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Chapter 1

Introduction

1.1 Graph Theory and Its Applications

Graph theory is a fundamental branch of mathematics concerned with networks composed of vertices,
or nodes, and edges, or connections. It provides a rigorous framework for analyzing structural prop-
erties, connectivity patterns, paths, and interactions within such networks [1]. Owing to its broad
applicability, graph theory has been extensively studied in numerous theoretical and practical do-
mains, including real-world network analysis [2], graph neural networks [3}/4], Bayesian networks [5],
bioinformatics [6l|7], protein-structure analysis [8,9], circuit design [10], chemical graph theory [11],
and graph databases [12|13]. Major research directions also include the classification and structural
analysis of graph families [14] and the development of efficient graph algorithms [15]. Extensions of
classical graphs are also known, including HyperGraphs [16}/17], SuperHyperGraphs [18,(19], Multi-
Graphs [20}21], and Digraphs.

1.2 Soft Set Theory

Classical set theory is based on exact membership and therefore does not always provide a suffi-
ciently flexible framework for situations involving ambiguity, incomplete information, uncertainty, or
vagueness. To address these limitations, numerous generalized set-theoretic frameworks have been
developed, including fuzzy sets [22,123], hyperfuzzy sets [24-26], neutrosophic sets [27}/28], double-
valued neutrosophic sets [29H31], plithogenic sets |18//32/33], uncertain sets [34H36], rough sets [37[38],
and soft sets [39].

Let U be a universe and let F be a set of parameters. A soft set over U is a pair (F, FE), where
F:E— P).

Thus, each parameter e € E is associated with a subset F'(e) C U. Rather than assigning a single fixed
classification to the elements of U, a soft set describes them through parameter-dependent subsets.
This flexible parameterization has been applied in areas such as decision analysis, data processing,
and knowledge representation; see, for example, [39,40]. The adaptability of soft-set theory has led to
the introduction of numerous extensions. An IndetermSoft set, for example, permits indeterminacy in
the parameters, the associated approximating subsets, the correspondence between them, or several
of these components simultaneously [41,42]. Other developments include HyperSoft sets [43]/44],
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TreeSoft sets [45H48|, bipolar soft sets [49L50], and SuperHyperSoft sets [51153]. Surveys of soft-set
theory are also available in the literature, including the work cited in [54].

Soft-set concepts have further been incorporated into graph-based frameworks, including Soft Graphs
[55,[56] and Soft HyperGraphs [57]. Soft Graphs assign each parameter a subgraph of an ambient
graph, enabling parameter-dependent representation of uncertain vertices, edges, relationships, and
structural configurations within complex networks.

1.3 Rough Sets and Rough Graphs

A rough set represents an imprecisely specified concept through lower and upper approximations
induced by an indiscernibility relation [58,59]. The lower approximation contains elements that
certainly belong to the target set, whereas the upper approximation contains elements that possibly
belong to it. Their difference forms the boundary region, which captures the uncertainty inherent
in the available information. Several extensions of Rough Sets are known, including Game-Theoretic
Rough Sets [60], Probabilistic Rough Sets [61,[62], and Variable Precision Rough Sets [63H65].

A rough graph extends this approximation-based framework to graph structures [66-68]. Rough
approximations may be applied to vertices, edges, or subgraphs, thereby distinguishing structural
components that are certainly present, possibly present, or contained in a boundary region under a
prescribed indiscernibility relation.

1.4 Owur Contributions

Soft Graphs, Rough Graphs, and their numerous extensions have been studied extensively. However,
relatively few works provide a unified survey of these graph-theoretic frameworks and their relation-
ships. This book addresses this gap by presenting an organized introduction to Soft Graphs, Rough
Graphs, and several of their principal extensions. The aim is to clarify their underlying mathematical
structures, compare their modeling capabilities, and provide a useful reference for further theoretical
and applied research.



Chapter 2

Preliminaries

In this chapter, we briefly review the basic definitions, terminology, and notation used throughout
this book.

2.1 Soft Set

A Soft Set provides a simplified approach to parameterized decision modeling by mapping attributes,
or parameters, to subsets of a universal set, thereby addressing uncertainty in a straightforward
manner [39,40,/69).

Definition 2.1.1 (Soft Set). [39,/40] Let U be a universal set and A be a set of attributes. A soft
set over U is a pair (F,S), where S C A and F : S — P(U). Here, P(U) denotes the power set of U.
Mathematically, a soft set is represented as:

(F,S) ={(a, F(a)) |« € S, F(a) € P(U)}.
Each « € S is called a parameter, and F(«) is the set of elements in U associated with a.
Example 2.1.2 (Soft Set for Laptop Selection). Let
U={l,0s,03,04,05}

be a set of laptops, and let
A ={a1,a2,a3,a4}

be an attribute set, where

a1 = affordable, as = lightweight, as = long battery life, a4 = high performance.

Choose

S ={ay,as2,a3} C A
and define

F:8—PWU)

by

Flar) = {1,02,05},

Flaz) = {la, 03,44},
and

Flag) = {1,05,04}.
Therefore,

(a1, {1,02,05}),
(F,8) =« (a2, {l2,03,44}),
(az, {€1,€5,la})

is a soft set over U.
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Universe U

Parameters S

a1: affordable

Figure 2.1: A soft set in which each parameter is associated with a subset of laptops.

2.2 Rough Set

A rough set approximates a subset using lower and upper bounds determined by equivalence classes,
thereby capturing both certainty and uncertainty in membership [5870,/71].

Definition 2.2.1 (Rough Set Approximation). [59] Let X be a nonempty universe of discourse, and
let R C X x X be an equivalence relation (also called an indiscernibility relation) on X. The relation
R partitions X into disjoint equivalence classes, denoted by [z]g for each z € X, where

[z]r ={y € X | (z,y) € R}.

For any subset U C X, the lower approzimation U and the upper approzimation U are defined by:

1. Lower Approzimation:
U={zeX|[z]rcU}
This set contains all elements whose entire equivalence class is contained within U; these ele-
ments definitely belong to U.

2. Upper Approximation: o
U={zeX|[z]gnU #0}.

This set contains all elements whose equivalence class has a nonempty intersection with U; these
elements possibly belong to U.

Thus, the pair (U,U) forms the rough set representation of U, satisfying
UCUCU.
Example 2.2.2 (Rough Approximation of a Student Group). Let
X = {x1,x9, 23,24, Ts5, Tg, T7, T8 }

be a set of students. Suppose that R classifies students according to indistinguishable performance
levels, with equivalence classes

Ci = {x1, 22}, Cy = {3, 24,25}, Cs = {z¢, 27}, Cy = {xs}.

Consider the target set
U = {$17$27m3ax67937}'

Since C7 and Cjs are entirely contained in U, while Cs only intersects U, we obtain
U =C1UCs ={zy, 23,26, 27},
and -
U=C1UCyUCs = {x1,22,73, 74, T5,T6, 77}

Thus, the boundary region is -
U\U = {x3, 24,25}
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e

I@@ EEE @‘

Upper approxnnatlon U

Figure 2.2: The target set and its lower and upper rough approximations. Shaded elements belong
to the displayed set, and dashed boxes represent the equivalence classes of R.

2.3 Uncertain Set

An Uncertain Set assigns to each element a degree taken from a prescribed uncertainty model, thereby
providing a common framework that includes fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic
settings [72].

Definition 2.3.1 (Uncertain Model). [72] Let U denote the class of all uncertain models. Each
M € U is determined by the following data:

« a nonempty set Dom(M) C [0,1]* of admissible degree tuples, for some fixed integer k > 1;

e a collection of model-dependent algebraic or geometric constraints imposed on elements of
Dom(M) (for example, u + v < 1 in the intuitionistic fuzzy setting, or 0 < T+ + F < 3 in
the neutrosophic setting).

Typical examples are as follows:

o Fuzzy model: Dom(M) = [0, 1];
¢ Intuitionistic fuzzy model:

Dom(M) = {(,v) € [0,1]2 s ji+ v < 1)
¢ Neutrosophic model:

Dom(M) = {(T,I,F) € [0,1]>:0< T+ 1+ F <3}

o Plithogenic model, together with many further extensions.

Definition 2.3.2 (Uncertain Set (U-Set)). [72] Let X be a nonempty universe, and let M be a
fixed uncertain model with degree-domain Dom(M) C [0, 1]*. An Uncertain Set of type M (briefly, a
U-Set) on X is a pair
U= (Xv MM))
where
M X — Dom(M)

is called the uncertainty-degree function (or membership map) of U.

For each x € X, the value ups(x) € Dom(M) records the degree, or collection of degrees, with which
x belongs to the uncertain set under the model M.
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Remark 2.3.3. Several familiar structures appear as special cases:

o If M is the fuzzy model with Dom(M) = [0,1], then ups : X — [0,1] is an ordinary fuzzy
membership function, and U is a fuzzy set.

o If M is a neutrosophic model, then pps(x) = (T(x),I(x), F(x)), and U becomes a neutrosophic
set.

e Other choices of M recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic sets, and
many related models.

As indicated above, this framework admits many different specializations. For reference, Table
lists representative families of uncertainty sets (U-Sets), organized according to the dimension k of
the degree-domain Dom(M) C [0, 1]* (cf. )

Table 2.1: A catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-
domain Dom(M) C [0, 1]* .

note Representative U-Set model(s) whose degree-domain is a subset of [0, 1]F
Fuzzy Set @lﬁﬂ, N-Fuzzy Set 74H76 ; Shadowed Set |77H79)
Intuitionistic Fuzzy Set ; Interval-Valued Fuzzy Set \, Pythagorean
Fuzzy Set [84,[85]; Fermatean Fuzzy Set [86}/87]; q-Rung Orthopair Fuzzy Set
, Vague Set ; Bipolar Fuzzy Set (two-component description) ;
Variable Fuzzy Set \ @\ Paraconsistent Fuzzy Set ; Bifuzzy Set

3 Single-Valued Neutrosophic Set ; Picture Fuzzy Set ; Cubic Set
; Spherical Fuzzy Set ; T-Spherical Fuzzy Set ; Tripolar
Fuzzy Set (three-component formalisms) ; Neutrosophic Vague Set
115]

4 dripartitioned Neutrosophic Set ; Interval-Valued Intuitionistic Fuzzy
Set ; Interval-Valued Pythagorean Fuzzy Set ; Linear Diophan-
tine Fuzzy Set [122,[123]; Double-Valued Neutrosophic Set [29}31}[124]; Dual
Hesitant Fuzzy Set ; Ambiguous Set ; Turiyam Neutrosophic
Set [130}133]

N | R

5 Pentapartitioned Neutrosophic Set ; Triple-Valued Neutrosophic Set

6 Hexapartitioned Neutrosophic Set; Quadruple-Valued Neutrosophic Set
Interval-Valued Neutrosophic Set

7 Heptapartitioned Neutrosophic Set \,\ Quintuple-Valued Neutrosophic Set

8 Octapartitioned Neutrosophic Set 147)

9 Nonapartitioned Neutrosophic Set \ \ ; Neutrosophic Cubic Set \

n (n>1)  Multi-valued (Fuzzy) Sets ; MultiFuzzy Set ; n-Refined Fuzzy Set [152)

2n (n>1) n-Refined Intuitionistic Fuzzy Set \\ Multi-Intuitionistic Fuzzy Set \\

3n (n>1) n-Refined Neutrosophic Set ; Multi-Neutrosophic Set \

Reading guide. Within the U-Set framework , each model M is determined by a degree-domain Dom(M) C [0, 1]*
together with a membership map pps @ X — Dom(M). Accordingly, the table groups representative families by the
ambient dimension k, that is, by the number of numerical components assigned to each element.

() A common viewpoint in the literature is that neutrosophic sets form a broad umbrella encompassing several earlier
multi-component fuzzy models and their generalizations; see .

() Ambiguous sets are often described as subclasses of certain four-component neutrosophic families; see \,
(c) Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see .

We now introduce the corresponding notion of an Uncertain Graph.

Definition 2.3.4 (Uncertain Graph). Let G = (V, E) be a finite undirected loopless graph, and let
M be an uncertain model with degree-domain Dom(M). An Uncertain Graph of type M is a triple

gM = (V,E,,MM),

10
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where
pr V' UE — Dom(M)

assigns to every vertex v € V and every edge e € E an uncertainty degree pr(v) or pps(e) belonging
to Dom(M).

If desired, one may additionally impose model-dependent consistency conditions relating vertex and
edge degrees. For example, in fuzzy or intuitionistic fuzzy settings, the degree of an edge e = {u, v}
is often bounded in terms of the degrees of its incident vertices. However, such conditions depend on
the particular model M and are therefore not built into this general definition.

Remark 2.3.5. Well-known graph models are recovered by choosing M appropriately:

o fuzzy graphs arise when M is the fuzzy model and pps : VU E — [0, 1];

e intuitionistic fuzzy graphs, neutrosophic graphs, plithogenic graphs, and related models are
obtained from the corresponding choices of M.

For reference, Table presents a catalogue of uncertainty-graph families (Uncertain Graphs), again
classified by the dimension k of the degree-domain Dom(M) C [0, 1]*.

Table 2.2: A catalogue of uncertainty-graph families (Uncertain Graphs) organized by the dimension
k of the degree-domain Dom(M) C [0, 1]%.

k Representative uncertainty-graph type(s) Gasr = (V, E, fiar) with pas : VUE — Dom(M) C [0, 1]

1 Fuzzy graph [23/73]; N-graph; shadowed-graph variants
Intuitionistic fuzzy graph [158]; vague graph [159]; bipolar fuzzy graph [160]; intuitionistic evi-
dence graph; variable fuzzy graph; paraconsistent fuzzy graph; bifuzzy graph [161L{162]

3 Neutrosophic graph |163:165|(a); hesitant fuzzy graph |166]; tripolar fuzzy graph [167,168]|; three-
way fuzzy graph; picture fuzzy graph [169,/170|; spherical fuzzy graph [106,[171]; inconsistent
intuitionistic fuzzy graph; ternary fuzzy / neutrosophic-fuzzy graph; neutrosophic vague graph

4 Quadripartitioned neutrosophic graph [172}[173]; double-valued neutrosophic graph [31]; dual
hesitant fuzzy graph [174H176); ambiguous graph (). ]ocal-neutrosophic graph; support-
neutrosophic graph; turiyam neutrosophic graph |177]<°)

5 Pentapartitioned neutrosophic graph |17§]; triple-valued neutrosophic graph [179]

6 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph

7 Heptapartitioned neutrosophic graph |180]; quintuple-valued neutrosophic graph

8

9

n

Octapartitioned neutrosophic graph

Nonapartitioned neutrosophic graph

n-refined fuzzy graph; multi-valued (fuzzy) graphs; multi-fuzzy graphs [181]
2n n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graphs

3n n-refined neutrosophic graph; multi-neutrosophic graphs

(2) Neutrosophic graph models are often regarded as broad frameworks that can specialize to many degree-based graph
formalisms under suitable additional constraints.

(®) Ambiguous graph models are commonly described as subclasses of certain quadripartitioned, and in some cases also
double-valued, neutrosophic graph models.

(¢) Turiyam neutrosophic graphs are reported as subclasses of certain quadripartitioned neutrosophic graph models.

2.4 Graph, HyperGraph, and SuperHyperGraph

We begin with the set-theoretic operations underlying SuperHyperGraphs and then recall the relevant
graph-theoretic definitions. A hypergraph is a natural generalization of an ordinary graph in which
an edge, usually called a hyperedge, may join any number of vertices rather than only two. We begin
with the standard definition [182}{186].

11
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Definition 2.4.1 (Hypergraph). [184] A hypergraph is a pair
H = (V(H),E(H)),

where V(H) is a nonempty set of vertices and E(H) is a family of subsets of V(H), called the
hyperedges of H. In this book, all hypergraphs are assumed to be finite.

Example 2.4.2 (A Collaboration Hypergraph). Consider five researchers represented by
V(H) = {v1,v2,v3,v4,v5}.
Suppose that three research teams are formed:
e1 = {v1,v2,v3}, es = {v3,v4}, es = {va,v4,05}.

Then
H=(V(H),E(H)),  E(H)={e1 ez e3},

is a hypergraph. In particular, e; and es represent multiway relationships involving three researchers.

Figure 2.3: A hypergraph representing three overlapping research teams.

Hypergraphs are useful for modeling higher-order relationships in many areas, including computer
science and biology [187,/188]. They are also actively studied in database theory [189,|190] and in
hypergraph neural networks [191,192].

A SuperHyperGraph is a higher-order structure whose supervertices belong to an iterated powerset of
a base set, and whose superhyperedges are nonempty subsets thereof [18,/193,/194]. Moreover, related
concepts such as Recursive SuperHyperGraphs [195-199], Meta-SuperHyperGraphs [182}200], and
Hierarchical SuperHyperGraphs [196},200,/201| are also known. Their definitions and related notions
are given below.

Definition 2.4.3 (Base set). A base set S is the underlying universe of admissible objects in the
setting under consideration, i.e.,

S = {z | z is an admissible object in the given context }.

Accordingly, every element of P(S)—and, more generally, of any iterated powerset—is ultimately
formed from elements of S.

Definition 2.4.4 (Powerset). (see [202]) For a set S, its powerset is the family of all subsets of .S:
PS)={A]ACS}

In particular, § € P(S) and S € P(S).

Definition 2.4.5 (Hypergraph). [184.1203] A hypergraph is an ordered pair H = (V, E) where

12
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e V is a finite set of vertices, and

e F is a finite family of nonempty subsets of V', called hyperedges.

Thus a hyperedge may contain more than two vertices, allowing one to model genuinely multiway
relations.

Definition 2.4.6 (n-fold iterated powerset). [204}205] Let X be a set. Define P}(X) := P(X) and,
for n > 1, set recursively

P X)) = P(P”(X)).
When excluding the empty set, we write
PHX) =P™(X)\ {0}

Definition 2.4.7 (n-SuperHyperGraph). (see [18/206]) Let Vp be a finite, nonempty base set, and
define the iterated powersets by

P'(Vo) ==Vo,  PFII (V) :=P(P*(Vy)) (ke Nu{0}).
For n > 0, an n-SuperHyperGraph on Vj is a pair
SHG™ = (V, B)

satisfying
V CP™ (V) and  ECP(V)\{0}.

Elements of V' are called n-supervertices, and elements of E are called superhyperedges; equivalently,
each superhyperedge is a nonempty subset of the supervertex set V.

Example 2.4.8 (A 1-SuperHyperGraph: Interdisciplinary Research Teams). Let
Vo ={a,b,c,d e, f}
be a set of six researchers. Define three research teams by
S1 :={a,b}, Sa = {e, d}, S3 = {e, f}.

Since S1, 52, 55 € P(Vp), the set
V = {51, 527 53}

satisfies
VCP(Vo) =P (Vo).

Define the superhyperedges
€1 = {Sla 52}7 €2 1= {S27S3}? €3 1= {51’52753}’

and put
E = {61,62,63}.

Then
SHGY = (V, E)

is a 1-SuperHyperGraph on Vj.

Here, e; represents collaboration between the first two research teams, e; represents collaboration
between the second and third teams, and ez represents a joint project involving all three teams.

13
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e . \
i K Y
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Figure 2.4: A 1-SuperHyperGraph whose supervertices are research teams.

Example 2.4.9 (A 2-SuperHyperGraph: Coordinated Organizational Divisions). Let
Vo ={a,b,c,d e, f}
be a set of employees. Consider the following first-level groups:
Ay = {a, b}, Az = {c},

By = {d,@}, By = {f}’
and

Cl = {b, 6}, C2 = {a, f}

Define three second-level organizational divisions by
T1 = {AhAQ} = {{(L,b}, {C}},
T = {B17B2} = {{dve}v {f}}7

and

T3 = {01,02} = {{b,e},{cuf}}.

Each T; is a set of subsets of Vj; hence,

T; € P(P(V)) = P*(Vo).

Therefore,
V= {T1,T5, T3} C P*(Vp).
Define
fi=A{1, Tz}, fa = {12, T3}, f3:={T, T2, T3},
and let
E:={f1, f2. fs}.
Then

SHG® = (V, E)
is a 2-SuperHyperGraph on Vj.

The superhyperedge f; represents coordination between the first and second divisions, f, represents
coordination between the second and third divisions, and f3 represents an organization-wide initiative
involving all three divisions.

14
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Figure 2.5: A 2-SuperHyperGraph whose supervertices are collections of employee groups.

15



Chapter 3

Soft Graph Series

This chapter examines Soft Graphs and their various extensions.

Soft Graph extensions = uncertainty extensions

fuzzy, intuitionistic fuzzy,
neutrosophic, bipolar, rough, picture fuzzy

U structural extensions

digraph, hypergraph,
directed hypergraph, superhypergraph

U parameter extensions .

hypersoft, multi-attribute,
expert and multilevel models

3.1 Soft Graph

A soft graph assigns each parameter a subgraph, enabling parameter-dependent representation of
uncertain vertices, edges, and relationships within complex networks and decision-making systems
effectively and systematically [207}/208].

