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Chapter 1

Introduction

1.1 Graph Theory and Applications

Graph theory is a fundamental branch of mathematics concerned with networks consisting of vertices
(nodes) and edges (connections). It plays a central role in the analysis of structural properties,
connectivity patterns, and pathways in such networks [4]. Owing to its broad applicability, graph
theory has been extensively studied in many areas, including real-world applications [5|, graph neural
networks [6,7], Bayesian network theory [§], bioinformatics [9,/10], protein structure analysis |11}
12], circuit design [13], chemical graph theory, and graph databases [14}[15]. In addition, major
research directions in graph theory include the study of graph classes and structures [16] as well as
the development of graph algorithms |17].

1.2 Intersection Graphs

Graph classes and graph structures are central topics in graph theory [16]. Among them, intersection
graphs form one of the most important and extensively studied categories. In an intersection graph,
vertices correspond to sets, and two vertices are adjacent whenever the corresponding sets have a
nonempty intersection [18]. Many related graph classes have also been investigated in depth, including
interval graphs [19}/20], mixed interval graphs [21], proper interval graphs [22}23], weighted interval
graphs [24-26], unit disk graphs [27],28], and polygon-circle graphs [29].

In this book, several representative classes of intersection graphs are considered. In addition, we
provide a broad survey of graph classes related to intersection graphs.

o Unit square graphs: A unit square graph is an intersection graph in which vertices represent
unit squares in the plane, and two vertices are adjacent whenever the corresponding squares
intersect [30L31].

e Circle graphs and circular-arc graphs: A circular-arc graph is an intersection graph of
arcs on a circle, where vertices correspond to arcs and edges indicate nonempty intersections
between them [32H34]. By contrast, a circle graph is a graph in which vertices represent chords
of a circle, and two vertices are adjacent whenever the corresponding chords intersect.

5
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o Ray graphs: A ray graph is a graph in which vertices represent rays (half-lines) in the plane,
and edges are introduced whenever the corresponding rays intersect.

o String graphs [35},36]: A string graph is a graph in which vertices correspond to curves, and
two vertices are adjacent whenever the corresponding curves intersect.

o Grid intersection graphs [37-39): Grid intersection graphs are bipartite graphs in which
vertices represent horizontal and vertical line segments, and edges correspond to intersections
between these segments on a grid.

1.3 Uncertain Set

Real-world systems rarely provide perfectly crisp information. Observations may be imprecise, par-
tially reliable, or incomplete. To model such uncertainty in a mathematically disciplined manner,
many generalized set-theoretic formalisms have been proposed, including Fuzzy Sets [40-42], Intu-
itionistic Fuzzy Sets [43], Neutrosophic Sets [44,/45], Vague Sets [46], Hesitant Fuzzy Sets [47], Picture
Fuzzy Sets 48|, Quadripartitioned Neutrosophic Sets [49], PentaPartitioned Neutrosophic Sets [50],
Plithogenic Sets [51-54], HyperFuzzy Sets [55], SuperHyperFuzzy Sets [56,/57], and HyperNeutro-
sophic Sets [58]. Applications of fuzzy models and their extensions—outlined in later parts of this
book—have been investigated extensively in decision science, chemistry, control, and machine learn-
ing [59]. In practice, the appropriate set model depends on (i) the phenomenon being described and
(ii) how many uncertainty components are needed to represent it faithfully.

In the classical fuzzy paradigm, each element x of a universe X is assigned a single membership grade

w(z) € [0,1],

indicating the extent to which x belongs to a given fuzzy set [42]. Owing to their conceptual simplicity,
flexibility, and ease of application, fuzzy sets have been extensively studied and applied across a wide
variety of fields (e.g., [60H63]). For reference, a comparison between classical (crisp) sets and fuzzy
sets is presented in Table [L.1]

Table 1.1: Concise comparison between classical (crisp) sets and fuzzy sets.

Aspect Classical (Crisp) Set Fuzzy Set
Membership model Indicator function x4 : X — {0,1}  Membership function ps : X —
[0,1] [42)

Decision boundary Sharp (in/out) Gradual (degrees of belonging)
Expresses uncertainty ~ Not directly (binary membership  Yes (graded membership captures
only) vagueness)

Basic operations U, N, ¢ defined via Boolean logic Generalized via t-norms/t-

conorms (e.g., max/min as a
common choice)
Typical use cases Exact categories, deterministic Imprecise concepts, soft thresh-
rules olds, human judgments

For an intuitionistic fuzzy set, each x € X is characterized by a pair (u(x),v(x)) of membership and
non-membership values, where p, v : X — [0, 1] satisfy

0 < p(z) +v(x) <1,

[43,64] and the residual quantity 1—u(z)—v(x) is commonly interpreted as hesitation. A neutrosophic
set refines this representation by associating to each x € X a triple

(T'(x), I(x), F(x)),
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where T(x), I(x), and F(x) denote degrees of truth, indeterminacy, and falsity, typically in [0, 1]
[65-67]. Unlike the intuitionistic fuzzy constraint, neutrosophic components are not required to
sum to 1, which enables the encoding of incomplete, inconsistent, or redundant information in a
flexible manner [641(67}/68]. E| Neutrosophy emphasizes the conceptual significance of neutrality and
indeterminacy and has stimulated parallel developments in neutrosophic logic, probability, statistics,
measure theory, integration, and related formalisms. These tools now appear in a wide variety of
scientific and engineering applications [59].

Plithogenic sets further broaden this landscape by modeling each element through its attribute val-
ues together with corresponding degrees of appurtenance, and by introducing a contradiction (dis-
similarity) function between distinct attribute values [54,|70L(71]. This added structure supports
context-aware aggregation of heterogeneous and potentially conflicting assessments, thereby refining
classical fuzzy, intuitionistic fuzzy, and neutrosophic descriptions (see, e.g., [72-74]). For quick ref-
erence, Table summarizes the canonical information associated with each element across several
representative set extensions (using notation harmonized for this book).

Table 1.2: Representative set extensions and the canonical information stored per element.

Set Type Canonical data attached to each element

Fuzzy Set Membership mapping p: X — [0, 1].
Intuitionistic Fuzzy Set  Membership p and non-membership v with pu(x) + v(z) < 1; the gap
1 — p(x) — v(z) is interpreted as hesitation.

Neutrosophic Set Triple (T,1,F) with T,I,F € [0,1] (truth, indeterminacy, falsity),
treated as independent coordinates.
Plithogenic Set Tuple (P, v, Pv,pdf,pCF) where pdf : P x Pv — [0,1]° encodes s-

dimensional appurtenance and pCF : Pv x Pv — [0,1]! is a symmetric
contradiction map taking values in [0, 1]¢.

As a further generalization, Uncertain Sets are also known [74}/75]. Uncertain sets extend classical
sets by assigning graded, multi-component membership information (e.g., truth and indeterminacy)
to elements, thereby modeling vagueness and incomplete data in a rigorous way. These concepts are
also often studied in conjunction with notions such as grey sets, interval sets, rough sets, near sets,
soft sets, and hypersoft sets.

1.4 Fuzzy Graphs and Neutrosophic Graphs

This book also examines several graph models developed to represent uncertainty, including fuzzy
graphs, intuitionistic fuzzy graphs, and neutrosophic graphs. Such graph models are often collectively
referred to as wuncertain graphs. From a conceptual perspective, they may be regarded as graph-
theoretic extensions of the corresponding set-theoretic frameworks, such as fuzzy sets, intuitionistic
fuzzy sets, and neutrosophic sets.

A fuzzy graph assigns a membership value in the interval [0, 1] to each vertex and edge, representing
the degree of uncertainty, vagueness, or imprecision associated with that element |76,/77]. Since fuzzy
graphs arise naturally from fuzzy set theory [78]/79)], they have been applied in a wide range of areas,
including social-network analysis, decision-making, and transportation systems, in which relationships
may be uncertain or imprecise [76}/80].

Intuitionistic fuzzy sets do not treat indeterminacy as a primary coordinate, whereas neutrosophic operators incor-
porate indeterminacy on the same footing as truth-membership and falsehood-nonmembership [64},/69]. It is broadly
accepted that the neutrosophic set framework subsumes several well-known models, including intuitionistic fuzzy sets,
inconsistent intuitionistic fuzzy sets (covering picture fuzzy and ternary fuzzy sets), Pythagorean fuzzy sets, spherical
fuzzy sets, and g-rung orthopair fuzzy sets. In a similar spirit, neutrosophication extends a range of decision and
uncertainty paradigms, such as regret theory, grey system theory, and three-way decision theory [69].
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Intuitionistic fuzzy graphs extend fuzzy graphs by assigning both membership and non-membership
degrees to vertices and edges, thereby enabling a richer and more refined treatment of uncertainty in
graph-based models [81}[82].

Neutrosophic graphs [83,84], which are derived from neutrosophic set theory [85}[86], incorporate
three components—truth, indeterminacy, and falsity. This framework provides greater flexibility
than classical and fuzzy graph models for representing incomplete, indeterminate, and inconsistent
information. Consequently, neutrosophic graphs have been extensively studied in a wide range of
recent publications [87H92|. Further extensions, including plithogenic graphs [93-95] and more general
forms of uncertain graphs |23, have also been introduced and investigated.

Various types of intersection graphs have also been investigated within these uncertainty-aware
frameworks. Existing studies include fuzzy intersection graphs [96H98|, neutrosophic intersection
graphs [99], fuzzy permutation graphs [100], and fuzzy interval graphs [101], among others.

1.5 Owur Contributions

The main contribution of this book is to organize intersection graph classes and uncertainty-aware
graph models within a common formal framework. More precisely, this book makes the following
contributions.

First, we review several representative classes of classical intersection graphs, including unit square
graphs, circle graphs, ray graphs, string graphs, and grid intersection graphs, together with related
graph classes appearing in the literature.

Second, we formulate fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic analogues of several
intersection graph classes. These definitions are presented so that the underlying crisp graph is an
intersection graph, while the uncertainty information is assigned to vertices and edges through the
corresponding membership, non-membership, truth, indeterminacy, falsity, or plithogenic data.

Third, we introduce a unified notion of an uncertain graph of type M, where M is an uncertain model
with degree-domain Dom(M). Based on this notion, we define uncertain intersection graphs and sev-
eral geometric subclasses, including uncertain unit square graphs, uncertain circle graphs, uncertain
ray graphs, uncertain string graphs, and uncertain grid intersection graphs. We prove well-definedness
results showing that these unified constructions indeed produce well-defined uncertain graphs of the
prescribed type whenever the relevant model-specific admissibility conditions are satisfied.

Fourth, we introduce Multi-Intersection Graphs, Quasi-Intersection Graphs, and Multi-Quasi-Intersection
Graphs. Multi-Intersection Graphs determine adjacency according to the number of layers in which
the corresponding objects intersect, whereas Quasi-Intersection Graphs replace exact intersection with

a threshold-based overlap, similarity, or proximity condition. We establish their well-definedness and
derive several threshold-monotonicity properties.

It should also be noted that this book is positioned as an improved and substantially expanded ver-
sion of |1]. In addition, this book constitutes a continuation of the books [2[3]. Since the present
work is primarily theoretical, we hope that future studies conducted by specialists will further develop
this framework through computational experiments, numerical investigations, algorithmic implemen-
tations, and other forms of empirical analysis.



Chapter 2

Preliminaries and Definitions

In this chapter, we briefly review the basic definitions, terminology, and notation used throughout
this book.

2.1 Basic Graph Concepts

We begin with several standard concepts from graph theory.

2.1.1 Regular Graphs

We first recall the notions of regular graphs and cubic graphs.

Definition 2.1.1 (Regular Graph). [102] A graph G = (V, E) is called regular if every vertex of G
has the same degree. More precisely, for a nonnegative integer k, the graph G is called k-regular if

deg(v) =k for all v € V.

Definition 2.1.2 (Cubic Graph). [103[]104] A cubic graph is a regular graph of degree 3. Equivalently,
a graph G = (V, E) is cubic if
deg(v) =3 for all v e V.

Thus, cubic graphs are precisely the 3-regular graphs.

2.1.2 Euclidean Space and Euclidean Distance

Geometric graph theory studies graphs embedded in geometric spaces, with emphasis on geometric
relationships such as distance, position, and intersection [105H107]. In this context, Euclidean space
provides the natural setting for many important graph classes. A Euclidean graph is typically under-
stood as a graph whose vertices are represented by points in Euclidean space and whose edges may
reflect geometric relations such as distance |[108}[109]. We recall the relevant definitions below.

9



Chapter 2. Preliminaries and Definitions

Definition 2.1.3 (n-dimensional Euclidean Space). (cf. |110]) For a positive integer n, the n-
dimensional Euclidean space, denoted by R™, is defined by

R™ = {(z1,22,...,2n) | xz; e Rforall i = 1,2,...,n}.
An element x = (z1,%9,...,2,) € R" is called a point or vector in R™.

Definition 2.1.4 (Euclidean Distance). Let

p:(p17p27"'7pn)7 q:(q17q27~~~aqn)

be two points in R™. The Euclidean distance between p and q, denoted by d(p,q), is defined by

dp,a) = V(1 — @12+ (P2 —@2)2 + -+ (pn — qn)? =

Example 2.1.5. (cf. [111]) Let
p=(L3), a=(47)
be two points in R%. Then

d(p,q) = V(1 - 42+ (3 -7)2= (=32 + (-4)? =9+ 16 = V25 = 5.

Hence, the Euclidean distance between p and q is 5.

Next, we recall the definitions of the unit disk and the unit square in the Euclidean plane.

Definition 2.1.6 (Unit Disk). The unit disk in R? is the set
D={(z,y) eR*|2® +y* < 1}.

Equivalently, it is the set of all points in the plane whose Euclidean distance from the origin is at
most 1.

Definition 2.1.7 (Unit Square). The unit square in R? is the set
S={(zy) ER*|0<z <1, 0<y<1}.

Thus, S is the square of side length 1 whose sides are parallel to the coordinate axes and one of whose
vertices is the origin.

2.1.3 Other Concepts

We next recall the notion of a graph homomorphism.

Definition 2.1.8 (Graph Homomorphism). (cf. [112[113]) Let G = (V,E) and H = (V', E’) be
graphs. A mapping
o: VsV

is called a graph homomorphism from G to H if, whenever (u,v) € E, one has

(o(u),p(v)) € E'.

In other words, a graph homomorphism is a structure-preserving map that preserves adjacency.

In the study of graph classes and graph structures, it is common to analyze graphs obtained by
combining features of classical graph families (such as complete graphs, regular graphs, and trees),
intersection-based graph classes (such as interval graphs, permutation graphs, circle graphs, and string
graphs), and uncertainty-oriented graph models (such as fuzzy graphs and neutrosophic graphs, ).
This viewpoint often leads to a broader and more refined understanding of graph-theoretic properties,
representations, and applications.
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2.2 Classical Intersection Graphs

As noted in the introduction, an intersection graph is a graph in which vertices correspond to sets, and
two vertices are adjacent whenever the corresponding sets have a nonempty intersection [18}/114//115].
Intersection graphs have been studied extensively in the literature [18,[114]. We begin with the
standard definition.

Definition 2.2.1 (Intersection Graph). [18}/114] Let
S§={5,5,...,5}
be a family of sets. The intersection graph associated with S is the graph
G = (V. E),

where
V ={v1,ve,...,0n},

and each vertex v; corresponds to the set .S;. Two distinct vertices v; and v; are adjacent if and only
if
SinS; #0.

Equivalently,
FE= {{vi,vj} ‘ 7 7éj, Sl ﬂSj 75 Q)}

Several important variants and restrictions of intersection graphs have also been introduced. A well-
known example is the contact graph, which is a restricted form of an intersection graph in which
adjacency is defined by contact between geometric objects [116,/117]. A natural generalization is
given by k-contact graphs |[118H120]. Other related notions include weighted disk contact graphs [121],
convex contact graphs [122], and L-contact graphs [123}[124].

In the study of intersection graphs, an important issue is the choice of geometric objects used in
the representation. Depending on the context, one may consider circles, disks, triangles, rectangles,
squares, line segments, arcs, or strings, and analyze the corresponding graph-theoretic properties.
Such questions are central to the theory of intersection representations [125}(126].

Intersection graphs are important not only in pure graph theory but also in applied mathematics,
computer science, and discrete mathematics. Accordingly, many important subclasses and related
graph classes have been studied.

Notation 2.2.2. In this book, the term related graph class means a graph class obtained as an
extension, restriction, variant, or uncertainty-aware analogue of a given graph class.

Remark 2.2.3 (Representative related graph classes). Representative graph classes related to inter-
section graphs include, but are not limited to, the following.

o Disk graphs: Graphs represented by disks in the plane, where adjacency is determined by
nonempty intersection of the corresponding disks.

o Interval graphs [19,20]: Graphs in which vertices correspond to intervals on the real line, and
adjacency is determined by overlap of intervals.

o Permutation graphs [127,/128]: Graphs arising from permutations, or equivalently from in-
tersections of line segments joining two parallel lines. Related classes include compatibility
graphs [129], chordal compatibility graphs [130,[131], co-compatibility graphs |132,/133], and
trapezoid graphs [134,(135].
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e Circle graphs and circular-arc graphs: A circular-arc graph is the intersection graph of
arcs on a circle [32,33]. A circle graph is the intersection graph of chords of a circle.

e Grounded intersection graphs [136]: Intersection graphs of geometric objects that are
grounded on a common line.

« Ray intersection graphs: Graphs whose vertices correspond to rays in the plane, with adja-
cency determined by intersection.

e String graphs: Graphs whose vertices correspond to curves in the plane, with adjacency
determined by intersection.

o Bipartite intersection graphs: Bipartite versions of intersection graphs.
e« Weighted intersection graphs: Intersection graphs endowed with vertex or edge weights.

e Uncertain intersection graphs: Intersection graphs defined in uncertainty-aware settings,
such as fuzzy graphs, intuitionistic fuzzy graphs and neutrosophic graphs.

e Intersection digraphs: Directed analogues of intersection graphs.

2.2.1 Disk Graphs

We next consider disk graphs. Disk graphs form a major family of geometric intersection graphs.
More generally, geometric intersection graphs are graphs whose vertices are represented by geometric
objects, with adjacency determined by intersection [137].

Definition 2.2.4 (Geometric Intersection Graph). Let
0= {017027"'3071}

be a family of geometric objects in a given ambient space. The geometric intersection graph associated
with O is the graph
G=(V,.E),

where each vertex v; € V' corresponds to the object O; € O, and for distinct i, 7,

{’Ui,vj}EE <~ OiﬁOj#[Z).

Among disk graphs, one of the most extensively studied classes is the unit disk graph (UDG), which
plays an important role in graph theory and its applications [27}/138}/139).

Definition 2.2.5 (Unit Disk Graph). A graph G = (V, E) is called a unit disk graph if there exists
a mapping
p:V = R?

such that for all distinct vertices u,v € V,
{u,v} e B <= |p(u) —p)| <1

Equivalently, G is the intersection graph of congruent disks in the plane after normalization of the
common diameter. Unit disk graphs are widely used to model wireless networks and other spatial
systems in which adjacency depends on proximity.

Example 2.2.6 (A Unit Disk Graph). Consider the graph with vertex set
V = {vla V2, ’US}v
and let the corresponding points in R? be

p(vl) - (030>7 p(v2) = (1vo)a p(v?)) = (230)
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Then
lp(v1) =p(v2) =1, lp(v2) = p(vs)l =1, lp(v1) —p(vs)]| = 2.
Hence,
{v1i,1} € E, {vo,v3} € E, {v1,v3} ¢ E.
Therefore,

E = {{U17U2}7 {”27”3}}7

and the resulting unit disk graph is the path

6= (s e ).

A schematic illustration is provided in Figure [2.1

Y

V1 V2 U3

Geometric representation Associated unit disk graph

Figure 2.1: A unit disk representation and its corresponding unit disk graph.

Unit disk graphs are particularly important in wireless communication, especially in ad hoc wireless
networks [28]. They are also used in many algorithmic settings, including the study of maximum
independent sets, graph coloring, and minimum dominating sets [140}/141]. Related notions such as
quasi-unit disk graphs [142] and coverage area graphs [143] have likewise been studied extensively.

