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FOREWORD

The study of uncertainty has undergone remarkable development during the last century.
Beginning with classical probability theory and later enriched by the introduction of fuzzy sets,
intuitionistic fuzzy sets, and related frameworks, researchers have continually sought mathematical
tools capable of representing incomplete, vague, inconsistent, and indeterminate information. As
scientific systems become increasingly complex and interconnected, traditional binary models often
prove insufficient for describing real-world phenomena characterized by ambiguity and partial
knowledge.

A major milestone in this evolution was the introduction of Neutrosophic Theory in the 1990s.
By extending the concepts of classical and intuitionistic fuzzy theories, neutrosophy introduced three
independent components—truth, indeterminacy, and falsity—allowing uncertainty to be represented in
a more flexible and comprehensive manner. Unlike previous frameworks that often constrained these
components through complementary relationships, neutrosophic theory permits the independent
assessment of each dimension, thereby offering a richer mathematical language for modeling
inconsistent, incomplete, and contradictory information.

Over the past decades, neutrosophic mathematics has developed into a broad and active research
field encompassing logic, set theory, topology, algebra, graph theory, analysis, optimization, artificial
intelligence, decision sciences, engineering, and numerous interdisciplinary applications. The rapid
growth of this area has generated new mathematical structures and methodologies that continue to
expand both theoretical understanding and practical applicability.

The present volume brings together a collection of recent investigations that reflect several
contemporary directions within neutrosophic mathematics. Although the included chapters address
different mathematical domains, they share a common objective: the systematic incorporation of
uncertainty, indeterminacy, and partial truth into advanced mathematical structures.

The first part of the book focuses on neutrosophic graph theory. The study of parallel and series
connections in Min-Max neutrosophic graphs introduces new combinatorial constructions motivated
by network modeling and electrical systems. This is complemented by the development of neutrosophic
bidirected graphs, which extend graph-theoretical frameworks for representing directional uncertainty
and complex network interactions.

The second part explores neutrosophic algebra through the investigation of neutrosophic Lie
subalgebras and ideals. By examining images, inverse images, homomorphic properties, and quotient
structures, this work contributes to the growing body of research that integrates neutrosophic concepts
into abstract algebra and symmetry-related mathematical systems.

The final part of the volume addresses neutrosophic analysis. Fixed-point theory in neutrosophic
metric spaces provides powerful tools for studying dynamic processes and optimization problems, while
the theory of rough I-statistical convergence in neutrosophic normed spaces extends contemporary
approaches to convergence, stability, and robustness in uncertain environments. Together, these
contributions demonstrate the breadth of neutrosophic methods and their relevance across diverse
branches of modern mathematics.

The motivation for collecting these works into a single volume is twofold. First, despite their
distinct mathematical settings, the chapters collectively illustrate the remarkable versatility of
neutrosophic theory as a unifying framework. Second, the integration of these studies allows readers to
appreciate common themes that transcend disciplinary boundaries, including uncertainty
representation, structural generalization, stability analysis, and the development of novel mathematical
models. By presenting these investigations together, the volume seeks to provide both a coherent
overview of current developments and a foundation for future research.
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The future of neutrosophic mathematics appears exceptionally promising. Emerging directions
include neutrosophic artificial intelligence, machine learning under uncertainty, complex network
analysis, data fusion, decision support systems, quantum information theory, computational algebra,
dynamical systems, and interdisciplinary applications in environmental science, medicine, economics,
and engineering. As modern scientific challenges increasingly involve incomplete, inconsistent, and
rapidly changing information, neutrosophic approaches are expected to play an increasingly significant
role in both theoretical investigations and practical problem solving.

It is our hope that this volume will contribute to the continuing advancement of neutrosophic
mathematics and inspire further exploration of its rich theoretical foundations and wide-ranging
applications. We believe that the ideas presented herein will stimulate new research directions and

encourage collaboration among mathematicians, computer scientists, engineers, and researchers from
related disciplines.

Mukhtar Ahmad e Florentin Smarandache
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Part I — Neutrosophic Graph Theory

COMBINATORIAL STRUCTURE OF PARALLEL AND SERIES
CONNECTIONS IN MIN-MAX NEUTROSOPHIC GRAPHS WITH
APPLICATIONS TO NETWORK MODELING

MUKHTAR AHMADY AND FLORENTIN SMARANDACHE?*)

) Algebra Research Group, Faculty of Mathematics and Natural Sciences, Institut Teknologi Bandung,
Jalan Ganesha no. 10, Bandung, 40132, Indonesia

2)University of New Mexico, Mathematics, Physics and Natural Sciences Division, Gallup, NM 87301,
USA
*corresponding authors email: smarand@unm.edu

ABSTRACT. This paper introduces the concepts of parallel and series connections in
Min-max Neutrosophic Graphs and studies their fundamental properties. The proposed
operations are described with illustrative examples. In addition, a new class of neu-
trosophic graphs, called Max-max Neutrosophic Graphs, is defined and analyzed. It is
proved that the number of edges in the parallel connection is twice the product of the
numbers of edges of the given graphs, whereas for the series connection it is four times
the product. The applicability of the proposed model to electrical circuit networks is
also discussed.

1. INTRODUCTION

The theory of fuzzy sets, introduced by Zadeh [19], provides a mathematical framework
for representing uncertainty, vagueness, and partial membership. This idea has motivated
many extensions and applications in discrete mathematics, particularly in graph theory.
Rosenfeld [12] initiated the study of fuzzy graphs, which later developed into a rich area
involving structural properties, isomorphisms, operations, products, and special classes
of fuzzy graphs [2, 4, 5, 14]. In this setting, graph vertices and edges are assigned
membership values, allowing graph models to represent networks whose connections are
not merely present or absent, but may occur with different degrees of uncertainty.

Further developments were obtained through intuitionistic fuzzy sets introduced by
Atanassov [1]. Intuitionistic fuzzy graphs extend fuzzy graphs by considering both mem-
bership and non-membership values. This approach has been studied extensively through
definitions, operations, complements, regularity, and graph products [9, 10, 11, 3, 6, 7,
8, 13]. These studies show that fuzzy and intuitionistic fuzzy graph models are useful in
describing systems where information is incomplete, imprecise, or uncertain.

Another important generalization is provided by neutrosophic set theory, introduced
by Smarandache [18, 16, 17]. Neutrosophic sets represent uncertainty by using three inde-
pendent components, namely truth-membership, indeterminacy-membership, and falsity-
membership. This additional indeterminacy component makes neutrosophic models more
flexible than classical fuzzy and intuitionistic fuzzy models, especially for systems con-
taining inconsistent or incomplete information. Based on this concept, several types of
neutrosophic graphs have been developed, including single-valued neutrosophic graphs,

2020 Mathematics Subject Classification. 05C76, 05C99, 03E72, 94D05, 94C15.

Key words and phrases. Neutrosophic graphs, Min-max neutrosophic structure, Parallel connection,
Algebraic graph structures, Network topology, Series connection.
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isolated single-valued neutrosophic graphs, bipolar neutrosophic graphs, and other re-
lated graph structures [21, 20, 22, 23, 24]. Recent studies have also considered products,
irregularity, hierarchy, and applications of neutrosophic graphs [25, 26, 27].

Graph operations play an essential role in constructing larger and more complex net-
works from smaller ones. In classical graph theory, operations such as union, product,
join, and other forms of composition are commonly used to study structural behavior
and network design. Similar ideas have also been investigated in fuzzy, intuitionistic
fuzzy, and neutrosophic graph settings. However, many network structures arising in
real applications are not only based on general graph operations, but also on connection
patterns that resemble circuit constructions. In particular, parallel and series connections
are fundamental in electrical circuit networks. These two types of connections motivate
the development of new graph operations that can describe how uncertain components
interact when arranged in parallel or in series.

In this paper, we introduce the concepts of parallel and series connections in Min-
max Neutrosophic Graphs. These operations are defined by combining the neutrosophic
information of vertices and edges through minimum and maximum-based rules. Several
illustrative examples are provided to clarify the construction and behavior of the proposed
operations. We prove that if two Min-max Neutrosophic Graphs are connected in parallel,
then the number of edges in the resulting graph is twice the product of the numbers of
edges of the given graphs. Meanwhile, for the series connection, the number of edges is
four times the product of the numbers of edges of the given graphs.

In addition, we introduce a new class of neutrosophic graphs, called Max-max Neutro-
sophic Graphs. This class is defined by using maximum-based rules for the neutrosophic
membership values associated with graph elements. Fundamental properties of this new
class are discussed, and its relation to the proposed connection operations is analyzed.
Finally, we discuss the applicability of the proposed model to electrical circuit networks.
The proposed framework is expected to provide a mathematical tool for representing
circuit systems whose components contain degrees of truth, indeterminacy, and falsity.

2. PRELIMINARIES AND DEFINITIONS

Definition 2.1. A neutrosophic gmph on a nonempty setV is defined as G= (Tg,Tg, i:\g, -T' Tx

where Tg, Ig, FE V- 0,1] and TX, IX7 F VxV [0, 1] represent the truth-membership,
indeterminacy-membership, and falsity- membersth functions of vertices and edges, re-
spectively, satisfying

Ty (b1,02) < min{Te(b1), Te(b2)},

(01,02) < max{le(b1), Te(b2)},

Fo(b1,52) < max{Fe(5), Fe(b2)}

and

for all by,by € V.

Definition 2.2. A neutrosophic graph G = (TE, IE, Fg,TX, vaEx) with underlying graph
G= (V E) is said to be complete if

Ty (b1, 02) = min{Te(b1), Te(b2)},
Ty (b1,b2) = max{le(51), Ie (b2)},

and R R R
Fy(b1,02) = max{F¢(b1), Fe(b2)}
for all by,by € V.

7Fx>7
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Definition 2.3. A neutrosophic graph G = (‘T’g,Tg,/lfg,:l\'X,Tx,Ex) with underlying graph
G = (V,E) is called strong if

T (b1, 2) = min{Te(b1), Te(b2)},

T (01, b2) = max{le(b1), Te(b2)},

and
Fy(01,02) = max{Fe(b1), Fe(b2)}
for all (by,by) € E.
Definition 2.4. A Min-max Neutrosophic Graph is of the form G= (V,E), where

(a) V = {11,22,...,1,}, together with mappings 'IA'g,Tg,E V= [0, 1], where 'IA'E(u),
l¢(2), and Fe(u) denote the truth-membership, indeterminacy-membership, and
falsity-membership values of the vertex 1;, respectively, satisfying

0< '/I\'g(zi) —i—Tg(Zi) + Eg(zi) <3 for every 4 € V.
(b) E C V x V, with mappings :I:X,/I\X,EX Vx Vo [0, 1] such that
T (eiy25) < min{Te (i), Te(1)},

L (23, 25) < max{le(e), le(25)},
and

Fr(u,15) < max{F¢(1), Fe(1;)}
for every (;,1;) € E.
Definition 2.5. A Maz-min Neutrosophic Graph is of the form G= (\7,E), where
(a) V= {11,19,...,1,}, together with mappings T’g,Tgﬁg V= 0, 1], satisfying
0< :I\'g(zi) ‘l‘/l\g(%) + /F\§<Zi) <3 for every; € V.
(b) ECVx \7, with mappings 'AFX,TX,?X VxV— [0, 1] such that
To(u,15) < max{Te(u), Te(z)},

L (235 25) < min{lg(s), le(25)
and

Fyo(2i,05) < min{Fe(2), Fe(25)}
for every (u,1;) € E.

Definition 2.6. A neutrosophic graph G= (\7, E) 15 called a complete neutrosophic graph
if
Ty (2,25) = min{Te(2), Te(r) },
|X(lz‘7lj> = max{lg(zi), |E(@j)}a
and
F(2iy25) = max{Fe(u), Fe(1;)}
for all 1;,1; € V.
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3. MAIN RESULTS
4. SERIES AND PARALLEL CONNECTIONS IN NEUTROSOPHIC GRAPHS
Let Gy = (\7,E) and Gy = (V’ E ) be two neutrosophic graphs, where
V= {11,22,13, ..., 1n}

and

V= {0l )
with
ECVxV and EFCV xV.
Suppose the corresponding truth-membership, indeterminacy-membership, and falsity-
membership functions are given by

Te,le,Fe: V= [0,1],

Tyl Fy s Vx V= [0,1],
and R
e e, F’ V' —[0,1],

T 1L F VXV = [0,1].

X7 X

Definition 4.1. The parallel connection of 61 and 62 with respect to the edges e; and ey
in the neutrosophic graphs, denoted by P((Gl,el) : (GQ,eg)), is obtained by deleting the
edge e, € G1 and e € Gg, and Zdentzfymg the end vertices 5 Im € G1 of e; and 1, € GQ
of ey as a new veArtexV, such that Tg( ) = Tg(zm) A Tg( n, Ig( ) = Ig(zm) v Ig( ), and
Fe(v) = Felun) V Felt)). X A

Similarly, identify the other two end vertices 1, € Gy of e and 1., € Gy of ez as a new
vertex o', such that

A~

Te() = Te(w) A Te(,),
Te() =Te(1n) VIg(tl,),

and R R R
Fe(') = Felen) V Fe(2,).

Finally, introduce a new edge w', such that

T () = Ty(er) A Ty(en),
and

Definition 4.2. The series connection of G1 and G2 with respect to the edges e; and es
in the neutrosophic graphs, denoted by S((Gl,el) (Gg,e2)), is obtained by deleting the
edge e; € G1 and ey € G2, and identifying one of the end vertices 1, € 61 of e1 and
(S 62 of e as a new vertex\A/, such that

Te(v) = Te(tm) A Te(1l),
Te(v) = Te(tn) V1e(2l),

~ ~

Fe(v) = Fe(un) V Fe(1)).

and

10
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/

Finally, introduce a new edge 1,1,,, where 1, € Gy is an end vertex of e; and 1, € Gy is

an end vertex of ey, such that

and N N R
Fr(nty,) = Fy(er) V Fy(e2).

Example 4.1. Let G, = (\71,E1) and Gy = (\72,E2) be two meutrosophic graphs. We,
take V1 = {a,b,c}, Vo ={p,q,r}. The neutrosophic vertex values are given as follows:

a=(0.7,0.2,0.1), p=(0.6,0.1,0.2),

b=(0.6,0.3,0.1), ¢=(0.5,02,0.2),

c=1(05,02,02), r=(04,0.30.2).
Suppose e, = ab € G, and ey = pq € Gy with edge values e; = (0.6,0.3,0.1), ey =
(0.5,0.2,0.2).

Parallel Connection: Identify vertices a and p as a new vertexV:

Te(v) =0.7A 0.6 = 0.6, l¢(v) =02V 0.1 =0.2, and Fe(v) = 0.1V 0.2 =0.2.
Similarly, identify b and q as a new vertex v :
Te(?) =06 A0.5=0.5, 1e() =0.3V0.2=0.3, and Fe() = 0.1V 0.2 =0.2.
Now, we introduce the new edge 1':
T, (1) =06A05=05, L(u)=03V02=03, and F,(1') =01V 0.2 =0.2.
Hence, ' = (0.5,0.3,0.2).

Th/g graphical illustration of the parallel connection of the neutrosophic graphs 61
and Gy is shown below. In this construction, the selected edges e; = ab and e; = pgq
are removed from the respective graphs, and the corresponding vertices are identified
to produce new vertices in the resulting graph. The neutrosophic membership values of
the newly formed vertices and edges are determined using the min—max operations on
the truth, indeterminacy, and falsAity memberships. The resulting graph represents the

parallel connection P((Gy,eq) : (Gg,ez)). For better understanding, the corresponding
graphical representation can be seen below.

FIGURE 1 (PARALLEL CONNECTION)

Let 61 = (\71, El) and 62 = (\72, Eg) be two neutrosophic graphs. Let \71 ={a,b,c}, \72 =
{p,q,r}. Consider e; = ab € E; and e, = pq € E,.

Graph 61 Graph 62

a p
(0.7,0.2,0.1) (0.6,0.1,0.2)

(0.6,0.3,0.1) € (0.5,0.2,0.2)e2
(0.6,0.3,0.1) (0.5,0.2,0.2)  (0.5,0.2,0.2) (0.4,0.3,0.2)

b (0.4,0.3,0.2) ¢ q (0.3,0.3,0.3) r

11
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Parallel Connection P
v
(0.6,0.2,0.2)

Parallel Connection c
_

P((Gy,e1) : (Gy,ep)) (05:02,0.2)

(0.5,0.3,0.2)

FIGURE 2 (SERIES CONNECTION)

Graph G; Graph G,
a p
(0.7,0.2,0.1) (0.6,0.1,0.2)
(0.6,0.3,0.1) € (0.5,0.2,0.2)e
(0.6,0.3,0.1) (0.5,0.2,0.2) (0.5,0.2,0.2) (0.4,0.3,0.2)
b (0.4,0.3,0.2) ¢ q (0.3,0.3,0.3) r

Series Connection S

Series Connection

b v r
@ @ @
(0.6,0.3,0.1) (0.6,0.2,0.2)b7  (0.4,0.3,0.2)
(0.5,0.3,0.2)

Theorem 4.1. Let G, = (V,E) and Gy = (V/,E') be two complete Min-maz Neutrosophic

Graphs. Then, the parallel connection P(Gl,ag) and the series connection 5(61,62)
need not be complete neutrosophic graphs and are not necessarily Min-max Neutrosophic
Graphs.

The proof follows from the following example.
Example 4.2. Consider the complete Min-mazx Neutmsophzc cycle graph G1 = (Vl, E 1)

and the complete Min-max Neutrosophic star graph G2 = (Vg, Eg) shown wn the above

figures.
For the cycle graph G, let

\71 = {aa b7 C, d}v
with vertex values

=(0.8,0.1,0.1), b=(0.7,0.2,0.1), c=(0.6,0.2,0.2), d=(0.5,0.3,0.2).

12
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The highlighted edge is
e; =ab=(0.7,0.2,0.1).

Similarly, for the star graph 62, let Vy = {p,q,r, s}, with
p=(0.7,0.1,02), q=(0.6,0202), r=/(050302), s=(0.4,0.3,0.3).
The selected edge is
ey = pg = (0.6,0.2,0.2).

Now, we construct the parallel connection

P((alael) : (62762)),

as tllustrated in the corresponding figure. After identifying the corresponding vertices, the
new connecting edge becomes
ww' = (0.6,0.2,0.2).

For a complete Min-max Neutrosophic Graph, each edge must satisfy

Te(ww') = min{Te(w), Te(w')},

Te(ww’) = max{le(w). Te(@)}
and
Fe(ww') = max{Fe(w), Fe(w)}.
From the graph,
w=(0.7,0.1,0.2), W' =(0.6,0.2,0.2).

Hence,
Te(ww') = min{0.7,0.6} = 0.6, ¢ (ww') = max{0.1,0.2} = 0.2, F¢(ww') = max{0.2,0.2} = 0.2.

Although the edge ww' satisfies the condition, the remaining newly formed edges in the
parallel connection do not necessarily preserve the completeness property for all vertex
pairs. In particular, some edges are absent between vertices that should be adjacent in a
complete graph. Therefore,

P(Gy, Gy)

18 not necessarily a complete Min-max Neutrosophic Graph.

Similarly, in the wheel-type connection graph, new spokes and connecting edges are in-
troduced. These newly created edges may fail to satisfy the Min-max conditions for truth,
indeterminacy, and falsity memberships. Hence, the resulting series-type connection also
need not remainAcorzplete. o

Therefore, P(Gy,Gs) and S(Gi,Gg) are not necessarily complete Min-max Neutro-
sophic Graphs.

The corresponding graphical representations are given below for better visualization of
the proposed neutrosophic graph structures.

13
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Cycle Graph 61 Star Graph 62

(0.8,0.1,0.1)

(0.7,0.1,0.2)

(0.7,0.2,0.1)
(0.7.02,0.1) (0.5,0.3,0.2) (0.6,0.2,0.2)
0.4,0.3,0.3)
(0.6,0.2,0.2)
@

(0.6,0.2,0.2) (0.5,0.3,0.2)

Parallel Connection P Wheel-Type Connection

(0.7,0.1,0.2)

(0.6,0.2,0.2) (0.5,0.3,0.2)
0.6,0.2,0.2)
(0.5,0.3,0.2) (06,0.2,0.2) (0.4,0.3,0.3)

Definition 4.3. A Maz-max Neutrosophic Graph is of the form G= (V,E), where
(a) V= {11,122, ..., 1} together with mappings -T'g,/l\g,fg V- [0, 1], where
Te(), le(ui), Felu)

denote the truth- membersth, indeterminacy- membersth, and falszty membersth
values of the vertex 1; € V respectively, satisfying 0 < Tg(zz) - |§(ZZ) + Fg(ll) <3
for every ; GV, (1=1,2,...,n).

(b) E CV x V, with mappings :I\—X:Txv/F\x VXV [0, 1] such that

To(2,25) < max{Te(u), Te(r;)},
L (23, 25) < max{le(e), le(25)},
and

Fy(2i,25) < max{F¢(2;), Fe(25)}
for every (1;,1;) € E.

14
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Here, the quadruple (1;, :Izg(Zi),Tg(li), /F\g(lz)) represents the truth-membership, indeterminacy-
membership, and falsity-membership values of the vertex 1; € V. Similarly, the quadruple

-~ ~ -~

((2is 25)s Tyo(eas 25), 1 (i 05), Py (i 25))

represents the truth-membership, indeterminacy-membership, and falsity-membership val-
ues of the edge (1;,1;) € E.

Example 4.3. Consider the graph G= (\7,E), where V = {11,19,13} and E = {1119, 1923, 2123}
Now, we define the neutrosophic vertex values as follows:

11 = (0.6,0.2,0.1), 22 = (0.7,0.1,0.2), and 13 = (0.5,0.3,0.2).
The corresponding edge values are given by
1129 = (0.7,0.2,0.2), 2923 = (0.7,0.3,0.2), and 2123 = (0.6,0.3,0.2).
Now, we verify the Maz-max neutrosophic conditions. For the edge 1112,

~

T, (11,22) = 0.7 < max{0.6,0.7} = 0.7,

-~

I (11,15) = 0.2 < max{0.2,0.1} = 0.2,

and

F o (11,22) = 0.2 < max{0.1,0.2} = 0.2.
Similarly,

T (12,23) = 0.7 < max{0.7,0.5} = 0.7,

Tx(h, 13) = 0.3 < max{0.1,0.3} = 0.3,
and

F(12,15) = 0.2 < max{0.2,0.2} = 0.2.
Also,

T (11, 23) = 0.6 < max{0.6,0.5} = 0.6,

Tx(h, 13) = 0.3 < max{0.2,0.3} = 0.3,
and

Fy(11,23) = 0.2 < max{0.1,0.2} = 0.2.
Hence, all the required conditions are satisfied. Therefore, G = (\7,@) is o Max-max

Neutrosophic Graph.

15
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From the following graph, we observe the structure and neutrosophic labeling of the
Maz-max Neutrosophic Graph.

(0.6,0.2,0.1)

(0.7,0.2,0.2) 11 13 (0.6,0.3,0.2)

(0.7,0.1,0.2)

(0.5,0.3,0.2)

1213

(0.7,0.3,0.2)

Figure 8. Maz-max Neutrosophic Graph

Theorem 4.2. Let 61 = (\A/l,El) and 62 = (\A/Q,E2) be two Min-max Neutrosophic
Graphs having m and n edges, respectively. Then, the number of possible parallel connec-
tions between Gy and Gy 1s 2mn.

Proof. Suppose |E1| = m and |E2] = n.Let E; = {e1,e2,...,e,}and E, = {e|, e}, ... e }.
Each edge of a neutrosophic graph is associated with truth-membership, indeterminacy-
membership, and falsity-membership values. Thus, for every edge e; = ujus € Eq, there

~ ~

exist neutrosophic edge values (’T’X(ei), I (ei), Fy(ei)), and similarly, for every edge €’ =

415 € Ey, there exist (’T’X(e;),TX(e;),?X(e;)). To construct a parallel connection, one edge

from 61 and one edge from 62 are selected and deleted.

The number of ways to choose one edge from G, is m, and the number of ways to
choose one edge from G, is n. Hence, the total number of possible selections of deleted
edge pairs is mn.

Now, consider a fixed pair of deleted edges e; = ujus and e;. = 2129. By the definition of
parallel connection in Min-max Neutrosophic Graphs, the end vertices can be identified
in two possible ways.

First identification: u; <> 17, us <> 15. The newly formed vertices satisfy

Te(wr) = Te(w) A Te(n),

;@ngwnvum,

and

The newly introduced edge wyws has neutrosophic values

Ty (wiws) = Tyler) ATy (€),

| (wiws) =1, (&) VI, (€]),
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and R R R
Fx(wl’IUg) = Fx(ei) V FX(e;)

Second identification: wu; <> 15, us <> 27. Again, a valid neutrosophic parallel con-
nection is obtained with corresponding truth-membership, indeterminacy-membership,
and falsity-membership values. Therefore, corresponding to each selected pair of deleted
edges, exactly two possible neutrosophic parallel connections can be constructed.

Consequently, the total number of possible parallel connections is 2 X mn = 2mn.
Hence, the number of possible parallel connections between the Min-max Neutrosophic

Graphs 61 and 62 is . O
Example 4.4. Let 61 = (\71,E1) and 62 = (\72,E2) be two Min-max Neutrosophic Graphs.
Consider Vi = {a,b,c,d} and Vo = {p,q,r,s}. The graph Gy is a square graph with
edge set Ey = {ab, bc, cd, da}, while Gy is a star graph with edge set Eo = {pq, pr,ps}. The
neutrosophic vertex values of Gy are
a=(0.9,0.1,0.1), b=(0.8,0.2,0.1), ¢ = (0.7,0.2,0.2), and d = (0.6,0.3,0.2).
The neutrosophic edge values of 61 are
ab = (0.8,0.2,0.1), be = (0.7,0.2,0.2), cd = (0.6,0.3,0.2), and da = (0.5,0.3,0.3).
Similarly, the neutrosophic vertex values of 62 are
p=1(0.8,0.1,0.2), ¢ = (0.7,0.2,0.2), r = (0.6,0.2,0.3), and s = (0.5,0.3,0.3).
The neutrosophic edge values of 62 are
pq = (0.7,0.2,0.2), pr =(0.6,0.2,0.3), and ps = (0.5,0.3,0.3).

Now, we choose the edges 1 = ab € El and ey = pq € Eg. Delete the edges ab and pq.
Identify the vertices a <> p to obtain a new vertex 1. Then,

Te(1) = Te(a) A Te(p) = min{0.9,0.8} = 0.8,

Te(2) = Te(a) VIe(p) = max{0.1,0.1} = 0.1,
and

~

Fe(2) = Fe(a) V Fe(p) = max{0.1,0.2} = 0.2.
Hence,

1 =(0.8,0.1,0.2).
Similarly, b <> q to obtain another new vertex +'. Then,

Te(!) = Te(b) A Te(g) = min{0.8,0.7} = 0.7,
1e(1') =71¢(b) Ve(q) = max{0.2,0.2} = 0.2,

and

o~

Fe(2) = Fe(b) V Fe(q) = max{0.1,0.2} = 0.2.
Thus,

/' =(0.7,0.2,0.2).
Finally, introduce a new edge v’ with neutrosophic values

?x(“,) = ?X(ab) A :I\'X(pq) = min{0.8,0.7} = 0.7,

T (') =1 (ab) V T (pg) = max{0.2,0.2} = 0.2,
and R R R
Fy(2') = Fy(ab) V F,(pq) = max{0.1,0.2} = 0.2.

17
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Therefore,
=(0.7,0.2,0.2).

Hence, the parallel connection P((Gy,e;) : (ag,eg)) is obtained.

The following figure illustrates the parallel connection of two Min-max Neutrosophic
Graphs obtained by identifying the corresponding vertices after deleting the selected
edges.

Square Graph 61 Star Graph 62

Resultant Graph

Parallel Connection

>

@

Theorem 4.3. Let 61 (\A/l,El) and 62 = (\72, Eg) be two Min-max Neutrosophic Graphs
having m and n edges respectwely. Then, the number of possible series connections be-
tween G1 and GQ s 4mn.

Proof. Suppose
\E1| =m and |Ef=n.

Let R N

Ei ={ei,e2,...,em}, Ey = {e},e),... €.}
To construct a series connection, one edge from each graph is selected and deleted. Hence,
the number of Ways of choosing one edge from Gl and one edge from G2 is mn. Let
e — UUy € El, j = 1119 € Eg be a chosen pair of edges. In a series connection, one
vertex from each deleted edge is identified to form a single vertex. There are: 2 x 2 =4
possible ways to choose one endpoint from e; and one endpoint from e:

Case 1:

Uy <> 11
Case 2:

U < 19

18
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Case 3:

U > 1
Case 4:

U 4 19

Each identification produces a valid neutrosophic series connection, since the resulting
vertex and edge memberships are defined using the Min-max neutrosophic operations:

'T'g = min, /l\g = max, ?5 = max.

