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Chapter 1

Introduction

1.1 The P versus NP Problem

Computational complexity studies the resources, such as time and memory, required to solve computational
problems and classifies them according to their inherent algorithmic difficulty and scalability[/1} [2]]. One of the
most prominent problems in computational complexity theory is the P versus NP problem. The P versus NP
problem asks whether every decision problem whose proposed solution can be verified efficiently can also be
solved efficiently by deterministic computation[3} 4]]. This problem is one of the central questions in theoretical
computer science, since it concerns the fundamental limits of efficient computation. It also has far-reaching
implications for cryptography, optimization, automated reasoning, formal verification, artificial intelligence,
algorithm design, and mathematical problem-solving more broadly (e.g.[5, (6, 7]).

Several variants and analogues of the P versus NP problem have been studied, or arise naturally, in different
computational settings. These include the search version FP versus FNP [8| 9], the counting version FP
versus #P[10} |11]], average-case variants of P versus NP[12} [13]], approximation-theoretic formulations [[14}
15]], randomized and quantum analogues such as BPP versus NP and BQP versus NP [[16 |17} |18} [19], and
parameterized analogues such as FPT versus W[1][20, [21]. These variants show that the distinction between
efficient solvability and efficient verifiability remains meaningful across a wide range of computational models.

1.2 Hyperstructures and Superhyperstructures

Throughout this book, the term structure is used in a broad sense. It refers not only to familiar mathematical
objects—such as graphs, topological spaces, algebras, automata, and game models—but also to idealized rep-
resentations of real-world systems. A common feature in both mathematical and applied contexts is hierarchy:
relevant entities are often organized into multiple interacting layers. Hyperstructural and superhyperstructural
frameworks provide a useful language for describing such multi-level organization.

At an informal level, a hyperstructure arises by relaxing the single-valued nature of an operation. Instead
of producing a unique output, an operation may return a set of possible outputs. This makes it possible to
model ambiguity, multi-choice behavior, and incomplete information (see, e.g., [[22} 23,24, [25,26])). A further
increase in expressive power is obtained by iterating the powerset operator. Given a base set H, define the
iterated powersets by

POH)=H, P (H)=P(P"(H)).

Operations whose inputs and outputs live on " (H) lead to the notion of an n-superhyperstructure (see,
for instance, [26]). The central idea is to treat layered interactions in a unified manner: one may model
relations on elements, on sets of elements, on sets of sets, and so forth, within a single framework. This
viewpoint has motivated several superhyperstructural extensions, including SuperHyperGraphs [27} 28| 29],
SuperHyperFuzzy Sets [30, 31} [32]], and SuperHyperAlgebras [33] 34].

For convenience, Table summarizes the basic variants used in this work, together with their typical carrier
sets and operation signatures.



Table 1.1: Structures and their hyper/superhyper extensions: underlying carriers and typical operation signa-
tures

Structure type Underlying carrier  Typical operation signature
Classical multiary structure H #o: H" - H

Powerset-based hyperstructure P (H) o:P(H)xXxP(H) - P(H)
n-superhyperstructure P"(H) o: P H)xP"(H) - P"(H)
(m, n)-superhyperstructure Pm(H) * (P’”(H))k — P(H)

Notation. For any set H, its powerset is denoted by # (H ). Iteration is defined by
P%H)=H, P (H) = P(P"(H))
for n > 0. Thus, P (H) is the n-fold iterated powerset of H. If the empty set is to be excluded at level n, we write
P (H) :=P"(H) \ {2}

As usual, H™ denotes the m-fold Cartesian product, and k denotes the arity of the operation *.

1.3 Uncertain Sets

Classical crisp set theory is mathematically fundamental. However, its binary in-or-out notion of membership
is often too rigid for real-world situations in which vagueness, partial truth, indeterminacy, or heterogeneous
information naturally appears. To capture such phenomena, numerous generalized set-theoretic models have
been developed, including fuzzy sets [35}36], intuitionistic fuzzy sets [37,|38]], neutrosophic sets [39, |40, 41|,
quadripartitioned neutrosophic sets [42} 43|, rough sets [44] 45| !46[], and plithogenic sets [47} 48| 49].

Briefly, a fuzzy set assigns to each element x a membership grade

u(x) € [0, 1],

thereby describing gradual inclusion and smooth transitions between full membership and non-membership,
rather than a sharp yes/no decision [35]]. In contrast, a neutrosophic set assigns three independent values

T(x),1(x), F(x) € [0, 1],
which quantify the degrees of truth, indeterminacy, and falsity, respectively [39].

More recently, the notion of an Uncertain Set has been proposed as a unifying framework encompassing
fuzzy sets, intuitionistic fuzzy sets, neutrosophic sets, plithogenic sets, hesitant fuzzy sets, and various other
uncertainty-oriented structures as particular cases [50, 51]]. At a higher level of abstraction, Functorial Sets
have been introduced as category-theoretic generalizations of Uncertain Sets, providing a broader framework
in which these models can be systematically organized, related, and compared [51].

These concepts have also been investigated beyond the traditional settings of set theory and logic. In particular,
related studies have been developed in the contexts of Uncertain Graphs[52,|53|], Uncertain Algebra, Uncertain
HyperStructures, and other generalized mathematical frameworks.

1.4 Our Contributions

The conceptual distinction underlying the classical P versus N P problem need not be confined to conventional
computational complexity theory. A similar perspective can be applied to a broad range of mathematical and
computational frameworks, including emerging areas such as artificial intelligence. In particular, one may ask
whether solutions that can be efficiently verified within a given conceptual or computational setting can also
be efficiently constructed.

Analogous solvability-versus-verifiability questions may also be formulated for hierarchical, multilayered, or
structurally complex problems. Motivated by these observations, this book develops generalized analogues of
the classical P versus NP problem in several non-classical computational settings. The main contributions are
summarized as follows.



First, we introduce an Al-oriented analogue of the P versus N P problem (cf. [[54,/55,/56]). Al tasks are modeled
as relations between input instances and admissible outputs, and the classes

AI-P pq and AI-NP

are defined in terms of efficient Al-based solvability and verifiability. We also introduce corresponding notions
of Al reduction, Al-hardness, and Al-completeness.

Second, we formulate HyperProblems over effectively encoded hyperstructures. This leads to the classes
HPg and HNPg,

which capture polynomial-time solvability and polynomial-time verifiability for multivalued hyperstructural
computational objects.

Third, we introduce SuperHyperProblems over effectively encoded SuperHyperStructures. The corresponding
classes
SHng and SHNP@@

extend the solvability—verifiability distinction to hierarchical objects represented at iterated powerset levels.

Fourth, we define fuzzy and uncertain analogues of the P versus N P problem. In the fuzzy setting, crisp language
membership is replaced by membership degrees in [0, 1] (cf. [57]). In the uncertain setting, membership
values are replaced by generalized uncertainty degrees belonging to a model-dependent domain D ;. These
formulations lead to the classes

Fuzzy-P, Fuzzy-NP, Uncertain-P,;,, Uncertain-NP,,.

The purpose of these constructions is not to resolve the classical P versus NP problem. Rather, they provide
formal frameworks in which the classical distinction between efficient solvability and efficient verifiability
can be investigated for Al-generated outputs, hyperstructural objects, superhyperstructural hierarchies, fuzzy
languages, and uncertain languages.

The mathematical definitions presented in this book should be regarded as one possible formulation of these
generalized complexity frameworks. We hope that they will encourage further discussion, deeper theoretical
analysis, and the development of more refined formulations in future research.






Chapter 2

Preliminaries

This section gathers the basic notions and notation used throughout the book.

2.1 Hyperstructures and SuperHyperstructures

Hyperstructures extend classical algebraic structures by allowing an operation to assign a set of possible
outputs, rather than a unique output, to each admissible input tuple [58], |59} |60]. Because of their flexibility,
hyperstructural frameworks have been studied in various areas, including mathematics and chemistry [61} 62].
Related concepts, such as Weak HyperStructures [[63} 164, |65, |66, 67]], are also known.

SuperHyperStructures extend this viewpoint by permitting operations whose inputs and outputs belong to
iterated powerset levels. They therefore provide a natural formalism for representing multilayered, nested,
and hierarchical interactions [68]. Such structures have also been investigated in mathematics, chemistry, and
related disciplines |69, [70]]. A prominent example is the notion of a SuperHyperGraph |71, [72].

We first recall the basic set-theoretic and algebraic notions underlying hyperstructures and SuperHyperStruc-
tures.

Definition 2.1.1 (Base Set). A base set is a nonempty set S whose elements serve as the fundamental
objects from which higher-level constructions, such as powersets, iterated powersets, hyperstructures, and
SuperHyperStructures, are formed.

Definition 2.1.2 (Powerset). [[73] Let S be a set. The powerset of S, denoted by P (S), is the set of all subsets
of §:
P(S)={A]|ACS}.

In particular,
2 € P(S) and S e P(S).

The nonempty powerset of S is denoted by
P*(S) :=P(S) \ {2}.

Definition 2.1.3 (Iterated Powersets). (cf. [26, [74]]) Let H be a set. The iterated powersets of H are defined
recursively by
PO(H) := H, P H) = P(P"(H)), neN,.

Thus,
PYH)=P(H), PH)=P(P(H),

and, more generally, " (H) is the n-fold iterated powerset of H.
For n > 1, the corresponding nonempty level is defined by
PI(H) = P"(H) \ {2}

9



Remark 2.1.4. The notation
Pl(H) =P"(H)\ {2}

removes only the empty set occurring as an element of the n-th powerset level. This should be distinguished
from recursively applying the nonempty powerset operator at every level.

Definition 2.1.5 (Classical Algebraic Structure). (cf. [26l 50, 74]]) A classical algebraic structure consists of
a nonempty set H together with one or more single-valued operations satisfying prescribed axioms.

A classical m-ary operation on H is a map
#:H" — H, m>1.

Thus, every input tuple
(hla"-,hm) EHm

is assigned exactly one output
#(h], .. .,]’lm) e H.

Groups, rings, and fields are standard examples of classical algebraic structures.

Definition 2.1.6 (Hyperoperation). (cf. [75]) Let H be a nonempty set. An m-ary hyperoperation on H is a
map
o: H™ — P*(H), m>1.

Hence, for each input tuple
(/’11,. ..,hm) (S Hm,

the value
O(hla""hm)

is a nonempty subset of H, rather than necessarily a single element.

In the binary case,
o:HxH— P*(H).

Definition 2.1.7 (Hyperstructure). (cf. [26L(76]]) A hyperstructure is a pair
H = (H,0),

where H # @ and
o:H™ — P*"(H)

is an m-ary hyperoperation for some m > 1.

Additional axioms imposed on o give rise to particular classes of hyperstructures, such as semihypergroups,
hypergroups, and related systems.

In this book, we also consider a powerset-lifted construction in which the carrier is itself a powerset.

Definition 2.1.8 (Powerset-Lifted Structure). Let S be a nonempty set. A powerset-lifted structure over S is a
pair
W‘P = (P(S)’ O) >

where
0:P(S) X P(S) — P(S)

is a binary operation.
Thus, o combines two subsets of S and returns another subset of S, which may be empty.
If empty subsets are excluded, one may instead consider

H;, = (P(S).0).

where
o P(8S) X P*(S) — P*(S).

10



Remark 2.1.9. The operation in Definition is an ordinary single-valued operation whose carrier is £ (S).
It should be distinguished from a hyperoperation

P(S) X P(S) — P (P(S)),
which would assign a nonempty collection of subsets of S to each pair of subsets.

Definition 2.1.10 (SuperHyperOperation). (cf. [26]) Let H # @, and let the iterated powersets P"(H) be
defined as in Definition

For fixed integers
and arity

an (m, n)-SuperHyperOperation on H is a map

oM  (P™(H))* — P"(H).

Thus, an (m, n)-SuperHyperOperation accepts s inputs from the m-th powerset level and produces an output
in the n-th powerset level.

Definition 2.1.11 (n-SuperHyperStructure). (cf.[26L/77.,/74]) Let H # @ andletn € Ny. Ann-SuperHyperStructure
is a pair
SH, = (P"(H),0),

where
o: (P"(H))’ — P"(H)

is an s-ary operation for some s > 1.

More generally, a SuperHyperStructure may contain several SuperHyperOperations of different types,
©; : (P™(H))" — P" (H),
thereby allowing interactions both within a fixed powerset level and across different powerset levels.

Remark 2.1.12. When n = 0, an n-SuperHyperStructure reduces to an ordinary structure on H. Whenn = 1,
its carrier is
P(H).

Higher values of n permit operations on increasingly nested set-valued objects.

Example 2.1.13 (Hierarchical Hospital Emergency-Response System). Consider a hospital in which individ-
ual medical professionals form specialized teams, and several teams are coordinated to create higher-level
emergency response units. Let

H ={d\,dy,ni,na, p1,t1},

where di, d» are physicians, n;, ny are nurses, p; is a pharmacist, and #; is a medical technician.

The first powerset level
P (H)

contains all possible teams of medical professionals. For example, define
Ter = {d1,n, 11}, Ticu = {d2, ma},
TPh:{pl’nl}’ TTr:{dl’d2an27t1}'

Each of these teams is an element of P (H).

The second powerset level
PA(H) = P(P(H))

11



contains collections of medical teams. Consider the two departmental response plans
A = {Ter, Ticu}

and
B = {Tpp, Ty}

Thus,
A, B € P*(H).

Define a binary SuperHyperOperation

0 : PX(H) x P*(H) — P*(H)

by
XoY =XUuY  forall X,Y € P*(H).
Then
AOCB=AUSB
= {Ter. Ticu, Ten, T1v } -
Therefore,

SH; = (PZ(H), @)

is a 2-SuperHyperStructure.

In this interpretation, the base-level elements are individual medical professionals, the first-level objects are
specialized medical teams, and the second-level objects are coordinated collections of teams. The operation ©
combines two departmental response plans into a unified hospital-wide emergency-response system.

2.2 Fuzzy Sets, Neutrosophic Sets, Plithogenic Sets, and Uncertain Sets

Classical set theory represents membership by a binary decision: an element either belongs to a set or does
not. In many practical situations, however, membership is gradual rather than strictly binary. Fuzzy set theory
captures this phenomenon by assigning to each element a membership degree in the unit interval [0, 1] [35)
36]. We begin by recalling the standard definitions.

Definition 2.2.1 (Fuzzy Set and Fuzzy Relation). [35}/78]]
Let Y be a nonempty universe. A fuzzy set T on Y is a mapping
7:Y — [0,1].
For each y € Y, the value 7(y) is interpreted as the membership degree of y in 7.

A fuzzy relation 6 onY is a mapping
60:YxY — [0,1].
The relation ¢ is said to be a fuzzy relation compatible with t if

6(y,z) <min{7(y),7(2)} forall y,z €Y.

Neutrosophic sets extend graded membership by assigning three components to each element. These compo-
nents are generally interpreted as degrees of truth, indeterminacy, and falsity and are not, in general, required
to sum to one [[79,40L 39, 41]]. In this book, we use the common single-valued neutrosophic formulation.

12



Definition 2.2.2 (Single-Valued Neutrosophic Set). [80,[79]

Let X be a nonempty universe. A single-valued neutrosophic set A on X is characterized by three functions

Ta: X — [0,1], In: X — [0,1], Fa: X —[0,1].

For every x € X, the values
Ta(x), Ia(x), Fa(x)

represent, respectively, the truth-membership, indeterminacy-membership, and falsity-membership degrees of
x with respect to A.

Since all three components belong to [0, 1], they satisfy
0<Ta(x)+1a(x)+ Fa(x) <3 for every x € X.

No normalization condition such as
TA()C) + IA()C) + FA()C) =1

is imposed in general.

Plithogenic sets enrich membership-based representations by introducing explicit attributes, their possible
values, and a quantitative measure of contradiction among those values [81, 82]]. This additional information
makes it possible to combine degrees of appurtenance in a manner that depends on the relationships among
attribute values.

Definition 2.2.3 (Plithogenic Set). [82,81]

Let P be a nonempty universe of objects, let v be an attribute, and let V,, denote the set of possible values of v.
A single-attribute plithogenic set is a tuple

pS: (P7V9VV9dsc)7

where:

d:PxV, —[0,1]°

is the degree of appurtenance function;

c:V,xV, — [0,1]"

is the degree of contradiction function.

For every a, b € V,, the contradiction function is assumed to satisfy
c(a,a) =0
and
c(a,b) =c(b,a),
where 0 denotes the zero vector in [0, 1]%.

The positive integers s and ¢ specify, respectively, the dimensions of the appurtenance and contradiction
degrees.

Remark 2.2.4. The degree of appurtenance may be represented in several ways in the plithogenic-set literature,
including scalar-, vector-, interval-, and set-valued forms. In Definition @], we adopt the vector-valued
representation

d(x,a) € [0,1]%;

see also [83].

13



Uncertain Sets provide a general degree-based framework in which membership values are allowed to lie in
a prescribed uncertainty domain. By selecting an appropriate domain and interpretation, the framework can
represent fuzzy, intuitionistic fuzzy, neutrosophic, and various related set models [|50].

Definition 2.2.5 (Uncertain Set). [50]]
Let X be a nonempty universe, and let M be an uncertainty model with degree domain
Dom(M) c [0,1]*
for some integer k > 1.
An Uncertain Set of type M, abbreviated as an M-U-Set, on X is a mapping
Uy - X — Dom(M).

For every x € X, the value
Hm (x) € Dom(M)

is called the M-membership degree or M -uncertainty value of x.

Different choices of the uncertainty model M produce different degree-based set theories. For example:

Dom(M) = [0, 1]
gives an ordinary fuzzy set model, whereas
Dom(M) C [0,1]°
may be used to represent truth, indeterminacy, and falsity components in a neutrosophic setting.

Remark 2.2.6. A plithogenic set is not determined solely by an elementwise degree domain, because it addi-
tionally involves attributes, attribute values, and a contradiction function. It can nevertheless be incorporated
into an extended uncertain-set framework by including this additional attribute-dependent structure in the
uncertainty model M.

14



Chapter 3

AI Search Complexity and an AI-Oriented Ana-
logue of the P versus NP Problem

In classical computational complexity theory, the classes P and NP are classes of decision languages. By
contrast, a computational task that requires the production of an admissible output is naturally formulated as a
search problem. Accordingly, in this section, we distinguish between:

1. Al search classes, which are analogues of the classical function and search classes F'P and FN P; and

2. Al decision classes, which are analogues of the classical language classes P and NP.

This distinction is essential. Efficient verification of a supplied output defines a polynomially verifiable search
relation, whereas the associated decision problem asks whether at least one admissible output exists.

3.1 Semantic Oracle and Effective AI Model Classes

We first formalize the semantic information that may be used by an Al verifier.

Definition 3.1.1 (Semantic Oracle). A semantic oracle is a fixed language
OSem g {07 1})k

A query to Ogn is a finitely encoded question concerning a prescribed semantic property, such as contextual
consistency, semantic correctness, or compliance with a formally specified acceptability criterion.

All oracle computations in this section are relativized to the same fixed oracle Ogep,-

The oracle is treated as a mathematical parameter of the computational model. No assumption is made that an
arbitrary human judgment can be represented or computed by the oracle. In particular, the complexity classes
introduced below depend on the choice of Ogepy. If Ogepy is decidable in polynomial time, oracle access does
not increase the power of ordinary polynomial-time computation.

Definition 3.1.2 (Effective AI Model Class). Let O, be fixed. An effective AI model class relative to Ogen
consists of:

1. aset

M c{o,1}"

of finite descriptions of Al models; and

15



2. adeterministic oracle evaluation procedure
EvalZ%m : M x {0,1} — {0, 1},

such that the well-formedness of a model description and the evaluation of a model on an input are
effective.

A family
A = {an}tnen, a, € M,

is called a wuniform polynomial-size, polynomial-time M-family if there exist polynomials s and ¢ and a
deterministic polynomial-time oracle Turing machine G % such that, for every n € N,

G%n(1") = an,

la,| < s(n),

and, for every input x satisfying |x| < n,

Eval%en (an,x)

halts within 7(n) steps.

The existence of the generator G % is the uniformity requirement. A polynomial bound on the description size
alone would define only a nonuniform family and would not be sufficient to guarantee uniform computability.

Definition 3.1.3 (AI Task). Let X and I be finite alphabets. An Al fask is a relation
Rnp Cc X xTI™
for which there exists a polynomial p such that

(x,y)€Rn = |yl < p(x]).

An output y € I'* is called an admissible output for x € X* if

(x,y) € Rn.

The domain of the task is
Dom(Rp) :={x € X" |y eI'", (x,y) € Rn}.

The corresponding search problem is to produce an admissible output y whenever x € Dom(Ryy).

Using a single relation Ry, rather than a family {R,, },cn, avoids the possibility that the admissibility of the
same pair (x, y) depends on an arbitrarily chosen length bound #.

Definition 3.1.4 (Polynomially Verifiable Al Task). An Altask Ry € X* xI'* is called polynomially verifiable
relative to O, if there exist a deterministic oracle Turing machine

VOsem
and a polynomial g such that, for every (x,y) € £* x I'*, the computation
VOscm ( X, y)

halts within
q(lx| +1yl)
steps and satisfies
VO‘“““(x,y) =1 < (x,y)€Rq.

16



Thus, the verifier decides the graph of the task relation. The candidate output y is the search witness itself; it
is not an additional certificate for verifying another output.

Definition 3.1.5 ( AI-FNP%m), The class
AI-FNPQsen

consists of all polynomially balanced Al task relations whose graphs are decidable in deterministic polynomial
time relative to Ogen.

This class is the Al-task counterpart of the classical search class FNP. The notation F NP, rather than NP,
reflects that its members are search relations rather than decision languages.

Definition 3.1.6 (Efficient AI Solver). Let Ry € X* X I'* be an Al task, and let M be an effective AI model
class. An efficient M-solver for Ry is a uniform polynomial-size, polynomial-time family

A ={an}nen

from M such that, for every n € N and every x € £* with |x| < n,

x € Dom(Rp) = (x, EvalOSem(an,x)) € Ry1.

No correctness condition is imposed on the output when

x ¢ Dom(Ry).

The preceding definition describes a partial search problem. On an input that admits at least one valid solution,
the solver must return one valid solution. On an input for which no admissible output exists, the solver may
return an arbitrary string.

Definition 3.1.7 ( AI-FP%”"). Let M be a fixed effective AI model class. Define
OSCH]
AL-FP 5

to be the class of all relations
Ry € AI-FNP©sen

that admit an efficient M-solver.
By definition,

ALFP{:m C ALFNPOen,

Problem 3.1.8 (AI Search Solvability versus Verifiability). For a fixed semantic oracle Oy, and a fixed
effective AI model class M, determine whether

ALFP{:m = AIFNPO<r,
Equivalently, determine whether every polynomially balanced Al task whose candidate outputs can be verified

efficiently relative to Osep, can also be solved by a uniform polynomial-size, polynomial-time family of models
from M.

This is an Al-oriented analogue of the search-complexity question
FP<FNP.

It should be distinguished from the decision-class question P N P, which is formulated below.
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3.2 Al Search Reductions and Completeness

Al search reductions efficiently transform instances and solutions, while completeness identifies universally
representative problems for polynomially verifiable Al search classes.

Definition 3.2.1 (Polynomial-Time AI Search Reduction). Let
Ry C X] xT7

and
Ry C X xT;

be Al task relations. We say that Ry is polynomial-time Al search reducible relative to Oge to Ry, written
P>O0sem
R SAI,S Ry,
if there exist deterministic polynomial-time oracle-computable functions

f:Z—x

and
g: X xI] —TI7

such that, for every x € X7,

x € Dom(R;) < f(x) € Dom(R;),

and, for every z € I},

(f(x),z)€R2 = (x,g(x,z))ERl.

The first condition preserves the existence or nonexistence of solutions. The second condition ensures that
every valid solution of the reduced instance can be transformed into a valid solution of the original instance.

Definition 3.2.2 (AI Search Hardness and Completeness). Let
C C AL-FNPYsn

be a class of Al task relations.

An Al task relation R is called C-Al-search-hard if

for every R’ € C.

It is called C-Al-search-complete if
RecC

and R is C-Al-search-hard.

In particular, R is AL-FNP%n -complete if
R € AI-FNP%n

and every relation in AI-FNP%n reduces to R.

For the following completeness principle, a closure assumption on the Al model class is necessary.
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Definition 3.2.3 (Polynomial Compositionality). An effective AI model class M is called polynomially com-
positional relative to O, if it is closed under deterministic polynomial-time oracle preprocessing and post-
processing in the following sense.

Whenever a relation R, has an efficient M-solver and

P>O0sem
R SAl,s Ry

via transformations f and g, there exists an efficient M-solver for R; implementing the composition

x = g(x, A(f (),

where A is an efficient solver for R».

This closure property does not follow merely from the fact that model descriptions have polynomial size. It
must either be assumed or proved for the specific Al model class under consideration.

Theorem 3.2.4 (Al Search Completeness Principle). Let M be polynomially compositional relative to Ogep,
and let R be an

AI-FNP©sn -complete

Al task relation. If
R € ALFP:m,

then

AI-FNP%sn C AI-FP/?/T“’.
Consequently,

ALFP;" = ALFNPO=n,
Proof. Let

R’ € AI-FNP%s«n

be arbitrary. Since R is AI—FNPOS““—complete,

/ p,osem
R SALs R.

By assumption,
R € ALFPY:m,

s0 R has an efficient M-solver. Since M is closed under polynomial-time oracle preprocessing and postpro-
cessing, the reduction from R’ to R, the solver for R, and the output transformation can be composed to obtain
an efficient M-solver for R’. Therefore,

R € AI-FP/%{'“.

Since R’ was arbitrary,
ALFNPO<" C ALFPO:™.

