. There-
fore, gly(C) is a Complex Lie Algebra.

9.2.24 Complex Projective Space

Complex Projective Space is the space of complex lines through the origin in a complex vector space
identified under scaling |705H707].

Definition 9.2.47 (Complex Projective Space). The Complex Projective Space of dimension n is
C]P;n — ((Cn+1 \ {0}) / ~,

where
ZNW = W= Az

for some
A e Cx.

Example 9.2.48 (Complex Projective Space). Consider
CP' = (C*\{0}) / ~ .

The vectors
(1,4) and (2,21)

represent the same projective point because
(2,2¢) = 2(1, 1), 2 e Cx.

Thus,
[1:4]=12:2§

is a point of CP!.

9.2.25 Complex Torus

A Complex Torus is a compact complex manifold obtained as a quotient of complex Euclidean space
by a full lattice [708-710].

Definition 9.2.49 (Complex Torus). Let
AccCn
be a lattice of rank 2n. A Complex Torus of complex dimension n is the quotient

T =C"/A.
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Example 9.2.50 (Complex Torus). Let
A=Z+iZ={m+ni|mmneZ}cCC.
Since A is a lattice of rank 2, the quotient
T=C/(Z+iZ)
is a one-dimensional Complex Torus. For example,
z~z+ 1~ 241

in T for every z € C.

9.2.26 Complex Soft Set

A Complex Soft Set assigns to each parameter a complex fuzzy set, thereby representing both mem-
bership magnitude and phase information |711}/712].

Definition 9.2.51 (Complex Soft Set). Let U be a nonempty universe, E a set of parameters, and
D={zeC||z| <1}

Let
CFS(U)={u|pn:U—D}

denote the family of all complex fuzzy sets on U. For a nonempty set A C E, a Complex Soft Set
over U is a pair
(F’ A)7

where

F:A— CFS(U).
Equivalently, for each e € A and = € U,

where
re(z) € [0, 1], 0.(z) € [0, 27].

Example 9.2.52 (Complex Soft Set). Let

U ={x,22,23}, E = {e1, ez},

and take
A= {61,62} Q FE.
Define
F:A— CFS(U)
by , , ,
F(e1)(z1) = 0.8¢/6, F(e1)(z) = 0.5¢"/3, F(e1)(xs) = 0.3¢"™/2,
and

Fley)(z1) = 0.6e™4,  F(ey)(za) = 0.9¢/8,  F(ey)(z3) = 0.4¢™™.
Since all amplitudes belong to [0, 1], every value lies in
D={zeC]||z| <1}.

Hence, for each e € A,
Fle): U —D

is a complex fuzzy set. Therefore,
(F, A)

is a Complex Soft Set over U.



Chapter 10

Real Structure

In this chapter, we investigate Real Structures.

10.1 Real Structure

In this section, we examine the fundamental definition of a Real Structure.

Definition 10.1.1 (Real Structure). Let R denote the set of real numbers. A Real Structure is a
mathematical structure

S = (X, F),

where X is a nonempty set and
F =A{fitier

is a family of real-valued functions

Thus, the elements or relations of S are characterized by quantities taking values in R.

10.2 Some Concepts for Real Structure

In this section, we explain some concepts related to Real Structures.

10.2.1 Fuzzy Real Number

A fuzzy real number represents an imprecise real quantity through a normalized fuzzy set with
bounded support and interval alpha-cuts (cf. [713H715]).

Definition 10.2.1 (Fuzzy Real Number). A fuzzy real number is a fuzzy set
A:R—0,1]
such that:
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1. A is normal,;

2. for every a € (0,1], the a-cut
Ay ={z eR| A(z) > o}

is a closed interval;

3. the support
supp(4) = {x e R | A(z) > 0}

is bounded.

Example 10.2.2 (Fuzzy Real Number). Define A : R — [0, 1] by

§7 0<r<2
Az) = ;x’ 2 <z <4,
0, otherwise.

Then A(2) =1, so A is normal. Moreover, for every « € (0,1],
Ay = [2a, 4 — 24,

which is a closed interval, and
supp(A) = (0,4)

is bounded. Hence A is a fuzzy real number.

10.2.2 Neutrosophic Real Number

A neutrosophic real number combines real coefficients with an indeterminacy element I, satisfying
I? = I, to represent values (cf. [716H719]).

Definition 10.2.3 (Neutrosophic Real Number). A neutrosophic real number is a number of the
form

x=a+bl, a,beR,
where I represents indeterminacy and satisfies
=1
The set of all neutrosophic real numbers is denoted by
R(I)={a+bl|a,beR, I*=1}.
Example 10.2.4 (Neutrosophic Real Number). Consider
xr=3+2I, I*=1.