Thus, for each pair of edges, there are 4 possible series constructions.
Therefore, total number of series connections is 4 x mn = 4mn. Hence proved. O

EXAMPLE OF SERIES CONNECTION IN GRAPHS

Let
G = (Vi,E)), Vi={a,bc}, Ei = {ab,bc}
and

62 = (\727/E\2>7 \72 = {b1,bs, 2}, Eg = {b1bg, boz}.
Both graphs are path graphs.
The number of edges are:

Ei|=2, [Es|=2.

Thus, the number of possible series connections is:

dmn =4 x 2 x 2 = 16.

A series connection is formed by:

(1) selecting one edge from each graph,
(2) deleting those edges,
(3) identifying one endpoint from each edge.

Example: Identify a = b;.

Series Connection

19
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5. CONCLUSION

In this paper, we introduced and studied the concepts of parallel and series connections
in Min-Max Neutrosophic Graphs. These operations extend classical graph-theoretic
constructions into the neutrosophic environment, where uncertainty is modeled using
truth, indeterminacy, and falsity membership functions. The structural behavior of these
connections was analyzed, and exact combinatorial expressions were derived. It was
shown that the number of possible parallel connections is 2mn, while the number of
series connections is 4mn, where m and n are the number of edges in the respective
graphs.

Furthermore, a new class of neutrosophic graphs, called Max-Max Neutrosophic Graphs,
was introduced to broaden the framework of uncertainty-based graph modeling. The ob-
tained results generalize existing work in fuzzy and intuitionistic fuzzy graphs and provide
a unified combinatorial interpretation of graph connection operations under neutrosophic
settings.

The proposed structures have potential applications in network theory, decision-making
systems, and electrical circuit modeling, where uncertainty and indeterminacy play a sig-
nificant role. Future work may focus on extending these operations to weighted neutro-
sophic graphs, hypergraphs, and dynamic network systems, as well as exploring algebraic
and spectral properties of such constructions.
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ABSTRACT. In this paper, we introduce the concept of neutrosophic bidirected graphs as a
generalization of intuitionistic fuzzy bidirected graphs by incorporating truth-membership,
indeterminacy-membership, and falsity-membership functions on vertices and edges together
with a bidirection mapping. Several fundamental properties and structural results are estab-
lished. In particular, we investigate reductions to fuzzy and crisp bidirected graphs, characterize
neutrosophic directed graphs induced by bidirections, and study operations such as intersec-
tion and union. Furthermore, strong neutrosophic bidirected graphs, homomorphisms, and
isomorphisms are discussed. The proposed structure provides a useful mathematical model for
handling uncertainty and indeterminacy in bidirected network structures.

1. INTRODUCTION

Graph theory has become an essential branch of mathematics with wide-ranging applications
in computer science, communication systems, artificial intelligence, transportation networks,
optimization, and decision sciences. Classical graph models, however, are often inadequate
for representing uncertainty, inconsistency, and incomplete information that naturally arise in
practical systems. To overcome these difficulties, several generalized graph models based on
fuzzy and neutrosophic frameworks have been developed.

The theory of fuzzy sets, introduced by Zadeh [1], provides an effective mathematical tool for
handling uncertainty through membership functions. Rosenfeld [2] initiated the concept of fuzzy
graphs by extending fuzzy set theory to graph structures. Later, Atanassov [3] generalized fuzzy
sets to intuitionistic fuzzy sets by introducing both membership and non-membership degrees.
Since then, intuitionistic fuzzy graphs and their algebraic and structural properties have been
studied extensively by many researchers [4, 5, 6].

In recent years, neutrosophic set theory introduced by Smarandache [7] has attracted con-
siderable attention because of its ability to characterize uncertainty, indeterminacy, and incon-
sistency simultaneously through truth-membership, indeterminacy-membership, and falsity-
membership functions. Compared with intuitionistic fuzzy theory, neutrosophic theory offers
a more flexible framework for modeling incomplete and inconsistent information. The devel-
opment of neutrosophic graph theory has therefore become an active area of research. Several
important contributions related to neutrosophic graphs, neutrosophic digraphs, and their ap-
plications can be found in [8, 9, 10, 11, 12].

Bidirected graphs constitute another important generalization of graph structures in which
each edge possesses local orientations at its end vertices. These graphs are useful in network
flow analysis, communication systems, transportation models, electrical circuit analysis, and
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Key words and phrases. Neutrosophic graph, bidirected graph, neutrosophic bidirected graph, neutrosophic
directed graph, graph homomorphism, uncertainty modeling.
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combinatorial optimization. Fuzzy and intuitionistic fuzzy bidirected graph models were intro-
duced to incorporate uncertainty into bidirectional network structures. However, those models
cannot explicitly represent indeterminate information.

Motivated by the above observations, in this paper we introduce the concept of neutrosophic
bidirected graphs as a natural extension of intuitionistic fuzzy bidirected graphs. The proposed
framework combines neutrosophic information with bidirectional graph structures by assigning
truth-membership, indeterminacy-membership, and falsity-membership values to vertices and
edges together with a bidirection mapping. Several fundamental properties and structural
characterizations are established. In particular, we investigate reductions to fuzzy and crisp
bidirected graphs, induced neutrosophic directed graphs, intersection and union operations,
strong neutrosophic bidirected graphs, homomorphisms, and isomorphisms.

The obtained results provide a generalized mathematical setting for modeling uncertainty
and indeterminacy in bidirected network systems and may serve as a foundation for further
studies in neutrosophic graph theory and its applications in intelligent systems, data analysis,
optimization, and decision-making problems.

2. FUNDAMENTAL CONCEPTS
Definition 2.1 ([13]). A neutrosophic set A on X is characterized by three functions
Tx:X—=1[0,1], Iz:X—=1[0,1], and F5 : X = [0, 1],

called the truth-membership, indeterminacy-membership, and falsity-membership functions, re-
spectively, such that
0<Tx(0)+13(9) +Fz(0) <3

for all 0 € X.

Definition 2.2. Let G* = (V,E) be a crisp undirected simple graph. A neutrosophic graph
(NG) on G* is defined as

g - ((T, |, F), (TE, |E, FE))7
where

T,LF:V—0,1],
and
TE, |E7 FE E— [07 1],

are the truth-membership, indeterminacy-membership, and falsity-membership functions on ver-
tices and edges, respectively, satisfying

0<T()+1(0)+F() <3,

0< Te({¢,0}) +1e({¢, 0}) + Fe({¢, 0}) <33,

and
Te({¢,9}) < min{T(¢), T(9)},
le({¢,0}) < max{I(¢),1(9)},
Fe({¢,0}) > max{F(¢),F(9)},
for all {¢,0} € E.
Example 2.1. Consider the crisp undirected simple graph G* = (V,E), where V = {0y, 02, 03, 04}
and E = {{81, 0o}, {01, 03}, {09, 05}, {03, 84}}. Define the neutrosophic vertex functions by

T(0,) =09, 1(8,)=0.1, F(&)=0.1,
T(0) = 0.7, 1(05) = 0.3, F(d)=0.2,
T(95) = 0.6, 1(05) =04, F(d5)=0.3,
T(04) = 0.5, 1(04) = 0.5, F(0y) =0.4.



Advanced Topics in Neutrosophic Mathematics

Clearly,
0<T(0) +1(0)+F(0) <3
for each i =1,2,3,4, since
0.9+0.1+0.1=1.1,
0.7+03+02=12,

0.6 +0.4+0.3 =13,

and
0.54+054+04=14.

Now, we define the neutrosophic edge functions as follows:

Te({01,8)) = 0.7, 1e({01,8}) = 0.3, Fe({01,0:}) = 0.2,
Te({01,95)) = 0.6, 1e({d1,85)) = 0.4, Fe({1,05)) = 0.3,
Te({02,05)) = 0.5, 1e({D2,05}) = 0.4, Fe({s,05}) = 0.3,
Te({05,0:1) = 0.5, 1e({Ds,04)) = 0.5, Fe({s,0:}) = 0.4.

We verify the defining conditions.
For the edge {01, 0-},

Te({01, 8}) = 0.7 < min{0.9,0.7} = 0.7,
le({01, 05}) = 0.3 < max{0.1,0.3} = 0.3,

and
Fe({01,:}) = 0.2 > max{0.1,0.2} = 0.2,
For the edge {01, 05},
0.6 < min{0.9,0.6} = 0.6,
0.4 < max{0.1,0.4} = 0.4,

and
0.3 > max{0.1,0.3} = 0.3.

For the edge {02, 03},
0.5 < min{0.7,0.6} = 0.6,
0.4 < max{0.3,0.4} = 0.4,

and
0.3 > max{0.2,0.3} = 0.3.

For the edge {05, 04},
0.5 < min{0.6,0.5} = 0.5,
0.5 < max{0.4,0.5} = 0.5,

and
0.4 > max{0.3,0.4} = 0.4.

Moreover,
0< Te(g) +1e(g) +Fe(g) <3
for every edge g € E. Hence, G = ((T, LF), (TE g, FE)) is a neutrosophic graph on G*.
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81 (0.9,0.1,0.1)

(0.7,0.3,0.2) (0.6,0.4,0.3)

(0.5,0.4,0.3)

85(0.7,0.3,0.2) 85 (0.6,0.4,0.3)

(0.5,0.5,0.4)

04(0.5,0.5,0.4)
F1GURE 1. Neutrosophic graph corresponding to Example 2.1

Definition 2.3. Let a = (V,;‘:) be a crisp directed simple graph. A neutrosophic directed
graph (NDG) on a is defined as ?N = ((T,L,F), (T4 15 Fz)), where
T,LF:V —=[0,1], and Tz, 15, Fx: A = [0,1],
are the truth-membership, indeterminacy-membership, and falsity-membership functions on ver-
tices and arcs, respectively, satisfying
0<T(0)+1(0)+F(9) < 3,
0 < Tx(t1,t2) +15(e1, 02) + Fx(e1,L2) <3,

and
Tx(er,0) <min{T (e1), T(e2)},

15 (e1,t2) < max{l(e1),1(c2)},
Fa(e1,t2) > max{F(¢1),F(e2)},
for all (11,12) € A.
Example 2.2. Consider the crisp directed graph a = (V,K), where V- = {01,05,03} and
A = {(01,02),(0a,05),(01,03)}. Define the neutrosophic vertex functions
T(0) =08, () =02, F()=0.1,
T(d) = 0.6, 1(0y) =0.3, F(dy)=0.2,
T(03) = 0.7, 1(05) = 0.4, F(d5)=0.2.
Clearly,
0 < T(0)+1(0) + F(d) <3
for each 1 =1,2,3, since
0.84+0.2+0.1=11,
0.64+03+02=11,

and
0.74+04+02=1.3.

Now define the neutrosophic arc functions as follows:
Tx(01,02) = 0.5, 13(01,02) = 0.3, Fx(01,0) =0.2,
T3(02,03) = 0.6, 13(02,05) = 0.4, Fz(02,05) = 0.2,
T(01,03) = 0.7, 13(0h,05) = 0.4, Fx(01,05) =0.2

We verify the required conditions.
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For the arc (01, 0s),
T+(01,8,) = 0.5 < min{0.8, 0.6} = 0.6,
15(91,05) = 0.3 < max{0.2,0.3} = 0.3,
and
F+(01,8,) = 0.2 > max{0.1,0.2} = 0.2.
Similarly, for the arc (0, 03),
0.6 < min{0.6,0.7} = 0.6,
0.4 < max{0.3,0.4} = 0.4,

and
0.2 > max{0.2,0.2} = 0.2.
For the arc (0y,0s),
0.7 < min{0.8,0.7} = 0.7,
0.4 < max{0.2,0.4} = 0.4,

and
0.2 > max{0.1,0.2} = 0.2.

Moreover,
0 < Tx(t,2) +15(e1,t2) + Fxler,t0) <3

for every arc (11,13) € A. Hence, 3N = ((T, LF), (Tx 15, F;)) is a neutrosophic directed graph.

0, (0.8,0.2,0.1)

(0.5,0.3,0.2) (0.7,0.4,0.2)

85(0.6,0.3,0.2) @ @ 05 (0.7,0.4,0.2)

(0.6,0.4,0.2)
F1GURE 2. Neutrosophic directed graph corresponding to Example 2.2

3. MAIN RESULTS

Definition 3.1. Let G* = (V,E) be a crisp undirected simple graph, where V' is a nonempty
set of vertices and E C {{g,@} :(,0eV, (# 8} is its edge set.
A neutrosophic bidirected graph is a septuple By = (T, I,F, Tg, g, FE,f), where

TALF:V = [0,1), Tele,Fe:E— [0,1], and € :V x E — {—1,0,1},
satisfying the following conditions:
(1) For every 0 €V,
0<T(0)+1(0) + F(9) < 3. (Vertex neutrosophic constraint)
(2) For every g € E,
0 < Te(g) +1e(g) + Fe(g) < 3. (Edge neutrosophic constraint)
(3) For every g = {(,0} € E,
Te(@) < min{T(O), TO)},
le(g) < max{l(¢),1(9)},
Fe(g) > max{F(¢),F(0)}. (Membership consistency)
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(4)

€(0,8) =0 < 0 ¢ g. (Incidence condition)
(5) For every g = {(,0} € E,

£(¢,8),£(0,¢g) € {—1,1}. (Local orientation)

Example 3.1. Consider the crisp undirected simple graph G* = (V,E), where V = {0y, 02,03}
and E = {{01,02},{02,05},{01,05} }. We define the neutrosophic vertex functions by

T(0;) =0.8, 1(01) =0.2, F(0;)=0.1,
T(0r) =0.6, 1(02) =0.3, F(dy) =0.2,
T(03) =0.7, 1(03) =04, F(05) =0.2.
Clearly,
0<T(9) +1(0:) +F(9;) <3
for each 1 =1,2,3, since
T(Oh) + 1) +F(h) =11, T(0)+ () +F(d) =1.1, and T(03) + 1(03) + F(d3) = 1.3.
Now, we define the neutrosophic edge functions as follows:
Te({01,02}) = 0.5, 1g({01,05}) = 0.3, Fe({01,0:}) = 0.2,
Te({02,05}) = 0.6, 1g({02,05}) =04, Fe({0,05}) =0.2,
Te({01,05}) = 0.7, 1g({01,05}) =04, Fe({01,05}) =0.2.
Next, we now define the bidirection function
£:VxE—{-1,0,1}
by
£(01,{01,0:}) =1, £(02,{01,0x}) = —1,
£(02,{02,05}) =1,  £(05,{0s,05}) = —1,
§(01,{01,05}) = —1, £(05,{01,05}) = 1.

Also, £(0,8) = 0 whenever 0 ¢ g.
Now, we verify the required conditions. For the edge {0,052},

Te({01,8}) = 0.5 < min{0.8,0.6} = 0.6,
le({81,92}) = 0.3 < max{0.2,0.3} = 0.3,

and
Fe({01,05}) = 0.2 > max{0.1,0.2} = 0.2.

Similarly, for the edge {0y, 03},
0.6 < min{0.6,0.7} = 0.6,
0.4 < max{0.3,0.4} = 0.4,

and
0.2 > max{0.2,0.2} = 0.2.

For the edge {0y, 05},
0.7 < min{0.8,0.7} = 0.7,

0.4 < max{0.2,0.4} = 0.4,

and
0.2 > max{0.1,0.2} = 0.2.

Moreover,
0 < Te(g)+Ie(g) +Fe(g) <3
for every g € E.
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The incidence condition holds because

£(0,6)=0 <= 0¢g
Further, for every edge
g ={¢, 0} €E,
we have
£(¢,8),€(0,8) € {—1,1},

which satisfies the local orientation condition. Hence, By = (T, I,F, Tg, g, FE,f) 1S a neutro-
sophic bidirected graph.

8, (0.8,0.2,0.1)

(0.5,0.3,0.2) (0.7,0.4,0.2)

8, (0.6,0.3,0.2) 85 (0.7,0.4,0.2)

41 (06,04,02) 4
FiGurEe 3. Neutrosophic bidirected graph corresponding to Example 3.1

Example 3.2. Consider the crisp undirected simple graph G* = (V,E), where V = {1, as, a3, as}
and

E = {{a1,a}, {o, a3}, {as, au}, {ou, au} }.

Now, we define the neutrosophic vertex functions by

T(a1) =0.9, I(ay)=0.1, F(ey)=0.1,
T(az) =0.7, l(ag) =0.2, F(az) =0.2,
T(az) =0.6, l(az) =0.3, F(az) =0.2,
T(ay) =08, I(ag) =0.2, F(ay)=0.1.

Next, define the neutrosophic edge functions by

Te({ar, a2}) = 0.7,
Te({az, as}) = 0.6,
Te({as,a4}) = 0.6,
Te({a1,a4}) = 0.8,

|E({CY17 OZQ} = 02,

E {042,043}

le

Further, define the bidirection function

by

£(ag, {ar, an}) =
§(az, {ag, a3}) =
5(043, {Oé:s, a4}

§(an, {a1, au}) =

~— — —

(
(
(

{as, au}

S

)
)
)
)

(
(
(

=0.3,
= 0.3,
IE {al,a4} = 02,

£:VxE—{-1,01}

(

Fe({az, as}
(
(

E {017042}

Fe {0437 Oé4}

E {0617 044}

§(ag, {ar, as}) = —
s, {Oég, 043}) = —
)

7 5 Oy, {Oég,a4} = -
=1, &(ay,{a1,a4}) = 1.
Hence, By = (T, I,F, Tg, lg, FE,f) 1$ a neutrosophic bidirected graph.

28
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a1 (0.9,0.1,0.1)

(0.7,0.2,0.2)

(0% 0/3, 0.2y

(0.8,0.2,0.1)

as (0.7,0.2,0.2)

a3 (0.6,0.3,0.2)

(0.6,0.3,0.2)

ay (0.8,0.2,0.1)

FIGURE 4. Neutrosophic bidirected graph corresponding to the above example 3.2

Theorem 3.1. Let By = (T,I,F, TE,IE,FE,ﬁ) be a neutrosophic bidirected graph on G* =
(V,E). Then:
(1) If1(0) =0, F(0) =0 foralld € G, andlg(g) =0, Fe(g) =0 for allg € E, then By
reduces to a fuzzy bidirected graph.
(2) If, in addition, T(0) =1 for all0 € V, and Tg(g) =1 for all g € E, then By further
reduces to a crisp bidirected graph.
(3) If £(C,8) = —£(0,8) for every edge g = {¢,0} € E. Then, By induces a neutrosophic
directed graph on the digraph

A= {(Ll,Lg) ‘ {t1,2} € E, £(v1,{t1,t2}) = +1, &(ta,{t1,t2}) = —1}.

Proof. (1) Setting | = 0, F =0, and lg = 0, Fg = 0 in By leaves exactly the data
(T, TEg, &), satisfying the axioms of a fuzzy bidirected graph.
(2) Further imposing T =1, Tg = 1 makes all membership consistency conditions trivial,
recovering the usual crisp bidirected graph (G*,&).
(3) Assume £(C,g) = —£(0,g) for every edge g = {(,0} € E.
we define

A= {(61,L2) €V XV :{u,} €k {(u, {u,2}) =+1, (2, {u,2}) = _1}-
Then, 3 = (V, ;AV\) is a crisp directed graph. Define
Tx(t1,2) = Te({u, L2}),

(01, 02) = le({e1, 02}),

Fa(u, o) = Fe({u, 2}),
and retain the vertex functions T, I, F. Since

and
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and

Fe(g) > max{F(¢),F(9)}
hold in By, it follows that
Tx(t1,t2) <min{T(¢1), T(2)},

15 (e1, 02) < max{l(¢1),1(e2)},

and
Fa(er,t2) > max{F(t1),F(e2)}
Moreover,
0< T/K(Lla L2) + |,’&(L1, t2) + F;(Ll, 19) < 3.
Hence,
(T,LF, Tx, 15, Fx)
satisfies the axioms of a neutrosophic directed graph on 5 0

Theorem 32 L@t BN1 = (Tl, |1, F17 TE1; |E17 FEl,g) and BN2 = (TQ, |2, FQ, TE27 |E27 FE2, f) be
two neutrosophic bidirected graphs on the same crisp graph G* = (V,E). Define T = T1NTo, | =
Iy Uly, and F = Fy UFsy, and similarly for edge functions. Then, (T,1,F, Tg,lg,Fg, &) is also a
neutrosophic bidirected graph on G*.

Proof. We verify each axiom.
1. Vertex neutrosophic constraint. Fix 0 € V. Since
0<T;9)+1;(0) + F;(0) <3 fori=1,2,
we obtain
T(0)+1(0) + F(0) = min{T1(9), T2(9)} + max{l;(9), 12(0)} + max{F;(9), F2(9)}.
Clearly,
0<T(0)+1(0)+F(9) < 3.
2. Edge neutrosophic constraint. Similarly, for every g € E,
0 < Te(g) +le(8) + Fe(g) < 3.

3. Membership consistency. For any edge

g={¢.0} €E,
we have
Te(g) = min{Tg (8), Te,(8)}-
Since
Te (8) <min{T4(¢), T4(9)}
for i = 1,2, it follows that
Te(g) < min{T(¢), T(9)}.

Also,
le(g) = max{lg, (8).le,(8)}
and
lg,(8) < max{l;(¢),1;(0)}.
Thus,
le(g) < max{I((),1(9)}.
Likewise,
Fe(g) = max{Fg, (g), Fe, (&)}
and
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Hence,

Fe(g) = max{F(¢),F(0)}.
4. Incidence condition. Since the bidirection function £ is unchanged,
£00,) =0 < 0¢g
still holds.

5. Local orientation. Similarly,

£(¢,8),€00,8) € {-1,1}
for every edge
g={¢ 0} ek
Therefore,
(T,I,F, Te, lg, Fe, €)
satisfies all axioms of a neutrosophic bidirected graph on G*. 0
Theorem 3.3 (Union of Neutrosophic Bidirected Graphs). Let By, = (Tl, I, Fi, Tey, gy, FEys f)

and By, = (Tg, lo, Fo, TE,, g, FE2,§) be two neutrosophic bidirected graphs on the same under-
lying crisp graph G* = (V, E), sharing the same bidirection function &.

Define
T(0) = max{T1(9), T2(0)},
1(9) = min{l:(9), 12(0) },
F(0) = min{F,(0),F2(0)},
and
Te(g) = max{Tg, (8), Te. (&)},
le(g) = min{lg, (), le.(8)},
Fe(g) = min{Fe, (¢), Fe,(8)}-
Then, (T, I,F, Tg, g, FE,£) s again a neutrosophic bidirected graph on G*.

Proof. We verify the defining axioms.
1. Vertex neutrosophic constraint. For each 0 € V,
T(9)+1(0) + F(9) = max{T1(9), T2(9)} + min{l;(9), 12(9)} + min{F;(9), F2(9)}.
Since
0<T;(0)+1;(0) + F;(0) <3
for + = 1, 2, it follows immediately that
0<T()+1(0)+F(9) < 3.
2. Edge neutrosophic constraint. Similarly, for every g € E,
0< Te(g) + le(g) + Fe(g) < 3.
3. Membership consistency. Let
g={¢,0} €E
Since
Te, (&) < min{T;(¢), T:(9)}
for + = 1,2, we obtain
Te(g) = max{Tg (&), Te, (&)} < min{T(¢), T(9)}.
Also,
le, (&) < max{l;(¢),1:(9)}
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Hence,
le(g) = min{lg, (8), le.(8)} < max{l(¢),1(9)}.
Likewise,
FEi (é) > maX{Fi(C)? Fl(a>}a
therefore

Fe(g) = min{Fe, (g), Fe,(8)} = max{F(¢),F(9)}.
4. Incidence condition. Since the bidirection function £ remains unchanged,
£0.8)=0 <= 0¢g.
5. Local orientation. For every edge

g=1{¢ 9} €k,
we still have
£(¢,8),€(0,8) € {-1,1}.
Hence,
(T,I,F, Te, lg, Fe, €)
satisfies all axioms of a neutrosophic bidirected graph on G*. 0]

Theorem 3.4. Let By = (T,I,F, TE,IE,FE,ﬁ) be a neutrosophic bidirected graph on G* =
(V,E). Define the complement BS, = (TC, 1°,Fe, T, I, Fg, S), where for every 0 € ¥V and g € E,
T9(0) = F(9), 1°(0) = I(9), F(9) = T(9), and Te(g) = Fe(g), Ig(8) = le(8), Fe(g) =
Te(g). Then, BY is also a neutrosophic bidirected graph.
Proof. For every 0 € V,

0<T()+1(0)+F() < 3.

Hence,

0 < T40)+ 1°(0) + F¢(9) < 3.
Similarly,

0 < Tg(g) + Ig(8) + Fe(g) < 3.
Now,

Te(8) = Fe(g) < min{F(¢),F(9)} = min{T*((), T*(9)}.
Also,
IE(8) = le(g) < max{I(¢),1(9)} = max{I*(¢),1°(9)}.

Likewise,

FE(8) = Te(8) = max{T((), T(9)} = max{F(¢), F*(0)}.
The incidence and orientation conditions remain unchanged since £ is preserved. Therefore B

is a neutrosophic bidirected graph. O

Theorem 3.5. Let By = (T, I,F, Tg, g, FE,S) be a neutrosophic bidirected graph. If for every
edge g = {(,0} € E, the equalities

Te(8) = min{T(¢), T(0)}, le(g) = max{l((),1(0)}, and Fe(g) = max{F(¢),F(0)}
hold. Then, By s called a strong neutrosophic bidirected graph.

Proof. The result follows directly from the defining equalities, which strengthen the membership
consistency conditions of a neutrosophic bidirected graph. ([l

Theorem 3.6. Let BNl = (Tl, Il, Fl, TEl, |E1, FEl,él) and BN2 == (T27 |27 FQ; TE27 |E27 FE27€2)
be neutrosophic bidirected graphs. Suppose ¢ : Oy — 0o is a graph homomorphism satisfying
T1(0) < To(4(9)), 11(0) > la((D)), and F1(0) > Fo(4(9)) for all O € &y. Then, ¢ preserves

the neutrosophic bidirected structure.
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Proof. Let g = {(,0} € E;. Since ¢ : 9; — 0, is a graph homomorphism, we have
¢(8) = {¢(¢),9(9)} € Es.

Now, because By, is a neutrosophic bidirected graph, the edge membership functions satisfy
TEl (g) < min{—l—l(g)’ Tl(a)}a
|E1(g) < maX{|1(§), |1(8)},

and
Fe, (&) > max{F,((),F.(9)}.
Using the assumptions
T1(n) < Ta(d(n)),
li(e1) > la(é(w)),
and
Fi(t1) > Fa(o(11))

for every iota; € 0y, we obtain

min{T1(¢), T1(9)} < min{T2(4(()), T2(¢(9))}.

Hence,
Te, (8) < min{T2(¢(C)), T2(4(9))}-
Similarly,
max{l,(¢),11(9)} > max{ly(6(C)). b(6(0))}.
Therefore,
lg, (8) < max{l>(¢(C)), 12(#(0))}-
Also,

max{F;(¢), F1(0)} = max{F»(¢(¢)), F2(¢(9))},
which implies
Fe, (8) = max{F2(¢(¢)), F2(¢(9))}-

Moreover, since By, is a neutrosophic bidirected graph,

0 < Ta(¢(9)) + 12(6(9)) + F2(9(9)) < 3
for all 0 € 0y, and
0< Te,(0(8)) + e, (0(8)) + Fe,(6(g)) < 3.
The bidirection and incidence conditions are preserved under ¢, since adjacency and edge

incidences are preserved by graph homomorphisms.
Therefore, ¢ preserves the neutrosophic bidirected structure from By, to By,. O

Theorem 3.7. Let By, = (T1,11,F1, Te,, g, Fey &) and By, = (To, lo, Fa, Ty, lg,, FEy, &) be
two neutrosophic bidirected graphs. If ¢ : 01 — 0o preserves all vertex and edge neutrosophic
values, then By, = By,.

Proof. Since ¢ is a graph isomorphism, it is bijective and preserves adjacency as well as inci-
dences between vertices and edges.
Let g = {(,0} € E;y. Then,
0(8) = {0(C), ¢(9)} € Es.
Using the assumptions,
T, (é) = Tg, (¢(g)>’
and
T1(0) = T2(9(€)),  T1(9) = T2(¢(9))-
Since By, satisfies
TE1 (g) < min{—l—l(g)’ Tl(a)}a
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we obtain
Te (#(8)) < min{T2(4(¢)), T2(¢(9))}-
Similarly,
le, (#(8)) < max{l2(4(¢)), 12(¢(9))},
and

Fe, (0(8)) = max{F2(¢(C)), F2(¢(9))}-

Thus, all neutrosophic consistency conditions are preserved under ¢.
Moreover, because ¢ preserves incidences and orientations,

£1(0,8) = &(0(9), 6(8))-
Therefore, By, = By,, and hence, the two neutrosophic bidirected graphs are isomorphic. [
Theorem 3.8. Let By = (T,I,F, T, lg,Fe, &) be a neutrosophic bidirected graph. If V' CV

and E' = {{C,@} cE:(0¢€e V’} C E. Then, the restriction By = (T',I',F, Tg, 15, Fg, &)
forms a neutrosophic bidirected subgraph of By.