The reverse inclusion holds by definition. Hence,

ALFP{:m = AIFNPO<n,
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3.3 Associated AI Decision Classes

Every Al task relation induces a decision language asking whether an admissible output exists.
Definition 3.3.1 (Existence Language of an Al Task). Let
Rp € X xTI™*
be an Al task relation. Its existence language is
Lg, :=Dom(Rp) ={x e £* | Iy eI'", (x,y) € R1}.

Definition 3.3.2 ( AI-NP%m), Define
AI_NP()scm

to be the class of all languages L € X* for which there exists a relation
R € AI-FNP%«n

such that
L = Dom(R).

Equivalently, L € AI-NP%n if and only if there exist a polynomial p and a deterministic polynomial-time
oracle verifier V%n satisfying

xelL & 3dyel* |yl<p(x]) and VO%m(x,y)=1.

At the level of abstract languages, this class coincides with the ordinary relativized class
NPOsem,

The Al-specific interpretation lies in the semantics and structure assigned to the witnesses y, not in a different
existential quantifier.

Definition 3.3.3 (Domain-Based Al Decision Class). Let Ogey, be a fixed semantic oracle, and let M be a fixed
effective Al model class. Define
ALPQem?

to be the class of all languages L € X* for which there exists an Al task relation
R € AL-FP{e

such that
L = Dom(R).

Equivalently,
Osem73 p— Osem
AL-P 7™~ = 1Dom(R) | R € AL-FP F" 0 .

Thus, a language belongs to AI-P/OVS(C“"3 when its yes-instances are precisely the inputs on which some polyno-
mially verifiable Al task admits an admissible output and that task can be solved by a uniform polynomial-size,
polynomial-time M-family.

Since
ALFPQ:em ¢ AL FNPO=,
every domain arising in AI—P%;““’EI also belongs to AI-NP%sn  Therefore,
Ohemﬂa Osem
ALP U™ C AI-NP™m.
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Definition 3.3.4 (Direct-Decision Al Class). A language L C X* belongs to
OSCI“
ALI-P

if:

L € AI-NP©sn;

and
2. there exists a uniform polynomial-size, polynomial-time M-family
A ={an}tnen
such that, for every n € N and every x € X* with |x| < n,
Eval%m (g, x) € {0,1}

and
Eval%"(q,,x) =1 = xe€lL.

Thus, AI-P%‘T‘" is the class of languages directly decidable by uniform polynomial-size, polynomial-time
families from M. By definition,
ALPQem C ALNPO«n,

Proposition 3.3.5 (Relationship Between the Two Al Decision Classes). For every fixed semantic oracle Ogep
and every fixed effective AI model class M,

AI_P/OVTm g AI-P/OVT""EI g AI_NPOSEm'

Moreover, suppose that M is closed under deterministic polynomial-time oracle verifier postprocessing in the
following sense: whenever
A =A{an}tnen

is a uniform polynomial-size, polynomial-time M-family and VO=n is a deterministic polynomial-time oracle
procedure with Boolean output, there exists a uniform polynomial-size, polynomial-time M-family

B = {bn}nEN

satisfying
Eval®=n (b, x) = VO (x, Eva]Osen (a”,x))

for every x with |x| < n.

Under this closure assumption,
Osem _ _ Osem,3
AI-P M= AlI-P M

Proof. We first prove that
ALPQem C ALPQem,

Let
Le AI-P%T’".

By definition, there exists a uniform polynomial-size, polynomial-time M-family
A ={an}nen
that decides L.
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Define the relation
Ry € X" x{0,1}

by
(x,b)e R &= b=1landxelL.

The relation Ry, is polynomially balanced because every admissible output has length one.

Its graph is decidable in deterministic polynomial time relative to Oger,. Given (x, b), rejectif b # 1; otherwise,
generate the appropriate model description a,,, where n > |x|, evaluate a, on x, and accept precisely when

Eval®< (a,,x) = 1.
Hence,
Ry € AI-FNP%«n,
The same family (A is an efficient M-solver for Ry . Indeed, whenever x € L, it outputs 1, and
(x,1) e RL.
No correctness condition is required when x ¢ L. Therefore,
Ry € AI-FP{em.

Since
Dom(R;) = L,

we obtain
L € AI-P{em?,
The inclusion
ALPQem3 ¢ ALNPO=
follows immediately from

AL-FP;m < AI-FNPO«r,

It remains to prove the reverse inclusion under the stated closure assumption. Let
OSBI]‘l’H
L € AL-P ™~

Then there exists a relation
R € ALFPQem

such that
L = Dom(R).
Let
A= {an}nEN
be an efficient M-solver for R, and let
VOSCm
R

be a deterministic polynomial-time oracle verifier deciding the graph of R.

For every input x, define
B(x) := Vg”m (x,EvalO“““ (an,x)) ,

where n > |x|.
If x € L = Dom(R), the solver returns an admissible output, and hence
B(x) =1.
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If x ¢ L, no admissible output exists, so the verifier rejects every possible output and

B(x) =0.

By the assumed closure of M under polynomial-time oracle verifier postprocessing, the computation B is
realized by a uniform polynomial-size, polynomial-time M-family. Therefore,

Le AI-P%S(”“.

Thus,
Osem»3 Osem
AI-P M C AI-P M

and the two classes are equal under the closure assumption. O

Problem 3.3.6 (Domain-Based and Direct AI-Oriented P versus NP Problems). For a fixed semantic oracle
Ogem and a fixed effective Al model class M, consider the following two questions:

OSCIT\’3 l OSCm
AL-P ™™ = ALNP™r,
and ”
Osem — Osem
ALP ™ = ALNP™m.
The first equality is the domain-based decision analogue induced directly by the Al search classes
ALFPQem  and  AL-FNPO<n,

The second equality concerns direct Boolean decision by uniform polynomial-size, polynomial-time M-
families.

If M is closed under deterministic polynomial-time oracle verifier postprocessing as in Proposition [3.3.5] then
Osem —_— Osemva
AL-P ™ = AL-P em™,
and the two formulations are equivalent.

Definition 3.3.7 (Classical Embedding into an Al Task). Let
Lc{0,1}*

be a classical decision language, and let
Rp C X xTI”

be an Al task relation. We say that L is polynomial-time embeddable into Ry if there exists a polynomial-time
computable function
f:{0,1} — %*
such that, for every x € {0, 1}*,
xel < f(x) € Dom(Ry).

Equivalently,
xelL < 3yel’, (f(x),y)€Rn.

This definition ensures that yes-instances of L correspond exactly to Al task instances having at least one
admissible output.

Proposition 3.3.8 (Classical Consequence of Universal Al Search Solvability). Assume that the following
conditions hold:

1. the semantic oracle Osen, is decidable by an ordinary deterministic polynomial-time Turing machine;
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2. every uniform polynomial-size, polynomial-time M-family is uniformly simulable by an ordinary deter-
ministic polynomial-time Turing machine;

3. for every language L € NP, there exist a relation

Ry € AI-FNPOsn

and a polynomial-time embedding
fo:{0,1}* — X7

such that
xel & fr(x) e Dom(Rp);

ALFNPO= C ALFPY:m.

Then

Proof. Let L € NP. By assumption, there exist
Ry € AL-FNPO«n
and a polynomial-time computable embedding f7 satisfying

xelL & fL(x) € Dom(Ry).

By the assumed inclusion,
Ry € ALFPQ:,

so Ry has an efficient M-solver. Given an input x, compute f7,(x), run the solver for Ry, and let y be the
output.

Since
Ry € AI-FNP%n

there exists a deterministic polynomial-time oracle verifier

Osem
VL

such that
VP L@y =1 == (fl0.) € Re.

If x € L, then
fr(x) € Dom(Ry),

and the solver must produce an admissible output y. Hence, the verifier accepts.

If x ¢ L, then
f.(x) ¢ Dom(Ry),

S0 no output y can satisfy
(fL(x),y) € RL.

Consequently, the verifier rejects every output returned by the solver.

The semantic oracle and the uniform model family are both polynomial-time simulable by assumption. There-
fore, the entire procedure is an ordinary deterministic polynomial-time decision algorithm for L. Thus,

LeP.
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Since L € NP was arbitrary,

NP CP
The standard inclusion

PCNP
then gives

P=NP.

[m]

Remark 3.3.9. If Ogen is not polynomial-time decidable, the preceding argument does not imply the unrela-
tivized equality P = NP. At most, an appropriately formulated relativized conclusion may follow. Therefore,
the computational power of the semantic oracle must not be hidden when comparing the Al-oriented classes
with classical complexity classes.

Worst-case Al search requires correctness on every input admitting a valid output. Practical learning systems are
often evaluated relative to an input distribution. We therefore introduce a separate distributional formulation.

Definition 3.3.10 (Distributional AI Task). Let

Rp Cc X xTI™*
be an Al task relation.
A distributional Al task is a triple
(Rn, D, &),
where
D= {Dn}neN

is a family of input distributions such that O, is supported on
¥*" N Dom(Rp),

and
&= {Sn}nEN

is a family of training-example distributions supported on

Ry N (ZS" x FS"(”)) .

The input marginal of &, is assumed to be D,,.

Thus, a sample
(x, y) ~ &En

contains an input x together with at least one admissible output y.

Definition 3.3.11 (Efficient Learnability of an Al Task). A distributional Al task
(R, D, &)
is called efficiently learnable by M relative to Oy, if there exists a possibly randomized learning algorithm
Loscm

and a polynomial m satisfying the following condition.

For every
neN, g,6€(0,1),
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given
1l 1
m|n, —,log =
e g6

independent samples from &,,, the algorithm £%m outputs a model description

an,e,5 € M
in time polynomial in
1 1
; = log —,
" & °8 0

such that, with probability at least 1 — ¢ over the training sample and the internal randomness of the learner,

Pr [(x, EvalOSC"‘(an,g,(g,x)) € Rn] >1-e.
x~Dy

The model-description size and inference time must also be bounded by a polynomial in

I 1
n, -, og —.
& g(S

Definition 3.3.12 ( Distributional AI-FP). The class
DistAI-FP Q"

consists of all distributional Al tasks
(R, D, E)

that are efficiently learnable by M relative to Ogep,.

The worst-case class
ALFPO:m

requires a uniformly generated solver that succeeds on every input in the domain of the task. In contrast, the
distributional class
DistAI-FP Q"

allows an error probability measured with respect to a specified family of input distributions.
Remark 3.3.13 (Search and Decision Terminology). The classes

AI-FP%}“ and  AL-FNP%s«nm

are classes of search relations and are therefore analogues of the classical search classes F'P and FNP.

The classes
AI-P%IW’H and  AL-NP%em

are the domain-based decision classes induced by these search relations.

By contrast,
Osem
AP

is a direct-decision class defined through Boolean outputs of uniform polynomial-size, polynomial-time M-
families.

Under closure of M under deterministic polynomial-time oracle verifier postprocessing,
Osem a— OSBm93
AP = AL-P e,
Without such a closure property, the two notions should be distinguished.
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3.4 Illustrative Example: Semantically Constrained AI Recommendation

We present a concrete Al search problem that illustrates the distinction between efficient output verification
and efficient output generation. The example may be interpreted as an Al-assisted recommendation task in
which a collection of Boolean constraints represents the user’s hard requirements, while the semantic oracle
verifies whether the generated explanation is consistent with the proposed recommendation.

Let
@3 C {0,1}"

denote the set of valid binary encodings of Boolean formulas in 3-conjunctive normal form. For ¢ € ®3, let
-5 2n
be the variables occurring in ¢. An assignment
a=(ai,...,ay) €{0,1}"

is interpreted as a recommendation in which a; = 1 means that the i-th option is selected and a; = 0 means
that it is not selected.

Let
Osem € {0, 1}

be the fixed semantic oracle introduced previously. We assume that there exists a polynomial-time computable
query-encoding function
SemQ : @3 x {0,1}* x{0,1}* — {0, 1}7,

where
SemQ(¢p, a, e)

encodes the question of whether the explanation e is semantically consistent with the assignment a and the
constraints represented by ¢.

We further assume that there exist a polynomial-time computable canonical explanation function
Can: @3 x {0,1} — {0, 1}"
and a polynomial r such that, whenever a satisfies ¢,

|Can(¢,a)| < r(l¢])

and
SemQ (¢, a, Can(y, a)) € Ogem.

This assumption guarantees that every satisfying recommendation admits at least one polynomial-length
explanation accepted by the semantic oracle. It does not require the oracle to accept only canonical explanations.

Define the Al task relation
Rscr € @3 % {0, 1}

by
(¢.(a,e)) € Rscr

if and only if all of the following conditions hold:

1. a € {0, 1}", where z, ..., z, are precisely the variables of ¢;

2. a satisfies ¢, that is,
pla) =1;

lel < r(lel)s;
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SemQ(¢, a, e) € Ogem.

Here, {a, ¢) denotes a fixed polynomial-time computable pairing of the assignment a and the explanation e.

The corresponding Al search problem is the following:

Given a collection of Boolean constraints ¢, generate a recommendation a satisfying all constraints
together with a polynomial-length explanation e that is accepted as semantically consistent by Ogem.

Proposition 3.4.1. The relation Rscr is a polynomially balanced Al task whose graph is decidable in deter-
ministic polynomial time relative to On. Consequently,

Rscr € AILFNPsn

Moreover, its existence language is
LRy = 3SAT.

Proof. Suppose that
(¢, (a,e)) € Rscr.

Since a assigns one bit to each variable occurring in ¢, we have
lal =n <gl.

Furthermore,
lel < r(lel).

For any standard pairing function with linear encoding overhead, there exists a constant ¢ > 0 such that
l{a, e} < c(la] + |e] + 1).

Therefore,
Ka,e)| < c(lel + r(lel) + 1),

which is polynomially bounded in |¢|. Hence, Rscr is polynomially balanced.

To verify whether
(¢.(a,e)) € Rscr,

a deterministic oracle Turing machine performs the following steps:

1. verify that ¢ is a well-formed 3-CNF formula;
2. verify that a assigns exactly one Boolean value to each variable of ¢;
3. evaluate every clause of ¢ under a;

4. verify that
lel < r(lel);

5. construct
SemQ(y, a, e)

and submit this string as a query to Oge-
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All non-oracle operations require polynomial time in
ol + lal + e].
Thus, the graph of Rgcr is decidable in deterministic polynomial time relative to O¢ep,, and hence

Rscr € AILFNP©sen

It remains to identify its existence language. Suppose first that
¢ € 3SAT.
Then there exists an assignment a € {0, 1}" such that
w(a) =1.

Set
e :=Can(g,a).

By the assumed properties of the canonical explanation function,

lel < 7(lel)
and
SemQ(¢, a, e) € Ogen.
Therefore,
(¢, (a,e)) € Rscr,
SO

¢ € Dom(RscRr)-

Conversely, suppose that
¢ € Dom(Rscr)-

Then there exist a and e such that
(¢, (a,e)) € Rscr.

By the definition of Rgcr,
p(a) = 1.

Hence, ¢ is satisfiable, and therefore
¢ € 3SAT.

Consequently,
LRSCR = Dom(RSCR) = 3SAT.

The example also gives a direct connection with the ordinary satisfiability search problem. Define

Resar :={(¢.a) | ¢ € @3, a €{0,1}", ¢(a) = 1}.

Then

PO,
ResaT <; " Rscr.

Indeed, the instance transformation is the identity map

fle)=¢,

and the solution transformation simply extracts the assignment:

g, (a,e)) :=a.
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The equivalence
¢ € Dom(Rpsar) &= ¢ € Dom(Rscr)

follows from
Dom(RSCR) = 3SAT,

and every valid solution {a, e) of the reduced instance contains a satisfying assignment a for the original
formula.

Thus, efficiently verifying a proposed Al recommendation and its explanation is possible relative to Ogep,
whereas generating such a recommendation for every satisfiable instance contains the ordinary satisfiability-
search problem.

In particular, suppose that the following conditions hold:

1. Ogenm is decidable by an ordinary deterministic polynomial-time Turing machine;

2. every uniform polynomial-size, polynomial-time M-family is uniformly simulable by an ordinary deter-
ministic polynomial-time Turing machine; and

Rscr € AI-FPQem.

Then
P =NP.

To see this, given a 3-CNF formula ¢, generate and evaluate the model of the efficient M-solver on ¢, and
write its output as

(a,e).
Accept if and only if the polynomial-time verifier for Rscr accepts

(¢, (a,e)).

If ¢ is satisfiable, the solver must return a valid output, so the verifier accepts. If ¢ is unsatisfiable, no
valid output exists, so the verifier rejects every output. This yields a deterministic polynomial-time decision
algorithm for 3SAT, and therefore

P=NP.

For example, consider

e=(z1V22VZ3)A(mz1 V2 Vz3) A(z1 V22 V 1z23).

The assignment
a = (1’ ]‘? 0)

satisfies all three clauses. A canonical explanation may be encoded as
e =enc(Select options 1 and 2, reject option 3; all constraints are satisfied. )
By the semantic-adequacy assumption,
SemQ(¢, a, €) € Ogem,
and hence

(¢, (a,e)) € Rscr.

This example illustrates that the Al-specific component lies in the form and semantic interpretation of the
generated output, including its explanatory component and the use of O,. At the same time, the underlying
distinction between efficiently verifying a candidate output and efficiently constructing one retains the classical
computational difficulty represented by P versus NP.
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Chapter 4

Hyperstructural Search Complexity and a Hyper-
structural Analogue of the P versus NP Problem

In classical computational complexity theory, P and NP are classes of decision languages. By contrast, a
problem that asks for the construction of an admissible output is naturally formulated as a search problem.
Therefore, we distinguish between:

1. hyperstructural search classes, which are analogues of the classical search classes F'P and FNP; and

2. hyperstructural decision classes, which are obtained by asking whether an admissible hyper-solution
exists.

This distinction is mathematically important. The efficient verification of a given hyperobject defines a
polynomially verifiable search relation, whereas the associated decision language consists of the inputs for
which at least one admissible hyper-solution exists.

4.1 Effectively Encoded Hyperstructures

Effectively encoded hyperstructures are hyperstructures whose elements, operations, and membership relations
have finite representations and can be recognized, evaluated, or verified within specified computational bounds.

Definition 4.1.1 (Effectively Encoded Hyperstructure). An effectively encoded hyperstructure is a tuple
$ = (H,ency, (0;)ier),

satisfying the following conditions:

1. H # @ is a set;
2. 1 is a finite index set;

3.
ency : H— {0,1}"

is an injective encoding map whose image
Enc(H) :=ency(H)
is decidable in deterministic polynomial time;
4. forevery i € I, there exists a fixed positive integer a; such that
o; : HY — Pun(H) \ {2}
is a nonempty finite-valued hyperoperation;
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5. for every i € I, the graph-membership relation
Go, := {(ency (hy),...,ency(hg,), ency (h)) | heoi(hy,... ha)}

is decidable in deterministic polynomial time with respect to the total length of the involved encodings.

Equivalently, for every i € I, there exists a deterministic polynomial-time algorithm deciding whether
he O,‘(/’l], ey ha,-)

from the finite encodings of
hi,...,hg, h.

Remark 4.1.2. Polynomial-time decidability of the graph of a hyperoperation does not imply that all elements
of

Oi(hl, e »hai)

can be enumerated in polynomial time. The output set may have exponentially many elements. The effectiveness
assumption guarantees only that a proposed output can be checked efficiently.

4.2 Effective Hyperobjects

To study computational problems whose solutions are structured objects, a finite representation system for
hyperobjects is required.

Definition 4.2.1 (Effective Hyperobject Representation). Let £ be an effectively encoded hyperstructure. An
effective hyperobject representation over $) is a polynomial-time decidable set

Qg C {0,1}*

whose elements are finite encodings of admissible $-hyperobjects.

The representation is assumed to contain polynomial-time computable, pairwise distinguishable constructors
for at least the following objects:

1. atoms corresponding to encoded elements of H;
2. finite ordered tuples of hyperobjects;
3. canonically encoded finite sets of hyperobjects;

4. finite formal terms of the form
O,'(Yl,...,Ya[), iel.

The encoding length of a hyperobject Y € Qg is denoted by

[Ylg :=|Y].

The use of canonical finite encodings ensures that equality and well-formedness of represented hyperobjects
can be checked efficiently. Formal hyperoperation terms need not be evaluated unless their semantic values are
required by the particular computational problem.
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4.3 Hyperstructural Search Problems

Hyperstructural search problems ask algorithms to construct valid hyperobjects over an encoded hyperstructure
whenever such solutions exist, subject to specified computational verification and resource bounds.

Definition 4.3.1 ($-HyperProblem). Let X be a finite input alphabet, and let $ be an effectively encoded
hyperstructure equipped with an effective hyperobject representation Qg.

An $-HyperProblem is a polynomially balanced relation
% "
RH cY¥X'x 935‘
That is, there exists a polynomial p such that

(x,Y)eRY = |Y|g<p(x]).

A hyperobject Y € Qg is called an admissible hyper-solution of x € X* if

9
(x,Y) € Ry

The domain of the HyperProblem is

Dom(R?[) = {x ex*

Y € Qg (1Y) € Rﬁ} .

The associated search problem is to produce at least one admissible hyper-solution ¥ whenever

X € Dom(Rﬁ).

Using a single relation
R?
0

avoids the ambiguity that can arise from a family {Rf?}neN, under which the admissibility of the same pair
(x,Y) could depend on the chosen length parameter 7.

Definition 4.3.2 (Polynomially Verifiable HyperProblem). An $-HyperProblem
k) *
R € 2" X Qg

is called polynomially verifiable if there exist a deterministic Turing machine V and a polynomial g such that,
for every
xext and Y € Qg,

the computation
V(x,Y)

halts within
q(lxI+1¥]g)
steps and satisfies
VnY)=1 e (xY)eR].
Definition 4.3.3 ( HFNPg). The class
HFNPg

consists of all polynomially balanced $-HyperProblems whose graphs are decidable in deterministic polynomial
time.

The notation HFNPyg, reflects that its members are search relations, rather than decision languages. It is the
hyperstructural counterpart of the classical search class FNP.
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Definition 4.3.4 (Polynomial-Time Hyper-Solver). Let
RY C 3" x Qg

be an $-HyperProblem. A polynomial-time hyper-solver for Rg is a deterministic algorithm A and a polynomial
r such that, for every x € £*,

A(x) € 935,

A(x) is computed within r(|x|) steps,

and
xe Dom(R?I) = (x,A(x)) € RI%.

No correctness condition is imposed on A(x) when

x ¢ Dom(RY).

Thus, the solver is required to return a valid hyper-solution on every solvable instance. On an instance having
no admissible hyper-solution, it may return an arbitrary well-formed hyperobject.

Definition 4.3.5 ( HFPg). The class
HFPg

consists of all relations
RY € HFNPg

that admit a deterministic polynomial-time hyper-solver.

By definition,
HFPg C HFNPg,.

Problem 4.3.6 (Hyperstructural Search Solvability versus Verifiability). Let § be an effectively encoded
hyperstructure. Determine whether

HFPg = HFNPg.

Equivalently, determine whether every polynomially balanced $-HyperProblem whose candidate hyper-
solutions can be verified in deterministic polynomial time also admits a deterministic polynomial-time hyper-
solver.
This is a hyperstructural analogue of the search-complexity question
2
FP=FNP.

It should not be identified directly with the classical decision-class problem

0
P=NP.
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4.4 Polynomial-Time HyperReductions

Polynomial-time hyperreductions transform instances and valid hyper-solutions between hyperstructural search
problems using efficient preprocessing and postprocessing while preserving solvability and solution correctness
within polynomial time.

Definition 4.4.1 (Polynomial-Time HyperReduction). Let
) *
Rl c 21 X Qsj

and
) ¢
RS C %5 X Qg

be two $-HyperProblems.

We say that R? is polynomial-time hyper-reducible to R? , written

9 _p bl
Ry 535,5 Ry,

if there exist deterministic polynomial-time computable functions
f:Z—%

and
g1 X X Qg — Qg

such that, for every x € X7,

xeDom(R?) < f(x) € Dom(R?),

and, for every Z € Qg,

(f(x),Z) € R? = (x,g(x, Z)) e R?.

The first condition preserves the existence and nonexistence of solutions. The second condition ensures that
every admissible hyper-solution of the reduced instance can be transformed into an admissible hyper-solution
of the original instance.

Proposition 4.4.2 (Transitivity of HyperReductions). The relation

p
S&S
is transitive.
Proof. Suppose that
S p 9
R; <g.s R;
via polynomial-time functions fj, and g;», and
H P 9
R; <g.s R

via polynomial-time functions f>3 and g»3.

Define
f13(x) == fo3(fi2(x))

and
g13(x, Z) == g1z (x, g23(f12(x), Z)) .
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Both functions are computable in deterministic polynomial time. Moreover,
X € Dom(R?)

if and only if
fi2(x) € Dom(RY),
which holds if and only if
f3(fi2(x)) € Dom(RY).

If
(fizx),Z) € R?’
then
(fio(x), 823(fia(x), Z)) € RS,
and consequently,
(v, 813(x, 2)) € R},
Therefore,
RY <P RY.
O

Definition 4.4.3 ( HFNPg-Hardness and Completeness). An $-HyperProblem RY is called HFNPg-hard if,
for every

R’® € HFNPg,
we have
1H P RD
R® <¢ RO
It is called HFNPg-complete if
R® € HFNP

and R® is HFNPg-hard.

Theorem 4.4.4 (Hyperstructural Search Completeness Principle). Let RS be an HFNPg-complete HyperProb-

lem. If
R® € HFPg,
then
HFNPg C HFPg.
Consequently,
HFPg = HFNPg.
Proof. Let
R’® € HFNPg
be arbitrary. Since R? is HFNPg-complete,
H P RD
R <g.s R>.

Let f and g be polynomial-time functions witnessing this reduction, and let A be a polynomial-time hyper-solver
for R®. Define

A (x) = g(x, A(f(x))).
Suppose that
x € Dom(R'®).