Definition 3.1.1 (Soft Graph). Let
G*=(V,E)

be a finite simple graph, and define

Sub(G*) = {(W,F);ng, FCEN (V;)}

Let A # () be a parameter set. A mapping
d: A — Sub(G")
is called a soft graph over G*.

Equivalently, if
®(a) = (Va, Eq) (a € A),

then
V,CV, E,CEnN (‘;)

so that ®(a) is a subgraph of G* for every a € A.
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Chapter 3. Soft Graph Series

Example 3.1.2 (Soft Graph for Research-Team Selection). Let
G* :(VY’E)7 V:{Ul,’l]g,’l]g,’l)4,’l}5},
where the vertices represent researchers, and let

E = {{vi, v}, {v1,v3}, {v2,v3}, {vo, va}, {vs, va}, {03, 05}, {va,v5}}.

Consider the parameter set
A= {ath7 acomp}a

where ay, denotes theoretical expertise and acomp denotes computational expertise. Define
®: A — Sub(G")

by
<I>(ath) = ({’Ul,vg, 1}3}, {{7)1,’1)2}, {Ul, 1}3}, {Ug, 7)3}})

and
P (acomp) = ({v2,v3,v4,v5}, {{v2,v3}, {va, va}, {vs, va}, {vs, vs}, {va,v5}}) .

Each image of ® is a subgraph of G*; therefore, ® defines a soft graph over G*.

Ambient graph G* (asm) ®(acomp)

Figure 3.1: An ambient research-collaboration graph and its two parameter-dependent soft-graph
slices.

3.2 HyperSoft Graph

A HyperSoft Graph assigns each tuple of attribute values a subgraph, enabling parameterized repre-
sentation of uncertain relationships governed by multiple disjoint attribute sets simultaneously and
systematically [209-212]. Related concepts, such as Hypersoft Hypergraphs, are also known [213].

Definition 3.2.1 (HyperSoft Graph). Let
G*=(V,E)

be a finite simple graph, and let
AlvAQa"'vAm

be nonempty attribute-value domains. Define the hypersoft parameter space by

Cg=A41 x Ay x -+ x A,,.

A mapping

is called a HyperSoft graph over G*.
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Thus, for each attribute-value tuple
v =(ay,a9,...,an) € Cy,

the value
¢H(7) = (V’Ya E’y)

is a subgraph of G*, where

Vv, CV, EngﬂC;”).

Example 3.2.2 (HyperSoft Graph for Supplier Selection). Consider a company that evaluates five
candidate suppliers,

V = {s1, 52,53, 54, 55}

Two suppliers are joined whenever they can participate in the same logistical collaboration. Let the
underlying graph be

G* =V, E),

where
E= {{Sla 52}7 {317 83}7 {SQa 33}7 {327 S4}a

{83, 84}, {33, 55}, {54, 35}}

Suppose that suppliers are assessed according to two attributes: cost level and reliability level. Define
A; = {low, medium}, As = {high, moderate}.
Hence, the hypersoft parameter space is

Oy = Ay % Ay — { (low, high), (low, moderate), }

(medium, high), (medium, moderate)

Define
@y : Cyg — Sub(G*)
by
Py (low, high) = ({s1, s2, s3}, {{s1, 52}, {s1, 53}, {52, s3}}),
&y (low, moderate) = ({31,33,55}, {{s1, 83}, {33,35}}),
(I)H(mediumv hlgh) = ({827 53, 84}7 {{827 83}7 {SQa 84}7 {837 84}})7
and

&y (medium, moderate) = ({83, Sa, 85}, {{s3, 54}, {3, 85}, {84, 55}})

Each value of ®y is a subgraph of G*. Therefore, &y defines a HyperSoft Graph over G*. For
example,

®p(low, high)

represents the compatible supplier network consisting of suppliers having low cost and high reliability.

18



Chapter 3. Soft Graph Series

Underlying supplier graph G*

@y (low, high) 1 (low, moderate)
P (medium, high) 1 (medium, moderate)

Figure 3.2: A HyperSoft Graph for supplier selection under cost and reliability attributes.

3.3 SuperHyperSoft Graph

A SuperHyperSoft Graph assigns each tuple of attribute-value subsets a subgraph, enabling flexible
parameterized representation of uncertain relational structures under grouped multiattribute infor-
mation and constraints [214].

Definition 3.3.1 (SuperHyperSoft Graph). [214] Let
G*=(V,E)
be a finite simple graph, and let
Ay As, . AL

be nonempty pairwise-disjoint attribute-value domains. Define the SuperHyperSoft parameter space
by
OSH = P(Al) X P(AQ) X+ X P(A'rn)~

A mapping
q)SH : CSH — Sub(G*)

is called a SuperHyperSoft graph over G*.

Thus, for every tuple
a:(a17a27~"7am)€CSH7 angzv

the value
(I)SH(O‘) = (VaaEa)
is a subgraph of G*, where

Va CV, EagEm(V;).
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3.4 Soft HyperGraph

A soft HyperGraph assigns each parameter a subhypergraph, enabling parameterized representation of
uncertain multiway relationships among vertices through parameter-dependent vertex and hyperedge
families in systems [215].

Definition 3.4.1 (Soft HyperGraph). Let
H=(V,E)

be a hypergraph, where
ECPV)\{0},

and let C' # () be a set of parameters.

A soft HyperGraph over H is a quadruple
7-[SOft = (Ha C7 Aa B)7

where

A:C—P(V), B:C—PE),

such that, for every ¢ € C,
B(c)C{ec E:eC A(0)}.

For each ¢ € C, the hypergraph
H[c] = (A(c), B(0))

is called the parameter slice or soft subhypergraph at c.

Example 3.4.2 (Soft HyperGraph for Hospital Emergency Coordination). Consider the set of hos-
pital departments
V= {1}1,1}277)3,’04,@5, Uﬁ}a

where
v1 = Emergency Department, vy = Intensive Care Unit,
vz = Laboratory, vy = Pharmacy,
vs = Information Technology, wvg = Security.
Let
E= {61; €2, €3, 64}3
with
er = {vi,v2,v3}, ez = {v1,v4},
e3 = {vs,v6}, e4 = {v2,v4,05}.
Thus,
H=(V,E)

is a hypergraph representing coordination groups among hospital departments.

Let
C= {Cmeda Ccyb}7

where cpeq denotes a medical emergency and cy1, denotes a cybersecurity emergency. Define

A(cmed) == {1}1,1}271)3,1)4}, B(Cmed> - {61762}7
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and
A(Ceyn) = {v2,v4,05, 06}, B(ceyn) = {es, es}.

Since

€1, €2 g A(Cmed)
and

e3,eq C A(Ceyb)s
we have

B(c) C{ec E:eC A(c)} for every c € C.

Therefore,

Hsoft = (H7 Cv A7 B)
is a soft HyperGraph.

Its two parameter slices are
Hlemed] = ({v1,v2,v3,v4}, {e1, €2})

and
Hceyn] = ({v2,v4,v5, 06}, {€3,e4}) .

..................

©
O

- =,
S m———

.
e e e e e e e e .- —- - ‘
€2
*,
.

rreeeeeeeeeeent s Tcmed] H [Ccyb]

Medical emergency Cybersecurity emergency

= = = = first hyperedge-type second hyperedge type

Figure 3.3: Two parameter slices of a soft HyperGraph for hospital emergency coordination. The
medical-emergency slice activates e; and ey, whereas the cybersecurity-emergency slice activates eg
and ey.

The example illustrates how the same ambient hospital hypergraph can produce different subhyper-
graphs according to the emergency parameter.

3.5 Soft SuperHyperGraph

A soft SuperHyperGraph assigns each parameter a sub-SuperHyperGraph, enabling parameterized
modeling of uncertain higher-order relations among supervertices and superedges within complex
hierarchical networks and systems [216].

Definition 3.5.1 (Soft n-SuperHyperGraph). Let Vj be a nonempty finite base set, let n > 1, and
let
G=V,¢)

be an n-SuperHyperGraph satisfying

VCPM™M(W),  ECPW)\ {0}

21



Chapter 3. Soft Graph Series

Let C # () be a set of parameters.

A soft n-SuperHyperGraph over G is a quadruple
gsoft - (g7 07 Aa B)a

where

A:C—P(V), B:C—PE),

such that, for every ¢ € C,
B(e) C{ec&:eC Ac)}.

For each ¢ € C, the n-SuperHyperGraph
Gle] = (A(c), B(c))

is called the parameter slice or soft sub-n-SuperHyperGraph at c. A soft n-SuperHyperGraph is also

called a soft SuperHyperGraph when the level n is understood.

Example 3.5.2 (Soft 2-SuperHyperGraph for Project Organization). Let n = 2 and let

VO = {a,b,c,d,e,f}
be a set of project members. Define the first-level supervertices
S1 = {aa b}a S = {Ca d}a Sz = {e>f}>

and the second-level supervertices

Sy = {ba C}a

T = {51,852}, Ty = {5, 53}, T3 = {S1,54}.

Thus,
V = {81,855, 83,54, T1, 5, T35} € P (V).

Let

E ={e1,eq,e3,¢e4},
where

e1 = {51,852, T},

€2 = {52753,T2}»

es = {51, 54,13},

es = {51, S2, S4}.
Then

G=V,¢)
is a 2-SuperHyperGraph.

Consider the parameter set
C= {Cdew Cops}a

where cqc denotes development activities and c,ps denotes operational activities. Define

A(Cdev) = {Slv 525 S47T1aT3}a

B(cdev) = {e1,€3,€4},

and

A(cops) = {52, 53, Ta}, B(cops) = {ez2}-
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Since
e C A(e) for every e € B(c)

and every ¢ € C, the structure

gsoft = (g7 Ca A7 B)

is a soft 2-SuperHyperGraph. Its parameter slices are

Gleaev] = ({51, 92, 84,11, T5}, {e1, es, e4})

and

Gleops] = ({S2, 53, To}, {e2}).

3.6 Recursive Soft SuperHyperGraph

A Recursive SuperHyperGraph organizes nested supervertices and superedges across multiple lev-
els, preserving recursive containment and representing hierarchical higher-order relational struc-
tures [195,/217]. A Recursive Soft SuperHyperGraph assigns each parameter a recursively closed
sub-SuperHyperGraph, preserving nested supervertices, superedges, and levelwise hierarchical struc-
ture consistently.

Definition 3.6.1 (Recursive Soft SuperHyperGraph). Let r > 0, let V, be a finite nonempty set,
and recursively define nonempty level sets

ngP(kal)\{@}, k=1,...,r
Put .
ve=J Vi
k=0
and let
G = ({(Vitieo, ),  ECPV)\{0},

be an ambient recursive SuperHyperGraph.

Let C # () be a parameter set. A recursive soft SuperHyperGraph over G* is a triple
gRSSH = (g*a C7 (b)a
where, for every ¢ € C,
®(c) = ({Vi(c)}hmos E(c))

satisfies
Vo(c) € Vo,

Vel©) CVin (PVica@)\ {0), k=1,
and .
E(e) C {eEE:eQ UVk(c)}
k=0

Thus, each parameter determines a recursively closed sub-SuperHyperGraph of G*.

Example 3.6.2 (Recursive Soft SuperHyperGraph for a Software Project). Let r = 2 and consider
the base-level task set

Vo = {x1, 2, x3, x4, x5, 26},

where
x1 : requirements analysis, xo: system design,
23 : implementation, x4 : software testing,
x5 : deployment, g : system monitoring.
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Define the first-level supervertices

S = {z1, 12}, Sy = {3, 24}, Sy = {x5, 76},

and put
Vi = {51,852, S3}.

Define the second-level supervertices

T, = {51, 52}, Ty = {55, 53},

so that
Vo = {T, Tz}
Let
E ={ej,ea,e3,e4,€5},
where
e1 = {r1,22,51}, ez = {x3,14, 5},
e3 = {xs, 26,53}, es = {51,852, T},
es = {52, 55, T>}.
Then

G" = ({Vo, V1, V2}, E)

is an ambient recursive SuperHyperGraph.

Consider the parameter set
C= {CdeV7 Cops}7

where cqev denotes the development phase and cops denotes the deployment-and-operation phase.

Define
P(cdev) = ({Vo(cdev), Vilcdev), Va(cdev)}s Ecdev))
where
Vo(cdev) = {x1, 22, 73, 24},
Vi(cdev) = {51, S2}, Va(cdev) = {11},
and

E(cdev) = {e1,€2, €4}

Similarly, define
(I)(Cops) = ({VO(COpS)7 Vi (Cops)7 V2(Cops)}a E(Cops)) s

where
Vo(cops) = {23, 74, 25,76},
Vi(cops) = {92, 53},  Valcops) = {12},
and
E(cops) = {e2,e3,e5}.
Indeed,

Tl - Vl (Cdev) and T2 c Vl (Cops)a

and every selected first-level supervertex consists entirely of selected base vertices. Moreover, every
selected superhyperedge is contained in the union of the corresponding selected levels. Therefore,

Grssu = (G%,C, @)
is a Recursive Soft SuperHyperGraph.
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3.7 TreeSoft Graph

A TreeSoft Set maps subsets of a hierarchical attribute tree to subsets of a universe, representing
structured multilevel parameter-dependent uncertainty [48}/218-222]. A TreeSoft Graph maps hier-
archical attribute-tree subsets to parameter-dependent vertex and edge sets, representing structured
multilevel uncertainty within graph networks [46].

Definition 3.7.1 (TreeSoft Graph). Let H be a finite nonempty vertex set, let

T = Tree(A)

= ()

A TreeSoft Graph on (H,T) is a pair of mappings

be a finite rooted attribute tree, and define

Fyv :P(T) — P(H), Fg:P(T) — P(En),

such that, for every X C T,

Fg(X) C (FV(X)>.

2

The graph
G[X]:= (Fv(X), Fp(X))

is called the TreeSoft graph slice associated with X.
Example 3.7.2 (TreeSoft Graph for Research-Team Selection). Let
H = {p1,p2,p3,p1,P5}
be a set of researchers. Consider the rooted attribute tree
T={ASM,C,D,I, L},
where A is the root and
A — {S,D}, S — {M,C}, D — {I,L}.
The attributes are interpreted as

S : suitable expertise, M : mathematical expertise,
C : computational expertise, D : availability,

I : immediately available, L : available later.

Assign to each tree node t € T a subset Q; C H:

Qa=H,
Qs = {p1,p2,p3,p1}, Qum = {p1,p2,p4},
Qc = {p2, 3,4}, Qp = {p1,P3, P4, D5},

Q1 = {p1.p3, P4}, QL = {ps}.

Let the admissible collaboration edges be

E* = {{PLPQ}, {plap3}7 {p27p3}a {p27p4}7 {p3ap4}a {p47P5}}-
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For every X C 7T, define

H, X =0,
FV(X) - ﬂ Qta X 7é wa
teX
d
o . (F(X)
Frg(X)=FE ﬂ( 9 >
Then

Fp(X) C (FvéX)>

for every X C T, so (Fy, Fg) is a TreeSoft Graph.

For example, take
X ={S,I}.

Then
Fy(X)=QsNQr ={p1,p3,pa},

and

Fp(X) = {{p1.ps}, {ps,pa} }-

Hence the corresponding TreeSoft graph slice is

G[X] = ({p1,p3,pa}, {{p1,p3}, {p3, P} }) -

Gl{S,1}]
V = {p1,p3,pa}

Attribute tree T
selected nodes: X = {S, I}

Figure 3.4: An attribute tree and the TreeSoft graph slice determined by the attributes “suitable
expertise” and “immediately available.”

3.8 ForestSoft Graph

A ForestSoft Set integrates multiple disjoint TreeSoft structures, representing parameter-dependent
uncertainty across several hierarchical attribute trees within one unified framework [223H226]. A
ForestSoft Graph unifies TreeSoft Graphs over multiple disjoint attribute trees, jointly representing
parameter-dependent vertices and edges under multi-hierarchical uncertainty [46].

Definition 3.8.1 (ForestSoft Graph). Let

{Titier

be a finite family of pairwise disjoint attribute trees, and let

F=||T7

tel
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be their forest. Suppose that, for each t € I,
G = (. 7)

is a TreeSoft Graph on (H, Ty).

The corresponding ForestSoft Graph is the pair
Gr = (Fv, Fg),

where, for every X C F,
Fo(X)=JFPxnT),

tel
and
Fp(X)=JFPXNT).
tel
Then
Fp(X) C (FVQX )>,
and

GrlX] = (Fv(X), Fp(X))
is called the ForestSoft graph slice associated with X.

Example 3.8.2 (ForestSoft Graph for Research-Team Formation). Let
H = {p1,p2,p3,p1,p5}
be a set of researchers. Consider two pairwise disjoint attribute trees:
Te ={E,M,C}, Ta={A1,L},

where
E — {M,C}, A— {I,L}.

Here, M and C represent mathematical and computational expertise, while I and L represent imme-
diate and later availability. The corresponding forest is

F=TgUT4.

Assign the following vertex subsets:

Qe =H, Quy ={p1,p2,p4}, Qc = {p2,p3,05},
Qa=H, Qr={p2,p3ps}, QrL={p1,ps5}

Fort € {E,A} and Y C Ty, define

0. Y =0,
B0 =Y N au v 20
acY

Let the admissible edge sets for the two trees be

Kg = {{p1,p2}, {p2,pa}, {p2, 3}, {p3,p5}},

and
Ka = {{p2.p3},{ps,pa}. {p1.05}}

27



Chapter 3. Soft Graph Series

Define

Thus,

are TreeSoft Graphs.

Consider the forest-node set
X={M,I} CF.

Since
XNTeg={M}, X NTa={I},
we obtain
FOUMY) = {prpepad, Fg” (M) = {pr.p2). {p2,pa}},
and
F\(/A)({I}) = {p2,p3,pa}, FEA)({I}) = {{P2,p3}7 {P37P4}}.
Therefore,
Fv(X) = {p1,p2,p3,pa},
and

Fp(X) = {{p1.p2}, {p2.p3}, {p2. 1}, {P3.p1}}.

Hence the corresponding ForestSoft graph slice is

GrlX] = ({P17p27p37p4}» {{P1,p2}7{p27p3}»{pz,m}a{pa,m}}) .

©
=] 2] O, (=)

E A
D (e ) (o) o

E B G011}
ForestSoft graph slice

Attribute forest F
selected nodes X = {M, I}

Figure 3.5: A ForestSoft Graph obtained by combining the expertise and availability TreeSoft graph
slices.

3.9 Indetermsoft Graph

An IndetermSoft Set permits indeterminacy in parameters, universes, mappings, or approximate sub-
sets, representing unclear, uncertain, conflicting, or non-unique information systematically [227-230].
An IndetermSoft Graph maps parameters to vertex and edge subsets while allowing indeterminacy
in attributes, mappings, vertices, edges, or relationships [214].

Definition 3.9.1 (IndetermSoft Graph). [214] Let
G*=(V,E)
be a finite simple graph, let A # () be a parameter set, and let

PH(Sub(G*)) := P(Sub(G*)) \ {0}.
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An IndetermSoft Graph over G* is a mapping
P A— P+(Sub(G*)).

Thus, for each parameter a € A, the set
Py(a)

is a nonempty family of admissible subgraphs of G*, representing the possible vertex and edge con-
figurations associated with a.

The structure is genuinely indeterminate if
|<I>I(a)| >1
for at least one a € A. If every ®1(a) is a singleton, the structure reduces to an ordinary Soft Graph.
Example 3.9.2 (IndetermSoft Graph for Research-Team Selection). Consider the finite simple graph
G* = (V.E),

where
V= {UlvaaU?n 1}4,1}5}

represents five researchers and

E = {{’Ul,vg}, {’01,’()3}, {’1)2,’()3}, {’Ug,’v4}, {’U37’U4}, {U3,’U5}, {1}4,1]5}}.

An edge indicates that the corresponding researchers have an established collaboration relationship.

Let
A= {aexpy aav}a
where
Gexp = “suitable expertise”
and

aay = “sufficient availability”.

Suppose that the information concerning expertise is indeterminate. In particular, the available
assessments lead to two admissible candidate subgraphs:

HE) = ({v1,v2,v3}, {{v1, v2}, {v1, vs}, {v2,v3}})
and
He()Qq):) = ({v1,v2,v3,va}, {{v1,v2}, {v1,v3}, {v2, v3}, {v2, va}, {v3,v4}}) .

The first assessment selects v1, v9, v3, whereas the second assessment additionally regards vy as having
suitable expertise.

For the availability parameter, suppose that the information is unambiguous and yields the single
subgraph
Hay = ({v2, vs, va}, {{v2, v3}, {v2, 04}, {vs, va}}).

Define
P A— ’P+(Sub(G*))

B (aexp) = {Hu) H<2>}

exp’ *texp
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and
(I)I (aav) = {Hav}-

Every member of these families is a subgraph of G*. Moreover,
|<D1(aexp)\ =2> 1,

while
|P1(aav)| = 1.

Hence,
(G* ) Aa (I)I)

defines a genuinely indeterminate IndetermSoft Graph.