Remark 2.2.7 (Representative graph classes related to disk graphs). Representative graph classes
related to disk graphs include the following.

r-disk graphs [144}/145]: Graphs represented by disks of radius r in the plane.
Unit disk graphs |27],/138,/146]: Graphs represented by congruent disks in the plane.

Double disk graphs [147]: Generalizations of unit disk graphs in which each vertex is associated
with two concentric disks.

Bisectored unit disk graphs [148]: Variants of unit disk graphs in which each disk is divided
into sectors, motivated in part by wireless cell sectorization.

Ratio disk graphs [149]: Disk graphs in which the ratio between the largest and smallest disk
diameters is bounded.

Quasi-unit disk graphs [142,[150,[151]: Generalizations of unit disk graphs allowing uncertain or
relaxed distance thresholds.

Weak unit disk graphs [152,|153]: Variants of unit disk graphs with weakened intersection
conditions.

Weighted unit disk graphs [154,/155]: Unit disk graphs with additional vertex or edge weights.

Unit disk visibility graphs [156,/157]: Graphs that incorporate both visibility and distance
constraints.

Generalized disk graphs [158]: Extensions of disk graphs to more general geometric settings,
including higher-dimensional models.
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o Unit square graphs [159,/160]: Intersection graphs of axis-parallel unit squares in the plane.
o Unit ball graphs [161L[162]: Intersection graphs of unit balls in three-dimensional space.

o Thin graphs [163H165]: Graphs measured by the parameter thinness, which captures proximity
to interval graphs. Related notions include proper thin graphs [164,/166] and k-mixed-thin
graphs [167].

 Block-intersection graphs [168l/169]: Graphs whose vertices correspond to blocks of a set system,
with adjacency defined by nonempty intersection.

o Hyperbolic unit disk graphs |170-172]: Intersection graphs of disks in hyperbolic space.
o Pseudo-disk hypergraphs [173}[174]: Hypergraph analogues based on pseudo-disks.
o Pseudo-disk graphs [175,/176]: Intersection graphs of pseudo-disks.

o Axes-parallel unit disk graphs [177]: Unit disk graphs in which disk centers are constrained to
specified parallel lines.

o Coverage area graphs [143/[178]: Graph models arising from wireless coverage regions.
o Fuzzy unit disk graphs [179]: Uncertainty-aware versions of unit disk graphs in the fuzzy setting.

o Neutrosophic unit disk graphs [179]: Uncertainty-aware versions of unit disk graphs in the
neutrosophic setting.

o Plithogenic unit disk graphs [179]: Unit disk graph models defined in the plithogenic framework.
o Disk contact graphs |121,/180]: Planar graphs represented by interior-disjoint disks that touch

each other. Related classes include weighted disk contact graphs [121], weak unit disk contact
graphs [181], and unit disk contact graphs [121}[180].

o Rectangle intersection graphs |182}183|: Intersection graphs of axis-parallel rectangles in the
plane.

2.2.2 Interval Graphs

Interval graphs are graphs in which vertices correspond to intervals on the real line, and adjacency is
determined by overlap of intervals [19}20].

Definition 2.2.8 (Interval Graph). [19,20] A graph G = (V, E) is called an interval graph if there
exists a family of intervals
{I,CR|veV}

such that for all distinct vertices u,v € V,
{u,v} e £ <= I,NI,#0.
Equivalently,
E={{u,v} |u#v, I,NI, #0}.
Example 2.2.9 (Interval Graph). Consider the intervals
I, =[1,5], I, = [4,8], Is =16,9], I, =1[2,3].
Let the corresponding vertices be
V = {1)17 V2, U3, ’U4}.

Then
LNI, #0, ILyNI;#0, LiNI#0,

whereas
ILiNIg =0, ILynIy =10, IsnNIy =0.
Hence the edge set is

E = {{v1,v2}, {va,v3}, {v1,v4}},

and the resulting graph is an interval graph. Further details are provided in Figure
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Interval representation Associated interval graph
I
L 3 3 3
. 1
[y o— Vg
x

1 2 3 4 5 6 7 8 9

Figure 2.2: An interval representation and its corresponding interval graph.

Interval graphs have been studied extensively from both structural and algorithmic viewpoints. For
example, it is well known that a graph is an interval graph if and only if it is chordal and AT-free [184].
It is also well known that a graph is an interval graph if and only if it is both chordal and a co-
comparability graph [185]. Equivalent or closely related classes include 1-DIR graphs [186]. Important
parameters related to interval graphs include the interval number, pathwidth [187], and boxicity [188].
Interval graphs also arise naturally in applications such as food webs [189], scheduling [190[191], and
DNA analysis |192}[193].

Remark 2.2.10 (Representative graph classes related to interval graphs). Representative graph
classes related to interval graphs include the following.

o Multiple interval graphs [194/195]: Graphs in which each vertex is assigned multiple intervals
on the real line. Related concepts include unit multiple interval graphs [196].

o Proper interval graphs [22,23[197]: Interval graphs in which no interval properly contains
another. Related notions include p-improper interval graphs [198|, p-proper interval graphs,
and semi-proper interval graphs [199]. Proper interval graphs are also known as unit interval
graphs or indifference graphs. They form a subclass of AT-free graphs.

o Unit interval graphs [200201]: Intersection graphs of unit-length intervals on the real line.

o Mixed unit interval graphs [202,/203]: Intersection graphs of unit intervals whose endpoints may
be open or closed. Related concepts include co-interval mixed graphs [204].

o Weighted interval graphs [24H26]: Interval graphs equipped with weights.
« Interval digraphs [205,206]: Directed analogues of interval graphs.

o Interval bigraphs [207H209]: Bipartite graphs represented by intervals, where edges arise from
intersections between intervals belonging to different partite classes. Related notions include
co-interval containment bigraphs.

o Signed-interval digraphs [210]: A generalization of interval graphs based on signed-interval
models.

o Directional interval graphs [211]: Mixed graph variants in which overlap or containment yields
either edges or arcs according to directional rules.

« Split-interval graphs [2124214]: Graphs that are simultaneously split graphs and interval graphs.

o k-track graphs [215]: Graphs in which each vertex is represented by a union of k intervals on
parallel lines.

o Dotted interval graphs [216{{218|: Generalizations of interval graphs based on arithmetic pro-
gressions rather than continuous intervals.

o k-gap interval graphs [219,[220]: Graphs representable by at most n + k intervals, where n is
the number of vertices.
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2.2.3

Fuzzy interval graphs [179]: Interval graph analogues in the fuzzy setting. Related notions
include fuzzy circular interval graphs [221H223] and fuzzy linear interval graphs [223].

Neutrosophic interval graphs [179]: Interval graphs in the neutrosophic setting.

3D-interval-filament graphs [224]: Intersection graphs of filaments in three-dimensional space.
Related notions include subtree filament graphs [225], co-interval filament graphs [204], and
interval filament graphs [226].

Probe interval graphs [227,228]: Generalizations of interval graphs in which vertices are par-
titioned into probes and nonprobes. Related concepts include 2-tree probe interval graphs
[2291|230], tagged probe interval graphs [231], bipartite unit probe interval graphs [232], probe
proper interval graphs [233], proper tagged probe interval graphs [234], and cycle-free unit probe
interval graphs [235].

Simultaneous interval graphs [236|: Pairs of interval graphs sharing vertices that admit com-
patible interval representations. A related parameter is the simultaneous interval number [237].

Veto interval graphs [238]: Interval graphs in which each interval carries a veto mark.

Interval k-graphs [239,/240]: Intersection graphs of intervals partitioned into at most k classes,
where adjacency is allowed only across classes.

Exactly hittable interval graphs [241]: Interval graphs admitting interval representations with
exact hitting sets.

Interval temporal graphs [242]: Dynamic graphs in which edges are available over specified time
intervals.

Point-interval graphs [243)/244]: Intersection graphs of geometric objects associated with points
and intervals.

Permutation Graphs

Permutation graphs are graphs that can be represented by permutations, or equivalently by intersec-

tions

of line segments joining two parallel lines [127}/128245].

Definition 2.2.11 (Permutation Graph). [127,/128|245] Let 7 be a permutation of {1,2,...,n}.
The permutation graph associated with 7 is the graph

Gr,=(V,E), V={1,2,...,n},

where, for distinct 4,7 € V,

{i,jte B < (i—j)(n(i)—7=(j)) <O0.

Equivalently, {4,j} € F if and only if the relative order of ¢ and j is reversed by the permutation 7.

A permutation graph may also be viewed as the intersection graph of line segments joining corre-
sponding points on two parallel lines.

Example 2.2.12 (Permutation Graph). Consider the permutation

™= (3717472)

of the set

Thus,

V ={1,2,3,4}.
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Two vertices ¢ < j are adjacent precisely when 7 () > 7(j). Hence,
(1) =3>m(2) =1,

so {1,2} € E; also,
(1) =3>m(4) =2,

so {1,4} € E; and
7(3)=4>m(4) =2,

so {3,4} € E. No other inversions occur. Therefore,

E= {{17 2}, {1,4}, {3,4}}.

Hence the permutation graph corresponding to 7 = (3,1,4,2) is

Gr = ({1234} {121 {14}, 3.4}}).
Further details are provided in Figure

Permutation diagram Associated permutation graph
B
ottom =7 2 3 4 3 4
Figure 2.3: A permutation diagram for 7 = (3,1,4,2) and its corresponding permutation graph.
Remark 2.2.13 (Representative graph classes related to permutation graphs). Representative graph

classes related to permutation graphs include the following.

o Circular permutation graphs [246,[247): Intersection graphs arising from circular permutation
diagrams.

« Bipartite permutation graphs [248249): Graphs that are both bipartite and permutation graphs.

o Random permutation graphs [250},251]: Permutation graphs generated from random permuta-
tions.

o Functigraphs [252H254]: Generalizations of permutation-type constructions obtained by con-
necting two copies of a graph via a function.

o Split permutation graphs [255256]: Graphs belonging simultaneously to the classes of split
graphs and permutation graphs.

o Probe permutation graphs [257]: Permutation graphs with a probe/nonprobe partition.

o Polar permutation graphs [258]259]: Permutation graphs whose vertex sets admit a suitable
polar partition.

o Connected permutation graphs [260]: Connected members of the class of permutation graphs.

o Double-threshold permutation graphs [261]: Graphs defined using two thresholds in a permutation-
based framework.

o Cycle permutation graphs [262[263]: Graphs associated with cyclic permutation constructions.
o Weighted permutation graphs [264,265]: Permutation graphs with vertex or edge weights.

o m-permutation graphs [266]: Graphs obtained by matching two copies of a graph according to
a permutation w. Related concepts include PI graphs [267/268].

o Balanced permutation graphs [269]: Graphs defined by specific balance conditions involving a
permutation.
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o Permutation hypergraphs [270]: Hypergraph analogues of permutation graphs.

o Reducible permutation graphs [271-273|: Permutation-based graph classes designed for efficient
encoding and decoding.

o Permutation trees [274]: Tree analogues associated with permutation structures.
o Acyclic permutation graphs [275,[276]: Acyclic variants of permutation graphs.
 Planar permutation graphs [277-279]: Planar members of the class of permutation graphs.

o Uniform permutation graphs [280]: Permutation graphs satisfying additional uniformity condi-
tions.

2.2.4 Circle Graphs and Circular-Arc Graphs

Circular-arc graphs and circle graphs are two important classes of geometric intersection graphs.
A circular-arc graph is obtained from intersections among arcs on a circle, whereas a circle graph
is obtained from intersections among chords of a circle [32H34]. These two classes are related but
distinct, and both have been studied extensively in structural graph theory and graph recognition. In
particular, circular-arc graphs admit efficient recognition algorithms, including linear-time algorithms
in several settings [281]282].

We begin with the standard definition of a circular-arc graph.
Definition 2.2.14 (Circular-Arc Graph). [283] Let C be a circle, and let
A={A41,A,,..., Ay}
be a family of arcs on C. The circular-arc graph associated with A is the graph
G=\VE),
where

V= {Ul,’l}27...,?}n},

and each vertex v; corresponds to the arc A;. For distinct indices %, j, the vertices v; and v; are
adjacent if and only if

A;NA;#0.
Equivalently,
E = {{’Ui,’l}j} | ) #], Az ﬂAj # @}

A family of arcs realizing G in this way is called a circular-arc model of G.

Example 2.2.15 (A Circular-Arc Graph). Consider a circle C' and the following family of arcs on
C:
A = {Aly A27 A3a A4}7

where
A; = [10°,80°], As = [60°,150°], Az =[130°,220°], A4 = [200°,290°].
Let the corresponding vertex set be
V = {v1,v2,v3,v4},

where each vertex v; corresponds to the arc A;.

By construction,

ANAs£0, AsNAs#0,  AzNAyg £ 0.

On the other hand,
A1 NA3 =10, ATNAy =0, AsNAy=0.
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Hence the edge set is
E= {{1}1,’(}2},{U27U3},{U37’U4}}.

Therefore, the resulting circular-arc graph is the path

G= ({vl, Vg, U3, V4 }, {{vl,vg}, {vo,vs3}, {1)3,1}4}}>.

A circular-arc model and its corresponding graph are shown in Figure [2.4

Circular-arc model Associated circular-arc graph
Az

Ay

Al A2 A3 A4

Ay c

Figure 2.4: A circular-arc model and its corresponding circular-arc graph.
Definition 2.2.16 (Circle Graph). A circle graph is the intersection graph of a finite family of chords

of a circle. More precisely, let
C={Ly,Ly,...,L,}

be a family of chords of a fixed circle. The associated graph
G=(V.E)
has one vertex v; for each chord L;, and for distinct i, j,

{vi,v;} € E <= L; and L; intersect in the interior of the circle.

The following observation is standard.

Proposition 2.2.17. FEvery interval graph is a circular-arc graph.

Proof. Let G be an interval graph. Then there exists an interval representation
{I,CR|veV(G)}

such that two vertices are adjacent if and only if the corresponding intervals intersect. Choose a point
on a circle and remove it; the remaining circle is homeomorphic to an open interval. By embedding
the interval model into this open interval, each interval may be viewed as an arc of the circle that
avoids the removed point. Intersections are preserved under this identification. Hence G admits a
circular-arc representation, and therefore G is a circular-arc graph. O

Remark 2.2.18 (Representative graph classes related to circular-arc and circle graphs). Represen-
tative graph classes related to circular-arc graphs and circle graphs include the following.

o Jordan arc intersection graphs [284]: Intersection graphs of Jordan arcs in the plane.
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« Circular-arc bigraphs [285|: Bipartite analogues of circular-arc graphs.

o Proper circular-arc bigraphs [286]: Bipartite circular-arc models in which no arc is properly
contained in another.

e Chordal circular-arc graphs [287.288]: Circular-arc graphs that are also chordal.

e Chordal proper circular-arc graphs [289]: Proper circular-arc graphs satisfying additional
chordality conditions.

o Unit circular-arc graphs [290-292]: Circular-arc graphs admitting a model in which all arcs
have the same length.

o Proper circular-arc graphs [293-297): Circular-arc graphs in which no arc properly contains
another.

o Helly circular-arc graphs [298-301]: Circular-arc graphs satisfying the Helly property for
arcs.

o Proper Helly circular-arc graphs [302]: Circular-arc graphs that are both proper and Helly.
« Weighted circular-arc graphs [303,304]: Weighted versions of circular-arc graphs.

o Circular-arc overlap graphs [305307]: Graphs in which adjacency is defined by overlap of
arcs without containment.

o Bipartite co-circular-arc graphs [308]: Bipartite graphs whose complements are circular-arc
graphs.

o Co-circular-arc graphs [309]: Complements of circular-arc graphs.
o Circular-arc product graphs [310]: Circular-arc graphs arising from graph products.

o Bi-arc digraphs [311,312]: Directed graph analogues related to circular-arc and interval rep-
resentations.

o Concave-round graphs [313-315]: Graph classes described by circular orderings of neighbor-
hoods.

o Convex-round graphs [316]: Graphs whose neighborhoods form circular intervals in a suitable
ordering.

o Normal circular-arc graphs [317H319]: Circular-arc graphs admitting a model in which no
two arcs together cover the entire circle.

o Fuzzy circular interval graphs [221}223/[320]: A graph class closely related to circular-arc-
type representations.

o Neutrosophic circular-arc graphs [321]: Circular-arc graph analogues in the neutrosophic
setting.

o Fuzzy circular-arc graphs [321]: Circular-arc graph analogues in the fuzzy setting.

o Polygon circle graphs [226{322]: Intersection graphs of polygons inscribed in a circle. Related
concepts include circle-n-gon graphs [323] and spider graphs [324}/325].

« Triangle-free circle graphs [326]: Circle graphs containing no triangle.
o Tangent circle graphs [327]: Intersection graphs of circles tangent to a common line.

o k-polygon graphs [328-330]: Intersection graphs of chords inside a convex k-gon.

2.2.5 Grounded Graphs

A grounded intersection graph is an intersection graph obtained from geometric objects that are con-
strained to touch a fixed grounding line. Thus, grounded graph classes may be viewed as intersection
graph classes with an additional geometric anchoring condition. As a representative example, we
recall the notion of a grounded L-graph [1251|331},332].
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Definition 2.2.19 (Grounded L-Graph). A grounded L-graph is the intersection graph of a finite
family of axis-parallel L-shaped curves in the plane such that each L-shape has one endpoint on the
T-axis.

More precisely, for each i, let L; be the union of

e a vertical segment with lower endpoint on the x-axis, and

¢ a horizontal segment having as one endpoint the upper endpoint of that vertical segment.

Assume that the lower endpoint of each L; lies on the z-axis. The grounded L-graph determined by
the family
L=A{Ly,Lo,...,L,}

is the graph
G=(V,E),

where
V = {1}1,1]2,. . ,Un},

and
{vi,v;} € E << L;NL; #0 (i # 7).

Example 2.2.20 (A Grounded L-Graph). Consider the vertex set
V= {Ula V2, ’U3},

and let
L= {L17L27 L3}

be a family of grounded L-shaped curves in the plane defined as follows:

Ly = ({(06,y) |0 <y <24}) U ({(=,24) | 0.6 <z < 3.2}),

Ly=({(1.8,y) |0 <y <34}) U ({(z,34) | 1.8 <z < 4.3}),

and
Ls = ({(347y) [0<y< 4.4}) U ({(a:,4.4) [34<z< 5.4}).

Each L; has its lower endpoint on the z-axis, so each L; is indeed a grounded L-shape.

Now we examine their intersections. Since the vertical segment of Ly meets the horizontal segment
of L1, we have
LiN Ly # 0.

Similarly, since the vertical segment of L3 meets the horizontal segment of Lo, we have
Lon Lz # 0.
On the other hand, L1 and L3 do not intersect, so

Llﬁng(b.

Therefore, the edge set is

E = {{vl,vg}, {U27U3}}7
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Grounded L-representation Associated grounded L-graph
L3
Lo
LoNLs
Ly
Ly Lo L3
x
O U1 V2 U3

Figure 2.5: A grounded L-representation and its corresponding grounded L-graph. Two vertices are
adjacent precisely when the corresponding grounded L-shapes intersect.

and the resulting grounded L-graph is

G= ({UlaU%vB}? {{01792}7{“27”3}})

which is the path Ps.

A grounded L-representation and its corresponding graph are shown in Figure [2.5

Several related grounded configurations are also studied in the literature. The following terminology
is standard [136].

Definition 2.2.21 (Grounded-Type Configurations). [136] Let F be a family of plane sets.

Grounded: Every member of F touches a fixed grounding line.

Touching grounded: The family is grounded, and any two members intersect only on their
boundaries.

Outer: The family is grounded with respect to a grounding circle.

Bigrounded: Each member touches the grounding line in exactly two points, and these are
extremal with respect to the xz-coordinate.

2-grounded: There are two parallel grounding lines, and each object lies between them and
touches both.

Circle: The grounding object is a circle, and every member touches it in exactly two points.

Remark 2.2.22 (Representative graph classes related to grounded graphs). Representative graph
classes related to grounded graphs include the following.

Grounded L-graphs [331,/332]: Intersection graphs of grounded L-shapes. Related classes
include L-graphs [333H335], circle-L-shape graphs [331], grounded 1-sided L-shape graphs [336],
grounded 2-sided L-shape graphs [336], grounded 2-sided square-L graphs [336], triangle-free
L-graphs [337,/338], and grounded {L, L}-graphs [339).