By the domain-preservation condition,
f(x) € Dom(R9).
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Therefore,
(f(x), A(f(x))) € R®.

The solution-transformation condition then gives

(x, A’(x)) € R'®.

Since f, A, and g are polynomial-time computable, A’ is a polynomial-time hyper-solver for R®. Hence,
R'® € HFPg.
Since R’® was arbitrary,
HFNPg C HFPg.

The reverse inclusion holds by definition. Therefore,

HFPg = HFNPg.

4.5 Associated Hyperstructural Decision Classes

Associated hyperstructural decision classes classify existence languages induced by hyperstructural search
relations, distinguishing polynomial-time decidable instances from those admitting polynomially bounded,
efficiently verifiable hyperobject certificates.

Definition 4.5.1 (Existence Language of a HyperProblem). Let
$ «
RH C X" X Qg)
be an H-HyperProblem. Its existence language is

Lys = Dom(R) = [xe >

oy Y € Qg (x,Y)eRl%}.

Definition 4.5.2 ( HNPg). The class
HNPg

is defined by
HNPg := {Dom(R) | R € HFNPg} .

Equivalently, a language L C X* belongs to HNPyg if and only if there exist a polynomial p and a deterministic
polynomial-time verifier V such that

xel < 3TIreQg [|Ylg<p(x]) and V(x,Y)=1.

Definition 4.5.3 ( HPg). The class
HPg

is defined by
HPg := {Dom(R) | R € HFPg} .

Proposition 4.5.4. For every effectively encoded hyperstructure $,
HPg C HNPg,.

Proof. This follows immediately from
HFPg C HFNPg,.

Taking the domains of the corresponding search relations yields

HP5 c HNP@.

37



Problem 4.5.5 (Hyperstructural P versus NP Problem). Let $ be an effectively encoded hyperstructure.
Determine whether
HPg = HNPg.

Equivalently, determine whether every existence language induced by a polynomially verifiable hyperstructural
search relation is also the existence language of a polynomial-time solvable hyperstructural search relation.

This is the decision-language formulation that is directly analogous to the classical P versus NP problem.

4.6 Relationship with Classical Complexity Classes

Because all hyperobjects are represented by finite binary strings, the hyperstructural decision classes are
bounded by the corresponding classical complexity classes.

Theorem 4.6.1. For every effectively encoded hyperstructure $,

HP@ =P
and
HNPg C NP.
Proof. First, let
L € HPg.
Then there exists
R € HFPg
such that
L = Dom(R).

Let A be a polynomial-time hyper-solver for R, and let V be a polynomial-time verifier for R.

On input x, compute ¥ = A(x) and accept if and only if

V(x,Y)=1.

If x € L, then A(x) is a valid hyper-solution, so the verifier accepts. If x ¢ L, no valid hyper-solution exists, so
the verifier rejects every output. Hence,
LeP.

Therefore,

HPg C P.
Conversely, let L € P. Since H # @, choose a fixed hyperobject

Yy € Qg.
Define

R :={(x,Yo) [x e L}.
The relation Ry is polynomially balanced and polynomial-time decidable. The algorithm that always outputs
Yy is a polynomial-time hyper-solver for Ry, because it produces a valid output whenever x € L. Moreover,
Dom(Ry) = L.

Thus,
L € HPg,
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and hence

P C HP@.
Therefore,
HPg = P.
Next, let
L € HNPg.
Then
L = Dom(R)
for some
R € HFNPg.

Since every hyperobject is represented by a polynomial-length binary string and the graph of R is decidable in
polynomial time, the encoded hyperobject is an ordinary N P-certificate. Therefore,

LeNP.

Hence,
HNPg C NP.

To obtain the reverse inclusion for HNPg, the hyperobject representation must be able to encode arbitrary
binary certificates efficiently.

Definition 4.6.2 (Polynomial Certificate Universality). An effective hyperobject representation Qg is called
polynomially certificate-universal if there exist polynomial-time computable functions

0:{0,1}" — Qg

and
6:Q¢ — {0,1}" U {L}

and a polynomial s such that, for every w € {0, 1},

o(tiw)) =w

and
lt(w)lg < s(wl).

Theorem 4.6.3. Suppose that Qg is polynomially certificate-universal. More precisely, assume that there exist
polynomial-time computable maps
0:{0,1}" — Qg

and
§:Qg — {0,1}7 U {1},

together with a nondecreasing polynomial q, such that

5(tw)) =w  foreveryw € {0,1},

and
|L(w)|55 < q(lw)) for everyw € {0, 1}".
Then
HNPg = NP.
Consequently, if
HPg = P,

then
HPg =HNPg; <<= P =NP.
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Proof. The inclusion
HNPg C NP

has already been established.

For the converse inclusion, let L € NP. Then there exist a polynomial p and a deterministic polynomial-time
predicate
Vi Z*x{0,1} — {0, 1}

such that, for every x € X*,

xe€lL <<= 3FJwe{0,1} suchthat |w| < p(lx]) and Vp(x,w)=1.

Define a relation
R? C 3" x Qg

by declaring that
(x,Y) € R?

if and only if all of the following conditions hold:
6(Y) # L,
Y = 1(8(v)),
s < p(Ix),

and
VL(x,cS(Y)) =1.

We first verify that R? is polynomially balanced. If

(x,Y) € R®,
then
Y =(6(Y))
and
lo(¥)| < p(lx).
Therefore,

Ylg = [e(6M)lg < a (|6(N)]) < a(p(IxD).

Since g o p is a polynomial, the relation R? is polynomially balanced.

Moreover, membership in R% can be decided in deterministic polynomial time. Indeed, one computes §(Y),
checks whether §(Y) # L, computes ¢(5(Y)), verifies that

Y =(8(Y)),
checks the length condition
6] < p(IxD,
and finally evaluates
Vi (x,6(Y)).
Hence,
R? € HFNPg.

‘We now show that the existence language of R? is exactly L.
Suppose first that x € L. Then there exists w € {0, 1}* such that

lwl < p(lxl)
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and
Vi(x,w) = 1.
Set
Y :=u(w).

By polynomial certificate universality,
5(Y) =6(c(w)) = w.

Consequently,
Y =u(6(Y).,  [6()]=Iwl| < p(lx]).
and
Vi(x,6(Y)) = Vi(x,w) = 1.
Thus,

$
(x,Y) eR;.

Conversely, suppose that there exists ¥ € Qg such that

(x,Y) € R?.
Let
w:=46(Y).
Then
w € {0,1}7, lw| < p(Ix),
and
Vi(x,w) = 1.
It follows from the N P-verification characterization of L that
x € L.
Therefore,
xel <= 3YeQgsuchthat (x,Y) € R?.
Hence,
L € HNPg,.
Since L € NP was arbitrary,
NP C HNPg.
Combining this inclusion with
HNP@ C NP,
we obtain
HNPg = NP.

Finally, under the previously established equality
HPg = P,

we have
HP55=HNP5 — P =NP.

(]

Remark 4.6.4. Under ordinary polynomially intertranslatable finite encodings, replacing classical certificates
by hyperstructural certificates does not, by itself, produce a complexity class larger than N P. The mathematical
significance of the hyperstructural framework therefore lies primarily in:

1. the structural semantics of certificates and solutions;
natural hyperstructural complete problems;
restrictions on admissible hyperobjects or hyperoperations;

parameterized complexity based on the depth, arity, or size of the hyperstructural representation; and

ok v

possible succinct encodings that may alter the relationship between explicit and implicit representations.
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4.7 Singleton-Valued Specialization

Singleton-Valued Specialization replaces each singleton-valued hyperoperation with an ordinary operation, so
the term-generated hyperstructural fragment becomes equivalent to a conventional algebraic structure on H
itself.

Proposition 4.7.1 (Singleton-Valued Specialization). Suppose that every hyperoperation of § is singleton-
valued. That is, for every i € I and every

(hi,...,hg) € HY,

there exists a unique element
heH

such that
oi(hi, ..., he;) = {h}.
Then each hyperoperation induces an ordinary operation
o, :H% — H
defined by
gi(hl,...,hal.)Zh — Oi(hl,...,hal.)Z{h}.

Consequently, the fragment of Qg consisting only of atoms and formal operation terms is equivalent to the
term algebra generated by the ordinary algebraic structure

—~

9 = (H, (%)ier)-

Proof. The singleton-valued assumption guarantees that, for each input tuple

(h19""hai)’

the set
oi(hy,..., hq;)

contains exactly one element. Therefore, o; is well-defined.

Every formal hyperoperation term can then be interpreted recursively as an ordinary term over the operations
(Gi)ier-

Thus, the term-generated fragment of the hyperobject representation agrees with the ordinary term algebra of

9. O

Remark 4.7.2. Singleton-valuedness alone does not imply that every $-hyperobject becomes an ordinary
element of H. For example, finite sets, tuples, derivation objects, and other compound hyperobjects may remain
part of Qg. Therefore, a complete reduction to ordinary single-valued computation requires either a restriction
to the term-generated fragment or an explicit polynomial-time translation of all admissible hyperobjects.

4.8 Illustrative Real-Life Example: Emergency Medical Team Formation

We present a real-life hyperstructural search problem concerning the formation of emergency medical teams
after a large-scale disaster. In this setting, the combination of two medical professionals may admit several
possible third members, and hence several possible complete response teams. This naturally gives rise to a
finite-valued hyperoperation.

An emergency medical team formation instance is a pair
I=UT7T),
where:
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U={ug,...,un}

is a finite set of available medical professionals; and

7<(3)

is an explicitly listed family of feasible three-person emergency teams.
The feasibility of a team may depend on practical requirements such as:

* professional qualifications and clinical skills;

* medical licenses and emergency-response certifications;
e current availability and working-time restrictions;
 geographical accessibility;

* prior experience;

» compatibility of the members’ roles; and

* the availability of required medical equipment.

For example, a feasible team may be required to contain one physician, one nurse, and one emergency medical
technician. The family 7~ is assumed to be given explicitly as part of the input.

The operational objective is to divide all available professionals into pairwise disjoint feasible teams so that
every professional is assigned to exactly one emergency-response team.

Let 7 denote the set of all valid finite encodings of emergency medical team formation instances. Define the
carrier set Hgyt to consist of the following tagged objects:

res(1,u), team(/,7T), 1,

where
I1=(UT)eT, ueu, TeT,

and L is a distinguished failure symbol.

Thus,
Hevmr = {I‘CS(I,M) | I = (U,T) €el,uce U}

U {team(I,T) | 1= (U,T) eI, TeT}U{L}.

Here, res(I,u) represents the professional u in the instance I, whereas team(/,T) represents the feasible
emergency team 7.

Fix a standard polynomial-time recognizable, self-delimiting binary encoding

encCrpy, - Hemt — {0, 1}".

Define a binary hyperoperation
opmt : Hemt X Hemt — Phn(Hemr) \ {2}
as follows. For two distinct professionals u, v € U belonging to the same instance I = (U, 7), let
res(I, u) opmr res(1,v)
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be
{team(I,T) | T € T, {u,v} T},

provided that this set is nonempty. If no feasible team contains both « and v, define

res(Z,u) ogmr res(f,v) := {L1}.

For all other pairs a, b € Hgwmr, define
a opmt b = {J_}

Consequently, the combination of two professionals may produce several possible complete emergency teams.
For example, if both
{u,v,wi} €T

and
{u,v,wa} € T,

then
res(1, u) opmr res(1,v) 2 {team(Z, {u, v, w1}), team(I, {u, v, w2})} .

This is genuinely multivalued whenever w; # wy.
Define
Hemt = (HEMT, €0CHpyrs OBMT) -

Proposition 4.8.1. The system
HEMT

is an effectively encoded hyperstructure.

Proof. The carrier Hgym is nonempty because it contains L. The validity of an encoded responder atom, team
atom, or failure atom can be checked in deterministic polynomial time by parsing its self-delimiting encoding
and verifying the relevant membership conditions.

The value of
a opmT b

is always a finite nonempty subset of Hgymr. Indeed, an instance I = (U, 7") contains only finitely many
explicitly listed feasible teams. If no feasible team is produced, the hyperoperation returns the singleton set

{L}.
It remains to verify the graph-membership relation. Given encodings of a, b, c € Hgmrt, one can decide whether
c €aopmtr b
in deterministic polynomial time. In the nontrivial case, one parses
a =res(I,u), b =res(l,v), ¢ =team(Z,T),
checks that the three objects contain the same instance encoding, verifies that
u+v, TeT, {u,v} CT,

and accepts precisely when all these conditions hold. Since 7 is explicitly encoded, these tests are executable
in time polynomial in the total encoding length.

Therefore,
SEMT

satisfies the requirements of an effectively encoded hyperstructure. O
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Let
Q5‘5EMT

be an effective hyperobject representation containing canonically encoded finite sets of atoms of Hgmr.

Define the emergency medical team formation relation

I .
REI\E/IMTT C {0, 1} X Qgpyy

as follows.

For an encoded instance
x =enc([), I=(U,7),

and a hyperobject Y, declare that

(x,Y) € RO
if and only if there exist

T,....Tr €T

such that
Y = {team(I,T}),...,team(I,Tx)},

and all of the following conditions hold:

1. each selected team contains exactly three professionals:

IT;| =3 forevery j € {1,...,k};

2. each selected team is generated by the hyperoperation; more precisely, for every j and every pair of
distinct members u,v € T},
team(/,7T;) € res(/, u) opmr res(/, v);

3. the selected teams are pairwise disjoint:

iNnT; =0 whenever i # j;

4. every available professional is assigned:

T; = U.

k
J=1

A hyperobject Y satisfying these conditions is called an admissible emergency-team deployment plan.

The corresponding search problem is:

Given the available medical professionals and the explicitly listed feasible three-person response
teams, construct a collection of pairwise disjoint feasible teams that assigns every professional to
exactly one emergency-response team.

Proposition 4.8.2. The relation

HEMT
REMT

is a polynomially balanced $Hgnr-HyperProblem whose graph is decidable in deterministic polynomial time.
Consequently,

R2NT € HFNPg,, ..

45



Proof. Let
x =enc(/), I1=U,7T),

and suppose that

(x,Y) € RO,

Since the selected teams are pairwise disjoint, each contains exactly three professionals, and their union is U,
the number of selected teams is

U]
k=—.
3
In particular,
k< |U| < |x|.

Each team atom contains an encoding of the instance / together with three responder identifiers. Hence, there
exists a polynomial g such that

|team(1, Tf)lbam < q(|x])

for every j. Since Y is a canonical finite-set encoding of at most |x| such atoms, there exists a polynomial g’
satisfying
Y l$er < 4" (Ix]).-

Therefore, the relation is polynomially balanced.

To verify whether

(x,Y) € ROEMT,

a deterministic algorithm performs the following steps:

1. parse x as an instance I = (U, 7);

2. parse Y as a canonical finite set of team atoms;

3. verify that every team atom refers to the same instance [;
check that every represented team belongs to 7;

verify the relevant hyperoperation-membership conditions;

check pairwise disjointness of the selected teams; and

N o ok

check that their union is exactly U.

All sets involved are explicitly and finitely encoded. Each test can therefore be performed in deterministic
polynomial time in
Pl + 1Y [ 9earr -

Thus, the graph of R]?IE,IMTT is decidable in deterministic polynomial time, and hence

9
REI]\S/IMTT € HFNP%EMT'

The existence language of the emergency medical team formation HyperProblem is

LEMT := Dom (RS&MTT) .

Equivalently,
Leymt = {enc(U,T") | U can be partitioned into members of 7} .
Thus, the associated decision problem asks whether all available professionals can be partitioned into feasible

three-person emergency teams.
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Theorem 4.8.3. The language
Legmt

is NP-complete. Consequently,
Legmr € HNPg)EMT.

Proof. By Proposition a proposed deployment plan can be verified in deterministic polynomial time.
Hence,

LEMT e NP.
To prove N P-hardness, consider an instance
(X,0)
of Exact CovEeRr BY 3-SETs, where
|X] =3q
for some positive integer g, and
X
Cc
5
Construct the emergency-team instance
Ix.c:=(U,T)

by setting
U:=X and T :=C.

This transformation is computable in deterministic polynomial time.

There exists an exact cover
c'cce

of X if and only if the corresponding family of team atoms

Yor = {team (Ixc,T) | T € C'}
is an admissible emergency-team deployment plan. Therefore,

(X, C) € Exact CovEer BY 3-SETS

if and only if
enc(Ix,C) € LEMT-

Hence,
Exact CoveR BY 3-SETS </ Lgwmr.

Since Exact Cover BY 3-SEts is N P-complete, Lgyt is N P-hard. Combining N P-hardness with membership

in NP, we obtain that Ly is N P-complete.

Finally, since Lgmr is the existence language of a relation in HFNPg, ., it follows that

LEMT € HNPg)EMT .

Corollary 4.8.4. If

9
Ryt € HFPg

then
P =NP.
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Proof. Assume that

HEMT
REMT

admits a deterministic polynomial-time hyper-solver A. Given an instance x, compute

Y :=A(x)
and run the polynomial-time verifier for
RE)EMT
EMT
on (x,Y).
If
X € Lgmr,

then x admits at least one valid deployment plan, and the hyper-solver must return an admissible hyper-solution.
Hence, the verifier accepts.

If
x ¢ Lemr,

then no admissible deployment plan exists, and therefore the verifier rejects every hyperobject returned by A.

It follows that Lgyt is decidable in deterministic polynomial time. Since Lgyr is N P-complete,

P=NP.

Consider the set of available professionals
U ={di,da,ni,n, 11,12},

where:

* d; and d, are physicians;
* n; and ny are nurses; and

* t1 and ¢, are emergency medical technicians.

Suppose that the feasible teams are
Ty ={di,n1, 11}, T = {da, n2, 12},

;= {dl’n%tl}’ Ty = {dz, nl,t2}-
Thus,

T ={11, T2, T3, T4}
The multivalued character of the hyperoperation is visible in
res(l,dy) opmr res(/,t) = {team(1,T;), team(Z,T3)} .

Indeed, the physician d; and the technician #; can be completed into a feasible emergency team by selecting
either n; or ny.

Two admissible deployment plans are
Y| = {team(I,T), team(l,T>)}
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and
Y, = {team(I,T3), team(/,T4)} .

For example,

'nT, =2
and
T7UT, =U.
Hence,
(enc(1), 1) € RS&MTT
Similarly,

(enc(I),Y») € RS&MTT

This example illustrates the hyperstructural solvability—verifiability distinction. Once a complete deployment
plan has been supplied, one can efficiently verify the professional qualifications, team feasibility, pairwise
disjointness, and complete coverage of all available personnel. By contrast, constructing such a plan from a large
collection of overlapping feasible teams includes an N P-complete exact-cover problem. The hyperoperation
captures the fact that a partial combination of medical professionals may have several admissible completions
rather than a unique outcome.
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Chapter 5

SuperHyperstructural Search Complexity and a
SuperHyperstructural Analogue of the P versus
NP Problem

The classical classes P and NP are classes of decision languages. By contrast, a computational problem
that requires the construction of an admissible hierarchical object is naturally formulated as a search problem.
Accordingly, we distinguish between:

1. superhyperstructural search classes, which are analogues of the classical search classes FP and FNP;
and

2. superhyperstructural decision classes, which are obtained by asking whether an admissible superhyper-
solution exists.

This distinction is essential. Efficient verification of a proposed superhyper-solution defines a polynomially
verifiable search relation, whereas the corresponding decision problem asks whether at least one such solution
exists.

5.1 SuperHyperCarrier Hierarchies

Let S # @ be a base set. To avoid ambiguity at limit ordinal levels, we first fix a strictly typed hierarchy of
superhypercarriers.

Definition 5.1.1 (Strictly Typed SuperHyperCarrier Hierarchy). Let S # @. For every ordinal a, we define
simultaneously an auxiliary untagged carrier U, (S) and a strictly typed carrier

Pg(S)
by transfinite recursion.

At level 0, define
Up(S) =S

and
PQ(S) = {(0,x) | x € Up(S)} .
For every ordinal «, define the successor level by
Ua+1(8) =P (Pg(9))
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and
Pt (S) := {(a+ LX) | X € Upsi (5)}.

Equivalently,
PE(S) = {(a+ 1,X) | X CPE(S)}.

For every nonzero limit ordinal A, define

Ua(S) = | ) PE(S)

a<d

and
PA(S) = {(1.X) | X € U(S)}.
Equivalently,
P2(S) = {4, X) | 3a < A such that X € P(S)}.

The first component of every ordered pair records its unique hierarchy level. Consequently, for any distinct
ordinals a # 5,
P2(S) NPE(S) = @.

Thus, every object belongs to exactly one typed carrier level.

Since the carriers
Pg(S) (<)

are pairwise disjoint, the union

uas) = [ e

a<Aa

retains the level information of every lower-level object. The additional outer tag A ensures that
PL(S) NPE(S) = @
for every a < A.

Remark 5.1.2. Other limit-level constructions may also be studied, such as the untagged union

U P2(S).

a<A

However, different limit constructions generally produce different typed hierarchies. Therefore, one construc-
tion must be fixed before computational classes are defined.

The full carriers Pg(S) may contain objects having no finite representation. Computational complexity is
therefore defined only over specified finitely representable subcarriers.

5.2 Effectively Encoded SuperHyperStructures

Effectively encoded SuperHyperStructures are hierarchical structures whose levels, objects, operations, and
relations have finite representations and uniformly support polynomial-time recognition, validation, evaluation,
and verification procedures.

Definition 5.2.1 (Effective Level System). An effective level system is a set
A cH{0,1}"
of finite level codes together with an interpretation
ord : A — Ord,
such that:
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1. membership in A is decidable in deterministic polynomial time;
2. equality of level codes is decidable in deterministic polynomial time;

3. every level relation required by the chosen SuperHyperStructure, such as admissibility of an operation
type, is decidable in deterministic polynomial time from the relevant level codes.

The algorithms manipulate finite level codes, rather than arbitrary ordinals as infinite objects.

Definition 5.2.2 (Effectively Encoded SuperHyperStructure). An effectively encoded SuperHyperStructure is
a tuple

G9H = (S, A, {Catren s {encatien > {Oi}icr)

satisfying the following conditions:

1. S # @ is a base set;
2. A is an effective level system;

3. forevery A € A,
d(2)
C, CPg ()

is the subcarrier of finitely representable objects at level 4;

4. forevery A € A,
ency : C; — {0,1}"

is injective;
5. the global set of tagged carrier encodings
Enc(S9) := {(d,enc (X)) |1 € A, X € Cy}
is decidable in deterministic polynomial time;
6. I is a finite index set;

7. for every i € I, there are level codes
ai,l7 s ’ai,r,'7ﬂi € A

and a finite-valued superhyperoperation

(OFN C(Im X e X CQ”[_ — Pin (Cﬁi) \ {2};

8. for every i € I, the graph-membership predicate
Y eoi(Xy,...,X,)
is decidable in deterministic polynomial time with respect to the total length of the tagged encodings of
Xi,....X,.Y.

Remark 5.2.3. The computational notion of a SuperHyperOperation adopted in this chapter is finite-valued
and is therefore more general than the single-valued notion recalled in Definition 2.1.10. Every single-valued
SuperHyperOperation

F:Cq X+ XCq — Cg

can be embedded into the present framework by defining
F(X1,....X) ={F(X1,....X,)}.
Thus, the single-valued formulation is recovered as the case in which every operation value is a singleton.
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An ordinary single-valued SuperHyperOperation is recovered as the special case in which
iei(Xl’ e 7XV,')| = 1

for every admissible input tuple
(X1,..., X)) €Cqpy X-+0 X Co,.-

In this case, there exists a unique element
Y € C/;i

such that
Qi(Xl, o e ,Xri) = {Y}’

and hence ©; canonically induces the single-valued operation
6i : Ctli,l XX C(Yi,r,- - C,Bi

defined by _
i Xy,....X,) =Y.

Remark 5.2.4. Polynomial-time decidability of the graph of a superhyperoperation does not imply that all
values of the operation can be enumerated in polynomial time. The output set may contain exponentially many
elements. The assumption guarantees only that a proposed output can be checked efficiently.

Remark 5.2.5. The effectiveness assumptions prevent arbitrary computational difficulty from being hidden
inside the carrier hierarchy or the superhyperoperations. Without these assumptions, a carrier-membership
predicate or an operation graph could encode an undecidable language and thereby act as an implicit oracle.

5.3 Effective SuperHyperObjects

Effective SuperHyperObjects are finitely encoded hierarchical objects built from represented carrier levels,
tuples, collections, formal terms, or derivations, with polynomial-time decidable well-formedness and encoding
lengths.

Definition 5.3.1 (Effective SuperHyperObject Representation). Let S$) be an effectively encoded SuperHy-
perStructure. An effective superhyperobject representation over S$) is a nonempty polynomial-time decidable
language

Qgg < {0,1}*

whose elements are finite encodings of well-formed S$)-superhyperobjects.

The representation may contain:

1. tagged encodings of objects belonging to the representable carriers Cy;
2. finite ordered tuples of represented objects;
3. canonically encoded finite collections of represented objects;

4. finite formal terms of the form
oi(Y1,....Y,);

5. finite derivation objects recording successive applications of superhyperoperations.

The encoding length of Y € Qgg is denoted by

Yles := Y].

A formal term and a semantic value of that term are different objects. A particular SuperHyperProblem
must specify whether its admissible solutions are formal terms, evaluated values, derivations, tuples, finite
collections, or another explicitly represented type.
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5.4 SuperHyperstructural Search Problems

SuperHyperstructural search problems require algorithms to construct valid hierarchically encoded superhy-
perobjects whenever solutions exist, while respecting prescribed structural constraints, verification conditions,
and computational resource bounds.

Definition 5.4.1 (S$%-SuperHyperProblem). Let X be a finite input alphabet. An &$-SuperHyperProblem is
a polynomially balanced relation
RSSE) C XX 9(55.