Since 3,2 € R, we have
z € R(I).

For example,
x? = (3+20)* =9+ 121 +41* = 9+ 161.

Thus, 3 + 2] is a neutrosophic real number.
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10.2.3 Real Vector Space

A Real Vector Space is a vector space over the real numbers, supporting vector addition and real
scalar multiplication operations (cf. |[7201|721]).

Definition 10.2.5 (Real Vector Space). A Real Vector Space is a vector space
1%
over the field of real numbers R.

Example 10.2.6 (Real Vector Space). Consider

V =R2
For
U:(LQ)’ U= (35_1)a )‘:27
we have
ut+v=(41) eV
and

Au=(2,4) e V.

Hence R? is a real vector space under the usual operations.

10.2.4 Real Algebra

A Real Algebra is a real vector space equipped with a bilinear multiplication that combines elements
while respecting scalar multiplication (cf. [722-724]).

Definition 10.2.7 (Real Algebra). A Real Algebra is a real vector space A equipped with an R-
bilinear multiplication
AxA— A, (a,b) — ab.

Example 10.2.8 (Real Algebra). Let
A = My(R)

with the usual matrix addition, scalar multiplication, and matrix multiplication. For example,

10 0 1
SRl GRS (]

Ay Ay = Ay € My(R).

satisfy

Thus, M2(R) is a real algebra.

10.2.5 Real Matrix

A Real Matrix is a rectangular array whose entries are real numbers, supporting standard matrix
addition, multiplication, and transpose operations (cf. [725]).

Definition 10.2.9 (Real Matrix). A Real Matriz is a matrix
A= (ai]‘) S Mm)n(R),

whose entries satisfy
ai; € R.

Example 10.2.10 (Real Matrix). The matrix
1 -2 3
1=(o 7 3)

A S M2,3(]R)7

has only real entries. Therefore,

and A is a real matrix.
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10.2.6 Real-Valued Function

A Real-Valued Function maps each element of a domain to a real number, providing numerical values
for quantities or relationships (cf. [726H728]).

Definition 10.2.11 (Real-Valued Function). Let X be a nonempty set. A Real-Valued Function is
a mapping
f: X —R.

Example 10.2.12 (Real-Valued Function). Let
X=R

and define

For example,

Hence f is a real-valued function.

10.2.7 Real Inner Product Space

A Real Inner Product Space is a real vector space equipped with a symmetric positive-definite bilinear
inner product on vectors (cf. [729-731]).

Definition 10.2.13 (Real Inner Product Space). A Real Inner Product Space is a real vector space
V equipped with an inner product
():VxV—R

that is bilinear, symmetric, and positive definite.

Example 10.2.14 (Real Inner Product Space). Let

vV =R?
and define
(,y) = x1y1 + T2Y2.
For
r=(1,2), y=(3,4),
we obtain

(x,y)=1-3+2-4=11.

Thus, R? with the standard inner product is a real inner product space.

10.2.8 Real Normed Space

A Real Normed Space is a real vector space equipped with a norm measuring vector magnitude and
satisfying norm axioms (cf. [732]).

Definition 10.2.15 (Real Normed Space). A Real Normed Space is a real vector space V' equipped
with a norm
-1 -V —1[0,00)

satisfying the usual norm axioms.
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Example 10.2.16 (Real Normed Space). Let
V =R?

and define
(21, z2)||1 = |21] + |22

For example,
(2, =3)[[x = 5.

Therefore,
(R%, ][~ 1)

is a real normed space.

10.2.9 Real Banach Space

A Real Banach Space is a complete real normed vector space in which every Cauchy sequence converges
to an element (cf. [733H735]).

Definition 10.2.17 (Real Banach Space). A Real Banach Space is a real normed space

VaI-1D

that is complete with respect to the metric

d(z,y) = [lz - yl|.

Example 10.2.18 (Real Banach Space). Consider

(R, |-1)-

Since every Cauchy sequence of real numbers converges to a real number, the normed space

(R, [-1)

is complete. Hence it is a real Banach space.

10.2.10 Real Hilbert Space

A Real Hilbert Space is a complete real inner-product space whose induced norm provides geometric
and analytic structure for vectors [736).

Definition 10.2.19 (Real Hilbert Space). A Real Hilbert Space is a real inner product space H that
is complete with respect to the norm
z]l = v/ {z, z).