Grounded segment graphs [336]: Intersection graphs of line segments or downward rays
grounded on a common line. Related concepts include 2-grounded segment graphs [136].
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o Grounded unit L-graphs [125]: Grounded L-graphs in which all L-shapes have the same
size.

o Grounded proper L-graphs [125]: Grounded L-graphs satisfying a suitable properness con-
dition. In some settings these are equivalent to grounded unit L-graphs.

e Vp-graphs: Intersection graphs of certain orthogonal V-shaped objects constrained by vertical
bounding lines. Related notions include Byj-graphs, U-graphs, and Bayy-graphs.

o Grounded string graphs [136]: Grounded analogues of string graphs. Related concepts
include grounded 1-bend string graphs [336].

o Grounded stairs graphs [136]: Grounded analogues of staircase-shaped intersection graphs.
e Grounded convex graphs [136]: Grounded analogues of convex intersection graphs.
o Grounded rectangle graphs |136]: Grounded analogues of rectangle intersection graphs.

» Bigrounded string graphs [136]: String graphs under a bigrounded condition. Related classes
include interval filament graphs.

e Grounded square L-graphs [340]: Grounded L-graphs in which the horizontal and vertical
segments of each L-shape have equal length.

2.2.6 Ray Intersection Graphs

A ray graph is an intersection graph in which vertices correspond to rays in the plane and adjacency
is determined by geometric intersection [341/342]. We now recall the standard definition.

Definition 2.2.23 (Ray Graph). [341|342] A graph G = (V, E) is called a ray graph if there exists
a family of rays

R={R,|veV}
in the plane such that for distinct vertices u,v € V,
{u,v} € B <= R,NR, #0.
In other words, G is the intersection graph of a family of rays.

Example 2.2.24 (A Ray Graph). Let
V = {v1,v9,v3},
and consider the following family of rays in the plane:
R ={Ru,, Ru,, Ru, },

where
R, = {(SC, 1) ‘ x> 0}7 R,, = {(27y) | Y2 0}’ R'US = {(va) ‘ T < 4}

Thus, R, is a horizontal ray starting at (0, 1) and extending to the right, R, is a vertical ray starting
at (2,0) and extending upward, and R, is a horizontal ray starting at (4,3) and extending to the
left.

Now,
Ry, MRy, ={(2,1)} #0, Ry, N Ry, ={(2,3)} #10,
whereas
R, N Ry, = 0.
Hence,
{v1,v2} € E, {va,v3} € E, {v1,v3} ¢ E.
Therefore,

E = {{vl,vg}, {U27U3}}7
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y Ray representation Associated ray graph
T R..
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Figure 2.6: A ray representation and its corresponding ray graph.

and the resulting ray graph is the path

G= ({’Ul,UQ,Ug}, {{v1,v2}, {UQ,U3}}).

A ray representation and its corresponding graph are shown in Figure [2.6

Remark 2.2.25 (Representative graph classes related to ray graphs). Representative graph classes
related to ray graphs include the following.

o Downward ray graphs [343|: Intersection graphs of rays directed downward.

o Orthogonal ray graphs [344,345]: Intersection graphs of horizontal and vertical rays in the
plane.

o Orthogonal ray trees [346]: Tree classes represented by orthogonal rays.

o 2-directional orthogonal ray graphs [347-349]: Orthogonal ray graphs whose rays are
restricted to two directions.

o 3-directional orthogonal ray graphs [350|: Orthogonal ray graphs using rays in three di-
rections.

o 4-directional orthogonal ray graphs [351,[352]: Orthogonal ray graphs using rays in four
directions.

o SEG-graphs [353]: Intersection graphs of line segments in the plane. Related classes include
kE-SEG graphs, unit segment graphs [354], and outersegment graphs [355,/356].

o Stick graphs [357,1358]: Intersection graphs of axis-parallel segments with endpoints con-
strained to a common ground line of slope —1.

o Hook graphs [359]: Intersection graphs of hook-shaped objects, each consisting of one vertical
and one horizontal segment with a common endpoint. Related concepts include bipartite hook
graphs [360).

o p-BOX graphs [361]: Intersection-type graph classes defined using boxes in higher-dimensional
spaces and associated representative points.

2.2.7 String Graphs

A string graph is an intersection graph whose vertices correspond to simple curves in the plane and
whose edges represent pairwise intersections of those curves [362/363]. Owing to the flexibility of curve
representations, the class of string graphs is very broad and plays an important role in geometric graph
theory.
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Definition 2.2.26 (String Graph). (cf. [362,363]) A graph G = (V, E) is called a string graph if
there exists a family
S={vw|veV}

of simple curves in the plane such that, for all distinct vertices u,v € V,
{u,v} e E <= y,Nvy #0.

In other words, G is the intersection graph of a finite family of plane curves, called strings.

A string graph is called a 1-string graph if it admits a string representation in which any two strings
intersect at most once.

Example 2.2.27 (A String Graph). Let
V = {v1,v2,v3,04},
and consider the following family of simple plane curves:
S = { Vo1 Yozs Vogs You }-
Suppose that these curves are arranged so that
Yor Ve 0, Yoo N 0, Yoy Ny # 0,

whereas
Yo, N Yoz = ®7 Yoy N Yo, = (Z)a Yoo N Yo, = 0.

Hence the edge set is
E= {{”1792}7 {v2,v3}, {1)3,1)4}}~

Therefore, the resulting string graph is

G= ({vl, Vg, U3, V4 }, {{U17112}7 {v2,v3}, {US,U4}})»

which is the path Pj.

Moreover, in the representation below, any two strings intersect at most once. Hence this example is
also a 1-string graph.

A string representation and its corresponding graph are shown in Figure

String representation Associated string graph

—"Tv1 N Yoy
Y1

Figure 2.7: A string representation and its corresponding string graph.
Remark 2.2.28 (Representative graph classes related to string graphs). Representative graph classes

related to string graphs include the following.

o l-string graphs [364]: String graphs admitting a representation in which any two strings
intersect at most once.
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o Outer 1-string graphs [365]: Intersection graphs of curves inside a disk, where each curve
has one endpoint on the boundary of the disk and any two curves intersect at most once.

o Outerstring graphs [366}367): Intersection graphs of curves inside a disk, each having one
endpoint on the boundary of the disk.

« k-DIR graphs [368[369]: Intersection graphs of straight-line segments using at most k distinct
directions in the plane. Related concepts include DIR contact graphs [370].

o PURE-k-DIR graphs [371,1372): Intersection graphs of straight-line segments in at most &
directions, under the additional condition that no two parallel segments intersect.

o UNIT-PURE-£-DIR graphs [373]: PURE-k-DIR graphs in which all segments have unit
length.

e By-EPG graphs and By-VPG graphs: A B,-EPG graph is an edge-intersection graph of
paths on a grid, where each path has at most k bends [374,375]. A Bj-VPG graph is a vertex-
intersection graph of paths on a grid, where each path has at most k& bends [376-378|. Related

concepts include CPG graphs [379], contact-VPG graphs [380,381], circular-arc contact VPG
graphs [382], and B;-VCPG graphs [383)].

o k-cross graphs [353|: Intersection graphs of curves in which any two curves intersect at most
k times.

2.2.8 Trapezoid Graphs

A trapezoid graph is the intersection graph of trapezoids formed between two parallel lines in the
plane [384]. Like many other geometric intersection graph classes, trapezoid graphs have been studied
extensively from structural, algorithmic, and recognition-theoretic viewpoints [385386].

Definition 2.2.29 (Trapezoid Graph). [384] Let Ly and Lo be two parallel lines in the plane. For
each vertex v, let T;, be a trapezoid whose two parallel sides lie on L; and Lo, respectively. The
trapezoid graph associated with the family

T={T,|veV}

is the graph
G= (V, E)?

where, for distinct vertices u,v € V,
{u,v} e £ <= T,NT,#0.
Thus, a trapezoid graph is the intersection graph of trapezoids suspended between two parallel lines.

Example 2.2.30 (A Trapezoid Graph). Let L; and Ls be two parallel lines in the plane, and consider
the vertex set
V= {vla V2, US}'

For each vertex v;, define a trapezoid T, whose upper base lies on L; and whose lower base lies on
Ls. Suppose that the three trapezoids are arranged as follows:

T = {T’UlaT’U27T’L)3}'

Assume that
T, NT,, #0, Ty, N Ty, # 0, Ty, N Ty, = 0.

Hence,
{’Ul,’Ug} ek, {UQ,’U?,} €k, {1}1,1}3} ¢ E.

Therefore,

E = {{vl,vg}, {U27U3}}7
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Trapezoid representation Associated trapezoid graph
T’ul T‘L72 Tv3
L,
-~ O—0—0
/
Tvl TU3
Ty,
Ly
U1 V3
v2

Figure 2.8: A trapezoid representation and its corresponding trapezoid graph.

and the resulting trapezoid graph is the path

G = ({Ulvv%vi’)}’ {{v1,v2}, {vz’v?’}})'

A trapezoid representation and its corresponding graph are shown in Figure |2.8

Remark 2.2.31 (Representative graph classes related to trapezoid graphs). Representative graph
classes related to trapezoid graphs include the following.

o m-trapezoid graphs [387]: Generalizations of trapezoid graphs. In particular, 0-trapezoid
graphs coincide with interval graphs, while 1-trapezoid graphs coincide with trapezoid graphs.

o Circle trapezoid graphs [388,389]: Trapezoid-type graph classes related to circle graph
representations.

o Circular trapezoid graphs [390,391): Trapezoid-type graph classes related to circular-arc
representations.

o Acyclic trapezoid graphs [392}393]: Acyclic members of the class of trapezoid graphs.
o Co-trapezoid graphs [394]: Complements of trapezoid graphs.

» Trapezoepiped graphs [395396]: Intersection graphs of certain three-dimensional trapezoidal
polyhedra. Related concepts include multitolerance graphs [395-397], bitolerance graphs [398|
399], and parallelepiped graphs, which are closely related to tolerance graphs [395].

o Triangle graphs [267,/400]: Intersection graphs of triangles formed between two parallel lines.
Related concepts include single triangle graphs [267].

o Proper trapezoid graphs [401]: Trapezoid graphs admitting a representation in which no
trapezoid is properly contained in another.

o Unit trapezoid graphs [401]: Trapezoid graphs admitting a normalized representation in
which all trapezoids satisfy a common size condition.

2.2.9 Bipartite Intersection Graphs (Intersection Bigraphs)

A bipartite intersection graph, or intersection bigraph, is a bipartite graph in which adjacency between
the two partite sets is determined by intersections of associated sets [402(-404].
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Definition 2.2.32 (Bipartite Intersection Graph). (cf. [402]) Let
A={A1,As,..., A} and B={B1,Bs,...,B,}
be two families of sets. The bipartite intersection graph associated with (A, B) is the bipartite graph
G=(X,Y,E),

where
X:{irlva»"'axm}v Y:{y17y27"'7y’n}7

and
l‘iijE < AiﬁBj#@.

Thus, adjacency occurs only between vertices belonging to different partite sets.

Example 2.2.33 (A Bipartite Intersection Graph). Let the underlying universe be
U ={a,b,c,d,e},

and consider the two families of subsets

A = {Al,AQ,Ag} and B= {Bl,BQ,Bg},

where

A = {a}a Az = {ba 6}7 Az = {da 6},
and

B1 = {a, b}, B2 = {C, d}7 B3 = {6}
Let

X = {x1, 29,23}, Y = {y1,92,y3},

where x; corresponds to A; and y; corresponds to B;. The nonempty intersections are
AiNB = {a}, As N By = {b}, As N By = {C},

A3N By = {d}, AsN By = {6}

The remaining intersections are empty:

AiNBy=A NB3=AsN By = A3NB; =0.

Therefore, the edge set of the associated bipartite intersection graph is

E= {1’1y1, T2Y1, T2Y2, T3Y2, 1’3y3}-

Hence,
G = (X,Y,E)

is a bipartite intersection graph. In fact, the resulting graph is the path
Ty — Y1 — T2 — Y2 — T3 Y3,

and is therefore isomorphic to Ps.

The two set families and their associated bipartite intersection graph are shown in Figure [2.9

Remark 2.2.34 (Representative graph classes related to bipartite intersection graphs). Representa-
tive graph classes related to bipartite intersection graphs include the following.
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Two families of sets Associated bipartite intersection graph
A B X Y
Ay 1 Y1 B1
A1 = {a} B: = {a,b} Ay OBy = {b}
Ay N By = {C}
Az = {b,c} By = {c,d} i\2 T2 Y2 ) Bs
] As N By = {d}
Az ={d Bs =
Az N Bs = {e}

U = {a,b,c,d, e}

Figure 2.9: Two families of sets and their associated bipartite intersection graph. A vertex z; € X
is adjacent to a vertex y; € Y exactly when A; N B; # (). The resulting graph is isomorphic to the
path Fg.

» Bipartite permutation graphs [248,/249]: Graphs that are both bipartite and permutation
graphs.

o Biconvex graphs [405-407]: Bipartite analogues of convex graphs.
o Co-biconvex graphs [408]: Complements of biconvex graphs.

o Interval bigraphs [207,208]: Bipartite graphs represented by intervals, with adjacency deter-
mined by interval intersections across the two partite sets. Related concepts include interval
containment bigraphs [409].

o 2-directional orthogonal ray graphs [347349|: Bipartite-style geometric intersection graphs
arising from horizontal and vertical rays.

o Grid intersection graphs [37-39]: Bipartite graphs represented by horizontal and vertical
segments in a grid, with adjacency given by intersection.

o Unit grid intersection graphs [410,411]: Grid intersection graphs in which all segments have
unit length.

« Box intersection graphs [412]: Intersection graphs associated with axis-parallel boxes in
Euclidean space.

2.2.10 Weighted Intersection Graphs

We first recall the general notion of a weighted graph. Weighted graphs are classical graph models in
which additional numerical data are attached to vertices, edges, or both, and they have been studied
extensively in many branches of graph theory and its applications [413H415].

Definition 2.2.35 (Weighted Graph). A weighted graph is a graph G = (V, E)) together with a weight
function defined on V', on E, or on both. In particular:

o a vertex-weighted graph is a pair (G, wy ), where

wy V= R;

e an edge-weighted graph is a pair (G, wg), where

wg : E — R;

e more generally, one may consider both types of weights simultaneously.
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A weighted intersection graph is an intersection graph endowed with such a weight structure [4161417].
Definition 2.2.36 (Weighted Intersection Graph). Let
§= {517527"'a5n}

be a family of sets, and let G = (V, E) be the corresponding intersection graph, where each vertex
v; € V corresponds to the set S;, and

{Ui,l}j}EE — SlﬁSJ#@ (Z?é])

A weighted intersection graph is an intersection graph together with a weight function on the vertices,
on the edges, or on both.

For example:

e in the verter-weighted case,
wy V= R;

e in the edge-weighted case,
WE FE — R.

Hence a weighted intersection graph may be written, according to the context, as
(G,wy), (G,wg), or (G, wy,wEg).
Example 2.2.37 (A Weighted Intersection Graph). Let the underlying universe be
U={a,b,c,de,f g h},

and consider the family of sets
S = {517 52; 537 S4}a

where

Slz{avbac}a ng{b70,d,€}7 S3:{€7f}7 S4Z{f,g7h}

Let
V = {v1,v9,v3, 04},

where each vertex v; corresponds to the set S;. Now,
S1NSy={bc} #0,  S2nNSs={e}#0, S3NSi={f}#0.

On the other hand,
51053:(2), 51054:(2), SQQS4:@.

Hence the edge set is
E= {{U1702}7{’U27’Ug}7{’l}3,’l)4}}7

so the underlying intersection graph is the path Pj.

We now define both a vertex-weight function and an edge-weight function.

Vertex weights. Define
wy :V—R
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by
wv(vi) = |Sz|7 1= 1,2,3,4.
Thus

)

wy(v1) =3,  wy(v) =4, wy(vz) =2,  wy(u)=

Edge weights. Define
WEg : F—R

by
wg({vi,v;}) =[S N .S;].

Therefore,
'LUE({’Ul,'UQ}) = 27 'LUE({'UQ,'U{S}) = ]-7 WE({U3,U4}) - ]-

Consequently, the weighted intersection graph may be written as
(Ga wy, U)E),

where
G=(V,E).

A schematic representation of the set family and the corresponding weighted intersection graph is

shown in Figure

Family of sets Weighted intersection graph
S1 = {a,b,c}
Sl S2 SS S4
S2Z{b,c,d,€} wg = 2 wp =1
53 = {67 f} wg =1
wy = 3 wy = 3
8i=1{/,9.h} et e

S1NSy = {b, C}, SaNS3 = {6}, S3NSy = {f}

Figure 2.10: A weighted intersection graph. The vertex weights are given by the cardinalities of the
corresponding sets, and the edge weights are given by the cardinalities of the corresponding pairwise
intersections.

Remark 2.2.38 (Representative graph classes related to weighted intersection graphs). Represen-
tative graph classes related to weighted intersection graphs include the following [418-420].

o Weighted interval graphs [24-26]: Interval graphs equipped with weights.

o Weighted proper interval graphs [421]: Proper interval graphs equipped with weights.

o Weighted permutation graphs [264/265]: Weighted versions of permutation graphs.

o Weighted unit disk graphs [1541/155/422,423]: Unit disk graphs with vertex or edge weights.
o Weighted disk graphs [424-426]: Weighted versions of disk graphs.

o Weighted circular-arc graphs [427,428]: Weighted versions of circular-arc graphs. Related
concepts include weighted proper circular-arc graphs [429].

o Weighted triangle graphs [414]: Weighted versions of triangle graphs.
o Weighted string graphs [186]: Weighted versions of string graphs.
o Weighted circle graphs [430]: Weighted versions of circle graphs.
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2.2.11 Intersection Digraphs

An intersection digraph is a directed analogue of an intersection graph. One standard model uses two
families of sets and defines an arc from one vertex to another according to a nonempty intersection
between the first set associated with the tail and the second set associated with the head [431].

Definition 2.2.39 (Intersection Digraph). [432] A digraph
D= (V,A)
is called an intersection digraph if there exist two families of sets
S={51,5,...,5} and T={T1,Ts,...,Tp},

together with a vertex set
V= {111,112, ceey 11”},

such that, for all 4, j,
(vi,v) €A =  S;NT; #0.

Thus each vertex v; is associated with an ordered pair (5;,7;), and adjacency is directed.
Example 2.2.40 (An Intersection Digraph). Let
U={a,b,cde}

be the underlying universe, and let
V = {v1,v2,v3,v4}.

Associate with each vertex v; an ordered pair (S;, T;), where

S1 ={a,b}, Ty ={d},
Sy ={ct, Tp=A{a},
S3 ={d,e}, T3 =1{b,c},
Sy = {b}, Ty = {e}.

By definition, an arc (v;, v;) is present if and only if
S;NT; 0.
The nonempty intersections are

Sl ﬂTQ = {a}, Sl ﬂT3 = {b},
SoNTy = {0}7 SsNT) = {d},
SsNTy = {6}, SiNT3 = {b}

Therefore, the arc set is
A= {(Ula v2)7 (vlv U3)a (v27 1)3), (U3a v1)7 (1)37 7)4)’ (U4, U3)}'
Hence, the resulting intersection digraph is

D = ({Ul,UQ,U3,U4}, {(UlaU2)a (v1,v3), (v2,v3), (v3,v1), (v3,v4), (U4,U3)})-

Moreover,
SiNT; =10 (1=1,2,3,4),
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Ordered pairs (5;,T;) Associated intersection digraph
U ={a,b,c,d,e}
S1NTs = {a}
vi: (51,Th) = ({a,b},{d}) si,1) (v s( v2 ) (S, Tn)
v (S2,T) = ({e}, {a}) ] nte )
—_— S2 NT3 = {c}
vs s (85,T3) = ({d, e}, {b, c}) SN =1dr
(Sa,Ts) (Ss,T3)

va : (Sa,Ta) = ({b},{e})

An arc (vi,v;) is
present exactly when

SiﬁTj ;ﬁ 0.

Figure 2.11: An intersection digraph determined by two families of sets S and 7. The arc (v;,v;) is
present exactly when S; N7 # 0.

so the digraph has no loops. This example also illustrates the directed nature of the construction:
for instance,

(Ul, ’1)2) cA
because S; NTy # (), whereas

(v2,v1) ¢ A
because So N1} = 0.