That is, there exists a polynomial p such that

S
®Y)eRT = |Yles < p(lxl).

A superhyperobject Y € Qgg is called an admissible superhyper-solution of x € X* if

SH
(x,Y) € R™.

The domain of the SuperHyperProblem is

Dom (Rgg) = {x ex”

Y € Qeg. (x.Y) € Rﬁﬁ} .

The associated search problem is to construct at least one admissible superhyper-solution whenever the input
belongs to the domain of the relation.

Using a single relation
RZ?
i

()
avoids the possibility that admissibility of the same pair (x, Y) depends on an arbitrarily chosen length parameter
n.

instead of a family

neN

Definition 5.4.2 (Polynomially Verifiable SuperHyperProblem). An &$-SuperHyperProblem
=35) "
RH C X' X Qs $

is called polynomially verifiable if there exist a deterministic Turing machine V and a polynomial g such that,
for every
xeXxt and Y € Qgg,

the computation
V(x,Y)

halts within
q(lxI +Y]es)
steps and satisfies
VrY)=1 e (xY)eR>
Definition 5.4.3 ( SHFNPgg). The class
SHFNPgg

consists of all polynomially balanced S$)-SuperHyperProblems whose graphs are decidable in deterministic
polynomial time.

The notation SHFNPgg reflects that the members of this class are search relations, rather than decision
languages.
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Definition 5.4.4 (Polynomial-Time SuperHyper-Solver). Let
G% -
RH C X' x Qs %

9

be an S$-SuperHyperProblem. A polynomial-time superhyper-solver for RrGI is a deterministic algorithm A

for which there exists a polynomial r such that, for every x € £*,

A(x) € Qgg,

A(x) is computed within r(|x|) steps,

and
S S
xeDom (RE®) = (rA() € RF,

No correctness condition is imposed when

x ¢ Dom (Rgg) .

Definition 5.4.5 ( SHFPgg). The class
SHFPgg

consists of all relations
R>® € SHFNPgg

that admit a deterministic polynomial-time superhyper-solver.

By definition,
SHFPgg € SHFNPgg.

Problem 5.4.6 ( SuperHyperstructural Search Solvability versus Verifiability). Let &% be an effectively
encoded SuperHyperStructure. Determine whether

SHFPgg = SHFNPgg,.

Equivalently, determine whether every polynomially balanced SuperHyperProblem whose proposed superhyper-
solutions can be verified in deterministic polynomial time also admits a deterministic polynomial-time
superhyper-solver.

This is a superhyperstructural analogue of the search-complexity question
?
FP=FNP.
It should be distinguished from the classical decision-language question

PLNP.

5.5 Polynomial-Time SuperHyperReductions

Polynomial-time SuperHyperReductions efficiently transform instances and valid superhyper-solutions be-
tween SuperHyperstructural search problems, preserving solvability and correctness through polynomial-time
preprocessing and postprocessing procedures for all inputs.
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Definition 5.5.1 (Polynomial-Time SuperHyperReduction). Let
G% -
R < XX Q@g

and o5
RZ c Z; X Qgg

be two S$-SuperHyperProblems.
G% . C . S .
We say that R, is polynomial-time superhyper-reducible to R, ™, written

SH _p S9
R™ <ggs Ry

if there exist deterministic polynomial-time computable functions
f:X— 3

and
g: ETXQ@@ —>Q(555

such that, for every x € X7,

xeDom(Rl%) — f(x)eDom(Rng),

and, for every Z € Qgg,

(f(x),Z) € ng = (x,g(x, 7)) € R?ﬁ.

The first condition preserves both solvable and unsolvable instances. The second condition guarantees that
every valid solution of the reduced instance can be transformed into a valid solution of the original instance.

Proposition 5.5.2 (Transitivity of SuperHyperReductions). The relation

P
SGSj,s
is transitive.
Proof. Suppose that
SH _p &9
R <gg s R,

via polynomial-time functions fi, and g2, and

e _p &9
Ry™ <gg Rs

via polynomial-time functions f>3 and g»3.

Define
f13(x) == fo3(fi2(x))

and
g13(x, Z) = g1z (x, g23(f12(x), Z)) .

Both functions are computable in deterministic polynomial time. Furthermore,
S
x € Dom(R; 5)

if and only if
flg(x) (S DOIII(Rzeg),
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which holds if and only if
f3(fiz(x)) € Dom(Rf's)

If
(fiz(x),Z) € R?s,

then
(f12(x), 823(fi2(x). Z)) € RS®,

and therefore <
(x,g13(x,2)) € R, o,

Hence, cs cs
p
R, 5655,3 R

O

Definition 5.5.3 ( SHFNPgg-Hardness and Completeness). An S$-SuperHyperProblem R®® is called
SHFNPgg-hard if, for every

R’®® € SHFNPgg,
we have

189 P G%
R Seg,sR .

It is called SHFNPgg-complete if
R®® € SHFNPgg

and R®® is SHFNPgg-hard.

Theorem 5.5.4 (SuperHyperstructural Search Completeness Principle). Let R®® be an SHENPgg-complete
SuperHyperProblem. If
R®® € SHFPgg,

then

SHFNPgg C SHFPgg.
Consequently,

SHFPgg = SHFNPgg.
Proof. Let

R’®% € SHFNPg;,

be arbitrary. Since R®® is complete,
RSB RS
- .S

Let f and g witness the reduction, and let A be a polynomial-time superhyper-solver for R®. Define

A'(x) = g(x, A(f(x))).

Suppose that
x € Dom (R'Gg’) .

By domain preservation,
f(x) € Dom (Reﬁ) .

Therefore,

(f(x),A(f(x))) € R®S.

The output-transformation condition gives
(x,A’(x)) € R'®9.
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Since f, A, and g are polynomial-time computable, A’ is a polynomial-time superhyper-solver for R’S®. Hence,

R'®® € SHFPgg,.

Since R’S® was arbitrary,
SHFNPgg C SHFPgg.

The reverse inclusion holds by definition. Therefore,

SHFPgg = SHFNPgg.

5.6 Associated SuperHyperstructural Decision Classes

Associated SuperHyperstructural decision classes classify existence languages derived from SuperHyper-
structural search relations, separating polynomial-time decidable problems from those possessing efficiently
verifiable, polynomially bounded superhyperobject certificates.

Definition 5.6.1 (Existence Language of a SuperHyperProblem). Let
S -
RH5 cCX" X Q@g
be an S$-SuperHyperProblem. Its existence language is

LRgg, := Dom (Rrelg’) .

Equivalently,
Lyss = {x ez | Y € Qg (1,Y) € RSg’} .

Definition 5.6.2 (SHNPgg). Define
SHNPg := {Dom(R) | R € SHFNPgg} .

Equivalently, alanguage L C X* belongs to SHNPgg if and only if there exist a polynomial p and a deterministic
polynomial-time verifier V such that

xel < 3TVeQgy, [Ylgg<p(x]) and V(x,Y)=1.
Definition 5.6.3 ( SHPgg). Define
SHPgg := {Dom(R) | R € SHFPgg} .
Proposition 5.6.4. For every effectively encoded SuperHyperStructure S$,
SHPgg € SHNPgg.

Proof. This follows directly from
SHFP@5 - SHFNng.

Taking the domains of the corresponding search relations yields
SHP(55 - SHNP@g.
O

Problem 5.6.5 (SuperHyperstructural P versus NP Problem). Let G$) be an effectively encoded SuperHyper-
Structure. Determine whether
SHPgg = SHNPgg.

Equivalently, determine whether every existence language induced by a polynomially verifiable superhyper-
structural search relation is also the existence language of a polynomial-time solvable superhyperstructural
search relation.
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This is the decision-language formulation that is directly analogous to the classical P versus NP problem.

Theorem 5.6.6. For every effectively encoded SuperHyperStructure S),

SHPgg = P

and
SHNPgg C NP.

Proof. Let

L e SHP@g.
Then there exists

R € SHFP@@
such that

L = Dom(R).

Let A be a polynomial-time superhyper-solver for R, and let V be a polynomial-time verifier for R.

On input x, compute
Y = A(x)

and accept if and only if

V(x,Y)=1.
If x € L, the solver returns an admissible superhyper-solution, and the verifier accepts. If x ¢ L, no admissible
superhyper-solution exists, so the verifier rejects every output. Therefore,

LeP,

and hence
SHPgg C P.

Conversely, let L € P. Since Qgg # @, choose a fixed object

Yy € Q@;g.

Define
Ry :={(x,Yy) |x € L}.

The relation Ry is polynomially balanced and polynomial-time decidable. The algorithm that always outputs
Yy is a polynomial-time superhyper-solver for Ry, and

Dom(R;) = L.
Thus,
P C SHPgg.
Therefore,
SHPgg = P.
Next, let
L e SHNP@SB.
Then
L = Dom(R)
for some
R e SHFNng.

Every admissible superhyper-solution is represented by a binary string of polynomial length, and membership
in R is decidable in polynomial time. Hence, the encoding of the superhyper-solution is an ordinary NP-
certificate. Therefore,

L eNP.

Thus,
SHNP@55 C NP.
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Definition 5.6.7 (Polynomial Certificate Universality). The representation Qgg is called polynomially certificate-
universal if there exist polynomial-time computable functions

t:{0,1}" — Qgg

and
0: Q@g — {0,1} " u{L},

together with a polynomial s, such that, for every w € {0, 1}*,
o(t(w)) =w
and
lcw)leg < s(lwl).

Theorem 5.6.8. Suppose that Qgg is polynomially certificate-universal. More precisely, assume that there
exist polynomial-time computable maps
L: {0, 1}* — Q@gj

and
6:Qgg — {0,117 U{L},

together with a nondecreasing polynomial q, such that

5(w)) =w for every w € {0, 1}",

and
|L(W)|635 <q(Jwl]) for every w € {0, 1}".
Then
SHNPgg = NP.
Consequently, if
SHPgg = P,

then
SHP@@ = SHNP@,@ <= P=NP.

Proof. The inclusion
SHNPgg € NP

has already been established.

For the converse inclusion, let L € NP. Then there exist a polynomial p and a deterministic polynomial-time
predicate
Ve 2 x{0,1} — {0, 1}

such that, for every x € X*,

xelL &= 3dwe{0,1} suchthat |w| < p(x]) and Vp(x,w)=1.

Define a relation 5
G %
RL cX" X Qgg

by declaring that
&9
(x,Y) eR,

if and only if all of the following conditions hold:
oY) # L,
Y =(6(Y)),
6] < p(lxD.
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and
Vi(x,6(Y)) = 1.

We first verify that R(ng’ is polynomially balanced. Suppose that

(x,Y) € RY®.
Then
Y = ((8())
and
6] < p(Ix1).
Consequently,

Yles = |c(6M)|gg < a (6M]) < a(p(Ix)).
Since g o p is a polynomial, RCLBS5 is polynomially balanced.
Moreover, membership in Rfﬁ is decidable in deterministic polynomial time. Indeed, given (x,Y), one

computes 6(Y), checks whether
6(Y) # L,

computes ¢(6(Y)), verifies the canonical-encoding condition

Y =(6(Y)),
checks
6| < p(Ix)),
and evaluates
VL (x,6(Y)).

Therefore,
R;® € SHFNPg;,.

9

It remains to show that the existence language associated with Rf is exactly L.

Suppose first that x € L. Then there exists w € {0, 1}* such that

wl < p(lx])
and
Vi(x,w) = 1.
Set
Y = u(w).

By polynomial certificate universality,
5(Y) =6((w)) = w.

Hence,
Y=us(1),  [50)]=Iwl < p(xD),
and
Vi(x,6(Y)) =Vi(x,w) = 1.
Thus,

9
(x,Y) € R .

Conversely, suppose that there exists ¥ € Qgg such that

SH
(x,Y) e R ™.
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Let

w:=6().
Then
w € {0,1}7, lw| < p(Ix),
and
Vi(x,w) =1.
It follows that
x € L.

Therefore,
xel = 3TYeQggsuchthat (x,Y) € Rfﬁ.
Hence,
L € SHNPgg.

Since L € NP was arbitrary,

NP C SHNP(55.
Combining this inclusion with

SHNPgg C NP,
we obtain

SHNPgg = NP.

Finally, under the previously established equality
SHPgg = P,

we conclude that
SHng) = SHNP@@ <= P=NP.

O

Remark 5.6.9. Under ordinary polynomially intertranslatable finite encodings, hierarchical superhyperobjects
do not, merely by being hierarchical, create a decision complexity class larger than NP. Their mathematical
significance lies in the structural semantics of witnesses, natural complete problems, restricted levels, succinct
representations, and complexity parameters such as level depth, operation arity, and derivation depth.

Definition 5.6.10 (Finite-Level Restriction). For a fixed n € N, define

Ay :={Ad€A|ord(2) <n}.

The level-n restriction of &) is obtained by retaining only the carriers
Ca, e Ay,

and only those superhyperoperations whose input and output levels all belong to A,,.

The corresponding search and decision classes may be denoted by

SHFPZ" SHFNPZ”

9’ 9’
and
< <
SHPe'é, SHNPg’é.

Remark 5.6.11 (Transfinite Levels). The same definitions remain valid when A contains codes for transfinite
ordinal levels, provided that:

1. the level codes are finite;

2. well-formedness and level typing are polynomial-time decidable;

63



3. only finitely represented objects in the subcarriers C, are used;

4. the graphs of the permitted superhyperoperations are polynomial-time decidable.

Complexity is measured with respect to the lengths of the finite encodings, not with respect to the cardinalities
of the full set-theoretic carriers
d(a
P (s).

Thus, merely allowing a level such as w does not provide an algorithm with direct access to all objects occurring
below that level.

Remark 5.6.12 (Relation to the Classical P versus NP Problem). The equality
SHPgg = SHNPgg

is a statement about existence languages induced by the chosen effective SuperHyperStructure and its repre-
sentation system.

Without polynomial certificate universality, this equality need not be equivalent to the classical equality
P=NP.
When polynomial certificate universality holds, however,
SHPgg = P and SHNPgg = NP,
and therefore

SHng = SHNPgb <= P=NP.

5.7 Illustrative Real-Life Example: Hierarchical Regional Disaster-Response Deploy-
ment

We present a real-life superhyperstructural search problem concerning the hierarchical deployment of medical
personnel after a large-scale disaster. The hierarchy consists of four strictly typed levels:

individual personnel and hospitals — medical teams and hospital objects — hospital response units — regional deployment plz

Unlike an ordinary team-selection problem, a feasible solution is a nested and level-tagged object whose
components belong to different iterated powerset levels.

A regional disaster-response instance is a tuple
I = (R9 H7 T’ A)’

where:

R=A{r,...,r3q}

is a finite set of available medical personnel;

H={hy,....hg}

is a finite set of hospitals requiring emergency support;

7<(3)

is an explicitly encoded family of feasible three-person medical teams; and
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A:T — P(H)\ {2}

assigns to each feasible team 7" € 7~ the nonempty set A(7) of hospitals to which that team may be
deployed.

The requirement
IR| = 3|H| = 3q

models an initial emergency-response phase in which every hospital must receive exactly one three-person
medical team and every available professional must be assigned exactly once.

The feasibility family 7~ may encode practical conditions such as:

* professional qualifications and medical licenses;
* complementary clinical roles;

e current availability and working-time restrictions;
* interpersonal or operational compatibility;

* transportation constraints; and

* access to specialized equipment.

Similarly, the condition
h e A(T)
may depend on the distance between the members of T and the hospital 4, the hospital’s clinical needs, or the

compatibility between the team’s expertise and the hospital’s emergency demand.

The objective is to construct a strictly typed hierarchical regional plan that assigns exactly one feasible team to
each hospital while using every available professional exactly once.

The strictly typed carrier levels

Let Irpr denote the set of valid finite encodings of regional disaster-response instances. Define the untyped
base symbols

SRDR

to consist of atoms of the forms
res(Z,r) and hos(1, h),

where
IZ(R,H,T,A)EIRDR, VER, heH.

The instance tag I ensures that personnel and hospitals belonging to different instances are represented by
distinct objects.

Let
ArpRr = {10, 41, A2, 43},

where
We define finitely representable subcarriers

Cy CPL(Sror)  (j €1{0,1,2,3}).
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At level 0, define the typed personnel and hospital atoms by
res(I,r) :={0,res(I,r))

and -
hos(1, h) := (0,hos(I, h)) .

Then set
Ca, :={res(l,r) | I € Irpr, r € Ry}

U {I’I‘Ois(l,h) ‘ I € Ixpr, h € HI} .

By construction,
Ca, S P2 (SrDR).

For a feasible team
T= {rtl7rb’rc} € T?
define its strictly typed level-1 representation by
Tp = (1,{res(I,ro), tes(I, ), €8 (1, 7¢)}) .

For a hospital & € Hy, define
Aip= <1, {1’165(1, h)}>
Define the empty level-1 object by
11 :=(1,2).
Let R
Cy ={L1} U {TI ‘ I € Irpr, T € 77}
U {ﬁl,h | I € Igxpr, h € H]} .

Every element of C,, has the form
(1,X) with X C C,,,

and hence
Ca, € PL(SRDR).

If
TeT; and heA(T),

define the corresponding strictly typed hospital response unit by

Urht = <2, {ﬁl,h, TI}> .

Define the empty level-2 object by

1y :=(2,2).
Let
I € Irpg,
Cp, ={L2} U Upnr| TET,
he A[(T)

Every element of C,, has the form
2,X) with X € Cy,,

SO
Ca, C P (SroR).

For a nonempty response unit
Urnr € Ca, \ {12},
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define
hospital(Uy p,7) := h

and
team(Uy p1) :=T.

Two nonempty response units
Urnr and U,

are called compatible if
h+h

and
TNT =@.

Let
U= {Ul,hl,T]’ T Ul’hk’Tk}

be a nonempty finite set of pairwise compatible response units belonging to the same instance /. Define the
corresponding strictly typed level-3 partial plan by

Plan; (U) := (3, U).

Define the empty level-3 object by

13:=(3,2).
Let
I € Irpr,
ucc 1o},
Cay = {13} U {Plany(U) | o @/12 \ {12}
U is finite and pairwise compatible
For
Y = Plan; (U),
define
units(Y) := U.

Since each level-3 object has the form
3,U) with U C C,,,

we have

Ca, C P2 (SroR).

The four subcarriers therefore have the following interpretations:

C,, : typed personnel and hospital atoms,

C,, : typed medical teams and hospital singletons,

C,, : typed hospital response units,

and
C,, : typed regional deployment plans.
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The SuperHyperOperations
We define four finite-valued SuperHyperOperations.

First, define the team-formation operation
Oform : C3, — Piin(Ca,) \ {2}.
For three distinct personnel atoms belonging to the same instance, set
Otorm (F&(1, 7). 1&5(1, 1), 168 (1, 7)) = {T1}

whenever
T ={rq,rp,rc} €77.

In every other case, define
Oform (X1, X2, X3) 1= {L1}.

Second, define the hospital-assignment operation
Oassign Ca, X Chy — Phin(Cay) \ {2}
by
eassign (TI’ HI,h) = {Ul,h,T}

whenever
TeT; and heA(T).

For every other input pair, define
Qassign(Xs Z) := {12}

Third, define the initial coordination operation
Ostart - C/lz — ¢)ﬁn(c/lg) \ {@2}.
For every nonempty response unit
U=UpnreCy \ {12},

define
®start(U) = {Planl({U})} .

For the invalid or empty input, define
Ostart (L2) = {L3}.

Finally, define the plan-extension operation
Oextend * C/lg X C/lz — Pﬁn(cxh) \ {®}

Let
Y = Plan;(U) € Ca, \ { L3},

and let
U € C/l2 \ {J_z}

be a response unit belonging to the same instance . If U is compatible with every member of U, define
Oextend (Y, U) := {Plan; (U U {U})}.

For every other input pair, define
Oextend (¥, U) := {L3}.

Let
63z)RDR = (SRDR’ ARDR, {C/l }/lEARDR’ {enc/l }/IEARDR’ {Gform’ Oassigns Ostart ®extend}) s
where each
enc; : Cy — {0,1}"

is a fixed injective, self-delimiting, canonical encoding preserving the level tag.
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Proposition 5.7.1. The system
SHror

is an effectively encoded SuperHyperStructure.

Proof. The level system
AgrpRr = {40, 41, 42, A3}

is finite. Hence, membership and equality of level codes are decidable in deterministic polynomial time.

All carrier objects are finite and canonically encoded. Given a tagged encoding, one can verify in deterministic
polynomial time whether it represents:

1. a valid typed personnel or hospital atom;
2. avalid typed medical team or hospital singleton;
3. avalid typed hospital response unit; or

4. a valid typed regional partial plan consisting of pairwise compatible response units belonging to the
same instance.

Thus, the global tagged carrier language is decidable in deterministic polynomial time.

Each SuperHyperOperation has fixed arity and returns a finite nonempty set. Invalid inputs return one of the
level-appropriate singleton values

{11}, {12}, {13}

For every operation, membership of a proposed output in the operation value can be verified by parsing the
involved instance, consulting the explicitly represented sets 77 and Aj(T), and checking level tags, set equality,
hospital distinctness, and team disjointness. These tests are executable in deterministic polynomial time with
respect to the total length of the involved encodings.

Therefore,
SHror
satisfies all requirements of an effectively encoded SuperHyperStructure. O
The associated SuperHyperProblem
Let
Q&5ppr

be an effective SuperHyperObject representation containing canonical encodings of objects from
C/l() 5 C/l] > C/lz 5 C/l3 >
as well as finite formal terms and derivation objects associated with the preceding SuperHyperOperations.

For notational simplicity, a semantic carrier object and its canonical representation in Qgg, . are identified
whenever no ambiguity can arise.

Define the regional disaster-response relation
S9H *
RRDlgDR c {0, 1} x (21T
as follows.

Let
x =enc(]), I=(R,H,T,A).
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Declare that

5
(x,Y) € REwor

if and only if there exist teams
TheT (heH)

such that
Y =Plan; ({U 1, | h € H})

and all of the following conditions hold:

1. every hospital occurs exactly once:

{hospital(U) | U € units(Y)} = H;

2. every selected team is feasible:
T, €T for every h € H,

3. every selected team is admissible for its assigned hospital:

h e A(Ty) for every h € H;

4. the selected teams are pairwise disjoint:

ThnNTy =2 whenever h # h';

UTth;

heH

5. every available professional is assigned:

6. for every h € H, writing the members of T}, in their canonical encoded order as
Tp ={rna,rn2,h3}s
the corresponding team object is generated by Ogorm:
Thi € Otorm (1€5(1, 7,1), Te8(1, 742), 168 (1, 7p.3)) 5
7. every response unit is generated by Ogssign:
Urh,T, € Qassign (fh,, ﬁl,h) for every h € H;
and
8. the units can be combined into Y by one application of Oy, followed by successive applications of

Oextend-

More explicitly, let
H = {hl,...,hq},
where the hospitals are listed in canonical encoded order, and define

Uj = Urn;.1, (je{l,....q}).

There must exist plans

Yi,....Y,
such that
Y| € Oart(U1),
Y; € Oexend(Yj-1,Uj) (G=2....9),
and

Y, =Y.

This formulation also covers the case ¢ = 1.
The associated search problem is:
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Given the available medical personnel, the hospitals requiring emergency support, the feasible
medical teams, and the hospitals to which each team may be deployed, construct a strictly typed
nested regional plan that assigns exactly one feasible team to every hospital and uses every available
professional exactly once.

Proposition 5.7.2. The relation

SHrOR
RRDR

is a polynomially balanced S$Hrpr-SuperHyperProblem whose graph is decidable in deterministic polynomial
time. Consequently,

S9
RRDl;{DR € SHFNP@gRDR.

Proof. Let
x =enc(]), I'=(R,H,T,A),

and suppose that

(x,Y) € RgR0R,

Then
|units(Y)| = |H| = q.

Since the input explicitly represents R, H, 7, and A, we have

q < |x|.

Every unit in units(Y) contains one level-1 hospital object and one level-1 three-person team object, together
with their level and instance tags. Therefore, there exists a polynomial p; such that every represented response
unit U satisfies

Ul$ppr < P1(1X]).

Since Y is a canonical level-3 encoding containing at most |x| such response units, there exists a polynomial
p2 such that

Y lespme < P2(lx]).

Thus, the relation is polynomially balanced.

To verify whether

(x,Y) € REDwR

a deterministic algorithm performs the following steps:

1. parse x as a valid instance
I=(R,HT,A);

2. parse Y as a canonically encoded level-3 object;

3. verify that every member of units(Y) is a valid level-2 response unit associated with the same instance 7
4. verify that every hospital occurs exactly once;

5. verify that every selected team belongs to 77;

6. verify that each selected team is admissible for its assigned hospital;

7. verify that the selected teams are pairwise disjoint;

8. verify that their union is exactly R;

9. verify all required Ogyrm- and Oygsign-membership conditions; and

10. order the units canonically by hospital identifiers and verify the corresponding Ogart- and Oextend-
derivation.

71



All input sets are explicitly represented, and all required carrier, operation-membership, equality, union, and
disjointness tests are computable in deterministic polynomial time in

Pl + 1Y (@5 -

Hence, the graph of

SHrOR
RRDR

is decidable in deterministic polynomial time. Therefore,

5
RE2¥® € SHFNPgg, -

The existence language of this SuperHyperProblem is

LRDR := Dom (RSSRRDR) .

Equivalently,
Lgpr = {enc(I) | I admits a complete regional deployment plan} .

Thus, the corresponding decision problem asks whether the available medical personnel can be partitioned into
feasible three-person teams and whether those teams can be assigned bijectively to the hospitals in accordance
with the admissibility relation A.

Theorem 5.7.3. The language
Lrpr

is NP-complete. Consequently,
LRrpr € SHNP@&RDR.