3.10 Multisoft Graph

A MultiSoft Set assigns subsets of a universe to multilevel parameter combinations, representing in-
formation governed by several parameter groups simultaneously (cf. [231,232]). A MultiSoft Graph
assigns induced subgraphs to multilevel parameter subsets, representing parameter-dependent net-
work structures governed by several disjoint parameter blocks [233].

Definition 3.10.1 (MultiSoft Graph). [233] Let
G=(V,E)

be a finite simple graph, and let
P17P2a-~-aPn

be pairwise disjoint nonempty parameter sets. Put

P .= Lnj Pi7
i=1

and let
04 ACP(P).

A mapping
F:A—PV)

defines a MultiSoft Graph over G. For each a € A, set
Vo = F(a), E,:={{u,v} € E:u,v e V,}.
The corresponding slice is the induced subgraph

Gla] = (Vi, Ea) = G[Vi].

Thus, a MultiSoft Graph is a family
{Gla] : a € A}

of induced subgraphs indexed by subsets of a multilevel parameter system {P;}7_;.
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3.11 Fuzzy Soft Graph

A fuzzy soft set assigns fuzzy subsets to parameters, representing graded membership and parameter-
dependent uncertainty within a unified mathematical framework [2341-236]. A fuzzy soft graph com-
bines fuzzy membership with soft-set parameterization, assigning each parameter a fuzzy subgraph
to represent uncertain vertices and edges through graded relationships [237,238]. Related concepts,
such as Fuzzy HyperSoft Graphs [209211}213] and Fuzzy Soft Expert Graphs [239}240], have also
been studied in the literature.

Definition 3.11.1 (Fuzzy Soft Graph). Let
G*=(V,E)

be a finite simple graph, and let A # @ be a set of parameters. A fuzzy soft graph over G* is a
quadruple

g = (G*aA7//['VaME>7

where
py c AxV —0,1], pE: Ax E—0,1],

such that, for every a € A and every edge e = {u,v} € E,

pe(a,e) < minfuy (a,u), py(a,v)}.

For each a € A, the pair
Ga = (/i(\l/vﬂaE)»
where
uy(v) = py(a,v),  pile) = pe(ae),

is a fuzzy subgraph of G*. Thus, a fuzzy soft graph is a parameterized family
G={G,:ac A}
of fuzzy subgraphs of G*.
Example 3.11.2 (Fuzzy Soft Communication Network). Let
G* = (V.E),

where
V = {v1,v9,v3,04}

represents four communication stations and
E = {e12, €23, €34, €14, €13}, eij = {vi, v;}-

Consider the parameter set
A= {arv as}v

where a, denotes reliability and as denotes signal strength.

For a,, define
v v vy vz
pv(ar,v) [ 0.9 0.8 0.7 0.6

and
€ ‘ €12 €23 €34 €14 €13
pe(are) | 0.75 0.65 0.55 0.50 0.60 °
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For ag, define
v [ v1 w2 vy oy
py(as,v) |05 0.7 0.9 08

and
€ ‘ €12 €23 €34 €14 €13
pelas,e) [ 045 0.65 0.75 0.40 0.50 °

For every parameter and every edge e;;,

pe(a,ei;) < min{uy(a,vq), pv(a,vj)}.

For example,
pwe(ay, erz) = 0.75 < min{0.9,0.8} = 0.8.

Therefore, these assignments define a fuzzy soft graph over G*.

Ga,: Reliability Ga.: Signal strength

Figure 3.6: Two parameter-dependent fuzzy subgraphs of the communication network. Vertex and
edge membership degrees are displayed beside the corresponding elements.

3.12 Intuitionistic Fuzzy Soft Graph

An intuitionistic fuzzy soft set assigns parameter-dependent membership and non-membership de-
grees, explicitly representing hesitation and uncertainty within soft-set models systematically [241}-
244). An Intuitionistic Fuzzy Graph assigns membership and non-membership degrees to vertices
and edges, representing uncertain relationships with explicit hesitation information [245H247]. An
intuitionistic fuzzy soft graph assigns each parameter an intuitionistic fuzzy subgraph, represent-
ing membership, non-membership, and hesitation degrees of vertices and edges under parameterized
uncertainty [248H251].

Definition 3.12.1 (Intuitionistic Fuzzy Soft Graph). Let
G*=(V,E)

be a finite simple graph, and let A # ) be a set of parameters. An intuitionistic fuzzy soft graph over
G* is a sextuple

G = (G A pv,vv, e, vE),

where
py,vv s AxV —[0,1]

and
ME,VE:AXE—) [0,1]

For every a € A and v € V, assume that

0< :U'V(a7v) + Vv(a,U) < 1a
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and, for every a € A and e € FE,

0<pug(a,e)+ve(a,e) <1.

Moreover, for every a € A and every edge e = {u,v} € E, suppose that

upa,e) < min{uy (a,u), oy (a,v)},

and
ve(a,e) > max{vy (a,u), vy (a,v)}.

For each a € A, define
Go = (6, v0), (5 v8)),

where
py (v) = pyv(a,v), v (v) =vv(a,v),
and
pi(e) = pelae),  vi(e) =ve(ae).
Then each G, is an intuitionistic fuzzy subgraph of G*, and
G={G,:ac A}

is called an intuitionistic fuzzy soft graph.

3.13 Neutrosophic Soft Graph

A Neutrosophic Graph assigns truth, indeterminacy, and falsity degrees to vertices and edges, repre-
senting uncertain and inconsistent network relationships flexibly [165}252}253]. A Neutrosophic Soft
Graph assigns parameter-dependent truth, indeterminacy, and falsity degrees to vertices and edges
while preserving endpoint-consistency constraints systematically |254-256].

Definition 3.13.1 (Neutrosophic Soft Graph). Let
G=(V.B)

be a finite simple graph, and let C' # () be a parameter set. A Neutrosophic Soft Graph over G is the
structure
gNS = (Ga 07 TV7IV7FV7TEaIE>FE)7

where
Ty,Iv, Fy : CxV— [0, 1]

and
TE,IE,FEZCXE—> [0,1}

assign parameter-dependent truth, indeterminacy, and falsity degrees to vertices and edges, respec-
tively.

For every ce C,v e V,and e € E,
0 <Ty(e,v)+ Iv(c,v) + Fy(c,v)
0 <Tg(c,e)+ Ig(c,e) + Fr(c,e) <

Moreover, for every edge e = {u,v} € E,

IN

3,
3

Tr(c,e) < min{Ty(c,u), Ty (c,v)},

Ig(c,e) < min{ly(c,u), Iy (c,v)},
and
Fr(c,e) > max{Fy(c,u), Fy(c,v)}.
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3.14 Plithogenic Soft Graph

A Plithogenic Graph assigns multi-attribute appurtenance and contradiction degrees to vertices
and edges, representing heterogeneous uncertainty within complex network structures [257-H259]. A
Plithogenic Soft Graph assigns parameter-dependent appurtenance and contradiction degrees to ver-
tices and edges, modeling multi-attribute uncertainty across graph slices.

Definition 3.14.1 (Plithogenic Soft Graph). Let
G = (V,E)

be a finite simple graph, let C' # @) be a parameter set, and let Ay and Ag be attribute-value sets for
vertices and edges, respectively. Fix r > 1.

A Plithogenic Soft Graph over G* is a structure
Ops = (G*,C, ,U'VmuEa(sVaéE)?

where
py : CxV —[0,1]", pug :Cx E—[0,1]"

are parameter-dependent degree-of-appurtenance functions, and
oy : C x Ay x Ay — [0,1], 0 :C x Agp x Ap — [0,1]
are parameter-dependent degree-of-contradiction functions satisfying
ox(c,a,a) =0, dx(c,a,b) = dx(c,b,a),
for X € {V, E}, c € C, and admissible a,b.

Moreover, for every ¢ € C and every edge e = {u,v} € E,
ne(cse) <ew pv(c,u) Aew pv(c,v),

where <.y and A.y denote componentwise order and componentwise minimum, respectively. Thus,
every parameter ¢ determines a plithogenic graph slice of the underlying graph G*.

3.15 Uncertain Soft Graph

An Uncertain Soft Graph assigns parameter-dependent uncertain subgraphs to each parameter, mod-
eling graded vertex and edge information under generalized uncertainty.

Definition 3.15.1 (Graph-Compatible Uncertainty Model). Let M be an uncertainty model with a
nonempty degree-domain
Dom(M) C [0,1]*

for some integer k > 1. Let
Cyv € Dom(M) x Dom(M) x Dom (M)

be a model-dependent admissibility relation.

For degrees
a, 8,7 € Dom(M),

the condition
(Ot, ﬂa "Y) € C]\/I
means that v is an admissible uncertainty degree for an edge whose endpoint degrees are o and /.

The pair

M = (Dom(M),Cn)

is called a graph-compatible uncertainty model.

34



Chapter 3. Soft Graph Series

Remark 3.15.2. The admissibility relation Cp; depends on the selected uncertainty model. For
example, in the fuzzy setting,
Dom(M) = [0,1]

and one may take
Cuv = {(a, B,7) € [0,1]* : v < min{e, B} } .

Other choices of M yield intuitionistic fuzzy, neutrosophic, picture fuzzy, spherical fuzzy, plithogenic,
and related graph models.

Definition 3.15.3 (Uncertain Soft Graph). Let

c-vm e ()
be a finite simple graph, let A # () be a set of parameters, and let
M = (DOm(M),CM)

be a graph-compatible uncertainty model.

An Uncertain Soft Graph of type M over G* is a mapping
Dy A— USubM(G*),

where USub,s(G*) denotes the family of all M-uncertain subgraphs of G*.

More explicitly, for every parameter a € A,

@M(G,) = gJ\/L(L = (Va7 Eanu‘V,avl'LE,a)a

where

VaCV, E,CEN (Z)

and
W, @ Vo — Dom(M), e Eo — Dom(M)

are uncertainty-degree functions satisfying
(:U’V,a (U), HV,a (U)a /J“E,a({ua U})) S CM

for every edge
{u,v} € E,.

Thus, every parameter a € A determines an M-uncertain subgraph
Grta = (Vas Bas ivias BE,a)
of the ambient graph G*. The complete Uncertain Soft Graph may equivalently be written as
Gt = (G, A, {Gnrataea) .-
Remark 3.15.4 (Catalogue of Uncertain Soft Graph Families). Let
G*=(V.E)

be a finite simple graph, let A # () be a parameter set, and let M be an uncertainty model whose
degree-domain satisfies
Dom(M) C [0,1]*

for some integer k > 1.
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An Uncertain Soft Graph of type M over G* may be represented by

G = (G, A, pv,ars g )

where
py,m s A XV — Dom(M)

and
pe M AXx E— Dom(M)

assign parameter-dependent uncertainty degrees to the vertices and edges, respectively.

For each a € A, define

wa (V) = pvm(a,v),  pgae) = ppm(a,e).
Then
gM,a = (‘/7 Ea :U‘(\l/',M7 p’aE,M)

is the uncertainty-graph slice associated with the parameter a. Whenever required by the chosen
uncertainty model M, suitable model-dependent endpoint-consistency conditions are imposed on

puv.vr and pg

For reference, Table presents a catalogue of uncertainty-soft-graph families, called Uncertain Soft
Graphs, classified according to the dimension k of the underlying degree-domain

Dom(M) C [0,1]".

3.16 Soft Expert Graph

A Soft Expert Set assigns subsets of a universe to parameter—expert—opinion triples, representing
expert-specific agreement and disagreement under parameterized uncertainty [270-274]. Related con-
cepts, such as HyperSoft Expert Sets, are also known in the literature [275-277]. A Soft Expert Graph
assigns each parameter—expert—opinion triple an induced subgraph, representing expert-specific agree-
ment or disagreement about vertices, edges, and structural relationships within a network [239,278].

Definition 3.16.1 (Soft Expert Graph). [239,278] Let G = (V, E) be a finite simple graph, P a
nonempty set of parameters, X a nonempty set of experts, and

0 ={0,1},

where 1 and 0 represent agreement and disagreement, respectively. Let

ACPxX xO
be nonempty, and let

F:A—PV)
be a mapping.
For each a = (p, z,0) € A, define

Vo = F(a)
and
E, = {{u,v} € E:u,v e V,}.

Then

Go = (Vo, Eq) = GV, ]
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Table 3.1: A catalogue of Uncertain Soft Graph families organized by the dimension k of the degree-
domain Dom(M) C [0, 1]%.

k Representative Uncertain Soft Graph type(s) G35 = (G*, A, v, pie.ar ), where iy ar : AXV —
Dom(M) and pg,m : A X E— Dom(M)
1 Fuzzy soft graph [260,261]; N-fuzzy soft graph; shadowed soft graph variants

Intuitionistic fuzzy soft graph [248[249]262]; vague soft graph [263]; bipolar fuzzy soft graph [264];
intuitionistic evidence soft graph; variable fuzzy soft graph; paraconsistent fuzzy soft graph;
bifuzzy soft graph

3 Neutrosophic soft graph [178;250;254:255|(a>; hesitant fuzzy soft graph® [265]; tripolar fuzzy
soft graph; three-way fuzzy soft graph; picture fuzzy soft graph [266-268]; spherical fuzzy soft
graph [269]; inconsistent intuitionistic fuzzy soft graph; ternary fuzzy soft graph; neutrosophic-
fuzzy soft graph; neutrosophic vague soft graph

4 Quadripartitioned neutrosophic soft graph [117]; double-valued neutrosophic soft graph; dual
hesitant fuzzy soft graph(®; ambiguous soft graph™; local-neutrosophic soft graph; support-
neutrosophic soft graph; Turiyam neutrosophic soft graph(®

5 Pentapartitioned neutrosophic soft graph; triple-valued neutrosophic soft graph

6 Hexapartitioned neutrosophic soft graph; quadruple-valued neutrosophic soft graph

7 Heptapartitioned neutrosophic soft graph; quintuple-valued neutrosophic soft graph

8

9

n

Octapartitioned neutrosophic soft graph

Nonapartitioned neutrosophic soft graph

n-refined fuzzy soft graph; multi-valued fuzzy soft graph; multi-fuzzy soft graph
2n n-refined intuitionistic fuzzy soft graph; multi-intuitionistic fuzzy soft graph
3n n-refined neutrosophic soft graph; multi-neutrosophic soft graph

(a) Neutrosophic soft graph models may serve as broad parameterized frameworks capable of specializing to several
degree-based soft graph models when suitable model-dependent constraints are imposed.

(®) An ambiguous soft graph is obtained by using an ambiguous-set degree model within the Uncertain Soft Graph
framework. Ambiguous-set models are commonly related to certain four-component neutrosophic models.

(¢) A Turiyam neutrosophic soft graph is obtained from a four-component Turiyam neutrosophic degree model. Such
models are commonly regarded as specializations of quadripartitioned neutrosophic frameworks.

(d) Hesitant and dual hesitant fuzzy degrees are naturally set-valued. Their placement in a fixed-dimensional row
presupposes a selected finite-coordinate representation. Without such a representation, their natural degree-domains
need not be subsets of one fixed finite-dimensional cube [0, 1]*.

Citation note. The references in this table identify representative sources for the underlying uncertainty models or their
graph-theoretic realizations. The corresponding soft graph type is obtained by introducing the parameter-dependent
maps py,r and pg, nr specified above.

is the subgraph of G induced by V.

The structure

SEG := (G, (F, A))

is called a Soft Expert Graph over G. Thus, it is a family of induced subgraphs indexed by parameter—
expert—opinion triples.

Example 3.16.2 (Soft Expert Graph for Supplier Evaluation). Let
V ={s1, 52, 83,84, 85}
be a set of candidate suppliers, and let
E = {{51, so}, {s1,83}, {82, 83}, {s2, 84}, {53, 84}, {83, 85}, {84, 55}}.

Thus,
G=(V,B)

is the ambient supplier-network graph, where an edge indicates an established compatibility or coop-
eration relationship.

Consider the parameter set
P = {pqvpd}a

37



Chapter 3. Soft Graph Series

where
pq = high quality, pg = reliable delivery,

and the expert set
X = {xl,xg}.

Let
0 ={0,1},

where 1 denotes agreement and 0 denotes disagreement.

For simplicity, consider

A= {(p%a:l, 1)7 (p!sz, 1)7 (pdvxla 1)7 (pd7$2a0)}'

Define
F:A—PV)
by
F(pqvxla 1) = {51782753}7
F(ptbx?vl) = {S2a53»54}7
F(pd,:lfl, 1) = {53784a85}7
and

F(pa,x2,0) = {s1, 53,55}

For example, for
a = (pqa X, 1)7

we have
Vo = {51, 52, 53}

Hence
Ea = {{51, 82}, {81, 83}, {82, 83}},

and therefore
Go = G[{s1,52,53}]

is the triangle induced by s1, s3, s3.

Similarly, for

B = (pa,r1,1),
we obtain
Vg = {s3, 54,55},
and
Eg = {{s3,54}, {53, 55}, {54, 55} }.
Thus

Gp = G[{s3,54,55}]

is another induced triangle.

Consequently,
SEG = (G, (F, 4))

is a Soft Expert Graph whose slices describe supplier subnetworks selected according to parameters,
experts, and their opinions.
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() () ()

e‘e G(?qulvl> G(Pd@l;l)

quality, expert z1, agreement  delivery, expert x1, agreement

Ambient graph G

Figure 3.7: An ambient supplier graph and two representative slices of a Soft Expert Graph. Each
slice is the induced subgraph determined by a parameter—expert—opinion triple.

3.17 Multisoft Multiexpert Graph

A MultiSoft MultiExpert Graph assigns induced subgraphs to multilevel parameter—expert—opinion
configurations, allowing multiplicities and jointly representing interacting attributes, expert assess-
ments, repeated scenarios, and network structure [233].

Definition 3.17.1 (MultiSoft MultiExpert Graph). Let G = (V, E) be a finite simple graph, and let
P, P, ..., P,

be pairwise disjoint nonempty parameter sets. Put

Let X be a nonempty set of experts, let O = {0, 1}, and define
Z:=Px X xO0O.

For a set Y, let
MY):={m:Y — Ny : supp(m) is finite}

denote the collection of finite multisets on Y. Let
Ae M(P(2))

and let
F:P(Z)— PV)

be a mapping.

For every a C Z satisfying A(«) > 0, define

and
E,:={{u,v} € E:u,v e V,}.

Then
Go = Vo, Ey) = G[V,]

is the subgraph of G induced by V.

The structure
MSMEG := (G, (F, A),{P;}}-1,X,0)

is called a MultiSoft MultiEzpert Graph over G. It represents a multiset-indexed family of induced
subgraphs determined by multilevel parameters, experts, and their opinions.
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3.18 Soft Digraph

A soft digraph represents a soft set as a directed graph whose vertices and arcs encode parameter-
dependent memberships, using a universal vertex for unmatched elements [279282].

Definition 3.18.1 (Soft Digraph). Let
U={h;:jeA} P=A{p1,p2,---,0n},
and let (F, P) be a soft set over U, where
F:P— PU).
Introduce an additional parameter p, ¢ P such that

F(pa) = 0.

The Soft Digraph corresponding to (F, P) is the digraph
Dr = (Vr, AFr),

where

VP =PU {pa}
and
Ap ={(pi,p;) : hj € F(pi), 1 <j <n}U{(pi,pa) : hy € F(p:), j >n}.
The additional vertex p, is called the universal verter.
Example 3.18.2 (Soft Digraph for a Soft Set). Let
U = {h1,h2, h3, hy, hs5}

and
P ={p1,p2,p3,pa}.
Define a soft set (F, P) over U by

F(p1) = {h2, hs}, F(p2) = {h1, hs},

F(p3) = {ha, ha}, F(ps) = {hs}.
Introduce the additional parameter p, ¢ P such that

F(pa) =0.

By Definition [3.18.1] the corresponding Soft Digraph is

DF = (VFaAF)a VF - {p17p27p3ap4apa}'
Since he € F(p1) and hs € F(p1), we obtain

(p1,p2) € AF, (p1,Ppa) € AF.

Similarly,
(p2,p1), (P2, p3) € AF,
(p3;p2), (p3,p4) € AF,
and
(p4,p3) € Ar.
Hence

Ap = {(p1,p2), (P1,Pa); (P2,P1), (P2, P3), (P3,D2), (P3,P4), (p47p3)}-

Therefore, the Soft Digraph of (F, P) is

Dr = ({p1,p2,p3, P4, pa}, {(P1,02), (P1,Pa); (P2, 01), (P2, 13), (D3, P2), (D3, Pa), (P4, P3)}).-
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Soft Digraph D

Figure 3.8: A Soft Digraph associated with the soft set (F, P). The vertex p, is the universal vertex.

3.19 Bipolar Soft Graph

A Bipolar Soft Set assigns disjoint positive and negative approximations to opposite parameters,
representing supportive and opposing information simultaneously and systematically [283H286]. A
Bipolar Soft Graph assigns disjoint positive and negative parameterized subgraphs, representing sup-
portive and opposing relational information within one network.