A schematic illustration is shown in Figure

Remark 2.2.41 (Representative graph classes related to intersection digraphs). Representative
graph classes related to intersection digraphs include the following.

o Interval digraphs [205}433]/434]: Directed analogues of interval graphs. Related concepts
include proper interval digraphs [435H437|, indifference digraphs [435H437], unit interval di-
graphs [435,437], and monotone proper interval digraphs [438§].

o Signed-interval digraphs [210|: Generalizations of interval digraphs based on signed-interval
models.

 Circular-arc digraphs [439|: Directed analogues of circular-arc graphs.

o Bi-arc digraphs [311,312]: Directed graph classes generalizing interval representations and
connected to homomorphism theory.

o Permutation digraphs [440]: Directed analogues of permutation graphs.
o Segment digraphs [441]: Directed graph classes arising from segment representations.

o String digraphs [442|: Directed analogues of string graphs.

Example 2.2.42 (An Intersection Digraph). Let
U={a,b,c,d, e}
be the underlying universe, and consider the vertex set

V= {1)17U2,U3,’U4}.
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Associate with each vertex v; an ordered pair (S;,T;), where

S1 ={a,b}, Ty ={d},
Sy=A{c}, T ={a},
Sz ={d,e}, T3=1{b,c},
Sy = {b}, Ty = {e}.

By definition, an arc (v;,v;) is present precisely when
SinT; #0.
The relevant nonempty intersections are

Sl QTQ = {a}, Sl ﬂTg = {b},
SQ ﬂTg = {C}, S3 ﬂTl = {d},
SsNTy = {6}7 SisNT3 = {b}

Therefore, the arc set is

A= {(Ulva)7 (U17U3)7 (1}2,’03)7 (U3vvl)v (U37U4)7 (U4»U3)}‘

All remaining intersections S; NT; are empty. In particular,
S;iNT; =10 for every i € {1,2,3,4},

so the digraph contains no loops.

Hence, the resulting intersection digraph is
D= ({vl,vg, V3, U4}, {(vl,vg), (v1,v3), (v, v3), (Vs, V1), (U3, V4), (Va, 113)}) )
This example also illustrates the directed nature of the construction: for instance,
(v1,v2) € A

because S; N Ty # (), whereas
(v2,v1) ¢ A

because Sy N1} = 0.

2.2.12 Random Intersection Graphs

A random intersection graph is a probabilistic analogue of an intersection graph [443}/444]. More
broadly, the study of random graphs extends far beyond intersection-based models and includes
many classical and modern graph distributions [445-447]. We first recall the general notion of a
random graph.

Definition 2.2.43 (Random Graph). (cf. [445-447]) A random graph is a graph-valued random
variable generated according to some prescribed probability distribution on a family of graphs.

One of the most important examples is the Erd6s—Rényi model, which has two standard forms.
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o In the model G(n,p), the vertex set is fixed as
V={12,...,n},

and each unordered pair of distinct vertices is joined independently with probability p, where
0 < p < 1. Thus, for each pair {i,j},

P({i,j} € E) = p.

o In the model G(n, M), one chooses uniformly at random a graph with exactly n vertices and
exactly M edges.

We now recall a standard intersection-based random model.

Definition 2.2.44 (Random Intersection Graph). A random intersection graph is a random graph
obtained from a random family of sets or objects by joining two vertices whenever the corresponding
random sets intersect.

A standard model may be described as follows. Let
V ={vy,v9,...,05}

be a set of vertices and let
W = {w17w27"'awm}

be a set of attributes. To each vertex v;, assign a random subset
S; CW.
The resulting random intersection graph G has vertex set V', and for distinct 4, j,
{vi,v;} € BE(G) <= S;NS;#0.

Remark 2.2.45 (Representative graph classes related to random intersection graphs). Representa-
tive graph classes related to random intersection graphs include the following.

« Random permutation graphs [250,251]: Randomized analogues of permutation graphs.
o Random interval graphs [448]/449): Random graph models based on interval representations.

e« Random unit disk graphs [450-452]: Random unit disk models arising from random point
placements in the plane.

o Random string graphs [453]: Random graph models based on random families of strings.

2.2.13 Intersection Hypergraphs

We next consider intersection hypergraphs. Recall that a hypergraph is a generalization of a graph
in which a hyperedge may connect an arbitrary number of vertices rather than only two [454H456].
Hypergraphs are useful for modeling higher-order relationships in a wide range of fields, including
computer science, biology, and discrete mathematics [456,/457]. They are also widely employed in
artificial intelligence, VLSI, and various areas of discrete applied mathematics [458-462].

Definition 2.2.46 (Hypergraph). [463] A hypergraph is a pair
H = (V(H),E(H)),
where V(H) is a nonempty set of vertices and
E(H) C P(V(H))

is a family of subsets of V/(H), called hyperedges. In this book, we consider only finite hypergraphs.



Chapter 2. Preliminaries and Definitions

Example 2.2.47. Let
V(H)={A,B,C,D,E}

and
E(H) = {61762,63}7
where
e1 = {A, D}, es = {D, E}, es = {A,B,C}.
Then

H = ({A,B,C,D,E},{{A,D},{D,E},{A,B,C}})

is a hypergraph. A schematic representation of H is shown in Figure [2.12

€3 = {A, B7 C}

()
() (=)
e1={A,D}" ex={D,E}

Figure 2.12: A hypergraph with vertex set V(H) = {A,B,C, D, E} and hyperedge set E(H) =
{61362,63}'

An intersection hypergraph is a higher-order generalization of an intersection graph. As in the
graph case, one records incidences determined by intersection, but now a single object may define
a hyperedge containing many vertices at once [464,465|. Related notions include linear intersection

hypergraphs [466].

Definition 2.2.48 (Intersection Hypergraph). Following [464], let B and F be finite families of sets
or regions. For each B € B, let vp be a distinct vertex, and define

Vi ZZ{UB|B€B}.

For each F' € F, define
Hp :={vp €V |BNF#0}.

The intersection hypergraph of B with respect to F, denoted by
I(B,F),

is the simple hypergraph
I(B,F) = (Vs, Es,7),

where
EB,]-' ::{HF ‘ FeF, |HF| 22}

Thus, two members F}, F» € F that induce the same subset of Vi determine the same hyperedge.
Hyperedges of cardinality 0 or 1 are omitted under the convention adopted here.

Remark 2.2.49 (Representative graph and hypergraph classes related to intersection hypergraphs).
Representative classes related to intersection hypergraphs include the following.
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o Permutation hypergraphs [270]: Hypergraph analogues of permutation-based intersection
structures.

o Circular-arc hypergraphs [467-469|: Hypergraph analogues of circular-arc representations.

o Interval hypergraphs [470,471]: Hypergraphs induced by interval representations. A related
notion is that of mixed interval hypergraphs [472].

o Unit disk hypergraphs [473]: Hypergraph analogues of unit disk graphs.

o Intersection graphs of uniform hypergraphs [474/475]: Graphs obtained from intersections
among hyperedges of a uniform hypergraph.

o Pseudo-disk hypergraphs [173,|174]: Hypergraphs arising from families of pseudo-disks in
the plane.

2.2.14 Intersection Superhypergraphs

A superhypergraph is a set-based higher-order generalization of a hypergraph. In this framework, a
supervertex may itself consist of several elements of an underlying ground set, while a superhyperedge
may connect an arbitrary collection of such supervertices [476-480].

Definition 2.2.50 (Superhypergraph). Following [480|, let V' be a nonempty ground set. A super-
hypergraph is an ordered pair

SHG = (V, &),
where
O£V CPV)\{0}
and
ECPWV)\{0}.

Each element X € V is called an SHG-vertex or supervertez. A supervertex may be a singleton
{v}, representing an ordinary ground vertex, or a non-singleton subset of V, representing a group of
ground elements. Each element

Ecé

is called an SHG-edge or superhyperedge; thus, E is a nonempty set of supervertices.

An ordinary hypergraph is recovered when every supervertex is a singleton, that is,
V={{v}|veV}

after identifying each singleton {v} with v. An ordinary graph is obtained when, in addition, every
superhyperedge contains exactly two supervertices. Hence, superhypergraphs provide a common
framework encompassing graphs, hypergraphs, and more general set-based higher-order interaction
structures.

Example 2.2.51 (A Superhypergraph). Let the nonempty ground set be
V ={a,b,c,d,e, f}.
Consider the following supervertices:
X, = {a}, X, = {b, c}, X3 ={d}, Xy ={e, [}

Thus,
VY ={X1,X2, X3, X4} CP(V)\{0}.
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Define three superhyperedges by
&1 = {X1, Xz}, & = {Xs, X3, X4}, Es = {X1, X4}

Hence,

&€ ={&,6,8 CPV)\{0}.

Therefore,
SHG = (V,€)

is a superhypergraph. In this example, X; and X3 are singleton supervertices, whereas X5 and X, are
non-singleton supervertices. Moreover, £ and &3 each contain two supervertices, while & contains
three supervertices.

A schematic representation of this superhypergraph is shown in Figure [2.13

==+ on

supervertex
&= {Xl,Xz} X, Eo
{XQ, X3, X4}
{b, ¢}

Xs

{d}

singleton singleton

supervertex supervertex

Figure 2.13: A superhypergraph with four supervertices and three superhyperedges. Each rectangular
object represents a supervertex and contains its associated elements of the ground set V. The colored
closed regions represent the superhyperedges.

We now introduce an intersection-based construction for superhypergraphs. The main idea is that
each member of a family of nonempty subsets of the ground set is regarded as a supervertex, while
another family of subsets determines the superhyperedges through nonempty intersections.

Definition 2.2.52 (Intersection Superhypergraph). [481] Let V' be a nonempty ground set, let
0#BCPV)\{0}
be a finite family of nonempty subsets of V', and let
FCPV)

be another finite family of subsets of V.

The members of B are regarded as supervertices. Thus, define

VB = B.
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For every F' € F, define the corresponding superhyperedge by
Er={BeB|BNF#0}.

The intersection superhypergraph of B with respect to F, denoted by
ISHG(B, F),

is the ordered pair
ISHG(B, F) = (Vi,E5.7),

where
53’]: = {EF | FeF, & 75(2)}

Equivalently,
Esr={{BeB|BNF#0}|FeF, 3B € B such that BNF # (}.

Since £p r is defined as a set, different members Fy, F» € F that induce the same collection of
supervertices determine the same superhyperedge. Thus, the construction produces a simple super-
hypergraph.

Theorem 2.2.53 (Well-definedness of intersection superhypergraphs). For every nonempty ground
set V', every finite nonempty family

B P(V)\{0},
and every finite family
FCP(V),
the structure
ISHG(B, F)

defined in Definition is a well-defined superhypergraph.

Proof. By assumption,
Therefore,

is a nonempty family of nonempty subsets of the ground set V.

For each F' € F, the set
Er={BeB|BNF#0}

is a subset of B. Only nonempty sets £ are included in £z 7. Hence,

&s.r CP(B)\ {0} =P(Vs) \ {0}.

Consequently,

ISHG(B, F) = (VB,SB,}-)
satisfies all the conditions in Definition [2.3.27] Therefore, it is a well-defined superhypergraph.  [J

Remark 2.2.54. If every member of B is a singleton, then the supervertices can be identified with
ordinary vertices, and the above construction reduces to an ordinary intersection hypergraph. If,
in addition, every nonempty superhyperedge has cardinality two, the resulting structure may be
identified with an ordinary intersection graph.
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2.2.15 Uncertain Intersection Graphs

Recent work has begun to investigate intersection graphs in uncertainty-aware settings, including
fuzzy graphs, intuitionistic fuzzy graphs, and neutrosophic graphs. These models extend classical
intersection graph constructions by incorporating the additional structural data required by the cor-
responding uncertainty framework.

Remark 2.2.55 (Representative graph classes related to uncertain intersection graphs). Examples
include the following.

o Fuzzy intersection graphs [96,97]: Intersection graph models in the fuzzy setting.

» Neutrosophic intersection graphs [99]: Intersection graph models in the neutrosophic set-
ting.

o Fuzzy permutation graphs [100]: Permutation graph analogues in the fuzzy setting.

o Neutrosophic permutation graphs [482]: Permutation graph analogues in the neutrosophic
setting.

o Fuzzy interval graphs [101]: Interval graph analogues in the fuzzy setting.

o Neutrosophic interval graphs [179]: Interval graph analogues in the neutrosophic setting.

2.2.16 Rough Intersection Graph

A rough set represents an imprecise concept through lower and upper approximations induced by
an indiscernibility relation on a universe [483]|484]. A rough graph uses lower and upper edge ap-
proximations to distinguish certainly present connections from possibly present connections under
uncertainty [413,/485,/486]. A rough intersection graph models certain and possible intersections
among sets by employing vertex-adjacency relations determined by their lower and upper approxi-
mations. To the best of the authors’ knowledge, this approximation-based formulation of a rough
intersection graph is a novel concept.

Definition 2.2.56 (Rough Set). Let
Z=(U,R)

be an approximation space, where U is a nonempty finite universe and R is an equivalence relation
on U. For xz € U, denote the equivalence class of z by [z]g.

For any subset X C U, its lower approzimation and upper approximation are defined, respectively,
by
R(X)={zeU]|[z]r C X}

and
RX)={zeU|xlrNX #0}.

The ordered pair
RSR(X) = (R(X), R(X))

is called the rough set determined by X. The sets R(X) and R(X) represent the objects that certainly
and possibly belong to X, respectively.

Definition 2.2.57 (Rough Graph). Let V be a finite vertex set and let

-
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be the set of all possible undirected edges on V. Let

(Q,p)

be an approximation space, where p is an equivalence relation on 2. For a prescribed edge set E C ),
define
p(B) = {e € Q[ [d], € )

and
A(E) = {ecQ|[el,NE #0}.
The pair
g = (G_7 G+)7
where

G~ =(V,p(E)) and G = (V,5(E)),

is called a rough graph. The graph G~ contains the certainly present edges, whereas GT contains the
possibly present edges. Clearly,
E(G™) C E(GT).

Definition 2.2.58 (Rough Intersection Graph). Let
Z=(UR)

be an approximation space, and let

S=1{S1,5,...,8,}

be a finite family of subsets of U. Associate a vertex v; with each rough set

RSg(S:) = (R(S:), R(S:)).

The rough intersection graph determined by S is the pair

gs = (Gs5,G%),
where
Gs=WV,E7) and G¢{=(V,ET),
with
V= {Uhv?v v 71]77,})
{oiv} € 7 = R(S;)NR(S;) #0,
and

{vi,v;} € EY < R(S;)NR(S;) #0 (1 # 7).
Thus, G5 represents certain intersections, whereas G; represents possible intersections. Moreover,
E- CET.
Example 2.2.59 (A Rough Intersection Graph). Let
U=1{1,2,3,4,5,6}
and let R be an equivalence relation on U whose equivalence classes are
U/R={{1,2},{3,4},{5,6}}.

Thus,
Z=(UR)

is an approximation space.
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Now consider the family of subsets
S= {Sla 527 53}7

where

Sy ={1,2,3},  Sy={1,2,4,5}, S;={56}

Associate the vertices
V = {Ulv V2, 'Ug}
with S1, S5, S3, respectively.

We compute the lower and upper approximations as follows.

For S; ={1,2,3},
R(S) = {172}7 E(Sl) = {1’27374}'

For S ={1,2,4,5}, B
E(SQ) = {172}7 R(SZ) = {172a3747576}'

For S3 = {5,6}, B
E(S3) = {57 6}7 R(SB) = {576}

Hence the associated rough sets are
RSk(S1) = ({1,2},{1,2,3,4}),

RSR(SQ) = ({17 2}7 {L 2,3747 53 6})3

and

RSRr(S3) = ({5,6},{5,6}).

Lower graph Gg. Two vertices are adjacent in G5 precisely when the lower approximations inter-
sect. Since
R(S1) N R(S2) ={1,2} #0,
we have
{1)17 UQ} e B
On the other hand,
R(S1)NR(S3) =0,  R(S2) NR(S3)=0.

Therefore,
E™ = {{Uh ’UQ}},

and

Gs = ({U17027U3}7 {{01’1’2}})

Upper graph G;. Two vertices are adjacent in Gg precisely when the upper approximations
intersect. Since

R(S1) N R(S2) = {1,2,3,4} # 0,

and
R(S2) N R(S3) = {5,6} # 0,
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we have
{’Ul,’Ug} S E+, {’UQ,U?,} € ET.
However, - B
R(S1) N R(S3) = 0,
o)
{Ul,’Ug} % E+.
Thus,
E+ = {{U17U2}'a {U27U3}}7
and

Gf = ({v1,1127113}7 {{v1, 02}, {U27U3}}>'

Therefore, the rough intersection graph is
s = (Gs,Gs),

with
E-CE™.

A schematic representation is shown in Figure

Approximation Space and Rough Sets

U = {1,2,3,4,5,6}, U/R = {{1,2},{3,4},{5,6}}
Sy = {1,2,3} Sy = {1,2,4,5} Ss = {5,6}
R(S:) = {1,2} R(S2) = {1,2} R(S3) = {5,6}
R(S1) = {1,2,3,4} R(S2) = {1,2,3,4,5,6} R(S5) = {5,6}
Lower Graph G Upper Graph str
R(S1) NR(S2) ={1,2} R(S1) N R(Sz2) # 0

O—0 O G0

R(S2) N R(S3) # 0
R(S1) = R(S2) = {1,2}, R(S3) = {5,6}. E(Sl) = {1,2,3,4}, E(S2) —

- 1,2,3,4,5,6}, R(S3) = {5,6}.
Thus,E = {{’Ul,vz}}‘ { ) ? 7+7 7_ k] 5
The vertex vz is isolated. Thus, BT =" {{v1,v2}, {v2,vs}},

while {v;,v3} ¢ ET.

Figure 2.14: A rough intersection graph determined by the family S = {S1, 52, S3}. The upper panel
presents the approximation space and the lower and upper approximations of the sets. The bottom-
left panel shows the lower graph G, representing certain intersections, whereas the bottom-right
panel shows the upper graph G;, representing possible intersections.

2.2.17 Soft Intersection Graph

A soft set assigns a subset of a universe to each parameter, thereby providing a flexible parameter-
ized representation of uncertain information [487H489]. Several related extensions are also known,
including HyperSoft Sets [490,{491], SuperHyperSoft Sets [492,493], ContraSoft Sets [494}495], and
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TreeSoft Sets [496,[497]. A soft graph assigns a subgraph of a fixed crisp graph to each parame-
ter, thereby representing parameter-dependent vertices, edges, and graph structures [498-500]. A
soft intersection graph assigns an intersection graph to each parameter, allowing adjacency to vary
according to parameter-dependent intersections among the corresponding sets. To the best of the
authors’ knowledge, the notion of a soft intersection graph formulated in this book has not previously
been explicitly introduced in the literature and may therefore be regarded as a new concept.

Definition 2.2.60 (Soft Set). [487] Let U be a universe, let P be a set of parameters, and let A C P.
A soft set over U is a pair
(F,A),

where
F:A—PU).

Thus, each parameter a € A is associated with a subset
F(a) CU,
called the set of a-approximate elements.

Definition 2.2.61 (Soft Graph). Let
G* = (V.E)

be a crisp graph, and let A be a nonempty parameter set. A soft graph over G* is a quadruple
g = (G*7 F7 K’ A)’

where
F:A—PV) and K:A— P(E),

such that
H(a) = (F(a), K(a))

is a subgraph of G* for every a € A. Equivalently,
K(a) € {{u,v} € E|u,v € F(a)} for every a € A.

Hence, a soft graph is a parameterized family of subgraphs of a fixed crisp graph.
Definition 2.2.62 (Soft Intersection Graph). Let U be a universe, let

A={ay,a9,...,amn}
be a nonempty parameter set, and let

V ={v1,v9,...,0}.
For every a € A, suppose that

S(a) = {S1(a), S2(a),...,Sy(a)}

is a family of subsets of U, where v; corresponds to S;(a).

For each a € A, define
E(a) = {{vi,v;} | i # j, Si(a) N S;(a) # 0},

and let
H(a) = (V, E(a)).