Proof. Since V' C V and E’ C E, all vertex and edge neutrosophic values are inherited directly
from By. For every vertex 0 € V', because By is a neutrosophic bidirected graph,

0<T(0)+1(0)+F(9) < 3.

Hence,

0<T(9)+1'(0) +F(9) <3.
Similarly, for every edge g € E’, we have

0< Te(g)+Ie(g) + Fe(g) < 3,
which implies

0 < TE(8) +Ie(g) + Fe(8) < 3.
Now, let

g={¢ 0} ek

Since g € E, the membership consistency conditions in By yield
Te(g) <min{T(¢), T(9)},
le(g) < max{I(¢),1(9)},

and
Fe(g) > max{F(¢),F(9)}.

Using the definitions of the restricted functions,
Te(8) <min{T'(¢), T'(9)},
Ie(8) < max{l'(),1"(9)},

and

Fe(8) > max{F'(¢),F(9)}.
Furthermore, since ¢’ is the restriction of &,

§(0.8) =0 < 0¢g,
and for every
g={C.0}eF,

gl(Ca g)a 6/(87 é) € {_17 1}
Therefore, B satisfies all axioms of a neutrosophic bidirected graph and hence forms a neu-
trosophic bidirected subgraph of By . U
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3.1. Structural Properties of Strong Neutrosophic Bidirected Graphs.

Theorem 3.9. Let By = (T,1,F, Tg, lg, Fe, &) be a strong neutrosophic bidirected graph. If By,
is an induced neutrosophic bidirected subgraph of By, then By is also a strong neutrosophic
bidirected graph.

Proof. Let
VICV
and let
E'={{(,0} e E:¢(,0eV'}
be the edge set of the induced subgraph. Since B, is induced, all vertex and edge neutrosophic
values are inherited from By. Take any edge

g=1{¢0}er.
Since By is strong,

Te(8) = min{T(¢), T(9)},le(8) = max{l(¢),1(0)}, and Fe(g) = max{F((), F(9)}.

Because the induced subgraph preserves these values,

Te(8) = min{T'(¢), T'(9)}, le(g) = max{l'(¢),I'(9)}, and Fg(g) = max{F'(¢),F'(9)}.
Hence, every edge of B, satisfies the defining equalities of a strong neutrosophic bidirected
graph. Therefore, B, is strong. U

Theorem 3.10. Let By, = By,. Then, By, is strong if and only if By, is strong.

Proof. Let ¢ : V3 — V5 be an isomorphism between By, and By,.
Assume that By, is strong.
Take any edge

{0(0),9(9)} € E».
Since ¢ is an isomorphism,
{C> 6} € El
and all neutrosophic values are preserved. Thus,

T2(¢(C)) = Tl(C)v T2(¢(a)) = Tl(a)a

and similarly for the indeterminacy and falsity memberships. Since By, is strong,

TEI ({C? a}) = mln{Tl<C)7 Tl(a)}

Applying ¢,
Te,({#(0); 9(9)}) = min{T2(4(¢)), T2(4(9))}-
Similarly,
le, = max{l2(6(¢)), 12(¢(9))},
and

Fe, = max{F2(¢(()), F2(4(9))}-

Hence, By, is strong.
The converse follows by applying the same argument to ¢—!. Therefore, strongness is pre-
served under isomorphism. O

Theorem 3.11. Let
BN = (T7 |7 FJ TEy |E7 FE7€>

be a neutrosophic bidirected graph. Define
Te({¢,0}) = min{T(¢), T(9)},
1e({¢,0}) = max{1(¢), 1(9)},
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Fe({¢,0}) = max{F(¢), F(9)}.

and

Then B o
BN = (T7|7F7TE7 lEa FE?f)

18 a strong neutrosophic bidirected graph.

Proof. For every edge
g={C 0} €E,

the definitions immediately give

Te(g) = min{T(¢), T(9)},
Ie(g) = max{1(¢),1(9)},

Fe() = max{F(¢),F(9)}.

Hence, the membership consistency conditions hold with equality. Moreover,

0 S ;|V—E7TE7IA:/E S 17

and

because minima and maxima of numbers in [0, 1] remain in [0, 1].
The bidirection function £ is unchanged, so the incidence and local orientation conditions
remain valid. Therefore B
By
satisfies all requirements of a neutrosophic bidirected graph and, by construction, satisfies the
defining equalities of a strong neutrosophic bidirected graph.
Hence,

By

is strong. 0

Example 3.3. Consider the neutrosophic bidirected graph
By = (T,I,F, Tg, lg, Fg, )
on the crisp graph
G*:(VvE)v V:{U17U2}> E:{é}>
where
g= {Ul, Uz}-
Let
(T (v1), (v1),F(vy)) = (0.9,0.1,0.2),
(T (v2), (v2), F(vz)) = (0.7,0.3,0.4).
Assume that
(Te(8), le(g), Fe(g)) = (0.5,0.2,0.4).
Since
min{0.9,0.7} = 0.7 # 0.5,
the graph is not strong.

Now define
Te(g) = min{0.9,0.7} = 0.7,
Te(§) = max{0.1,0.3} = 0.3,
and
Fe(g) = max{0.2,0.4} = 0.4.
Hence

(—T—E,TE,FE) = (0.7,0.3,0.4).
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Therefore N o
BN = (T7 |7 Fa TE7 IE) FE) 5)
satisfies N
Te(g) = min{T (v1), T(v2)},
le(g) = max{l(v1), l(v2)},
and B
Fe(g) = max{F(v1), F(v2)}.
Thus B
By
18 a strong neutrosophic bidirected graph.
(0.5,0.2,0.4) /\
@ A 4
(0.9,0.1,0.2) (0.7,0.3,0.4)

F1GURE 5. The original neutrosophic bidirected graph By, which is not strong.

(0.7,0.3,0.4)
(0.9,0.1,0.2) (0.7,0.3,0.4)

FIGURE 6. The canonical strong extension By.

Remark 3.1. Observe that the vertex neutrosophic values and the bidirection function remain
unchanged. Only the edge neutrosophic values are replaced by their extremal admissible values,
thereby converting By into a strong neutrosophic bidirected graph.

Theorem 3.12. Let By = (T,1,F, Tg, lg, Fe, &) be a neutrosophic bidirected graph.
Define £€(0,8) = —£(0,8) for every 0 € V, g € E. Then, By = (T,L,F, Tg,lg,Fg,&7) is
also a neutrosophic bidirected graph.

Proof. Observe that the orientation reversal changes only the bidirection function £&. The vertex

memberships

T l, F,

and the edge memberships
TE7 IE7 FE

remain unchanged.

Therefore, the vertex neutrosophic constraint, the edge neutrosophic constraint, and the
membership consistency conditions continue to hold for B;.

It remains to verify the incidence and local orientation conditions.

Let 0 € V and g € E. Then
Since By is a neutrosophic bidirected graph,

£0,8) =0 < 0 ¢g.
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Hence

§(0,8) =0 < 0¢g,

so the incidence condition is preserved.
Now let

§={C.0} e E.
Because By satisfies the local orientation condition,
5(67 g)a 6(87 g) € {_17 1}
Multiplying by —1 yields
gi(gag)a Si(aaé) € {_17 1}

Thus the local orientation condition also remains valid.
Consequently, all defining axioms of a neutrosophic bidirected graph are satisfied by

By
Therefore,
By
is a neutrosophic bidirected graph. U

Example 3.4. Consider the neutrosophic bidirected graph
By = (T,ILF, Tg,lg, Fg, &)
on the crisp graph
G'=WV.E), V={v,w},  E={g}
where
g = {v1,v2}.

Assign the vertex neutrosophic values
(T(v1),(v1),F(v1)) = (0.8,0.2,0.1),

(T (v2),1(v2), F(v2)) = (0.6,0.3,0.2).
For the edge g, let
Define the bidirection function by
5(Ul7é) = 17 5(7)2,@) = —1L

Hence the edge is oriented from vy toward vs.
Now define

€7<Ui7g) = _S(Ui,g), i = 17 2.
Then
(v,8)=-1, (g =1

Thus the orientation of the edge is reversed while all neutrosophic vertex and edge values
remain unchanged. Therefore

B]?/ - (T7 |7 FJ TE; IE7 FE7 57)

18 again a neutrosophic bidirected graph.
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(0.6,0.3,0.2)

(0.8,0.2,0.1) (0.6,0.3,0.2)

F1GURE 7. The neutrosophic bidirected graph By.

0.6,0.3.0.2
@: ( ) ) ) @)
N

(0.8,0.2,0.1) (0.6,0.3,0.2)

FIGURE 8. The orientation-reversed neutrosophic bidirected graph Bj;.

4. APPLICATIONS OF NEUTROSOPHIC BIDIRECTED GRAPHS

The theory of neutrosophic bidirected graphs provides a generalized and flexible mathemati-
cal framework for studying complex systems involving simultaneous uncertainty, indeterminacy,
inconsistency, and directional interactions. Since the proposed structure extends fuzzy, intu-
itionistic fuzzy, and classical bidirected graph models, it possesses significant potential in both
theoretical investigations and real-world applications.

Let G = (V,E,o,u,n,¢,5) be a neutrosophic bidirected graph, where o = (T,, I,, F,) and
= (T,,1,,F,) denote the neutrosophic vertex and edge functions, respectively, and 8 : £ —
{(=, =), (=, +), (+, =), (+,4)} is the bidirection mapping.

The following applications illustrate the usefulness of this model.

4.1. Communication Networks. Consider a communication network in which each vertex

represents a communication device and each edge represents a communication channel. For

an edge wv € E, T,(uv) may denote the reliability of successful transmission, I,(uv) the

uncertainty caused by signal fluctuation, and F},(uv) the probability of communication failure.
The bidirection

Bluv) = (+,-)

indicates that the transmission from u to v is outgoing at u and incoming at v. Hence, neu-
trosophic bidirected graphs can model uncertain bidirectional communication systems more
effectively than ordinary directed graphs.

4.2. Transportation Systems. Let vertices represent cities and edges represent roads con-
necting them. Suppose uv € E. Then:

T, (uv) = degree of road availability,

I,,(uv) = uncertainty due to weather or traffic,

and

F,,(uv) = degree of blockage or failure.

If B(uv) = (+,4), then, the road allows transportation in both directions. Thus, neutro-
sophic bidirected graphs provide a mathematical tool for studying transportation systems under
uncertain conditions.
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4.3. Social Networks. In social networks, vertices correspond to individuals and edges repre-
sent relationships between them. For uwv € E, T,,(uv) may represent the strength of friendship,
I,,(uv) the hesitation or ambiguity in the relationship, and F),(uv) the degree of conflict.
The bidirection function distinguishes mutual and non-mutual interactions. Therefore, the
model is applicable in trust analysis, opinion dynamics, and recommendation systems.

4.4. Decision-Making Problems. Suppose A = {ay,ao,...,a,} is a collection of alternatives
in a decision-making problem. A neutrosophic bidirected graph may be constructed by assigning
each alternative to a vertex and defining edges according to preference relations.

For an edge a;aj, T,(a;a;) denotes the degree to which a; is preferred over a;, I,(a;a;)
represents indeterminate assessment, and F),(a;a;) indicates rejection or opposition.

Hence, neutrosophic bidirected graphs are useful in multicriteria decision-making under un-
certainty.

4.5. Biological Networks. In biological systems, vertices may represent neurons, proteins,
or genes, while edges describe interactions among them. For example, 7),(uv) can measure
activation strength, I,(uv) the uncertainty in biological interaction, and F),(uv) the inhibitory
effect.

The bidirection mapping models mutual biological interactions. Consequently, neutrosophic
bidirected graphs are applicable in bioinformatics and neural network analysis.

4.6. Electrical and Power Networks. Let vertices denote substations and edges denote
transmission lines. For an edge uv, T),(uv) represents operational efficiency, /,(uv) represents
uncertain load variation, and F),(uv) represents the degree of line failure.

The bidirection mapping characterizes two-way power flow in smart grids. Therefore, neu-
trosophic bidirected graphs can be used in fault diagnosis and power distribution analysis.

To illustrate the proposed concept of neutrosophic bidirected graphs and the role of neutro-
sophic membership values together with bidirections, we present the following example. The
example demonstrates how truth, indeterminacy, and falsity memberships can be assigned to
vertices and edges, while bidirections describe the directional behavior of the connections in an
uncertain communication network.

Example 4.1. Consider the neutrosophic bidirected graph G = (V,E,o,u,3), where V. =
{01,04,05} and E = {0105, 0:05,0103}. Define the neutrosophic vertex membership functions
by

o(0) =(0.8,0.1,0.2), o(02) = (0.7,0.2,0.3), and o(d3) = (0.9,0.1,0.1).

Further, define the neutrosophic edge membership functions as
p(0109) = (0.6,0.2,0.3), p(005) =(0.5,0.3,0.4), and u(0,0s) = (0.7,0.1,0.2).
The bidirection mapping B : E — {(+,4), (+,—), (=, +), (=, —)} is defined by
B(010) = (+,—), B(0205) = (=, +), and 5(0105) = (+,+).

This graph may represent a communication network in which:

(1) wertices correspond to communication devices,

(2) edges represent communication links,

(3) the first component of each neutrosophic value denotes the degree of reliable communi-
cation,

(4) the second component denotes indeterminacy caused by unstable signals, and

(5) the third component denotes the degree of transmission failure.

For exzample, 11(0102) = (0.6,0.2,0.3) indicates that the communication link between 0y and Oy
has reliability degree 0.6, indeterminacy degree 0.2, and failure degree 0.3. Moreover, 3(010;) =
(4, —) shows that the edge behaves as outgoing at 01 and incoming at Oy, while B(0103) = (+, +)
represents a bidirectional interaction at both incident vertices.
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Neutrosophic Bidirected Graph
G=(V,Eo,up)

7(d1) = (0.8,0.1,0.2)

u(alag) = (0.6,0.2,0.3)
B(0102) = (+,—)

/,L(alag) = (0.7,0.1,0.2)
p(0103) = (+,+)

o(8y) = (0.7,0.2,0.3) o(83) = (0.9,0.1,0.1)

M((9283> == (0.5, 0.3, 0.4)
[5(0283) - (_7 +)

( Legend (Bidirection 3) Information
(4,+) : bidirectional at both ends e Vertices represent communication devices
(4, —) : outgoing at first, incoming at second e Edges represent communication links
(—,+) : incoming at first, outgoing at second e (T,1,F) = truth, indeterminacy, falsity

F1GURE 9. Neutrosophic bidirected graph associated with Example 1.

Hence, G 1s a neutrosophic bidirected graph modeling an uncertain and partially indetermi-
nate communication system.

5. CONCLUSION

In this paper, we introduced the concept of neutrosophic bidirected graphs as a natural exten-
sion of intuitionistic fuzzy bidirected graphs by incorporating truth-membership, indeterminacy-
membership, and falsity-membership functions on vertices and edges together with a bidirection
mapping. Several fundamental properties and structural characteristics of neutrosophic bidi-
rected graphs were established.

We investigated reductions of neutrosophic bidirected graphs to fuzzy bidirected graphs,
crisp bidirected graphs, and neutrosophic directed graphs under suitable conditions. Further-
more, operations such as intersection and union were studied, and important concepts including
strong neutrosophic bidirected graphs, homomorphisms, and isomorphisms were analyzed in de-
tail. The obtained results demonstrate that neutrosophic bidirected graphs provide a flexible
and generalized framework for modeling uncertainty, indeterminacy, and inconsistency in bidi-
rectional network structures.
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The proposed structure may serve as a basis for future investigations in neutrosophic graph

theory. Possible future directions include the study of neutrosophic connectivity, regularity,
coloring, domination, spectral properties, and applications to optimization, decision-making,
artificial intelligence, and complex network analysis.
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Part IT — Neutrosophic Algebra
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ABSTRACT. In this paper, we study neutrosophic Lie subalgebras and neutrosophic Lie ideals
under Lie algebra homomorphisms. We investigate the behavior of these structures through
images and inverse images and establish several preservation properties related to Lie algebra
morphisms. We also examine sums of neutrosophic Lie ideals, upper level subsets, and quotient
structures associated with kernels of homomorphisms. This work extends known results to
the context of neutrosophic Lie algebras, contributing new insights into their behavior under
algebraic mappings.

1. INTRODUCTION

The theory of uncertainty has become one of the most active and influential areas of modern
mathematics due to its wide range of applications in algebra, engineering, artificial intelligence,
information sciences, and decision-making problems. The pioneering work of [1] introduced
the notion of fuzzy sets, which provided a mathematical framework for dealing with vagueness
and imprecise information. Since then, fuzzy set theory has been extensively generalized and
applied in many branches of mathematics and theoretical sciences.

To overcome certain limitations of fuzzy sets, [2] introduced intuitionistic fuzzy sets by in-
corporating both membership and non-membership functions. This extension provided a richer
and more flexible framework for modeling uncertainty. Later, several algebraic structures based
on intuitionistic fuzzy theory were developed, including intuitionistic fuzzy groups, rings, ideals,
and Lie algebras [3, 4, 5]. These developments demonstrated the effectiveness of intuitionistic
fuzzy methods in studying algebraic systems with uncertain behavior.

In another direction, [6] introduced complex fuzzy sets by extending membership grades from
the real unit interval to the complex unit disc. This approach enabled the representation of
periodic and phase-dependent uncertain information. Subsequently, [7] proposed the concept
of complex intuitionistic fuzzy sets, which combines intuitionistic fuzzy theory with complex-
valued membership structures. Since then, complex intuitionistic fuzzy algebraic structures
have received considerable attention due to their applications in signal processing, pattern
recognition, and intelligent systems [8, 9].

Neutrosophic set theory, initiated by [10], generalized fuzzy and intuitionistic fuzzy theories
by introducing three independent components: truth-membership, indeterminacy-membership,
and falsity-membership functions. Unlike intuitionistic fuzzy sets, neutrosophic sets allow the
explicit modeling of indeterminate and inconsistent information. This additional degree of
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Key words and phrases. Neutrosophic Lie algebra; Neutrosophic Lie ideal; Lie algebra homomorphism; Upper
level subsets; Quotient Lie algebra.
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freedom makes neutrosophic theory highly suitable for dealing with incomplete and contradic-
tory data. Later, [11] introduced single-valued neutrosophic sets, which simplified the practical
implementation of neutrosophic concepts and accelerated their applications in several mathe-
matical disciplines.

In recent years, neutrosophic algebraic structures have attracted significant research interest.
Various studies on neutrosophic groups, rings, modules, semigroups, and BCK/BClI-algebras
have been carried out by many researchers [12, 13, 14, 15, 16, 17, 18]. The incorporation of
neutrosophic ideas into algebraic systems has led to deeper insights into the role of uncertainty
and indeterminacy in algebraic operations and homomorphic structures.

Lie algebras constitute one of the central topics in modern algebra due to their profound
connections with geometry, topology, differential equations, and theoretical physics. They play
a fundamental role in quantum mechanics, particle physics, symmetry theory, and represen-
tation theory [19, 20]. Because of their importance, fuzzy and intuitionistic fuzzy extensions
of Lie algebras have been studied extensively over the last few decades [21, 22, 23]. These
investigations focused mainly on fuzzy Lie subalgebras, fuzzy Lie ideals, intuitionistic fuzzy Lie
structures, and their homomorphic properties.

The study of homomorphisms in fuzzy and neutrosophic algebraic structures is particularly
important because homomorphisms preserve essential algebraic information between structures.
Several authors have investigated images, inverse images, quotient structures, and level subsets
in fuzzy and intuitionistic fuzzy algebraic systems [24, 25, 26]. However, the theory of neutro-
sophic Lie ideals and neutrosophic Lie subalgebras under Lie algebra homomorphisms remains
comparatively underdeveloped.

Motivated by these observations, the present paper investigates neutrosophic Lie subalgebras
and neutrosophic Lie ideals through Lie algebra homomorphisms. We study the behavior of
neutrosophic Lie structures under images and inverse images and establish several preservation
theorems. We further investigate sums of neutrosophic Lie ideals, upper level subsets, strong
upper level subsets, and quotient structures associated with kernels of Lie algebra homomor-
phisms. In addition, we obtain correspondence-type results connecting quotient Lie algebras
with neutrosophic Lie ideals.

The results established in this work generalize and extend many existing results from fuzzy
Lie algebras, intuitionistic fuzzy Lie algebras, and complex intuitionistic fuzzy Lie algebras
to the neutrosophic framework. Hence, this paper contributes to the growing interaction be-
tween neutrosophic mathematics and Lie algebra theory and opens new directions for further
investigations in neutrosophic algebraic structures.

2. FUNDAMENTALS OF NEUTROSOPHIC LIE IDEALS

A neutrosophic set defined on a non-empty set X is denoted by E = (Tg,Ig, Fg), where
Tg,Ig,Fg : X — [0,1] represent the truth-membership, indeterminacy-membership, and
falsity-membership functions, respectively. For every x € X, the functions satisfy 0 < Tg(x) +
Ie(x) + Fr(x) < 3. The concept of neutrosophic sets generalizes fuzzy sets and intuitionistic
fuzzy sets. In particular:

(1) if Ig(x) = 0, then E reduces to an intuitionistic fuzzy set;
(2) if additionally Fg(x) = 1 — Tg(x), then E becomes a classical fuzzy set.

Let = be a Lie algebra over a field F. A neutrosophic set E = (Tg,Ig,Fg) on Z is called a

neutrosophic Lie ideal of = if, for all x,8 € = and « € F, the following conditions hold:
(1) Te(x +8) > min{Tg(x), Te(B)},
(2) Ig(x + 8) > min{Ig(x),Ig(8)},
(3) FE(X + B) S maX{FE(X>, FE (B)},
(4) Tg(ax) > Tg(x),
(5) Ts(ax) > I(x),
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x,B]) > min{Tg(x), Te(8)},
> min{Ig(x), Ig(B)},
) < max{Fg(x), Fg(8)}.

Definition 2.1. Let E = (Tg,Ig, Fg) be a neutrosophic set defined on a Lie algebra = over a
field F. Then, E is called a neutrosophic Lie subalgebra of Z if, for all x,8 € = and o € F, the
following conditions hold:

(1)
TE(X + B) > TE(X) VAN TE(B),

and
Fe(x+8) < Fg(x) V Fg(B);
(2)
Tg(ax) > Tg(x),
Ip(ox) > Ig(x),
and
Fg(ax) < Fg(x);
(3)
Te(x,8]) = Te(x) A Te(8),
Ie([x,8]) > Ie(x) A g (B),
and

If condition (3) is replaced by

Te(x,8]) > Te(x) vV Tx(B),
Ie([x, 8]) > Ie(x) v Is(B),

and
Fr([x,8]) < Fg(x) AFg(B).

Then, E is called a neutrosophic Lie ideal of =.

3. MAPPINGS AND INVERSE MAPPINGS OF NEUTROSOPHIC LIE SUBALGEBRAS (IDEALS)
THROUGH LIE HOMOMORPHISMS

Let =; and Z5 be Lie algebras, let E = (Tg, Ig, Fg) be a neutrosophic subset of =;, and let
N : E; — = be a mapping. The neutrosophic subset R(E) = (TN(E),IN(E),FN(E)) of N(Z) is
defined by, for every 8 € R(Z,),

Ty (B) = sup {Te(x)},
xeR-1({8})

IygyB) = sup {Ig(x)},
xeR-1({8})
and
Fy@)(B) =€ Fxen-1(ep {Fe(¥)}-
The neutrosophic subset R(E) is called the image (mapping) of E under X.
Similarly, let P = (Tp,Ip, Fp) be a neutrosophic subset of Z;. The inverse image of P under
X, denoted by R7(P), is defined as X' (P) = (Ty-1(py, Ix-1(p), Fx-1(p ), where for every x € =,

Tx-1(p)(x) = Te(R(x)),

Li-1(p)(x) = Ip(R(x)),
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and

Fyoi(p) (x) = Fp(R(x)).

Theorem 3.1. Let X : =1 — Z5 be a Lie algebra homomorphism. If P = (Tp,Ip,Fp) is a neu-
trosophic Lie subalgebra of Z,, then the inverse image X~Y(P) is a neutrosophic Lie subalgebra

OfEl.

Proof. To prove that R~1(P) = (TNfl(p),INfl(p),FNfl(p)) is a neutrosophic Lie subalgebra of
=1, we verify the defining conditions. Let x,88 € Z; and o € F. Since

TN—l(p) (X) = TP(N(X)), INfl(p)(X) = Ip(N(X)), and FN—l(p) (X) = FP(N(X)),
we proceed as follows.
(i) Addition: Since R is linear,
N(x + 8) = R(x) + X(B).
Therefore,
Ty-1py(x + B) = Tp(R(x + B)) = Tp(R(x) + R(B)).
Because P is a neutrosophic Lie subalgebra of =5,
To(R(x) + N(B)) > Tp(R(x)) A Tp(N(8)).

Hence,
TN—l(p) (X + B) > TN—l(P) (X) A TN—l(p) (B)
Similarly,
Ly py(x +8) = Ip(R(x + B)) = Ip(R(x) + N(B))
> Ip(R(x)) A Ip(R(B)),
SO
In-1py (x + 8) > In-1(p) (%) A In-1(p) (B).
Also,

Fe-1p)(x + 8) = Fp(R(x + B)) = Fp(R(x) + X(B))
< Fp(R(x)) vV Fp(R(8)),
and therefore
Fr-1py(x + 8) < Fy-1p)(x) V Fy-1p)(B).
(ii) Scalar Multiplication: For any a € F,
N(ax) = aX(x).
Hence,
Ty-1(p)(ax) = Tp(R(ax)) = Tp(aR(x)) > Te(R(x)),
which implies
Ty-1(py(ax) > Ty-1(py(x).

Similarly,
In-1py(ax) = Ip(aX(x)) > Ip(N(x)).
Thus,
In-1py(ax) > In-1(py(x).
Also,
Fy-1p)(ax) = Fp(aR(x)) < Fp(R(x)).
So,

FNfl(p) (OéX) S qufl(p) (X)
(iii) Lie Bracket: Since X is a Lie algebra homomorphism,
R([x, B]) = [R(x), R(B)].
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Therefore,

Tr-1p)([x,8]) = Te(R([x,8])) = Te([R(x), R(B)]).
Since P is a neutrosophic Lie subalgebra,

To((R(x), R(B)]) > Tp(R(x)) A To(R(8)).

Hence,
’:[‘Nfl(p)([x7 ﬁ]) Z TNfl(p)<X) A TN—l(p) (ﬁ)
Similarly,
Loy (1%, 8]) = Te([R(x), R(B)]) > Ip (R(x)) A Tn(R(B)).
Thus,
IN71(p)([X, B]) 2 IN71(p)(X) N IN—l(p) (f))
Also,

Fy 1oy ([, 8]) = Fp((R(x), X(8))) < Fp(N(x)) V Fp(R(B)),
which implies
FNfl(p)([X, ﬁ]) S FN—1(p) (X) V FN—l(p)(B).
Therefore, X1 (P) satisfies all the conditions of a neutrosophic Lie subalgebra of =;. O
Corollary 3.1. Let X : Z; — =y be a Lie algebra homomorphism. If P = (Tp,Ip,Fp) is a

neutrosophic Lie ideal of Z5. Then, the inverse image X~(P) is also a neutrosophic Lie ideal
Of El.

Proof. The proof follows similarly to Theorem 1. We only verify the Lie ideal condition involving
the Lie bracket.
Let x,88 € Z;. Since N is a Lie algebra homomorphism,
R([x, B]) = [R(x), R(B)].
For the truth-membership function, we have
Ty o) (%, B]) = To(R([x, B])) = To (R(x), X(B))).

Since P is a neutrosophic Lie ideal of =,

Te([R(x),RB)]) = Tp(R(x)) V Tp(N(B)).
Hence,

TNfl(p)([X7 B]) > TN—I(p) (X) V TNfl(p) (ﬁ)
Similarly, for the indeterminacy-membership function,

Li-1p) ([x, B]) = Ie(R([x, B])) = Ip([R(x), R(B)]) > Ip(R(x)) A Ip(R(B)),
and therefore
IN—1(p)<[X, B]) 2 IN—1(|:)(X) A IN—I(p) (ﬁ)
For the falsity-membership function,
Fy-1p)([x, 8]) = Fp(R([x, 8])) = Fp([R(x), R(8)]).

