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1　Introduction and theo rems

Fo r any posi tive integer n , the F .Smarandache function S(n)i s def ined as the smallest m ∈N+ ,

such that n m !.Reference [ 1] studied the relations between the funct ions S1(n)and φ(n), where S1(n)

i s defined as fo llow s:S1(n)=max {αip i}if n=p
α
11 p
α
22 …p

α
kk , where n>1.For a fix ed prime p , the Sma-

randache simple function Sp(n)i s defined as the smallest m ∈ N+ , where p
n m !.In reference [ 2] ,

Jozsef Sando r int roduced the addit ive analo gue of the Smarandache simple function p(x)as fo llow s:

p(x)=min{m ∈ N+:px ≤m !},

and 　　　　　　　　　　　　　　　p＊(x)=max{m ∈ N+:m ! ≤p
x
},

which is denfied on a subset of real numbers.It is obvious that p(x)=m , if(m-1)! <p
x ≤m ! fo r x ≥

1.A bout the proper ties of p(x), many scholars show ed g reat interests in it[ 2-4] .In reference [ 4] , Liu

Hua studied the mean value propert ies of d(p(x))and proved the fo llowing asympto tic formula:

∑
n≤x

d(p(n))= x(ln x -ln lnx)+O(xlnp),

where d(x)i s the Dirichlet diviso r function.

The main purpo se of this paper is to study the asympto tic properties of the mean value o f σα(p(x)),

where σα(n)is the diviso r function , and give some interesting asympto tic fo rmulas fo r i t.That is , we

shall prove the following:

Theorem 1　Fo r any real number x≥1 , we have

∑
n≤x
σα(p(n))=
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, if α>1 ,
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12
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2
+O(xlnx), if α=1 ,
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lnx

- 1
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x

lnx , if 0 <α<1 ,
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where ζ(s)is the Riemann zeta-function.

Theorem 2　Fo r any real number x≥1 , we have

∑
n≤x

σα(p＊(n))=
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2　Proof of the T heorems

2.1　Lemmas

In this section , we wi ll complete the proo f of the theo rems.First ly , we need the follow ing tw o lem-

mas.

Lemma 1　Fo r any real number x≥1 , we have the asymptotic fo rmula

∑
n≤x

σ1(n)=π
2

12
x
2 +O(xln x).

Lemma 2　Fo r any real number x≥1 and α>0 , α≠1 , we have the asymptotic fo rmula

∑
n≤x
σα(n)=ζ(α+1)

α+1
x
α+1 +O(xβ),

where β =max{1 , α}.

The proof o f Lemma 1 and Lemma 2 can be found in reference [ 5] .

2.2　Proof of the Theorems

Now we use these lemmas to prove the preceding theo rems.

If α=1 , f rom the definitio ns of p(n)and σ1(n), we know that

∑
n≤x

σ1(p(n))=∑
n≤x

∑
ln(m-1)!

ln p
<n≤ln(m!)

lnp

σ1(m).

Since p(n)=m , when n ∈ ln(m -1)!
lnp

, lnm !
lnp

, and n≤x , so the big gest number in the interval

ln(m -1)!
lnp

, lnm !
lnp

i s less than or equal to x.T hat is ,
lnm !
lnx

≤x , then we get lnm ! ≤x lnp.Applying

the Euler′s summation fo rmula
[ 6]
, we obtain the main term of lnm ! is m lnm and mlnm ≤xln p.

If m≥x
1/2

lnp/ lnx , then lnm is asympto tic to lnx , we ge t m≤xln p/ lnx .

From Lemma 1 and the A bel′s identi ty[ 5] , we have

∑
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If α>1
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∑
n≤x
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From Lemma 2 w e know that ∑
n≤x
σα(n)=

ζ(α+1)
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α
).

If α>1 , by using the Euler′s summa tion formula and the A bel′s identi ty w e obtain that

∑
n≤x

σα(p(n))=∑
n≤x
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If α<1 , using the same method , we can obtain the resul t easily.This complete the proo f o f Theo rem 1.

By using the same w ay as in the pro of of Theo rem 1 , we can deduce Theo rem 2.
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关于包含 F.Smarandache简单函数的除数函数 σα(n)
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(西北大学 数学系 ,陕西 西安 710127)

摘要:用解析的方法研究了σα(p(n))的渐近性质 ,并给出了关于σα(p(n))的两个渐近公式.
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