The parameterized family
Gt = {H(a) |a € A}

is called a soft intersection graph.
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Equivalently, let
E*=|JE(@ and G*=(V.E").
acA
Then
gint = (G*vFa K7 A)
is a soft graph with
Fa)=V and K(a) = E(a)
for every a € A. Thus, adjacency may vary with the parameter a, according to the corresponding set
intersections.

Example 2.2.63 (A Soft Intersection Graph). Let
U=1{1,2,3,4,5}

be the universe, let
A= {al, CLQ}

be the parameter set, and let
V= {1}1, V2, ’Ug}.

For the parameter a1, define

S(a1) = {S1(a1), S2(a1), S3(a1)},

where
Sl(al) = {1,2}, Sg(al) = {2,3}, Sg(al) = {4}
Then
S1(a1) NSa(ar) = {2} #0,
whereas
Sl(al)ﬂSg(al) Z(Z), Sz(a1)053(a1) = .
Hence,

E(ay) = {{v1,v2}},
and therefore
H(al) = (Vv E(al))

is the graph having exactly one edge between vy and vs.

For the parameter as, define

S(az) = {S1(az), S2(az), S3(az)},

where
Si(a2) ={1},  S2(a2) ={3,4},  Ss(az) = {4,5}.
Then
SQ(az) n Sg(ag) = {4} 7é @,
whereas
Sl(az) n SQ(CLQ) = (Z), Sl(ag) n S3(Cl2) = @
Hence,

E(az) = {{027113}},
and therefore
H(az) = (V, E(ag))

is the graph having exactly one edge between vy and vs.

Consequently, the soft intersection graph is

Gine = {H (a1), H(az)}.
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Moreover,
E* = E(a;1) U E(az) = {{vl,vg},{vg,vg}},

so the underlying crisp graph is
G* = ({/Ulu V2, U3}> {{'Uh v2}> {7}2, US}}) 5

which is the path Ps.

A schematic illustration is shown in Figure [2.15
Parameter-wise set families Graph H(a;) Graph H(az)
U:{1727374’5}7 V:{v17v27v3}

4K

Si(a1) = {1,2}, S2(a1) ={2,3}, Ss(a1) = {4}

{v1,v2} € E(a1) {v2,v3} € E(a2)
T OO0
Si(a1)NSz(a1) =0,  S2(a1)NSz(a1) =0
Qo Si1(a1) Sz(a1) S1(az) S3(a2)
Si(az) = {1}, Sa(a2) ={3,4}, Ss(az) = {4,5} S2(a1) S2(az)
S2(a2) N Sa(az) = {4} # 0 Only v; and vy are adjacent. Only vy and w3 are adjacent.

Si(a2)NS2(a2) =0,  Si(a2)NSz(az) =0

Figure 2.15: A soft intersection graph with two parameters. The graph H(a;) is determined by the
set intersections under the parameter aj, while H(ag) is determined by the set intersections under
the parameter as.

2.2.18 Other Intersection-Related Graph Classes

In addition to the graph classes discussed above, many other intersection-related graph models have
been studied. Some representative examples are listed below.

Remark 2.2.64 (Other graph classes related to intersection graphs). Examples include the following.

o Intersection subgraphs [182}/501,[502]: Subgraphs obtained from intersection graph struc-
tures.

» Intersection graphs of rings [503/[504]: Graphs whose vertices represent nonzero ideals of a
ring, with adjacency defined by nontrivial intersection.

o Max point-tolerance graphs [505]506]: Graphs represented by pointed intervals under a
tolerance condition. Related concepts include central max-point-tolerance graphs [507], max-
tolerance graphs [508},509], and proper max-point-tolerance graphs [510].

o Uniform s-intersection graphs [511]: Graphs in which adjacency depends on whether two
subsets intersect in at least s elements.

o Zero-set intersection graphs [512H514]: Graphs whose vertices are continuous functions,
with adjacency determined by intersection of their zero sets.

o Compatibility graphs [129]: Graphs encoding pairwise compatibility relations. Related no-
tions include co-compatibility graphs [132}|133], chordal compatibility graphs |130}|131], and
pairwise compatibility graphs [515516].

o Intersection power graphs [517-519]: Graphs whose vertices are group elements, where
adjacency is determined by nontrivial intersection of the cyclic subgroups they generate.
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o Line graphs [520-522]: Graphs representing adjacencies among edges of an underlying graph.
Related concepts include (X, Y)-intersection graphs [523,/524].

o Complete intersection graphs [525]: Complete graphs realized in intersection-theoretic set-
tings.

o Function graphs [526]: Intersection graphs of real-valued functions on an interval.

o Co-intersection graphs [527H530]: Complement-type variants of intersection graphs. Related
notions include co-interval graphs [531].

o Split graphs [238,532]: A classical graph class closely related to certain intersection models.
Related concepts include probe split graphs [533].

o Chordal graphs [534,535]: Graphs with no induced cycle of length greater than three, many
of which admit intersection representations.

o Path chordal graphs [536]: Intersection graphs of paths in a tree under suitable chordality
conditions.

o Intersection multigraphs [475,537]: Multigraph analogues of intersection graphs.

2.3 Fuzzy Graphs, Intuitionistic Fuzzy Graphs, and Neutrosophic Graphs

In this section, we review several graph models designed to represent uncertainty, namely fuzzy
graphs, intuitionistic fuzzy graphs, and neutrosophic graphs. As noted in the introduction, these
graph classes extend classical graphs by attaching additional values to vertices and edges in order to
model vague, incomplete, indeterminate, or multi-aspect information arising in practical situations.

2.3.1 Basic Definitions

We begin with the classical notion of a graph. Fuzzy graphs and their generalizations are usually
introduced as uncertainty-aware extensions of crisp graphs [76}/538}/539|.

Definition 2.3.1 (Crisp Graph). (cf. [76,/540]) A crisp graph is a finite simple undirected graph
G=\VE),
where V is a finite nonempty set of vertices and
EC {{u,v} CV |u#v}

is the set of edges. Thus, each edge joins two distinct vertices, and loops and multiple edges are
excluded.

We now record a unified viewpoint for several uncertainty-aware graph classes. The purpose of the
following definition is not to force all models into a single rigid formalism, but rather to present them
in a common notation.

Definition 2.3.2 (Unified Framework for Uncertain Graphs). Let
G =(V,E)

be a crisp graph. An uncertain graph structure on G is obtained by assigning to each vertex v € V'
and each edge e € E one or more values in [0,1]. The principal cases considered in this book are as
follows.
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1. Fuzzy Graph [76[538]. A fuzzy graph is a pair of functions
o:V —10,1], w: E—[0,1],

where o(v) is the membership degree of the vertex v, and p({u,v}) is the membership degree
of the edge {u,v}. Usually one assumes the admissibility condition

p({u,v}) < min{o(u),o(v)} for all {u,v} € E.

2. Intuitionistic Fuzzy Graph (IFG) [541H543]. An intuitionistic fuzzy graph is given by two
vertex functions
py,vy 2V —[0,1]

and two edge functions
HE,VE : E— [07 1]7

where py and pp denote membership degrees, while vy and v denote non-membership degrees.
These functions satisfy
wy(v) +ry(v) <1 forallv eV,

and
ue(e)+vele) <1 foralle € E.

In many formulations, additional compatibility conditions between vertex data and edge data
are also imposed.

3. Neutrosophic Graph [480,(544]. A neutrosophic graph assigns to each vertex v € V a triple
o(v) = (or(v),01(v),0r(v)) €0, 1]3,
and to each edge e € E a triple
u(e) = (ur(e), nile), pr(e)) € [0,1]°,

where the components represent the truth-membership degree, indeterminacy-membership de-
gree, and falsity-membership degree, respectively. In particular,

or(v) +or(v) + or(v) <3, pr(e) + pr(e) + pr(e) < 3.

2.3.2 Plithogenic Graphs and Graph Types

More recently, plithogenic graphs have been introduced as a flexible generalization of fuzzy graphs,
intuitionistic fuzzy graphs, neutrosophic graphs, and also as graph-theoretic realizations of plithogenic
sets [521/545]. These structures have attracted increasing attention in recent years [546,547]. We begin
with the underlying notion of a plithogenic set.

Definition 2.3.3 (Plithogenic Set). [70,/545] Let S be a universal set and let P C S. A plithogenic
set is a quintuple

PS = (P,Oé,A,dp,Cp)7

where:

e « is an attribute;
e A is the set of possible values of the attribute «;

dp:PXA% [0,1]3
is the degree of appurtenance function (DAF);
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cp: A xA—[0,1]
is the degree of contradiction function (DCF).

These functions are assumed to satisfy, for all a,b € A,
cp(a,a) =0 and cp(a,b) = cp(b,a).

Example 2.3.4. Let s,t € {1,2,3,4,5}. Certain familiar uncertainty models are obtained by impos-
ing appropriate interpretations and admissibility conditions on the appurtenance and contradiction
degrees.

e If s =t =1, and the unique appurtenance component is interpreted as a fuzzy membership
degree, then PS is called a plithogenic fuzzy set.

e If s =2 and t = 1, and the two appurtenance components are interpreted as a membership
degree p and a non-membership degree v satisfying

0<p(z,a)+v(z,a) <1

for every relevant element x and attribute value a, then PS is called a plithogenic intuitionistic
fuzzy set.

e If s=3andt =1, and the three appurtenance components are interpreted as truth-membership,
indeterminacy-membership, and falsity-membership degrees, respectively, subject to the adopted
neutrosophic admissibility conditions, then PS is called a plithogenic neutrosophic set.

Thus, these specializations depend not only on the numbers s and ¢, but also on the semantic inter-
pretation and admissibility conditions imposed on the corresponding degree components.

We now turn to plithogenic graphs.
Definition 2.3.5 (Plithogenic Graph). [546] Let
G = (V,E)
be a crisp graph. A plithogenic graph is a pair
PG = (PM,PN),

where the vertex part
PM = (M, a,A, dv, Cv)

and the edge part
PN = (NvﬁvradEacE)

satisfy the following conditions:

e M CV is the underlying vertex set;
e N C F is the underlying edge set;
e « and (8 are attributes associated with vertices and edges, respectively;

o A is the set of possible values of the vertex attribute «;
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o I'is the set of possible values of the edge attribute ;

dv:MXA—)[O,l]S

is the vertex appurtenance function;

cy : Ax A—[0,1]"

is the vertex contradiction function;

dEZNXF%[O,l]S

is the edge appurtenance function;

cg:T'xT —]0,1]

is the edge contradiction function.

Assume further that the product spaces [0, 1]* and [0, 1]* are endowed with the componentwise partial
order <. Then the following compatibility conditions are imposed.

1. Edge appurtenance constraint. If vy € N, a,b € A, and the edge attribute value associated
with zy is encoded by (a,b) € T, then

dp(zy, (a,b)) = min{dy (z,a), dv (y,b)},
where the minimum is taken componentwise.
2. Contradiction-function compatibility. For (a,b),(c,d) € T,
ci((a,0), (c,d)) < min{ey (a, ), ey (b, d)},
again componentwise.
3. Reflexivity and symmetry. For all admissible arguments,
cv(a,a) =0, cv(a,b) = cy (b, a),

and
ce(v,7) =0, ce(v,0) = cu(d,7).

Example 2.3.6. Important special cases of plithogenic graphs are obtained by specifying the dimen-
sion s.

e If s =t =1, then PG is called a plithogenic fuzzy graph.
e If s=2andt =1, then PG is called a plithogenic intuitionistic fuzzy graph.

e If s=3 and t =1, then PG is called a plithogenic neutrosophic graph.

Several graph-theoretic notions related to plithogenic graphs have already appeared in the literature,
including plithogenic fuzzy graphs [548|, intuitionistic plithogenic graphs [95}[541], and concentric
plithogenic hypergraphs [549).

The following theorem, recorded in [550], summarizes some basic relationships among uncertainty-
aware graph classes. It illustrates the broad expressive power of plithogenic graphs.
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Theorem 2.3.7. [550] Among the graph classes considered above, the following relationships hold.

o Empty graphs and null graphs can be represented within suitable multi-valued graph frameworks.
o FEvery edge-fuzzy graph yields a 2-valued graph after thresholding the edge membership values.

o FEvery fuzzy graph yields a 3-valued graph after mapping the vertex and edge membership values
to the set {—1,0,1}.

e FEvery intuitionistic fuzzy graph reduces to a fuzzy graph when the non-membership function is
specialized appropriately.

e FEvery neutrosophic graph reduces to an intuitionistic fuzzy graph after a suitable specialization
of the indeterminacy component.

Motivated by the fuzzy graph type introduced in [551], one may also classify plithogenic graphs
according to the location of the plithogenic information in the graph structure [550]. This viewpoint
is useful because it makes explicit which components of the graph are regarded as uncertain.

Definition 2.3.8 (Plithogenic Graph Type). [550] A plithogenic graph type is a plithogenic graph
belonging to one or more of the following categories.

(i) Graph-family type:
PG, = {G17G25 .. 'aGP}7

where each G; is a plithogenic graph, possibly with different attributes and different appurte-
nance and contradiction functions.

(ii) Plithogenic-edge type:
PGy = (V,Ep),

where the vertex set V' is crisp and the edge set Ep carries plithogenic information.

(iii) Plithogenic-head/tail type:
PG3 = (V,E(tp, hp)),

where the underlying graph is crisp, but each directed edge is equipped with plithogenic tail
and head information.

(iv) Plithogenic-vertex type:
PGy = (Vp,E),

where the edge set E is crisp and the vertex set Vp carries plithogenic information.

(v) Plithogenic-weight type:
PG5 = (‘/7 E(wP))7

where the underlying graph is crisp, but the edges are equipped with plithogenic weights.

A plithogenic graph may belong to more than one type simultaneously.
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2.3.3 Classification of Uncertain Graphs

Plithogenic graphs provide a broad framework that includes fuzzy graphs, intuitionistic fuzzy graphs,
and neutrosophic graphs as special or closely related cases. In addition, many other uncertainty-
aware graph models have been introduced, such as vague graphs [552], N-graphs [553], rough graphs
[554], hesitant fuzzy graphs [555], quadripartitioned neutrosophic graphs [49,556], pentapartitioned
neutrosophic graphs [557], and spherical fuzzy graphs. Many of these can be further studied within the
broader settings of plithogenic graphs, general plithogenic graphs, and refined plithogenic graphs [550].

These uncertainty-aware graph classes may be organized from several general viewpoints.

Remark 2.3.9 (Representative directions in the classification of uncertain graphs). Representative
classes and directions include the following.

e Picture uncertain graphs: Graphs whose vertices and edges carry three-valued information,
typically interpreted as truth, indeterminacy, and falsity.

e Single-valued uncertain graphs: Graphs in which the uncertainty information assigned to
each vertex or edge is given by single real values in [0, 1].

e Interval-valued uncertain graphs: Graphs in which uncertainty information is represented
by intervals rather than by single numbers.

« Bipolar uncertain graphs: Graphs endowed with both positive and negative membership
information.

¢ Directed uncertain graphs: Directed analogues of uncertain graphs.
e Uncertain hypergraphs: Hypergraph extensions of uncertain graphs.

e Uncertain superhypergraphs: Superhypergraph extensions of uncertain graphs. Recall that
a superhypergraph is a higher-order structure in which both vertices and edges may themselves
be sets [558].

¢ Uncertain multigraphs: Multigraph analogues of uncertain graphs, allowing parallel edges
and, depending on the convention, possibly loops.

e Uncertain incidence graphs: Incidence-type representations associated with uncertain graphs.
e Product uncertain graphs: Graph products formed within uncertainty-aware graph settings.

e Complex uncertain graphs: Graphs whose uncertainty information is allowed to take com-
plex values or to be encoded in a complex-valued framework.

¢ Refined uncertain graphs: Refined versions of uncertain graphs, useful when several layers
or repeated aspects of uncertainty must be distinguished.

e General uncertain graphs: Broad generalizations that relax the constraints imposed in fuzzy,
intuitionistic fuzzy, or neutrosophic graph models.

2.3.4 Picture Uncertain Graphs

A picture uncertain graph is an uncertain graph in which each vertex and edge is equipped with three
components, usually interpreted as truth, indeterminacy, and falsity. A standard example is the
picture fuzzy graph. Picture fuzzy graphs have been studied extensively because of their applications
and structural properties [559560]. They generalize fuzzy graphs and intuitionistic fuzzy graphs and
are themselves closely related to neutrosophic and plithogenic graph frameworks.
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Definition 2.3.10 (Picture Fuzzy Graph). [561] Let
G* = (V, E)
be a crisp graph. A pair
G =(A,B)
is called a picture fuzzy graph on G* if
A= (pa;na,va)
is a picture fuzzy set on V and

B = (uB,nB,VB)

is a picture fuzzy set on F, where
ta,na,va sV —[0,1], up,ne,vp : £ —[0,1].
These functions are required to satisfy
pa(v) +na(v) +valv) <1 for all v € V,

and
pp(e)+nple) +vp(e) <1 foralle € E.

Moreover, for every edge e = {u,v} € E,
pp(e) < min{pa(u), pa(v)},

np(e) < min{na(u), na(v)},
and
vp(e) > max{va(u),va(v)}.

Remark 2.3.11 (Representative graph classes related to picture uncertain graphs). Representative
related classes include the following.

o Picture Dombi fuzzy graphs [562]: Picture fuzzy graph models combined with Dombi op-
erations.

o Picture fuzzy line graphs [563|: Line graph analogues in the picture fuzzy setting.
o Picture fuzzy planar graphs [5]: Planar graph analogues in the picture fuzzy setting.

o Picture fuzzy tolerance graphs [564,565|: Tolerance-type graph models in the picture fuzzy
setting.

o Interval-valued picture fuzzy graphs [566]: Interval-valued variants of picture fuzzy graphs.
Related notions include strong interval-valued picture fuzzy graphs [567].

o Picture fuzzy incidence graphs [568|: Incidence graph constructions in the picture fuzzy
framework.

o Picture fuzzy soft graphs [500,569.,[570]: Soft-set extensions of picture fuzzy graphs.

« Cayley picture fuzzy graphs [571]: Cayley-type graph models in the picture fuzzy setting.
o m-polar picture fuzzy graphs [572|: m-polar extensions of picture fuzzy graphs.

o g-rung picture fuzzy graphs [573|: Picture fuzzy graph models subject to g-rung constraints.
o Mixed picture fuzzy graphs [574]: Mixed graph extensions of picture fuzzy graphs.

o Picture fuzzy directed hypergraphs [575]: Hypergraph-type directed extensions of picture
fuzzy graph models.

o Picture fuzzy cubic graphs [576]: Cubic-type graph models in the picture fuzzy setting.
o Picture fuzzy digraphs [577): Directed graph analogues of picture fuzzy graphs.

» Balanced picture fuzzy graphs [578|: Balanced graph variants in the picture fuzzy frame-
work.
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2.3.5 Single-Valued Uncertain Graphs

A single-valued uncertain graph is an uncertain graph in which the uncertainty assigned to each vertex
and each edge is described by single values in [0,1], rather than by intervals or more complicated
objects. A representative example is the single-valued neutrosophic graph.

Definition 2.3.12 (Single-Valued Neutrosophic Graph). [579H581] Let
G*=(V,E)

be a crisp graph. A single-valued neutrosophic graph is a pair
G = (A, B),

where
A= (TAvIAa FA)

is a single-valued neutrosophic set on V' and
B = (TBvIBaFB)
is a single-valued neutrosophic set on E. Thus,

Ta,la,Fa:V = 10,1, Tg, Ip Fg:E—0,1].

For each vertex « € V, the values Ty (), I4(x), and F(z) denote the truth-membership, indeterminacy-
membership, and falsity-membership degrees of x, respectively. Similarly, for each edge e € F, the
values Ts(e), Ig(e), and F(e) denote the corresponding edge degrees.

A commonly used compatibility condition is that for every edge e = {x,y} € E,
Tp(e) < min{Ta(z),Ta(y)},

Ip(e) > max{la(z),1a(y)},

and
Fp(e) = max{Fa(z), Fa(y)}-

If the edge data are symmetric, then G is undirected; otherwise, one obtains a directed single-valued
neutrosophic graph.