Since P is a neutrosophic Lie ideal,

Fp([R(x), R(B)]) < Fp(R(x)) A Fp(R(8)).
Thus,

FN—I(P)([X, ﬁ]) S FN—l(P) (X) A FN—l(p)(ﬁ).
Therefore, X71(P) satisfies all the conditions of a neutrosophic Lie ideal of Z;. O

Theorem 3.2. Let X : =1 — =y be a Lie algebra homomorphism. If E = (Tg,Ig,Fg) is a
neutrosophic Lie subalgebra of Z;. Then, the image X(E) is a neutrosophic Lie subalgebra of

N(Z,).
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Proof. First, we show that R(E) = (TN(E),IN(E),FN(E)) is a neutrosophic set on X(Z;). For
every 8 € R(Z,),

T (8) = Bﬁg?){TE(X)}, Ly (8) = Bﬁg%)){IE(X)}y and Fym)(B) =€ Fyno {Fr(x)}-

Next, we verify the defining conditions of a neutrosophic Lie subalgebra.
Let 81,85 € X(Z;). Then there exist x;,xy € Z; such that

N(Xl) = Bl and N(XQ) = BQ.
(i) Since X is linear,
ﬁl + BQ = N(X1> -+ N(Xz) = N(Xl -+ Xg).
Therefore,

g)(B1+8:) = sup {Tg(2)}
B1+B2=R(2)

Z TE(Xl + XQ).
Since E is a neutrosophic Lie subalgebra of =,

TE(Xl + XQ) Z TE(Xl) N TE(XQ).

Hence,
TyE)(B1 + B2) > Ty (B1) A Ty (B2)-
Similarly,
Lye) (B1 + B2) = Ingey (B1) A Iney (B2),
and

Fy@)(B1 + B2) < Fym)(B1) V Fye) (82).
(ii) Let a € F. Since
aBy = al(x;) = N(ax;),
we obtain

T (aBi) = BSEE( ){TE(Z)} > Tr(axi).

Since E is a neutrosophic Lie subalgebra,
Tg(ax;) > Te(xy).

Thus,

TyE)(aB1) > Tym)(B1).
Similarly,

Ine)(aBr) > In)(B1),
and

Fym)(aB1) < Fye)(B1).
(iii) Since XN is a Lie algebra homomorphism,
[B1, Ba] = [R(x1), R(x2)] = N([x1,%2]).
Therefore,

T ([B1,8]) = ' S?EN(Z){TE(Z)} > Te([x1,xa).

Because E is a neutrosophic Lie subalgebra,
Tg([x1,Xs]) > Tr(x1) A Tr(x2).
Hence,
E)([B1,B2]) = Ty (B1) A Ty (B2)-
Similarly,
Ine) ([B1, B2]) > In)(B1) A In) (B2),
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and

Fye) ([B1,82]) < Fr@)(B1) V Fym)(B2).
Therefore, X(E) is a neutrosophic Lie subalgebra of X(Z). O

Corollary 3.2. Let X : =y — =y be a Lie algebra homomorphism. If E = (Tg,Ig,Fg) is a
neutrosophic Lie ideal of Z1, then the image X(E) is a neutrosophic Lie ideal of im(R).

Proof. 1t is sufficient to verify the Lie ideal conditions for the Lie bracket.
Let 81,8, € im(X). Then, there exist x;,xs € Z; such that

N(Xl) = Bl and N(Xg) = BQ.
Since N is a Lie algebra homomorphism, we have

[B1, Ba] = (1), R(x2)] = N([x1,%2)),
and,

Tye) ([B1,82]) = sup {Te(2)}.
[B1,B2]=X(2)

In particular,
Txm)([B1,B2]) > Tr([x1,%2]).
Since E is a neutrosophic Lie ideal of =y,
Tg([x1,%x2]) > Te(x1) V Tr(x2).
Hence,
Tree)([B1,82]) = Ty (B1) V Ty (B2).
Similarly,

Ine) ([B1, B2]) = ' sl]lfN(z){IE(Z)} > Ig([x1, x2)).

Since E is a neutrosophic Lie ideal,
Ie([x1,%2]) > Ig(x1) A Ip(x2).
Therefore,
Ine) ([B1,B2]) > Inwy(B1) A Iy (B2).
For the falsity-membership function,
Fre) ([B1, 82]) =€ Fig, 5,)=n(x){Fe(2)}.
Hence,
Fye) ([B1,82]) < Fe([x1,x2]).
Since E is a neutrosophic Lie ideal,
Fg([x1,%a]) < Fr(x1) A Fe(x2).
Thus,
Fre)([B1,82]) < Fym)(B1) A Fye)(82).
Therefore, X(E) satisfies all the conditions of a neutrosophic Lie ideal of im(X). O

Corollary 3.3. Let X : 1 — =5 be a Lie algebra homomorphism. If E = (Tg,Ig,Fg) is a
neutrosophic Lie ideal of =1, then the image R(E) is a neutrosophic Lie ideal of im(X).
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Proof. Let 81,8, € im(X) and let o € F. Then, there exist x;,xy € Z; such that RV(x;) =
Bl and N(Xg) = BQ.

Now, we verify the defining conditions of a neutrosophic Lie ideal.

(i) Closure under addition:
Since N is linear,
B1 4 By = N(x1) + N(x2) = R(x1 + Xa).
Hence,

g)(Bi+B8) = sup {Tg(2)} > Te(xi +x2).
Bl—‘rﬁz:N(Z)

Because E is a neutrosophic Lie ideal of =1,
TE(Xl + Xg) Z TE(X1> N TE<X2).
Therefore,
Tym) (B1 + B82) > Ty (B1) A Trgm) (B2).
Similarly,

Lie)(B1 +82) =  sup  {Ig(2)} > Ie(x1 + x2)
B1+B2=R(2)

> Ig(x1) A Ig(x2),
which gives
B)(B1 +B2) > Iywy(B1) A Ine) (B2).
Also,
E)(B1 + B2) =€ Fg y8,-x0:){FE(2)} < Fr(x) +x2)
< Fg(x1) VFg(x2).
Thus,
B)(B1 + B2) < Fym)(B1) V Fym)(B2).
(ii) Scalar multiplication. Smce
aBy = aR(x;) = N(axy),

we have

T (aBi) = 381—15( ){TE(Z)} > Tr(axi).

Since E is a neutrosophic Lie ideal,
TE(O[X1> Z TE(Xl).

Hence,

Ty (aB1) > Tym)(B1).
Similarly,

Iy (aBr) > In)(B1),
and

FN (OéBl> < FN(E) (Bl)
(iii) Lie bracket condition: Since X is a Lie algebra homomorphism,

[B1, Ba] = [N(x1), R(x2)] = N([x1, X2]).
Therefore,

T ([B1,8]) = ' E?EN(Z){TE(Z)} > Te([x1, xa).

Because E is a neutrosophic Lie ideal,
Te([x1,X2]) > Te(x1) V Tr(x2).

Thus,
Tx@e) ([B1, B2]) > T (B1) V Txew)(B2).
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Similarly,
Liw)([B1,8:]) =  sup  {Ig(2)} = Ie([x1,%2))
[B1,B2]=R(2)
> Ig(x1) A Ig(xs).
Hence,
Ine) ([B1,B2]) > Inmy(B1) A Iy (B2).
Also,

Fye)([B1, B2]) =€ Fig, gy—n(x) {FE(2)} < Fr([x1,X2]).
Since E is a neutrosophic Lie ideal,
Fg([x1,xs]) < Fg(x1) A Fr(xs).
Therefore,
F@) ([B1,82]) < Fyem)(B1) A Fy) (B2).
Consequently, X(E) satisfies all the defining conditions of a neutrosophic Lie ideal of im(X). [

Theorem 3.3. Let X : =, — =5 be an injective Lie algebra homomorphism and let E =
(Tg, Ig, Fg) be a neutrosophic Lie subalgebra of Z1. Then R~}(X(E)) = E.

Proof. Let E* = R7Y(R(E)). We show that the truth-membership, indeterminacy-membership,
and falsity-membership functions of E* coincide with those of E.
Let x € Z; be arbitrary. Since RN is injective,

R ({R(x)}) = {x}.

Therefore,
Tyey(R(x)) = sup  Tg(y) = Te(x).
yERTH({R(x)})
Hence,
Tg-(x) = Tye) (R(x)) = Tg(x).
Similarly,
Ig- (%) = Iy (R(x)) = In(x).
Also,

Fre) (R(x)) = yeN_}l(l{fN(x)}) Fr(y) =Fr(x),

and therefore,
Fg:(x) = Fg(x).

Thus,
Tg = Tg, Ig- = I, Fg- = Fg.
Hence,
E*=E.
Therefore,
NYR(E)) = E.

O

Theorem 3.4. Let N : =y — =, be a surjective Lie algebra homomorphism and let P =
(Tp,Ip,Fp) be a neutrosophic Lie subalgebra of Z5. Then R(R71(P)) = P.
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Proof. Let P* = R(X7!(P)). Let 8 € Z,. Since R is surjective,
RTI({B}) # 2.
For every = € R™}({B}), we have
TNfl(p)(X) = Tp(N(X)) = Tp(ﬁ)

Consequently,
Tp-(B) = sup Ty-1p)(x) = Tp(B).
zeR—1({B})
Similarly,
Ip-(B) = sup Iy-1py(x) = Ip(B).
zeR-1({8})
Also,
Fp* (ﬁ) = xeNl—I}f{B}) FN—l(p)(X) = Fp(ﬁ)
Therefore,
Tp- = Tp, Ip. = Ip, Fp- = Fp.
Hence,
P* =P.
Thus,
R(RH(P)) =P.

O

Theorem 3.5. Let X : =, — =5 be a Lie algebra homomorphism and let E be a neutrosophic
subset of Z1. Then E C R71(R(E)).

Proof. Let E* = XN"YX(E)). Take any = € =;. Since

x € RT({R(x)}),
it follows that

Tym(R(x)) = sup  Tr(y) > Te(x).
yERTIH({R()})
Therefore,
Tg«(x) > Tg(x).
Similarly,
Ig: (x) > Ig(x).
Furthermore,

Fy@) (R(x)) = yexfilf{{sz(x)})FE(y) < Fg(x),

which implies

Hence,
Tg < Tg-, Ig < Ig-, Fg > Fg-
Therefore,
ECE"
Thus,

O

Theorem 3.6. Let X : =) —
subset of 2. Then R(R7L(P))

[1]

o be a Lie algebra homomorphism and let P be a neutrosophic

P.

N
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Proof. Let P* = R(X7!(P)). Take any 8 € im(X). Now, we choose x € =; such that R(x) = 8.
For every y € R ({8}), we have

Tr-1p)(y) = Te(R(y)) = Tr(B).

Hence,
Te(B) = sup Tarp)(y) = Tr(B).
yERTI({B})
Similarly,
Ip- (8) = Ip(8),
and
Fp-(8) = Fp(8)
Therefore,
P*=P
im(R)
Consequently,
R(NHP))=P*CP
Hence,

O

Theorem 3.7. Let X : =y — =5 be a Lie algebra isomorphism. Then there is a one-to-one
correspondence between the set of all neutrosophic Lie subalgebras of =i and the set of all
neutrosophic Lie subalgebras of 25 given by E — R(E).

Proof. Define
by
®(E) = R(E),
where N'S(Z;) denotes the collection of all neutrosophic Lie subalgebras of =;.
Since N is a Lie algebra homomorphism, the image of every neutrosophic Lie subalgebra of

= is a neutrosophic Lie subalgebra of =5. Hence ® is well-defined.
We first show that ® is injective. Suppose

O(Ey) = O(Ey).
Then
N(E;) = R(E).
Applying X~! to both sides yields
RT(R(EL)) = RTH(R(Ey)).

Since N is injective,

Therefore
E, = Es.

Hence @ is injective.

Next we show that ® is surjective. Let P be any neutrosophic Lie subalgebra of =5. Since X
is a Lie algebra homomorphism,

NTH(P)

is a neutrosophic Lie subalgebra of =;.

Because N is surjective,

R(RH(P)) =P.
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Thus
(ID(N”(P)) =P.
Hence @ is surjective.
Therefore ® is bijective, establishing a one-to-one correspondence between neutrosophic Lie
subalgebras of Z; and neutrosophic Lie subalgebras of =,. 0

Corollary 3.4. Let X : =; — =5 be a Lie algebra isomorphism. Then there is a one-to-one
correspondence between the neutrosophic Lie ideals of =1 and the neutrosophic Lie ideals of =s.

Theorem 3.8. Let X : Z; — =5 be a Lie algebra homomorphism and let {Py)} en be a family
of neutrosophic Lie subalgebras of Z5. Then R™! ( Miea P,\) = Myea XHPA).

Proof. Let P = (¢, Px. For every z € Zy,
To(R(x) = inf T, (N(x)).

Therefore,

Ty-1(p)(Xx) = )1\13’\ Ty-1(p,)(%).
Similarly,

Li-1(p) (x) = Inf Iy-1py (%),
and

FN—I(p) (X) = sup FN—l(p/\) (X)
AEA

These are precisely the membership functions of

(I R(P).

AEA
Hence,
N-1< N PA> = (N'(P).
AEA AEA

O

Theorem 3.9. Let N : =) — =5 be a surjective Lie algebra homomorphism. If E is a neutro-
sophic Lie ideal of 2 such that ker(R) C E, then R"}(R(E)) = E.

Proof. In view of Theorem 3.5, we have
E C XN Y(R(E)).

It remains to prove the reverse inclusion. Let x € R™}(X(E)). Then, there exists ¢ € E such
that

R(x) = R(e)
Hence,
N(x—e) =0,
so that
x — e € ker(N).
Since
ker(W) C E,
we have
x —e € E.

Because E is a neutrosophic Lie ideal and therefore a neutrosophic Lie subalgebra, it is closed
under addition. Thus,
x=(x—e)+eckE.
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Hence,
NTH(R(E)) CE.

Combining this with
we obtain

O

Theorem 3.10. Let X : =y — =5 be a surjective Lie algebra homomorphism. Then, the
mapping E —— X(E) establishes a bijection between

(1) the neutrosophic Lie ideals of Z; containing ker(RX), and
(2) the neutrosophic Lie ideals of =Zs.

The inverse correspondence is given by P — R71(P).

Proof. Let
A= {E : E is a neutrosophic Lie ideal of Z;, ker(X) C E}
and
B = {P : P is a neutrosophic Lie ideal of =5}.
Define

o: A— B, O(E) = RN(E).
Since the image of a neutrosophic Lie ideal under a Lie homomorphism is again a neutrosophic
Lie ideal, ® is well-defined.
Define
U:B— A, U(P) =X"1(P).
Since inverse images of neutrosophic Lie ideals are neutrosophic Lie ideals, ¥ is well-defined.

Moreover, ker(®) = R~1({0}) € R7!(P), because every ideal contains the zero element.
Thus, ¥(P) € A. Now, let E € A. By Theorem 3.9,

U(®(E)) =N"(R(E)) =E.
Likewise, for every P € B,

since N is surjective. Therefore,
Vod=id A
and
doV =1idg.
Hence, ® and ¥ are mutually inverse bijections.
Consequently, the correspondence E «— R(E) is a bijection between neutrosophic Lie ideals
of Z; containing ker(X) and neutrosophic Lie ideals of =. O

4. MORE HOMOMORPHISM PROPERTIES OF NEUTROSOPHIC LIE ALGEBRAS

Let E = (Tg,Ig,Fg) and P = (Tp,Ip, Fp) be two neutrosophic sets on a Lie algebra = over
a field F. The sum of E and P is defined by E + P = (Tgyp,Igip, Frip), where for every
X €=,
Tesr(x) = sup {Tr(x1) A Tp(x2)},

X=X1+X2

Igip(x) = sup {Ig(xi) Alp(x2)},

X=X1+X2
and
Feip(x) =€ Fxoxi4x, {FE(x1) V Fp(x2)} .
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Now, let
E = (Tg,Ig,Fg) and Q= (TQ’ I, FQ)
be two neutrosophic sets on the same set =.
We say that E is homogeneous with (@) if, for all x,8 € =, the following conditions hold:
(1) Te(x) < To(B);
(2) Ie(x) < Io(B);
(3) Fe(x) < Fo(B).

Theorem 4.1. Let E = (Tg,Ig,Fg) and P = (Tp,Ip, Fp) be two neutrosophic Lie ideals of a
Lie algebra = over a field F. Assume that E is homogeneous with P and that the sum E + P is
homogeneous. Then, E 4+ P is a neutrosophic Lie ideal of =.

Proof. Let

A=E+P= (TE+P71E+Pa FE+P)'
Now, we show that A satisfies all the defining conditions of a neutrosophic Lie ideal. Let
x,8 € = and a € F. Then, we have,

Ti(x) = sup {Tg(x1) A Tp(x2)},

X=X1+X2

L) = suwp {Is(x) ATp(xo)).

X=X1+X2
and
F3(x) =€ Fxex;+x, {Fr(x1) V Fp(x2)}.
(i) Closure under addition: Take decompositions

X=X;+Xo and B =158+ 8,

where

X1,81 €2 and x9,8, € E.
Then,

X+ 8= (x1+B1) + (x2 + B2).
Hence,

Ti(ctB)= s {To(w) ATe(v)}

Z TE(X1 -+ Bl) VAN Tp(Xg + Bg)
Since E and P are neutrosophic Lie ideals,
Tg(x; +B1) > Tg(x1) A Te(B:),

and
TP(X2 + f)z) Z TP(XQ) A Tp(ﬁg)
Therefore,
Ta(x+8) > (Tg(xi) A Te(B1)) A (Tp(x2) A Tp(Bs)).
Using associativity and commutativity of A,
Taking supremum over all decompositions, we obtain
TK(X + B) > TK(X) A TK(B).
Similarly,
IR(X + ﬁ) > IK(X) A Iﬂ(ﬁ).
For the falsity-membership function,
Fj(x +B) =€ Frogoyio {Fu(u) V Fp(0)},
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Since

Fg(x: +81) < Fg(x1) VFg(8),
and

Fp(xy + B;) < Fp(x2) V Fp(By),
we obtain

FK(X + B) < FK(X) V FK(B)
(i) Scalar multiplication: Let x = x; 4+ X5. Then, ax = ax; + axs. Hence,
Ti(ax) > Tg(ax;) A Tp(axs).
Since E and P are neutrosophic Lie ideals,
Tg(ax;) > Tr(x1),
and
Tp(axz) > Tp(xs).
Thus,
T(ax) > Tg(x1) A Te(x2).

Taking supremum over all decompositions,

T3 (ax) > Tx(x).
Similarly,

I (ax) > Iz(x),
and

Fj(ax) < F4(x).
(iii) Lie bracket condition: Take decompositions

X=X +x; and B=158; +Bs.
Using bilinearity of the Lie bracket,
[x, 8] = [x1 + x2, 81 + Bo].
Hence,
[x, 8] = [x1, B1] + [x1, Ba] + [x2, B1] + [x2, Ba).

Since E and P are neutrosophic Lie ideals,

Te([x1,81]) > Te(x1) vV Tr(B1),

and
Tp([x2,82]) > Tp(x2) V Tp(Bs).
Therefore,
Tx([x, 8]) = Tx(x) v TR (B).
Similarly,
Ii([x, 8]) = Iz(x) AIz(B),
and

FK([X, B]) < FK(X) A FK(B)
Consequently, E + P satisfies all the defining conditions of a neutrosophic Lie ideal of =.  [J

Theorem 4.2. Let X : =y — =5 be a surjective Lie algebra homomorphism. Let E =
(Tg,Ig,Fg) and P = (Tp,Ip, Fp) be neutrosophic Lie ideals of Z; such that E is homogeneous
with respect to P. Then, R(E + P) = R(E) + R(P).
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Proof. Let § € =5. We prove the equality componentwise.

(i) Truth-membership function: By definition, we have
TrE+r)(B) = SUF){TEJFP(X)}-
B=N(x

Since
TE+p(X) = sup {TE(Xl) A TP(X2)}>

X=X1+X2

we obtain

Tugern () = sup { sup (e A To(xa)) |

B=R(x) (x=x1+x2
Because N is linear and surjective,

B =N(x) = N(x; + x2) = N(x7) + N(x2).

Now, let
u=2N(xy) and v=N(x3).
Then,
B=u+w.
Hence,

Ty@+p)(B) = sup { sup Tg(x1) A sup TP(XZ)}'

B=u+v | u=R(x1) v=R(x2)

By definition of image neutrosophic sets,

sup Tg(xi) = Tym) (u),

u=N(x1)
and
sup Tp(x2) = Ty (v).
v=R(x2)
Therefore,
Tx@p)(B) = Sup { T (u) A Tuey(v) } -
Hence,

TrE+r)(B) = TrE)+xe)(B).
(ii) Indeterminacy-membership function: Similarly,

Iy (B) = sup {Igip(x)}
B=R(x)

Using the definition of the sum,
Igip(x) = sup {Ig(x1) AlIp(x2)}.

X=X1+X2

Proceeding as above, we obtain

Tnm+p)(B) = sup {Tnce) () ATy ()}

Thus,
Lie+p)(B) = Ine)+nep) (B)-
(iii) Falsity-membership function: By definition,
FrE+p)(B) =€ Fexio{Fr+p(x)}.
Since

Frip(x) =€ Fxoxi+x, {FE(x1) V Fp(x2)},
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we have

Freip)(B) =€ Foonx) {€ Fxexi1x, (FE(X1) V Fp(x2))} .
Using surjectivity and linearity of N,
B=u-+wv,

where

u=N(x;) and v =R(xy).
Hence,

Frep)(B) =€ Fomuro {€ Fumnpe) FE(X1)V € Fumge Fr(x2) | -

By definition,

€ Fyonx)Fe(X1) = FN(E)(“)?

and
- Fv:N(XQ)FP<X2) = FN(p)(U).
Therefore,
Frep)(B) =€ Fy—yio {FN(E)(U) \% FN(P)(U)} .
Thus,
Fr@e+pr)(B) = Fym)+xe) (B).
Consequently,

N(E 4 P) = R(E) + X(P).
O
Theorem 4.3. Let X : =1 — =5 be a Lie algebra isomorphism. Let E = (Tg,Ig,Fg) and

P = (Tp,Ip,Fp) be neutrosophic Lie ideals of Z1. If E is homogeneous with P, then R(E) is
homogeneous with R(P).

Proof. Since N is a Lie algebra isomorphism, it is in particular bijective. Let 8,7 € =5 be
arbitrary. Since N is surjective, there exist x,y € =; such that

N(x)=8 and X(y) =1
Because N is injective,

NT({8}) ={z} and  RT'({r}) ={y}.
Hence, by the definition of the image of a neutrosophic set,
Ty (B) = sup  Tg(u) = Tr(x),
ueR-1({8})

and

Ty (1) = sup  Tp(v) = Te(y).
veR-L({r})

Since E is homogeneous with P, we have

Therefore,
Ty (B) < Ty (7)
Similarly,
Ine)(B) = Ie(x) < Ip(y) = Ixp (1),
and

Thus, for all 8,7 € =5,
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and

Fym)(8) < Fyp) (7).
Hence, X(E) is homogeneous with X(P). O

Remark 4.1. The assumption that X is a Lie algebra isomorphism is stronger than necessary.
In fact, the proof only uses the surjectivity of N to guarantee the existence of preimages of
elements of Zo. Therefore, the conclusion remains valid if X : =1 — =5 is merely a surjective
Lie algebra homomorphism. Consequently, homogeneity of neutrosophic Lie ideals is preserved
under surjective Lie algebra homomorphisms.

Theorem 4.4. Let X : =1 — =y be a Lie algebra homomorphism. Then, =1/ ker(X) = im(X).
Furthermore, the homogeneous neutrosophic Lie ideals of im(R) correspond bijectively to the
homogeneous neutrosophic Lie ideals of Z; containing ker(R).

Proof. Define a mapping
O : =)/ ker(N) — im(R)
by
O (x + ker(R)) = N(x), X €=
We first show that ¢ is well-defined. Suppose
x + ker(R) = y + ker(R).

Then,
x —y € ker(R),
and hence
N(x —y) = 0.
Since N is linear,
R(x) = R(y) =0,
which implies
R(x) = N(y)

Therefore,
O (x + ker(R)) = ®(y + ker(R)).
Thus @ is well-defined.
Next, we show that ® is linear. Let x,y € =; and A € F. Then,

P ((x +ker(N)) + A(y + ker(R))) = ®(x + Ay + ker(R))
= N(x + \y)
= N(x) + AX(y)
= O(x + ker(X)) + A®(y + ker(R)).
We now verify preservation of the Lie bracket. For x,y € =y,
O([x + ker(R), y + ker(R)]) = ®([x, y] + ker(R))
= R([x,y])
= [N(x),R(y)]
= [®(x + ker(R)), D(y + ker(R))].
Hence, ® is a Lie algebra homomorphism.
To prove injectivity, suppose
O (x + ker(R)) = 0.
Then,
N(x) = 0.
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Thus,
x € ker(R),

and consequently

x + ker(N) = ker(X),
which is the zero element of Z;/ ker(X). Therefore

ker(®) = { ker(R) },

and & is injective.
To prove surjectivity, let y € im(R). Then there exists x € =; such that y = R(x). Therefore,

y = O(x + ker(R)).

Hence, ® is surjective.
Thus, ® is a Lie algebra isomorphism and

=1/ ker(N) = im(R).
For the second assertion, consider the surjective Lie algebra homomorphism
T2 — im(N), 7(x) = N(x).
Its kernel is
ker(m) = ker(X).
By the Correspondence Theorem for Homogeneous Neutrosophic Lie Ideals, the assignment
E — 7(E) induces a bijection between the homogeneous neutrosophic Lie ideals of =; con-

taining ker(X) and the homogeneous neutrosophic Lie ideals of im(R).
The inverse correspondence is given by

Pr— 7 1(P).
Therefore, the homogeneous neutrosophic Lie ideals of im(X) correspond bijectively to the
homogeneous neutrosophic Lie ideals of Z; containing ker(R). O

Corollary 4.1. Let X : =y — =5 be a surjective Lie algebra homomorphism.
Then the lattice of homogeneous neutrosophic Lie ideals of =1 containing ker(R) is isomorphic
to the lattice of homogeneous neutrosophic Lie ideals of =,.

Proof. This corollary is often viewed as the most meaningful neutrosophic consequence of the
First Isomorphism Theorem. U

Theorem 4.5. Let N : =y — =5 be a Lie algebra homomorphism and let E and P be neutrosophic
subsets of Z5. Then,
XNYE+P) DR YE)+R(P).

Proof. Let R =X"1YE +P) and S = X"}E) + R71(P).
We shall prove that S C R. Let x € =; be arbitrary.
By definition of inverse image, we have

Tr(x) = Tap(R(X).

Since

Tr.p(R(x)) = sup {Tp(u) A Te(v) },
N(x)=u+v
we have
Tr(x) = sup {Tw() A Te(v)}.
R(x)=u+v
On the other hand,
Ts(x) = sup {TN—l(E)(Xl) N Ty-1(py (Xz)}-
X=X1+X2
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Using the definition of inverse image, we obtain

Ts(x) = sup {Tu(R(x1) A To(R(x2)) }.
X=X1+X2
Since N is linear,
N(x) = V(x; + x2) = N(xq) + N(xz).
Hence, every decomposition x = x; + X2 induces a decomposition N(x) = u + v with u = R(x;)
and v = N(xy). Therefore,

Ts(x) < sup {Tp(u) A Te(v) } = Tr(x).
R(x)=u+wv
Similarly,
Is(x) < Ig(x).
For the falsity-membership function,
Fs(x) = _inf {Fp(R(x))VFp(N(x)) }.

Since every decomposition x = x; + X2 gives a decomposition V(x) = N(x;) + N(xz), the set
over which the above infimum is taken is contained in the set used in the definition of Fg(x).

Consequently,
Fs(x) > Fr(x).

Thus,
Ts < Tr, Is < Ig, Fs > Fr.
Hence,
SCR.
Therefore,

NYE)+X(P) CNTHE+P),
or equivalently,

N"HE+P) D RTY(E) + X (P).

U

Theorem 4.6. Let X : =y — =5 be a surjective Lie algebra homomorphism. For any neutro-
sophic subsets E and P of =,

X"YE +P) =R"E) +X'(P).
Proof. By the Theorem 4.5, we have

XHE+P) DRTY(E) + X (P).
It remains to prove the reverse inclusion. Let

R=X'YE+P)
and
S =X"YE)+X"(P).

Fix an arbitrary element x € =;.
Using the definition of inverse image,

Tr(x) = Tap(R(X).

Since

To:p(N() = sup {Tn(u) A Te(v)},

and X is surjective, for every decomposition R(x) = u + v there exist xi,x, € Z; such that
N(x1) = u, N(x2) = v.
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Consequently,

Hence,
X — (x1 + x2) € ker(R).
Replacing x; by x; + k where £ = x — (x; + x2) € ker(R), we obtain a decomposition
X = (x1 + k) + X

such that
N(x; + k) = u, N(x2) = v.
Therefore, every decomposition N(x) = u + v arises from a decomposition x = y; + yo with

N(y1) = u and R(y2) = v.
It follows that

Tgr(x) = N(XS)EEL)+U{TE(U) A Tp(v)}

< sup {Tu(N(y)) A Te(R(pe)) |

X=Y1+Yy2
= Ts(x).
Thus,
Tr(x) < Tg(x).
By exactly the same argument,
Ir(x) < Is(x).
For the falsity-membership function,

Fr(x) = inf {FE('LL)\/FP('U)},

R(x)=u+wv
and surjectivity again implies that every admissible pair (u,v) is induced by a decomposition
X = y; + y2. Therefore,

FR(X) > Fs(X).