Proof. By Proposition every admissible regional deployment plan has polynomially bounded encoding
length and can be verified in deterministic polynomial time. Therefore,

LRDR e NP.
To prove N P-hardness, consider an instance
(X,0)
of Exact Cover BY 3-SETs, where
1X| = 3q
and
X
Cc .
3

Construct a regional disaster-response instance

Ixc=(R,H,T,A)

by setting
R =X,
H:={hi,..., hg},
T :=0C,
and

A(T):=H foreveryT € 7.

Thus, every feasible team may be assigned to every hospital. This transformation is computable in deterministic
polynomial time.
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Suppose first that
C' = {Tl,...,Tq} cC

is an exact cover of X. Assign T} to h;, and define

Y :=Plany, . ({UIX’C’hj’T,. \j e{l,... q}}) .

Because T1,...,T, are pairwise disjoint and their union is X, the object Y is a valid complete regional
deployment plan. Hence,
CHC(Ixyc) € LRDR'

Conversely, suppose that
CIIC(IX’C) € LRpRr.

Then there exists a valid regional deployment plan

Y = Plan,xyc ({UIX,C,h,Th he H}) .

The selected teams
{Tn, | h e H}

belong to C, are pairwise disjoint, and have union X. Since there are exactly g hospitals, these teams form an
exact cover of X.

Therefore,
(X, C) € Exact CovEer BY 3-SETs
if and only if
CHC(Ixyc) € LRDR-
Hence,

Exact Cover BY 3-SETs <P Lrpr.

Since Exact CovEer By 3-SEts is N P-complete, Lrpr is N P-hard. Combining this with
Lrpr € NP,
we conclude that Lrpr is N P-complete.
Finally, Lgrpr is the existence language of a relation in
SHFNPgg, ...

and therefore
LRrpR € SHNP@gRDR.

Corollary 5.7.4. If
REDW% ¢ SHFPGg, .,

RDR
then
P =NP.
Proof. Assume that
RGS:)RDR
RDR

has a deterministic polynomial-time superhyper-solver B.

Given an encoded instance x, compute
Y := B(x)

and run the deterministic polynomial-time verifier for

SHrDR
RRDR
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on (x,Y).

If
X € LRpR,

then the instance admits a valid superhyperstructural solution, and B must return one. Hence, the verifier
accepts.

If
x & Lrpr,

then no admissible regional plan exists, so the verifier rejects every output produced by B.

It follows that
Lgrpr € P.

Since Lrpr is N P-complete, we obtain
P =NP.

A small numerical instance

Consider the personnel set
R ={dy,dy,ny,n2, 11,12},

where d, d, are physicians, ny, ny are nurses, and ¢, f, are emergency medical technicians.

Let
H ={ha,hp}

be two hospitals requiring one emergency team each. Suppose that the feasible teams are
Ty ={di,n1, 1}, T = {da, n2, 12},

;= {dl’n%tl}’ Ty = {dz, nl’IZ}-

Thus,
T ={T1,1», T3, T4}.

Assume that every listed team may be assigned to either hospital:

A(T}) = {ha, hp} (j €{1,2,3,4}).

At level 0, the personnel and hospitals are represented by typed atoms such as
res(1,dy) = (0,res(1, dy))
and .
hos(1, ha) = {(0,hos(I, ha)).
At level 1, the first two teams are represented by
Tiy = (1L {fes(I, dy), 7es(1, m1), 7es(1, 11)})

and _
Toy = (1,{res(I, d3),1es(I, nz), 1es(1, 12)}) .

The hospitals are represented by
HI,hA = <1, {HBE(I, hA)H

and
Hypy = <1, {1355(1, hB)}>.
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The team-formation operation satisfies
T1; € Otorm (F&S(1, d), 1ES(1, n), 15 (1, 1)

and
Ta1 € Oporm (165(1, da), 1&5(1, n2), 185(1, 12)) .

At level 2, define
Uy = <2, {HI,hA,T11}>

and R R

Upy = <2, {HI,hB,T21}> .
Then L

UA,I € Qassign (Tll, HI,hA)
and L

UB,2 € oassign (TZI’ HI,hB) .
Since

nnT, =,

the units U4 | and Up > are compatible. Define
Y11 :=Plan;({Ua,1}).

Then
Yl,l € ®start(UA, 1 )

The complete level-3 plan is
Yy :=Plan; ({Ua,1,Up}),

and
Y| € Ocxtend (Y1,1,Ug2) -
Moreover,
T\UT, =R,
SO

S
(enc(I),Yy) € RRSI'{DR.

A second admissible deployment is obtained from

T3 = {d\,n2, 1}
and

Ty = {da,n1,12}.

Namely,
Y2 = Plan; ({Upna, 15 Ui, 13 })

is also a valid level-3 regional deployment plan.

This example illustrates the superhyperstructural solvability—verifiability distinction. Once a complete strictly
typed nested plan is supplied, one can efficiently verify the feasibility of every medical team, the admissibility of
each hospital assignment, the disjointness of the selected teams, the coverage of all personnel, and the validity of
the hierarchy connecting personnel, teams, hospital units, and the regional plan. By contrast, constructing such
a hierarchy from a large family of overlapping feasible teams contains an N P-complete exact-cover problem.
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Chapter 6

A Fuzzy Analogue of the P versus NP Problem

In classical computational complexity theory, P and NP are classes of decision languages. A fuzzy language,
however, assigns a membership degree rather than a Boolean acceptance value to each input. Consequently,
a complexity class of fuzzy languages is naturally a class of value functions, not merely a class of decision
languages.

To obtain mathematically well-defined complexity classes, one must distinguish between:

1. exact computation over a finitely representable degree domain; and

2. approximate computation of arbitrary real-valued membership degrees.

The exact fuzzy classes introduced below are value-function analogues of polynomial-time computation and
existential maximization over polynomial-size certificates. Their associated threshold languages provide
corresponding decision-theoretic formulations.

6.1 Exact Fuzzy Value Complexity

Exact fuzzy value complexity studies representable membership degrees, distinguishing polynomial-time direct
computation from values obtained by maximizing efficiently computable verification degrees over polynomially
bounded certificates.

Definition 6.1.1 (Effective Fuzzy Degree Domain). An effective fuzzy degree domain is a pair
D = (D,encp),

where:

is a countable set containing 0 and 1;

encp : D — {0,1}"
is an injective encoding map;

3. the set
Enc(D) :=encp(D)

is decidable in deterministic polynomial time;
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4. given encodings of a, b € D, the relations
a=>b and a<b

are decidable in deterministic polynomial time.

Since the order on D is polynomial-time decidable, the maximum of any explicitly given finite list of elements
of D can be computed in time polynomial in the total length of the list.

Typical examples include:

D ={0,1},

the rational unit interval
D=Qn[0,1],

and the dyadic unit interval
D={Z ke 0<ms2t,
2k
provided that canonical finite encodings are fixed.

Definition 6.1.2 (D-Valued Fuzzy Language). Let X be a finite alphabet and let D be an effective fuzzy degree
domain. A D-valued fuzzy language over X is a function

L:>— D.

For every input x € X*, the value L(x) is interpreted as the degree to which x belongs to L.

Definition 6.1.3 (Exactly Polynomial-Time Computable Fuzzy Language). A D-valued fuzzy language
L:¥—D

is called exactly polynomial-time computable if there exist a deterministic Turing machine M and a polynomial
p such that, for every x € £*, the machine M outputs

encp (L(x))

and halts within
p(lx))

steps.

This definition does not require a Turing machine to output an arbitrary real number. It requires the machine
to output a finite encoding of an element of the effective degree domain D.

Definition 6.1.4 ( Fuzzy-P ). The class
Fuzzy-P,,

consists of all exactly polynomial-time computable D-valued fuzzy languages.

Definition 6.1.5 (Polynomial-Time Exact Fuzzy Verifier). Let X be a finite alphabet. A polynomial-time exact
fuzzy verifier over D 1is a function
V:¥'x{0,1}* — D

for which there exist a deterministic Turing machine My and a polynomial » such that, for every
xex” and w € {0, 1},

the machine My outputs
encp (V(x,w))
within
r(lxl +wl)

steps.
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The value V(x, w) is interpreted as the degree to which the certificate w verifies the membership of x.
Definition 6.1.6 ( Fuzzy-NP ). A D-valued fuzzy language
L:2— D

belongs to
Fuzzy-NP

if there exist a polynomial-time exact fuzzy verifier
V:2x{0,1} — D
and a polynomial g such that, for every x € £*,

L(x) = max Vix,w).
we{0,1}=alx)

The maximum is well-defined because, for each fixed input x, the witness set
{0, I}SCI(le)

is finite.

This definition replaces Boolean existential quantification by maximization: in the Boolean case,
max Vix,w)=1
if and only if at least one certificate w satisfies
V(ix,w)=1.
Remark 6.1.7 (Value-Function Interpretation). For a general degree domain
D #{0,1},

the class
Fuzzy-NP

is a class of value functions obtained by maximizing an efficiently computable degree over polynomial-size
certificates. It is therefore closer in form to an optimization-valued analogue of NP than to an ordinary
decision-language class.

The notation Fuzzy-NP,, emphasizes the replacement of existential quantification by maximum, but the
members of the class are fuzzy value functions.

Proposition 6.1.8. For every effective fuzzy degree domain D,

Fuzzy-P, C Fuzzy-NP,.

Proof. Let

L € Fuzzy-P.
Define

V(x, &) := L(x),
where ¢ denotes the empty string, and take

q(n) :=0.
Then
{0, 1}Sq(IXI) = {e},
and hence
max  V(x,w) =V(x,e) = L(x).
we{0,1}<a(xD

Therefore,

L € Fuzzy-NP,.
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Problem 6.1.9 (Exact Fuzzy P versus NP Problem). Let O be an effective fuzzy degree domain. Determine
whether
Fuzzy-P g = Fuzzy-NP,.

Equivalently, determine whether every D-valued function expressible as the maximum of an exactly polynomial-
time computable fuzzy verifier over polynomial-size certificates is itself exactly computable in deterministic
polynomial time.

Definition 6.1.10 (Characteristic Fuzzy Language). Let
AcCy
be a classical language. Its characteristic fuzzy language is the function
xa: X —{0,1}

defined by
1, xeA,
xa(x) = {0’ x¢A.

Theorem 6.1.11 (Boolean Specialization). Let
B = ({0,1},encg)
be the Boolean degree domain. Then
{x | A € P} = Fuzzy-Py,

and
{xa| A € NP} = Fuzzy-NPg.

Proof. First, let A C X*. The characteristic function

XA

is computable in deterministic polynomial time if and only if membership in A is decidable in deterministic
polynomial time. Therefore,
xa € Fuzzy-Pg < Ac€P.

Next, suppose that A € NP. Then there exist a deterministic polynomial-time Boolean verifier
Va: 2" x{0,1} — {0,1}
and a polynomial g such that
xeA e 3w e{0,1}590D such that V4 (x,w) = 1.

Equivalently,

xalx) = max Valx,w).
we{0,1}<alxD

Hence,
Xa € Fuzzy-NPg.

Conversely, suppose that
XA € Fuzzy-NPg.

Then there exist a polynomial-time Boolean verifier V and a polynomial g such that

xa(x) = Vix,w).

max
we{0,1}alx

Therefore,
xeA < 3we{0,1}590%D guch that V(x,w) = 1.

Thus,
A eNP.
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Corollary 6.1.12. For the Boolean degree domain B,
Fuzzy-P4; = Fuzzy-NPg4
if and only if
P=NP.

Proof. The result follows immediately from the Boolean specialization theorem. O

More generally, if an effective degree domain 9 contains effectively represented copies of 0 and 1, then
Fuzzy-P,, = Fuzzy-NP,,

implies
P=NP,

because every Boolean verifier can be regarded as a D-valued fuzzy verifier.

6.2 Exact Threshold Languages

Exact threshold languages classify inputs according to whether exactly computable fuzzy membership degrees
meet specified thresholds, thereby converting value-function complexity into corresponding crisp decision
problems.

Definition 6.2.1 (@-Cut). Let
L:Y— D

be a D-valued fuzzy language, and let @ € D. The a-cut of L is the classical language
Log:={xeX| L(x)>a}.

Proposition 6.2.2. Let a € D.

1. If
L € Fuzzy-Pp,
then
L., €P.
2. If
L € Fuzzy-NP,,
then
L., € NP.
Proof. Suppose first that
L € Fuzzy-P,.

On input x, compute the finite encoding of L(x) and compare L(x) with @. Both operations are executable in
deterministic polynomial time. Hence,
L., €P.

Now suppose that
L € Fuzzy-NP .

Then there exist a polynomial-time exact fuzzy verifier V and a polynomial ¢ such that

L(x) = max V(x,w).
we{0,1}=axD
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Since D is totally ordered as a subset of [0, 1],
L(x)>a

if and only if
3w € {0, 1}=90*D guch that V(x, w) > a.

The value V(x, w) and the comparison with @ can be computed in polynomial time. Therefore,
L>, € NP.
O

Problem 6.2.3 (Exact Threshold Fuzzy P versus NP Problem). Let D be an effective fuzzy degree domain
and let @ € D. Determine whether
Ls,€P

for every
L € Fuzzy-NP .

If D contains the Boolean degree domain and & = 1, an affirmative answer for all such fuzzy languages implies

P=NP.

6.3 Approximate Fuzzy Value Complexity

The exact framework applies only when every membership degree has a finite effective representation. To treat
arbitrary real-valued membership degrees, we use approximation algorithms.

Definition 6.3.1 (Polynomial-Time Approximable Fuzzy Language). A fuzzy language
L:%X — [0,1]

is called polynomial-time approximable if there exists a deterministic Turing machine M such that, for every

xex* and k €N,

the computation

M(x, 1%
outputs a dyadic rational

re[0,1]
satisfying

Ir — L(x)| <27%,
and halts in time polynomial in
|x| + k.

Here, 1% is a unary precision parameter. This is the standard form of a uniform polynomial-time Cauchy
approximation.

Definition 6.3.2 ( ApproxFuzzy-P). The class
ApproxFuzzy-P

consists of all polynomial-time approximable fuzzy languages
L:X — [0,1].
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Definition 6.3.3 (Uniformly Approximable Fuzzy Verifier). A function
v:Z"x{0,1} — [0,1]

is called a uniformly polynomial-time approximable fuzzy verifier if there exists a deterministic Turing machine
M, such that, for every
x eX, w € {0, 1}, k €N,

the machine
MV (x3 W, 1k)

outputs a dyadic rational r € [0, 1] satisfying
lr—v(x,w) <27%

and halts in time polynomial in
x| + [w| + k.

Definition 6.3.4 ( ApproxFuzzy-NP). A fuzzy language
L:%X — [0,1]

belongs to
ApproxFuzzy-NP

if there exist a uniformly polynomial-time approximable fuzzy verifier
v:Z"x{0,1} — [0,1]
and a polynomial ¢ such that, for every x € £*,
L(x) = max  v(x,w).
we{0,1}=allxD)
Again, the maximum exists because the set of permitted certificates is finite.

Proposition 6.3.5. We have
ApproxFuzzy-P C ApproxFuzzy-NP.

Proof. Let
L € ApproxFuzzy-P.
Define
v(x,e) := L(x)
and set
q(n) :=0.
Then
L(x) = max  v(x,w).

we{0,1}sa(x)

Therefore,

L € ApproxFuzzy-NP.

Problem 6.3.6 (Approximate Fuzzy P versus NP Problem). Determine whether

ApproxFuzzy-P = ApproxFuzzy-NP.

Equivalently, determine whether the maximum over polynomially many bits of nondeterministic choice of
a uniformly polynomial-time approximable fuzzy verifier can itself always be approximated in deterministic
polynomial time.
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Proposition 6.3.7. If
ApproxFuzzy-P = ApproxFuzzy-NP,

then
P=NP.

Proof. Let A € NP. Its characteristic function

xa:2—{0,1}

belongs to
ApproxFuzzy-NP,
because a Boolean polynomial-time verifier is also a uniformly approximable fuzzy verifier.
By the assumed equality,
xA € ApproxFuzzy-P.

Therefore, on input x, one can compute a rational approximation r satisfying

1
= x| < 4

in polynomial time. It follows that

XEA = r>-.

2
Hence,
AeP

Since A € NP was arbitrary,

NPCP
Together with the standard inclusion

P C NP,
this gives

P =NP.

6.4 Promise-Gap Threshold Problems

For an approximately computable real-valued fuzzy language, exact comparison with a threshold may be
unstable when the membership degree is arbitrarily close to the threshold. Therefore, an approximate threshold
problem should be formulated with a nonzero promise gap.

Definition 6.4.1 (Promise-Gap a-Cut). Let

L:%¥ — [0,1]
be a fuzzy language, let
a€Qnl0,1],
and let
Y:N—Q

be a polynomial-time computable function satisfying

1
y(n) 2 )

for some polynomial p.
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The promise-gap a-cut of L is the promise problem

GapCuty o, = (Yr,a.y> NL.avy) »

where
Yiay={x€Z"|L(x) 2 a+y(x])},

and
Niay={x € X" | L(x) <a-y(x]}.

Inputs satisfying
a—y(lx]) <L(x) <a+y(x)

lie outside the promise.

Proposition 6.4.2. Let @ € QN [0, 1], and let 'y be an inverse-polynomial promise gap.

1. If
L € ApproxFuzzy-P,
then
GapCut,,, ,, € PromiseP.
2. 1If
L € ApproxFuzzy-NP,
then

GapCut,_, ,, € PromiseNP.

Proof. Suppose first that
L € ApproxFuzzy-P.

Choose a precision k satisfying

y(x)
2

Since 7 is inverse-polynomially bounded, such a k is polynomially bounded in |x|. Compute an approximation
r satisfying

27k <

Ir — L(x)| <27%.

Accept if
rza

and reject otherwise.

If

L(x) = a +y(|x]),
then

rza+ M > a.

2

If

L(x) < a—y(|x]),
then

r<a-— y(|2x|) <a.

Hence, the promise problem belongs to PromiseP.

Now suppose that
L € ApproxFuzzy-NP.

Then

L(x) = max v(x,w)
we{0,1}<alxD
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for some uniformly polynomial-time approximable verifier v.

On a yes-instance, there exists a certificate w such that
vix,w) > a +y(|x]).
The verifier approximates v(x, w) to error at most

y(Ix)
2

and accepts if the approximation is at least a.

On a no-instance, every certificate w satisfies
v(ix,w) < L(x) <a-vy(|x]).

Therefore, every sufficiently accurate approximation is strictly less than @, and every certificate is rejected.
Hence,
GapCut,_, ,, € PromiseNP.

Remark 6.4.3. Without a promise gap, the approximation procedure may be unable to determine whether
L(x) = a, L(x) > a, or L(x) <a

using only polynomially many bits of precision. Therefore, the exact @-cut of an approximately computable
fuzzy language is not automatically a polynomial-time decidable language.

Problem 6.4.4 (Promise-Gap Threshold Fuzzy P versus NP Problem). Determine whether
GapCut, , ,, € PromiseP

for every
L € ApproxFuzzy-NP,

every rational threshold
a€[0,1],

and every polynomial-time computable inverse-polynomial promise gap .

The exact fuzzy framework studies finitely representable degree values, whereas the approximate framework
studies uniformly approximable real-valued functions. The corresponding threshold formulations recover
ordinary decision complexity only after an exact comparison mechanism or a suitable promise gap has been
specified.

6.5 Illustrative Real-Life Example: Fuzzy Suitability of Home-Healthcare Scheduling

We present a real-life fuzzy value problem concerning the construction of a home-healthcare schedule. A
home-healthcare provider must assign available caregivers to patient visits. Each candidate route has a gradual
suitability degree reflecting factors such as professional qualification, travel reliability, continuity of care,
workload, and compatibility with the patients’ needs.

A proposed complete schedule can be verified efficiently. However, finding a valid schedule having the highest
possible suitability degree requires the maximization of an efficiently computable fuzzy verification value over
polynomially bounded certificates.

Let a
Dayaa = {z_b |ab ey, 0<a<2v).
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Fix a canonical binary encoding
encp,,y : Dayaa — {0, 1}*.

Then
Ddyad = (Ddyad’ enCDdyad)

is an effective fuzzy degree domain. Equality and order comparison between canonically encoded dyadic
rational numbers are decidable in deterministic polynomial time.

A home-healthcare scheduling instance is a tuple
I=(P,C,R,car,cov,s),

where:

P={pi,....pn}

is a nonempty finite set of required patient visits;

CZ{Cl,...,Cg}

is a finite set of available caregivers;

R={Ri,....Rm}

is an explicitly encoded finite family of candidate daily routes;

car:R—C

assigns a caregiver to each candidate route;

cov:R — P(P)\ {2}

specifies the patient visits covered by each candidate route; and

s:R— Ddyad

assigns an exactly represented fuzzy suitability degree to each route.

Each route R; is assumed to satisfy its internal hard constraints, including travel-time feasibility, required
qualifications, and the time windows of the visits assigned to that route. These conditions are either verified
when the route is generated or included in the polynomial-time route-validity test.

The value
s (R j) €D dyad

represents the degree to which route R; is suitable for practical deployment. For example, it may be defined by
S(Rj) := min {Squal(Rj)7 stravel(Rj)a scontinuity(Rj)7 sworkload(Rj)} s

where:

* squal(R;) measures the compatibility between the caregiver’s qualifications and the patients’ medical
needs;

* Syavel (R ) measures the reliability of completing the route within the available travel time;
* Scontinuity (Rj) measures continuity of care; and
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* Sworkload (R j) measures the acceptability of the caregiver’s workload.

Since the minimum of finitely many dyadic rational numbers is again a dyadic rational number, this definition
produces an element of D gyaq.

A schedule is represented by a bit vector
w=wi---wy, € {0,1}",

where

means that route R; is selected.

Let
R(w) :={R; e R|w; =1}.

The bit vector w represents a valid complete schedule if the following conditions hold:

1. every required patient visit is covered exactly once:

Z wi=1 for every p € P;

I<j<m
pecov(R;)

2. each caregiver is assigned to at most one selected route:

Z w; <1 for every c € C;

1<j<m
car(Rj)=c

3. every selected route is internally feasible according to the encoded qualification, time-window, and travel
constraints.

Because P # @, every valid complete schedule selects at least one route.

For a valid schedule w, define its overall fuzzy suitability by the bottleneck value

Suit(/,w) := min s(R;).
1<j<m
Wj=1
Thus, the quality of a complete schedule is determined by its least-suitable selected route. This reflects a

safety-oriented policy: a schedule is regarded as highly suitable only when every selected route has a high
suitability degree.

Let
ZHHC

be a finite alphabet used to encode home-healthcare instances. Define the exact fuzzy verifier
Viue © Zipe X {0, 1} — Dgyaa

by
x =enc([),
Suit(Z,w), w €{0,1}", and
Vi (x, w) 1= w represents a valid complete schedule for 7,
0, otherwise.
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Proposition 6.5.1. The function
Viuc

is a polynomial-time exact fuzzy verifier over Dgyad.

Proof. Given (x,w), a deterministic algorithm first verifies that x is a valid encoding of an instance
I =(P,C,R,car,cov,s).

It then verifies that
lw| = m.

For every patient visit p € P, the algorithm counts the selected routes containing p and checks that the count
is exactly one. For every caregiver ¢ € C, it counts the selected routes assigned to ¢ and checks that the count
is at most one. It also verifies the internal feasibility of every selected route.

All families and relations are explicitly encoded, so these operations are executable in deterministic polynomial
time in
x| + [wl.

If w is invalid, the verifier outputs the canonical encoding of 0. If w is valid, it computes

min s(R;)
I<j<m
Wj=1

by comparing at most m canonically encoded dyadic rational numbers. This computation is also executable in
deterministic polynomial time.

Therefore,
VHHC

is a polynomial-time exact fuzzy verifier. O

Define the fuzzy language
Lunc : Zige — Ddyad
by

Lync(x) == max  Vyuc(x, w).
we{0,1}=Ixl

For a valid instance x = enc(/), the number m of candidate routes satisfies
m < |x|

under any explicit encoding of the route family. Hence, every schedule certificate has polynomially bounded
length.

The value
Lync(x)

is the maximum bottleneck suitability degree attainable by any valid complete home-healthcare schedule. If
no valid complete schedule exists, then

Lync(x) = 0.

Proposition 6.5.2. The fuzzy language
Lunc
belongs to
Fuzzy-NPp, .
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Proof. By Proposition[6.5.1]
Vine

is a polynomial-time exact fuzzy verifier. Taking

q(n) :=n,

we have

Lync(x) = Vinue (x, w).

max
we{0,1}=a(xD)

Therefore, by the definition of Fuzzy-NP, iyad?

Lunc € Fuzzy-NP 4, iyad

This formulation illustrates the fuzzy analogue of existential verification. In a Boolean problem, one asks
whether there exists a valid schedule. In the present fuzzy problem, each schedule verifies the instance to a
particular degree, and the fuzzy language value is the maximum verification degree:

Lypc(x) = max Vauc (x, w).

For a fixed
aeD dyad>

define the threshold language
LHHC’ZQ = {x € Z;IHC | LHHC(X) > a}.

Equivalently,
X € Lync,>a

if and only if there exists a valid complete schedule w such that

s(Rj) 2«
for every selected route R;.
Proposition 6.5.3. For every fixed

@ € Dgyad,
we have

Lyuc,>a € NP.
Proof. A certificate is a schedule bit vector
w e {0,1}".

A deterministic polynomial-time verifier checks that w is a valid complete schedule and that
s(Rj) 2«

for every selected route. Equivalently, it computes
Ve (x, w)

and accepts if and only if
Viae (x, w) > a.

Therefore,
LHHC, >a € NP.
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Theorem 6.5.4. The 1-cut
Lunc,>1 = {x | Lunc(x) = 1}

is NP-complete.