Definition 3.19.1 (Bipolar Soft Set). [283] Let U # @ be a universe, let A # () be a parameter set,
and let
—A:={-a:a€ A}

be the corresponding set of opposite parameters, with

AN-A=0.
A Bipolar Soft Set over U is a triple
(F’ G? A)’
where
F:A— PU), G:-A— PU),
such that

Fa)NG(—a) =0  for every a € A.

Here, F'(a) and G(—a) represent the positive and negative approximations associated with a, respec-
tively.

Definition 3.19.2 (Bipolar Soft Graph). Let

¢ =, Bc(y),
be a finite simple graph. Let A # () be a parameter set, and let
-A:={-a:a€ A}

be its set of opposite parameters.

A Bipolar Soft Graph over G* is a structure
gBS = (G*7A7FJ7FE‘_7F\77FE_)7

where
Ff:A— P(V), FY:A— P(E),

and
F, :=A—P(V), Fgp :—=A— P(E),
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satisfy, for every a € A,

Fi(a) CEN (FJ;“)),

Fp(-a) CEN (FV;“) )

and
Fif(a) N Fy (—a) = 0.

The corresponding positive and negative graph slices are
Gy = (Fy (a), Fi (a))
and
G-, = (Fy (ma), F (—a)),
respectively.
Example 3.19.3 (Bipolar Soft Graph for Project-Team Selection). Consider the finite simple graph
G*=(V.E),

where
V= {’01,'02, 'U3,’U471)5},

and
E = {{Ul,vg}, {v1,v3}, {va,v3}, {va, v}, {v3, 04}, {v4,v5}}.

Interpret the vertices as five researchers in a collaboration network.

Let
A ={a},

where a denotes the parameter
a = “suitable for the core project team”.

Then
A= {-a)

where —a denotes the opposite parameter

—a = “not suitable for the core project team”.

Define the positive vertex and edge maps by
FJ(G’) = {vlv V2, U3}7

and

Fi(a) = {{Ul,v2}, {v1,v3}, {’02,113}}.

Fi(a) C EN (F 2(“)).

Thus,

Define the negative vertex and edge maps by
F\j(ﬁa) = {U47U5}a

and

Fp(ma) = {{va, v} }.
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Hence,

Moreover,
F{}'(a) NEFy (-a) = {v1,v2,v3} N{va,v5} = 0.

Therefore, all conditions in Definition |3.19.2] are satisfied, and
Gos = (G*, A, Iy, P, Fy F)

is a Bipolar Soft Graph over G*.

The corresponding positive and negative graph slices are

GF = ({v1,v2, v}, {{vr, 02}, {v1,vs}, {v2,v3}}),

and
G:\a = ({047 05}7 {{1147 05}})’

respectively.

Here, G represents the positively selected core team, whereas G2, represents the negatively classified
researchers under the opposite parameter. An illustrative diagram is shown in Figure |3.9

Negative slice G2,

Figure 3.9: A Bipolar Soft Graph consisting of an ambient graph, a positive graph slice, and a negative

%gaph slice. .
heorem 3.19.4 (Well-Definedness of a Bipolar Soft Graph). For every a € A, the structures G}

and G-, are vertex-disjoint subgraphs of G*. Consequently, the Bipolar Soft Graph is well-defined.

a

Proof. By definition,

Ff(a) CEN (Fi(a)),

so every endpoint of every edge in Fj (a) belongs to F{,"(a). Hence G is a subgraph of G*. The
same argument proves that G—, is a subgraph.

Moreover,
Fyf () N Fy (~a) = 0.

Therefore the two slices are vertex-disjoint. In particular, they cannot share an edge, because any
common edge would have both endpoints in the empty intersection of their vertex sets. O
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3.20 Multipolar Soft Graph

An m-polar Soft Set assigns each parameter an m-tuple of subsets, representing multiple perspec-
tives or polar evaluations over one universe [36]. An m-polar Soft Graph assigns each parameter
multiple graph slices, representing polar perspectives on vertices, edges, and network relationships
simultaneously.

Definition 3.20.1 (m-Polar Soft Set). Let U # () be a universe, let E # () be a parameter set, and
let m > 2. An m-Polar Soft Set over U is a pair

(F,E),

where
m

F:E— (P(U))
For each e € E, write
F(e) = (Fi(e), Fale), ..., F(e)), Fi(e) C U.
The subset F;(e) is called the i-th polar approximation of U under the parameter e.

Definition 3.20.2 (m-Polar Soft Graph). Let

G'=(V.E), EC (‘2/)

be a finite simple graph, let P # () be a parameter set, and let m > 2.

An m-Polar Soft Graph over G* is a structure
ngS = (G*7P7m7FV7FE)7

where
Fy:P— (P(V)"

and
m

Fg:P— (P(E))
For every p € P, write
Fy(p) = (Vi(p), Va(p), - - -, Vim(p))
and
FE(p) = (El(p)a EQ(p)a R Em(p))7

where

E(p) CEN (Viép)) i=1,...,m.

The i-th polar graph slice under p is

Gilp] = (Vi(p), Ei(p)).

Theorem 3.20.3 (Well-Definedness of an m-Polar Soft Graph). For everyp € P andi € {1,...,m},
the slice G;[p] s a subgraph of G*. Hence

pr— (Gilp], G2[p), . .., Gmlp])
is a well-defined mapping into the ordered m-tuples of subgraphs of G*.

Proof. For every p € P and i € {1,...,m},
Vilp) SV

and

Ei(p) CEN <Viép)>.

Thus every edge of E;(p) belongs to E and has both endpoints in V;(p). Therefore G;[p] is a subgraph
of G*, which proves the assertion. O
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3.21 ClusterSoft Graph

The ClusterSoft Set construction uses the union-based aggregation presented in the literature; the
ClusterSoft Graph is its corresponding graph-theoretic extension (cf. [287]).

Definition 3.21.1 (ClusterSoft Set). Let U # ) be a universe, let I # @) be a finite index set, and
let
{(Fqu) 11 € I}

be a finite family of soft sets over U, where

For each i € I, define the aggregated image

FP =] Fi(a)
a€A;
Let
C= {OJ 1J € J}

be a partition of I; that is,

C;#0,  JCGi=1. CnCi=0 (j#k).

JjeJ
The mapping
r:.¢c—PU)
defined by
rey=Ur=U U Fil)
ieCj iECj a€cA,;

is called the ClusterSoft Set induced by {(F;, A;) : ¢ € I} and C.

Thus, each cluster C; aggregates the objects associated with all soft sets whose indices belong to C}.

Definition 3.21.2 (ClusterSoft Graph). Let

¢ =, Bc(y),

be a finite simple graph, and define

Sub(G*) = {(W,F):ng, FCEN (VQV)}

Let I # 0 be a finite index set. For every i € I, let
®,;: A; — Sub(G™)
be a soft graph over G*, where A; # (). Write
®;(a) = (Via, Eia), a€A;.

For each ¢ € I, define its aggregated graph by

‘/iU: U ‘/'L',av E;J: U Eiva’

acA; acA;
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and put
HY = (VL EY).

Let
C:{CJJGJ}

be a partition of I. Define
U : C — Sub(G™)

by
vey=Ja={UJv. U s
ieCj iECj iECj
Equivalently,

v =(U UVie U U Eia

i€C; a€Ay i€C; a€A;

The structure
Gos = (G*,{®; :i € I},C, V)

is called a ClusterSoft Graph over G*.

Indeed, every edge contained in the edge set of ¥(C;) belongs to E and has both endpoints in the
vertex set of ¥(C}); hence ¥(C};) is a well-defined subgraph of G*.

3.22 Double-Framed Soft Graph

A Double-Framed Soft Set uses positive and negative mappings satisfying algebraic inclusion condi-
tions to model dual parameter-dependent information over a universe [288H291]. Related concepts,
such as Double-Framed HyperSoft Sets, are also known in the literature [292-294]. A Double-Framed
Soft Graph assigns positive and negative subgraph frames satisfying algebraic inclusion conditions,
representing parameter-dependent network structures within ambient graphs.

Definition 3.22.1 (Double-Framed Soft Set). [288H290] Let U # () be a universe, and let
(4, %)
be a nonempty set equipped with a binary operation
x: AXA— A

A Double-Framed Soft Set over U is a triple
(a, B3 A),

where

a,f:A— PU)

satisfy, for all a,b € A,
alaxb) 2 ala) Na(d),

and
Blax*b) C B(a)U B(b).

Here, a(a) and B(a) are called the positive frame and the negative frame associated with a, respec-
tively.
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Definition 3.22.2 (Double-Framed Soft Graph). Let
G*=(V,E)

be a finite simple graph, and define

Sub(G*) = {(W,F):WCV, FCEN (W)}

2
For
H, = (Wl,Fl) S Sub(G*), 1=1,2,
define
HiNHy = (Wi NWy, F1 N Fy),
HyUHy = (W UWy, Fy U Fy),
and write

Hy X Hy
whenever W7 C Wy and Fy C F5.

Let (A, *) be a nonempty set equipped with a binary operation. A Double-Framed Soft Graph over
G* is a triple
@+, 07; A),
where
ot d~ : A — Sub(G*)

satisty, for all a,b € A,
Ot (a) N®T(b) X DT (axb),

and
P (axb) XD (a) UD™ (D).

The subgraphs ®*(a) and ®~(a) are called the positive graph frame and the negative graph frame
associated with a, respectively.

3.23 Ranked Soft Graph

A Ranked Soft Set assigns each parameter an ordered partition of the universe, representing objects
at distinct parameter-dependent satisfaction levels systematically [295]. A Ranked Soft Graph assigns
parameter-dependent ranks to vertices and edges, producing nested threshold subgraphs that preserve
endpoint compatibility across levels.

Definition 3.23.1 (Ranked Soft Set). [295] Let U # 0 be a finite universe, let A # () be a parameter
set, and fix an integer k£ > 0. Define

k
RPart (U) = {(U07U1,...,U’“) U= | U’},
=0

where | | denotes disjoint union and a larger index represents a higher rank.

A Ranked Soft Set over U is a mapping
R : A — RPart;(U).

For each a € A, write
R(a) = (U, UL,....UF).

Thus,
k
U=||ui,
1=0

and the elements of UJ satisfy the parameter a at a higher rank than those of U! whenever i < j.
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Definition 3.23.2 (Ranked Soft Graph). Let

G* = (V,E), EC<Z>

be a finite simple graph, let A # () be a parameter set, and fix an integer k& > 0.

A Ranked Soft Graph over G* is a structure
gRS = (G*7 A? PV, pE)7

where
pv i AxV —{0,1,... Kk},

pr: Ax E—{0,1,...,k},

and, for every a € A and every edge e = {u,v} € E,

pe(a,e) < min{py(a,u), pv(a,v)}.

For a € Aand i € {0,...,k}, define
Vi={veV:pylav) =i}, E! ={ec E:pgla,e) =i}.
Then

k k
v=||vi, E=|]E.,
=0 =0

are the parameter-dependent ranked partitions of the vertices and edges.

Moreover, the threshold sets
VZi={veV:py(a,v) >i}, EZi={ec E:pgp(a,e) > i}

determine a subgraph
G2t = (VZi EZi)

of G* for every a € A and i € {0,...,k}.

3.24 Type-2 Soft Graph

A Type-2 Soft Set extends the ordinary Soft Set framework by assigning to each primary parameter a
Type-1 Soft Set, thereby providing a two-level hierarchical representation of parameter-dependent in-
formation [296299|. Similarly, a Type-3 Soft Set assigns a Type-2 Soft Set to each primary parameter
and thus introduces a three-level nested parameter structure.

Related higher-order uncertainty models include Type-3 Fuzzy Sets [300H302|, Type-3 Intuitionistic
Fuzzy Sets [303}304], and Type-3 Neutrosophic Sets [305}:306].

In graph-theoretic settings, a Type-2 Soft Graph introduces two levels of parameterization by as-
sociating each primary parameter with a Soft Graph indexed by a corresponding set of secondary
parameters [307}308].
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Definition 3.24.1 (Type-2 Soft Graph). Let
G=(V,E)

be a finite simple graph, and denote by
Sub(G)

the family of all subgraphs of G.

Define
SG)={(V,B):0#A#BCV, ¥:B— Sub(G)}.

Thus, each element of G(G) is a Type-1 Soft Graph over G.

Let
AC{z eV :Ng(z)+#0}

be a nonempty set of primary parameters, where
Ng(x) ={y eV :{x,y} € E}

denotes the neighborhood of z.

A Type-2 Soft Graph over G is a mapping
2.4 — &(06)
such that, for every x € A,
P (2) = (@4, No(2)),

where
D, : Ng(x) — Sub(G)

is a Type-1 Soft Graph over G.

Equivalently, a Type-2 Soft Graph may be represented as the two-level parameterized family
{Gp, =P,(2) :x € A, z€ Ng(z)},
where every
Gy, € Sub(G).

Hence, the first parameter x selects a neighborhood-based Type-1 Soft Graph, while the secondary
parameter z € Ng(x) selects a particular subgraph of G.

Remark 3.24.2. The two parameter levels of a Type-2 Soft Graph can be represented schematically
as
x> (z2+— Gy z), x €A, z€ Ng(z).

Thus, the construction is genuinely hierarchical: primary parameters determine Soft Graphs, whereas
secondary parameters determine the individual subgraphs contained in those Soft Graphs.

Example 3.24.3 (Type-2 Soft Graph). Let
G=(V,E)

be the finite simple graph with
V = {v1,v2,v3,v4}

and
E= {{Ul, 1)2}, {vl’ 1}3}’ {rUQa U3}a {U% 1)4}, {1)3, U4}} .
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Choose the set of primary parameters
A= {’1}1, ’02}.
The corresponding neighborhoods are

Ng(v1) = {v2,v3}

and
N¢(v2) = {v1,v3,v4}.

For the primary parameter v, define

®,, : Ng(v1) — Sub(G)

by

Dy, (v2) = ({v1,v2,v3}, {{v1,v2}, {va, v3}})
and

®,, (v3) = ({v1,v3,va}, {{v1, v}, {vs, va}}) .
Thus,

@ (v)) = (®,,, Na(11)) € &(G).

For the primary parameter vy, define

®,, : Ng(vy) — Sub(G)

by
Py, (v1) = ({v1, 02}, {{v1,v2}}),
Py, (v3) = ({v2,v3,va}, {{v2,v3}, {v2, 04}, {v3,v4}})
and
Py, (v4) = ({v2, 04}, {{v2,v4}}) .
Hence,

0@ () = (@0, Ne(v2)) € 6(G).

Therefore, the mapping
2.A—6(G),

defined by
) (v1) = (@4, Ne(01))

and
(I)(Q) (UQ) = ((I)vzaNG(UQ))a

is a Type-2 Soft Graph over G.

Equivalently, the associated two-level parameterized family is

{le ,V29 le ,V39 G?)Q ;U1 sz,vg bl GU2,1J4} I

where

This example illustrates the hierarchical nature of a Type-2 Soft Graph: the primary parameter x
selects a Type-1 Soft Graph, while the secondary parameter z € Ng(x) selects a particular subgraph
of G.

50



Chapter 3. Soft Graph Series

3.25 Type-n Soft Graph

A Type-n Soft Graph recursively parameterizes soft graphs through n levels, providing a hierarchical
representation of graph structures under nested parameter systems. Related concepts include Type-n
Fuzzy Sets [309-311], Type-n Intuitionistic Fuzzy Sets [312}|313], and Type-n Neutrosophic Sets
[314H317].

Definition 3.25.1 (Type-n Soft Graph). Let
G*=(V,E)

be a finite simple graph, let P # () be a set of parameters, and let n > 1 be an integer.

Denote by
Sub(G*)

the family of all subgraphs of G*.

Define recursively the classes
6™ (G*, P)

as follows.

For n =1, set
s6M(G*,P)={(F,A):0 # AC P, F: A— Sub(G*)}.

For every n > 2, define

&6 (" P)={(F,A): 0 £ACP, F:A— &6 (G P)}.

An element
G = (G FA),  (FA)ess™ (@, P),

is called a Type-n Soft Graph over G*.

More explicitly, for each a; € A,
F(ay) = (Fa,, Ag,) € 66" 1D(G* P).
Iterating this decomposition, every admissible parameter chain
ap €A, as€Au, .., an€ A4,

terminates in a subgraph
Foy.oa,_,(ay) € Sub(G").

Theorem 3.25.2 (Well-Definedness of Type-n Soft Graphs). For every integer n > 1, the recursive
construction in Definition |3.25.1| is well-defined. In particular, every admissible parameter chain of
length n terminates in a uniquely specified subgraph of G*.
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Proof. We proceed by induction on n.

For n =1, let
(F,A) e 66N (G*, P).

By definition,
F:A— Sub(G"),

and therefore, for every a; € A,
F(ay) € Sub(G™).

Hence, every Type-1 Soft Graph assigns a well-defined subgraph of G* to each parameter.

Assume now that the statement holds for some n — 1 > 1. Let
(F,A) € 66" (G*, P).

Then, by definition,
F:A— 66" (G P).

Thus, for every a; € A,
F(ay) = (Fy,, Ag,) € 66 D(G* P).

By the induction hypothesis, every admissible parameter chain
ag,...,0n
within F'(a1) terminates in a well-defined subgraph

Foy.a,_,(an) € Sub(G").

Since a; was arbitrary, every admissible parameter chain
a1,a2,...,0n

of the Type-n Soft Graph terminates in a subgraph of G*. Moreover, since every mapping appearing
in the recursive construction is a function, the terminal subgraph is uniquely determined by the
chosen parameter chain.

Therefore,
6™ (G*, P)

is well-defined for every n > 1. O

Remark 3.25.3. The Type-n Soft Graph framework provides a hierarchy of increasingly deep pa-
rameterizations rather than a literal chain of set-theoretic inclusions.

For n = 1, the recursive construction reduces to an ordinary Soft Graph. For n = 2, each primary
parameter determines a Type-1 Soft Graph, yielding a general two-level parameterized Soft Graph.
In particular, it reduces to the Type-2 Soft Graph introduced above when the secondary parameter
set associated with each primary parameter x is chosen to be the neighborhood Ng(x).

More generally, increasing n introduces additional nested parameter levels. Thus, the progression
Type-1 — Type-2 — --- — Type-n

should be understood as an increase in parameterization depth, rather than as ordinary set inclusion.
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3.26 Interval-Valued Fuzzy Soft Graph

An Interval-Valued Fuzzy Soft Graph assigns interval-valued fuzzy memberships to vertices and edges
under parameters, representing uncertainty through bounded membership ranges [318}[319].

Definition 3.26.1 (Interval-Valued Fuzzy Soft Graph). Let
G*=(V,E)

be a finite simple graph, and let A # () be a set of parameters.

An Interval-Valued Fuzzy Soft Graph over G* is a quadruple

G=(G",F,K A,

where, for every a € A,

F(a) : V — Int([0,1])

is an interval-valued fuzzy set on V', and
K(a) : E — Int([0,1])

is an interval-valued fuzzy set on FE.

Write
F(@)(©) = 157y (0), 0y (0)]
for v € V, and
K@) ({us 0}) = [1i oy (s 0 15 oy ({1 0D

for {u,v} € E.

For every a € A and every {u,v} € E, the following compatibility conditions are required:

ity (s 0}) < min {piz ) (), 17 (0)

and
iy (s 0}) < min { ) (), 15 (0)

Thus, for each parameter a € A,

(F(a),K(a))

is an interval-valued fuzzy graph of G*, and Gis a parameterized family of interval-valued fuzzy
graphs.
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3.27 Interval-Valued Uncertain Soft Graph

An Interval-Valued Uncertain Soft Graph extends an Uncertain Soft Graph by assigning an interval
of admissible uncertainty values to each vertex and edge under every parameter.

Definition 3.27.1 (Interval-Valued Uncertain Soft Graph). Let
G*=(V,E)
be a finite simple graph, let A # () be a set of parameters, and let
(L %,1)

be a meet-semilattice of uncertainty values.

For z=,z% € L with 2= < =T, write

7,2t ={z€eLl:2” <z =<zT}

For every a € A, let
Wy s WVia V — L

and
gE’a,wEﬂ E— L
satisfy
Wy (V) 2Wve(v)  (veV),
and

wpo(e) 2WE.qe) (e € E).

)

Define the interval-valued uncertainty degrees by

Qv’a(’l)) = [(‘—‘JV,a(v)7wV,a(v):|L ’

and
QE,a(e) = [QE,G(6>7EE10’(€)] L’

Moreover, for every edge e = {u,v} € E, assume that

gE7a (6) = gV,a(u) A gV,a(v)v

and
WEgo(e) 2 Wyq(u) Awy,q(v).

Then _
gIU = (G*v {QV,a}aEAv {QE,a}aGAv A)

is called an Interval-Valued Uncertain Soft Graph.

Theorem 3.27.2 (Well-Definedness). The Interval- Valued Uncertain Soft Graph in Definition|3.27.1
is well-defined. In particular, every vertex and edge is assigned a monempty interval of uncertainty
values, and the graph compatibility conditions are preserved at both interval endpoints.
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Proof. Fix a € A.