Example 10.2.20 (Real Hilbert Space). Let

éQ(R) = {x = (mn)nzl

i xfl < oo} .
n=1
Define -

<$, y> = Z TnYn-

n=1

Since £2(R) is complete under the induced norm, it is a real Hilbert space.
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10.2.11 Euclidean Space

Euclidean Space is a real coordinate space equipped with the standard inner product, providing
notions of distance, angle, and geometry [737H740].

Definition 10.2.21 (Euclidean Space). The n-dimensional Euclidean Space is
RTL
equipped with the standard inner product

n
i=1

Example 10.2.22 (Euclidean Space). Consider the Euclidean space
R3.
For
€r = (15273)7 y: (2707 1)’

the standard inner product is
(z,y)=1-2+2.-043-1=05.

Thus, R? with its standard inner product is a Euclidean space.

10.2.12 Real Manifold

A Real Manifold is a topological space locally modeled on Euclidean space, with compatible coordinate
charts describing its smooth structure.

Definition 10.2.23 (Real Manifold). A Real Manifold of dimension n is a topological manifold M
locally modeled on

R™,
with coordinate transition maps having the required smoothness.
Example 10.2.24 (Real Manifold). The unit circle

St ={(z,y) eR? | 2® +¢* =1}

is locally homeomorphic to open subsets of

R.

Therefore, S! is a one-dimensional real manifold.

10.2.13 Real Lie Group

A Real Lie Group is simultaneously a group and smooth real manifold whose multiplication and
inversion operations are smooth maps [741H744].

Definition 10.2.25 (Real Lie Group). A Real Lie Group is a group G that is also a smooth real
manifold such that
G xG— G, (g, h) — gh,

and
G— G, g»—)g_l7

are smooth maps.

Example 10.2.26 (Real Lie Group). Consider

cosf —sinf
50(2) = {(sin@ cos 6 ) b e R} ’
Under matrix multiplication, SO(2) is a group and a smooth real manifold, and its multiplication
and inversion are smooth. Hence SO(2) is a real Lie group.
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10.2.14 Real Lie Algebra

A Real Lie Algebra is a real vector space with a bilinear antisymmetric bracket satisfying the Jacobi
identity for elements [745]746].

Definition 10.2.27 (Real Lie Algebra). A Real Lie Algebra is a real vector space g equipped with
a bilinear bracket

[]:axg—g
that is antisymmetric and satisfies the Jacobi identity
[z, [y, 2]] + [y, [z, 2] + [z, [z, 9]] = 0.

Example 10.2.28 (Real Lie Algebra). Consider

With the Lie bracket
[A,B] = AB — BA,

50(2) is a real Lie algebra. In this case,

for all A, B € s0(2).

10.2.15 Real Projective Space

Real Projective Space consists of real lines through the origin in Euclidean space, identifying nonzero
vectors differing by scalar multiplication [747H749].

Definition 10.2.29 (Real Projective Space). The Real Projective Space of dimension n is
RP" = (Rn+1 \ {0}) / ~,

where
T~y = y=JA\x

for some

A eRN\{0}.
Example 10.2.30 (Real Projective Space). Consider
RP' = (R?\ {0})/ ~ .

The vectors
(1,2) and (-1,-2)

represent the same projective point because
(—1,-2) = —1(1,2).

Thus,
[1:2] =[-1:—-2] € RP".



Chapter 10. Real Structure

10.2.16 Symmetric Matrix

A Symmetric Matrix is a real square matrix equal to its transpose, possessing real eigenvalues and
always an orthonormal eigenbasis [750H752].

Definition 10.2.31 (Symmetric Matrix). A real square matrix
Ae M,(R)

is called a Symmetric Matriz if
AT = A

Example 10.2.32 (Symmetric Matrix). Consider
2 1
)

T (2 1\ _
ar— (1 5) =4

Since

the matrix A is symmetric.

10.2.17 Orthogonal Matrix

An Orthogonal Matrix is a real square matrix whose transpose equals its inverse, thereby preserving
lengths, angles, and inner products [753H755|.

Definition 10.2.33 (Orthogonal Matrix). A real square matrix

Q € M,(R)
is called an Orthogonal Matriz if
QTQ =QQ" =1I,.
Equivalently,
Ql=q"

Example 10.2.34 (Orthogonal Matrix). Consider
0 -1
=1 o)
r_ (0 1
@ = (—1 0

QTQ=QQ" = I.

Then

and

Hence @) is an orthogonal matrix.
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10.2.18 Orthogonal Group

The Orthogonal Group consists of orthogonal matrices of fixed size under multiplication, forming a
Lie group preserving Euclidean inner products [756{75§].