Proof. Membership in NP follows from Proposition

To prove N P-hardness, we give a polynomial-time reduction from Exact Cover By 3-SEts. Let
(X,S)
be an instance of Exact Cover BY 3-SETs, where
X ={x1,....,x3¢}
and

S={S,...,5.} ¢ (}3()

Construct a home-healthcare instance
Ix s = (P,C,R,car,cov,s)

as follows.

For every element x € X, create one required patient visit p,, and set

P :={pyx|xeX}.

For every set S; € S, create a distinct caregiver ¢; and a candidate route R;. Set
C:.= {Cls"'vcm}» R := {Rl,...,Rm},

car(R;) = cj,

and
cov(R;) :=={px | x€S;}.

Finally, assign full suitability to every route:

s(Rj) =1 forevery j € {1,...,m}.

The construction is computable in deterministic polynomial time.

Suppose first that
S§'cS

is an exact cover of X. Select precisely the routes corresponding to the sets in S’. Since the selected sets are
pairwise disjoint and their union is X, every patient visit is covered exactly once. Since each route has a distinct
caregiver, the caregiver constraint is also satisfied. The resulting schedule w is valid, and

Vine (enc(Ix,s), w) = 1.

Therefore,
Lunc (enc(Ix,s)) = 1.

Conversely, suppose that
LHHC (CIIC(IX“S)) =1.

91



Then there exists a valid complete schedule w. The selected routes cover every patient visit exactly once.
Therefore, the corresponding sets in S are pairwise disjoint and have union X. They consequently form an
exact cover of X.

Hence,
(X,S) € Exact CovEer BY 3-SETS
if and only if
enc(/x,s) € Lunc,>1-
Thus,

Exact CovER BY 3-SETs <, Lync,>1-
Since Exact CovEer By 3-SETs is N P-complete,
Lync,>1
is NP-complete. O

Theorem 6.5.5. The following statements are equivalent:

Lync € Fuzzy-P, iyad >
P=NP.

Proof. Suppose first that
Lunc € Fuzzy-P, iyad

Then the exact value
Lync(x)

can be computed in deterministic polynomial time. Since order comparison in Dgyaq is computable in deter-
ministic polynomial time, one can decide whether

Lunc(x) > 1
in deterministic polynomial time. Therefore,
Lync,>1 € P.

By Theorem|[6.5.4] the language Lync,>1 is NP-complete. Hence,

P=NP.
Conversely, suppose that
P=NP.
For a valid instance
x =enc([),

the value Lyyc (x) belongs to the finite set

{0} U {s(R1),...,5(Rm)}.

Indeed, the suitability of every valid schedule is the minimum suitability degree of one of its selected routes.

For every candidate value
d € {0} U {S(R])$ R S(Rm)}’

consider the language asking whether there exists a valid complete schedule using only routes R; satisfying
N (R j) >d.
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This language belongs to NP, because a schedule is a polynomial-length certificate and its validity can be
checked in deterministic polynomial time.

Under the assumption
P=NP,

each such threshold question can be decided in deterministic polynomial time. There are at most m + 1 distinct
candidate values. By sorting these values and testing them in decreasing order, or by using binary search, one
can determine the largest attainable value in deterministic polynomial time.

Therefore, the exact encoding of
Lync(x)

can be computed in deterministic polynomial time, and hence

Lyuc € Fuzzy-PDdya .

Thus, this single real-life fuzzy scheduling problem exhibits the exact fuzzy solvability—verifiability distinction:

Lunc € Fuzzy-NP , e

while
Lyyc € Fuzzy—PDdyad < P=NP.

The same example can be formulated using arbitrary real-valued suitability degrees. Suppose that route
suitability is determined by a fixed function

P e XN — [0, 1],
where
p(x. j)
is the suitability degree of the j-th route of the instance encoded by x.
Assume that p is uniformly polynomial-time approximable: there exists a deterministic Turing machine that,
on input
()C s .]'7 1k)7

outputs a dyadic rational r satisfying
Ir=p(x, j)l <27%

in time polynomial in

|x| +logj + k.
Define
VHHC © Zype X {0, 1} — [0, 1]
by
| gljisnm p(x,j), w represents a valid complete schedule,
vaHC (X, W) = wj=1
0, otherwise.

Proposition 6.5.6. The function
VHHC

is a uniformly polynomial-time approximable fuzzy verifier. Therefore, the fuzzy language

L¥P (x):= max v X, W
HHC( ) we{0.1) <l HHC( )

belongs to
ApproxFuzzy-NP.
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Proof. The validity of a schedule w is decidable in deterministic polynomial time.

For a valid schedule, approximate the suitability degree of each selected route to within 27%, and take the
minimum of the resulting approximations. The minimum function is 1-Lipschitz with respect to the maximum
norm. Consequently, if

Iry = plx, )l <278
for every selected route, then

. . . —k
min rj — min p(x,j)| <27%.
Jjiw;=1 Jiwji=1

Since at most m < |x| route values must be approximated, the entire computation runs in time polynomial in

|x| + |w]| + k.
Thus,
VHHC
is uniformly polynomial-time approximable.
Taking
q(n) :=n,

we obtain

L™ (x) = :

mnc () We{gﬁ?i(qw) VHHC (X, W)
Therefore,
Liihc € ApproxFuzzy-NP.

For a rational threshold

aeQn[o,1]
and an inverse-polynomial promise gap

7 : N — Q>O,

the associated promise problem distinguishes between

Lipc () = a+y(lx)

and
Lt (x) < @ —y(Ix]).

By the general promise-gap result for ApproxFuzzy-NP,

GapCut (L?ﬁgc, a, y) € PromiseNP.

The promise gap is operationally meaningful. If the optimal suitability is clearly above the required service
threshold, the instance is a yes-instance. If it is clearly below the threshold, the instance is a no-instance.
Instances whose optimal suitability is too close to the threshold lie outside the promise because the available
numerical precision may not support a reliable classification.

Consider six required patient visits
P ={p1.p2. p3, p4. s pe}

and four caregivers
C ={c1,c2,¢3, ¢}
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Suppose that the candidate routes are:

Route ‘ Caregiver ‘ Covered visits ‘ Suitability

R ¢l {p1.p2. p3} %
R c2 {p4, Ps, pe} I
R; c3 {p1, pa, ps} %
R4 c4 {p2, p3, pe} I

There are two valid complete schedules:
w) =(1,1,0,0)

and
w?® =(0,0,1,1).

For the first schedule,

73 3
Suit(Z,w") =min{~, = = =
uit(Z, w'") mm{8 4} 1
For the second schedule,
15 13 13
Suit(I,w(z)) = min {1—6, 1_6} = E
Therefore,
313 13
Lunc (enc(1)) = max{z, 1_6} = 16
Consequently,
enc(/) € Lync,»13/16,
whereas
enc(]) ¢ Lunc,>7/8-
The supplied schedule

w® = (0,0,1,1)
allows the degree
13
16
to be verified efficiently. Nevertheless, determining that no other valid schedule has a greater suitability degree

requires optimization over the family of admissible schedule certificates. This is precisely the distinction
represented by the exact fuzzy classes

Fuzzy-Pp, and Fuzzy-NPo, -
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Chapter 7

An Uncertain Analogue of the P versus NP Prob-
lem

The classical classes P and NP are classes of Boolean-valued decision languages. In an uncertainty-valued
setting, however, each input is assigned an element of a prescribed degree domain rather than one of the two
Boolean values 0 and 1. Consequently, the natural objects considered in this section are value functions.

To obtain a mathematically well-defined framework, uncertainty degrees must have finite effective representa-
tions, and the operation used to aggregate verification degrees must be computationally effective. We therefore
formulate the exact uncertain classes over an effectively represented finite-join semilattice.

7.1 Effective Uncertainty Models

Effective uncertainty models are finitely representable ordered degree systems with computable comparison and
join operations, enabling polynomial-time manipulation, aggregation, and verification of uncertainty-valued
information consistently.

Definition 7.1.1 (Effective Uncertainty Model). An effective uncertainty model is a tuple
M = (Dm,=3m,Vm, Ly, ency)

satisfying the following conditions:

1. for some fixed integer k > 1,
Dy c [0,1]*

is a countable set of finitely representable uncertainty degrees;

2.
(Dm»=2m)

is a partially ordered set;

3.
Vym Dy XDy — Dy

is the binary join operation; that is, for all a,b € Dy, a Vs b is the least upper bound of {a, b} with

respect to 2p7;
4,

Ly €Dy

is the least element of Dy;
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ency : Dy — {0,1}F
is an injective encoding map;

6. the image
Enc(Dys) :=encp (D)

is decidable in deterministic polynomial time;

7. given encodings of a, b € Dy, the following operations are computable in deterministic polynomial
time:
a3y b, a=b, aVyb.

Since V), is associative, commutative, and idempotent, the join of every finite nonempty set
F={d,...,d,} CDy
is well-defined by
\/FIZdl Vp oV dp.
M

For the empty set, we adopt the convention

\/@ =1lp.
M

Remark 7.1.2. The use of a partial order, rather than a general preorder, ensures that finite joins are uniquely
determined as elements of Dj,. If one begins with a preorder, one must first pass to the quotient by the
equivalence relation

a~yb & axpybandb Iy a.

Remark 7.1.3. The set Dy, need not contain every point of [0, 1]%. Since a Turing machine produces finite
strings, the exact framework applies only to a countable finitely representable subdomain. Arbitrary real-valued
uncertainty degrees require a separate approximation-based formulation.

7.2 Exact Uncertain Value Classes

Exact uncertain value classes distinguish uncertainty-valued functions directly computable in polynomial time
from functions obtained by joining efficiently computable verification degrees over polynomially bounded
certificates.

Definition 7.2.1 (M-Uncertain Language). Let X be a finite alphabet and let M be an effective uncertainty
model. An M-uncertain language over X is a function

L:Y — Dy.

For each x € X*, the value L(x) is interpreted as the uncertainty degree assigned to x.
Definition 7.2.2 (Polynomial-Time Computable Uncertain Language). An M-uncertain language
L:>X— Dy

is called polynomial-time computable if there exist a deterministic Turing machine A and a polynomial p such
that, for every x € X*, the machine A outputs

ency (L(x))

and halts within
p(lx)

steps.
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Definition 7.2.3 (Uncertain-P,;). The class
Uncertain-P,,

consists of all polynomial-time computable M-uncertain languages.

Thus, Uncertain-P,, is a class of uncertainty-valued functions whose exact values can be computed in
deterministic polynomial time.

Definition 7.2.4 (Polynomial-Time Uncertain Verifier). A polynomial-time uncertain verifier over M is a
function
V.2 x{0,1} — Dy

for which there exist a deterministic Turing machine Ay and a polynomial » such that, for every
xexk and w e {0, 1},

the machine Ay outputs
ency (V(x,w))

within
(el +wl)

steps.

The value V (x, w) represents the uncertainty degree contributed by the certificate w to the verification of x.
Definition 7.2.5 (Uncertain-NP,;). An M-uncertain language
L:>X—D M

belongs to
Uncertain-NP,,

if there exist a polynomial-time uncertain verifier
V.2 x{0,1} — Dy

and a polynomial ¢ such that, for every x € ¥,

L(x) = \/ {V(x,w) ’ w € {0, 1}Sq(IXI)} .

M

The set of certificates
{0,1 }Sq(IXI)

is finite for every fixed input x. Hence, the join in the preceding definition is well-defined.

In the Boolean case, finite join is logical disjunction. In a general uncertainty model, however, the join may
combine information from several certificates. Thus, Uncertain-NP,, is a class of join-valued functions, rather
than an ordinary class of decision languages.

Proposition 7.2.6. For every effective uncertainty model M,
Uncertain-P,, € Uncertain-NP,,.

Proof. Let
L € Uncertain-P,,.

Define
V(x, &) := L(x),
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where ¢ denotes the empty string, and set

q(n) :=0.
Since
{0,1}=° = {s},
we have
\/ (Verw) [we (0,130} = vixe) = L),
M
Therefore,

L € Uncertain-NP,,.

O

Problem 7.2.7 (Uncertain P versus NP Value Problem). Let M be an effective uncertainty model. Determine
whether
Uncertain-P,; = Uncertain-NP,,.

Equivalently, determine whether every M-valued function obtained by taking the finite join of polynomial-
time computable verification degrees over all polynomial-size certificates is itself computable in deterministic
polynomial time.

This problem is a value-function analogue of the classical P versus NP problem. A decision-language
formulation is obtained below by specifying an appropriate acceptance region.

7.3 Uncertain Reductions and Completeness
A reduction between uncertainty-valued functions should preserve the join-semilattice structure.
Definition 7.3.1 (Polynomial-Time Uncertain Reduction). Let
Li:X — Dy and L,:X— Dy
be M-uncertain languages.
We say that L, is polynomial-time uncertain-reducible to L,, written
Ly <y, Lo,

if there exist:

1. a deterministic polynomial-time computable function
[ — 2
2. a deterministic polynomial-time computable map
T: Dy — Dy

satisfying
(Llm) = 1y

and
7(aVy b) =1(a) Vy t(b)

foralla,b € Dyy;

such that, for every x € X7,

Li(x) = 7(La(f (x))).-
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The map 7 is a polynomial-time computable join-semilattice endomorphism. Join preservation ensures that
certificate aggregation remains compatible with the reduction.

Proposition 7.3.2 (Closure under Uncertain Reductions). Suppose that

Ly SIA),I L.

1 If
L, € Uncertain-P,,,
then
L; € Uncertain-P,,.
2. If
L, € Uncertain-NP,,,
then

L € Uncertain-NP,,.

Proof. Suppose that the reduction is witnessed by f and 7.

If
L, € Uncertain-P,,,

then one computes f(x), computes L (f(x)), and applies 7. All three operations are computable in determin-
istic polynomial time. Therefore,

L, € Uncertain-P,,.

Now suppose that
L, € Uncertain-NP,,.

Then there exist a polynomial-time uncertain verifier V, and a polynomial ¢ such that

Ly(y) = \/ {va(y. ) ’ w e {0, 154}
M

Define
Vi(x,w) == 7(Va(f(x),w)).

Since f, V5, and 7 are polynomial-time computable, V; is a polynomial-time uncertain verifier. Moreover,
since T preserves finite joins,

Li(x) = 7(La(f(x)))
=71 (\/ {Vz(f(x),w) ‘ w € {0, 1}<q(|f(x)|)})
M

= \/ {r(Va(f (), w)) | w e {0, 13547y
M

=\/ {Vix.w) ( w e {0, 1)<a(7DY
M

Since f is polynomial-time computable, | f(x)| is bounded by a polynomial in |x|. Hence,

L, € Uncertain-NP,,.
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Definition 7.3.3 ( Uncertain-NP,,-Hardness and Completeness). An M-uncertain language L is called

Uncertain-NP,,-hard if, for every

we have

It is called Uncertain-NP,,-complete if

and L is Uncertain-NP,,-hard.

L’ € Uncertain-NP,,,

L' <f L.

L € Uncertain-NP,,

Theorem 7.3.4 (Uncertain Completeness Principle). Let L be an Uncertain-NPy,-complete uncertain lan-

guage. If

then

L € Uncertain-P,,,

Uncertain-NP,; C Uncertain-P,,.

Consequently,

Uncertain-P,; = Uncertain-NP,,.

Proof. Let

L’ € Uncertain-NP,,

be arbitrary. Since L is Uncertain-NP,,-complete,

Since

closure of Uncertain-P,; under polynomial-time uncertain reductions implies

Therefore,

L' <y L.

L € Uncertain-P,,,

L’ € Uncertain-P,,.

Uncertain-NP,; C Uncertain-P,,.

The reverse inclusion was established previously. Hence,

Uncertain-P,;, = Uncertain-NP,,.

Definition 7.3.5 (Boolean Uncertainty Model). The Boolean uncertainty model is

Mool = ({0, 1}, <, max, 0, encpool) -

Theorem 7.3.6 (Classical P and NP as Boolean Special Cases). For every classical language

let

be its characteristic function. Then
AeP

and
A€ENP

ACyr,

XA:Z* B {091}

&=  xa € Uncertain-Py,,_,

&=  xa € Uncertain-NP,, .
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Proof. The function y4 is computable in deterministic polynomial time if and only if membership in A is
decidable in deterministic polynomial time. Therefore,

AeP <= xa € Uncertain-Py; .

Next, suppose that A € NP. Then there exist a deterministic polynomial-time Boolean verifier V and a
polynomial g such that

xeA < 3we{0,1}590*D guch that V(x,w) = 1.

Since the Boolean join is max, this is equivalent to
xa(x) = max {V(x, w) ’ w € {0, l}gq(lxl)} .

Hence,
XA € Uncertain-NP,;, .

Conversely, suppose that
xa € Uncertain-NPpg, .

Then
xa(x) = max {V(x, w) | w € {0, 1}Sq(|x|)}

for some polynomial-time Boolean verifier V and polynomial g. Therefore,
xeA <« 3we{0,1}590%D guch that V(x,w) = 1.

Thus,
AeNP.

Corollary 7.3.7. Under the standard identification of a Boolean language with its characteristic function,
Uncertain-P,s,_, = Uncertain-NPy,, |
if and only if
P=NP.

7.4 Acceptance Regions and Decision Problems

Let
Ay C Dy

be a designated acceptance region. An M-uncertain language
L:>X— Dy
induces the classical language

L, ={xeX"|L(x) € Ay}.

For Uncertain-P,;, polynomial-time decidability of membership in Ay, is sufficient. For Uncertain-NP,,, an
additional compatibility condition with finite joins is required.

Definition 7.4.1 (Certificate-Compatible Acceptance Region). An acceptance region
Ay S Dy

is called certificate-compatible if:

1. membership in Ay is decidable in deterministic polynomial time;
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2. for every finite nonempty set F' C Dy,

\/FGAM & 3de Fsuchthatd € Ay,.
M

The second condition guarantees that acceptance of an aggregated uncertainty degree can be witnessed by one
certificate.

Proposition 7.4.2 (Decision Classes Induced by Acceptance Regions). Let Ay; C Dy be polynomial-time
decidable.

1. If

L € Uncertain-P,,,
then
LAM e P.
2. If Ay is certificate-compatible and
L € Uncertain-NP,,,

then
LAM € NP.

Proof. If
L € Uncertain-P,,,

then L(x) can be computed in deterministic polynomial time. Since membership in A, is polynomial-time
decidable, one can decide whether
L(x) €Apm

in deterministic polynomial time. Hence,

La,, €P.

M

Now suppose that
L € Uncertain-NP,,.

Then
L(x) = \/ {V(x, w) | w € {0, 1}Sq(\X\)}
M

for some polynomial-time uncertain verifier V.

Since Ay, is certificate-compatible,
L(.X) €Apm

if and only if there exists
w e {0, 1}520xD

such that
V(x,w) € Ay

The value V(x, w) and membership in Ay, are both computable in polynomial time. Therefore,

La,, € NP.

Definition 7.4.3 (Join-Prime Threshold). An element
a €Dy
is called join-prime if, for every b,c € Dy,
a3y bVycec = a=xpyboraz=pc.
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For a join-prime element a, define the principal threshold region
Ay ={deDy|a=pyd}.

Proposition 7.4.4. If a € Dy is join-prime, then A, is certificate-compatible.

Proof. Polynomial-time decidability follows from the effective comparison relation.

Let
F={dy,...,dn} S Dy

be finite and nonempty. If some d; € A, then
a3y di 2m \/ F,
M

SO

\/FeAa.

M

Conversely, suppose that
a3y di Vy - Vy dn.

Repeated application of join-primality implies that
a 2y d;

for at least one i. Hence,
di € A,.

Therefore, A, is certificate-compatible. O

Remark 7.4.5. For a general acceptance region Ay, the implication

\/FEAM = ddeF,deAy
M

need not hold. The join of several individually non-accepting degrees may belong to Aps. In that case,
membership in L,4,, is not necessarily verifiable by a single polynomial-size certificate.

7.5 Constrained Uncertainty Domains

Constrained uncertainty domains are degree spaces restricted by explicit conditions, requiring effective mem-
bership testing, closure under aggregation, and computationally tractable comparison and representation pro-
cedures consistently.

Definition 7.5.1 (Effective Constrained Uncertainty Model). Let
C(G) € Du

be a constraint domain defined by a system G. The restriction

MTcg)

is an effective constrained uncertainty model if:

1. membership in C(G) is decidable in deterministic polynomial time;

2.
1y € C(G);
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3. C(G) is closed under V;; that is,

a,beC(G) = avuybeC(G);

4. comparison and join remain polynomial-time computable on C(G).

Under these assumptions,
(C(g)s jM’ Vm,Ly,ency rC(g))

is itself an effective uncertainty model.

Remark 7.5.2 (Conditional Uncertain Sets). The preceding restriction can be used for constrained models
such as intuitionistic fuzzy, Pythagorean fuzzy, g-rung orthopair fuzzy, spherical fuzzy, neutrosophic, and
other conditional uncertainty domains only after the chosen order and join operation have been shown to
preserve the defining constraints.

Closure is not automatic. For example, a componentwise join may map two valid constrained degrees to a
degree lying outside the constraint domain. Therefore, each uncertainty model requires an explicit verification
of:

effective representability, order compatibility, join closure,

and
polynomial-time computability.

Remark 7.5.3 (Approximate Uncertainty Degrees). If uncertainty degrees are arbitrary real vectors in [0, 1]%,
exact finite output is generally impossible. In that setting, each coordinate should be represented by a
polynomial-time approximation procedure, and threshold decision problems should normally be formulated
with an inverse-polynomial promise gap. The exact classes defined in this section apply only to finitely
represented degree domains.

7.6 Illustrative Real-Life Example: Uncertainty-Valued Emergency Shelter Deploy-
ment

We present a real-life uncertain value problem concerning the selection of emergency shelters after a large-scale
disaster. A regional authority must select a collection of shelter-deployment packages that covers all affected
residential zones. Each deployment package is evaluated by three uncertainty-related degrees:

structural safety, accommodation reliability, medical readiness.

A proposed deployment plan can be verified efficiently. However, determining the best uncertainty profile
attainable by any valid plan requires optimization over polynomially bounded certificates.

Let a
Dgyaq = {Z_b ‘ a,beNy, 0<a SZb}.
Define
Dgsp = Djq-
An element

d= (d57 de, dm) € Dgsp

is interpreted as an uncertainty-valued operational profile, where:

* d, is the certified structural-safety degree;
* d. is the accommodation-reliability degree; and

* dp, is the medical-readiness degree.
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The three components are compared lexicographically, with structural safety having the highest priority. More
precisely, define
(as, ac, am) Ziex (bs, be, brn)

if and only if at least one of the following conditions holds:

1.
as < bg;
2.
as=bs and a. < bg;
3.

as = by, a. = b, am < bp.

Thus, a plan with a strictly higher structural-safety degree is preferred regardless of the other two components.
Among plans having the same structural-safety degree, accommodation reliability is used as the second
criterion, and medical readiness is used as the third criterion.

Define the join operation
VEsD : Desp X Desp — DEgsp

by

a Vgsp b := max{a, b}.
5lex

The bottom element is
Lgsp := (0,0,0).

Let
encgsp : Desp — {0, 1}*

be a canonical self-delimiting encoding of three dyadic rational numbers. Define
Mgsp := (DEsD, Zlexs VESD: LESD, €NCESD) -

Proposition 7.6.1. The tuple
Mgsp

is an effective uncertainty model.

Proof. The set Dgy,q is countable, and every element has a finite binary representation. Consequently,

Dgsp = Diyad
is also countable and finitely representable.
The relation
Slex

is a total order and therefore, in particular, a partial order. For every a, b € Dgsp, the element

aVgsp b = n<1ax{a, b}
lex

is the least upper bound of {a, b}. Moreover,
Lesp = (0,0,0)
is the least element of Dgsp.
Equality, dyadic comparison, lexicographic comparison, and the selection of the lexicographically larger of two

triples are all computable in deterministic polynomial time with respect to the encoding lengths. The image of
encgsp is also decidable in deterministic polynomial time.

Therefore,
MEgsp

is an effective uncertainty model. O
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An emergency shelter deployment instance is a tuple
I=(Z,8B,cov,F.d),

where:

Z:{le'~-9zn}

is a nonempty finite set of affected residential zones;

B={By,...,Bn}

is an explicitly encoded finite family of candidate shelter-deployment packages;

cov: B — P(Z2)\ {o}

assigns to each package the zones served by that package;

4.
B
C
<[y
is an explicitly encoded conflict relation; and
5.
d: B8 — DESD

assigns an uncertainty-valued operational profile to each package.
A package B; may specify:

* the shelter building to be opened;

¢ the residential zones directed to that shelter;

* the staff and vehicles assigned to the shelter;
* the emergency food and water reserves;

* the available beds and sanitary facilities; and

* the medical personnel and equipment deployed there.

The conflict relation

7_'

may represent shared staff, shared vehicles, mutually exclusive buildings, incompatible evacuation routes, or
other resource constraints. Thus,
{Bi, BJ} €T

means that B; and B; cannot be selected simultaneously.

For every package B, write
d(Bj) = (sj.cj.mj).

where:

* s, is the structural-safety confidence of the shelter;
* c; is the reliability degree of its accommodation capacity; and
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* m; is its medical-readiness degree.

These values are assumed to be dyadic rational numbers obtained from finitely represented engineering inspec-
tions, resource inventories, and emergency-response assessments.

A deployment certificate is a bit vector
w=wi---wy, € {0,1}",

where
Wj =1

means that the package B; is selected.

Define
B(w) = {Bj€B|Wj=l}.

The certificate w represents a valid complete emergency shelter deployment plan if all of the following conditions
hold:

1. every affected residential zone is served exactly once:

Z wi=1 for every z € Z;

I<j<m
z€cov(Bj)

2. no two selected packages conflict:
{Bi,Bj}eF¥ = wi+w;<1;

3. every selected package satisfies all encoded hard operational requirements, such as mandatory staffing
and minimum legal safety conditions.