For every v € V', we have
Wy (v) 2 Wv.a(v).

Hence,
QV@(U) = [QV,a(rU)ﬂwV,a(v)]L 7é @,

because both endpoints belong to the corresponding order interval.

Similarly, for every e € E,

and therefore

Now let e = {u,v} € E. By assumption,

gE,a(e) j Qv,a(u) A gV,a(’U)>

and
waa(e) = wvﬂ(u) N wv7a(1}).

Thus, both the lower and upper edge uncertainty degrees satisfy the required incidence compatibility
conditions with their endpoint vertices.

Consequently, for every parameter a € A, the mappings Qy, and Qg , define valid interval-valued
uncertainty assignments on V and F, respectively. Therefore,

Grv
is a well-defined Interval-Valued Uncertain Soft Graph. O

Remark 3.27.3. If

Wy, (v) = Wv,a(v)

for every v € V', and
Wga(€) = We.a(e)

for every e € E, then all uncertainty intervals are degenerate. Hence, an ordinary Uncertain Soft
Graph is recovered as a special case of an Interval-Valued Uncertain Soft Graph.

Related concepts, such as Interval-Valued Intuitionistic Fuzzy Soft Graphs [320,321] and Interval-
Valued Neutrosophic Soft Graphs [178322}323], are also known.

3.28 Pythagorean Fuzzy Soft Graph

A Pythagorean Fuzzy Soft Graph parameterizes Pythagorean fuzzy graphs, modeling membership and
non-membership degrees satisfying squared-sum constraints under uncertainty flexibly [260324-327].
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Definition 3.28.1 (Pythagorean Fuzzy Soft Graph). Let
G*=(V.E)

be a finite simple graph, and let A # () be a set of parameters.

A Pythagorean Fuzzy Soft Graph over G* is a quadruple
éP = (G*7]:7’C7 A)a

where, for every a € A,

Fla) = (1F(a): VF (@)
is a Pythagorean fuzzy set on V, and

K(a) = (ta) k(o))

is a Pythagorean fuzzy set on F.

Thus, for every v € V,

0 < pir)(0)* + V@ (©)? <1,
and, for every e € F,

0 < pixc(ay(€)® + vk(ay(€)® < 1.

Moreover, for every edge {u,v} € E,

MIC(a)({uv 'U}) < min {M]—'(a) (u)a HF(a) (v)} )

and
V,C(a)({u,v}) > max {V].‘(a)(u)7 VF(a) (v)} .

Hence, for each a € A,

(F(a),K(a))

is a Pythagorean fuzzy graph of G*, and G p is a parameterized family of Pythagorean fuzzy graphs.

Example 3.28.2 (Pythagorean Fuzzy Soft Graph). Let

G"=(V,E),
where
V = {v1,v9,v3}
and
E = {e12, €23}, e12 = {v1,v2}, €23 = {v2,v3}.
Let the parameter set be
A={ay,az}.

For the parameter a;, define the Pythagorean fuzzy vertex degrees by

(Y ‘ V1 (%) V3
VF@ay(v) | 0.3 04 0.5
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and the edge degrees by

€ ‘ €12 €23
Pic(ar)(€) | 0.6 0.5 .
VIC(al)(e) 0.5 0.6
For the parameter as, define
v ‘ U1 V2 V3
[F(as)(v) [ 0.6 0.9 05
y}-(az)(v) 06 0.2 0.7
and
€ ‘ €12 €23
lic(az)(€) | 0.5 0.4 .
I/K(az)(e) 0.7 0.8

All vertex and edge degrees satisfy the Pythagorean condition. For example,
0.82+0.32=0.73<1,

and
0.62+0.52 =0.61 < 1.

Moreover, for a; and e13 = {v1, v2},
0.6 < min{0.8,0.7} = 0.7,

and
0.5 > max{0.3,0.4} = 0.4.

Similarly, for es3 = {ve, v3},
0.5 < min{0.7,0.6} = 0.6,

and
0.6 > max{0.4,0.5} = 0.5.

The same conditions are satisfied for the parameter as. Therefore,
Gp = (G, F,K,A)

is a Pythagorean Fuzzy Soft Graph.

3.29 ¢-Rung Orthopair Fuzzy Soft Graph

A g-Rung Orthopair Fuzzy Set assigns membership and non-membership degrees whose qth powers
sum to at most one for element [328-331]. A ¢-Rung Orthopair Fuzzy Graph assigns g-rung mem-
bership and non-membership degrees to vertices and edges while preserving incidence compatibility
conditions [332H334]. A ¢-Rung Orthopair Fuzzy Soft Graph parameterizes g-rung orthopair fuzzy
graphs, representing membership and non-membership uncertainty under flexible ¢-rung constraints.
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Definition 3.29.1 (¢-Rung Orthopair Fuzzy Soft Graph). Let
G*=(V,E)

be a finite simple graph, let A # () be a set of parameters, and let ¢ > 1.

A g-Rung Orthopair Fuzzy Soft Graph over G* is a quadruple

Gq = (G*7F7K7A)7

where, for every a € A,

F(a) = (1r(a), VF (@)
is a g-rung orthopair fuzzy set on V', and

K(a) = (tx(a)s Vi (a))

is a g-rung orthopair fuzzy set on E.

Thus, for every v € V,

0< /u']-'(a)(v)q + V]-'(a)(v)q <1,
and, for every e € E,

0 < pic(ay(€)? + vy (€)? < 1.

Moreover, for every edge {u,v} € E,

M’C(a)({ua U}) < min {Mf(a) (u)7 HF(a) (’U)} 5

and
Vic(a)({u, v}) > max {V}-(a)(u), VF(a) (v)} .

Hence, for every a € A,

(F(a), K(a))

is a g-rung orthopair fuzzy graph of G*, and éq is called a g-Rung Orthopair Fuzzy Soft Graph.

Example 3.29.2 (3-Rung Orthopair Fuzzy Soft Graph). Let

G* = (V,E),

where
V ={v1,v9,v3}
and
E = {e12, €23}, e12 = {v1,v2}, €23 = {v2,V3}.

Let

A={ay,az}
and take

q=3.

For the parameter a1, define the vertex degrees by

v ‘ (% (%) V3
fiF(ay)(v) | 0.80 0.75 0.65
VE(a)(v) | 070 0.70 0.75
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and the edge degrees by

€ ‘ €12 €23
,u,c(al)(e) 0.70 0.60 .
V’qal)(e) 0.72 0.78
For the parameter as, define
v ‘ U1 V2 V3

(17 (az)(v) | 0.65 0.85 0.70

u;(az)(v) 0.70 0.50 0.65
and
€ ‘612 €23
,u,c(@)(e) 0.60 0.65 .
Vi(az)(€) | 0.72 0.70

We verify the 3-rung orthopair condition. For example, for a; and vy,
0.80% 4 0.70° = 0.512 + 0.343 = 0.855 < 1.

For a; and eqo,
0.70% + 0.723 = 0.343 + 0.373248 = 0.716248 < 1.

The vertex—edge compatibility conditions are also satisfied. For ay and e15 = {v1,v2},
0.70 < min{0.80,0.75} = 0.75,

and
0.72 > max{0.70,0.70} = 0.70.

FOI' €93 = {Ug, 1}3},
0.60 < min{0.75,0.65} = 0.65,

and
0.78 > max{0.70,0.75} = 0.75.

Similarly, all vertex and edge degrees associated with ay satisfy the 3-rung orthopair condition and
the corresponding vertex—edge compatibility conditions.

Therefore, ~
G3 = (G*,f,]C,A)

is a 3-Rung Orthopair Fuzzy Soft Graph, and hence an instance of a ¢-Rung Orthopair Fuzzy Soft
Graph.

Notice that
0.80%2 +0.70° = 1.13 > 1.

Thus, the degree pair (0.80,0.70) is not admissible in a Pythagorean fuzzy model, although
0.80% +0.70% = 0.855 < 1.

This example therefore also illustrates the greater flexibility of the g-rung orthopair framework for
q> 2.
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Theorem 3.29.3 (Generalization of Pythagorean Fuzzy Soft Graphs). Every Pythagorean Fuzzy Soft
Graph is a g-Rung Orthopair Fuzzy Soft Graph for every q > 2. In particular, when q = 2, the notion
of a q-Rung Orthopair Fuzzy Soft Graph reduces exactly to that of a Pythagorean Fuzzy Soft Graph.
Furthermore, for q > 2, the q-rung framework is strictly more general.

Proof. Let _
GP = (G*v]:aKaA)

be a Pythagorean Fuzzy Soft Graph. Then, for every a € A and v € V,

HF(a) (U)2 + Vf(a)(v)z <1,

and, for every e € F,
Lirc(a) (€)% + Vi) (€)* < 1.

Since 0 < z < 1 implies
z? < 22 for every ¢ > 2,

we obtain
17 (@) (V) 4 Vr@) (0)T < pr)(0)? + vEE)(v)? < 1

Similarly,
MK (a) (e)q + VK (a) (e)q <L

The vertex—edge compatibility conditions are unchanged. Therefore, every Pythagorean Fuzzy Soft
Graph satisfies the defining conditions of a g-Rung Orthopair Fuzzy Soft Graph for every ¢ > 2.

When g = 2, the defining condition
qu _|_ Vq S 1

becomes
e+t <,

which is precisely the Pythagorean fuzzy condition. Hence, Pythagorean Fuzzy Soft Graphs are
exactly the ¢ = 2 case.

To see that the generalization is strict for ¢ > 2, choose ¢ € [0, 1] such that
2712 < ¢ <27Va,

Then
2¢? <1,

whereas
2¢% > 1.

Thus, an orthopair (c,c) may satisfy the ¢-rung condition while failing the Pythagorean condition.
Consequently, for ¢ > 2, the ¢-Rung Orthopair Fuzzy Soft Graph framework admits configurations
that are not Pythagorean Fuzzy Soft Graphs. O

Remark 3.29.4. The relationship among the corresponding soft graph models may be summarized
as

Intuitionistic Fuzzy Soft Graph C Pythagorean Fuzzy Soft Graph C ¢-Rung Orthopair Fuzzy Soft Graph,

where the first model is recovered at ¢ = 1, the second at ¢ = 2, and larger values of ¢ provide a
wider admissible region for the membership and non-membership degrees.
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3.30 g¢-Rung Orthopair Uncertain Soft Graph

A g-Rung Orthopair Uncertain Soft Graph represents parameterized graph uncertainty through mem-
bership, non-membership, and hesitation degrees whose gth powers satisfy a normalized uncertainty
constraint.

Definition 3.30.1 (¢-Rung Orthopair Uncertain Soft Graph). Let
G*=(V,E)

be a finite simple graph, let A # () be a set of parameters, and let ¢ > 1.

For each a € A, assign to every vertex v € V three values

:UV,a(v)v VV,a(U)7 7TV,a(U) S [0, 1],

satisfying
1v,a(V)? + vva(v)? + Ty (v)? =1

Similarly, assign to every edge e € F three values

peo(e), veale), weale)€l0,1],

satisfying
pEa(€)? +vpa(e)! + mpa(e)! = 1.

Here,
Hy v, ™

represent membership, non-membership, and hesitation degrees, respectively.

For every edge e = {u,v} € E, assume that

pg,a(€)? < min{pyq(u)?, pv.a(v)'},

and
vEo(e)? > max {vy,(u)?, vy (v)?}.

Equivalently, the hesitation degrees are determined by

(V) =1 = pyv,a(v)? = vva(v)d,

and
mEa(e)! =1 —upa(e)? —vea(e)l

The parameterized structure

gqU - (G*; {,U/V,aa VV,a WV,a}aEAv {ﬂE,aa VE, a, WE,a}aGAv A)
is called a g-Rung Orthopair Uncertain Soft Graph.

Theorem 3.30.2 (Well-Definedness). The g-Rung Orthopair Uncertain Soft Graph given in Defini-
tion |3.30.1| is well-defined.
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Proof. Fix a € A.

For every v € V,
pv,a(v)? + vy (v)? < 1.

Hence,
1= pv,a(v)? = vy (v)? >0,

and therefore

Wa(v) = (1= pya(0)? = vyq(v)?) "

is a well-defined element of [0, 1]. Consequently,

wv,a(0) 4+ vy o (V) + Ty e (v)? = 1.

Likewise, for every e € E,
pea(e)’ +veale)’ <1
implies that
T5a(e) = (1= pp.a(e)’ —vea(e))" €[0,1],

and hence
pE.a(€)?+vEa(e)! + TEal(e)! = 1.

Moreover, for every e = {u,v} € E,

IU/E,a(e)q S min {,U/V,a (u)qa HV,a (U)q} )

and
vE o(e)? > max {vy,q(u)?, vy (v)?}.

Since z — x? is monotonically increasing on [0, 1], these conditions are equivalent to

pea(e) <min{py,q(u), pv,a(v)},

and
Vg o(e) > max {vy,q(u), vy (v)}.

Thus, all vertex and edge uncertainty degrees satisfy both the g-rung orthopair constraints and the
graph incidence compatibility conditions. Therefore,

Gau
is well-defined. O
Remark 3.30.3. The defining uncertainty relations are expressed entirely through gth powers:
pl+vi4+7l=1.

In particular, ¢ = 1 yields the intuitionistic-type constraint, whereas ¢ = 2 yields the Pythagorean-
type constraint. Increasing g enlarges the admissible region of membership and non-membership
degrees.
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Rough Graph Series

This chapter introduces rough graphs and their extensions.

Rough Graph extensions = approximation-based extensions

edge rough, vertex rough, vertex—edge rough,
weighted rough, and directed rough graphs

U hybrid uncertainty extensions

fuzzy rough, intuitionistic fuzzy rough,
neutrosophic rough, soft rough,
and hypersoft rough graphs

U higher-order structural extensions .

rough hypergraphs, rough superhypergraphs,
rough n-superhypergraphs, and
recursive rough superhypergraphs

4.1 Rough Graph

The term Rough Graph is used in the literature for several closely related graph models based on
rough-set theory. Two useful formulations are distinguished in this book. The first represents a rough
graph through lower and upper approximations of graph elements, whereas the second represents
rough information through a rough-membership function attached to the vertices of a graph. These
formulations emphasize different aspects of roughness and should not be regarded as mathematically
identical.

Formulation I: Approximation-Based Rough Graph

An approrimation-based Rough Graph models uncertainty in the edge set of a graph by partitioning
the edges through an equivalence relation and approximating a target edge set by its lower and upper
approximations [68,1335H337].
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Definition 4.1.1 (Approximation-Based Rough Graph). Let
G=(V,E)

be a graph, where V' is the vertex set and F is the edge set. Let R be an equivalence relation on F,
possibly induced by a collection of edge attributes. For each e € E, denote its equivalence class by

lelry = {f € E:eRpf}.

For any target edge set X C FE, define the lower approximation by
Rp(X)={e€ E:[e]r, € X},
and the upper approximation by

Rp(X) ={e € E:[e]r, N X # 0}.

The corresponding lower- and upper-approximation graphs are
G (X) = (V, Rg(X))

and L
Gh,(X) = (V. Rp(X)),

respectively.

The target edge set X is called Rg-ezact if
Ru(X) = X = Rp(X).

Otherwise, X is called Rg-rough.

The ordered pair
Gny(X) = (G (X), G, (X))
is called an Approzximation-Based Rough Graph determined by X.
Example 4.1.2 (A Rough Graph Determined by Edge Types). Let
G: (V’E)’ V:{Ul,’l)Q,’l)g,’l)4,U5},

with
E ={ei,eq,e3,eq,65},
where
e1 = {v1,v2}, e2={va,v3}, es={vs, s}, es={vs,v5}, e5={vs,v1}.

Suppose that Rg has the equivalence classes

le1]ry = [e2]rp = {€1, €2}, les]re = {es}, lealrp = [es]rs = {ea, €5}

Consider
X = {61, €9, 64}.

Since
{er,ea} C X, {ea,es} N X # 0,
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but
{647 65} fd— X,
we obtain
Rp(X) ={e1,e2}
and
Rg(X) = {e1,e2,e4, 65}
Therefore,
Gry(X) = ((V.{e1,e2}), (V. {e1, e, e4,€5})) .

Since

Rp(X) # Rp(X),
the target edge set X is Rg-rough.

Formulation II: Rough-Membership-Function-Based Rough Graph

A second formulation represents roughness quantitatively through a rough-membership function.
In a finite approximation space, the rough membership of a vertex measures the proportion of its
equivalence class that belongs to a prescribed target set.

Definition 4.1.3 (Rough-Membership-Function-Based Rough Graph). Let
G=(V,B)
be a finite simple graph, let Ry be an equivalence relation on V', and let
XCV

be a target vertex set.

For every v € V| let
[vlr, ={v €V :vRyu}

denote the equivalence class of v. Define the rough-membership function of X by

[v]r, N X]

veV.
[[v]Ry |

wx (v) =

Then
wx : V. —[0,1].

The structure
Rx = (G wx) = (V,E,wx)

is called a Rough-Membership-Function-Based Rough Graph.

In particular,
wx ('U) =1

means that the entire equivalence class of v belongs to X, whereas
wx()=0
means that its equivalence class does not intersect X. Values satisfying
0<wx(w) <1

represent boundary or partially supported vertices.
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Example 4.1.4 (A Rough-Membership-Function-Based Rough Graph). Let
V= {vla V2, V3, V4, Us, vG}

and let
E = {{v1,va}, {v2,v3}, {vs,va}, {va, 05}, {v5, 06} } -

Suppose that the equivalence relation Ry induces the classes

Cy = {v1,v2}, Cy = {v3,v4,v5}, Cs = {ve}.

Let
X = {v1,v2,v3,v5}.
Then
2
wx (v1) = wx(vg) = 5= 1,
2

wx (v3) = wx (v4) = wx (vs) = 3’

and
wx(vg) =0

Hence,

is a Rough-Membership-Function-Based Rough Graph. The vertices v; and vy belong completely to
the rough target concept, vs, v4, v5 belong to its boundary region, and vg lies outside the corresponding
upper approximation.

Remark 4.1.5 (Relationship Between the Two Formulations). The two formulations describe differ-
ent aspects of rough information. The approximation-based formulation represents roughness explic-
itly through a pair of lower and upper graphs,

(GE#(X), G, (X)),

whereas the rough-membership formulation represents roughness through a degree function

wx : V —=[0,1].

Thus, schematically,
Approximation-Based Rough Graph = lower/upper graph pair,
whereas

Rough-Membership-Function-Based Rough Graph = graph with rough membership degrees.

These notions are related through rough-set theory, but they are not identical constructions. There-
fore, the intended formulation should be stated explicitly whenever the term “Rough Graph” is used.
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4.2 Rough HyperGraph

A rough hypergraph employs lower and upper approximations to model uncertain vertices and hyper-
edges, distinguishing certain, possible, and boundary multiway relationships induced by indiscerni-
bility relations [338H341].

Definition 4.2.1 (Rough Hypergraph). Let ) be a nonempty finite set, and let ¢ be an equivalence
relation on Q. For A C @, define the lower and upper approximations of A by

p(A)={reQ: . CA),  BA)={reQ:la,nA#0).

Let
MCP@Q)\ {0}

be a family of nonempty subsets of @, and let ¥ be an equivalence relation on M. For a target
hyperedge family
D C M,

define
Y(D) ={F e M:[F], CD},

and

$(D) = {F € M:[F], D # 0}.

Assume that

and

Then the ordered pair
where

and
R = (®(A),%(D)),

is called a rough hypergraph. The hypergraphs R and R are called the lower-approzimation hypergraph
and the upper-approrimation hypergraph, respectively.

4.3 Rough SuperHyperGraph

A rough SuperHyperGraph applies lower and upper approximations to supervertices and superedges,
distinguishing definite, possible, and boundary higher-order structures under indiscernibility relations
within complex networks [342].

Definition 4.3.1 (Rough SuperHyperGraph). [342] Let S be a nonempty finite set, and let
YV CP(S)\ {0}

be a family of supervertices. Let

MCPWV)\ {0}

be a family of candidate superedges.
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Let p and o be equivalence relations on V and M, respectively. For A CV and B C M, define
pA) = (X eV [X],CA},  pA) = {XeV:[X],nA#D},

and

oB)={FeM:[Fl,CB}, oB)={FeM:[Fl,nB%0}.

Assume that

a(B) € P(p(A)) \ {0}

and
a(B) € P(p(A)) \ {0}.
Then
R = (ﬁ, SR) ,
where
R = (p(A),a(B))
and

R = (p(A),7(B)),

is called a rough SuperHyperGraph. The structures Rt and R are called its lower-approzimation
SuperHyperGraph and upper-approzimation SuperHyperGraph, respectively.

4.4 Recursive Rough SuperHyperGraph

A Recursive Rough SuperHyperGraph applies lower and upper approximations to recursively nested
supervertices and superedges, representing certain and possible structures.