Hence,
Tr <Ts, Ir <Is, Fr > Fs.
This shows that
RCS.
Combining this inclusion with the inclusion established previously,
RDOS,
we obtain
R =S.
Therefore,

RYE+P)=XYE)+X(P).
O

Remark 4.2. The Theorem 4.5 shows that surjective Lie algebra homomorphisms commute
with the neutrosophic sum operation under inverse images. Thus the inverse-image operator
preserves additive neutrosophic structures.
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Let X be a nonempty set and let E = (Tg, Ig, Fg) = {(x, Te(x),Ig(x),Fg(x)) : x € X} be
a neutrosophic set on X. For «, 3,7+ € [0, 1], the set
E@py ={x€ X :Te(x) > a, Is(x) 2 3, Fe(x) <~} (1)
is called the upper level subset of the neutrosophic set E. The subsets
Ewt gy ={x€ X : Tg(x) > a, Ig(x) > 8, Fg(x) <~}
Ewpty) ={x€ X : Tg(x) > a, Ig(x) > B, Fg(x) <~}
and
Eut gty ={x€ X : Tg(x) > a, Ig(x) > §, Fg(x) <~}
are called strong upper level subsets of the neutrosophic set E.

The following theorem extends the corresponding results for fuzzy and intuitionistic fuzzy
Lie subalgebras to the setting of neutrosophic Lie subalgebras.

Theorem 4.7. Let X : 21 — =5 be a Lie algebra homomorphism and let P = (Tp,Ip,Fp) be a
neutrosophic set on Zy. For a, B,y € [0, 1], the following statements hold:

(1) N_I(P(aﬁﬁ)) = (N_I(P))(a,ﬁﬁ);

(2) R (Prarpam)) = (T (P)) (v gy
(3) Nil(P(a,BJﬁ’Y’)) - (Nil(P))(aﬁﬂwi);
(4) R (Plar e ) = (RTHP)) (e 5v -

Proof. We prove (1). The proofs of (2), (3), and (4) follow similarly. Let x € X7 (P(4.))-
Then, X(x) € P,3). By equation (1), we have

Tp(R(x)) > a,
Ip(R(x)) > 3,

and
Fp(R(x)) <~
Since
R7H(P) = (Twrp), v ey Faepy)

where

Ty-1(p)(x) = Tp(R(x)),

Li-1p) (%) = Ip(R(x)),
and

it follows that

and
Fr-1p)(x) < v
Hence,
X € (N_I(P))(aﬁm.
Therefore,

Conversely, let

Then,
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In-1(py(x) > 8,
and
FNfl(p)(X) S -
Using the definition of inverse image neutrosophic sets,
Tr(R(x)) > «,

IP(N<X)) > 67

and

Fp(R(x)) <.
Thus,

R(x) € Pla,pqy):-
Therefore,

x € X7 (Pag,))-
Hence,
-1 -1
(N (P>)(a757'y) g N (P(a7577))

Consequently,

N_I(P(avﬁv'y)) = (N_I(P))(a,ﬁ,'y)'
The proofs of (2), (3), and (4) are analogous.

O

Theorem 4.8. Let X : = — Z5 be a surjective Lie algebra homomorphism and let E =
(Tg,Ig,Fg) be a neutrosophic Lie ideal of =1 containing ker(X). Define a neutrosophic set

E = (Tg, Ig, Fg) on the quotient Lie algebra =;/ker(R) by Tg(x + ker(R)) = Tg(x), Ig(x +
ker(R)) = Ig(x), and Fg(x +ker(R)) = Fg(x). Then, E is a well-defined neutrosophic Lie ideal

of 21/ ker(R).

Proof. First, we show that E is well-defined. Suppose x + ker(X) =  + ker(R). Then, x — €
ker(R). Since ker(X) C E, and E is a neutrosophic Lie ideal, the membership values of elements

differing by an element of ker(R) coincide. Hence,
TE(X) = TE(B)a
Ig(x) = I(B),

and
Fg(x) = Fg(B).
Therefore,
Tg(x + ker(R)) = Tg(B + ker(R)),
Ig(x + ker(R)) = Ig(B + ker(N)),
and

Fg(x + ker(R)) = Fg(8 + ker(R)).
Thus, E is well-defined on Z; / ker(R).

Next, let
x + ker(R), B +ker(R) € =;/ker(X) and o € F

For addition,
Tg((x + ker(R)) + (B + ker(R))) = Tg(x + B + ker(R))
= Tg(x + B).
Since E is a neutrosophic Lie ideal,
Tg(x + 8) > Te(x) A Tr(B).

Hence,
Tg(x + B+ ker(R)) > Tg(x + ker(R)) A Tg(B + ker(R)),
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Ig(x + 8+ ker(R)) > Ig(x + ker(R)) A Ig(8 + ker(R)),

and
Fg(x + B+ ker(R)) < Fg(x + ker(R)) V Fg(8 + ker(R)).

For scalar multiplication,
Tg(ax + ker(R)) = Tg(ax)
Ig(ax + ker(X))

Tg(x) = Tg(x + ker(N)),
Ig(x + ker(R)),
and
Fg(ax + ker(N)) < Fg(x + ker(XN)).
Finally, for the Lie bracket,
Tg([x + ker(R), 8 + ker(R)]) = Tg([x, 8] + ker(R))

Since E is a neutrosophic Lie ideal,

Therefore,
Tg([x + ker(R), 8 + ker(R)]) > Tg(x + ker(R)) V Tg(B + ker(R)),
I ([x + ker(R), 8 + ker(R)]) > Ig(x + ker(R)) A Ig(B + ker(R)),
and
Fg([x + ker(R), B + ker(N)]) < Fg(x + ker(R)) A Fg(B + ker(R)).
Hence, E satisfies all the conditions of a neutrosophic Lie ideal of Z; / ker(R). O

Theorem 4.9. Let X : =, — Z5 be a surjective Lie algebra homomorphism and let E =
(Tg,Ig, Fg) be a neutrosophic Lie ideal of =,. Define a neutrosophic set X(E) = (Tymg), In®), Fx®))
on Zq by
Tye)(B) = su%))TE(x), Ine)(B) = su%))IE(x), and Fye)(B) =€ Fy_xx Fr(x).
B=R(x B=N(x
If ker(R) C E, then, there exists a one-to-one correspondence between neutrosophic Lie ideals
of Z1 containing ker(R) and neutrosophic Lie ideals of =5.
Proof. We define the map ® : N (Z;) — N (Z2) by ®(E) = X(E), where
N(Z1) = {E : E is a neutrosophic Lie ideal of Z; containing ker(X)},

and

N(Z3) = {P : P is a neutrosophic Lie ideal of Z5}.
We show that ® is bijective.
1. Injectivity: Let Eq,Ey € N(Z;) such that R(E;) = RX(Ey). Take x € Z;. Since R(E;) =
N(E;), we have

Tx(m) (R(x)) = Tr,) (R(x))-

Thus,

Sup TE1 (a) = Sup TE2 (b) .
R(a)=R(x) R(b)=R(x)

Because
ker(R) CE; and ker(X) C E,,

all elements in the same coset of ker(X) have identical neutrosophic values. Hence,
T, (X) = Tg, (X)
Similarly,
Ig, (X) = Ig, (X)v
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and

FEI (X) = FE2 <X>
Therefore, E; = E,. Hence, ® is injective.

2. Surjectivity: Let P = (Tp,Ip, Fp) be a neutrosophic Lie ideal of =s.
Now, we define

R7H(P) = (Txrp), Tn-(py, Fip))
on = by
Ty-1(p) (%) = Te(R(x)),
Ly-1p) (%) = Ip(R(x)),
and
Fio1 ) (x) = Fp(RX(x)).

By previous results, R71(P) is a neutrosophic Lie ideal of Z;. Moreover, for every k € ker(R),
we have

N(k) = 0.
Hence,
Tyo1(0)(F) = To(0).
Lcso)(F) = Io(0),
and
Fy-1py (k) = Fp(0).
Thus,

ker(R) € X7(P).

Now, consider R(XR7!(P)), for any 8 € =, since N is surjective, there exists x € =; such that
N(x) = 8. Then,

Tyrx-1py)(B) = sup Ty-1py(x) = sup Tp(R(x)).

R(x)=8 R(x)=8
Since
N(x) =8,

we obtain

Trp1p) (B) = Te(B)
Similarly,

Lyae-1(py) (B) = Ip(B),
and

Fa-1(p)) (B) = Fr(8)
Therefore,

Hence, ® is surjective.
Consequently, ® is a bijection between neutrosophic Lie ideals of Z; containing ker(X) and
neutrosophic Lie ideals of =,. 0

Theorem 4.10. Let E = (Tg,Ig,Fg) be a neutrosophic set on a nonempty set X. If ay <
a9, 51 S 527 and a! S Y2- Then, E(ag,ﬁg,'yl) g E(a1,51,’72)‘
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Proof. Let
X € E(a2752,’71)'
Then, by the definition of upper level subsets,

Tg(x) > as, Ig(x) > B, Fg(x) <.
Since
o1 < ag, B < B, Y1 < 72,

it follows that
Tg(x) > ay, Ig(x) > f1, Fg(x) < 7.
Hence
X € E(a1751ﬂ2)'
Therefore,
E(a2752771) C E(alﬂh’m)'
O

Theorem 4.11. Let E = (Tg,Ig, Fg) be a neutrosophic set on X. Then, for every x € X,
Tr(x) =sup{a €[0,1]:x € Eqno1)},

Ig(x) =sup {8 € [0,1]:x € B},
and
Fr(x) =inf{y €[0,1] : x € Eo,)} -
Proof. Fix x € X and consider the set
Ax = {CY S [0, ].] X E E(a,O,l)} .
By definition,
X € E(a,O,l) <~ TE(X) > .
Hence,
AX = [07 TE(X)]
Therefore,
sup Ay = Tg(x),
which proves
Tg(x) = sup {a €0,1]:x € E(a,0,1)} )

Similarly,
By={8€0,1]:x€Epg} =[0,Ig(x)].

Thus,

sup By = Ig(x).
Finally,

Cx={7v€0,1] :x € Eqon)} -
Since
x € Ego, <= Fe(x) <7,

we obtain

Cx = [Fr(x),1].
Hence,

inf Cx = Fg(x).
Therefore,

Fe(x)=inf {y €[0,1] : x € E(gp.)} -

This completes the proof. 0
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Theorem 4.12. Let {E;};cn be a family of neutrosophic sets on X. Define

T(x) = inf Tg,(x), I(x) = inf Ik, (x), and F(x) = sup Fg,(x).
1EA 1€EA i€EA

Ei)(a,,@;y) = Niea(Bi) @8-

Proof. Let x € (ﬂieA El)

Then, (N

iEA

(@fr) Then,

inf Tk, (x) > «, infIg,(x) > 8, and sup Fg,(x) < 7.
i€A LISN ieA

Consequently,
Tg,(x) > «, Ig,(x) > 5, and Fg,(x) <~
for every ¢ € A. Thus,
x € (Ei)a,6.)

for every ¢ € A, and therefore,

Hence,

Conversely, let

Then, for every i € A,

Therefore,
%g/{ Tg,(x) > a,}g/{ Ik, (x) > /3, and flelzl\) Fg,(x) < 7.
Hence,
X € (ﬂ El> )
ieh (@,8,7)

Thus,

ﬂ(Ei)(a,Bﬁ) < (ﬂ El) :

i€A i€A (@,8,7)
Therefore,

(m E) O
(o,8,7)

1€EA 1€EA
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Part III — Neutrosophic Analysis

A NOVEL INTEGRAL-TYPE CLR CONDITION FOR COMMON FIXED
POINTS OF WEAKLY COMPATIBLE MAPPINGS IN NEUTROSOPHIC
METRIC SPACES WITH APPLICATIONS TO DYNAMIC PROGRAMMING
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Ganesha no. 10, Bandung, 40132, Indonesia

2)University of New Mexico, Mathematics, Physics and Natural Sciences Division, Gallup, NM 87301, USA
*corresponding authors email: smarand@unm.edu

ABSTRACT. This paper presents a new common fixed point theorem for two pairs of weakly compat-
ible mappings in neutrosophic metric spaces under an integral-type contractive condition formulated
through the common limit range (CLR) property. The proposed theorem generalizes, improves, and
unifies several well-known results in fixed point theory. To highlight its practical significance, the main
result is applied to establish the existence and uniqueness of solutions for functional equations encoun-
tered in multistage decision processes within the framework of dynamic programming. A nontrivial
example is included to illustrate the effectiveness of the theoretical results.

1. INTRODUCTION

Advancements in fixed point theorems across various abstract spaces have broad theoretical signif-
icance. These theorems play a crucial role in numerous mathematical disciplines, including systems
of ordinary and partial differential equations, game theory, variational inequalities, and functional
equations that arise in dynamic programming. Atanassov [2] introduced the concept of Intuitionis-
tic Fuzzy Sets (IFS), which generalizes fuzzy sets and effectively captures uncertain, incomplete, or
vague information, especially when hesitation is involved. Building on IFS, Park [3] developed intu-
itionistic fuzzy metric spaces using continuous ¢-norms and t-conorms, extending the notion of fuzzy
metric spaces. Subsequently, Alaca et al. [4] extended Banach’s fixed point theorems to this frame-
work. Further, Turkoglu et al. [5] established common fixed point theorems within intuitionistic
fuzzy metric spaces. In 1984, Khan et al. [8] enhanced Banach’s contraction principle by introducing
altering distance functions as control functions, which have become important tools in fixed point
theory. Wairojjana et al. [9] demonstrated fixed point results in complete and compact fuzzy metric
spaces utilizing altering distance functions. Sintunavarat and Kumam [10] introduced the C' LRy
property, eliminating the need for closedness of the range space. Later, Chauhan et al. [13] proposed
the C'L Rgr property, which plays a pivotal role in the developments discussed in this paper.

In 2002, Branciari [14] introduced an integral version of the Banach contraction principle. Following
this, Murthy et al. [15] developed common fixed point theorems for self-maps within fuzzy metric
spaces. Later, Alsulami et al. [16] extended integral-type contractive mappings by incorporating
a-admissible functions in metric spaces. In 2014, Liu established fixed point theorems for weakly
compatible mappings satisfying integral contraction conditions in metric spaces, providing illustrative
examples. Sarwar et al. [18] in 2015 contributed fixed point results alongside uniqueness criteria for
solutions to certain functional equations. More recently, Gupta et al. [19] obtained common fixed
point results for pairs of w-compatible mappings in fuzzy metric spaces. In 2020, Shatanawi et al.
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[20] explored common fixed point theorems in modified intuitionistic generalized fuzzy metric spaces
by utilizing the E.A. property.

In this study, we combine the concepts of altering distance functions, the C'LRgr property, and
integral-type contractive mappings to establish fixed point theorems within the framework of neutro-
sophic metric spaces. Our primary objective is to investigate the existence of solutions to functional
equations arising in dynamic programming by applying common fixed point results for two pairs of
weakly compatible mappings that satisfy a novel integral-type condition in the setting of neutrosophic
metric spaces.

We recollect some definitions and theorems which are usable for establishment of our main results.

Definition 1.1 (t-norm [1]). A binary operation < : [0,1] x [0,1] — [0,1] is a continuous t-norm
if < fulfils the following conditions:

(i) < is commutative and associative ;

(i) < is continuous ;

(117) u <11 =wu,Vu € [0,1];

(iv) u<tv < s <t, whenever u < s and v < t, for all u,v,s,t € [0, 1].

Definition 1.2 (t-conorm [1]). A binary operation & : [0,1] x [0,1] — [0,1] is a continuous t-
conorm if & shares the following conditions:

(i) & is commutative and associative;

(i) @ is continuous;

(1ii) u® 0 = u,Va € [0,1];

(iv) u®v < s@t, whenever u < s and v < t, for all u,v,s,t € [0, 1].

Definition 1.3. [1] A 5-tuple (X, H, K, *,®) is called an intuitionistic fuzzy metric space if * is a
continuous t-norm, @ is a continuous t-conorm, and H, K are fuzzy sets defined on X? x [0, 00) fulfil
the following properties, for every x,y,z € X,t > 0.
(i) H(z,y,t) + K(z,y,t) < 1;
(i) H(z,y,t) > 0,H(z,y,0) =0;
(i) H(z,y,t) =1 iff v = y;
(i) H(z,y.t) 2 H(y, 2.5) < H(z, 2.t +5);
(v) H(z,y,-) :[0,00) = [0,1] is continuous;
(vi) H(z,y,t) = H(y,z,t);
(vii) K(x,y,t) > 0, K(x,y,0) = 1;
(viii) K(x,y,t) =0 iff v = y;
(iz) K(x,y,t) ® K(y,2,s) > K(z,z,t+ s);
(x) K(z,y,-):[0,00) = [0,1] is continuous;
(1) K(x,y,t) = K(y, z,t);
(zit) lim H(x,y,t) = 1 when t — oo,Vx,y € X;
(xiii) lim K (z,y,t) = 0 when t — oo, Vz,y € X.
The pair (H, K) is called an intuitionistic fuzzy metric space on X.

Definition 1.4. Let (X, H, %) be a fuzzy metric space, and let P,Q, R, S be self-mappings on X. The
pairs (P,Q) and (R, S) are said to possess the joint common limit in the range (JCLR) property if
there exist sequences {x,} and {y,} in X such that

lim Pz, = lim Qz, = lim Ry, = lim Sy, = Qv =3v
n—oo n—oo n—oo n—oo

for some v € X.

Turkoglu, Alaca and Yildiz [6] introduced the notions of compatible mappings in intuitionistic
fuzzy metric space as follows:

Definition 1.5. [7] Two self-maps A and B on the space (X, H, K, *, ®) are called weakly compatible
if they commute whenever they share a common fized point.
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Definition 1.6. [10] Consider an intuitionistic fuzzy metric space (X, H, K,*, @) along with four
self-maps f, g, h, and j. The pairs (f,j) and (g,h) are said to fulfill the common limit range property
relative to j and h, denoted by CLR;y,, if there exist two sequences {u,} and {v,} in X such that

lim fu, = hm jun = hm gu, = hm hv, =10 € j(X)Nh(X).

n—oo

Mihet et al. [11] proved fixed point results using altering distance functions within the framework

of complete probabilistic Menger spaces.

Definition 1.7. [12] A function k : [0,1] — [0,1] is called an altering distance function if it meets
the following conditions:

(1) K is non-decreasing;

(17) Kk is continuous;

(i71) k(€) =0 holds true if and only if £ = 0.

2. MAIN RESULTS

Definition 2.1. [22] A 6 tuple (X, 9, %, P, %, ®) is said to be neutrosophic metric space if < is
a continuous t-norm, @ is a continuous t-conorm and 4,9, P are fuzzy sets on X* x [0, 00] which
fulfil the following properties, for every x,y,z € X,t > 0.

(1) b (z,y,t) + D(z,y,t) + P(x,y,t) < 3;

(2) Y(z,y, )>0 Y(r,y,0) =0;

(3) Y(x,y,t) =1 if and only if x = y;

(4) Y(z,y,t) <Y (y, 2z,5) <Y (v,2,t+ s);

(5) Y(z,y,-) : (0,00) — [0, 1] is continuous;

(6) 9(,y,1) = H(y,2.1);

(1) Y(z,y,t) >0, P(z,y,0) =1;

(8) Z(x,y,t) =0 if and only if x = y;

9) D(z,y,t)> D(y,z,8) > D(x,z,t+ s);
(10) Z(z,y,-) : (0,00) — [0, 1] is continuous;
(11) Z(z,y,t) = D(y, x,1);

(12) P(z,y,t) >0, P(x,y,0) =1;

(13) P(z,y,t) =0 if and only zf;E =vy;

(14) P(x,y,t) > P(y,z,5) > P(x,2,t+5);
(15) P(z,vy,-): (0,00) — [0,1] is continuous;
(16) Z(x,y,t) = P(y,x,1);

(17) limy_yoo 9 (z,y,t) = 1, for all x,y € X;
(18) limy_yoo Z(z,y,t) =0, for all x,y € X;
(19) limy_yoo Z(z,y,t) =0, for all x,y € X.

The triple (4,9, ) is called a neutrosophic metric on X.

Definition 2.2. [21] Let (X,¥9,2,2,<,1>) be a neutrosophic metric space and let f,g,h, and j
be four self-mappings on X. The pairs (f,j) and (g,h) are said to satisfy the common limit range
property with respect to j and h, denoted by CLR;,, if there exist sequences {u,} and {v,} in X
such that:

lim f(u,) = hm j(un) = hm g(vn) = lim h(v,) =/ € j(X) N h(X),

n—oo n—oo

where the limit is taken with respect to the neutrosophzc metric, i.e., convergence in the sense that:
lim 9(f(u,),6,t) =1, lim 2(f(un),f,t) =0, lm P2(f(u,),?,t)=
n—00 n—00 n—o0

and similarly for the other terms.
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Theorem 2.1. Consider the neutrosophic metric space (X,9,9,P,<,r>), where the t-norm and
t-conorm are defined by a < b = min{a, b} and a & b = max{a, b}, respectively. Let f, g, h, and j be
self-maps on X. For all z,y € X and t > 0, we have

G (fx,9y,s) M,y,s)
/ a(s)ds >0 / f(s)ds
0 0
D(fx,9y,s) v(z,y,s)
/ s <o [ as
0 0
P(fz,99,5) W(z,y,s)
/ f(s)ds < @ / a(s)ds
0 0

where [i : RT™ — R is a Lebesgue integrable function that is non-negative and summable, ¢,|Phi =
{6, @] ¢, P : R — R is upper semi-continuous, ¢(0) =0,d(s) < s,P(0) =0, and O(s) < s} for all
s >0, and U = {U | U : R — R is a comparison function, lower semi-continuous, with U(s) >
s for all s > 0},

Nz,y,8) =9 (fz,gy,5) QY (fr, hx,s) <Y (hx, jy,s) <Y (gy, jy, s) <Y (hx, gy, s) <G (fx, jy,s) and
v(z,y,8) = D(fr,g9y,5)© D(fx, hz,s)© D (hz, jy, s)© D(9y, jy, s) © Z(hx, gy, s)® Z(fz,jy,s) and
W(x,y,s) = P(fr,gy,s)®P(fr,hx,s)© P (hx, jy, s)D P (g9y, jy, s)© P (hx, gy, s)& P (fx, jy, s).
Additionally, assume that the pairs (f,h) and (g,7) possess the common limit range (CLR) property.
Moreover, if both pairs (f,h) and (g,j) are weakly compatible, then the mappings f, g, h, and j share
a unique common fixed point in X.

and

and

Proof. Assume that the pairs (f, h) and (g, j) fulfill the common limit range property. Consequently,
there exist sequences {u,} and {v,} such that

lim fu, = lim hu, = lim gv, = lim jv, = w. (1)
n—00 n—o0 n—o00 n—00

for a certain w € j(X) N A(X). Because w lies in h(X), there exists a point z € X with h(z) = w.
Using equation (1), it follows that

lim fu, = lim hu, = lim gv, = lim jv, = w = hz. (2)
n—00 n—o00 n—o00 n—o0

Next, we assert that f(z) = h(z). Assume, for the sake of contradiction, that f(z) # h(z).
By replacing x with z and y with v,, in the hypothesis of Theorem 2.1, we derive

Y(fz,9vn,s) X(2,vn,8)
/ a(s)ds >0 / a(s)ds
0 0
D(fz,9vn,s) (2,un,8)
/ iss <o [ sy
0 0
P(fz,9vn,s) W (z,0n,s)
/ f(s)ds < @ / f(s)ds | .
0 0
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Mz, 00, 8) =9 (fz,9vn,8) <Y (fz,hz,s) QG (hz, jun, s) <G (gUn, jon, S) <Y (hz, gu,, s) <

G (f2,jvn,s),

U (2,0n,8) =D (fz,90n,5) ® D(fz,hz,s) DD (hz, jun, s) B D (gun, jon, S) B D (hz, gu,, s) B

D (f %, jvn; s)

W (z,vn,8) = P (fz,gvn,5) ® P(fz,hz,s) B P (hz, jon, s) D P (gUn, jun, s) & P (hz, gu,, s) B
P (fz, jvn,s).

Taking the limit as n — oo in the above inequalities yields

lim A (z,v,,8) =9 (fz,w,s

n—oo

)<Y (fz,w,8) QG (w,w, s) <Y (w,w, s), <Y (w,w,s) AY(fz,w,s)
=9 (fz,w,s) <Y (fz,w,s) <1119 (fz,w,5)
=9 (fz,w,s) <Y (fz,w,s) <Y (fz,w,s)
=min{¥Y(fz,w,s),9(fz,w,s),9(fz,w,s)}
=9(fz,w,s) and
T}Lrlgoﬁ(z,vn, $)=D(fz,w,s) D D(fz,w,s) D D(w,w,s)D P (w,w,s) DD (w,w,s)dD(fz,w,s)
(fz,w,8)®D(fz,w,s) DODODOD Z(fz,w,s)
(fz,w,8)® D (fz,w,s) D D(fz,w,s)
=max{Z(fz,w,s)® D (fz,w,s)® D(fz,w,s)}
=PD(fz,w,s)
JLI{}OW (2,0n,8) = P(fz,w,s) ® P(fz,w,s)d P(w,w,s)d P(w,w,s)dP(w,w,s)dP(fz,w,s)
= P(fz,w,s) ® P(fz,w,s) 00000 P(fz,w,s)
= P(fz,w,s) ® P(fz,w,s) d P(fz,w,s)
= max{Z(fz,w,s) & P(fz,w,s) d P(fz,w,s)}
= P(fz,w,s)

Furthermore

n—oo

Y(fzw,s) Y(fz,9vn,s)
/ f(s)ds = lim inf/ a(s)ds
0 0



Advanced Topics in Neutrosophic Mathematics

D(fz,w,s) D(fz,9yn,s)
/ f(s)ds = lim sup/ f(s)ds
0 0

and

n—oo

2(2,yn,s)
< lim sup ¢ (/ ﬂ(s)ds)
2(2,yn,s)
< ¢ | lim sup/ f(s)ds
n—oo 0
2(fz,w,s)
= / f(s)ds
0

D(fzw,s)
< / f(s)ds
0

P(fzw,s) P(f2,9Yn,s)
/ f(s)ds = lim sup/ f(s)ds
0 0

n—oo

and

which leads to a contradiction.
Thus, we conclude that f(z) = h(z). Therefore,

fz=hz=w. (3)

Because w belongs to j(X), there exists some p € X for which j(p) = w. Replacing j(p) = w into
equation (1), we get

lim fu, = lim hu, = lim gv, = lim jv, = w = jp. (4)
n—00 n—00 n—00 n—00

Next, we aim to show that g(p) = j(p). Assume, on the contrary, that g(p) # j(p).
By substituting x = u,, and y = p into the hypothesis of Theorem 2.1, we derive

g(fun,gpﬁ) X(uprvs)
/ a(s)ds > O / f(s)ds
0 0
@(funvgp75) l?(un,p,s)
/ s <o [ is)ds
0 0

and

and
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A (Un, p,8) =94 (ftn, gp, 5) 1Y (fun, by, 5) <G (huy, jp, s)
*9(gp,ip, ) 1Y (hun, gp, s) <G (fun, jp, s)
U (tn, p;8) =D (frn, gp, $) ® D (ftn, htin, 8) & D (huy, jp, 5)
© Z(9p,jp, 5) © Z (hun, gp, s) © P (fun, jp, s)
W (U, p,8) =2 (fun, gp, $) & P (fun, htn, s) & & (huy, jp, s)
© Z(gp,jp,s) ® P (hun, gp, ) ® L (fun, jp, s)

Taking the limit as n — oo in the inequalities above, we have

lim A (up, p,s) = Y (w,w,s) <G (w,w,s) <G (w,w,s) <Y (w,w,s) 1Y (w,w,s) 1Y (w,w,s)

mvd )
%(w w,s) <Y (w,w,s) A1l <1 <Y (w,w,s)

(w,w,s) <Y (w,w,s) Y (w,w,s)

mn{%(w w,s), 9 (w,w,s),9(w,w,s)}

C&

=9 (w,w, s) and
=P (w,w,s) d P(w,w,s)d P (w,w,s), B (w,w,s), D (w,w,s), D (fw,w,s)
=P(w,w,s)d Z(w,w,s)B0B0H0d Z(w,w,s)
= 2(w,w,s) ® D(w,w,s)d Z(w,w,s)
= max{Z(w,w,s) ® Z(w,w,s) ® Z(w,w,s)}
= 9 (w,w,s) and
nh_}rEOW (Un, p, 8) = P(w,w,s) d P(w,w,s)d P(w,w,s), P (w,w,s), BP(w,w,s), DL (fw,w,s)
= 2(w,w,s)® P(w,w,s) 0B0d0d Z(w,w,s)
= Z2(w,w,s)® P (w,w,s)d Z2(w,w,s)
= max{Z(w,w, s) ® Z(w,w,s) d P(w,w,s)}
= Z(w,w,s)

In addition

G (w,w,s) G (fun,gp,s)
/ i(s)ds = lim inf/ f(s)ds
0 0

n—oo

X(tn,p,s)
> lim inf O / f(s)ds
n—oo 0
A(Un,p,8)
>0 | lim inf/ f(s)ds
n—oo 0
Y (w,w,s)
= / f(s)ds
0

4 (w,w,s)
> / f(s)ds
0
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P (w,w,s) D(fun,gp,s)
/ fi(s)ds = lim sup/ f(s)ds
0 0

and

n—oo

X(un,p,s)
< lim sup ¢ / f(s)ds
n—oo 0
A(un,p,s)
< ¢ | lim sup/ f(s)ds
n—oo 0
P (w,w,s) R
o[ [ s
0

2(w,w,s)
< / a(s)ds
0

P (w,w,s) P (fun,gp,s)
/ f(s)ds = lim sup/ a(s)ds
0 0

and

n—oo

X(un,p,s)
< lim sup ® / f(s)ds
n—oo 0
X(un,p,s)
< @[ lim sup/ fi(s)ds
n—oo 0
P (w,w,s)
= / a(s)ds
0

P(w,w,s)
< / f(s)ds
0
which results in a contradiction.
Thus, it follows that g(p) = j(p). Consequently,

gp=Jjp=w
By (3) and (5), we get
fz=hz=gp=jp=w.