Example 2.3.13 (A Single-Valued Neutrosophic Graph). Let the underlying crisp graph be

G*=(V,E),
where
V = {’Ul,’UQ,'Ug}
and
E = {e12, €23}, e12 = {v1,v2}, €23 = {v2,v3}.

Thus, G* is the path Ps.

Define the single-valued neutrosophic vertex set
A= (Ta,1a,Fa)
by
(Ta(v1),1a(v1), Fa(vr)) = (0.90,0.10,0.20),
4 (v2), La(vz), Fa(v2)) = (0.80,0.20,0.30),
4 (v3), 14 (vs), Fa(vs)) = (0.70,0.15,0.25).
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Define the single-valued neutrosophic edge set
B = (TBalBaFB)

by
(Tg(e12), Is(e12), Fr(ei2)) = (0.70,0.25,0.35),
(Tr(eas), In(e23), Fp(eas)) = (0.60,0.25,0.40).

For the edge €12 = {v1,v2}, we have
Ts(e12) = 0.70 < min{0.90, 0.80} = 0.80,

Is(e1z) = 0.25 > max{0.10,0.20} = 0.20,

and
Fp(e12) = 0.35 > max{0.20,0.30} = 0.30.

Similarly, for the edge es3 = {vg, v3}, we have
Ts(eas) = 0.60 < min{0.80,0.70} = 0.70,

Is(e23) = 0.25 > max{0.20,0.15} = 0.20,

and
Fp(e23) = 0.40 > max{0.30,0.25} = 0.30.

Therefore,
G =(A,B)

is a well-defined undirected single-valued neutrosophic graph. A schematic representation is shown

in Figure 2.16]

= (0.80,0.20, 0.30)

(Ta(v2),Ia(v2), Fa(v2)) ‘

(T, I, FB) =
(0.70,0.25, 0.35)

: eas = {va,v3} :
I I
I I

ez = {vi,v2} |
I
|
|

(T's, I, FB) =
(0.60, 0.25, 0.40)

= (0.90,0.10, 0.20) = (0.70,0.15, 0.25)

(Ta(v1), Ta(v1), Fa(v1)) ‘

(Ta(vs), Ta(v3), Fa(vs)) ‘

Figure 2.16: An undirected single-valued neutrosophic graph. Each vertex and edge is labeled by its

truth-membership, indeterminacy-membership, and falsity-membership degrees.
Remark 2.3.14. In this book, we use the convention that the truth-membership degree of an edge

is bounded above by the truth-membership degrees of its endpoints, whereas the indeterminacy
and falsity degrees of an edge are bounded below by the corresponding endpoint degrees. Other
conventions appear in the literature; however, all results in this book are stated relative to the
present convention.

Remark 2.3.15 (Representative graph classes related to single-valued uncertain graphs). Represen-
tative related classes include the following.
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 Single-valued neutrosophic graphs [45,/582].

o Bipartite single-valued neutrosophic graphs [583].

¢ Single-valued neutrosophic hypergraphs.

o Single-valued neutrosophic signed graphs [584].

» Single-valued neutrosophic signed digraphs [585].
 Single-valued pentapartitioned neutrosophic graphs [586].

o Bipolar single-valued neutrosophic graphs [587-589]. Related notions include bipolar

single-valued neutrosophic hypergraphs [590].
» Bipolar single-valued neutrosophic isolated graphs [591].
 Single-valued neutrosophic planar graphs [592].
o Single-valued co-neutrosophic graphs [593].
+ Single-valued neutrosophic line graphs [594].

¢ Regular single-valued neutrosophic hypergraphs [595].

o Regular single-valued neutrosophic graphs [596]. Related notions include irregular single-

valued neutrosophic graphs [597].
o Antipodal single-valued neutrosophic graphs [598|.
o Self-centered single-valued neutrosophic graphs [599|.
 Single-valued plithogenic graphs [600].

o Uniform single-valued neutrosophic graphs [601].

To compare single-valued neutrosophic graphs with plithogenic graphs in a mathematically faithful
way, it is convenient to use a single-valued plithogenic model in which the degree of appurtenance is

recorded for each admissible attribute value.

Definition 2.3.16 (Single-Valued Plithogenic Graph). Let
G*=(V,E)
be a crisp graph, let A be a finite set of attribute values, and let
c:AxA—]0,1]
be a contradiction function satisfying

c(AMA) =0 and e\ 1) = c(p, N) (A peA).

A single-valued plithogenic graph on G* is a tuple
PG = (uEaAvdV7dEvc)7

where

dy : V x A —10,1] and drg : Ex A —[0,1]

are the vertex and edge degree-of-appurtenance functions, respectively.

For each A € A, the quantities dy (x,\) and dg(e, \) describe the single-valued appurtenance of the

vertex x and the edge e with respect to the attribute value .

Depending on the chosen model, one may impose additional compatibility conditions between the

vertex and edge appurtenance functions. A basic example is

dE({I7y}7>‘) < min{dV(xa A)vdV(yaA)} for all {xay} € Ea AeA.
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With this formulation, the relationship between single-valued neutrosophic graphs and single-valued
plithogenic graphs becomes transparent.

Theorem 2.3.17. FEwvery single-valued neutrosophic graph can be represented as a single-valued
plithogenic graph.

Proof. Let
G =(A,B)

be a single-valued neutrosophic graph on the crisp graph
G*=(V.E),

where
A= (Ta,Ia,Fa) and B =(Tp,Ip,Fp).

Define
A={T,I,F}.

Interpret the three attribute values T', I, and F as truth, indeterminacy, and falsity, respectively.

Next, define the vertex appurtenance function
dviVXA—>[O,1]

by
dv(z,T) = Ta(x), dv(z,I) = Ia(z), dv(z, F) = Fa(x)

for every z € V.

Similarly, define the edge appurtenance function
dg: ExA—[0,1]

by
dg(e,T) =Tg(e), dg(e,I) =1Ip(e),  dg(e, F) = Fp(e)

for every e € E.

Finally, define a contradiction function
c:AxA—]0,1]

by
c(AMA) =0 for all A € A,

and choose any symmetric values in [0, 1] for ¢(A, ) when A # u. Then c is reflexive on the diagonal
and symmetric.

Hence
PG: (KEaAvdV7dEvc)

is a single-valued plithogenic graph. Moreover, the original neutrosophic data are recovered exactly
from PG by reading the appurtenance values corresponding to the three attribute values T', I, and F'.
Therefore, every single-valued neutrosophic graph can be represented as a single-valued plithogenic
graph. O



Chapter 2. Preliminaries and Definitions

2.3.6 Interval-Valued Uncertain Graphs

An interval-valued uncertain graph is a graph in which the uncertainty assigned to vertices and edges
is expressed by intervals rather than by single numerical values. Such models are useful when the
available information is not precise enough to determine a unique membership value. A representative
example is the interval-valued neutrosophic graph, which has been studied in a variety of contexts
[602,(603].

Definition 2.3.18 (Interval-Valued Neutrosophic Graph). [602,/603] Let
G* = (V,E)

be a crisp graph. An interval-valued neutrosophic graph on G* is a pair
G =(4,B),

where
A= (Ta,Ia,Fa)

is an interval-valued neutrosophic set on V', and
B = (TB,IB,FB)
is an interval-valued neutrosophic set on E, with
Ta(v) = [Tk (), T{ (v)], Ta(v) =[I5(v), I5(v)], Fa(v) = [Fk(v), F§ (v)]
for each v € V, and
Tp(e) = [T5(e), T (e)l, In(e) =1I5(e) I5(e)l, Frle) = [Fg(e), Fg (e)]

for each e € FE.

These intervals satisfy
0<Th() <T{(v) <1,  0<If(v) <I{(w) <1, 0<Fi(v) < F{(v) <1,
and similarly for the edge functions. In addition, for every v € V,
0 < Tx(v) + Ik (v) + Fi(v) <3,

and for every edge e = {u,v} € E, one typically requires

Th(e) < min{Th(u), Tk ()}, TH(e) < min{T¥ (u), 7Y (0)},

I5(e) > max{If(u), I5(v)},  I5(e) > max{Iy(u),I{(v)},
Fi(e) 2 max{Ff (u), F{(v)},  Fp(e) > max{F} (u), F{ (v)}.

Remark 2.3.19 (Representative graph classes related to interval-valued uncertain graphs). Repre-
sentative related classes include the following.

o Interval-valued neutrosophic graphs [602]: Interval-valued versions of neutrosophic graphs.
Related concepts include strong interval-valued neutrosophic graphs [604].

o Interval complex neutrosophic graphs [99,605): Interval-valued versions of complex neu-
trosophic graphs.

o Bipolar interval-valued neutrosophic graphs [606]: Interval-valued bipolar versions of
neutrosophic graphs.
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o Interval-valued pentapartitioned neutrosophic graphs [99]: Related concepts include
interval-valued quadripartitioned neutrosophic graphs [607].

o Interval-valued fuzzy line graphs [608]: Line graph constructions in the interval-valued
fuzzy setting. Related notions include interval-valued bipolar fuzzy line graphs [609,/610] and
interval-valued neutrosophic line graphs [611].

o Interval-valued intuitionistic fuzzy graphs [612]: Interval-valued versions of intuitionistic
fuzzy graphs.

e Regular interval-valued intuitionistic fuzzy graphs [613]: Regularity notions in the
interval-valued intuitionistic fuzzy setting.

o Cayley interval-valued fuzzy graphs [614]: Cayley-type graph constructions with interval-
valued fuzzy memberships.

o Interval-valued fuzzy graphs [615].

o Balanced interval-valued fuzzy graphs [616].

o Complete interval-valued fuzzy graphs [617].

o Interval-valued picture fuzzy graphs [618].

o Antipodal interval-valued fuzzy graphs [619].

o m-polar interval-valued fuzzy graphs [620].

o Tempered interval-valued fuzzy hypergraphs [621].
o Irregular interval-valued fuzzy graphs [622].

o Self-centered interval-valued fuzzy graphs [623].

o Interval-valued intuitionistic (S,T)-fuzzy graphs [624]: Related notions include interval-
valued picture (S, T)-fuzzy graphs [625].

o Interval-valued Pythagorean fuzzy graphs [626,627).

o Interval-valued fuzzy trees [62§].

o Interval-valued Fermatean neutrosophic graphs [629}(630].
o Interval-valued Fermatean fuzzy graphs [630}/631].

« Isolated interval-valued neutrosophic graphs [632].

2.3.7 Bipolar Uncertain Graphs

A bipolar uncertain graph is a graph in which both positive and negative aspects of membership are
taken into account. Such models are useful when one wishes to represent not only the degree to which
a vertex or edge belongs to a structure, but also a counter-degree reflecting opposition or negative
influence. A standard example is the bipolar single-valued neutrosophic graph [633}/634].

Definition 2.3.20 (Bipolar Single-Valued Neutrosophic Graph). [633] Let V' be a nonempty set. A
bipolar single-valued neutrosophic graph on V is a pair

G = (B,R),

where B is a bipolar single-valued neutrosophic set on V' and R is a bipolar single-valued neutrosophic
relation on V.

More explicitly, for each vertex v € V,
B(U) = (TP(U)a IP(”)) FP(U)a TN(U)a IN(”)) FN(U))v

where
TP,IP,FP V- [0, 1]
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denote the positive truth-, indeterminacy-, and falsity-membership functions, and
TN,IN,FN V= [—1,0]

denote the corresponding negative truth-, indeterminacy-, and falsity-membership functions.

Similarly, for each ordered pair (b,d) € V x V,
R(b,d) = (TF(b. d), IE(b,d), FE(b,d), TH (b, d), If(b,d), F(b, d)).
and the following compatibility conditions are required:
TE®b,d) < Tp(b) ANTp(d),  IE(b,d) < Ip(b)Alp(d),  FE(b,d) < Fp(b)V Fp(d),

Txi(b,d) > T (b) V T (d), I§(b,d) > IN(b) V In(d),  Fg(b,d) > Fn(b) A Fn(d).

Thus, a bipolar single-valued neutrosophic graph records both positive and negative neutrosophic
information on vertices and edges.

Example 2.3.21 (A Bipolar Single-Valued Neutrosophic Graph). Let
V= {7}1, V2, ’Ug}.
Define the bipolar single-valued neutrosophic vertex set B by

B(v;) = (0.90,0.50,0.30, —0.70, —0.40, —0.60),
B(vs) = (0.80,0.60, 0.40, —0.60, —0.50, —0.70),
B(vs) = (0.70,0.40, 0.50, —0.80, —0.30, —0.50).

Thus, for example,

Tp(’U1> = 0.90, Ip(vl) = 0.50, Fp(Ul) = 0.30,
Tn(v1) = —=0.70,  In(v)) = —0.40,  Fn(v1) = —0.60.

Let the underlying crisp support graph be the path
G*=(V,E), E = {{v1,v2}, {v2,v3}}.
Define a symmetric bipolar single-valued neutrosophic relation R by

R(v1,v2) = R(va,v1) = (0.75,0.45,0.35, —0.55, —0.35, —0.65),
R(va,v3) = R(vs,v2) = (0.65,0.35,0.45, —0.50, —0.25, —0.60).

For all other distinct ordered pairs, set

R(Uia vj) = (07 Oa Oa 07 07 O)

For the edge {v1,v2}, the positive compatibility conditions are

TE(v1,v2) = 0.75 < min{0.90, 0.80} = 0.80,
IB(v1,v2) = 0.45 < min{0.50,0.60} = 0.50,
F&(v1,v9) = 0.35 < max{0.30,0.40} = 0.40.

The corresponding negative compatibility conditions are

TJ}\?(’UD UQ)
I (v1,v2)

Fi(v1,v2)

—0.55 > max{—0.70, —0.60} = —0.60,
—0.35 > max{—0.40, —0.50} = —0.40,
—0.65 > min{—0.60, —0.70} = —0.70.
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Similarly, for the edge {vs,v3}, we have
TE (vq,v3) = 0.65 < min{0.80,0.70} = 0.70,
IE (v, v3) = 0.35 < min{0.60, 0.40} = 0.40,
FR(ve,v3) = 0.45 < max{0.40,0.50} = 0.50,

and
TH(va,v3) = —0.50 > max{—0.60, —0.80} = —0.60,
IR (vg,v3) = —0.25 > max{—0.50, —0.30} = —0.30,
FE(vy,v3) = —0.60 > min{—0.70, —0.50} = —0.70.
Therefore,

G = (B,R)

is a well-defined bipolar single-valued neutrosophic graph. Since the relation data are symmetric, this
example represents an undirected bipolar single-valued neutrosophic graph.

A schematic representation is shown in Figure [2.17]

(Tn,In,Fn) = (—0.60,—0.50, —0.70)

B(v2)
(Tp,Ip, Fp) = (0.80,0.60,0.40)

R(v1,v2)=R(va2,v1)

Edge data (TE, I8, Ff) = (0.75,0.45,0.35)
I

(TH, I8, FE) = (—0.55, —0.35, —0.65)

R(v2,v3)=R(vs,v2)
I
(TE, 18, Ff) = (0.65,0.35,0.45),
(TE, I, FiY = (—0.50, —0.25, —0.60)

B(v1) B(vs)
Vertex data (Tp,Ip, Fp) = (0.90,0.50, 0.30) (Tp,Ip, Fp) = (0.70,0.40, 0.50)
(T, In, Fn) = (—0.70, —0.40, —0.60) (T, In, Fx) = (—0.80, —0.30, —0.50)

Figure 2.17: An undirected bipolar single-valued neutrosophic graph on the path P;. The blue
boxes contain the positive and negative neutrosophic vertex values, while the red boxes contain the

corresponding edge values.
Remark 2.3.22 (Representative graph classes related to bipolar uncertain graphs). Representative

related classes include the following.

» Bipolar fuzzy graphs [635,636].

o Strong bipolar fuzzy graphs [637]: Related concepts include semi-strong bipolar fuzzy
graphs [638].

o Product bipolar fuzzy graphs [639].

o Cubic bipolar fuzzy graphs [640,641).
« Antipodal bipolar fuzzy graphs [642].
» Cayley bipolar fuzzy graphs [643].

o Regular bipolar fuzzy graphs [644].

o Irregular bipolar fuzzy graphs [645].
o Bipolar anti fuzzy graphs [646|647].
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« m-polar fuzzy graphs [648].

« Bipolar picture fuzzy graphs [649].

» Bipolar hesitancy fuzzy graphs [650].

« Balanced bipolar fuzzy graphs [651].

» Bipolar fuzzy trees [652].

 Bipolar intuitionistic anti fuzzy graphs [653.654].

o Bipolar fuzzy competition graphs [655}/656].

« Bipolar single-valued neutrosophic graphs [633].

o Bipolar intuitionistic fuzzy competition graphs [657].

o Bipolar neutrosophic minimum spanning trees [658-660].
« Isolated bipolar single-valued neutrosophic graphs [661].
« Bipolar complex neutrosophic graphs [662].

« Bipolar single-valued neutrosophic Hamiltonian cycles [663].
o Neutrosophic bipolar vague graphs [664].

o m-polar neutrosophic graphs [665,6606).

2.3.8 Directed Uncertain Graphs

A directed graph is a graph in which each edge has an orientation, so that edges are represented by
ordered pairs of vertices. Directed versions of many uncertain graph classes have also been studied.

Remark 2.3.23 (Representative graph classes related to directed uncertain graphs). Representative
related classes include the following.

o Intuitionistic fuzzy directed hypergraphs [667].

o Intuitionistic fuzzy directed graphs [668|.

o Fuzzy directed graphs [669).

« Rough fuzzy directed graphs [670,671].

« Bipolar neutrosophic directed hypergraphs [672].
o Fuzzy directed Superhypergraphs [673]

o Neutrosophic directed Superhypergraphs [674]

o Picture fuzzy digraphs [675|.

o Pythagorean fuzzy digraphs [676./677].

o Spherical fuzzy digraphs [675].

o m-polar fuzzy digraphs [67§].

o Transitive fuzzy digraphs [679).

e Rough neutrosophic digraphs [680].

e Plithogenic directed graphs: Directed versions of plithogenic graphs.
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2.3.9 Uncertain Hypergraphs

A hypergraph is a generalization of a graph in which each edge, called a hyperedge, may connect any
number of vertices. Uncertain hypergraphs arise when uncertainty-aware information is attached to
vertices, hyperedges, or incidence relations. One of the most basic examples is the fuzzy hypergraph
[681L[682].

Definition 2.3.24 (Fuzzy Hypergraph). [681] A fuzzy hypergraph is a pair
H=(V.&),
where V is a finite set of vertices and
E={pe|e€E}
is a family of fuzzy subsets of V', that is, each hyperedge is given by a membership function
te : V= [0,1].

The value u.(v) represents the degree of participation of the vertex v in the hyperedge e.

The fuzzy incidence matrix M of H is defined by

M(e,v) = pe(v).

For a € [0, 1], the a-cut of H is the crisp hypergraph
H, = (Vaa Ea)a

where
Va={veV|pu(v)>aforsomeecE},

and
Eo={{veV|pc(v)>a}lecE}.

Example 2.3.25 (A Fuzzy Hypergraph and Its a-Cut). Let
V - {U17 V2,03, V4, U5}

be the vertex set, and let
E = {ltess Hes }

consist of two fuzzy hyperedges. Define
Hey s ey - V— [07 1]

by
fey (01) = 0.90,  pe, (v2) = 0.70,  pe, (v3) = 0.40, pe, (v4) = 0.10, pe, (v5) = 0.00,
fe, (V1) = 0.20,  pe, (v2) = 0.60, pe, (v3) = 0.80, pe, (v4) = 0.75,  pe, (vs) = 0.30.

Equivalently, the fuzzy hyperedges may be written as

e, = {0.90 0.70 0.40 0.10 0.00}
e — -

) )

v V2 | wg  v4 | Us

and

) 9 ? )

~/0.20 0.60 0.80 0.75 0.30
Hea = vy ve | wg  va | vy |
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The fuzzy incidence matrix of

= (Va €)

M= 0.90 0.70 0.40 0.10 0.00
~\0.20 0.60 0.80 0.75 0.30

where the rows correspond to ej,es, respectively, and the columns correspond to wvi,vs,v3, v4, Vs,
respectively.

Now let
« = 0.60.

The a-cut of the first fuzzy hyperedge is
(e1)o.c0 = {v € V| pre, (v) 2 0.60} = {v1, v2},

while the a-cut of the second fuzzy hyperedge is

(e2)0.60 = {v € V| pe, (v) > 0.60} = {wa, v3,v4}.