Definition 4.4.1 (Recursive Rough SuperHyperGraph). Let r > 0, let V be a finite nonempty set,
and recursively define

nglp(kaﬂ\{@}, kzl,...,T.
Put ;
vi=J%.  g=("E), ECPV)\{0.
k=0

A subset X C V* is called recursively closed if
reXNVy, = zzCXNVi_1, k=1,...,7.

For Y CV*, let
rker(Y)

denote the largest recursively closed subset of Y, and let
rel(Y)

denote the smallest recursively closed subset containing Y.

Let ~y and ~g be equivalence relations on V* and FE, respectively, where ~y, preserves levels. For
a recursive sub-SuperHyperGraph

H=(X,F), FC{eeFE:eC X},

define
X =rtker({z € V* : [z]., C X}),
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X = rcl({m eV iz]w, NX # @})7

and
F={ecFE:[e]o, CFandeC X},
F={ccE:[e.,NF#0andeC X}.
The pair
R(H) = (H.H),
where

ﬂ: (K7E)7 ﬁ: (va)v
is called a Recursive Rough SuperHyperGraph.

4.5 Fuzzy Rough Graph

A fuzzy rough set combines fuzzy membership with rough approximations, representing uncertain
concepts through graded lower and upper approximation boundaries [3431345]. A fuzzy rough graph
combines fuzzy membership with rough lower and upper approximations, representing uncertain
vertices and edges through graded inclusion and indiscernibility relations simultaneously [333}346/-
348]. Related concepts, such as Fuzzy Rough Digraphs, are also known [349-351].

Definition 4.5.1 (Fuzzy Rough Graph). Let V be a nonempty finite set and let

Vv
E* = .
(2)
Let R: V xV — [0,1] and S : E* x E* — [0,1] be fuzzy tolerance relations. Let
w:V —1[0,1] and v:E*—[0,1]

be fuzzy sets of vertices and edges, respectively.

The lower and upper approximations of u with respect to R are defined by

R(p)(x) = \ (1= R(z, )V uy)),

yeVv

and

Similarly, the lower and upper approximations of v with respect to .S are defined by

Sw)e)= N\ (1=S(e.f)Vvu(f),

feE

and
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and
S(v)(e) < R(p)(x) A R(1)(y)
Then
G=(9.9),
where
G = (B(n),S(v))
and

is called a fuzzy rough graph. The fuzzy graphs G and G are called the lower-approzimation graph
and the upper-approrimation graph, respectively.

Example 4.5.2 (A Fuzzy Rough Triangle). Let
V = {v1,v2,v3}, E* = {e12, €23, €13},
where e;; = {v;,v;}. Define universal fuzzy tolerance relations by
R(v;,v;) =1 and Sle,f) =1

for all v;,v; € V and e, f € E*.

Let the vertex-membership function be

p(v1) =08,  p(v2) =06,  p(vs)=0.9,
and let the edge-membership function be

V(elz) = 05, l/(€23) = 04, I/(613) = 0.6.

Since R is universal, for every x € V,

R(p)(z) = min u(y) = 0.6,

whereas

R(p)(z) = max i(y) = 0.9.

Similarly, for every e € E*,

S(v)(e) = oin v(f) =04,

and

Sw)(e) = )rcré%)i v(f) =0.6.

Consequently, for every edge e = {z,y} € E*,
0.4 < min{0.6,0.6}

and
0.6 < min{0.9,0.9}.
Hence
G = (BR(w),S(v))
and

G = (R(n),S(v))

are well-defined fuzzy graphs. Since their membership values differ,
G=1(9,9)

is a non-exact fuzzy rough graph.
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0.4/ 0.4 0.6/ V0.6
g g

Lower-appI"OXTmation graph Upper-approximation graph

Figure 4.1: The lower- and upper-approximation fuzzy graphs. The values inside the vertices and
beside the edges are their membership degrees.

4.6 Intuitionistic Fuzzy Rough Graph

An intuitionistic fuzzy rough set uses membership and non-membership degrees with lower and up-
per approximations to represent uncertain, hesitant concepts [352-354]. An intuitionistic fuzzy rough
graph combines membership, non-membership, and hesitation degrees with lower and upper approx-
imations to model uncertain vertices and edges under indiscernibility relations [355-357].

Definition 4.6.1 (Intuitionistic Fuzzy Rough Graph). Let V' be a nonempty finite set and let
E*={{z,y} CV:z#y}.

Let -
A: (Hvazv)v A= (ﬁVavV)
be the lower and upper intuitionistic fuzzy approximations of a vertex set on V', and let

B: (HE7ZE)7 EZ (EEWPE)

be the corresponding lower and upper intuitionistic fuzzy approximations of an edge set on E*.

Assume that, for every x € V,
0<p, (@) +ry(e) <1, 0<fy(r) +ov(z) <1,
and, for every e € E*,

0< () +upe) <1, 0<Tap(e) +7ple) < 1.

Moreover, for every edge e = {z,y} € E*, suppose that
ty(e) <min{p, (2),p, ()},

vp(e) > max{gv(x), Yy (y)}a

and
fip(e) < min{fiy (), fiy (y) },
vg(e) > max{?v(x),ﬁv(y)}.
Then
G=1(9.9),
where

G=(AB) ad G=(4D),

is called an intuitionistic fuzzy rough graph. The graphs G and G are called its lower-approzimation
intuitionistic fuzzy graph and upper-approrimation intuitionistic fuzzy graph, respectively.
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4.7 Neutrosophic Rough Graph

A neutrosophic rough set combines truth, indeterminacy, and falsity degrees with lower and upper
approximations to model inconsistent uncertain information [358-360]. A neutrosophic rough graph
combines truth, indeterminacy, and falsity degrees with lower and upper approximations, representing
uncertain vertices and edges under indiscernibility relations more flexibly [361].

Definition 4.7.1 (Neutrosophic Rough Graph). Let V' be a nonempty finite set, and let

B = {{o.y) Ve 4y}

Let
A: (IV,lV,EV)v Z: (TV7TV;FV)

be the lower and upper neutrosophic approximations on V', and let
EZ (IE71E7EE)7 E: (TEaanfE)

be the corresponding lower and upper neutrosophic approximations on E*, where all component
functions take values in [0, 1].

Assume that, for every edge e = {z,y} € E*,

Tp(e) < min{Ty (), Ty (y)},

Ip(e) <max{ly(z),Ly(y)},  Ep(e) <max{EFy(z), Fy(y)},

and
TE(e) < min{TV(x)’TV(y)}v
Ig(e) <max{Iv(z),Iv(y)},  Fr(e) <max{Fy(z), Fv(y)}.
Then
G=1(9.9),
where

G=(AB) and G=(4,B),

is called a neutrosophic rough graph. The neutrosophic graphs G and G are called the lower-
approzimation graph and the upper-approximation graph, respectively.

4.8 Plithogenic Rough Graph

A plithogenic rough set combines appurtenance and contradiction degrees with lower and upper
approximations to model heterogeneous uncertain information systematically [362]. A Plithogenic
Rough Graph combines plithogenic appurtenance and contradiction degrees with lower and upper
approximations of uncertain vertices and edges.
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Definition 4.8.1 (Plithogenic Rough Graph). Let
G = (V.E)

be a finite simple graph, and let ~y and ~g be equivalence relations on V' and E, respectively. Let
A # (0 be a finite attribute-value set, and let

py Vx A—10,1], pr:Ex A—[0,1]
be degree-of-appurtenance functions. Let
§: Ax A—10,1]
be a degree-of-contradiction function satisfying
d(a,a) =0, 4(a,b) = 4(b,a).
For every e = {u,v} € E and a € A, require

pe(e,a) < min{py (u,a), py (v,a)}.

Let X
H=(X,F), X CV, FCED<2>.
Define .
X={veV:[v., CX}, X ={veV:v., NX #0},
and
F={ecFE:le]., CF eC X},

F={ecE:[eJ.,NF#0, eC X}.

The pair

RP(H) = ((Ka Ea MV|K><A7 :LLE|E><A7 5)7 (Y7 Fv H’V|Y><A7 ,uE|f><A7 5))
is called a Plithogenic Rough Graph.

4.9 Uncertain Rough Graph

An Uncertain Rough Graph applies lower and upper approximations to uncertainty-weighted vertices
and edges, distinguishing certain, possible, and boundary structures.

Definition 4.9.1 (Uncertain Rough Graph). Let
G = (V,E)
be a finite simple graph, and let (L, <, A) be a meet-semilattice of uncertainty values. Let
wy V. — L, wg:E— L

satisfy
we({u,v}) 2wy (u) Awy(v)

for every {u,v} € E.

Let ~y and ~g be equivalence relations on V' and FE, respectively, and let

X
H=(X,F), XcCV, FgEm(2>.
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Define
X={veV:|v., CX}, X={weV:[v., NX #0},
F={ee€FE:le]., CF eCX},
and o _
F={e€FE:leJo,NF#0, eC X}
The pair

Ry(H) = (X, F,wy|x,welp), (X, F,wv|g welp))
is called an Uncertain Rough Graph.

Remark 4.9.2 (Catalogue of Uncertain Rough Graph Families). For reference, Table presents
a catalogue of uncertainty-rough-graph families, called Uncertain Rough Graphs, classified according
to the dimension k of the underlying uncertainty-degree domain

Dom(M) C [0,1]*.

Table 4.1: A catalogue of Uncertain Rough Graph families organized by the dimension &k of the
underlying degree-domain Dom(M) C [0, 1]*.

k Representative Uncertain Rough Graph type(s) Rum(H) = (G,,(H),Gn(H)) induced by
uncertainty-degree maps v, : V. — Dom(M) and pg,m : E — Dom(M)
1 Fuzzy rough graph [347[363]; N -fuzzy rough graph; shadowed rough graph variants

Intuitionistic fuzzy rough graph [364H366|; vague rough graph; bipolar fuzzy rough graph [367F
intuitionistic evidence rough graph; variable fuzzy rough graph; paraconsistent fuzzy rough
graph; bifuzzy rough graph

3 Neutrosophic rough graph |361](a); hesitant fuzzy rough graph(d); tripolar fuzzy rough graph;
three-way fuzzy rough graph; picture fuzzy rough graph; spherical fuzzy rough graph [333];
inconsistent intuitionistic fuzzy rough graph; ternary fuzzy rough graph; neutrosophic-fuzzy
rough graph; neutrosophic vague rough graph

4 Quadripartitioned neutrosophic rough graph; double-valued neutrosophic rough graph; dual hes-
itant fuzzy rough graph(d>; ambiguous rough graph(b); local-neutrosophic rough graph; support-
neutrosophic rough graph; Turiyam neutrosophic rough graph(c)

5 Pentapartitioned neutrosophic rough graph; triple-valued neutrosophic rough graph

6 Hexapartitioned neutrosophic rough graph; quadruple-valued neutrosophic rough graph

7 Heptapartitioned neutrosophic rough graph; quintuple-valued neutrosophic rough graph

8

9

n

Octapartitioned neutrosophic rough graph

Nonapartitioned neutrosophic rough graph

n-refined fuzzy rough graph; multi-valued fuzzy rough graph; multi-fuzzy rough graph
2n n-refined intuitionistic fuzzy rough graph; multi-intuitionistic fuzzy rough graph
3n n-refined neutrosophic rough graph; multi-neutrosophic rough graph

(a) Neutrosophic rough graph models may be viewed as broad approximation-based frameworks capable of specializing
to several degree-based rough graph models under suitable constraints.

() An ambiguous rough graph is obtained by applying the lower and upper graph-approximation operators to an
uncertainty graph whose degrees belong to an ambiguous-set model. Ambiguous-set models are commonly related to
certain four-component neutrosophic models.

(¢) A Turiyam neutrosophic rough graph is induced by a four-component Turiyam neutrosophic degree model and
suitable lower and upper approximations. Such models are commonly regarded as specializations of quadripartitioned
neutrosophic frameworks.

(d) Hesitant and dual hesitant fuzzy degrees are naturally set-valued. Their placement in a fixed-dimensional row
presupposes a selected finite-coordinate representation. Otherwise, their degree-domains need not be subsets of a single
finite-dimensional cube [0, 1]*.

Dimension note. The integer k records the dimension of the underlying uncertainty degree assigned to each vertex or
edge. It does not count the lower and upper approximations as additional degree components. Thus, the rough pair

(Q]u (H)»EJVI(H))

remains classified according to the dimension of Dom (M), rather than according to 2k.

4.10 Soft Rough Graph

A soft rough set combines soft-set parameterization with rough lower and upper approximations
to represent parameter-dependent uncertainty in information systems [368-370]. Related concepts,
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such as hypersoft rough sets [3711376], are also known in the literature. A soft rough graph combines
soft-set parameterization with lower and upper approximations to represent uncertain vertices, edges,
parameter-dependent subgraphs, and boundary information systematically within networks [377H379).

Definition 4.10.1 (Soft Rough Graph). [377H379] Let
G = (V,E)
be a finite simple graph, let A # () be a set of parameters, and let
F:A— P(V), K:A— PE)

be set-valued mappings such that

Thus, each

is a subgraph of G.

For a nonempty target set X C V', define
A(X)={a€ A: F(a) C X}

and
A*(X)={a€ A: Fla)N X # 0}.

The lower approximations of the vertex and edge sets are

FX)= |J F, FKX= |J K,

a€A.(X) a€A.(X)

whereas their upper approximations are

FFXx)= |J F, KEX= J Kl

a€A*(X) a€A*(X)

Then N
where

G.(X) = (F*(X),K*(X))
and

G*(X) = (F"(X), K*(X)),

is called a soft rough graph of G. The graphs G.(X) and G*(X) are called the lower-approximation
graph and the upper-approzimation graph, respectively.

4.11 Edge Rough Graph

An edge rough graph approximates an uncertain target edge set through equivalence classes, producing
lower and upper subgraphs that distinguish certain, possible, and boundary edges [380].

75



Chapter 4. Rough Graph Series

Definition 4.11.1 (Edge Rough Graph). Let
G=(V,B)

be a finite graph, and let Rg be an equivalence relation on the edge set E. For each e € F, denote
its equivalence class under Rg by

lelre ={f € E:eRp f}.

For a target edge set X C E, define its lower and upper approximations by
Rp(X)={e€ E:le]r, C X},

and
Rep(X)={e€ E:[e]g, N X # 0}.

For any F' C F, let
V(F)={v €V : v is incident with some edge in F}.

The corresponding lower- and upper-approximation graphs are
GY(X) = (V(Be(X)), Rp(X))

and

Gp(X) = (V(Rp(X)), Rp(X)),

respectively.

The ordered pair
Gr,(X) = (GF(X), Gp(X))

is called the edge rough graph determined by X. The graphs GF(X) and G’%(X) are called the lower
edge-approzrimation graph and the upper edge-approzimation graph, respectively.

4.12 Vertex Rough Graph

A vertex rough graph approximates an uncertain target vertex set through equivalence classes, pro-
ducing lower and upper subgraphs that identify certain, possible, and boundary vertices [381}/382].

Definition 4.12.1 (Vertex Rough Graph). Let
G=(V,E)

be a finite simple graph, let R be an equivalence relation on V', and let
H = (W, F)

be a subgraph of G, where W C V and F C E.

For each v € V| let
vl ={u €V :uRv}

denote the equivalence class of v. The lower and upper approximations of W are defined by

R(W)={veV:[vJg CW}
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and

RW)={veV:[lanW #0}.

For any U C V, write
EqlU] = {{z,y} € E: 2,y e U}.

Define the lower- and upper-approximation graphs of H by
Ry (H) = (R(W),F N Eg[R(W)])

and

Ry(H) = (R(W), Ec[R(W)]) ,

respectively.

The ordered pair
Ry (H) = (Ry(H), Rv(H))

is called the vertex rough graph of H with respect to R. The graphs Ry (H) and Ry (H) are called
the lower vertex-approximation graph and the upper verter-approxrimation graph, respectively.

Example 4.12.2 (A Vertex Rough Graph). Let
V= {vla V2, V3, U4, Us, ’UG}

and let

E = {{’Ul,vg}, {’U2,1)3}, {’03,’04}, {’1)4,’05}, {’U57’U6}‘7 {’U6,’U1}, {Ul,’Ug}, {1}3, U5}}.

Define an equivalence relation R on V by the classes

{1)1,1)2}, {1}3,1)4}, {U57v6}'

Consider the subgraph
H=(W,F),

where

W = {U17U27U37v5}

and

F = {{U17U2}7 {U27U3}> {Ula U3}v {U?” U5}}'

Only the class {v1,v2} is entirely contained in W, while every equivalence class intersects . Hence

R(W) = {v1,v2}, R(W)=1V.

Therefore,
Ry (H) = ({Uh va}, {{Uh U2}})
and
Ry(H) = (V,E).
Thus,

Rv(H) = (Ry(H), Rv(H))

is a non-exact vertex rough graph.
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S N NVAO
* Lower approxmlatlon

H=(W,F) V
Upper approx1mat10n

Figure 4.2: A target subgraph and its lower and upper vertex-approximation graphs. Dashed vertices
in the first panel belong to the ambient graph but not to W.

4.13 Weighted Rough Graph

A weighted rough graph integrates edge or vertex weights with lower and upper approximations,
preserving quantitative network information while distinguishing certain, possible, and boundary
structures [67},341,1383].

Definition 4.13.1 (Weighted Rough Graph). Let
G=(V,E,w)

be a finite weighted graph, where
w:kE— Rzo

is an edge-weight function, and let R be an equivalence relation on E.

For a target edge set X C FE, define its lower and upper approximations by

R(X)={e€ E:[eJrg C X}, R(X)={e€E:[eJanX #0}.

For FF C F, let
V(F)={v €V : v is incident with an edge of F'}.

The lower- and upper-approximation graphs are
GH(X) = (V(R(X)), R(X))

and

Gr(X) = (V(R(X)), R(X)),

respectively.

Let
® : {finite multisets in R>o} — R

be a fixed aggregation function. For each equivalence class C' € E/R, define its class weight by

wr(C) = ®({w(e) : e € C}).

Then
Grw(X) = (GI(X), GR(X),wr)

is called a weighted rough graph.
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Example 4.13.2 (A Weighted Rough Transportation Network). Let
G:(ME7w)a V:{U17U27U3,04,U5},

where
er = {v,v2}, wler) =2
e = {vg,v3}, w(ey) =4
es = {vs,va}, w(es) =3,
eq = {vg,v5}, wley) =7
(e5) =5

€5 = {Us,Ul}, w

Assume that R has the equivalence classes
Cy = {e1,e2}, Ca = {es}, Cs = {eq, 5}

For the target edge set

X ={e1,eq,e4},
we obtain
R(X) ={e1,ea}, R(X) = {e1,e2,e4,€5}.
Hence
GER(X) = ({v1,v2,v3}, {e1,e2})
and

GHr(X) = (Vi {e1,ea,ea,e5}).

Choose the arithmetic-mean aggregator

k
E Z;.

i=1

O({zq,...,a%}) =

T =

The corresponding class weights are
wr(C1) =3, wr(C2) = 3, wr(Cs) = 6.

Therefore,
Gruw(X) = (GH(X), GR(X),wr)

is a weighted rough graph.

GIH(X)
) =3 GR(X)
wR(C’l) = 37 wR(Cg) =6

Figure 4.3: The lower and upper approximation graphs. Edge labels display the original edge and its
weight.
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4.14 Rough Digraph

A rough digraph applies lower and upper approximations to directed vertices or arcs, representing
definite, possible, and boundary relationships while preserving orientation within uncertain networks
[367,384386].

Definition 4.14.1 (Rough Digraph). Let

D= (V,A)
be a finite digraph, where

ACV XV,
and let

H = (W,B)

be a subdigraph of D, where
W CV, BCAN(W xW).

Let Ry and R4 be equivalence relations on V' and A, respectively. For x € V and a € A, denote
their equivalence classes by

(2], ={y € V : 2Ryy}

and
[alr, = {b€ A:aRab}.

Define the lower and upper approximations of W by
&(W) = {x eV: [x}Rv - W}7

Rv(W)={z eV :[x]p, N W # 0},

and those of B by
Ra(B) ={a € A:lalr, C B},

Ra(B)={a€A:[dr,NB#0}

For U C V| let
AplU)=ANn (U x U).

The lower- and upper-approximation digraphs of H are defined by
R(H) = (Rv(W), Ra(B) N Ap[Ry(W)))

and
R(H) = (Rv(W), Ra(B) N Ap[Ry (W)]),

respectively.

The ordered pair
R(H) = (R(H),R(H))

is called the rough digraph of H with respect to (Ry,Ra).
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4.15 Soft-Covering-Based Rough Graph

A soft-covering-based rough graph derives lower and upper graph approximations from parameterized
coverings, identifying definite, possible, and boundary vertices or edges without requiring equivalence
relations [387,388].

Definition 4.15.1 (Soft-Covering-Based Rough Graph). Let
G=(V.E)
be a finite simple graph, and let A # () be a finite parameter set. Suppose that
A A— P(V)\ {0}, p:A— P(E)\ {0}

satisfy

Urxa=v, |Jnla)==E

acA acA

and
w(a) C Eg\(a)] for every a € A,

where, for U C V,
EqlU] = {{z,y} € E: 2,y e U}.