Next, we demonstrate that w is a common fixed point of the mappings f, g, h, and j.
Given that the pairs (f, h) and (g, 7) are weakly compatible,

fz=hz=hfz= fhz.
Now, applying (6), we get
fw = hw
Also,
gp=3p = Jgp = gip
From (6), we get
qw = juw.

Next, we assert that f(w) = w. Suppose, for the sake of contradiction, that f(w) # w.

By substituting x = w and y = p into the conditions of Theorem 2.1, we get

G (fw,gp,s) X(vavs)
/ a(s)ds >0 / a(s)ds
0 0

78



Advanced Topics in Neutrosophic Mathematics

D (fw,gp,s) o(w,p,s)
/ s <o [ aps
0 0
P (fw,gp,s) W(w,p,s)
/ f(s)ds < @ / f(s)ds
0 0

Mw, p,s) =9 (fw,gp,s) QY (fw, hw,s) QG (hw, jp, ), <Y (gp. jp,s), <G (hw, gp, s), <G (fw, jp. 5),
v(w, p,s) = D(fw,gp,s)© D(fw, hw,s)& D (hw, jp, s), ©2(gp, jp, s), D (hw, gp, s), 8D (fw, jp, s),
W(w,p,s) = Z(fw,gp,s)@P(fw, hw,s) DL (hw, jp,s), ®L(gp, jp,s), DL (hw, gp, s), 8P (fw, jp, s).

Now,

and

and

1113.105\(10,@ s) =Y (fw,w,s) 1Y (fw,w,s)
(fw,w,s) <Y (fw,w,s)<1<1<91<Y(fw,w,s)
(fw,w,s) <Y (fw,w,s) 1Y (fw,w,s)

in{ (fw, w,s), % (fw, w,s), 4 (fw, w,s)}

1Y (w,w,s), <Y (w,w, s), <Y (w, w, s), <Y (fw,w, s)

I
VR E SRS

w,w, s) and
f77

( )

lim o(w, p,s) = 2(fw,w, s)
( )
(

(fw,w,s)® P(w,w,s), P (w,w,s), B2 (w,w, s), B (fw,w,s)

n—oo

®9
fw,w,s)® Z(fw,w,s) 0606 0& Z(fw,w,s)

fw,w,s)® D(fw,w,s)® D (fw,w,s)

ax{Z(fw,w,s) ® Z(fw,w,s) d Z(fw,w,s)}

(fw,w, s) and

lim W (w, p, ) = 2(fw,w,s)® P(fw,w,s) d P(w,w,s), 6L (w,w,s), 5P (w,w,s), DL (fw,w,s)

I
@B NI

o = 2(fw,w,s)® P (fw,w,s) 060608 Z(fw,w,s)
= Z(fw,w,s)® P(fw,w,s)®d P(fw,w,s)
= max{Z(fw,w,s) ® Z(fw,w,s) d Z(fw,w,s)}
= Z(fw,w,s)

Additionally

n—oo

Xw,p,s)
> lim inf O / a(s)ds
n—o0 0
Mw,p,s)
>0 | lim inf/ f(s)ds
n—oo 0
Y (fw,w,s)
=0 / f(s)ds
0

Y (fw,w,s)
> / a(s)ds
0
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Z(fw,w,s) 2(fw.gp,s)
/ f(s)ds = lim sup/ f(s)ds
0 0

n—oo

Xw,p,s)
< lim sup ¢ / a(s)ds
n—o0 0
Xw,p,s)
< ¢ | lim sup/ a(s)ds
n—00 0
2(fw,w,s) R
=¢ / fi(s)ds
0

P2(fw,w,s)
< / f(s)ds
0

n—o0

P(fw,w,s) P (fw,gp,s)
/ f(s)ds = lim sup/ f(s)ds
0 0

P(fw,w,s)
< / f(s)ds
0

This leads to a contradiction. Hence, we conclude that f(w) = w. Using equation (7), we deduce

fw = hw = w. (9)

Similarly, by replacing x = z and y = w in the hypothesis of Theorem 2.1, and applying equations
(6) and (8), we derive

Combining (9) and(20), we get

quw = jw = w. (10)

fw=hw=w=gw=jw.

Therefore, w serves as a common fixed point for the mappings f, g, h, and j. Next, we examine the
uniqueness of this common fixed point. Suppose w; and ws are both common fixed points of f, g, h,
and j. By substituting z = w; and y = w, into the conditions of Theorem 2.1, we obtain

4 (w1,w2,8) G (fwi,gw2,s) w1 ,w2,s)
/ f(s)ds = / f(s)ds >0 / f(s)ds
0 0 0

and

and

2(w1,w2,s)
/ a(s)ds
0

P(w1,w2,s)
/ f(s)ds
0

2(fwi,9w2,s) (w1,w2,s)
/ s <o( [ s)ds
0 0

P(fwi,9w2,s) W (w1 ,w2,s)
/ a(s)ds < @ / a(s)ds
0 0
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=9 (fwq, gws, s) <Y (fwy, hwy, s) QG (hwy, jws, s) <
G (qws, jwe, s) AY (hwy, gws, s) AY (fwy, jws, s)
=9 (w1, ws, s) 1Y (wy, w1, s) Y (w1, ws, $) <
G (wo, W, §) XY (w1, ws, s) 1Y (wy, ws, s)

G (wy,ws,8) A1 <Y (wy,ws,8) A1 <Y (wy,ws, s) <Y (wy,ws, s)
=9 (wy,ws,s) 1Y (wy,ws,s) AY (wy, ws, s) <Y (wy,ws, s)

=min {g (w17w27 S) 7g (w17w278) )g (w17w27s> 7% <w17w27 S)}

=9 (wy,ws, s)
and .
v (w17w278) :9 (fwbgw?a 8) D g(fwla h'LUl,S) D -@<hw17jw27 8) 5 S¥
@(gw27jw27s>7@@ (hwl)gw%s)v@@ (fwlujw278>
=9 (U)l,'LUQ,S) S5, .@(wl,wl, S) ©® Q(wl,wQ, S) ©®
@ (w27w278> @ @('LUl,U)Q,S) @ @(wl,/l,UQ, S)
=9 ('U)l, Wa, S) ®0 9 (w17w27 8) ®0& 9 (wh Wa, 5) D 9 (wb Wa, S)
=9 (’LUl,U]Q,S) S 9 ('lUl,wQ,S) S¥ @<w17w27 S) s> @(wtha S)
:max{@ <w17w278>79(w17w278)79<w17w278)7@(w17w278)}
=2 (w1, wy, s) .
and
44 <w17w2> S) :y (fwlagw27s> D 32 (fwh hwbs) D ‘@ (hw17jw27 8) ) S
‘@ (gw27jw2a 8) ) @‘@ (hwlagw% S) ) @‘@ (fwlajw27 8)
= (wl,wQ, 8) o (wl,wl,s) o X (wl,wQ, 3) s>
4@ (w27w2a S) S5 @ (wl,UJQ,S) s>, 4@ (w17w27 S)
=Z (w1, wq, ) 0D L (wy,ws,s) D0D P (wy,ws, s) DL (wy,ws,s)
:@ (w17w27 S) S5 1@ (w17w278> s>, y <w17w27 S) S c@ (U}l,U)Q,S)
:maX{c@ (wla Wa, S) ) P (w17w27 5) ) P <w17w27 S) ) P (wla Wa, S)}
=2 (wy,ws,8) .
Thus,
4 (w1,w2,s) 4 (w1,w2,s)
/ s>0 f(s)ds
0
ﬂ( )ds
0
and
D (w1,w2,s) PD(w1,w2,8)
[ s <o [ s
0 0
2(w1,w2,s)
</ a(s)ds
0
and

P (w1,w2,s) P (w1,w2,s)
/ a(s)ds < @ / f(s)ds
0 0
& )
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which leads to a contradiction.
Therefore, we must have w; = wsy. Consequently, the mappings f, g, h, and j share a unique common
fixed point in X. This concludes the proof. 0

Example 2.1. Consider the set X = [0,4] equipped with a neutrosophic metric (M, N, ) defined
by, for all x,y € X and t > 0,

_lz—y] _lz—yl \iU - Z/\
G(z,yt)=e 71, D(r,yt)=1—c =1, Px,yt)=-—"2".
(z,y,t)=e (z,y,1) e (z,y,1) 20+ 1)

Let the continuous t-norm <1 be the product a <\b = a-b, and the t-conorm > be a™>b=a+ b — ab.
Define four self-maps f,qg,h,j: X — X as

f<x>={?’ t= g<x>={?’ "=

3 T > 2 v T > 2
2, <2 2. <2
h(flf):{l’ T J'(f):{l’ -
5 > 2 3 T > 2

Consider sequences {u,} = 2 and {v,} = %H in X. Then,
lim f(u,) = lim g(v,) = lim A(u,) = lim j(v,) = 2.
n—oo n—oo n—oo n—oo

Let ju(t) = 3t, O(t) = 2t, and @(t) = £.
For any z,y € [0,2], observe

and thus
G (fr,gy,t) =G (fr,hx,t) = G (hx, jy, t) = 9 (gy, jy,t) = " = 1,

D(fr,gy,t) = Z(fx,ha,t) = D(hz, jy,t) = D(gy. jy.t) = 0,
and

P (fz,gy,t) = P(fx, ha,t) = P(hx, jy,t) = P(gy, jy, t) = 0.
Setting A(z,y,t) = 1 and v(x,y,t) = 0, and noting

5 (/01 ﬂ(s)ds) —B(15) =3 > /Ol/l(s)ds _15,

the conditions

and

D(fx,gy,t) o(z,y,t)
/ Als)ds < ¢ / i(s)ds
0 0

P(fx,gy,t) W (z,y,t)
/ fi(s)ds < @ / fi(s)ds
0 0
are satisfied.

Hence, by the corresponding fized-point theorem in neutrosophic metric spaces 2.1, the mappings
f,q,h, 7 share a unique common fixed point in X, which is x = 2.

and
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Corollary 2.1. Consider an neutrosophic metric space (X,9,9,2,<,r>), where the t-norm and
t-conorm are defined by a <<b = min{a,b} and a &b = max{a,b}, respectively. Let f h, and j be
self-maps on X. For all z,y € X and t > 0, we have

S (fo,fy5) A5
/ i(s)ds > U / f(s)ds
0 0
D(fz,fy,s) v(z,y,s)
/ s <o [ as
0 0
P(fx,fy,s) W (z,y,s)
/ a(s)ds < @ / a(s)ds
0 0

where i : RY — R is a Lebesque integrable function that is both summable and non-negative,
U={0]|0:R — R is upper semi-continuous, U(0) =0, and U(s) < s for all s > 0},

and ¢, D ={¢,® | ¢, P : R — R} are comparison functions that are left-continuous, non-decreasing,

and satisfy ¢(s), P(s), P(s) > s,¢(s) > s for all s >0 ,

Nz,y,s) =G (fx, fy,s) QG (fu, ha,s) <Y (hx, jy, s), <G (fy, jy, s), <G (hx, [y, s), <4 (fx, jy, s) and
v(z,y,s) = D(fv, fy,s) ® D(fx,hz,s) ® D(hz,jy,s), ©D(fy, jy,s), ®D(hz, fy,s), ©D(fx,jy, s)

and W(z,y,s) = P(fz, fy,s)®@P(fz, hx,s)0 P (hz, jy, 5), DL (fy, jy, ), DL (hz, fy,s), DL (fx, jy, 5).
Additionally, suppose the pairs (f,h) and (f,j) satisfy the common limit range (CLR) property rel-
ative to the mappings h and j, respectively. Moreover, if both pairs (f,h) and (f,j) are weakly
compatible, then the mappings f,h, and j share a unique common fized point in X.

and

and

Corollary 2.2. Let (X,9,2,2,<,0>) be a neutrosophic metric space, where the t-norm and t-
conorm are given by a <<b = min{a, b} and a ® b = max{a, b}, respectively. Consider two self-maps
f and j defined on X, and assume that for all x,y € X andt > 0,

Y(fz,fy,s) A(z,y,s)
/ a(s)ds > U / f(s)ds
0 0
[ <o [ itsas
0 0
/ f(s)ds < @ / f(s)ds
0 0

where [i : R™ — R is a non-negative, summable function that is Lebesque integrable. Let U = {U |
U : R — R is upper semi-continuous with 5(0) =0 and O(s) < s for all s > 0} ,
and ¢, P ={¢, P | ¢, P : R — R} are comparison functions that are left-continuous, non-decreasing,
and satisfy ¢(s), (s), d(s) > s, P(s) > s for every s > 0.
Nx,y,s) = 9(fx, fy,s) QY (fx,ju,s) QG (jx,jy,s), <Y (fy, jy,s), <G (ja, fy, s), <9 ([, jy, s)
and v(x,y,s) = D(fz, fy,s)02(fx, jx,s)®D(jz, jy, s), 82 (fy, jy, 8), 2 (jz, fy, s), ®Z(f, jy, 5)
and W(z,y,s) = P(fz, fy,s)© P (fz, jx, )P (jx, jy, ), L (fy, 3y, ), L (jz, fy, s), 8P (fx, jy, s).
Assume further that the pair (f,j) satisfies the common limit range (CLR) property with respect to
the mapping j. Moreover, if (f,j) is weakly compatible, then the functions f and j share a unique
common fized point in X.

and

and
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Corollary 2.3. Consider an neutrosophic metric space (X, 9,92, ,<,r>), where the t-norm is
defined by a <<b = min{a, b} and the t-conorm by a ® b = max{a,b}. Let f, g, h, and j be self-maps
on X, and assume that for all z,y € X and for any t > 0,

94 (fz,9y,5) n(2,y,5)
/ f(s)ds >0 / f(s)ds
0 0
D(fx,9y,s) ¢(w,y,s)
[ <o [ as
0 0
P (fz,9y,5) €(z,y,s)
/ f(s)ds < @ / f(s)ds
0 0

where [i : RT™ — R is a non-negative, summable function that is Lebesque integrable. The set U
consists of functions U : R — R that are upper semi-continuous, satisfy O(0) = 0, and for which
UO(s) < s holds for all s > 0.
Similarly, ¢ and ® denote sets of comparison functions ¢,® : R — R that are left-continuous,
non-decreasing, and satisfy ¢(s) > s, and ®(s) > s for every s > 0.

n(x,y,s) = Y(fr,gy,s) QO G(fx,ha,s) < Y9y, jy,s), <G (hx, gy, s), <Y (fz, jy, s)
and ((z,y,s) = D(fr,g9y,8) & D(fx,hzx,s) & D(gy,jy,s), ®Z(hz,gy,s), 8D (fx, jy,s) and
e(@,y,8) = P(fr,9y,s) ® P(fx,hx,s) & P(gy,jy,s), &P (hx, gy, s), 8P (fx, jy. s).
Assume further that the pairs (f, h) and (g,7) satisfy the common limit range (CLR) property relative
to the mappings h and j, respectively. Moreover, if both (f,h) and (g, j) are weakly compatible, then
the mappings f, g, h, and j admit a unique common fixed point in X .

and

and

Corollary 2.4. Let (X, 9,2, P, <,1>) be an neutrosophic metric space, where the t-norm is defined
as a b = min{a, b} and the t-conorm as a & b = max{a,b}. Consider four self-mappings f, g, h,
and 7 on X, and suppose that for all x,y € X and for anyt > 0,

9 (fx,9y,8) M,y,s)
/ a(s)ds >0 / a(s)ds
0 0

PD(fx,9y,s) o(x,y,s)
[ s o [ A
0 0

P(fz,9y,s) W(z,y,s)
/ f(s)ds < @ / f(s)ds
0 0

where fi : RT — R is a Lebesque integrable function that is summable and non-negative. The set U
consists of functions U : R — R which are upper semi-continuous, satisfy G(0) = 0, and for every
s > 0, satisfy O(s) < s.
Similarly, ¢ and ® refer to families of comparison functions ¢, ® : R — R that are left-continuous,
non-decreasing, and fulfill ¢(s) > s and ®(s) > s for all s > 0.

Nx,y,s) = G(fr,gy,s) QY (fo, hx,s) <G (hx, jy, s), <9 (gy, jy, s), <Y (hx, gy, s), <Y ([, jy, 5)
and U(z,y,s) = D(fx, gy, s)® D (fx, hx,s)@ P (hz, jy, s), 2 (g9y, jy, ), 8P (hz, gy, 5), ©D(fz, jy, 5)
and W(z,y,s) = P(fx,gy,s)OP(fz, hz, s)® P (hx, jy,s), 8P (9y, jy, 5), DP (hx, gy, s), L (fx, jy, 5).
Assume further that the pairs (f,h) and (g,j) satisfy the (E.A) property, and that either j(X) or
h(X) forms a closed subset of X. Moreover, if both pairs (f,h) and (g,7) are weakly compatible, then

the mappings f, g, h, and j have a unique common fixed point in X .

and

and
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3. APPLICATION TO SOLVABILITY OF SYSTEM OF FUNCTIONAL EQUATIONS OCCURING IN
DYNAMICAL PROGRAMMING

In this section, we investigate the existence and uniqueness of solutions for a class of functional
equations arising in dynamic programming, utilizing Theorem 2.1.

Let A and B be Banach spaces, with C' C A representing the state space and D C B the decision
space.

[ Sis12) = opt yep La(r,y) + Ai (z,y, 51 (n1(z,9)))} )
SZSI(r) = opt yED {CL(:IZ', ) + B (iL’ Y, 51 (VQ(xay)))}
5351(1) = opt yeD {b(l’, y) + A2 (33' Y, 1 (’73('1'7 y)))} (*)
5481(1) = opt yeD {b<x7 y) + B2 (.Z', Y, 51 ("}/4(1', y)))}
S581(2) = 0Pt yep {0(7,y) + Az (z,y, 51 (35(2,))) }
| S6s1@) = ot yep {b(2,y) + Bs (2,4, 51 (6(2,9)))} )

where v, : Cx D - Cia:CxD —R/A;,B;:CxDxR—Rand s; € E(C).
Denote by E(C') the space of all real-valued continuous functions defined on C'. This space is equipped
with a complete metric defined as

d(p,q) = sup |p(x) — P (z)|

zeC
for every p,q € E(C).

As an application of Theorem 2.1, we investigate the existence of solutions to the following system
of functional equations arising in dynamic programming.

( Sl(l’) op yeD{CL(CU y)+A1 (x7y751 (Vl(xvy)
- yeD {a(z,y) + Az (z,y, 52 (12(2,y)

)}
(z) )}
S3(‘T) = yED {b(I,y)+A3 (‘T7y753 (73<*T7y) )} (**)
54(37) = yED {b(x7y)+A4 (.’L’,y,54 (’)/4(.T,y) )}
Ss(w) = yeD {b(z,y) + As (2,9, 55 (vs5(x,9))) }
\ SG($) = yeD {b(x7y)+A6 (x,y,Sﬁ (")/6(.’13'73/)))} )

Theorem 3.1. Let Ay, A3, A3, B1,By,B3 : C x D xR — R be bounded functions, and
let Sy, 52,55, 54, 55,5 : E(C) — E(C) be operators defined as in (*). Assume the following condi-

tions are satisfied:
(1) The pairs (S1,54), (S2,S3), and (S5, Se) possess the CLRg,s, property.

(17) If S1s1 = Sus1, then S1Sys1 = S4S151; similarly, if Sos; = Sssq, then S2S381 = S3581; and if
5551 = SﬁSl, then S5S(3$1 = 565581.

(1ii) The following inequalities hold:
/IAl (mvy»sl('yl(xy)))_Bl(Evy782(72(x7y)))|

01(s1,52,9)
f(s)ds >0 / a(s)ds |,
0 0

[A1(z,y,51(71(2,9)))—Bi(z,y,52(v2(2,9)))| 02(s1,52,5)
/ iy <ol [ its)ds ).
0

0

and

|A1(x,y,s1(’yl(:z;y)))—Bl(x,y,sz(’yg(x,y)))\ 02(5175275)
/ f(s)ds < @ / f(s)ds | .
0

0
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where
. S S S
1 (51, 52, 5) :mm{s + |S1z — Say|’ s+ |Six — Syx|” s+ |Ssz — Ssy|
s 5 s
s+ [Say — Ssyl’ s + |Sax — Say| s + | S1x — Szy] }
and
0y (51, 5. 5) :max{ |S1z — Say| 7 |S1x — Syl | |Syx — S3y|
s+ Sz — Soy|’ s+ |S1x — Syx|” s+ |Ssx — S3y]
|Say — Szy| |Ssx — Say| |S12 — S3y| }
s+ |Say — S3y|” s + |Ssx — Say|” s + |Six — Ssy
and
0y (51, 59, 5) :max{ |S1x — Say| 7 |S1x — Syl | |Syr — Szy|
s+ Sz — Soy|” s+ |S1x — Syx|” s+ |Ssx — S3y]
’529 - S3y\ ’5495 - 52?/\ |5190 - 53?/\ }
s+ |Say — S3y|” s + |Ssx — Say|” s + |S1x — Ssy

Consequently, the system of functional equations possesses a unique common solution.

Proof. The system of equations admits a unique bounded solution if and only if the operators defined
in (*) possess a unique common fixed point. Since the functions Ay, Ay, As, By, Ba, By : CxDxR — R
are bounded, there exists a constant P > 0 such that

sup{|Ai(x,y, 2)|, |Bi(z,y,2)|; (x,y,2) € C x D xR} < P.

Let €> 0,2 € C,v,7 € E(c). Assume that opt yep = sup yep. Then there exist y;,y, € D such
that

5181(1‘) <a (LU, yl) + Al (I7 Y1, 51 (’71 ({L‘, yl))) +€ (11)
S2s2(x) < a(x,y2) + B (2, y2, 82 (02 (2, 2))) + € (12)
8181(1') Z a (l’,yg) + Al (ajay%sl (71 (xayl))) (13)
5232<I> > a(‘T?yl)—i_Bl (xvbe? (72 (l’,yl))) (14)

Equations (11) and (14) yields that

Sis1(x) — Sas2(x) < Ar (z,y1, 51 (1 (2, 11))) — B (@91, 52 (02 (2, 51))) + €
Similarly (12) and (13) yields that
Sis1(x) — Sas2(w) < Ar (w92, 51 (1 (2, 42))) — B (%92, 52 (2 (2, 42))) + €
Therefore,
Sis1(z) — Sas2(x) <max {|A1 (z,y1, 51 (1 (x, 1)) — B (z,91, 52 (72 (2, 11)))]
[Av (2,92, 51 (1 (2, 92))) — B1 (2,42, 52 (12 (2, 42))) |} + €

Let P = Ay (37, Y1, S1 (’Yl (%yl))) ,Q =B (95,?/1, S2 (72 (-75, yl))),
R = Ay (z,y2,51 (71 (7,12))) and S = By (2,42, 52 (72 (2, 92)))-
At this point, the previous inequality simplifies to
S181(x) — Sase(x) < max{|P — Q| +¢,|R— S|+ e} = H(say) (15)
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Applying (15), we get

S1s1(x)—S2s2(x) H

/ jts)ds < [ is)ds

0 0
|[P—Ql|+e |R—S|+e

= max / /l(s)ds,/ f(s)ds
0 0
|P—Q)| |[P—Q|+e |R—S]| |R—S|+e

~ max / i(s)ds + / i(s)ds, / i(s)ds / i(s)ds
0 |P-Q 0 |R—S|

= max {/O|PQ fi(s)ds, /OIRS| ﬂ(S)ds} + max {/Z:%ﬂ(s)d& /R:THE[L(S)ds}

Applying the third condition from Theorem 3.1, we derive

[S1z=Soy|

SHS1a—529] O2(s1,52,5) |P—Ql+e |R—S|+e
/ i(s)ds < ¢ / ji(s)ds | + max / i(s)ds, / i(s)ds
0 0 |P—Q) |R—S|

For any € > 0, we can select ¢ (L) < € so that

[itsds<s

where 4 (L) denotes the Lebesgue measure.
Now, the above inequality reduces to

[S1z=Soy|

SIS Sl ba(s1,52,9)
/ i(s)ds < ¢ / ii(s)ds | +6
0 0

Taking the limit as 6 — 0, we get

9(5131,5232,8) 92(5175275)
/ it <o [T als
0 0
(@(5181,5252,3) 02(5175275)
/ f(s)ds < @ / a(s)ds
0 0

Similarly, by applying the third condition of Theorem 3.1, it can be demonstrated that

4 (S151,5282,) 02(s1,52,5)
/ f(s)ds > 0O / a(s)ds
0 0

Therefore, all the hypotheses of Theorem 3.1 are satisfied. Consequently, the system of functional
equations (xx) admits a unique common solution. O

and

4. APPLICATION TO FUNCTIONAL EQUATIONS IN DYNAMIC PROGRAMMING

In this section, we apply the main common fixed point theorem to establish the existence and
uniqueness of solutions for a class of functional equations arising in dynamic programming.

Let S and D be nonempty sets representing the state space and decision space, respectively. Denote
by B(S) the set of all bounded real-valued functions on S.

Consider the functional equation

u(z) = sup {g(ﬁ,y) + H(a:, y, u(7(x, y)))} , xres, (16)

yeD
where
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(1) g: S x D — R is a bounded function,
(2) 7: 59 x D — S is a transition mapping,
(3) H:S x D xR — R is continuous.

Define the operator T": B(S) — B(S) by

(Tu)(z) = sup {9(z,y) + H(z,y,u(r(x,y))}, x€8.

Then a function u € B(S) is a solution of (16) if and only if it is a fixed point of T
Now define a neutrosophic metric on B(S) by

t
M(u,v,t) = ———,
1+ HU - UHOO
I(u,v,t) = —Hu — V| :
t+ |lu— v
and
F(u,v,t):M, t>0,
t+ |lu— v
where
[u = vloo = sup |u(z) — v(z)].
eSS
Then,

(B(S), M, 1, F,*,0)
is a complete neutrosophic metric space.
Assume that there exists a constant k € (0, 1) such that

|H(:B,y,r)—H(x,y,s)] Sk‘|7“—$| (17)

forallz € S,ye€ D,and r,s € R.
Further, define the mappings
A=T, B =T

Theorem 4.1. Suppose that condition (17) holds and that the mappings A and B satisfy all the
assumptions of the main common fixed point theorem established in this paper. Then the functional
equation (16) possesses a unique bounded solution in B(S).

Proof. For any u,v € B(S) and = € S, we have

(Tu)(z) = (Tv)(z)] =

ilelg{g(x, y) + H(x,y, u(r(z, y)))}

— sup{g(:c, y) + H(zx,y,v(r(z, y)))}‘

yeD
S SU-B |H(I,y, U(T(Z‘, y))) - H(LE, y,U(T(ZE, y))>|
y€e
< ksup [u(r(z,y)) — v(r(z,y))]
yeD
< kllu — vll.
Consequently,
| Tu —Tv||oo < k||t — v||oo-
Hence,
t t
M(Tu,Tv,t) = > > M(u,v,t),

t+ [|Tu — Tl ~ t+k|lu—v|e —
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while

I(Tu,Tv,t) < I(u,v,t),
and
F(Tu,Tv,t) < F(u,v,t).
Thus, T satisfies a neutrosophic contractive condition. By the hypotheses, the mappings A = T

and B = T? satisfy the assumptions of the main common fixed point theorem. Therefore, A and B
possess a unique common fixed point u* € B(S) such that

Au* = Bu* = u".
Since A =T, it follows that
Tu* =u".
Hence, u* is a solution of (16). The uniqueness of the common fixed point guarantees that this
solution is unique. O

5. CONCLUSION

In this paper, we have established new common fixed point results for two pairs of weakly com-
patible mappings in neutrosophic metric spaces under an integral type contraction condition via the
CLR property. These findings extend and unify several existing results in the fixed point theory lit-
erature. Moreover, we demonstrated the practical significance of our theoretical results by applying
the common fixed point theorem to guarantee the existence and uniqueness of solutions to functional
equations arising in dynamic programming for multistage decision processes. An illustrative example
was also provided to validate the main results. Future research may explore further generalizations
and applications in more complex neutrosophic structures.