Because Z # @, every valid complete deployment plan selects at least one package.

For a valid certificate w, define its uncertainty-valued deployment profile by

Deg(I,w) :=| min s;, min cj, min m; |.
1<j<m 1<j<m I<j<m
Wj=1 Wj=1 Wj=1

Thus, each component is determined by the weakest selected shelter with respect to that criterion. This
bottleneck interpretation reflects the fact that a regional plan may fail operationally when even one selected
shelter has inadequate safety, capacity, or medical readiness.

Let

2ESD

be a finite alphabet used to encode emergency shelter deployment instances. Define
Vesp : Zggp X {0, 1} — Dgsp

by
x =enc([),
Deg(1,w), w e {0,1}™, and
Vesp (x, w) := w is a valid complete deployment plan for 7,
LESD, otherwise.

109



Proposition 7.6.2. The function
VEsD

is a polynomial-time uncertain verifier over Mgsp.

Proof. Given (x,w), a deterministic algorithm first checks whether x is a valid encoding of an instance
I1=(Z,8B,cov,F,d).

It then verifies that
|lw| = m.

For every zone z € Z, the algorithm counts the selected packages covering z and verifies that the count is
exactly one. It also checks that no pair of selected packages belongs to the conflict relation 7, and verifies all
encoded hard operational requirements.

All relevant sets, relations, and uncertainty degrees are explicitly encoded. Hence, these tests are computable
in deterministic polynomial time in
x| + [wl.

If w is invalid, the verifier outputs
encgsp (LEsp) -

If w is valid, the verifier computes the three coordinatewise minimum values

min s;, min c;, min m;.
- J 1 J 1 J
Jiwj=1 Jiw;=1 Jiw;=1

Each minimum is computed by at most m dyadic comparisons and is therefore computable in deterministic
polynomial time.

Consequently,
VEsD

is a polynomial-time uncertain verifier. O

Define the Mgsp-uncertain language
Lgsp : Zfgp — Desp

by
Lgsp(x) = \/ {Vesp (x,w) ‘ w e {0,1}=k1}
ESD

Since the join in Mggp is the lexicographic maximum, this can equivalently be written as

Lgsp(x) = max {Vesp (x, w) ) w e {0,1}=1}.

For an encoded instance x = enc([), every deployment certificate has length m, and under an explicit encoding,

m < |x|.
Therefore, the certificate bound

q(n):=n
is sufficient.
The value

Lgsp(x)

is interpreted as the best attainable uncertainty-valued deployment profile under the prescribed emergency
policy:
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1. first maximize the minimum structural-safety degree;
2. among plans attaining that safety degree, maximize the minimum accommodation-reliability degree; and

3. among the remaining tied plans, maximize the minimum medical-readiness degree.

If no valid complete deployment plan exists, then every certificate receives the bottom value, and hence
Lgsp(x) = Lgsp.

Proposition 7.6.3. The uncertain language
Lgsp

belongs to
Uncertain-NPpg, .

Proof. By Proposition

VEsD

is a polynomial-time uncertain verifier. Moreover,

Lgsp(x) = \/ {Vesp (x,w) ‘ w e {0,1}=4(*D}
ESD

for the polynomial
q(n) = n.

Therefore, by the definition of Uncertain-NP,,,,,

Lgsp € Uncertain-NPj,. .

Unlike a componentwise join, the lexicographic join does not combine different coordinates obtained from
different certificates. Since < is a total order, the join of any finite nonempty family is one of its members.
Consequently, for every input x, there exists a certificate w* such that

Lgsp(x) = Vesp(x, w).
Thus, the optimal uncertainty profile is realized by one concrete deployment plan.
Fix a required emergency-response profile

a = (as,ac,am) € Dgsp.
Define the principal acceptance region

Ay ={d € Dgsp | a Ziex d} .

The associated classical language is
LESD,Aa = {x € Z*ESD | LESD(x) € Aa} .

Equivalently,
Lgsp,a, = {x | a Ziex LEsp(x)} .

Proposition 7.6.4. For every
a € Dgsp,

the acceptance region A, is certificate-compatible. Consequently,
LESD,AC, e NP.
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Proof. Membership in A, is decidable in deterministic polynomial time because lexicographic comparison of
dyadic triples is computable in deterministic polynomial time.

Let
Fz{dl,...,d;}gDESD

be finite and nonempty. Since the order is total,

F=maxF =dj
ﬁlex
ESD

for some j* € {1,...,t}. Therefore,

\/FeAa

ESD

if and only if
dj* €A,

which holds if and only if at least one element of F belongs to A,. Hence,

\/FeAa &= dd € Fsuchthatd € A,.
ESD

Thus, A, is certificate-compatible.

Since
Lgsp € Uncertain-NPj;. .,

the decision language induced by A, belongs to NP. More directly,
x € Lgsp, a,
if and only if there exists a polynomial-length certificate w such that
Vesp(x,w) € A,.

The certificate w, the value Vgsp (x, w), and membership in A, can all be verified in deterministic polynomial
time. Therefore,

LESD,Aa e NP.

Let
Tesp := (1,1, 1).

The corresponding principal acceptance region is
A+ :={d € DEsp | TEsp Siex d} .

Since no degree is strictly greater than (1, 1, 1), we have

AT = {(1’ 15 1)}

Define
Lisp = {x | Lesp(x) = (1,1, 1)}
Theorem 7.6.5. The language
Lsp
is NP-complete.
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Proof. The region
Ar ={(1, 1D}

is certificate-compatible by Proposition Therefore,

Lisp € NP.

To prove N P-hardness, consider an instance
(X,8)

of Exact CovEer By 3-SETs, where
X = {xl, . ,X3q}

and

S={Sl,...,5m} C (;()

Construct an emergency shelter deployment instance
Ixs=(Z,8,cov,T,d)
as follows.

For each x € X, create one affected residential zone z,, and set

Z:={zx | x € X}.

For each set S; € S, create a candidate deployment package B, and set
B :={Bi,...,Bn},
cov(B;) :={zx | x € §;}.
No additional resource conflicts are imposed:

F = Q.

Assign the top uncertainty profile to every package:

d(Bj):=(1,1,1) forevery j € {1,...,m}.

This construction is computable in deterministic polynomial time.
Suppose first that
S§'csS

is an exact cover of X. Select precisely the packages corresponding to the sets in S’. Every zone is then covered
exactly once, so the resulting certificate w represents a valid complete deployment plan. Since every selected
package has degree (1,1, 1),

VEsD (enc([x,s), W) = (1, 1, 1).

Therefore,
Lgsp (enc(Ix,s)) = (1,1,1).

Conversely, suppose that
Lgsp (enc(Ix,s)) = (1,1, 1).

Since the finite lexicographic join is attained by one certificate, there exists a valid certificate w satisfying
VESD (€HC(IX,3), W) = (1, 1, 1)
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The selected packages cover every zone exactly once. Hence, the corresponding members of S are pairwise
disjoint and have union X. They therefore form an exact cover of X.

Consequently,
(X,S8) € Exact Cover BY 3-SETS
if and only if
enc(Ix,s) € Ligp.
Thus,

Exact Cover BY 3-SEts </, LESD.
Since Exact CovEer By 3-SETs is N P-complete,
Lsp
is NP-hard. Combining N P-hardness with membership in NP, we conclude that
Lsp
is NP-complete. O

Theorem 7.6.6. The following statements are equivalent:

Lgsp € Uncertain-Pyy,. . ;
P=NP.

Proof. Suppose first that
LESD S Uncertain-PMESD.

Then the exact uncertainty value
Lgsp(x)

can be computed in deterministic polynomial time. In particular, one can decide in deterministic polynomial
time whether

Lgsp(x) = (1,1, 1).

Therefore,
Lis € P.
By Theorem|7.6.5| L g, is NP-complete. Hence,
P=NP.
Conversely, suppose that
P =NP.
Let
x =enc(])

be a valid emergency shelter deployment instance with packages
B ={Bi,...,Bn}.

For every valid plan w, each coordinate of
Deg(1,w)

is either 0 or one of the corresponding coordinate values appearing among the package degrees. Define
S ={0}u{s;|1<j<m}
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C[ZZ{O}U{lelﬁjSm},

and
My = {O}U{mj | 1 <j<m}.
Then
LESD(X) S S[ X C[ X Mj.
The set
S X Cr X M;
contains at most
(m+ 1)3

candidate degrees and can be generated and sorted in lexicographically decreasing order in deterministic
polynomial time.

For each candidate degree
ae S] X C] X M[,

consider the decision problem

3w € {0,1}™ suchthat wisvalid and a =<jex VEsp(x,w).

This problem belongs to NP, because w is a polynomial-length certificate and all validity and comparison
conditions are decidable in deterministic polynomial time.

Under the assumption
P=NP,

each such threshold question is decidable in deterministic polynomial time. Test the candidate degrees in
lexicographically decreasing order and output the first degree a for which the threshold question is answered
affirmatively. Since the exact maximum value itself occurs in the candidate set, the first affirmative candidate
is precisely

Lgsp(x).

Therefore, the exact encoding of
Lgsp(x)

can be computed in deterministic polynomial time. Hence,

Lgsp € Uncertain—PMESD.

Thus, the emergency shelter deployment problem satisfies
Lgsp € Uncertain-NPy;. .,
and
Lgsp € Uncertain-Py,,, <= P =NP.
Consider six affected residential zones
Z ={21,22,23,24, 25, 26+

Suppose that four candidate shelter-deployment packages are available:

Package | Covered zones | Uncertainty profile
B {z1,22, 23} (%%%)
B, {z4,25, 26} (%’%’%)
B3 {z1, 24, 25} (%’%’%)
By {22, 23,26} (%%%)
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Assume that

There are two valid complete deployment plans:
w) =(1,1,0,0)

and
w?® =(0,0,1,1).

For the first plan,
VEsp (CHC(I), W(l))

. |73 .37 . [13 15
min{—, =7, min{—, -, min{—, — |,
8 4 4°8 16" 16

3313
4’4 16)°

is

and hence
VEsp (GHC(I),W(I)) = (

For the second plan,
VEsp (CHC(I), W(Z))

. [15 13 117 . |73
min{—, —,min{ —, -, min{ -, — |,
16" 16 16" 8 84

is

and therefore

13 11 3
@)= |22 = 2
VESD(CHC(I),W ) (16’ 16’4)'
Since
3 13
_<_,
4 16
we have
3318) (13113
4416 ™ \16°16" 4/
Consequently,
13 11 3
Lesp (enc(D)) = (E, n z) .

For example, let
(1311
““\162°2)

a =iex Lgsp (enc(])),

Then

SO
enc(]) (S LESD,Au~

7
b= (g,0,0),

Lgsp (enc([1)) <iex b,

In contrast, for

we have

and hence
enc(l) ¢ Lgsp,a,,-
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The certificate
w? =(0,0,1,1)

13 11 3
16’ 16" 4

to be verified efficiently. Nevertheless, determining that no other valid deployment plan has a lexicographically
greater uncertainty profile requires optimization over the family of all valid certificates. This is precisely the
distinction represented by

allows the uncertainty profile

Uncertain-P. and Uncertain-NP/. .

Remark 7.6.7. The use of the lexicographic order is a modeling choice reflecting a policy in which structural
safety has absolute priority over accommodation reliability and medical readiness. Other applications may use
different effective partial orders and join operations.
3ya 4 the join would be the componentwise maximum. In that
model, different coordinates of the aggregated value could be contributed by different certificates. Consequently,
an acceptance condition requiring simultaneous coordinatewise thresholds would not necessarily be witnessed
by one deployment plan and would not automatically define a certificate-compatible acceptance region.

For example, under the componentwise order on D

The lexicographic model avoids this phenomenon because every finite join is attained by one certificate. This
illustrates why the choice of the uncertainty order, join operation, and acceptance region is an essential part of
an uncertain complexity model.
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Chapter 8

Additional Results: A General Structure-Based
Framework for Solvability and Verifiability

This chapter presents a general complexity-theoretic framework for computational problems whose inputs,
outputs, certificates, and admissibility conditions are interpreted over an effectively represented mathematical
structure.

A distinction must be made between the following three types of objects:

1. structural search relations, for which the task is to construct an admissible structural object;

2. structural decision languages, for which the task is to determine whether an admissible structural object
exists; and

3. structure-valued functions, for which certificates contribute values in an effective ordered algebra and
these values are aggregated by a finite join.

The first two settings provide analogues of FP, FNP, P, and NP. The third setting provides a common
value-function framework for fuzzy and uncertainty-valued complexity classes.

8.1 Effectively Encoded Structures

Effectively encoded structures are mathematical systems whose typed elements, operations, relations, and com-
posite objects have finite representations supporting polynomial-time recognition, evaluation, manipulation,
and verification procedures.

Definition 8.1.1 (Effectively Encoded Typed Structure). An effectively encoded typed structure is a tuple

S = (T, {U; }ter, {enci }irer, T, R)

satisfying the following conditions:

1. T is a finite nonempty set of types;
2. forevery t € T, U; # @ is the universe of objects of type ¢;

3. foreveryreT,
enc, : U, — {0, 1}F

is an injective encoding map;
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4. the set of well-formed tagged atomic encodings
Atom(S) := {(t,enc,(u)) |t €T, u e U}
is decidable in deterministic polynomial time;
5. ¥ is a finite family of partial, single-valued, or finite-valued operations;

6. R is a finite family of typed relations.

For every operation symbol f € ¥, there are types
tHyooistm,t €T
and a partial finite-valued operation

fE U, x--x U, = Pin(Uy) \ {2}

We require the following predicates to be decidable in deterministic polynomial time with respect to the total
length of the relevant encodings:

(u1, ... um) € Dom(f®),
and
ve fSur,. .. um).

For every relation symbol R € R of type
R c U, x---xU,,

membership in R® must also be decidable in deterministic polynomial time.

Ordinary operations are included as the special case in which

|f6(u1,...,um)| =1

whenever the operation is defined. Hyperoperations and superhyperoperations are included as finite-valued
operations.

Remark 8.1.2. Polynomial-time decidability of the graph of a finite-valued operation does not imply that all
its outputs can be enumerated in polynomial time. The output set may contain exponentially many elements.
The effectiveness condition guarantees only that a proposed output can be verified efficiently.

Remark 8.1.3. The effectiveness conditions prevent undecidable or computationally intractable information
from being hidden inside the structure itself. The structure is therefore not treated as an unrestricted oracle.

8.2 Effective Structural Objects

Effective structural objects are finitely encoded constructions built from structural elements, tuples, sets, formal
terms, or derivations, with polynomial-time decidable well-formedness and measurable encoding lengths.

Definition 8.2.1 (Effective Structural Object Representation). Let S be an effectively encoded typed structure.
An effective structural object representation over S is a nonempty language

Qs C {0, 1}"
such that membership in Qg is decidable in deterministic polynomial time.

Elements of Qg may represent, for example:
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1. tagged elements of the universes Uy;

2. finite typed tuples;

3. canonically encoded finite sets or multisets;

4. finite formal terms over the operation symbols in F;

5. finite derivations involving operations and relations of S;

6. other finite objects admitted by a fixed structural grammar.

The encoding length of
Y € Qg

is denoted by
Yl := [Y].

Formal terms, evaluated values, finite sets, and derivations are generally different structural objects. A particular
computational problem must specify which represented objects are admissible as solutions or certificates.

8.3 Structural Search Problems

Structural search problems require algorithms to construct valid encoded structural objects for solvable inputs
while respecting polynomial balance, efficient verification, and prescribed structural constraints uniformly.

Definition 8.3.1 (S-Structural Search Problem). Let X be a finite input alphabet. An G-structural search
problem is a polynomially balanced relation

RS C X" x Qg.

Polynomial balance means that there exists a polynomial p such that

(xY)eRE = [|¥|s < p(lx]).

A structural object Y € Qg is called an admissible S-solution of x if

S
(x,Y) € Ry.

The domain of the search problem is

Dom (Rlc-f) = {x ex* \ Y € Qg, (x,Y) € R%}

The search task is to construct an admissible structural solution whenever the input belongs to the domain of
the relation.

Using one relation
Ry
instead of a family
{RS}nEN

avoids the possibility that admissibility of the same pair (x, Y) depends on an arbitrarily chosen length parameter.

121



Definition 8.3.2 (Polynomially Verifiable Structural Relation). An G-structural search relation
RS C X" x Qg
is called polynomially verifiable if there exist a deterministic Turing machine V and a polynomial g such that,

for every

xex” and Y € Qg,

the machine V halts within
q(lx[ +1Y|e)
steps and satisfies
V(x,Y)=1 < (r,Y)eRE.

Definition 8.3.3 ( Structure-FNPg). The class
Structure-FNPg
consists of all polynomially balanced S-structural search relations whose graphs are decidable in deterministic
polynomial time.
This is the structure-based analogue of the classical search class FNP.
Definition 8.3.4 (Polynomial-Time Structural Solver). Let
RS C X" x Q¢

be an S-structural search problem. A polynomial-time structural solver for Rg is a deterministic algorithm A
for which there exists a polynomial r such that, for every x € £*,

A(x) € Qg,

A(x) is computed within r(|x|) steps,

and
x € Dom (R%) = (v, A(x)) e RS

No correctness condition is imposed when
x ¢ Dom (R% ) .
Definition 8.3.5 ( Structure-FPg). The class

Structure-FPg

consists of all relations
Rg € Structure-FNPg

that admit a deterministic polynomial-time structural solver.

By definition,
Structure-FPg C Structure-FNPg.

Problem 8.3.6 (Structure-Based Search Solvability versus Verifiability). Let S be an effectively encoded
structure. Determine whether
Structure-FPg = Structure-FNPgs.

Equivalently, determine whether every polynomially balanced structural relation whose candidate solutions are
verifiable in deterministic polynomial time admits a deterministic polynomial-time structural solver.

This is the structure-based analogue of
FP X FNP,
rather than a direct formulation of )
P =NP.
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8.4 Polynomial-Time Structural Reductions

Polynomial-time structural reductions efficiently transform instances and valid solutions between structural
search problems, preserving solvability and correctness through polynomial-time preprocessing and postpro-
cessing for every input.

Definition 8.4.1 (Polynomial-Time Structural Search Reduction). Let
() *
R [ € XX Qg

and
RS C 35 x Qg

be two S-structural search relations.
We say that Ris is polynomial-time structurally reducible to RS, written
G _p S
Rl SG,S R2 4
if there exist deterministic polynomial-time computable functions
X —%

and
gIZTXQ6—>Q@

such that, for every x € X7,

xeDom(Ris) — f(x)EDom(Rf),

and, for every Z € Qg,

(f().2) eR; = (v.g(x.2)) € RY.

The first condition preserves the existence and nonexistence of solutions. The second condition transforms
every admissible solution of the reduced instance into an admissible solution of the original instance.

Proposition 8.4.2 (Transitivity of Structural Reductions). The relation

Sg,s
is transitive.
Proof. Suppose that
RY <g, Ry
via f1» and g1», and
RY <g RS

via f23 and 823.

Define
f13(x) == fo3(fi2(x))

and
g13(x, Z) == g1z (x, g23(f12(x), Z)) .

Both functions are computable in deterministic polynomial time.
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Moreover,
X € Dom(RIG)

if and only if
fiz(x) € Dom(R5),
which holds if and only if
f23(fi2(x)) € Dom(RS).

If
(fiz(x),Z) € RS,

then
(fi2(x), £23(fi2(x), Z)) € RS,

and consequently, s
(x,g13(x, Z)) € R?.

Therefore,
S _p S
R, <G.s Ry .

[m]

Definition 8.4.3 ( Structure-FNPg-Hardness and Completeness). An G-structural search relation R® is called
Structure-FNPg-hard if, for every
R’® € Structure-FNPg,

we have

1S _p S
R'® <f R°.

It is called Structure-FNPg-complete if
R® € Structure-FNPg

and it is Structure-FNPg-hard.

Theorem 8.4.4 (Completeness Principle for Structural Search Problems). Let R® be a Structure-FNPg-
complete structural search relation. If
RS ¢ Structure-FPg,

then

Structure-FNPg C Structure-FPg.
Consequently,

Structure-FPg = Structure-FNPg.
Proof. Let

R’® € Structure-FNP¢

be arbitrary. By completeness,

1S _p S
R'® <g R°.

Let f and g witness this reduction, and let A be a polynomial-time structural solver for R®. Define
A'(x) = gx, A(f(x))).
Suppose that
x € Dom (R’G) .

By domain preservation,
f(x) € Dom (RG) .
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Hence,
(f(x), A(f(x))) € R®.

The solution-transformation condition gives

(x,A’(x)) € R"®.

Since f, A, and g are polynomial-time computable, A’ is a polynomial-time structural solver for R’®. Thus,

R’® € Structure-FPg.

Since R’® was arbitrary,
Structure-FNPg C Structure-FPg.

The reverse inclusion holds by definition. Therefore,

Structure-FPg = Structure-FNPg.

8.5 Associated Structural Decision Classes

Associated structural decision classes classify existence languages induced by structural search relations,
distinguishing efficiently decidable problems from efficiently verifiable ones.

Definition 8.5.1 (Existence Language of a Structural Relation). Let
R® C ¥ x Q¢
be an S-structural search relation. Its existence language is
Lgs = Dom (R@) .

Equivalently,
Lgs = {x€Z"|3r € Qg, (r,Y) € R®}.

Definition 8.5.2 ( Structure-NPg). Define
Structure-NPg := {Dom(R) | R € Structure-FNP¢g} .

Equivalently, a language L C X* belongs to Structure-NPg if and only if there exist a polynomial p and a
deterministic polynomial-time verifier V such that

xel < 3reQg, |Yle<p(x]) and V(x,Y)=1.
Definition 8.5.3 ( Structure-Pg). Define
Structure-Pg := {Dom(R) | R € Structure-FPg} .
Proposition 8.5.4. For every effectively encoded structure S,

Structure-Pg C Structure-NPg.

Proof. The result follows immediately from
Structure-FPg C Structure-FNPg
by taking the domains of the corresponding relations. O

Problem 8.5.5 (Structure-Based P versus N P Problem). Let & be an effectively encoded structure. Determine
whether
Structure-Pg = Structure-NPg.

Equivalently, determine whether every existence language induced by a polynomially verifiable structural
relation is also the existence language of a polynomial-time solvable structural relation.

This is the decision-language formulation that is directly analogous to the classical P versus NP problem.
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8.6 Relationship with Classical Complexity Classes

This relationship examines how structural complexity classes correspond to, extend, or differ from classical
classes such as P and NP.

Theorem 8.6.1. For every effectively encoded structure S with

Qg # @,

we have

Structure-Pg = P
and

Structure-NPg C NP.

Proof. Let

L € Structure-Pg.
Then

L = Dom(R)

for some

R € Structure-FPg.

Let A be a polynomial-time structural solver for R, and let V be a polynomial-time verifier for R.

On input x, compute
Y =A(x)
and accept if and only if
V(x,Y)=1.

If x € L, then A(x) is a valid structural solution and the verifier accepts. If x ¢ L, then no valid structural
solution exists, and the verifier rejects every output. Hence,

LeP.
Therefore,
Structure-Pg C P.
Conversely, let L € P. Choose a fixed structural object
Y € Qg,

and define
Ry :={(x,Yy) |xeL}.

The relation Ry is polynomially balanced and polynomial-time decidable. The algorithm that always outputs
Yy is a polynomial-time structural solver for Ry, and

Dom(R;) = L.

Thus,

L € Structure-Pgs.
Therefore,

P C Structure-Pg,
and hence

Structure-Pg = P.
Next, let

L € Structure-NPg.
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Then
L = Dom(R)

for some
R € Structure-FNPg.

Every admissible structural solution is represented by a binary string of polynomial length, and membership
in R is decidable in polynomial time. Therefore, the structural encoding is an ordinary N P-certificate, and

LeNP.

Hence,
Structure-NPg C NP.

The reverse inclusion for Structure-NPg requires the representation system to encode arbitrary binary certifi-
cates efficiently.

Definition 8.6.2 (Polynomial Certificate Universality). The representation Qg is called polynomially certificate-
universal if there exist deterministic polynomial-time computable functions

L {0, 1}* e Q@
and
6:Qs — {0,1}F U {L},
together with a polynomial s, such that, for every w € {0, 1}*,
o(uw)) =w
and
ltkw)lg < s(lwl).

Theorem 8.6.3. Suppose that Qg is polynomially certificate-universal. More precisely, assume that there exist
polynomial-time computable maps
t:{0,1}" — Qg

and
6:Qs — {0,1}7 U {L},

together with a nondecreasing polynomial q, such that
5(tw)) =w  foreveryw € {0,1},
and
|L(w)|6 <q(Jwl]) for every w € {0, 1}".

Then
Structure-NPg = NP.

Consequently, if
Structure-Pg = P,

then
Structure-Pg = Structure-NPg <= P = NP.

Proof. The inclusion
Structure-NPg C NP

has already been established.

For the converse inclusion, let L € NP. Then there exist a polynomial p and a deterministic polynomial-time
predicate
Ve : 2" x{0,1}* — {0, 1}
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such that, for every x € X,

xelL < 3we{0,1}" suchthat|w| < p(|x]) and Vp(x,w)=1.

Define a relation
R® C 3" x Q¢

by declaring that
(x,Y) € RY

if and only if all of the following conditions hold:
oY) # L,
Y =(6(Y)),
6] < p(Ix),

and
Vi (x,6(Y)) = 1.

We first verify that Rf is polynomially balanced. Suppose that

(x,Y) € RY.
Then
Y =(6(Y))
and
l6(¥)| < p(lx).
Therefore,

¥le = |«(6M)|g < g (6()]) < q(p(IxD).
Since g o p is a polynomial, the relation R% is polynomially balanced.
Moreover, membership in Rf is decidable in deterministic polynomial time. Indeed, given (x, Y), one computes

6(Y), checks whether
oY) # L,

computes ¢(5(Y)), verifies the canonical-encoding condition

Y =(6(Y)),
checks the length bound
6] < p(Ix),
and finally evaluates
Vi (x,6(Y)).