Thus,
Cv ={A(a):ac A} and Cg ={p(a):ac A}

are coverings of V' and F, respectively.

For v € V, define its minimal vertex descriptions by

_ v € Ma), and thereisnobe A
Mdx(v) = {)\(a) " such that v € A\(b) C A(a) }

Similarly, for e € F, define

_ ~e€pfa), and thereisnobe A
Mdy(e) = {u(a) " such that e € u(b) C u(a)

Let
H=(X,Y)

be a subgraph of GG, where
XCv, Y C Eq[X].
Define the lower and upper soft-covering approximations of X by
AX) = | M,
acA

AMa)CX

and

AX) = | UMda(v).

veX

Similarly, define the lower and upper soft-covering approximations of Y by

and
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The corresponding lower- and upper-approximation graphs are
R(H) = (AX), p(Y) N Ec[A(X)))

and
R(H) = (MX),z1(Y) N EgA\(X)]),

respectively.

If
MX)ANX)  and  p(Y) #£E(Y),

then the ordered pair o

is called the soft-covering-based rough graph of H.
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Chapter 5

Special Classes of Soft Graphs

This chapter introduces several special classes of Soft Graphs.

5.1 Soft Tree

A Soft Tree is a special class of Soft Graph in which every parameter-dependent graph is a tree. This
concept provides a parameterized representation of connected and acyclic graph structures [207,[307]
389].

Definition 5.1.1 (Soft Tree). Let
G*=(V,E)

be a finite simple graph, let A # () be a parameter set, and let
D : A — Sub(G")
be a Soft Graph over G*. For each a € A, write
®(a) =G, = (Vo, Ea),

where
Va
V.CV., E.CEnN <2>

The Soft Graph ® is called a Soft Tree if, for every a € A, the graph G, is a tree.

Equivalently, for every a € A,
G, is connected

and
G, contains no cycle.

Thus, each parameter a determines a tree contained in the ambient graph G*.
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Example 5.1.2 (A Soft Tree). Let the ambient graph be

G = (V. E),
where
V= {0170277}3)1}47'05}
and
E = {{'Ul,'UQ},{'U27'U3}7{'U37'U4}7{'U37'U5},{'U4,'U5}}.
Let

A ={ai,az,a3}

be the parameter set. Define the Soft Graph

®: A — Sub(G")

as follows:
®(a1) = Gay = (Vay, Eay)s
where
Va, = {v1,v2,v3}, Ea, = {{v1,v2}, {v2,v3} |5
®(az) = Ga, = (Vay, Eay),
where
Va, = {v2,v3,04},  Eay = {{va,v3}, {vs, va}}s
and
®(a3) = Gay = (Vays Fay),
where

Va3 = {U37v4av5}a Eas = {{11371)4},{1}3,1}5}}.

Each parameter-dependent graph is connected and contains no cycle. Indeed,
Galgp37 GanP37 Gaggp37

where P; denotes the path graph on three vertices. In particular, each G,, has three vertices and two
edges, and is connected. Hence every G, is a tree.

Therefore,
(p = {Ga1 b Gag b Gag}

is a Soft Tree over G*.

5.2 Complete Soft Graph

A complete graph is a graph in which every pair of distinct vertices is connected by exactly one edge
to each other (cf. [390H392]). A Complete Soft Graph is a Soft Graph whose parameter-dependent
graph is complete for every parameter [393H395].
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Definition 5.2.1 (Complete Soft Graph). Let
G*=(V,E)
be a finite simple graph, let A # ), and let
®: A — Sub(G")
be a Soft Graph over G*. For each a € A, write

®(a) = Go = (Va, Ea).

The Soft Graph ® is called a Complete Soft Graph if G, is a complete graph for every a € A.

Equivalently,

E, = (‘ga) for every a € A.

Hence, for each parameter a, every pair of distinct vertices u,v € V, satisfies
{u,v} € E,.

In particular,
G. = Ky, for every a € A.
Example 5.2.2 (Complete Soft Graph). Let
G*=(V,E)
be the complete graph K, where
V= {1}1,’1)2,1)3,?)4}

and
E= {{Ulva}v {v1,vs}, {v1, va}, {v2, v}, {va, va}, {U37U4}}'

Let the parameter set be
A = {al, as, ag}.

Define the Soft Graph
d: A — Sub(G")

by
(I)(al) = Gal = (Val’Eth)a
where
Val = {vl’ V2, UB}
and
Ea, = {{”171’2}»{’017”3},{’02,’03}}7
and by
(I)(U‘?) = Gaz = (VangaQ),
where
Va, = {v2,v3,v4}
and

E,, = {{vg,vg}, {vo,v4}, {1}3,1}4}}.
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Finally, let
q)(a?)) = Ga3 = (Va3?Ea3)a

where
Vag = {v1,v4}
and
Eay = {{v1,va}}.
Then
fe(B) me(B) me(9)
Hence,

Ga1 g K37 Ga2 g K37 Gag g KQ'

Therefore, every parameter-dependent graph G, is complete, and thus ® is a Complete Soft Graph.

5.3 Regular Soft Graph

A regular graph is one where every vertex has identical degree, so all vertices have the same number of
neighbors (cf. [396H398]). A Regular Soft Graph is a Soft Graph for which each parameter-dependent
graph is regular [207,399).

Definition 5.3.1 (Regular Soft Graph). Let
G*=(V,E)
be a finite simple graph, let A # (), and let
®: A — Sub(G")
be a Soft Graph over G*. For each a € A, write

®(a) = Gy = (Va, Ea).

For v € V,, let
degg, (v) = |{u eV, {u,v} € E,l}|

denote the degree of v in the parameter graph G,.

The Soft Graph @ is called a Regular Soft Graph if, for every a € A, there exists a nonnegative integer
r, such that
degg, (v) =714 for every v € V,.

Equivalently, every parameter graph G, is an r,-regular graph.

If there exists a single integer r > 0 such that
degg, (v) =7 for every a € A and every v € V,

then ® may more specifically be called a uniformly r-reqular Soft Graph.
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Example 5.3.2 (Regular Soft Graph). Let
G*=(V,E)
be a finite simple graph with
V= {'Ula U2, U3, U4, Us, ’UG}

and
E= {{Ulvv2}v {02703}7 {U?)vvl}v {114,1)5}, {v5’v6}v {UG,’U4}}.

Let the parameter set be
A = {CLl, CLQ}.

Define the Soft Graph
d: A — Sub(G")

by
®(a1) = Ga, = (Vay, Eay),
where
Va, = {v1,v2,v3}
and
Eay = {{v1,v2}, {v2, 03}, {v3, 01} },
and by
®(ag) = Ga, = (Vay, Eu, ),
where
Vay = {v4,05,v6}
and

Eaz = {{’U47U5}7 {’U57’U6}7 {’UG,’U4}}.

For the first parameter graph G,,, we have

degg, (v1) =degg, (v2) =degg, (vs3)=2.

Hence, G,, is a 2-regular graph.

Similarly, for the second parameter graph G,,,

degg, (1) = degg, (v5) = degg, (vs) = 2.

Thus, G, is also a 2-regular graph.

Therefore, every parameter-dependent graph G, is regular, and hence ® is a Regular Soft Graph.
Moreover, since the same degree r = 2 occurs for every parameter and every corresponding vertex, ®
is, more specifically, a uniformly 2-regular Soft Graph.
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5.4 Irregular Soft Graph

An irregular graph is one whose vertices do not all have the same degree, so vertex degrees differ
among vertices [400-402]. An Irregular Soft Graph is a Soft Graph whose parameter-dependent
graphs fail to be regular [207].

Definition 5.4.1 (Irregular Soft Graph). Let
G*=(V,E)
be a finite simple graph, let A # (), and let
®: A — Sub(G")
be a Soft Graph over G*. For every a € A, write

®(a) = Gy = (Va, Ba).

The Soft Graph ® is called an Irreqular Soft Graph if G, is an irregular graph for every a € A;
equivalently, for every a € A, the graph G, is not regular.

Thus, for every a € A, there exist vertices u,v € V, such that

degg, (u) # degg, (v)-

Hence, no parameter graph G, has a constant vertex degree.
Example 5.4.2 (Irregular Soft Graph). Let
G*=(V.E)
be a finite simple graph with
V = {vy,v2,v3, v4, U5, V6, U7}

and
E = {{Ul,vg}, {Ug,’()g}, {1)471)5}7 {1)471)6}, {1}4,1)7}}.

Let the parameter set be
A= {0,1, CLQ}.

Define the Soft Graph
d: A — Sub(G¥)

as follows.

For the parameter aq, let
(I)(a]-) = Gal = (Val?Eal)a

where
Va, = {v1,v2,v3}
and
Ea, = {{v1,v2}, {va,v3} }.
Then

degGa1 (n) =1, degGa1 (v2) =2, degGa1 (vs) = 1.

88



Chapter 5. Special Classes of Soft Graphs

Hence, G,, is not regular.

For the parameter as, let
(I)(GQ) = Ga2 = (Va27Ea2)a

where
Va, = {v4,vs5,v6,v7}
and
E,, = {{U4,U5}7{1)4,1)6},{2)4,1}7}}.
In this case,
degg, (va) =3,
whereas
degGa2 (vs) = degGa2 (vg) = degGa2 (v7) = 1.

Therefore, G, is also not regular.

Since every parameter-dependent graph G, contains vertices of different degrees, each G, is irregular.
Consequently,
i)

is an Irregular Soft Graph.

5.5 Connected Soft Graph

Connectedness of a Soft Graph can be formulated in terms of paths appearing within its parameter-
dependent graph parts [403-405|.

Definition 5.5.1 (Connected Soft Graph). Let
G* = (V,E)
be a finite simple graph, let A # (), and let
d: A — Sub(G")
be a Soft Graph over G*. For every a € A, write
®(a) = Go = (Va, Ea),

and define the vertex support of the Soft Graph by

Vq) = U Va.

The Soft Graph @ is called a Connected Soft Graph if, for every pair of vertices u,v € Vg, there exists
a parameter a € A such that u,v € V, and there exists a u-v path entirely contained in G,.

Equivalently,
Vu,v € Vg, Ja€ A suchthat wu,v €V, and uss v,

where

a

U~ v

means that v and v are joined by a path in G,.
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Example 5.5.2 (Connected Soft Graph). Let
G*=(V,E)
be the finite simple graph with
V = {v1,v2,v3,v4}

and

E = {{v1, v}, {v2,v3}, {v3, v4} }.

Let the parameter set be
A= {6?,17 CLQ}.
Define the Soft Graph
d: A — Sub(G")

by
®(a1) = Gay, = (Vay, Eay)s
where
Vo, = {v1,v2,v3,v4}
and

Eq, = {{v1,v2}, {v2,v3}, {vs,va}}.
Thus, G, is the path
V1 — Vg — V3 — V4.

For the second parameter, let
(I’(CLZ) = Ga2 = (Va27Ea2)7
where
Va, = {v1,vs}
and
E,, = 0.

2

The vertex support of @ is
Vo = Vo, UV, = {v1,v2, 03,04}

Now consider arbitrary vertices u,v € V. Since
u,v € Vg,

and G, is connected, there exists a u-v path entirely contained in G,,. For example,

Ga,
V1 ™~ U4

via the path
U1 — V2 — U3 — U4,

while
e
’U2 ~> ’(}4
via
Vg — V3 — V4.
Therefore,

Vu,v € Vo, Ja€ A suchthat wu,v €V, and uSs .
Hence, @ is a Connected Soft Graph.

Notice that G, itself is disconnected. This illustrates that, under the present definition, it is not
necessary for every parameter-dependent graph G, to be connected; it is sufficient that each pair of
vertices in Vg be connected within at least one parameter graph.
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5.6 Complement Soft Graph

The complement operation can be applied parameterwise to the graph parts of a Soft Graph (cf. [406]).

Definition 5.6.1 (Complement Soft Graph). Let
G*=(V,E)
be a finite simple graph, let A # ), and let
®: A — Sub(G")
be a Soft Graph over G*. For every a € A, write

B(a) = Gy = (Va, Ea).

For each a € A, define the complement of the parameter graph G, by

E:(Vaaﬁa)v
— Ve
5= (%) 5.

The Complement Soft Graph of ®, denoted by

where

2,
is the parameterized family o
®={G,:ac A},

or equivalently the mapping

®: A — Sub(Ky), a— G,
where Ky denotes the complete graph on V.

Thus, for distinct u,v € V,, o
{u,v} e B, <<= {u,v}¢ E,.

In particular, B
D =0.

Example 5.6.2 (Complement Soft Graph). Let
G"=(V,E)

be the finite simple graph with
V= {1}1,’02,’[}3,?}4}

and

E = {{Ul,vg}, {1)2,1}3}, {U3,U4}}.

Let the parameter set be
A= {CLl, CLQ}.
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Define the Soft Graph
®: A — Sub(G")

as follows.

For the parameter aq, let
q)(a’]-) = Gal = (Val?Eal)a

where
Va, = {v1,v2,v3}
and
Eq, = {{v1,v2}, {va, v} }.
Since

Va,
( ; > = {{UlaUQ}a{Ulav3}v{v27v3}}’
the complement edge set is
_ Ve
B = (5) \ B = (o)}

Therefore,

Gial = ({1}1,1)2,”03}, {{v17v3}}) :

For the parameter as, let
(I)(CL?) =Gq, = (VamEaz)a
where
Va, = {v2, 3,04}

and
Ea, = {{v2,v3}, {vs, va}}.

In this case,
<V;2> = {{v2,v3}, {va, v}, {v3,v4}},
and hence
Eo, = <V52> \ Ea, = {{va,v4}}.

Thus, _
Go, = ({U27U37U4}7 {{U27U4}}) :

Accordingly, the Complement Soft Graph of ® is
@ ={Ga,,Gar }

or equivalently,

@(al) = Ga17 5(042) = Gag-

Moreover, taking the complement once again gives

Vol =
ar = < 2>\Ea1Ea1

&l

and

Hence,

Therefore, this construction provides a concrete example of a Complement Soft Graph.
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5.7 Hamiltonian Soft Graph

A Hamiltonian graph contains a cycle that visits every vertex exactly once before returning to the
starting vertex, called a Hamiltonian cycle [407H410]. A Hamiltonian Soft Graph is a Soft Graph in
which every parameter-dependent graph contains a Hamiltonian cycle [411].

Definition 5.7.1 (Hamiltonian Soft Graph). Let
G* = (V,E)
be a finite simple graph, let A # ), and let
®: A Sub(G)
be a Soft Graph over G*. For each a € A, write

®(a) =G, = (Va, E,).

A parameter graph G, is called a Hamiltonian part of ® if it contains a cycle passing through every
vertex of V, exactly once, except for the initial vertex, which is repeated at the end of the cycle.

The Soft Graph & is called a Hamiltonian Soft Graph if every parameter graph G, is a Hamiltonian
part; that is,
G, is Hamiltonian for every a € A.

Equivalently, for every a € A, there exists an ordering

V1,02,... 7'Una
of all vertices of V,, where
ng = |Va| >3,
such that
{vi,le}eEa (i:l,...,na—l)
and

{vp,,v1} € E,.
Example 5.7.2 (Hamiltonian Soft Graph). Let
G*=(V,E)
be the complete graph K, where
V = {v1,v2,v3,v4}

and

FE = {{’01,1)2}, {’Ul,’l)g,}, {’Ul,’U4}, {’Ug,’Ug}, {1}2,’04}, {1}3,1}4}}.

Let the parameter set be
A= {0,1, ag}.

Define the Soft Graph
®: A — Sub(G")

as follows.
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For the parameter aq, let
(I)(al) = Gal = (Va17Eal)’

where
Va1 = {vla V2, U3, ’1)4}

and
Ea1 = {{Ul,vg}, {1)271}3}7 {1)371)4}, {’U4,1}1}}.

Thus, G, is the cycle graph Cy. In particular,
V1 — V2 — V3 — Vg — V1

is a Hamiltonian cycle of G, , since it visits every vertex of V,, exactly once before returning to v.

For the parameter as, let
q)(G’Q) = Gaz = (Vaszaz)v

where
Va, = {v1,v2,v3}
and
Ea, = {{v1, 02}, {v2,v3}, {vg, v1}}.
Hence,
Ga, = K3 =2 Cs,
and

U1 —V2 —U3 — 11

is a Hamiltonian cycle of G,,.

Therefore,
G,, is Hamiltonian and G, is Hamiltonian.

Since every parameter-dependent graph G, contains a Hamiltonian cycle, the Soft Graph
P

is a Hamiltonian Soft Graph.

5.8 Line Graph of a Soft Graph

A line graph transforms each edge of a graph into a vertex, connecting vertices whenever their
corresponding edges share endpoints (cf. [412]/413]). The line graph construction extends naturally to
Soft Graphs by applying the classical line graph operation to each parameter-dependent graph [414].

Definition 5.8.1 (Line Graph of a Soft Graph). Let
G* = (V, E)
be a finite simple graph, let A # (), and let
®: A — Sub(G")
be a Soft Graph over G*. For each a € A, write

B(a) = Gy = (Va, Ea).
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The line graph of the parameter graph G,, denoted by
L(Ga),

is the graph
L(G,) = (Eq, EL),

where the vertices of L(G,) are the edges of G,, and

E(f:{{e,f}e<E2a>:eﬂf7é®}.

Thus, two vertices e, f € E, of L(G,) are adjacent if and only if the corresponding edges e and f of
G, share a common endpoint.

The Line Graph of the Soft Graph ®, denoted by

is defined parameterwise by

Equivalently, since
L(G,) C L(G") for every a € A,

the line graph of ® may be regarded as the Soft Graph
L(®) : A — Sub(L(G")), ar— L(G,).
Example 5.8.2 (Line Graph of a Soft Graph). Let
G*=(V,E)

be a finite simple graph with
V= {Ul,'UQ,’Ug,’U;;}

and
E = {{v1,va}, {va,vs}, {vs,va}, {v2, 04} }.

Let the parameter set be
A= {0,1, CLQ}.

Define the Soft Graph
d: A — Sub(G")

as follows.

For the parameter a4, let
(I)(al) =Gq, = (Va1’Ea1)v

where
Va, = {v1,v2,v3}
and
Eq, = {e1,e2},
with
e1 = {v1,v2}, es = {vg,v3}.
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Since

e1Ney = {va} #0,

the two vertices e; and ey are adjacent in the line graph. Therefore,

L(Gay) = ({en, €2}, {{er, e2}}) -

Hence,

For the parameter as, let
(I)(GQ) = Gfl2 = (VamEaz)a

where

Va, = {v2,v3,v4}
and

E,, = {es,es, 5},
with

ez = {v2,v3}, eq = {vs,v4}, e5 = {v2,v4}.
We have
esNey = {vs}, esNes = {v4}, es Nes = {va}.

Thus, every pair of distinct edges in E,, shares a common endpoint. Consequently,

ch; = {{63a ea}, {ea, es}, {es, 63}};

and hence
L(Ga2) = ({63’647 65}7 E(%Q) = K.

Therefore, the line graph of the Soft Graph ® is

L((I)) = {L(Ga1)7L(Gaz)}'

Equivalently,

Thus, this example illustrates how the classical line graph operation is applied independently to each
parameter-dependent graph of a Soft Graph.

5.9 Rough Fuzzy Graph

A Rough Fuzzy Graph applies rough lower and upper approximations to fuzzy vertex and edge
memberships under indiscernibility relations systematically.
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Definition 5.9.1 (Rough Fuzzy Graph). Let V be a finite nonempty set and let

#-()

Let Ry and Rg be equivalence relations on V and E*, respectively. Let
w:V —0,1], v:E*—[0,1]
define a fuzzy graph, so that

v({z,y}) < min{u(z),u(y)}  for all {z,y} € E™.

For x € V and e € E*, define

plr) = inf p(z),  @le) = sup pu(2),

- ZE[CD]RV ZG[:E]RV
and

v(e)= inf v(f), v(e) = sup v(f).
felelrg felelry

Suppose that
v({z,y}) < min{p(z), p(y)}

and

for every {z,y} € E*.

Then
G=(pv) and G=(v)

are fuzzy graphs, and the ordered pair

gRF = (Q7 é)
is called a Rough Fuzzy Graph.

For reference, a comparison between Rough Fuzzy Graphs and Fuzzy Rough Graphs is presented in

Table 511

5.10 Rough Neutrosophic Graph

A Rough Neutrosophic Graph applies rough approximations to truth, indeterminacy, and falsity
degrees assigned to vertices and edges under indiscernibility (cf. [415]).

Definition 5.10.1 (Rough Neutrosophic Graph). Let V be a finite nonempty set and let

#-()

Let Ry and Rg be equivalence relations on V and E*, respectively.