FUuTURE WORK

Building on the results presented in this paper, several directions for future research are envisioned:

(1) Extension to Other Neutrosophic Structures: Investigate common fixed point theo-
rems in more generalized neutrosophic structures, such as neutrosophic normed spaces or
neutrosophic probabilistic metric spaces.

(2) Relaxation of Conditions: Explore fixed point results under weaker compatibility or con-
tractive conditions to broaden the applicability of the theory.

(3) Multivalued Mappings: Extend the current framework to multivalued (set-valued) map-
pings in neutrosophic metric spaces, which have practical significance in optimization and
control theory.

(4) Applications to Differential and Integral Equations: Apply the fixed point theorems
to establish existence and uniqueness of solutions to more complex functional, differential,
and integral equations modeled within neutrosophic contexts.

(5) Algorithm Development: Design iterative algorithms based on the fixed point results
for practical computation of solutions in applied problems, including decision sciences and
dynamic systems.

(6) Interdisciplinary Applications: Explore applications in other fields such as machine learn-
ing, data analysis under uncertainty, and neutrosophic modeling in engineering and social
sciences.
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ABSTRACT. This paper investigates rough I-statistical convergence of order o in neutrosophic
normed spaces. We establish the existence of a minimal roughness parameter that guarantees
the nonemptiness of the I-statistical limit set and demonstrate that this mode of convergence
remains stable under small perturbations. A uniqueness result for the common limit point
is derived whenever the intersection of all corresponding limit sets is nonempty. Finally, the
concept is characterized in terms of subsequences determined by filter sets and by decomposing
sequences into statistically convergent and statistically bounded parts.

Furthermore, the proposed theory is applied to neutrosophic dynamical systems, fixed-point
iterations, and sensor-network data fusion. The obtained results establish stability under sparse
disturbances, preservation of convergence for perturbed Picard processes, and robust estimation
in the presence of sporadic faulty observations. These applications demonstrate the effectiveness
of rough I-statistical convergence of order o’ in modeling uncertainty, robustness, and long-term
behavior in neutrosophic environments.

1. INTRODUCTION

The theory of statistical convergence has become an important area of research due to its wide
applicability in summability theory, functional analysis, approximation theory, and dynamical
systems. The concept provides a natural generalization of ordinary convergence by allowing
exceptional terms to occur on sets of natural density zero. The notion was later extended in
various directions through the introduction of ideal convergence by Kostyrko et al. [2] and
ideal statistical convergence by Das et al. [3], which offer a flexible framework for studying
convergence with respect to admissible ideals.

Another significant generalization is rough convergence, introduced by Phu [4, 5], where
convergence is investigated within a prescribed tolerance radius rather than at a single limit
point. This concept has attracted considerable attention because it is particularly suitable for
analyzing data contaminated by measurement errors, perturbations, and uncertainties. Sub-
sequently, rough statistical convergence was introduced by Aytar [1] and further developed by
Maity [6], while rough ideal convergence and its variants were studied by Pal et al. [7], Dindar
and Cakan [21], Diindar [20], Diindar and Ulusu [22, 23], Bulut and Or [8], and Ahmad et
al. [9, 10]. Related investigations have also been carried out in probabilistic normed spaces,
intuitionistic fuzzy normed spaces, and 2-normed spaces [15, 16, 17, 18, 19].
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Parallel to these developments, the theory of fuzzy, intuitionistic fuzzy, and neutrosophic
structures has emerged as a powerful mathematical tool for modeling uncertainty and indeter-
minacy. Important contributions to intuitionistic fuzzy metric and normed spaces were made
by Park [26], Saadati and Park [27], Lael and Nourouzi [24], Karakus et al. [25], Mursaleen and
Lohani [28], Mursaleen and Mohiuddine [29], and Kumar and Mursaleen [30]. The introduction
of neutrosophic theory by Smarandache [11] significantly broadened the scope of uncertainty
modeling by incorporating truth, indeterminacy, and falsity components simultaneously. Re-
cently, neutrosophic normed spaces and their convergence structures have been investigated by
Kirigei and Simsek [12], Khan et al. [13, 14, 31, 32, 33], among others and Recent developments
in neutrosophic normed spaces have focused on generalized convergence, summability, and topo-
logical structures. Ahmad and Mursaleen [34] introduced deferred statistical summability in
neutrosophic (n)-normed linear spaces, while Ahmad and Mursaleen [35] studied completeness
and Cartesian products in neutrosophic rectangular (n)-normed spaces. These works provide
important foundations for further investigations in neutrosophic functional analysis.

Despite the extensive literature on rough convergence, statistical convergence, ideal conver-
gence, and neutrosophic normed spaces, the study of rough I-statistical convergence of order
o’ in neutrosophic normed spaces has not yet been systematically developed. The presence
of the order parameter o allows a finer control over the asymptotic behavior of exceptional
sets, while the roughness parameter provides a natural mechanism for handling uncertainty
and approximation. Consequently, a unified theory combining rough convergence, ideal statis-
tical convergence, and neutrosophic norms is both mathematically meaningful and practically
relevant.

Motivated by these observations, in this paper we introduce the notions of rough statisti-
cal convergence and rough I-statistical convergence of order o in neutrosophic normed spaces
and investigate their fundamental properties. We establish the existence of a minimal rough-
ness parameter ensuring the nonemptiness of the corresponding rough I-statistical limit set,
prove stability under perturbations, and derive a uniqueness theorem for common rough I-
statistical limit points. Furthermore, we obtain characterization theorems via filter-generated
subsequences and decomposition methods involving I-statistically convergent and I-statistically
bounded sequences.

In addition, several applications of the proposed theory are presented. In particular, we inves-
tigate rough I-statistical stability in neutrosophic dynamical systems, convergence of perturbed
Picard iteration processes in fixed-point theory, and robust data-fusion models in neutrosophic
sensor networks. These applications demonstrate that rough I-statistical convergence of order
o provides an effective framework for studying stability, robustness, uncertainty, and long-term
behavior in complex neutrosophic environments.

2. NOTATION AND BASIC DEFINITIONS

This section recalls the necessary notation definitions and basic concepts concerning rough
ideal statistical convergence and neutrosophic normed linear spaces.

Definition 2.1. 2] Let Y # 0. A family T C P(Y) of subsets of ) is called an ideal in Y
provided,

(i) D eI,

(i1) R,S e I= RUS €1,

(i7i) For each R€ I,S C R=—= S € L.

Here, P()) denotes the power set of ), i.e., the set of all its subsets. An ideal I, which
is a proper (non-trivial) subset of P(Y)—thadyis, I # P(Y)—is referred to as admissible if it
includes every singleton subset of ).
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Basic Sets and Parameters
N Set of all natural numbers.
o' € (0,1] Order of statistical and ideal statistical convergence.
j >0 Roughness parameter controlling the allowable devia-
tion in convergence.
A* € (0,1) Neutrosophic precision parameter.
e>0 Arbitrarily small positive real number.
Ideals and Filters
I Non-trivial admissible ideal on N
F(I) Filter associated with the ideal I.
T(A) I-asymptotic density of order o for A C N.
Spaces and Structures
y Linear space over a field F'.
2 Normed linear space.
(Y, 7,0,T) Neutrosophic normed space (NNS).
Neutrosophic Norm Functions
T (y, \*) Degree of membership of y.
Qy, A*) Degree of non-membership of .
C(y, A*) Degree of indeterminacy of y.
Sequences and Convergence
y=A{y,} A sequence in Y.
- M ¢ Convergence in a neutrosophic normed space.
- ALY 1S Rough convergence in a neutrosophic normed space.
- JsHe) £ Rough statistical convergence of order «’'.
yr i iGON 1 Rough I-statistical convergence of order /.
LIM{; Set of all rough limit points of the sequence y.
I—st—LIM?f Y Set of rough I-statistical limit points of order /.

Throughout this paper, we assume that I represents a non-trivial admissible ideal defined
on the set of natural numbers.

Definition 2.2. [2] Let Y # (. A non-empty class F C P()) is called filter on Y provided,
(i) 0 ¢ F,
(i1) S,Te F= SNT e F,
(i1i) For each S € F,SCT =T € F.
Every ideal I is associated with a filter F(I) defined as follows:

F(I)={MCY:M°e€1} where M°=) — M.

Definition 2.3. [2] A sequence y = {y.,} in Y is called ideal convergent (I — convergent) to
n if for every e >0

Aley={neN |y, —n>c}el
Here, n is known as the I-limit of the sequggce y = {y.,}.
Now, we recall rough convergence as follows:
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Definition 2.4. [4] Let (Y, |.|) be a normed space. A sequence y = y., in Y is said to be
roughly convergent (or j'-convergent) to a point & € Y with roughness level j* > 0 if, for every
e > 0, there exists an index mo € N such that the inequality |y, — &1| < j' + & holds for all
m > mg.

This type of convergence is denoted by vy, 5 & or alternatively as r-1imy, oo yr =&, where
the constant j' is referred to as the roughness degree associated with the sequence y = {y. }.
For a sequence y = {y.,} in the normed space Y, the j'-limit set is defined as

LIM;, ={& e Xy, =&}

In the case where y = {y..} is a sequence of real numbers, the j'-limit set can also be expressed
as

LIM;, = [liminfy,, — j/, limsupy,, + 5 (see [4]).

Definition 2.5. [7] A sequence y = vy, is said to be roughly ideal convergent (denoted as
r-I-convergent) to a point &, where j' > 0 represents the roughness level, if for every e > 0,

{meN: |y, —&l =)' +e} el
Next, we discuss INNLS and the convergence of sequences within this space.

Definition 2.6. The three-tuple structure (Y, Y,Q,T) be an NNS, where Y is a linear space
over a field F. Y, T are called neutrosophic normed space (NNS) on Y x (0, 00) and represent
the degree of membership and non-membership on Y x (0,1) if the following conditions hold,
for every y,w € Y and A}, A5 > 0 :

( ) T(y, \*) + Q(y, ) <1

cy, \*) =7 (y, I\d), ifc#0,ceF.
(y, A\)) * T (w,A3) < T (p+w, A] + A3).
(y,.): (0,00) = [0,1] is continuous.
hm)\*%oo T(y, )\*> = 1, llm)\*ﬁo T(y, )\*) =0.

) Q(ey, \) = O (y M) ife40,ceF.

) Q(y, AD) o Q(w, A3) > Q(y +w, AT + A3).

) Q(y,.) : (0,00) — [0, 1] is continuous.

) limys o0 Q(y, A*) = 0, limye0 Q(y, A*) =1

) T'(cy, \*) :Q<y, C‘) ifc#0,ce F.

) T (y, A1) 0 Q(w, A5) > Q(y 4+ w, \] + A3).

) I(y,.) : (0,00) — [0, 1] is continuous.

8) limy« o0 ['(y, A*) = 0, limy« 0 Q(y, \*) = 1.
Then Y,Q,T are called neutrosophic normed (NN).

Example 2.1. Let Y = (> = {y = (Yr)r=1 0 |Ylloo = suppsy |ye| < oo}, be the Banach space

of all bounded real sequences equipped with the supremum norm.
Define
axb=ab, g%ob:max{a,b},
for all a,b € [0,1].



Advanced Topics in Neutrosophic Mathematics

For every y € Y and \* > 0, define

)\*
T<y7 A*> - —7
N+ lyllo
[9]loo
Q(y7 A*) = —7
2(A + lyllso)
[[/[] oo
C(y, \") = ——————.
200 + [lyll)
We will show that (Y, Y,Q,T') is a neutrosophic normed space.
First,
X+ 511yl
T(y, \*) +Qy, \*) = —2—— <1,
N+ lylloo
which verifies condition (1).
Moreover,
T(y,A") >0

for every y € Y, and
Ty, \)=1 <<= ||y]lo=0 <= y =0,
so conditions (2) and (3) hold.
For any nonzero scalar c,
A A
A+ el [yl oo |

establishing condition (4). Using
1y + wlloo < [[Ylloe + 1wl
we obtain
A A AT+ A
T (y, A % T(w, X)) = L : 2 < -2 =T(y+w, AT+ A\,
W AD T = S e R+ e = XM+ Tyl AT
which verifies (5). The continuity of T follows immediately from its definition. Furthermore,

)\lgnoo'r(y, ) =1, /\31_13(1)+ T(y,\*) =0,

for every y # 0, proving (6) and (7). Similarly,
0<Qy,\") < 1,

and
Qy,A) =0 = |ylle =0 <= y =0,
which establishes (8) and (9). The homogeneity property

)\*
Q<Cy7 )\*) =Q <y7 _)
]
follows directly from the norm structure, yielding (10). Using the triangle inequality,

1y + wllo
AT+ 25 + Iy + wllo)

which proves (11). Conditions (12) and (13) are immediate since
Jim Qy, A7) =0, lim Q(y,X) =1 (y#0).

Since
Dy, )z 2y, V),
conditions (14)—(18) follow exactly as above.
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Hence, all axioms of Definition 2.6 are satisfied. Therefore, ((>°,Y,Q,T) is a neutrosophic
normed space.

Example 2.2. Let (), |.||) be any real normed space. For every q > 0 and all y € ), define

Yy, q) = 7m0 = F5p and Uy, q) = Fp- Then, (Y, T, Q1) is an INNLS.

Definition 2.7. Let (Y, T,Q,T') be an NNS with neutrosophic norms (¥,Q,T'). A sequence
y =1y} inY is called convergent to & € Y with respect to the norm (Y,Q,T') if for everye > 0
and \* € (0,1) there exists mg € N such that Y (v, — &1;€) > 1= X*, and Q (y,, — &1;8) < A*,
and I (y,, — &1;€) < X* for all m > myg. It is denoted by (Y, 1) — lim, 00 ¥}, = &1

Definition 2.8. Consider (¥,Y,Q,T') as an neutrosophic normed space. A sequence y = {y. }
in Y is considered rough convergent to & € Y concerning the norm (Y,Q,T') for some non-
negative real number j' if there exists an mg € N such that for every e > 0 and \* € (0,1), the
following holds

Y (y, — &35 +e)>1=X and Q(y,, — &i; 5 +¢) <X and T (y,, — &7 + &) < X* for all m > my.

It is denoted by y., EASSLION & or J/(T, Q1) — limy, oo ¥/, = &1
Remark 2.1. For r = 0, the rough convergence agrees with the usual convergence for the
sequences in an NNS.

Definition 2.9. Consider (Y, T, Q,T') as a neutrosophic normed space. A sequence y = {y. }
in Y is considered to be roughly statistically convergent to & € Y concerning the norm (1, T")
for a non-negative number j' if for all e > 0 and \* € (0,1)

1
lim —{m<n:Y(y,—&;7 +e)<1-=XNorQy, — &7 +e) >N orT(y, — &7 +e) >N} =0
n—o00 N,

It is represented as vy, T2 ¢ or § — st — limymoye yr, = &1
Let st — L]Mg/ represent the collection of all rough statistical limit points of the sequence

y=1{yn}-
3. MAIN RESULTS

In this section, we formulate the concepts of rough statistical convergence and rough ideal
statistical convergence of order o € (0,1] in the framework of neutrosophic normed spaces.
We then develop several fundamental properties associated with these convergence notions.
Throughout the paper, the order parameter o is taken from the interval (0, 1].

Definition 3.1. Let (¥, Y, Q,T) be an neutrosophic normed space. A sequence y ={y. } inY
is said to be rough statistically convergent of order o to & € Y with respect to norm (Y,Q,T)
for some non-negative number j' if for every € > 0 and \* € (0,1).

1
lim —{m <n: T (y, — &' +e) ST =Aor Qy, — &5 +e) 2 A or 'y, — &35 +e) 2 A"} =0.
n—oo N
It is denoted by v/, iGN & or j —st(a)) — limy, o0 ¥l = &1
Let st — LIM®y denotes the the set of all rough statistical limit points of order o/ of the
sequence y = {y/, }.
Remark 3.1. For r = 0, the notion rough statistical convergence of order o agrees with the

statistical convergence of order o/ for the seggences on an NNS and for o/ = 1, this notion
coincides with rough statistical convergence.
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Definition 3.2. Let (), T,Q,T) be an nuetrosophics normed space. A sequence y = {y..} in
YV is said to be rough ideal statistically convergent of order o to & € Y with respect to norm
(T,Q,T) for some non-negative number j' if for every e > 0 and A* € (0, 1).

1
{nEN:Wngn: YTy, — &7 +e) <1—\
or Uy, — &' +e) 2 A

or D(y, = &1;5" +€) > X} > 5*} €1,

or
o7 ({m e N Y (y, — &' +6) ST =X or Qy, — &' +€) 2 A or I'(yy, — &35 +€) 2 A7}) =0,

where 07(A) =T — lim,,_, %Hm <n:m € A} if exists.

i’ —I—st(o , .
It is denoted by ¢/, 2 He & or j — sty —limy, 00 v, = &1

Let T — st — LIM;?‘,/ y denotes the the set of all rough ideal statistical limit points of order o’ of
the sequence y = {y/ }.

Remark 3.2. For r = 0, the notion rough ideal statistical convergence of order a agrees with
the ideal statistical convergence of order o/ in an NNS.

The following example shows that there is a sequence which is neither rough ideal convergent
nor ideal statistical convergent but it is rough ideal statistical convergent of order «'.

Example 3.1. Let S be an infinite subset of N and I be an ideal such that S € I. Then
S¢={a1 < ay <ag<...} € F(I). Consider a sequence y = {y,, },nepn Such that

;o J=Dm ifm ¢ Sand o =1,
Ym = m, if m e S.

Then

.y b j <1,
1—45=1 4 >0

In general, a sequence’s rough limit might not be unique. Therefore, we consider the rough
I-st-limit set of order o’ of sequences y = {y/,} with respect to the norm (Y,{,T") as

I—st—LIM?,/y:{ﬁer:y;n]—I—St(a—)»ff}.

Moreover, sequence y = {y/ } is rough I-st-convergent provided I-st - LIM?‘,I y # ¢ for some
j' > 0. In [29], it was observed that for a sequence y = {y/,} of real numbers, the set of rough
limit points,

i/ o . o oq. . ./
LIM} = [limsupy — j/, liminf y + 5.
In the similar way,

/ 97
I —st—LIM} y=[I —st—limsupy —j', I — st — liminfy + 5'].
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Definition 3.3. A sequencey = {y.,} in neutrosophic normed space (Y, T, Q,T') is I-st-bounded
of order o/ (where o € (0,1]) if for e > 0,\* € (0,1) and some j' > 0, there exists H > 0 such
that

{nEN:%{mgn:T(y;n;H)gl—)\* or Q(y,; H) >\ orF(y;n;’H)z)\*}z(S*}GI

Example 3.2. Consider the neutrosophic normed space (R, T, Q,T"), where

t i
Qz;t) = T(z;t) =
LRI CD (z:1)

20+ J2])
for every x € R and t > 0.
Let T = Iy be the ideal of all finite subsets of N, and define the sequence

, {m, if m = k? for some k € N,

0, otherwise.

T(z;t) = m,

Now, we show that {y.,} is I-st-bounded of order o = 1.
Fiz X* € (0,1) and choose H > 0. Observe that for all non-square integers m,

Ym =0,
and therefore
Y(yH) =1  QyuH)=0, T(y,;H)=0.
Hence, non-square indices never belong to the set

A, = {m <n:Y(y, ;H)<1=X or Q. ;H) >N orT(y,;H) > )\*}.

The only possible elements of A, are square numbers not exceeding n. Since the number of
squares less than or equal to n is |\/n], we obtain

[Aul < V.

Consequently,

[An] _
- =7 —0 (n — 00).

Let 0* > 0 be arbitrary. Then, there exists ng € N such that

<

Jioo1
n

A
4] <0 for all n > ny.
n

Therefore,
1
{neN: 2>t c {12, m -1},
n
which is a finite set and hence belongs to Iy.
Thus, {y.,} is I-statistically bounded of order o/ = 1.
Notice that the sequence is not bounded in the ordinary sense since y,, = k* — oo. Nev-

ertheless, the unbounded terms occur only on a set of natural density zero, which guarantees
I-statistical boundedness.

We first establish the existence of a minimal roughness parameter for which the I-statistical
limit set of order o’ is nonempty.

Theorem 3.1. Let {y.,} be a sequence in a neutrosophic normed space (¥, Y, T') such that
I—st—LIM?,/(y) #+ & for some j' > 0.

Define 98
jo=inf{j' > 0: I-st-LIM%(y) # @}.
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Then
I-st-LIMS (y) # @.

Proof. Since I-st- LIMJO-‘,/(y) # @ for some j' > 0, there exists & € ) such that for every e > 0
and \* € (0,1),
1
{n eN:
nCM

Am<n X &7+ <1- N
or Qyl, — &35 +e) >\
or Ny, —&;7 +¢) > A*} > 5*} c 1.

Hence, the set J = {j’ > 0: I-st- LIMJO-‘,/ (y) # @} is nonempty and bounded below by 0.
Therefore, jo = inf J exists.
By definition of infimum, there exists a decreasing sequence {j,} C J such that

Jk > jJo for all k, and Ik 4 Jo.

For each k, choose
& € I-st- LIMS (y).
Then for every ¢ > 0 and A\* € (0,1). For each k € N, define a set

1
Ek:{ne./\f:—,{m<n:T(y;n—§k;jk—|—€)§l—)\*

n -

or Q(y;n — gk,jk + 5) >\

or D(y,, — &k Jk +€) > A*} > 5*} =

Similarly, since {y,,} is I-st-bounded of order o/, there exists 1 > 0 such that

1
{m <n:Y(y,;H)<1-X\

ne’

E[) = {TZ GN:
or Qyp,; H) = A"
or I'(y,;H) > )\*} > (5*} €l

Since I is admissible, the set
N\ (Ex UEy) # 2.
Choose m € N\ (Ex U Ep). Then we have
Y&k i+ € +H) = T((& = Y) + Yoni e+ + H)
> min{ Y (y,, — &k Jx + ), T (s H)}
>1-— )\
and similarly,
Q& Ji + €+ H) < max{Q(y;, — &3k +€), QY 1)}
<\,
L (&sgr + € +H) < max{T(y,, — &k Jr +€), Ty H)}
<A P
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Hence, for every k € N,
& € B(0, jx +e+H).
Therefore, {{;} is bounded in (Y, Y, ,T).
By completeness, there exists a subsequence {, } such that

Skg_>€ in (y7T7Q7F)
That is, for every € > 0 and A\* € (0, 1), there exists ¢, such that
Tk —&e) > 1= Q& —&e) <A, D&, —&e) <N

for all ¢ > /.
For a fix ¢ > 0 and A* € (0,1), we obtain

Ty — & Jo+e) 2 liii}pT(y;m — &kei Ji, + ),
and similarly,

Yy, — & Jo + &) < liminf Oy, — &,; i, +),

F(yp = &o +€) < Hminf D(y, — &, + ).

Therefore,
{nEN: ni,{mSnIT(yin—f;jo+€)Sl—X‘
or Oy, — & jo+e) = A
or I'(y,, — & jo+¢e) > /\*} > 5*} €L
Thus,

¢ € I-st- LIMY (),
which implies
I-st- LIM (y) # 9.
This completes the proof. [l

We now prove that rough I-statistical convergence of order o/ is stable under small pertur-
bations.

Theorem 3.2. Let {y.,} and {z,} be sequences in a neutrosophic normed space such that

6 ({m : T(y,, — 2;e) <1 —=X3}) =0.

Then, for any j' > 0,

;' —I-st(a))
EEE—
m

é‘ — ’27/71 M 5
Proof. We establish the forward implication only, since the converse follows by symmetry.

Assume that
, J —I-st(a))
Yo — &
Let € > 0 and A* € (0, 1) be arbitrary. By the definition of j'-I-statistical convergence of order
o', we have

A= {m eEN:T(,—&7+e) <1-XNor Q,—&7 +e) >Nor Ty, —& 5 +e) > )\*} el
On the other hand, by the assumption
(5}‘({m Y (y,, — z1p0'€) <1- A*}) =0,

m?
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and similarly for the indeterminacy and falsity functions, it follows that the set

B:{meN:T(y;n—z"5)§1—)\*orQ(y;n—z’ '5)2)\*orF(y;n—z';6)2)\*}61.

Since I is an ideal, it is closed under finite unions. Therefore,
AUB el
Now, consider any index m ¢ AU B. Then m ¢ A and m ¢ B, so that
T(ypm =& +e)>1=X" Qy, —&J'+e) <A, Dy, — &5 +e) <A,
and
Ty = 2ms€) > 1= QY —258) <A Dy, — 2,58) <A™
Using the neutrosophic norm inequality, we get
T(x+y,s+t) >min{Y(z,s), T(y,t)},

with

T=Y =& Y=20 Y
and noting that

Zm = &= (U — &) + (2 — U),
we obtain

Y(z, — &4 +2e) =T ((v, — &)+ (2, — ), (7' +¢) +¢)
> min {T(y), — & ' +2), V(=4 — i) .
Since
T (2, = Yps€) = Y (Y, — 203 €),

it follows that
Y(z, — &5 +2e) >1— N\

Similarly,

Q(z +y,s +t) <max{Q(z,s), Qy, 1)},
we obtain

Az, — &7+ 2) < max {Q(y), = &5+ ), Qzh, — vhie) }
< \%.

Again,

D(z +y,s+1t) <max{['(z,s),I'(y,1)},
we have

L(2), — &4+ 2¢) < max {T(yin — &7 +6), Dz — v 6)}
<A
Hence, for every m ¢ AU B,
(2 — &4 +2) >1— N,
Qzp, — &5+ 2¢) < A,
and
Lz — &7 +2) <\
Consequently,
{mGN:T(z;ﬂ—f;j’%—Qs) <1—XNorQz,—&7 +2) >N or (2, — &5+ 2) Z)\*}
C AUB. 101
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Since AU B € I, we conclude that
{m:T(z:n—f;j'jLQe) <1—XNorQz,—&7 +2) >N or (2, — &5 + 2¢) 2)\*} €L

Ase > 0and \* € (0,1) were arbitrary, the definition of j'-I-statistical convergence of order o’
yields

' —I-st(a)
NS

The converse implication is proved in exactly the same manner by interchanging the roles of

the sequences {y/ } and {z/ }. Therefore,

3/ —I-st(a’ 3/ —I-st(a’
a (o) ¢ o (o)

£.
This completes the proof. 0

Next, we show that if the intersection of all rough I-statistical limit sets of order o' is
nonempty, then the limit point is unique.

Theorem 3.3. If().., I-st- LIM;??/ (y) # @, then the intersection consists of exactly one point.

/>0
Proof. Assume, to the contrary, that there exist two distinct points &;,& € Y such that
G#& and &, & € ) I-st-LIMS (y).
5'>0

Fix ¢ > 0 and A* € (0,1). Since & € I-st- LIM?‘/ (y), there exists a set Aj € I such that for all
m ¢ Ay,

Yy, — &' +e) >1 =N Qy, —&isd' +e) <A, Dy, —&uj +e) <A™ (1)

Similarly, since & € I-st- LIMJO.‘,' (y), there exists a set B, € I such that for all m ¢ Bj,
T(yp —&aid +2) > 1 =X, Qy, =& +e) <A, Dy, =& +e) <A (2)

Since I is an admissible ideal, A; U Bj; € I. Choose m ¢ A; U Bj. Then combining (1) and
(2), we obtain

T(& — €525 +2¢) >min{Y(y,, — &7 +¢€), T(y,, —&s5 +e)F > 1 - N7,
Q& — £2:25" + 2e) < max{Qy,, — &35 +¢), Ay, — &5 5 +e)} <A,

[(§ = &525" + 2¢) <max{T(y,, — &35 +€), Dy, — &5 + )} <A™
Since j' > 0 is arbitrary, letting j* — 0T, we obtain
T(él — 52, 28) = ]_, Q(fl — 52, 25) = 0, F(fl — 52, 25) = 0.
this implies that
§1— & =0,

that is, & = &, which contradicts the assumption &; # &.
Hence, the intersection (1. I-st- LIM (y) contains exactly one point. O

We next characterize rough I-statistical convergence of order o via subsequences indexed by
filter sets.