Hence, Rf is a polynomially balanced structural search relation whose graph is decidable in deterministic
polynomial time.

It remains to prove that the existence language associated with R% is exactly L.

Suppose first that x € L. Then there exists w € {0, 1}* such that

lw| < p(lx])
and
Vi(x,w) = 1.
Set
Y :=u(w).
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By polynomial certificate universality,
5(Y) =6(c(w)) = w.

Consequently,
Y=46()),  [|6(1)|=1Iwl< p(lx],
and
Ve (x,6(Y)) =Ve(x,w) = 1.
Thus,

S
(x,Y) €R[.

Conversely, suppose that there exists ¥ € Qg such that

(x,Y) € RY.
Let

w:=6(Y).
Then

w € {0,1}7, lw| < p(Ix),

and

Vi(x,w) =1.
It follows that

x € L.

Therefore,
xe€lL <= 3Y € Qg suchthat (x,Y) € Rf.

Hence,
L € Structure-NPg.

Since L € NP was arbitrary,
NP C Structure-NPg.

Combining this inclusion with
Structure-NPg C NP,

we obtain
Structure-NPg = NP.

Finally, under the previously established equality
Structure-Pg = P,

we conclude that
Structure-Pg = Structure-NPg <= P = NP.

(]

Remark 8.6.4. Under ordinary polynomially intertranslatable finite encodings, replacing ordinary certificates
by structural certificates does not by itself create a decision complexity class larger than N P. The mathematical
significance of the structural framework therefore lies in natural structural complete problems, restricted
certificate languages, succinct representations, and parameters derived from the internal organization of the
structural objects.
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8.7 A Structure-Valued Extension

Fuzzy and uncertain languages are value functions rather than search relations. To incorporate them into the
general framework, we introduce a separate structure-valued extension.

Definition 8.7.1 (Effective Finite-Join Value Domain). An effective finite-join value domain is a tuple
A=(D,%,v,L,encp),

where:

1. D is a countable set of finitely representable values;

2. (D, =) is a partially ordered set;

V:DXD —D

is the binary join operation; that is, for every a,b € D, the element a V b is the least upper bound of
{a, b} with respect to <;

4. 1 € D is the least element;

encp : D — {0,1}"
is injective;

6. well-formedness, equality, comparison, and binary join are computable in deterministic polynomial time
from the corresponding encodings.

Since V is a join operation, it is associative, commutative, and idempotent.

For a finite set
define
with

Definition 8.7.2 (A-Valued Structural Language). An A-valued structural language is a function
L:¥ — D.
Definition 8.7.3 ( StructureVal-Pg_#). The class
StructureVal-Pg_#

consists of all functions
L:>—D

whose encoded values
encp (L(x))

can be computed in deterministic polynomial time.

Definition 8.7.4 (Polynomial-Time Structural Value Verifier). A polynomial-time structural value verifier is a
function
V:¥'x Qs — D

whose encoded value
encp(V(x,Y))

is computable in deterministic polynomial time with respect to
x|+ Y]e.
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Definition 8.7.5 ( StructureVal-NPg #). An A-valued structural language
L:X—D

belongs to
StructureVal-NPg 4

if there exist a polynomial-time structural value verifier V and a polynomial g such that, for every x € X*,

L(x) = \/{V(x,Y) | Y € Qe, IYls < q(Ix])} .

The set of permitted structural certificates is finite because it consists of binary strings of bounded length.

Proposition 8.7.6. If
Qs # 2,

then
StructureVal-Pg 4 C StructureVal-NPg 4.

Proof. Choose a fixed structural object

Yy € Q¢.
For
L € StructureVal-Pg 4,
define
L Y=Y
V(xY) = (x), 0s
1, Y # Y.
Choose a constant polynomial g satisfying
q(n) > [Yole.
Then
Lix) = \/{V(x,Y) | Y € Qe, IYls < q(lx])}.
Therefore,

L € StructureVal-NPg_.

Problem 8.7.7 (Structure-Valued P versus NP Problem). Determine whether

StructureVal-Pg_# = StructureVal-NPg_ 4.

This is a value-function problem. It is not, in general, an equality between classes of Boolean decision
languages.

Remark 8.7.8 (Hyperstructural and SuperHyperstructural Specializations). If the typed universes, operations,
and structural-object language of S are chosen to represent an effectively encoded hyperstructure, then

Structure-FPg and Structure-FNPg

specialize to the corresponding hyperstructural search classes.

If they are chosen to represent an effectively encoded SuperHyperStructure, the same framework specializes to
the corresponding superhyperstructural search classes.
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Remark 8.7.9 (AI-Oriented Specialization). An Al task represented by a polynomially balanced relation
Rp C X xTI™*

may be treated as a structural search relation when Al outputs are finitely encoded structural objects and
admissibility is decidable in polynomial time.

If verification uses a fixed semantic oracle, the entire framework must be relativized to that oracle. If solvers
are restricted to a particular AI model class M, additional assumptions concerning effective model encoding,
uniformity, simulation, and closure under polynomial-time preprocessing and postprocessing are required.
Thus, the unrestricted structural solver class does not automatically coincide with a model-specific Al solver
class.

Remark 8.7.10 (Fuzzy Specialization). Let

D c [0,1]
be an effective finitely represented degree domain, ordered by the usual order, with
aV b :=max{a, b}, 1:=0.
If
Qs ={0,1}",

then the structure-valued classes coincide directly with the exact fuzzy value classes.

More generally, the same correspondence holds when Qg and {0, 1}* are polynomially certificate-intertranslatable
through polynomial-time computable encoding and decoding maps having polynomially bounded output
lengths. Under this certificate-space assumption,

L(x) = max {V(x,Y) | Y € Qe, [Y|e < q(|x])}
is equivalent to the exact fuzzy certificate formulation.
Remark 8.7.11 (Uncertain Specialization). Let
A = (Dp, 2m, Vs Ly, ency)

be an effective uncertainty model whose degree domain is an effective finite-join semilattice.

If
QG = {09 1 }* >
then
StructureVal-Pg_#
and

StructureVal-NPg 4

coincide directly with the corresponding exact uncertain value classes.

More generally, the same correspondence holds when Qg and {0, 1}* are polynomially certificate-intertranslatable
through polynomial-time computable maps having polynomially bounded output lengths.

The join V; must preserve the chosen uncertainty domain. For constrained uncertainty models, closure under
the join operation must be verified explicitly.
Remark 8.7.12 (Boolean Specialization). For

D ={0,1}, <=5, V = max, 1 =0,

the join over certificates is Boolean existential quantification. Under polynomial certificate universality, the
corresponding Boolean-valued structural classes recover the ordinary classes P and N P.

Remark 8.7.13 (Scope of the General Framework). The relational structural framework directly unifies Al
search tasks, HyperProblems, SuperHyperProblems, and other problems whose outputs are finitely encoded
structural objects.

Fuzzy and uncertain languages are not, in general, direct special cases of a Boolean structural search relation,
because they return aggregated values rather than merely asserting the existence of a certificate. They are
incorporated through the structure-valued extension based on an effective finite-join value domain.
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8.8 Illustrative Real-Life Example: Integrated Emergency Relief Logistics

We present a real-life structural search problem concerning integrated emergency relief logistics after a large-
scale disaster. A regional authority must select a collection of feasible relief packages that serves every affected
demand zone exactly once, respects vehicle and depot restrictions, and avoids operational conflicts.

This example is naturally represented by a typed structure containing several kinds of objects:
demand zones, depots, vehicles, routes, relief packages.

The admissible solution is not merely a binary string. It is a structural object consisting of a typed instance
atom together with a canonically encoded finite set of package atoms.

An emergency relief logistics instance is a tuple
1=(Z,D,V,Q, 8B,dep, veh, route, cov, cap, F, feas, rel) ,

where:

Z:{Zla'~-9zn}

is a nonempty finite set of affected demand zones;

D={di,....d)}

is a nonempty finite set of supply depots;

Vz{V],...,Vb}

is a nonempty finite set of available relief vehicles;

Q={p1,....pc}

is a nonempty finite set of candidate transportation routes;

B={Bi,...,Bm}

is a nonempty finite family of candidate relief packages;

dep: B — D

specifies the depot from which each package is dispatched;

veh: B —V

specifies the vehicle used by each package;

route : B — Q

specifies the route followed by each package;

cov: B — P(Z)\ {o}
specifies the demand zones served by each package;

10.
cap: D — N

specifies the maximum number of selected packages that may be dispatched from each depot;
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11.

r<f

is an explicitly represented conflict relation;

12.
feas : 8 — {0, 1}

indicates whether a package satisfies all encoded hard operational constraints; and

13.
rel : B — Dgyad

assigns an exactly represented reliability degree to each package, where

Dgyaq := {;—k|u,keN0, Ogugzk},

A relief package B € 8 may describe a complete operational unit consisting of:

* asupply depot;

* avehicle and its assigned crew;

* a transportation route;

* food, water, medicine, and emergency equipment;
* the demand zones served by the package; and

* the estimated reliability of the deployment.

The condition
feas(B) = 1

may incorporate travel-time restrictions, vehicle capacity, route accessibility, staff availability, inventory suffi-
ciency, and other hard constraints.

The conflict relation may encode shared personnel, shared vehicles, incompatible routes, or other mutually
exclusive resource requirements. Thus,
{Bi,Bj} € F

means that B; and B; cannot be deployed simultaneously.

Let
JgrL

denote the set of valid finite encodings of emergency relief logistics instances.

Define the finite type set

Tere := {Instance, Zone, Depot, Vehicle, Route, Package}.

The corresponding typed universes are defined by

Uinstance := {inst(/) | I € TgrL},

Uzone = {zone(I,z) | I € IgrL, z € Z1},
Ubepot := {depot(/,d) | I € IgrL, d € Dy},
Uvehicle := {vehicle(I,v) | I € IgrL, v € V},

URoute := {routeobj(l,p) | I € Tgre, p € O1},
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and
Upackage := {package(/,B) | I € IgrL, B € B;}.

The instance tag I ensures that objects belonging to different logistics instances are distinct.

For every
t € Tgre,

fix an injective, self-delimiting encoding

enc, : U, — {0, 1}".

Define the partial finite-valued operation
Assemble SR ; Ubepot X Uvehicle X Uroute — Pfin (UPackage) \ {2}
as follows. For objects belonging to the same instance /, set

Assemble Rt (depot(1, d), vehicle(, v), routeobj(1, p))

equal to
B e By,
dep(B) = d,
package(7, B) veh(B) = v, s
route(B) = p

provided that this set is nonempty. If the displayed set is empty, the operation is undefined.

The operation may be genuinely finite-valued. For example, the same depot, vehicle, and route may support
several packages containing different quantities or combinations of relief supplies.

Define the following typed relations:
S
COVGI‘S ERL Q UPackage X UZone,

EBRNC
Conflicts ™" C Upackage X UPackage>

and
Feasible ®™- C Upacage-
They are interpreted by
Covers ZErL (package(/, B), zone(l, z))

if and only if

z € cov(B),

Conflicts SR (package(I, B), package(I, B))

if and only if

{B,B'} € 71,
and

Feasible ¥t (package(!, B))

if and only if

feas(B) = 1.
Let

6ERL = (TERLa {Ut }tETERL» {enct }tETERL’ 7_-ERLv RERL) )
where
FerL = {Assemble}

and

RerL = {Covers, Conflicts, Feasible} .

135



Proposition 8.8.1. The system
GErL

is an effectively encoded typed structure.

Proof. The type set
TerL

is finite and nonempty. Every typed object has a finite, self-delimiting encoding containing its type, its instance
encoding, and its local identifier. The well-formedness of a tagged atomic encoding can therefore be checked
by parsing the encoded instance and verifying that the local identifier belongs to the corresponding explicitly
represented set.

The domain of
Assemble SERL

is decidable in deterministic polynomial time. Given a depot, vehicle, and route atom, one verifies that the
three objects belong to the same instance and scans the explicitly represented package family to determine
whether at least one package has the specified components.

Similarly, given a proposed package atom package(/, B), membership in
Assemble SERL (depot(1, d), vehicle(/, v), routeobj(/, p))
is equivalent to checking
B e By, dep(B) =d, veh(B) = v, route(B) = p.
These conditions are decidable in deterministic polynomial time.
Membership in each of the relations
CoversZErL s Conflicts SR R Feasible SErL

is also decidable in deterministic polynomial time by consulting the explicit tables encoded in the instance.

Therefore,

SERL
satisfies all requirements of an effectively encoded typed structure. O
Let

QGERL c {07 1}*

be an effective structural object representation containing:

1. tagged atomic encodings of elements of Sggy ;
2. canonical finite sets of package atoms; and

3. ordered tuples consisting of an instance atom and a canonical finite set of package atoms.

A structural deployment plan has the form

Y = (inst(7), {package(I, B}), .. ., package(I, Bx)}) .

The encoding length of Y is denoted by
gy
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Because the representation uses self-delimiting type tags and a canonical ordering of package atoms, the
well-formedness and equality of represented plans are decidable in deterministic polynomial time.

Define
RSI%EL c {o, 1}* X Q‘SERL
as follows.
Let
x =enc([),
where

I1=(Z,D,V,Q, 8B, dep, veh, route, cov, cap, F, feas, rel) .

Declare that

(x,Y) € REEX-

if and only if
Y = (inst([), {package(I, B) | B € B’})

for some
B CB

satisfying all of the following conditions:

1. every selected package is feasible:

feas(B) = 1 for every B € B’;

2. every selected package is generated by the structural operation:

package(I, B) € Assemble SERL (depot (1, dep(B)) , vehicle (1, veh(B)) , routeobj (I, route(B))) ;

3. every affected zone is served exactly once:

1=1 for every z € Z;

Be®’
zecov(B)

4. each vehicle is used by at most one selected package:
[{B € B’ |veh(B) =v}| <1 for every v € V;
5. no depot exceeds its dispatch capacity:

[{B € B’ | dep(B) = d}| < cap(d) for every d € D;

6. no two selected packages conflict:

BB e®B, B+B = {B,B}¢F.

A structural object Y satisfying these conditions is called an admissible integrated relief logistics plan.

The associated structural search problem is:

Given the affected demand zones, supply depots, vehicles, routes, candidate relief packages, and
operational restrictions, construct a typed structural plan selecting feasible and mutually compatible
packages that serve every demand zone exactly once.
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Proposition 8.8.2. The relation
RSERL
ERL

is a polynomially balanced Sgry -structural search relation whose graph is decidable in deterministic polyno-
mial time. Consequently,

RS{EL € Structure-FNPg,,, .

Proof. Let
x =enc(])
and suppose that

S
(x,Y) € RS,

Write
Y = (inst(1), {package(I,B) | B € B'}).

Every selected package serves at least one demand zone, and every demand zone is served exactly once.
Consequently,

|B'| < |Z].
Under the explicit encoding of /,

|Z| < |x].

Each package atom contains an instance identifier and a package identifier. Hence, there exists a polynomial
p1 such that

Ipackage(1, B)|g,,, < p1(lx])
for every B € B.

Since Y contains at most |x| package atoms, there exists a polynomial p, satisfying

|Y|6ERL < p2(|x|)

Therefore, the relation is polynomially balanced.

To verify whether

(x,Y) € RS,

a deterministic algorithm performs the following steps:

1. parse x as a valid logistics instance I;

parse Y as an ordered tuple consisting of inst(/) and a canonical finite set of package atoms;
verify that every package atom belongs to the same instance /;

verify feasibility using Feasible ZFrL ;

verify the required Assemble®FRl-membership conditions;

verify, using Covers®FR- that every zone is served exactly once;

count the selected packages assigned to each vehicle and depot; and

® N vk wN

check all pairs of selected packages using Conflicts e,

All relevant objects and relations are explicitly encoded, and the number of selected package atoms is poly-
nomially bounded. Therefore, all these tests can be performed in deterministic polynomial time with respect
to

|X| + |Y|GERL'

Hence,

RS&EL € Structure-FNPg_, .
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Define

LERL := Dom (RSEEL) .

Equivalently,
Lgrr = {enc(/) | I admits an admissible integrated relief logistics plan} .

Thus, the corresponding decision problem asks whether there exists a feasible structural deployment plan
satisfying all coverage, resource, capacity, and conflict restrictions.

Theorem 8.8.3. The language
LgrL

is NP-complete. Consequently,
Lgry € Structure-NPg,, .

Proof. By Proposition[8.8.2] a proposed structural deployment plan has polynomially bounded length and can
be verified in deterministic polynomial time. Therefore,

Lgrr, € NP.

To establish N P-hardness, consider an instance
(X,0)

of Exact Cover BY 3-SETs, where
X ={x1,....,x3¢}

and

c={C,...,C,} C ()3()

Construct an emergency relief logistics instance

as follows.

For each x € X, introduce one demand zone z,, and set

Z:={zx | x € X}.

Introduce one depot
D := {do}

with
cap(dp) := m.

For every j € {1, ..., m}, introduce:

* a distinct vehicle v;;
* adistinct route p;; and
* a distinct package B;.
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Set
Vi={vi,....vin}, O ={p1,--»Pm}

and
B = {Bl,...,Bm}.

For every j, define

dep(B;) := dy,

Veh(Bj) =V,

route(B;) := pj,
and

cov(B;) :={zx | x € C}}.
Furthermore, set
feas(B;) := 1, rel(B;) := 1,

and

F =Q.

This construction is computable in deterministic polynomial time.

Suppose first that
c'cce

is an exact cover of X. Select precisely the relief packages corresponding to the members of C’. Every demand
zone is then served exactly once. Since each package has a distinct vehicle, the vehicle constraints are satisfied.
The unique depot has sufficient capacity, all packages are feasible, and there are no conflicts. Therefore, the
corresponding structural object is an admissible integrated relief logistics plan.

Conversely, suppose that
Ixc
admits an admissible structural deployment plan. The selected packages serve every demand zone exactly

once. Consequently, the corresponding members of C are pairwise disjoint and have union X. They therefore
form an exact cover of X.

Hence,
(X, C) € Exact CovER BY 3-SETs
if and only if
enc(IX,c) (S LERL-
Thus,

Exact CoveR BY 3-SETS <” Lggrry.

Since Exact Cover By 3-SEts is N P-complete, Lggy, is N P-hard.

Combining N P-hardness with
LgrL € NP,

we conclude that
LgrL

is N P-complete.

Finally, since Lggy is the existence language of a relation in
Structure-FNPg_, ,

we have
Lggry, € Structure-NPg_, .
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Corollary 8.8.4. If
RGERL c Structure—FPGERL’

ERL
then
P=NP.
Proof. Assume that
REERL
ERL

has a deterministic polynomial-time structural solver A.

Given an encoded logistics instance x, compute
Y :=A®X)

and apply the deterministic polynomial-time verifier for

S
Rept
to (x,Y).
If
X € Lggry,

then an admissible structural solution exists, and the structural solver must return one. Hence, the verifier
accepts.

It

X ¢ Lgrr,
then no admissible structural solution exists, and the verifier rejects every structural object returned by A.
Therefore,

Lggrr, € P.

Since Lggry is N P-complete, it follows that
P=NP.

The same application also illustrates the structure-valued framework. Define the effective finite-join value
domain
Arel := (Ddyad’ <, max, 0, encdyad) >

where encgy,q is a canonical binary encoding of dyadic rational numbers.
For an encoded logistics instance x = enc(/) and a structural object Y, define

Y represents an admissible plan

min rel(B), . . ,
VI:;/%]L (x,Y) := { BB selecting the nonempty package family 5’,
0, otherwise.

The minimum reliability is used because an integrated deployment is only as reliable as its least reliable selected
package.

Proposition 8.8.5. There exists a polynomial q such that the function

L]\S{L(x) = v {VE%IL(X, Y) | Y € Qeppy» [Ylep < Q(|x|)}

belongs to
StructureVal-NPg_,, #

rel
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Proof. By Proposition [8.8.2] every admissible logistics plan has encoding length bounded by a polynomial in
the input length. Choose a polynomial g that dominates this bound.

Given (x,Y), one can determine in deterministic polynomial time whether Y is an admissible structural plan. If
it is invalid, the verifier outputs 0. If it is valid, the selected package family has polynomial size, and the verifier
computes the minimum of its canonically encoded dyadic reliability degrees in deterministic polynomial time.

Thus,
val
VERL
is a polynomial-time structural value verifier. Since the join in Ay is the maximum operation,
1
Lggy (x)
is the maximum bottleneck reliability attainable by an admissible structural deployment plan. Therefore,

LE%L € StructureVal-NPg,,, .4

rel *

The associated top-value language
top ._ val _
L. = {x | Lo () = 1}
is NP-complete. Membership in NP follows because a structural plan attaining value 1 is a polynomially

bounded certificate. The reduction used in Theorem 8.8.3]establishes N P-hardness because every constructed
package is assigned reliability degree 1.

Consider six affected demand zones
Z ={21,22,23, 24, 25, 26 }»

two depots
D ={da,dg},

four vehicles
V ={vi,v2,v3,v4},

and four routes
0 ={p1,p2, p3, P4}

Suppose that
cap(da) = cap(dp) =1

and that the candidate packages are:

Package ‘ Depot ‘ Vehicle ‘ Route ‘ Covered zones ‘ Reliability
7

B da Vi P {z1,22, 23} 5
B, dp V2 p2 {z4, 25,26} 3
B3 da v3 p3 {z1, 24,25} i
By dp V4 P4 {z2, 23,26} B

Assume that
feas(B;) = 1 for every j € {1,2,3,4},

and
F=0.
For every j, the corresponding package atom satisfies
package(I, B;) € Assemble“® (depot (1, dep(B;)) , vehicle (I, veh(B;)) , routeobj (1, route(B,))) .
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There are two admissible structural plans:
Y, = (inst(I), {package(I, By), package(I, B2)})

and
Y, = (inst(I), {package(l, B3), package(I, B4)}) .

For Y;, we have
cov(By) Ncov(By) =@

and
cov(By) Ucov(By) = Z.

The two packages use distinct vehicles and different depots. Consequently,

(enc(l),Y)) € REER-.

Similarly,

cov(B3) Ncov(By) = @
and

cov(B3) Ucov(By) = Z,
o)

(enc(l),Ys) € RS-

The reliability value of the first plan is

Vgl“{lL (enc(1),Yy) = min{%, %} = %
The reliability value of the second plan is
VEQL (enc(/),Y>) = min {%, %} = %
Therefore,
LEZI‘%L (enc(I)) = max {%, 1—2} = %

This example illustrates all three components of the general structure-based framework:

1. the structural search relation asks for the construction of a typed logistics plan;
2. the associated structural decision language asks whether such a plan exists; and

3. the structure-valued extension asks for the best reliability value attainable by any admissible structural
plan.

Once a candidate plan is supplied, its typed objects, operation memberships, coverage conditions, resource
restrictions, and reliability value can all be verified efficiently. By contrast, constructing an admissible plan, or
determining the optimal structure-valued reliability, requires combinatorial search over the family of possible
structural certificates.
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Chapter 9

Conclusion

This book has developed Al-oriented, hyperstructural, superhyperstructural, fuzzy, uncertain, and general
structure-based analogues of the classical P versus NP problem. By introducing corresponding notions of
efficient solvability, efficient verifiability, polynomial-time reductions, hardness, and completeness, it extends
the classical solvability—verifiability distinction to several generalized computational settings.

In the Al-oriented framework, computational tasks are represented as relations between input instances and
admissible Al-generated outputs, with separate search and decision classes. In the hyperstructural and su-
perhyperstructural frameworks, candidate solutions are represented by effectively encoded multi-valued or
hierarchically nested objects. The fuzzy and uncertain frameworks replace ordinary Boolean acceptance with
exactly or approximately represented membership and uncertainty values. These constructions are further
unified within a general structure-based framework that accommodates typed objects, finite-valued operations,
structural certificates, and structure-valued verification.

The real-life examples involving Al-assisted recommendation, emergency medical team formation, hierarchical
disaster-response deployment, home-healthcare scheduling, emergency shelter selection, and relief logistics
illustrate how a proposed solution may be efficiently verified even when constructing or optimizing such a
solution involves an N P-complete combinatorial problem.

These frameworks do not resolve the classical P versus NP problem. Rather, they provide formal foundations
and possible starting points for future research on Al completeness, hyperstructural computation, complex-
ity theory over SuperHyperStructures, fuzzy and uncertain computational complexity, structural reductions,
approximate verification, and alternative representations of generalized certificates. Further work may inves-
tigate complete problems for the proposed classes, relationships among different encoding models, restricted
structural domains, probabilistic and quantum extensions, and practical algorithms for the application-oriented
problems considered in this book.
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Abstract

The classical P versus N P problem asks whether every problem whose solutions can be verified efficiently can
also be solved efficiently. Motivated by this distinction, this book introduces several generalized analogues of
the P versus NP problem in Al-oriented, hyperstructural, superhyperstructural, fuzzy, and uncertain settings.
We define corresponding notions of efficient solvability, efficient verifiability, reductions, hardness, and com-
pleteness for Al tasks, HyperProblems, SuperHyperProblems, fuzzy languages, and uncertain languages. These
frameworks do not resolve the classical P versus NP problem. Rather, they extend the classical solvability-
verifiability gap to Al-generated outputs, multi-valued hyperstructural objects, hierarchical superhyperstructural
objects, fuzzy membership degrees, and generalized uncertainty degrees. The proposed definitions provide a
formal basis for further study of generalized computational complexity, Al-completeness, hyperstructural com-
putation, SuperHyperStructure-based complexity theory, fuzzy complexity theory, and uncertain complexity
theory. Finally, these constructions are unified within a general structure-based framework.
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