Consequently,
Vo.so = {v1,v2,v3,v4}

and
Eo.60 = {{v1,v2}, {va,v3,04} }.

Therefore, the 0.60-cut is the crisp hypergraph

Ho.e0 = ({v1,v2,v3,v4}, {{v1,v2}, {va, v, v4} }) .

A schematic representation of the fuzzy hyperedges and the corresponding 0.60-cut is shown in Fig-

ure 218

Fuzzy-hyperedge membership layers 0.60-cut hypergraph
Eel)O.GO
vy, v}
N
0.90 0.70 0.40 0 10 0.00
J a=0.60
i >
0.20 0.60 0.80 0. 75 0.30 ( (€2)o.60
) Vo, V3, V4 }

Figure 2.18: A fuzzy hypergraph with two fuzzy hyperedges and its crisp 0.60-cut. The numerical
values below the vertices in the left-hand panel are their membership degrees in the corresponding
fuzzy hyperedges.

Remark 2.3.26 (Representative graph classes related to uncertain hypergraphs). Representative
related classes include the following.

o Fuzzy hypergraphs [681//682]: Related concepts include Pythagorean fuzzy hypergraphs [683].
o Intuitionistic fuzzy hypergraphs [684,685].

» Bipolar fuzzy hypergraphs [686]: Related concepts include bipolar fuzzy competition hy-
pergraphs [687].
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« Bipolar fuzzy directed hypergraphs [688].

o m-polar fuzzy hypergraphs [689].

o Neutrosophic hypergraphs [690].

« Bipolar neutrosophic hypergraphs [691].

o Picture fuzzy directed hypergraphs [575|.

o Interval-valued fuzzy hypergraphs [621].

o Interval-valued picture fuzzy hypergraphs [692|.
o Fuzzy soft competition hypergraphs [693].

o Plithogenic hypergraphs [549,/694].

2.3.10 Uncertain Superhypergraphs

A superhypergraph is a set-based higher-order generalization of a hypergraph. In this framework, a
supervertex may itself consist of several elements of an underlying ground set, while a superhyperedge
may connect an arbitrary collection of such supervertices. An uncertain superhypergraph combines
this higher-order structure with an uncertainty-aware framework by assigning appropriate fuzzy,
neutrosophic, plithogenic, or related uncertainty information to its supervertices and superhyperedges
[480.,/695).

Definition 2.3.27 (Superhypergraph). Following [480|, let V be a nonempty ground set. A super-
hypergraph is an ordered pair

SHG = (V, &),
where
p£VCPWV)\{0}
and
ECPV)\{0}.

Each element X € V is called an SHG-vertex or supervertez. A supervertex may be a singleton
{v}, representing an ordinary ground vertex, or a non-singleton subset of V, representing a group of
ground elements. Each element

Eec€&

is called an SHG-edge or superhyperedge; thus, E is a nonempty set of supervertices.

An ordinary hypergraph is recovered when every supervertex is a singleton, that is,
Vz{{v}|v€V},

after identifying each singleton {v} with v. An ordinary graph is obtained when, in addition, every
superhyperedge contains exactly two supervertices. Hence, superhypergraphs provide a common
framework encompassing graphs, hypergraphs, and more general set-based higher-order interaction
structures.

An uncertain superhypergraph is obtained by equipping the supervertices and superhyperedges of a
superhypergraph with uncertainty information subject to the admissibility conditions of the adopted
uncertainty model. Depending on the selected framework, such information may consist of fuzzy mem-
bership degrees, neutrosophic truth-indeterminacy—falsity values, plithogenic appurtenance degrees,
or other generalized uncertainty data.
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Remark 2.3.28 (Representative classes of uncertain superhypergraphs). Representative classes re-
lated to uncertain superhypergraphs include the following:

e Fuzzy superhypergraphs, in which fuzzy membership degrees are assigned to supervertices
and superhyperedges [477./696].

e Neutrosophic n-superhypergraphs, in which truth-membership, indeterminacy-membership,
and falsity-membership information is incorporated into an m-level superhypergraph struc-
ture [480].

o Plithogenic n-superhypergraphs, in which multi-attribute appurtenance degrees and con-
tradiction degrees are incorporated into an n-level superhypergraph framework [714480,697./698].

2.3.11 Uncertain Multigraphs

A multigraph is a graph in which multiple edges between the same pair of vertices are allowed
[475,/699]. An uncertain multigraph is an uncertainty-aware extension of this notion, obtained by
attaching fuzzy, intuitionistic fuzzy, neutrosophic, or other uncertainty-based information to vertices,
edges, or both. We first recall the classical definition of a multigraph [700}/701].

Definition 2.3.29 (Multigraph). [699] A multigraph is a triple
G = (V,E,0),

where

e V is a set of vertices,
e FE is a set of edges,

e 0: F — {{z,y} | z,y € V} is an endpoint map assigning to each edge an unordered pair of
vertices.

If distinct edges e1, es € E satisty
8(61) = 8(62),

then e; and es are called parallel edges. Depending on the adopted convention, loops may or may not
be allowed.

Remark 2.3.30 (Representative graph classes related to uncertain multigraphs). Representative
related classes include the following.

o Intuitionistic fuzzy multigraphs [702|: Multigraph extensions of intuitionistic fuzzy graph
structures; see also related developments in intuitionistic multifuzzy settings [703-705].

o Multi-fuzzy graphs [706-708]: Graph models based on multi-fuzzy set structures.

o Inverse fuzzy multigraphs [709].
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2.3.12 Product Uncertain Graphs

Graph products are fundamental constructions in graph theory and have been studied extensively
in both classical and uncertainty-aware settings [710-712]. We first recall several standard graph
products.

Definition 2.3.31 (Product Graphs). Let
G =WV, Ey) and Gy = (Va, E»)

be graphs.

1. Cartesian product. The Cartesian product G1[JG5 has vertex set
V(G1|:|G2) = V1 X V27
and two distinct vertices (u1,us) and (vy,vs) are adjacent if and only if

(u1 = v and {ug,v2} € E2) or (ug = vy and {uj,v1} € El).

2. Tensor product (Kronecker product). The tensor product G; x Gy has vertex set V; x Vs,
and (u1,u9) is adjacent to (v1,vs) if and only if

{ur,v1} € By and {ua,v2} € Es.

3. Strong product. The strong product G1 X G2 has vertex set V1 X Va, and (u1, ug) is adjacent
to (v1,v2) if and only if
(u1 = v and {us,v2} € Eg)

or
(uz = vy and {uy,v1} € El)

or
({Ul,’l)l} € E1 and {UQ,’UQ} € EQ)

4. Lexicographic product. The lexicographic product G1[G2] has vertex set V4 x Vo, and (u1, ug)
is adjacent to (v1,v9) if and only if
{ur,v1} € By

or
(u1 = vy and {ug,ve} € Eg).

Example 2.3.32 (Cartesian, Tensor, Strong, and Lexicographic Products). Let
Gi1 = (W1, Er)
be the complete graph Ko, where
Vi = {a,b}, E = {{a,b}},

and let
Gy = (Va, Es)

be the path Ps, where
Vo ={1,2,3}, E, = {{1,2},{2,3}}.

Every product considered below has the common vertex set

Vi x Vo = {(a,1), (a,2), (a,3), (b,1),(b,2),(b,3)}.
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For convenience, write

ai=(a,i) and b = (bi), i€ {1,2,3}.

Cartesian product. The edge set of G100G5 is

ED = {{al,ag}, {CLQ, CL3}, {bl, bg}, {b2, bg},
{al, bl}, {ag, bg}, {ag,bg}}.

Thus, G10Gs is the ladder graph with three rungs.

Tensor product. The edge set of G; x G2 is

E>< = {{a17 b2}7 {G/Q, b1}7 {a/Qa b3}7 {a/?n b2}}
Consequently, G; X G2 consists of the two disjoint paths

a1 — by — as and b1 —as — bs.

Strong product. The strong product contains all Cartesian-product edges and all tensor-product
edges. Hence,
FEx=FEqUE.

Equivalently, each of
{ai,a2,b1,b2}  and  {ag,as3,ba,b3}

induces a complete graph Kj.

Lexicographic product. Since {a,b} € E, every vertex whose first coordinate is a is adjacent to
every vertex whose first coordinate is b. Moreover, each of the two copies indexed by a and b induces

a copy of P3. Therefore,
Ej = {{a1, a2}, {az, as}, {b1, b2}, {b2, b3} }
U{{ai,b;} 1 <4,j <3}
Thus,
Gy [GQ} = Py V Py,

the join of two copies of Ps.

The factor graphs and their four products are illustrated in Figure [2.19

Remark 2.3.33 (Representative graph classes related to product uncertain graphs). Representative
related classes include the following.

o Intuitionistic product fuzzy graphs [713]: Product constructions in the intuitionistic fuzzy
setting.

o Product fuzzy graphs [714}[715]: Product constructions of fuzzy graphs.
o Product bipolar fuzzy graphs [639]: Product constructions of bipolar fuzzy graphs.
o Anti-product fuzzy graphs [716]: Product-type constructions for anti-fuzzy graph models.

o Plithogenic product fuzzy graphs [717,718]: Product graph constructions in the plithogenic
fuzzy setting.
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Factor graph G = K> Factor graph G, = P;

‘H a,b} € El.ﬂ : 1 : 3 :

Cartesian product G10G2 Tensor product G; X G2

Ladder graph

Strong product G; X G2 Lexicographic product G1[G2]

Cartesianl edges plus diagonal tensor edges |!e join of tWo copies 0! I3

Figure 2.19: The factor graphs G; = Ks and G2 = Ps, together with their Cartesian, tensor, strong,
and lexicographic products. In the strong-product panel, dashed edges are the additional tensor-
product edges. In the lexicographic-product panel, light edges join every vertex in the upper copy of
Pj to every vertex in the lower copy.
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2.3.13 Incidence Uncertain Graphs

Incidence graphs describe the relationship between vertices and edges by explicitly recording which
vertices are incident with which edges. Uncertainty-aware versions of incidence graphs have also been
studied in several frameworks [719,720].

Definition 2.3.34 (Fuzzy Incidence Graph). Let V be a nonempty set of vertices, let E be a
nonempty set of edges, and let
ICVXE

be an incidence relation. An ordered pair (v,e) € I indicates that the vertex v is incident with the
edge e.

A fuzzy incidence graph is a sextuple
g = (V:E’I’O’,M7L)’

where
o:V —10,1], w: B —10,1], v: I —10,1].

Here, o(v), u(e), and ¢(v, e) denote, respectively, the membership degrees of the vertex v, the edge e,
and the incidence pair (v, e).

These membership functions are required to satisfy
(v, €) < min{o(v), pu(e)} for every (v,e) € I.

The triple
(V.E,I)

is called the underlying crisp incidence structure of G.

Example 2.3.35 (A Fuzzy Incidence Graph). Let
V= {1)171}2,’03} and E = {61,62},

where
e1 = {v1,v2}, ex = {v2,v3}.

The corresponding incidence relation is

I = {(vl,el), (va,€1), (va, €2), (v3, 62)}.

Define the vertex-membership function
o:V —10,1]

by
o(v1) = 0.90, o(v2) = 0.80, o(vs) = 0.70.

Define the edge-membership function
p: E—1[0,1]

by
u(er) = 0.75, p(e2) = 0.65.

Finally, define the incidence-membership function

t: I —0,1]
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by
t(v1,e1) =0.70, t(ve,e1) =0.72,

t(va,e2) = 0.60, w(vs,ez) =0.62.

The compatibility condition is satisfied for every incidence pair. Indeed,

(v1,1) = 0.70 < min{0.90,0.75} = 0.75,
t(vg,e1) = 0.72 < min{0.80,0.75} = 0.75,
( )=20
( )=0

.60 < min{0.80,0.65} = 0.65,
62 < min{0.70,0.65} = 0.65.

Therefore,
g = (‘/,E7I7O',,U,L)

is a well-defined fuzzy incidence graph.

The underlying graph and its fuzzy incidence representation are shown in Figure [2.20

Fuzzy incidence representation

Vertex objects Edge objects

=0.70
U ; o(vi) = 0.90 t(v1,e1)
nderlying graph - o
/

t(va,e1) =0.72

e1, pler) =0.75 o(vz) = 0.80

— t(va, e2) = 0.60

OO0 —

€2 pn(e2) = 0.65
ez, p(ez) =0.65 o(vg) =0.70 v(v3, ez) = 0.62
o(v1) = 0.90 o(vz) = 0.70

o(v2) = 0.80

Figure 2.20: A fuzzy incidence graph based on the path P;. In the right-hand panel, circles represent
vertices, rectangles represent edges, and the connecting lines represent incidence pairs. Each vertex,
edge, and incidence pair is labeled with its corresponding membership degree.

Remark 2.3.36 (Representative graph classes related to incidence uncertain graphs). Representative
related classes include the following.

o Fuzzy incidence graphs [719}720].
 Intuitionistic fuzzy incidence graphs [721l[722].
o Picture fuzzy incidence graphs [723].

o Bipolar fuzzy incidence graphs [724].

o Directed fuzzy incidence graphs |725].

o Neutrosophic incidence graphs [726}/727]. Related concepts include neutrosophic bipolar
vague incidence graphs [728] and neutrosophic vague incidence graphs [729].

o Interval-valued neutrosophic incidence graphs [730].
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2.3.14 Complex Uncertain Graphs

Complex uncertain graphs are graph models in which uncertainty information is represented by
complex-valued membership data. Such models are useful when both magnitude and phase infor-
mation must be incorporated. A representative example is the complex intuitionistic fuzzy graph
[731H733].

Definition 2.3.37 (Complex Intuitionistic Fuzzy Graph). [731H733] A complex intuitionistic fuzzy
graph is a quadruple
G = (V7 E7 X7 Y)7

where

e V is the vertex set,
e ECV xV is the edge set,
e X is a complex intuitionistic fuzzy set on V,

e Y is a complex intuitionistic fuzzy set on F.

For each vertex v € V, the membership and non-membership values are of the form
mx (v)etex®) and nx (v)ex )
where
mx (v),nx(v) € [0,1], ax (v), Bx(v) € ]0,27],

and
0<mx()+nx(v) <1.

Similarly, for each edge ¢ = (u,v) € E, the membership and non-membership values are of the form
my (e)et® (¢ and ny (e)e#v (€
with
my (€) < min{mx (u),mx(v)},  ny(e) <max{nx(u),nx(v)},
and
0 <my(e)+ny(e) <1

Remark 2.3.38 (Representative graph classes related to complex uncertain graphs). Representative
related classes include the following.

o Complex fuzzy graphs [734}[735].
o Bipolar complex intuitionistic fuzzy graphs [736].

o Complex intuitionistic fuzzy graphs |731]. Related concepts include complex ¢-intuitionistic
fuzzy graphs [737).

o Complex picture fuzzy graphs [559).

o Complex Pythagorean fuzzy planar graphs [738]. Related concepts include complex
Pythagorean fuzzy threshold graphs |739] and complex Pythagorean Dombi fuzzy graphs [740].

o Complex hesitant fuzzy graphs [741}742].

o Complex neutrosophic graphs [743|744]. Related concepts include complex t-neutrosophic
graphs [745] and complex Fermatean neutrosophic graphs [746].

« Bipolar complex neutrosophic graphs [662].

» Regular complex neutrosophic graphs [747].

o Interval-valued complex neutrosophic graphs [99,/605].
o Interval-valued complex fuzzy graphs [748,|749].

o Complex neutrosophic hypergraphs [750].
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2.3.15 Refined Uncertain Graphs

Refined sets and refined graph structures have attracted increasing attention in recent years |751-754].
One important example is the restricted refined plithogenic graph [550].

Definition 2.3.39 (Restricted Refined Plithogenic Graph). [550] Let
G = (V,E)
be a crisp graph. A restricted refined plithogenic graph is a pair
RRPG = (RPM, RPN),

where
RPM = (M, a, A, d\", 7 s, 7)

is the restricted refined plithogenic vertex structure and
RPN = (N,B8,T,d%, {7 s r)

is the restricted refined plithogenic edge structure, satisfying the following conditions.

e M CV is the set of vertices.
e N C F is the set of edges.
e « and (8 are attributes associated with vertices and edges, respectively.

e A and I' are the corresponding sets of admissible attribute values.

i) : M x A — [0,1)5%"

is the restricted refined degree-of-appurtenance function for vertices.

A A X A= [0,1)P%7

is the restricted refined contradiction function for vertices.

d N xT = [0,1]°*"

is the restricted refined degree-of-appurtenance function for edges.

AT X T = [0, 107
is the restricted refined contradiction function for edges.
e s denotes the number of uncertainty components.

e 1 denotes the number of refinements or splits assigned to each component.

Remark 2.3.40 (Representative graph classes related to refined uncertain graphs). Representative
related classes include the following.

o Refined fuzzy graphs [550].

e Refined intuitionistic fuzzy graphs [550].
e Refined neutrosophic graphs [550].

o Refined plithogenic graphs [550].
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2.3.16 General Uncertain Graphs

General uncertain graphs are graph models obtained by relaxing some of the structural constraints
imposed in fuzzy graphs, intuitionistic fuzzy graphs, and neutrosophic graphs [550,755,756]. For
example, a general fuzzy graph may be defined as follows.

Definition 2.3.41 (General Fuzzy Graph). [756] Let V' be a nonempty set. A general fuzzy graph
on V is a pair

G= (Uv /f')v

where
c:V —=10,1]

is a fuzzy subset of V', and
w:VxV —=]0,1]

is a fuzzy subset of V' x V.

Unlike the standard notion of a fuzzy graph, no compatibility condition of the form
u(u,v) < min{o(u), o(v)}

is required. Thus, the edge membership values are allowed to vary independently of the membership
values of their incident vertices.

Remark 2.3.42 (Representative graph classes related to general uncertain graphs). Representative
related classes include the following.

o General weak fuzzy graphs [756]: Weak variants of general fuzzy graphs.

o General intuitionistic fuzzy graphs [550755]: Generalized graph models in the intuitionistic
fuzzy setting.

o General neutrosophic graphs [550,/755]: Generalized graph models in the neutrosophic
setting.

o General plithogenic graphs [550]: Generalized graph models in the plithogenic setting.

2.3.17 Regular and Irregular Uncertain Graphs

We next recall the classical notions of regularity and irregularity. These notions have also been studied
extensively in many uncertainty-aware graph settings(cf. [757],/758]).

Definition 2.3.43 (Regular Graph). A graph
G=(V,E)
is called regular if every vertex of G has the same degree. More precisely, G is called k-regular if

deg(v) =k for all v € V,

where k is a nonnegative integer.

Definition 2.3.44 (Irregular Graph). A graph
G = (V,E)
is called irregular if it is not regular. Equivalently, there exist vertices u,v € V such that

deg(u) # deg(v).
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Remark 2.3.45 (Representative graph classes related to regular and irregular uncertain graphs).
Representative related classes include the following.

e Regular neutrosophic graphs [759]: Regular versions of neutrosophic graphs.
o Irregular neutrosophic graphs [760l[761]: Trregular versions of neutrosophic graphs.
o Irregular fuzzy graphs [762]: Irregular versions of fuzzy graphs.

o Irregular intuitionistic fuzzy graphs [763|: Irregular versions of intuitionistic fuzzy graphs.
Related concepts include m-neighbourly irregular intuitionistic fuzzy graphs [764].

o Edge-regular intuitionistic fuzzy graphs [765]: Edge-regular variants of intuitionistic fuzzy
graphs. Related concepts include edge-regular intuitionistic fuzzy m-polar graphs [766], R-
edge-regular intuitionistic fuzzy graphs [767], and perfectly edge-regular intuitionistic fuzzy
graphs [768].

o Edge-irregular intuitionistic fuzzy graphs [769]: Edge-irregular variants of intuitionistic
fuzzy graphs.

o Line-regular fuzzy semigraphs [770]: Fuzzy semigraphs in which all edges have the same
line degree.

2.3.18 Other Uncertain Graph Classes

We conclude with a brief overview of several other uncertain graph classes. The following list is only
illustrative; many additional classes have been introduced, and new ones continue to appear.

