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Abstract: The asymptotic properties of 6.(p ®)) are studied by using the analytic method in this pa-
per and two interesting asymptotic formulas for it are given, where 6« (1) is the divisor function.
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1 Introduction and theorems

For any positive integer n, the F.Smarandache function S (n) is defined as the smallest m €N+,
such that nl m 1. Reference [ 1] studied the relations between the functions St (n) and ¢(n), where St (n)
is defined as follows: S1 (n)=max {ap;} if = pi1 p% ---p¥, where > 1.For a fixed prime p, the Sma-
randache simple function S, (n) is defined as the smallest m € Ny where p" | m !. In reference [2],
Jozsef Sandor introduced the additive analogue of the Smarandache simple function p(x) as follows:

p(x)=min{lm €EN::p" < m,
and p(x)=max{m € Ne.m < p'},
which is denfied on a subset of real numbers. It is obvious that p(x)=m, if (n—1) ' <p*<<m |for x=>
1. About the properties of p (x), many scholars showed great interests in it'*" . In reference [ 4], Liu

Hua studied the mean value properties of d(p (x)) and proved the following asymptotic formula:

Ed(p(n)) = x(nx— In Inx)+ O(xlnp),

where d (x) is the Dirichlet divisor function.

The main purpose of this paper is to study the asymptotic properties of the mean value of 6« (p (x)),
where 0«(n) is the divisor function, and give some interesting asymptotic formulas for it. That is, we
shall prove the following:

Theorem 1 For any real number x=>1, we have

Ca+ 1) x" 'In'p xlnp| 1 x° )
at1 In"'x In Inx at1 To In“ ' x|’ if o> 1,
 x’1 xlnp 1 )
;\:X(Sa (p(l’l)) = E _)inznxg[ln[ Lox 3} +O(_xlnx ), if a= 1,
Cat 1D x"'In"p xlnp| 1 X )
L (1+ 1 ln(H’]x ln lnx a+ 1 +0 lnx D lf 0< (1< 19

Received Date: 2007-05-27

Funding item: Supported by NSFC(10671155)

Biography: LIU Hua (1982-), female, a native of Minquan county, Henan province master of Northwest University.
E-mail; liuhua0408 @163. com



362 20

where $(s) is the Riemann zeta-function.

Theorem 2 For any real number x=1, we have

Cat+ D x"'In'p xlnp| X" .
ot 1 x| Inx a+1 0| | e L
2 2
= m xlap|. | xlnp| 1 L
’;Ga (p * (n) ) I 12 lnzx [ln[ 1nx 2] + O(XIH.X), ]f o= 1’
Cat D x"'np xlnp| 1 X .
at1 In"'x In Inx at+1 0 Inx|’ if 0<< a<< 1.

2  Proof of the Theorems

2.1 Lemmas
In this section, we will complete the proof of the theorems. Firstly, we need the following two lem-
mas.

Lemma 1 For any real number x=>1, we have the asymptotic formula

2
Zm (n) = T—zxz +O(xInx).

Lemma 2 For any real number x=>1 and >0, &&*1, we have the asymptotic formula

_C(oHrl) s
;Gu() 1 + oG,

where B = max{1, a}.

The proof of Lemma 1 and Lemma 2 can be found in reference [ 5] .
2.2 Proof of the Theorems

Now we use these lemmas to prove the preceding theorems.

If = 1, from the definitions of p(n) and 61 (n), we know that

Do pm) = 3] > i),

n=x ln(r]l“rpl)' ‘”(\]n;:;]')
. — | | . . .
Since p(n)=m, when n € [ln(niln—pl)‘, llnT,n;] , and n=_x, so the biggest number in the interval

— | |
[hl G — 1)} Inm | lnl'< x, then we get Inm | <xInp.Applying

np lan is less than or equal to x. T hat is, Inx

' . 6 . . .
the Euler's summation formula®, we obtain the main term of Inm !is m Inm and mlnm<CxInp.
If m=x"" Inp/Inx , then Inm is asymptotic to Inx, we get m<<xlnp/Inx.

From Lemma 1 and the A bel's identity!”, we have

2o (p(n) =2, Z 51 (m) = 2 m<m>lﬁ'g+0[x_alnz]_

n=x n=x In(m—1)! - ln(m D ]/2 I 1 ln.x
L 2 o1(m)Inm + O xn’p| _
h’lp 12 1 X
X}n,:n ’\/”f/\:ﬁxz
1 xlnp 1 x?Inp -
—Inl 8 > 01 Gm)— ——1In| > oim)
Inp nx | £ o Inp nx 7 ]/"21"

LJ*‘"’“‘“ (C(z)/2)12+0(tlnt)dt+0[3ﬁ2} —

lnp V2 1/ Inx t Inx
§(2) x’In’p 2 xIn’p xln?
Anp) — P _
lnp 2 In’ xl ln Oalnx) 4 In’x to Inx
T x’lnp xlnp| 1
T [ln[ Inx > + O(xlnx).

If 1
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Do =D > oum)=— 2 Ga(m)lnm+0[

r=xIn(m—D 1 ~hGm) lnpxl“ Inp_ n
lnx

Inp

Cat 1) !

Inp

From Lemma 2 we know that Zda(n) = e +0okxM.

(k12
X
a .
In x

If & 1, by using the Euler's summation formula and the A bel's identity we obtain that

Soapm=> > am =1 Z ou(m)lnm + 0| =

=X r—x 1D 1 r/:]"(m') hlp l/7]“ _ xlnp
np Ty < nx

Lln xlnp %ot 1D xlnp m+0 xlnp| ‘|
Inp Inx a+1 Inx Inx

1 C(a-’- D 1/2 atl x|/2111 a B
lnp]n lnx [ at-1 [ lnx o Inx

(a-1)/2

J*‘"ﬁ”m Clat 1/ @t D +0E) |y o 272

V2 np/ Inx t 1

Cat+ 1 x 'In"p, | xIn np xInp ln
at1 In“x In Inx to In"'x

Sat D (““”zn“pl Inp| 1 St D) xlnp|
a+1 In"" " Inx Inp (a+1)°| Inx

St 1| xInp WH_’_O x|

(a+1)? lnp Inx In"x

Sat 1D x* lnp Xlnp x*
at+1 In" In Inx (H—l +0 "x| -

If =< 1, using the same method, we can obtam the result easily. This complete the proof of Theorem 1.

By using the same way as in the proof of Theorem 1, we can deduce Theorem 2.
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