Definition 10.2.35 (Orthogonal Group). The Orthogonal Group of degree n is
O(n) = {Q € M, (R) | QTQ = In}7
equipped with matrix multiplication.

Example 10.2.36 (Orthogonal Group). Consider

0(2) ={Q € Mx(R) | QTQ = I2} .

a=(y ) <o,

QTQ=1I.
The set O(2) is closed under matrix multiplication and inversion, and therefore forms the orthogonal
group of degree 2.

For example,

since
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Chapter 11

Conclusion

This book has presented a systematic survey of linguistic, MOD, interval, subset, multi-component,
meta, complex, and real structures, together with several uncertainty-based and higher-order gener-
alizations. Linguistic structures provide mathematical frameworks for representing natural language,
qualitative information, ambiguity, and uncertainty through fuzzy, neutrosophic, graph-theoretic,
and related approaches. MOD structures describe finite cyclic systems based on modular arithmetic,
whereas interval structures represent bounded, imprecise, and uncertain information through ranges
of admissible values.

Subset Structures extend ordinary mathematical structures by replacing elements with subsets and
lifting operations to the subset level, thereby establishing natural relationships with HyperStructures
and higher-order constructions. MultiStructures generalize classical structures by combining multi-
ple distinguishable components, while Iterated MultiStructures introduce an additional hierarchical
organization. MetaStructures provide a further level of abstraction by treating entire mathematical
structures as objects. Representative Complex and Real Structures also illustrate important algebraic,
geometric, and scalar-based realizations within the broader framework.

By organizing these diverse concepts within a common mathematical perspective, this book clarifies
their definitions, structural relationships, special cases, reductions, and generalizations. Future re-
search may further investigate interactions among linguistic, modular, interval-valued, subset-based,
multi-component, meta, uncertainty-oriented, Hyper-, and SuperHyperStructures. Further develop-
ments may also explore applications in discrete mathematics, algebra, artificial intelligence, compu-
tational modeling, network science, and complex information systems.
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Abstract

Mathematical structures provide systematic frameworks for representing linguistic information, mod-
ular systems, interval-valued data, subset-based constructions, and higher-order relationships. In this
work, we present a unified survey and systematic generalization of linguistic, MOD, interval, subset,
multi-component, meta, complex, and real structures, together with several uncertainty-oriented and
higher-order extensions.

Linguistic structures are examined from natural and formal language models to fuzzy, neutrosophic,
graph-based, and related mathematical representations. MOD structures are organized through alge-
braic and combinatorial constructions based on modular arithmetic, including graphs, HyperGraphs,
and SuperHyperGraphs. Interval structures are investigated as models of bounded variability, impre-
cision, and uncertainty through algebraic, graph-theoretic, and interval-valued extensions.

We further study Subset Structures obtained by lifting ordinary operations to families of nonempty
subsets, and clarify their distinction from and relationship with HyperStructures. Iterated power-set
constructions are used to generate hierarchical subset structures and to explain their connections with
higher-order and SuperHyperStructures. BiStructures, TriStructures, MultiStructures, and Iterated
MultiStructures are considered as systematic multi-component and hierarchical extensions of ordinary
mathematical structures. MetaStructures and Iterated MetaStructures provide an additional level of
abstraction by treating entire mathematical structures as objects, while complex and real structures
illustrate scalar-based and algebraic realizations of the general framework.

Particular attention is given to definitions, structural relationships, special cases, reductions, closure
properties, and well-definedness. Overall, the proposed organization provides a common mathematical
perspective for comparing diverse constructions and developing further models in uncertainty theory,
discrete mathematics, algebra, network science, and higher-order mathematical structures.

Keywords: Linguistic Structures, MOD Structures, Interval Structures, Subset Structures, Mul-
tiStructures, MetaStructures, HyperStructures, SuperHyperStructures, Complex Structures, Real
Structures, Uncertainty Modeling, Higher-Order Structures



ABSTRACT

This book presents a unified survey and systematic
generalization of mathematical structures used to
represent linguistic information, modular systems,
interval-valued data, uncertainty, and higher-order
relationships. It examines linguistic, MOD, interval,
subset, multi-component, meta, complex, and real
structures, together with fuzzy, neutrosophic, graph-based,
HyperStructure, and SuperHyperStructure extensions.

By clarifying definitions, structural relationships,

reductions, closure properties, and well-definedness,
the volume establishes a common framework for

comparing diverse constructions and developing new
models in uncertainty theory, discrete mathematics, .
algebra, network science, and higher-order f
mathematical systems.
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