Theorem 3.4. A sequence {y } in (Y, T, Q. T) is rough I-statistically convergent of order o/
if and only if it admits a subsequence indexedpby a set M € F(I) which is rough statistically
convergent of order .
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Proof. Assume that the sequence {y/ } is rough I-statistically convergent of order o’ to & with
roughness j* > 0. Then, by definition, for every ¢ > 0 and A\* € (0,1),

7 ({m € N T(0 — &5 +2) S 1= N
or Qy, — &5 +e) = A
or (), — &7 +2) = X'}) = 0. (3)
Define the set
M={meN:Y(y,—&j +e)>1-)\,
QY — &5+ ) <N,
Ly, — &5 +e) <A}
From (3), we have

N\ M e,

and hence M € F(I).
Now consider the subsequence {y! }nen. For each n € N, define

M,={m<n: me M}.
Then, for all m € M,,, the inequalities
Ty — &' +e) > 1 =X, Qyp, — &5 +e) <A, Ty, —&J' +e) <N

hold.
Hence,
nla, {m<n:meMand T(y, —&j +e)<1—-\
or Qy,, — &' +e) = N
or I'(y,, — &J'+e) 2 A} = 0.
Therefore,
Tim ni' {m<n: meMandy,, ¢ B, j +¢, )\*)}‘ =0,

which shows that the subsequence {y/ }n.car is rough statistically convergent of order o to &.
Conversely, suppose that there exists a set M € F(I) such that the subsequence {y }men
is rough statistically convergent of order o to £ with roughness j' > 0.
Then, for every e > 0 and \* € (0, 1),

T}LIEO%{mﬁn: meMand Y(y, — &5 +e) <1—\*
or Qy,, =& 5 +e) =\
or Ty — €7 +2) = X} | =0,
Since M € F(I), we have N'\ M € I. Let
A={meN:Yy,—-&j+e) <1 =X or Qy, &5 +e) >N or Ty, — &5 +¢e) > X}

Then

ACN\M)U(ANM).
By subadditivity of 47, 103
57(A) < 55N\ M) + 63(A N M).
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Since N\ M € I, §5(N \ M) =0, and 6;(AN M) = 0. Hence,
07(A) = 0.
Thus,
57 ({m € N': Ty, =5/ +) < 1=X" o1 Qy, =&/ +2) = N or Dy, &' +2) = N} ) = 0.
This proves that {y/ } is rough I-statistically convergent of order o to . 0

Finally, we present a decomposition characterization of rough I-statistical convergence of
order o.

Theorem 3.5. A sequence {y,,} is rough I-statistically convergent of order o/ if and only if it
can be written as y., = Uy, + Uy, where {u,,} is I-statistically convergent of order o' and {v,,}
is I-statistically bounded by j'.

Proof. Assume that {y/ } is rough I-statistically convergent of order o to £ with roughness
j" > 0. Define sequences {u,,} and {v,,} by

Ung, Um:y;n_f (mEN)

We first show that {u,,} is I-statistically convergent of order o/ to &. Since u,, — & = 0 for all
m, we have for every ¢ > 0 and \* € (0, 1),

T(um —&e) =1 Qun—§2) =0, T(um—§&e)=0,
which immediately implies
(5?'({771 CY (U, — &) <1 — A or Quy, — &;6) > AN or I'(uy, — &) > X"}) = 0.
Hence, {u,,} is I-statistically convergent of order o to &.

Next, we show that {v,,} is I-statistically bounded of order «/ by j'. Since y/, is rough
I-statistically convergent to &, for every ¢ > 0 and \* € (0, 1),

5?'<{m V(7 +e) KT =X or Qup; i +¢e) >N or D(uy,; 7 +¢) > A*}) =0.
This proves that {v,,} is I-statistically bounded of order o/ with bound j'.

Conversely, assume that y/, = u,, + vp,, where {u,,} is I-statistically convergent of order o/ to
¢ and {v,,} is I-statistically bounded of order o/ with bound j'.
Fix ¢ > 0 and A* € (0,1). Define

A={m :YT(uy, —&e) <1 =X or Qumy —&e) > A or [Nuy, — &) > N}

B={m:Y(vn;j) <1—=X or Qupu;j) > X or ['(v,;j") > N}

Then A, B € I. Since I is admissible, AUB € I.
Let m ¢ AU B. Then we obtain

Y(y, — &5 +e) >min{Y(uy, — &), Y(vm; 7))} > 1=\,
Qy, — &5 + ) <max{Q(un — &), Qvm; )} < N,
Ly, — &7 +¢e) <max{T(un —&e), Tvm; 7)< A™.
Therefore,
5(11/<{m Yy, =& +e) <1 =XNor Qu, —&ji +e)>Nor I(y, — &5 +¢e) > A*}) =0,

104
which shows that {y,,} is rough I-statistically convergent of order o to £ with roughness j'. [



Advanced Topics in Neutrosophic Mathematics

3.1. Application to Fixed Point Iteration in Neutrosophic Normed Spaces. Let ()}, T,Q.T)
be a neutrosophic normed space and let T : Y — Y be a self-mapping having a fixed point &,
that is, T'(§) = £. Consider the Picard iterative process y;,,1 = T(y.,), m € N. In prac-
tical computations, measurements and rounding errors are unavoidable. Hence, the generated
sequence may take the form 2/, = v/ + e,,, where e,, denotes the error sequence.

I—st(a’)
Suppose that y/, 1S
and that the error sequence is I-statistically bounded of order o/ by some roughness degree
j' >0.
Then, by Theorem 3.5, the perturbed iteration sequence

ro_
Zm = Ym T Em

is rough I-statistically convergent of order o to the same fixed point &.

Consequently, even in the presence of neutrosophic uncertainty and statistical perturbations,
the iterative algorithm preserves convergence up to the roughness level j’. Therefore, rough
I-statistical convergence provides a quantitative measure of stability for fixed-point algorithms
in neutrosophic environments.

This application is particularly useful in numerical methods, optimization, artificial intelli-
gence, and decision-making models where exact convergence cannot be guaranteed because of
incomplete, indeterminate, or inconsistent information.

Corollary 3.1. Let (Y, YT,Q,I') be a neutrosophic normed space and let y' * m be generated by
the Picard iteration

yxm+1="T(y,),

where T" possesses a fixed point €.
If y!. is I-statistically convergent of order o to & and the perturbation sequence e, is I-
statistically bounded of order o by j', then the perturbed sequence

2y = Y T Em
is rough I-statistically convergent of order o/ to & with roughness degree j'.

Proof. Since {y! } is I-statistically convergent of order o/ to the fixed point ¢, it follows that
for every ¢ > 0 and A\* € (0,1),

5 ({m e N: Ty, —e) <1-X
or Q(yy, — &e) > A
or T(y}, — &2) = A'}) = 0. (1)

Furthermore, since {e,,} is I-statistically bounded of order o’ by j’, it follows that for every
A e (0,1),

(5}({m EN:T(ep;7)<1—X*
or Qem;j') > A"
or T(eg; j)) = X'}) = 0. 2)
For fixed € > 0 and A* € (0, 1), we define
A= {meN:T(y;n—g;g) <1\
or Qy,, —&e) > A
0Py, — &:2) = X'},
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and
B:{mEN:T(em;j’) <1
or Qem;j') > A"
or I(em; j') > A*}.

By (1) and (2), we have
07(A) =0,  d;(B)=0.

Since ¢7 is subadditive, we obtain

(AU B) =0.
Now, let
m ¢ AU B.
Then,
Ty —&e)>1=X  Qy, —&e) <A, Ty, —&e) <A,
and
T(em;7') >1— N, Qem; 7)) < A7, C(em; ') < A%

Since

the neutrosophic triangle inequality yields

Yz =& +) = T((hy — &) + emee + )
> min {T(yfn - f;a),T(em;j/)}

>1— A\
Similarly,
Oz, — &7 +2) < max {Qy,, — &), Qe ) }
<\,
and
D(s), = & 7' +2) < max {D(y}, — &), Dem: /) }
<A
Consequently,
C = {mEN:T(z;n—ﬁ;j’%—a) <1-)\
or Qs — &7 +2) > N
or D(z, — &4 +e) > X‘} C AUB.
Therefore,
07(C) <07 (AUB)=0.
Hence,

5;<{meN;T(z;n—g;j’+g) <1- )
or Oz, =& +e) >N
or T(2J® & +£) > \"}) = 0.
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Since € > 0 and A\* € (0, 1) were arbitrary, by the definition of rough I-statistical convergence

of order o/, we conclude that
;3 —I-st(a))

2y ——— &
Therefore, the perturbed Picard sequence {z/ } is rough I-statistically convergent of order
o’ to the fixed point £ with roughness degree j'. O

Example 3.3. Consider the neutrosophic normed space (R, T, Q,T"), where
Nxt) = ————=
0= 5+ fal)
for every x € R and t > 0.
Let T =1y be the ideal of all finite subsets of N and let

x
T(x)=—=.
(0) =
Clearly, T has the unique fixed point
&E=0.
Starting from y| = 1, consider the Picard iteration
Yom
y;n+1 =T(y,,) = o
Then,
1
Ym = om—1
Since
lim y/ =0,
m—0o0
it follows that
’ If-St(l)

1, if m = k? for some k € N,
Em = .
0, otherwise.

Let
j =1
The set of indices for which e,, # 0 is
A=1{1,4,9,16,...}.

Since

AN{L,... n}| = L\/ﬁJa
lim @:O.

n—oco N
Hence, {e,,} is 1¢-statistically bounded of order o/ =1 by j' = 1.
Define the perturbed sequence

we obtain

2 =y + en.
Then,

+1, ifm=k
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Z;n _ 2m71
1 .
otherwise.
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Observe that

1
Z]/CQ = ]_ + W — 17
whereas
1
I
2y = T —0

for non-square indices. Consequently, the sequence {z! } is not ordinarily convergent.
However, the exceptional terms occur only on the set of square numbers, which has natural
density zero. Therefore, by the above corollary,
’ l—If—St(l)

o 100,

Hence,
0 € If—st—LIM%(z).

Thus, although the perturbations destroy ordinary convergence, the perturbed Picard iteration
remains rough I-statistically convergent to the fixed point & = 0 with roughness degree 1.

3.2. Application to Stability Analysis of Neutrosophic Dynamical Systems. Consider
a discrete-time neutrosophic dynamical system

Tm4+1 = T<xm) + €m,

where T': Y — ) is a system operator and {e,,} denotes external disturbances.

In practical situations, disturbances may contain rare but arbitrarily large impulses caused by
transmission failures, abrupt environmental changes, or incomplete information. Such impulses
generally prevent ordinary convergence of trajectories.

Suppose that the disturbance sequence satisfies

7 ({m : llewll > £}) =0

for every € > 0. Then, the trajectory sequence {x,,} may not converge classically, but can still
possess a rough I-statistical limit of order /. If
J'=Tst(e!)
Ty ————— X7,
then x* represents an asymptotically stable neutrosophic equilibrium up to a tolerance level j'.
The parameter j' quantifies the maximum admissible uncertainty radius, while the order
parameter o/ controls the rate at which exceptional perturbations become negligible.
Therefore, rough I-statistical convergence of order o/ provides a new tool for studying prac-
tical stability, robustness, and long-term behavior of uncertain dynamical systems modeled in
neutrosophic normed spaces.

Theorem 3.6. Let (Y, Y,Q,T') be a neutrosophic normed space and consider the discrete-time
dynamical system x,,. 1 = T(xp) + €m, where T =Y — Y is an operator and e, is a disturbance
sequence. Assume that:

(i) * € Y is a fized point of T, that is, T'(z*) = x*;
(i) the disturbance sequence is I-statistically bounded of order o by j' > 0;
(iii) the unperturbed trajectory ymi1 = T(ym) is I-statistically convergent of order o' to x*.

Then the perturbed trajectory x,, is rough I-statistically convergent of order o to x* with
roughness degree j', that is,
J' —I-st(a’), «
Ty ————— 2.
108

*4s a rough I-statistically stable neutrosophic equilibrium of the system.

Consequently, x
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Proof. Let
U = Ty — Ym,
so that
T = Ym + Um (m € N).
By assumption (iii), for every ¢ > 0 and A\* € (0,1),

5}‘({m EN:Y(ym —x5¢) <1 =X or Uym —a";¢) > X or I'(yp, — ™€) > X‘}) = 0.
Since {e,,} is I-statistically bounded of order o by j', it follows that
5§<{m EN:T(v;5) <1 =X or Qup; i) = A or T'(vy;5') > X‘}) = 0.
We define
A= {m EN:T(yy —x%6) <1 =X or Qym —x%¢) > A or I'(y,,, — ™€) > /\*},
and
B= {m EN:T(v;5) <1 =X or Qup; i) = A or T'(vy;5') > )\*}.
Then,
6;(A) =0,  &(B)=0,
and therefore
(AU B) =0.
Let m ¢ AU B. Then,
Y(ym —x%6) > 1= A7, Qym — x™58) < ', C(ym — x™58) < N,
and
Y(vn;g) >1— N\, Qvm; 1) < X, C(vm; ') <A™
Since
Ty — 2" = (ym - :L‘*) + U,
the axioms of a neutrosophic norm imply
T(xym — 2% 5 +¢€) > min {T(ym —x%e), T(vm;j')}
> 1=\

Qz, — 257 + ) < max {Q(ym —z%e), Q(vm;j’)}

<A,
and
[(zy — 2% 7 +¢) < max {F(ym —z*e), F(vm;j’)}
< A
Hence,

{m eN:YT(z,—z*55'4+e) < 1-Xor Qx,—2*; 5 +e) > \* or ['(z,,—a*; j'+¢) > )x*} C AUB.
Therefore,
(5}({771 eENY(z,, —2%5j +e)<1—-\
or Qzy, — %7 +e) >\
or I'(2,'®a™; j +¢) > /\*}) = 0.
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Since € > 0 and A* € (0, 1) are arbitrary, we obtain
j'—I-st(a’) "
Ty ———— &
Thus, z* is a rough I-statistically stable equilibrium point of the neutrosophic dynamical sys-
tem. U

3.3. Application to Neutrosophic Sensor Networks and Data Fusion. Modern intelli-
gent systems frequently collect information from large-scale sensor networks operating in un-
certain environments. Examples include environmental monitoring, smart cities, medical diag-
nosis, industrial automation, and autonomous vehicles. In such systems, sensor measurements
are often contaminated by random noise, communication failures, and occasional abnormal
observations.

Classical convergence methods are inadequate for analyzing such data because a small num-
ber of extreme measurements may destroy ordinary convergence. Furthermore, uncertainty in
sensor readings is naturally represented through the three components of a neutrosophic norm:
truth-membership, indeterminacy, and falsity.

Let y,, denote the fused output of a sensor network at time m and suppose that £ represents
the actual physical quantity being monitored. Assume that the measurements satisfy

y’:n =&+ Nm + Gm»
where

(1) nm, is a small stochastic perturbation,
(2) ¢ represents rare abnormal measurements caused by sensor malfunction, communica-
tion loss, or external disturbances.

If the set of abnormal observations

A={m: G £0}
has I-density of order o’ equal to zero, then the sequence {y/ } may fail to converge in the

ordinary neutrosophic sense, but it can still be rough I-statistically convergent of order «’.
Consequently, there exists a roughness parameter j° > 0 such that

7' —I-st(a’)
U — &
This means that almost all sensor outputs remain within a neutrosophic tolerance radius j" of
the true state &, while the exceptional measurements belong only to an I-small set.
Therefore, the rough I-statistical limit set

I-st-LIMS (y)

provides a reliable estimate of the actual system state even in the presence of indeterminate
and sporadic faulty observations.

Hence, rough I-statistical convergence of order o offers a mathematically rigorous framework
for robust data fusion, fault-tolerant sensor analysis, and uncertainty-aware decision making in
neutrosophic environments.

Theorem 3.7. Let (Y, Y,Q,I') be a neutrosophic normed space and let {y..} be a sequence of
fused sensor measurements given by

y;nzf"'_nm‘i‘Cma

where £ € Y is the true state of the monitored system, {n,,} is a measurement-noise sequence,
and {(n} is an abnormal-error sequence.

Assume that
(1) B % 0; 110
(i) the set A ={m € N: (,, # 0} has I-density of order &' equal to zero;
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(iii) there exists j' > 0 such that {(} is I-statistically bounded of order o/ by j'.
Then, the fused output sequence {y.,} is rough I-statistically convergent of order o to &, namely

,J—Tst(a))

Yo — &
Consequently,
¢ € I-st-LIMY, (y),

and the sensor network provides a robust estimate of the true state despite sporadic abnormal
observations.

Proof. Define
um:§+77m7 Um:Cm-

Then,
Yr = Uy + Uy
Since
T 0, ),
it follows immediately that
U =&+ N Lstel), £

Indeed, for every € > 0 and A\* € (0, 1),
5}‘({m Y (i €) < 1= X or Q(nm;€) > A or ['(n;e) > /\*}> — 0,
which is equivalent to
01 <{m Y (U — &) <1 — A or Quy, — & e) > A or D(uy, — Ee) > X‘}) —0.

Hence, {u,,} is I-statistically convergent of order o’ to &.
Next, by assumption (iii), the abnormal-error sequence v,, = ¢, is I-statistically bounded of
order o by j'. Thus, for every \* € (0, 1) there exists H > 0 such that

1
{n eN: — {m <n: Y (v H) <1 =X or Quy; H) > A or T(vg; H) > /\*H > 5*} el
noé
Therefore, {v,,} is I-statistically bounded of order /.
Since

’
Yy = Um + U,

where {u,,} is I-statistically convergent of order o’ to £ and {v,,} is I-statistically bounded of
order o by j', By the Theorem 3.5 yields

;5 —Tst(o!)

Y ——— &
Equivalently, for every ¢ > 0 and A\* € (0, 1),
5}‘({m Yy, —&i +e)<1—=XNor QU — & +e)>XNor (Y, — &4 +e)> X‘}) = 0.
Hence,
¢ € I-st-LIMY (y).

Therefore, the fused sensor output remains asymptotically inside a neutrosophic tolerance re-
gion of radius j' around the true state &, excgpt on an I-small set of indices of order o/. This
proves the robustness of the data-fusion process against sporadic faulty measurements. O
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Example 3.4. Consider the neutrosophic normed space (R, YT, Q,T"), where

Y(z;t) =

I'(x:t) =
t+ |z (w:1)

2(t + |=)
forallx € R andt > 0.
Let T = I be the ideal of all finite subsets of N and let the true state of the monitored system
be £ = 10.
Define the measurement-noise sequence
(=)™

N = >
m

and the abnormal-error sequence
(. = vm, if m=k? for some k € N,
™o, otherwise.

The fused sensor output is

_1)ym
y;n:10+( )
m

We verify the assumptions of the theorem 3.7.

+ G-

Step 1. Since lim,, o “2% =0, it follows that n,, RO

Step 2. The set of abnormal observations is
A=1{1,4,9,16,...}.

Since

|Aﬂ{17"'=n}| = L\/ﬁJa
0

n—00 n

Hence, A has I;-density of order 1 equal to zero.

we obtain

= 0.

Step 3. Choose j' = 1. For every non-square index m,

Therefore,
Tl =1 Q1) =0,  [(Gnl)=0.

The exceptional indices are precisely the square numbers. Consequently, for every \* € (0,1),
{m<n: Y (1) <1 =X 0r Q1) > A or T(Gus 1) > N} < Vn.

Hence,

\/—ﬁ—>0,
n

which proves that {(,} is 1-statistically bounded of order 1 by j' = 1.
All assumptions of the theorem are satisfied. Therefore,

/ 1—If—8t(1)
m

10.
Thus,
10 € I-st-LIM ().
Notice that the sequence {y.,} is not ordinarily convergent because

(-+ib)*

2 + k — oo.

y;€2 =10+
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Nevertheless, the abnormal measurements occur only on a set of natural density zero. Hence
the sensor network still recovers the true state & = 10 in the sense of rough I-statistical conver-
gence. This illustrates the robustness of neutrosophic data fusion against sporadic large sensor
failures.

4. CONCLUSION

We investigated rough I-statistical convergence of order o/ in the setting of neutrosophic
normed spaces. We established the existence of a minimal roughness parameter for which the
corresponding I-statistical limit set is nonempty and showed that this convergence is preserved
under small perturbations of sequences. It was further proved that whenever the intersection
of all rough I-statistical limit sets is nonempty, it consists of a unique point. Additionally,
we characterized rough I-statistical convergence of order o in terms of subsequences indexed
by filter sets and by decomposing sequences into I-statistically convergent and I-statistically
bounded parts.

The proposed framework extends classical concepts of rough, statistical, and ideal conver-
gence to the neutrosophic setting. Furthermore, applications to neutrosophic dynamical sys-
tems, perturbed Picard iterations, and sensor-network data fusion demonstrate the usefulness of
the theory in studying stability, robustness, and uncertainty. Future work may focus on exten-
sions to operator theory, fixed-point theory, sequence spaces, and other neutrosophic structures.
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FUTURE RESEARCH DIRECTIONS
IN NEUTROSOPHIC MATHEMATICS

~.1 Introduction

Since its introduction, neutrosophic theory has evolved from a conceptual framework for
modeling truth, indeterminacy, and falsity into a broad mathematical discipline encompassing logic,
set theory, graph theory, algebra, topology, analysis, decision sciences, artificial intelligence, and
engineering. The rapid expansion of neutrosophic mathematics reflects the growing need for
mathematical tools capable of representing uncertainty, inconsistency, incompleteness, and ambiguity
in increasingly complex systems.

The studies presented in this volume demonstrate the versatility of neutrosophic methods across
graph-theoretical, algebraic, and analytical domains. However, the current stage of development
represents only the beginning of a much broader scientific journey. Emerging technologies, data-
intensive systems, ecological challenges, and quantum information sciences create new opportunities
for the application and further development of neutrosophic mathematical structures.

This concluding chapter highlights several promising research directions that may significantly
influence the future evolution of neutrosophic mathematics.

7.2 Neutrosophic Artificial Intelligence

Artificial Intelligence (AI) increasingly operates in environments characterized by incomplete
information, conflicting evidence, uncertain observations, and rapidly changing conditions. Traditional
probabilistic and fuzzy approaches have achieved remarkable success, yet they often struggle when
confronted with simultaneously contradictory and indeterminate information.

Neutrosophic Artificial Intelligence offers a promising alternative framework by explicitly
incorporating three independent components: Truth degree (T), Indeterminacy degree (I), Falsity
degree (F), into reasoning and decision-making processes. Potential research directions include:

Neutrosophic Expert Systems

Development of expert systems capable of handling conflicting knowledge bases while preserving
uncertainty information throughout the inference process.

Neutrosophic Knowledge Representation

Construction of knowledge graphs and semantic networks in which concepts and relationships
possess neutrosophic attributes.

Neutrosophic Reasoning Engines

Extension of logical inference mechanisms to support indeterminate and contradictory
information without forcing premature resolution.

Autonomous Decision-Making

Integration of neutrosophic decision models into autonomous systems such as intelligent robots,
autonomous vehicles, industrial automation systems, and adaptive control architectures. The
combination of neutrosophic logic and explainable AT may provide more transparent and robust
decision-support mechanisms for critical applications.
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7.3 Neutrosophic Machine Learning

Machine learning algorithms rely heavily on data quality. In practice, datasets often contain
missing observations, contradictory labels, sensor errors, uncertain measurements, and adversarial
perturbations. These challenges motivate the development of neutrosophic machine learning
frameworks.

Neutrosophic Neural Networks

Future research may investigate neural architectures whose weights, activations, or outputs are
represented through neutrosophic components. Such models may better represent uncertainty
propagation across deep learning systems.

Neutrosophic Feature Selection

Feature relevance may be expressed through truth, indeterminacy, and falsity measures, leading
to more robust dimensionality-reduction techniques.

Neutrosophic Clustering

Many clustering algorithms require precise cluster assignments. Neutrosophic clustering can
represent membership, uncertainty, rejection simultaneously, improving performance in noisy
environments.

Neutrosophic Reinforcement Learning

Agents operating in uncertain environments may benefit from reward structures incorporating
indeterminacy and conflicting information. Potential applications include intelligent transportation
systems, smart agriculture, cybersecurity, medical diagnostics, and autonomous exploration.

7.4 Quantum Neutrosophic Structures

One of the most exciting future directions lies at the intersection of neutrosophic mathematics
and quantum science. Quantum systems naturally exhibit uncertainty, superposition, probabilistic
behavior, contextuality. Many researchers have observed conceptual parallels between quantum
indeterminacy and neutrosophic indeterminacy. Potential research topics include:

Quantum Neutrosophic Sets
Development of neutrosophic membership structures defined over quantum state spaces.
Neutrosophic Hilbert Spaces

Extension of classical Hilbert-space theory through neutrosophic-valued inner products and
operators.

Neutrosophic Quantum Logic

Construction of logical systems capable of simultaneously representing quantum uncertainty,
measurement ambiguity, contradictory observations.

Quantum Information Theory

Applications to quantum communication, quantum cryptography, quantum computing, and
quantum decision systems. These developments may eventually contribute to a unified mathematical
framework connecting uncertainty theory with quantum phenomena.
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7.5 Neutrosophic Network Science

Modern society increasingly depends on large-scale interconnected systems: communication
networks, transportation systems, social networks, ecological networks, and energy grids. Such
networks often contain uncertain and dynamically changing relationships. The neutrosophic graph
structures investigated in this volume provide an important foundation for future advances.

Dynamic Neutrosophic Networks

Modeling networks whose truth, indeterminacy, and falsity values evolve over time.
Multilayer Neutrosophic Graphs

Representing complex systems with multiple interacting layers of relationships.

Resilience and Robustness Analysis

Investigating network vulnerability under uncertain conditions.

Neutrosophic Community Detection

Identifying partially overlapping and uncertain communities within large networks.
Neutrosophic Network Optimization

Designing routing, allocation, and scheduling algorithms capable of operating under uncertainty.

Applications may include: smart cities, energy systems, communication infrastructures,
emergency management networks, and ecological monitoring systems.

7.6 Algebraic Topology under Neutrosophic Uncertainty

Topology studies structures preserved under continuous deformation. Extending topological
concepts to neutrosophic settings represents a largely unexplored research area.

Potential developments include:

Neutrosophic Topological Spaces

Generalized open and closed sets characterized by neutrosophic membership functions.
Neutrosophic Homology and Cohomology

Development of algebraic invariants capable of measuring uncertainty in geometric structures.
Neutrosophic Simplicial Complexes

Modeling uncertain spatial and relational data.

Persistent Neutrosophic Topology

Combining topological data analysis with neutrosophic uncertainty measures.

These tools may prove valuable in: data science, image processing, biological systems, social
network analysis, and geographic information systems.

The integration of algebraic topology with neutrosophic theory may create an entirely new branch
of mathematical research.
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7.7 Applications in Ecological Systems and Sustainability

Environmental systems are among the most complex and uncertain systems studied today.
Climate variability, biodiversity loss, ecosystem interactions, and human impacts generate substantial
uncertainty in ecological modeling. Neutrosophic mathematics offers powerful tools for addressing
these challenges.

Ecosystem Modeling

Species interactions may be represented using neutrosophic graphs where ecological
relationships are uncertain or partially observed.

Biodiversity Assessment

Truth, indeterminacy, and falsity measures can describe the reliability of ecological observations
and species distributions.

Climate Risk Analysis
Neutrosophic approaches may support more flexible assessments of future climate scenarios.
Sustainable Resource Management

Applications include forest management, pasture management, watershed conservation, wildlife
protection, ecosystem restoration.

Environmental Decision Support Systems

Neutrosophic multi-criteria decision-making methods can assist policymakers in balancing
ecological, economic, and social objectives.

7.8 Interdisciplinary Perspectives

Future advances will likely emerge from collaborations across disciplines.

Promising interdisciplinary directions include: Neutrosophic bioinformatics, Neutrosophic
medicine, Neutrosophic economics, Neutrosophic cybersecurity, Neutrosophic operations research,
Neutrosophic social sciences, Neutrosophic digital twins, Neutrosophic smart-city systems.

The flexibility of neutrosophic representations makes them particularly suitable for problems
involving heterogeneous, incomplete, and evolving information.

~.9 Final Remarks

The future of neutrosophic mathematics lies not only in the extension of existing theories but also
in the creation of entirely new mathematical structures and interdisciplinary applications. Advances in
artificial intelligence, machine learning, quantum sciences, network theory, topology, and sustainability
research provide fertile ground for future exploration.

The continued development of neutrosophic theory promises to deepen our understanding of
uncertainty and to provide powerful tools for addressing some of the most challenging scientific and
societal problems of the twenty-first century.

Mukhtar Ahmad e Florentin Smarandache
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Graphs, Algebra, Analysis, and Applications
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This book presents recent advances in neutrosophic mathematics, covering

graph theory, algebra, metric spaces, and convergence theory together with
their applications in optimization, dynamic systems, and decision modeling.

New models of neutrosophic graphs, including Min-Max and bidirected
structures, are introduced and applied to network analysis. Neutrosophic
Lie subalgebras and ideals are studied through homomorphisms, images,
inverse images, and quotient structures. In analysis, new fixed point results
in neutrosophic metric spaces and rough I-statistical convergence of order a’
in neutrosophic normed spaces are developed and applied to dynamic
programming, iterative processes, and data fusion.

The volume concludes with future research directions such as neutrosophic
artificial intelligence, machine learning, quantum neutrosophic structures,
network science, algebraic topology under uncertainty, and sustainability
applications.

This book is a valuable resource for researchers and graduate students
working in uncertainty modeling and advanced mathematical sciences.
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