Let
Tv,I\/,F\/ vV — [0, 1]
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Table 5.1: Comparison between Rough Fuzzy Graph and Fuzzy Rough Graph

Aspect Rough Fuzzy Graph

Fuzzy Rough Graph

Basic idea Applies rough approximations to

an underlying fuzzy graph.
Construction order Fuzzy structure — Rough approx-
imation.
Fuzzy membership degrees of ver-
tices and edges are approximated
by lower and upper rough approx-
imations.

Main information

Combines fuzzy approximation
mechanisms with rough-set-based
graph modeling.

Rough approximation framework
— Fuzzy representation.

Lower and upper approximations
are determined using fuzzy re-
lations, fuzzy neighborhoods, or
graded indiscernibility.

Typical representa- A pair of lower and upper approx- A graph equipped with fuzzy

tion imated fuzzy graphs. lower and upper approximation

structures.

Interpretation Represents uncertainty in an al- Represents rough uncertainty
ready fuzzy graph through rough through fuzzy or graded approxi-
approximations. mation mechanisms.

and

TE,IE,FEIE* — [071]

define a single-valued neutrosophic graph.

For x € V, define the lower approximations by

Ty(z)= inf Ty(2), Iy (z) =
2€[z] Ry,
Fy(z)= sup Fy(z),
2€[z] Ry,
and the upper approximations by
Ty(z)= sup Tv(2), Iy(z) =
2€[x] Ry,
viz)= inf Fy(z2).
2€[z] Ry,
Similarly, for e € E*, define
Tple)= inf Tp(f),  Ig(e) =
fe[e]RE
Fge)= sup Fg(f),
fElelrg
and - B
Tg(e)= sup Tg(f), Ig(e) =
fE[C]RE
fe[e]RE

If the resulting lower and upper degree functions satisfy the corresponding neutrosophic graph com-

patibility conditions, then

inf Iy(z),

2€[x] Ry,

sup Iy(2),

2€[z] Ry,

inf IE(f),

fe[e]RE

sup  Iu(f),

fe[e]RE

QN = (IV7£V7EV3£E71E7EE)

and

Gn=Tv,Iv,Fv,Tg,1p, Fg)
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are neutrosophic graphs.

The ordered pair

is called a Rough Neutrosophic Graph.

For reference, a comparison between Neutrosophic Rough Graphs and Rough Neutrosophic Graphs is
presented in Table Since the terminology for these two concepts is not always used consistently

across the literature, readers should be aware of this distinction.

Table 5.2: Comparison between Neutrosophic Rough Graph and Rough Neutrosophic Graph

Aspect

Neutrosophic Rough Graph

Rough Neutrosophic Graph

Basic idea

Construction order

Main information

Typical representa-
tion
Interpretation

Extends a rough graph frame-
work by incorporating neutro-
sophic truth, indeterminacy, and
falsity information.

Rough structure — Neutrosophic
extension.

Rough approximations are en-
riched with truth, indeterminacy,
and falsity degrees.

A rough graph equipped with
neutrosophic membership infor-
mation.
Represents rough structural un-
certainty using neutrosophic infor-
mation.

Applies rough lower and upper
approximations to an underlying
neutrosophic graph.

Neutrosophic structure — Rough
approximation.

Neutrosophic vertex and edge
degrees are represented through
lower and upper rough approxima-
tions.

A pair of lower and upper approx-
imated neutrosophic graphs.

Represents uncertainty in a neu-
trosophic graph through rough ap-
proximations.

5.11 Rough Uncertain Graph

A Rough Uncertain Graph first constructs lower and upper rough approximations of a graph struc-
ture and then equips the resulting approximation graphs with uncertainty degrees on their vertices
and edges. Thus, it represents rough structural uncertainty together with generalized uncertainty
information.

Definition 5.11.1 (Rough Uncertain Graph). Let
G=(V,B)

be a finite simple graph, and let ~y and ~g be equivalence relations on V' and F, respectively.

Let

X
FCEn < )
2
be a subgraph of G. Define the lower and upper vertex approximations by
X={veV:|v., CX}, X={weV:[v., NX #0},
and the corresponding edge approximations by

F={ecFE:le]., CF, eCX},
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and

Let (L, =<, A) be a meet-semilattice of uncertainty values. Assign uncertainty-degree maps

and

such that

for every {u,v} € F, and

for every {u,v} € F.

Define

and

The ordered pair

is called a Rough Uncertain Graph.

Remark 5.11.2. The construction order is important. In a Rough Uncertain Graph, the rough
lower and upper graph approximations are constructed first, and uncertainty degrees are subsequently
assigned to the resulting approximation graphs. Thus, schematically,

Graph — Rough approximations — Uncertain graphs.

This construction should be distinguished from an Uncertain Rough Graph, in which an uncertain
graph is specified first and rough approximations are then applied to that uncertain structure.

Remark 5.11.3 (Catalogue of Rough Uncertain Graph Families). For reference, Table presents
representative specializations of Rough Uncertain Graphs, classified according to the dimension k of

QV:KHLa

wviY—)L,

F={ecE:[eJ.,NF#0, eC X}.

WEg F— L,
wr({u,v}) 2wy (u) Awy (v)

wr({u,v}) 2wy (u) Ay (v)

RU(H) = (G;(H),Gu (H))

the underlying uncertainty-degree domain

Dom(M) C [0,1]".

5.12 Covering-Based Rough Graph

A Covering-Based Rough Graph uses overlapping coverings instead of partitions to construct lower

and upper approximations of structures under uncertainty [416].
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Table 5.3: A catalogue of Rough Uncertain Graph families organized by the dimension k of the
underlying degree-domain Dom(M) C [0, 1]*.

k Representative Rough Uncertain Graph specialization(s) obtained by equipping the lower and
upper rough graph approximations with uncertainty degrees in Dom(M)
1 Rough fuzzy graph; rough N-fuzzy graph; rough shadowed graph variants

Rough intuitionistic fuzzy graph; rough vague graph; rough bipolar fuzzy graph; rough intu-
itionistic evidence graph; rough variable fuzzy graph; rough paraconsistent fuzzy graph; rough
bifuzzy graph

3 Rough neutrosophic graph®™; rough hesitant fuzzy graph¥; rough tripolar fuzzy graph; rough
three-way fuzzy graph; rough picture fuzzy graph; rough spherical fuzzy graph; rough incon-
sistent intuitionistic fuzzy graph; rough ternary fuzzy graph; rough neutrosophic-fuzzy graph;
rough neutrosophic vague graph

4 Rough quadripartitioned neutrosophic graph; rough double-valued neutrosophic graph; rough
dual hesitant fuzzy graph®; rough ambiguous graph®™; rough local-neutrosophic graph; rough
support-neutrosophic graph; rough Turiyam neutrosophic graph(c)

5 Rough pentapartitioned neutrosophic graph; rough triple-valued neutrosophic graph

6 Rough hexapartitioned neutrosophic graph; rough quadruple-valued neutrosophic graph

7 Rough heptapartitioned neutrosophic graph; rough quintuple-valued neutrosophic graph

8

9

n

Rough octapartitioned neutrosophic graph
Rough nonapartitioned neutrosophic graph
Rough n-refined fuzzy graph; rough multi-valued fuzzy graph; rough multi-fuzzy graph
2n Rough n-refined intuitionistic fuzzy graph; rough multi-intuitionistic fuzzy graph
3n Rough n-refined neutrosophic graph; rough multi-neutrosophic graph
(@) A Rough Neutrosophic Graph is obtained by first constructing lower and upper rough graph approximations and
then assigning neutrosophic truth, indeterminacy, and falsity degrees to their vertices and edges.
() A rough ambiguous graph is obtained by equipping the lower and upper rough graph approximations with degrees
belonging to an ambiguous-set model. Ambiguous-set models are commonly related to certain four-component neutro-
sophic models.
() A rough Turiyam neutrosophic graph is obtained by assigning a four-component Turiyam neutrosophic degree model
to the lower and upper rough graph approximations. Such degree models are commonly regarded as specializations of
quadripartitioned neutrosophic frameworks.
(d) Hesitant and dual hesitant fuzzy degrees are naturally set-valued. Their placement in a fixed-dimensional row
presupposes a selected finite-coordinate representation. Otherwise, their degree-domains need not be subsets of a single
finite-dimensional cube [0, 1]*.
Dimension note. The integer k records the dimension of the uncertainty degree assigned to each vertex or edge of each
rough approximation graph. It does not count the lower and upper approximations as additional degree components.
Hence, the pair

(g]u (H)»EJ\/I(H))

is classified according to the dimension of Dom (M), rather than according to 2k.

Terminology note. The terminology for constructions such as Rough Fuzzy Graph versus Fuzzy Rough Graph, and
Rough Neutrosophic Graph versus Neutrosophic Rough Graph, is not completely uniform throughout the literature. In
this book, the prefix “Rough” indicates that the rough graph structure is constructed first and is subsequently equipped
with the corresponding uncertainty model.

Definition 5.12.1 (Covering-Based Rough Graph). Let
G = (V,E)

be a finite simple graph, and let
Cv

be a covering of V; that is,

0 ¢cCy, U c=wv

CeCy

For X C V, define the covering-based lower and upper approximations by
cy(X)=|J{cecv:cC X},

and

Cv(X)=|J{Ccecv:CnXx #0}.
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The covering Cy induces an edge covering C‘(f ) of E by the nonempty sets

EQDZ{{u,v}GE:uGC,vED}7 C,DeCy.

Let
H=(X,F)

be a subgraph of G. Using C‘(f), let
cO(F)  and  CY(F)

denote the lower and upper covering approximations of F'.

Define
CoH) = (Cy(X), € (F) N Egley (X))
and
CaH) = (Cv (), T (F)),
where
EcW] = {{u,v} € E:u,v e W}
for W C V.

The ordered pair

Re(H) = (Cg(H),Cq(H))
is called a Covering-Based Rough Graph.
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Chapter 6

Special Classes of Rough Graphs

This chapter introduces several special classes of Rough Graphs. In this chapter, we use the rough-
membership-function-based formulation of Rough Graphs in order to introduce several special graph
classes.

6.1 Regular Rough Graph

A regular Rough Graph is a Rough Graph whose vertices all have equal degree, equivalently equal
maximum and minimum degrees [417,418].

Definition 6.1.1 (Regular Rough Graph). [418] Let

R=(V,E,w)
be a Rough Graph, where
w:V —10,1].
For each v € V| let
degr (v)

denote the degree of v. Define
AT(R) = maxdegg (v)

veV

and

AT(R) = min degg (v).

The Rough Graph R is called a Regular Rough Graph if

A+(R) = A~ (R).

Equivalently, there exists an integer » > 0 such that
degp (v) =7 for every v € V.

In this case, R is called an r-regular Rough Graph.
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Example 6.1.2 (Regular Rough Graph). Let
R=(V,E,w)

be a Rough Graph with vertex set
V = {v1,v2,v3,v4}

and edge set
E= {{Ulv ’02}, {Ulv 03}7 {Ulv U4}7 {’l)g, U3}, {’1)2, U4}7 {'03, 1)4}}'
Thus, the underlying graph of R is the complete graph K.

Define the rough membership function
w:V —10,1]

by
w(vy) = 0.6, w(vg) = 0.7, w(vs) = 0.8, w(vg) =0.9.

Since every vertex is adjacent to the other three vertices, we have

degr (v1) = degg (v2) = degg (vs) = degg (v4) = 3.

Therefore,
AT(R) =3
and
AT (R)=3
Hence,
AT (R)=A"(R)

Consequently, R is a Regular Rough Graph. More specifically, it is a 3-regular Rough Graph.

6.2 Complete Rough Graph

A complete Rough Graph is a Rough Graph where every vertex is adjacent to every other vertex in
the graph [418].

Definition 6.2.1 (Complete Rough Graph). [418] Let
R=(V,Ew)

be a Rough Graph. The graph R is called a Complete Rough Graph if every pair of distinct vertices
is adjacent; that is,
{u,v} € E for all distinct u,v € V.

Equivalently,

If

then the complete Rough Graph has

edges and is (n — 1)-regular.
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Example 6.2.2 (Complete Rough Graph). Let
R=(V,E,w)

be a Rough Graph with

V = {v1,v2,v3,v4}.

Define the edge set by

E = {{vl,vg}, {v1,vs}, {v1,v4}, {v2,v3}, {v2,v4}, {v3,v4}}.

Let the rough membership function
w:V —0,1]

be given by
w(v1) = 0.6, w(ve) = 0.7, w(vsg) = 0.8, w(vy) =0.9.

Since every pair of distinct vertices is adjacent, we have

- (2)

Hence, the underlying graph is isomorphic to the complete graph

K.

Since
V] =4,

the number of edges is

Moreover, every vertex is adjacent to the other three vertices, so

degr (v1) = degg (v2) = degg (vs) = degg (v4) = 3.

Therefore, R is a Complete Rough Graph. Furthermore, it is a 3-regular Rough Graph.

6.3 Rough Path

A Rough Path is a rough walk with distinct vertices, where each vertex has rough membership value
at least 0.5 [418].
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Definition 6.3.1 (Rough Path). [418] Let
R=(V,E,w)
be a Rough Graph. A sequence of distinct vertices
P=uv,v9,...,0%
with k > 2 is called a Rough Path if
{vi,vi11} € F fori=1,...,k—1,
and

w(v;) > fori=1,...,k.

Thus, a Rough Path is a rough walk in which all vertices are distinct.

Example 6.3.2 (Rough Path). Let
R=(V,E,w)

be a Rough Graph with
V = {v1,v2,v3,v4,v5}

and
E = {{v1,v2}, {va,v3}, {v3,va}, {va, vs}, {v1,v3} }.

Define the rough membership function
w:V —0,1]

by
w(vy) = 0.8, w(ve) = 0.6, w(vz) = 0.9, w(vy) = 0.7, w(vs) = 0.4.

Consider the vertex sequence
P = V1, V2, V3, V4.

The vertices vy, ve,v3,v4 are distinct, and the consecutive pairs satisfy

{’Ul,’Ug} e F, {U27U3} € F, {1}3,1}4} € FE.

Moreover,

Therefore
b
P = U1,0V2,03,V4

is a Rough Path in R.

On the other hand, although
{vg,v5} € E,

the extended sequence
U1,V2,U3,V4, Vs
is not a Rough Path under the stated definition because

1
w(vs) =04 < 3

Thus, this example illustrates that both adjacency of consecutive vertices and the rough membership
threshold are required for a sequence to form a Rough Path.
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6.4 Rough Cycle

A Rough Cycle is a closed rough walk with distinct internal vertices and membership values of at
least 0.5 throughout [418].

Definition 6.4.1 (Rough Cycle). [418] Let
R=(V,E,w)
be a Rough Graph. A sequence
C =wvy,v0,...,0k, 01, k>3,
is called a Rough Cycle if
V1, V2, ..., Uk

are distinct,
{vi,vi+1}eE fori=1,...,k—1,

{vg,v1} € E,

and 1
w(vi)zi fori=1,... k.

Equivalently, a Rough Cycle is a closed Rough Path whose initial vertex is repeated only at the end.

Example 6.4.2 (Rough Cycle). Let
R =(V,E,w)

be a Rough Graph with
V= {Ula V2, V3, V4, U5}

and
B = {{v1,v2}, {va,v3}, {v3,va}, {va, 01}, {va, v5} }.

Define the rough membership function
w:V —0,1]

by
w(vy) = 0.8, w(vy) = 0.7, w(v3) = 0.9, w(vg) = 0.6, w(vs) = 0.4.

Consider the sequence
C= U1, V2, V3, V4, V1.

The vertices
VU1, V2,3, V4

are distinct, and the consecutive pairs satisfy
{v1,v2} € E, {v2,v3} € E, {vs,v4} € E,

and
{1)471)1} e k.

Moreover,

0.8 0.7

Y
)=

w(ve)

Y

w(v1)
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w(vz) =09 > w(vg) =0.6 >

DN | =

1
2’

Therefore,
C = v1,v2,03,04,01

is a Rough Cycle in R.

Notice that although
{U4a 1)5} € Ea

the vertex vs cannot be included in a Rough Cycle satisfying the stated membership condition because

1
w(vs) =04 < 3

Hence, this example illustrates that a Rough Cycle must be a closed sequence of distinct vertices,
except for the repeated initial vertex, with adjacent consecutive vertices and rough membership values
at least 1/2.

6.5 Rough Tree

A Rough Tree extends the classical notion of a tree to the framework of Rough Graphs by requiring
the underlying graph structure to be connected and acyclic.

Definition 6.5.1 (Rough Tree). Let
R = (V. B,w)

be a Rough Graph, where
w:V —0,1]

is its rough membership function.

The Rough Graph R is called a Rough Tree if its underlying graph
Gr = (V,E)

is a tree.

Equivalently, R is a Rough Tree if
G is connected

and
Gr contains no cycle.

For a finite Rough Graph, this is equivalent to
|E|=[V]-1

together with the connectedness of G.

Thus, a Rough Tree preserves the rough membership information associated with its vertices while
its underlying graph has the classical tree structure.
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Example 6.5.2 (Rough Tree). Let
R = (V,E,w)

be a Rough Graph with
V= {Ula V2, V3, V4, U5}

and
E = {{v1,v2}, {v2,v3}, {v2,va}, {va, v5}}.

Define the rough membership function
w:V —0,1]

by
w(vy) = 0.8, w(vy) = 0.7, w(v3) = 0.6, w(vg) = 0.9, w(vs) = 0.5.

The underlying graph
Gr = (V,E)

is connected. Indeed, every vertex can be reached from every other vertex through a sequence of
adjacent vertices. For example,
V1 — V2 — Vg — Vs

is a path connecting v; and vs.

Moreover, Gr contains no cycle. Since
Vi=5

and
|E| =4,

we have

Bl = V|- 1.

Thus, because G is connected and has exactly |V| — 1 edges, it is a tree.

Therefore,

R=(V,E,w)
is a Rough Tree. The rough membership values
W(’Ul), w(UQ)v (U(’Ug), (AJ(’U4), W(’UE))

provide the rough information associated with the vertices, while the underlying graph preserves the
classical tree structure.
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Chapter 7

Conclusion

This book has presented a unified survey of Soft Graphs, Rough Graphs, and several of their principal
extensions. Soft Graphs provide a parameterized framework in which each parameter determines a
subgraph of an ambient graph, while Rough Graphs use lower and upper approximations to distin-
guish certain, possible, and boundary structures under indiscernibility. By organizing these models
within a common graph-theoretic perspective, the discussion clarifies their definitions, structural
properties, relationships, and roles in representing uncertain network information. The surveyed ex-
tensions demonstrate that parameterization, graded membership, approximation, bipolarity, neutros-
ophy, plithogenicity, and higher-order structures can be incorporated into graph models in systematic
ways. These frameworks offer useful foundations for decision-making, information systems, social
networks, engineering, and other applications involving incomplete or ambiguous relational data. Fu-
ture research may further develop algorithms, computational complexity results, comparative studies,
benchmark datasets, and real-world implementations, while also exploring deeper connections with
hypergraphs, SuperHyperGraphs, machine learning, and dynamic network analysis.
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Abstract

Graph theory provides a fundamental mathematical language for analyzing networks whose entities
and relationships are represented by vertices and edges. Soft Graphs extend this framework by assign-
ing a subgraph of an ambient graph to each parameter, thereby enabling parameter-dependent rep-
resentations of uncertain vertices, edges, relationships, and structural configurations. Rough Graphs
incorporate approximation-based reasoning into graph structures by applying lower and upper ap-
proximations to vertices, edges, or subgraphs. This approach distinguishes structural components
that are certainly present, possibly present, or located within a boundary region under a prescribed
indiscernibility relation.

Soft Graphs, Rough Graphs, and their numerous extensions have been studied extensively. Never-
theless, comparatively few works provide a unified and systematic account of these frameworks and
the relationships among them. This book addresses this gap by presenting an organized introduction
to Soft Graphs, Rough Graphs, and several of their principal extensions, with particular emphasis on
their mathematical foundations, structural features, interconnections, and roles in modeling uncertain
networks.

Keywords: Soft Graph, Rough Graph, Soft Set, Rough Set
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A Comprehensive Survey of Soft Graphs and Rough Graphs presents
a unified and systematic account of two powerful approaches to
modeling uncertainty in complex networks: Soft Graphs and Rough

Graphs.

Soft Graphs associate parameters with subgraphs of an ambient
graph, enabling parameter-dependent representations of uncertain
vertices, edges, relationships, and structural configurations.

Rough Graphs incorporate approximation-based reasoning by
applying lower and upper approximations to vertices, edges, or
subgraphs, distinguishing components that are certainly present,
possibly present, or located within a boundary region under an
indiscernibility relation.

The book develops a wide spectrum of models and extensions,
including HyperSoft, SuperHyperSoft, fuzzy, intuitionistic fuzzy,
neutrosophic, plithogenic, bipolar, multipolar, and interval-valued
formulations, as well as Soft and Rough HyperGraphs and
SuperHyperGraphs. Special classes, structural properties,
connectivity, paths, cycles, and covering-based models are also
systematically explored.

Designed for researchers and advanced students, this volume
serves as a comprehensive reference and a foundation for future
developments in uncertain graph theory and its applications.
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