Remark 2.3.46 (Other representative uncertain graph classes). Examples include the following.

e Perfect graphs: A graph is perfect if, for every induced subgraph, the chromatic number
equals the clique number. Related concepts include perfect fuzzy graphs |771], perfect bipolar
fuzzy graphs [772], and perfect intuitionistic fuzzy graphs [773].

e« Complete graphs: A graph is complete if every pair of distinct vertices is adjacent. Related
concepts include complete interval-valued fuzzy graphs [617] and complete bipartite fuzzy graphs
[774].

e Planar graphs: A graph is planar if it can be drawn in the plane without edge crossings.
Related concepts include intuitionistic fuzzy planar graphs [775|, fuzzy planar graphs [776],
neutrosophic outerplanar graphs, and fuzzy outerplanar graphs [777].

e Vague graphs: A vague graph extends a fuzzy graph by associating vagueness with both
vertices and edges |778|. It arises from combining vague set theory [779H781] with graph theory.
Related concepts include neutrosophic vague line graphs [605], irregular vague graphs [782],
neutrosophic vague graphs [664.783|, neutrosophic bipolar vague line graphs [784], neutrosophic
bipolar vague incidence graphs |785], and neutrosophic vague soft graphs [786].

o Soft graphs: Soft graphs combine soft set theory [487.|787] with graph theory, providing
a flexible framework for uncertain and imprecise relations [489}/498]. Related concepts include
neutrosophic soft rough graphs [788], fuzzy soft graphs [789], quadripartitioned neutrosophic soft
graphs [556], bipolar fuzzy soft graphs [790], intuitionistic fuzzy soft graphs |791], intuitionistic
fuzzy soft expert graphs [792], interval-valued neutrosophic soft graphs [793], Pythagorean fuzzy
soft graphs [794], Pythagorean Dombi fuzzy soft graphs [795], picture fuzzy soft graphs [500],
neutrosophic soft graphs [796], and @-neutrosophic soft graphs [797].

« Rough graphs: Rough graphs use rough set theory [483,798] to represent uncertainty by lower
and upper approximations of graph structures [799,[800]. Related concepts include neutrosophic
soft rough graphs [788], intuitionistic fuzzy rough graphs [801], rough neutrosophic digraphs
[680], neutrosophic hypersoft graphs [802,[803], soft rough neutrosophic influence graphs [804],
and rough fuzzy digraphs [805}806].
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e Spanning trees: A spanning tree is a cycle-free connected spanning subgraph of a graph
[807,1808]. Related concepts include fuzzy minimum spanning trees [809H811], intuitionistic
fuzzy minimum spanning trees [812], single-valued neutrosophic minimum spanning trees [813],
and neutrosophic minimum spanning tree graphs [814].

o Labelling graphs: Classical graph labeling assigns labels, usually integers, to vertices or edges
under specified rules [815,/816]. Related concepts include fuzzy labeling graphs [817,818], intu-
itionistic fuzzy labeling graphs [8194820], spherical fuzzy labeling graphs [821], hesitancy fuzzy
magic labeling graphs [822], m-polar fuzzy labeling graphs [823], neutrosophic fuzzy magic
labeling graphs [824], Pythagorean neutrosophic fuzzy labeling graphs [825], cactus fuzzy la-
beling graphs [826], fuzzy edge-magic total labeling graphs [827], and picture fuzzy labeling
graphs [828,/829].

e Threshold graphs: Threshold graphs are constructed by repeatedly adding either an isolated
vertex or a dominating vertex, and they admit several equivalent characterizations. Related
concepts include fuzzy threshold graphs [830], intuitionistic fuzzy threshold graphs [831], picture
Dombi fuzzy threshold graphs [832], complex intuitionistic fuzzy threshold graphs [833], complex
Pythagorean fuzzy threshold graphs, m-polar fuzzy threshold graphs, Fermatean fuzzy threshold
graphs [833], neutrosophic fuzzy threshold graphs [834], and picture fuzzy threshold graphs [835].

e« Mixed graphs: Mixed graphs contain both directed and undirected edges and are useful for
modeling systems with different types of interactions [836,(837]. Related concepts include mixed
fuzzy graphs [838-840], inverse fuzzy mixed planar graphs [841], inverse neutrosophic mixed
graphs [842], and inverse fuzzy mixed graphs [843844].

e Hesitant graphs: Hesitant fuzzy graphs introduce the idea of hesitation into graph-based
uncertainty models [845]846]. Related concepts include complex hesitant fuzzy graphs [742],
constant hesitancy fuzzy graphs [847], bipolar hesitancy fuzzy graphs [848,849|, hesitancy fuzzy
magic labeling graphs [822], dual hesitant fuzzy graphs [850], regular hesitancy fuzzy soft graphs
[851], and hesitant fuzzy hypergraphs [555].

o Layered graphs: A layered graph is a graph in which the vertices are arranged in distinct
layers, and edges typically connect vertices in adjacent layers. Related concepts include double
layered fuzzy graphs [852], triple layered fuzzy graphs [853], double layered neutrosophic graphs
[755], and triple layered neutrosophic graphs [755].

o Pythagorean graphs: A Pythagorean fuzzy graph is a fuzzy graph in which the membership
and non-membership values satisfy the condition

p(@)’ + v(a)? <1

for all relevant vertices and edges. This allows a wider admissible range than ordinary intu-
itionistic fuzzy constraints. Related concepts include Pythagorean co-neutrosophic graphs [854],
Pythagorean fuzzy soft graphs [794], and Pythagorean fuzzy graphs [855].

o Spherical graphs [675,856]: Spherical fuzzy graphs model uncertainty using truth, abstinence,
and falsity values subject to spherical-type constraints. Related concepts include T-spherical
fuzzy graphs [856), spherical fuzzy labeling graphs [857], spherical fuzzy digraphs [577], T-
spherical fuzzy Hamacher graphs [858|, regular spherical fuzzy graphs [859], spherical fuzzy
cycle graphs [860], spherical fuzzy tree graphs [860], pseudo-regular spherical fuzzy graphs [861],
and spherical neutrosophic graphs [862].

e« Weighted graphs: A weighted graph is a graph in which numerical weights are assigned to
edges or vertices. Related concepts include fuzzy weighted graphs [863,864].

2.4 Unified Definition of Uncertain Graphs
(New in This Book)

So far, we have considered various uncertainty-aware graph concepts. There is also a more general
notion of an uncertain graph, which serves as a unifying framework for these models.
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An uncertain set assigns to each element a degree taken from a specified uncertainty model, thereby
unifying fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, and related frameworks [865]. Simi-
larly, an uncertain graph is a graph in which vertices and/or edges are equipped with degrees from
an uncertainty model, encompassing fuzzy graphs, intuitionistic fuzzy graphs, neutrosophic graphs,
plithogenic graphs, and many other extensions.

We first recall the notion of an uncertain model, which specifies the domain of admissible uncertainty
degrees.

Definition 2.4.1 (Uncertain Model). [865] Let U denote the class of all uncertain models. Each
M € U is specified by:

o a nonempty set Dom(M) C [0,1]* of admissible degree tuples, for some integer k > 1;
» model-specific algebraic or geometric constraints on elements of Dom(M);

e when M is used for graph structures, model-specific admissibility relations between vertex
degrees and edge degrees.

Typical examples include:

e Fuzzy model:
Dom(M) = [0, 1;

e Intuitionistic fuzzy model:

Dom(M) = {(u,v) € [0,1]* | p +v < 1};

e Neutrosophic model:

Dom(M) = {(T,I,F) € [0,1]> |0 < T+ 1+ F < 3};

e Plithogenic model, and many other extensions.

Definition 2.4.2 (Uncertain Set (U-Set)). [865] Let X be a nonempty universe, and let M be a
fixed uncertain model with degree-domain Dom(M) C [0, 1]*. An uncertain set of type M (or simply
a U-set) on X is a pair

U= (X, pum),

where
unr 2 X — Dom(M)

is called the uncertainty-degree function (or membership map) of U.

For each = € X, the value pps(z) € Dom(M) encodes the degree or degrees to which z belongs to
the uncertain set, according to the model M.

Remark 2.4.3. Important special cases include the following.

o If M is the fuzzy model with Dom(M) = [0, 1], then
par 2 X — [0, 1]

is an ordinary fuzzy membership function, and i is a fuzzy set.
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e If M is a neutrosophic model, then

defines a neutrosophic set.

e Other choices of M recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic sets, and
many further generalizations.

As noted above, many generalizations are possible. For reference, Table presents a catalogue
of uncertainty-set families (U-Sets), organized according to the dimension k of the degree-domain

Dom(M) C [0,1]* (cf. [74]).

Table 2.1: A catalogue of uncertainty-set families (U-Sets) by the dimension & of the degree-domain

Dom(M) C [0,1]% .

k note Representative U-Set model(s) whose degree-domain is a subset of [0, 17"
1 Fuzzy Set ; N-Fuzzy Set [866-368]; Shadowed Set [869-871]
2 Intuitionistic Fuzzy Set ; Vague Set ; Bipolar Fuzzy Set (two-

component description) [873|; Variable Fuzzy Set [874-876]; Paraconsistent Fuzzy

Set ; Bifuzzy Set

3 Single-Valued Neutrosophic Set ; Picture Fuzzy Set ; Spherical
Fuzzy Set ; Tripolar Fuzzy Set (three-component formalisms) [883H885|;
Neutrosophic Vague Set

4 Quadripartitioned Neutrosophic Set ; Double-Valued Neutrosophic Set
888|; Dual Hesitant Fuzzy Set [889]/890]; Ambiguous Set [8911893]; Turiyam Neu-

trosophic Set [894-897]

5 Pentapartitioned Neutrosophic Set m ; Triple-Valued Neutrosophic Set
[901H903|

6 Hexapartitioned Neutrosophic Set; Quadruple-Valued Neutrosophic Set \ \

7 Heptapartitioned Neutrosophic Set; Quintuple-Valued Neutrosophic Set [902,/905)

8 Octapartitioned Neutrosophic Set \

9 Nonapartitioned Neutrosophic Set \, \

n (n>1) Multi-valued (Fuzzy) Sets ; MultiFuzzy Set ; n-Refined Fuzzy Set \@
2n (n>1) n-Refined Intuitionistic Fuzzy Set ; Multi-Intuitionistic Fuzzy Set \\

3n (n>1) n-Refined Neutrosophic Set \@ ; Multi-Neutrosophic Set

Reading guide. In the U-set framework , each model M is determined by a degree-domain Dom(M) C [0, 1]*
together with a membership map ppr ¢ X — Dom(M). The table groups representative families according to the
ambient dimension k, that is, the number of numerical components assigned to each element.

(@) A widely cited viewpoint is that neutrosophic sets provide a broad unifying framework that includes many earlier
multi-component fuzzy models and their generalizations; see .

(®) Ambiguous sets are often described as subclasses of certain four-component neutrosophic families; see .
(e) Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see .

We now present the corresponding notion for graphs.

Definition 2.4.4 (Uncertain graph model). An uncertain graph model is a tuple
M = (DV(M)7DE(M)7AM)u

where Dy (M) and Dg(M) are nonempty sets of admissible vertex and edge degrees, respectively,
and
.AM - Dv(M) X Dv(M) X DE(M)

is a vertex—edge admissibility relation satisfying
(a,b,c) € App <= (bya,c) € Ay

Definition 2.4.5 (Uncertain graph of type M). Let G = (V,E) be a finite simple graph. An
uncertain graph of type M is a tuple

gM = (V;EHU'VHME)a
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where
‘LL\/:V—)D\/(M), ME:E—)DE(M),

and
(MV(U)v :U'V(U)v ME({uv U}>) € Aum

for every {u,v} € E.

Example 2.4.6 (An Uncertain Graph of Type M). We first specify an uncertain graph model
M = (Dy(M),Dg(M), An).

Let
Dy (M) ={04,0.6,0.8,1.0}, Dg(M)=1{0.2,04,0.6,0.8},

and define the admissibility relation by
A = {(a,b,¢) € Dy (M) x Dy(M) x Di(M) | ¢ < minfa, b} }.
Clearly,
(a7 b, C) € Ay = (b, a,c) € A,

so M is a valid uncertain graph model.

Now let
V = {v1,v9,v3,04}

and
E = {{Ul,’UQ}, {1)2,’03}, {U3,U4}}.

Thus, the underlying crisp graph is the path P;.

Define
wy : V. — Dy (M)
by
pv(v1) = 1.0, pv(ve) =08,  pv(vs) =0.6,  py(va) =038,
and define
ug : E— Dg(M)
by

pe({vi,v2}) =06,  pp({v,vs}) =04, e ({vs,va}) = 0.6.

We verify the admissibility condition for each edge:

(NV(U1)7NV(U2)7ME({UI;UQ})) = (1.0,0.8, 06) € .AM7

because
0.6 < min{1.0,0.8} = 0.8.
Similarly,
(IUV (U2)7 1247 (’U3)a ME({UQa U3})) = (087 067 04) € AM7
because
0.4 <min{0.8,0.6} = 0.6,
and
(NV(U3)7 /’('V(vll)a IU/E({U?M U4})) = (067 085 06) S AM7
because

0.6 < min{0.6,0.8} = 0.6.
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Uncertain graph model M

M = (Dv(M), Dg(M), Axr)
Dv(M) = {0.4,0.6,0.8,1.0},  Dg(M) = {0.2,0.4,0.6,0.8}
Ay = {(a,b,¢) € Dy (M) x Dy (M)xDg(M) | ¢ < min{a,b}}

4

A concrete uncertain graph of type M

/LE({’Ul,’UQ}) = 0.6 /,LE({Ug,U4}) = 0.6

U1 ’1)2\ V3 \ @
—/

ME({UQ,UB}) = 0.4
pv (v1) = 1.0 py (va) = 0.8
pv (v2) = 0.8 v (v3) = 0.6

Figure 2.21: An uncertain graph of type M. The upper panel specifies the uncertain graph model,
while the lower panel shows a concrete uncertain graph whose vertex and edge degrees satisfy the
admissibility relation Ay;.

Therefore,
Gu = (V,E, pv,up)

is an uncertain graph of type M.

A schematic representation is shown in Figure [2.21]

Remark 2.4.7 (Specializations of the Uncertain Graph Model). Particular choices of
M = (Dy(M),Dg(M), An)

recover many familiar uncertainty-aware graph models.

e For a fuzzy graph, one may take
Dy (M) = Dg(M) = [0,1]

and
Ay = {(a,b,¢) € 0,1]* | ¢ < min{a, b}}.

The corresponding vertex- and edge-membership functions are

py : V—0,1] and  pg:E—[0,1].

 Intuitionistic fuzzy graphs, neutrosophic graphs, plithogenic graphs, and many other uncertainty-
aware graph models are obtained by selecting the corresponding vertex-degree domain Dy (M),
edge-degree domain Dg (M), and admissibility relation Ajyy.
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o If a model involves additional information, such as interval structures, attribute-value systems,
or contradiction functions, such auxiliary data must be specified separately as part of the
corresponding uncertainty framework.

For convenience, Table presents a catalogue of representative uncertainty-graph families. Where
the degree domains admit finite-dimensional real-valued representations, the models may be organized
according to the ambient dimensions ky and kg, where

Dy(M)CRF  and  Dp(M)C Rz,
This formulation also accommodates models whose admissible degrees are not restricted to the interval

[0, 1], including certain bipolar uncertainty models.

Table 2.2: A catalogue of uncertainty-graph families (uncertain graphs) by the dimension k of the
degree-domain Dom(M) C [0, 1]*.

Representative uncertainty-graph type(s) Gasr = (V, E, iar) with pas : VUE — Dom(M) C [0, 1]

Fuzzy graph; N-graph; shadowed-graph variants

Intuitionistic fuzzy graph [81]; bipolar fuzzy graph [635]; intuitionistic evidence graph; variable

fuzzy graph; paraconsistent fuzzy graph; bifuzzy graph [914}915|

3 Neutrosophic graph [45](3); hesitant fuzzy graph [846E tripolar fuzzy graph; three-way fuzzy
graph; picture fuzzy graph [916,917]; spherical fuzzy graph [881]; inconsistent intuitionistic
fuzzy graph; ternary fuzzy / neutrosophic-fuzzy graph; neutrosophic vague graph

4 Quadripartitioned neutrosophic graph [918[919]; double-valued neutrosophic graph [887]; dual
hesitant fuzzy graph [920]; ambiguous graph (b) Jocal-neutrosophic graph; support-neutrosophic
graph; Turiyam neutrosophic graph |921|<°)

5 Pentapartitioned neutrosophic graph [99]; triple-valued neutrosophic graph

6 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph

7 Heptapartitioned neutrosophic graph [922]; quintuple-valued neutrosophic graph

8

9

n

N =

Octapartitioned neutrosophic graph
Nonapartitioned neutrosophic graph
n-refined fuzzy graph; multi-valued fuzzy graph; multi-fuzzy graph [923]
2n n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graph
3n n-refined neutrosophic graph; multi-neutrosophic graph
(2) Neutrosophic graph models are often regarded as broad frameworks capable of specializing to many degree-based

graph formalisms under suitable constraints.
() Ambiguous graph models are commonly presented as subclasses of certain quadripartitioned and double-valued

neutrosophic graph models.
(e) Turiyam neutrosophic graphs are reported as subclasses of certain quadripartitioned neutrosophic graph models.
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Chapter 3

Results on the Interaction Between Inter-
section Structures and Uncertainty

In this chapter, we study graph classes obtained by combining geometric intersection representations
with uncertainty-aware graph frameworks.

3.1 Neutrosophic Unit Square Graphs

Unit square graphs are intersection graphs of axis-parallel unit squares in the plane [159}/160]. We
begin with the classical definition.

Definition 3.1.1 (Unit Square Graph). A unit square graph is a graph G = (V, E) for which there
exists a family
S={S, CR?|veV}

of axis-parallel unit squares such that, for all distinct vertices u,v € V,
{u,v} e E < S,NS,#0.

In other words, G is the intersection graph of a family of axis-parallel unit squares.

We now introduce uncertainty-aware versions of unit square graphs.

Definition 3.1.2 (Fuzzy Unit Square Graph). A fuzzy unit square graph is a triple

G=(V,E;0,p),
where (V) E) is a unit square graph,
o:V —0,1]
is a vertex-membership function, and
w:E—[0,1]

is an edge-membership function satisfying
p({u,v}) < min{o(u),o(v)} for all {u,v} € E.

83
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Example 3.1.3 (A Fuzzy Unit Square Graph). Let
V= {Ula V2, U3}7
and associate with these vertices the following closed axis-parallel unit squares in R2:

Q1= [0,1] > [0, 1],

37 15
@ = [4’4] . [474}7
Qs = BZ] % [0,1].

Each square has side length 1. Moreover,

Q1NQ2 # 0, Q2NQs #0, Q1NQs=10.

Therefore, the corresponding unit square graph has edge set

E = {{Uhvg}, {1}271}3}}.

Define the vertex-membership function

o:V —10,1]
by

o(vy) = 0.90, o(vg) = 0.80, o(vs) = 0.70,

and define the edge-membership function

w:E—0,1]
by

/’L({’UDUQ}) = 075a M({U27U3}) = 0.60.

These values satisfy
p({vi,v2}) = 0.75 < min{0.90,0.80} = 0.80

and
w({va,v3}) = 0.60 < min{0.80,0.70} = 0.70.

Hence,
G=(V,E;o,n)

is a fuzzy unit square graph. A geometric representation and the corresponding fuzzy graph are
shown in Figure |3.1

Unit-square representation Associated fuzzv unit square graph
QE /.L({’Ul, ’UQ}) = O~,/~L({U27U3}) = 0.60
Q1 Q3
~ O—O0—0
o(v1) =0.90 o(v3z) =0.70
v, o(vz) = 0.80
QiNQ2 #0, Q:nNQs # 0,

Q1 NQs = 0

Figure 3.1: A fuzzy unit square graph. The left-hand panel shows three axis-parallel unit squares
whose intersections determine the underlying graph, while the right-hand panel shows the correspond-
ing vertex- and edge-membership values.
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Definition 3.1.4 (Intuitionistic Fuzzy Unit Square Graph). An intuitionistic fuzzy unit square graph
is a structure

G=(V,E;pv,vv, up, vE),
where (V) E) is a unit square graph,
py,vy 2V —[0,1], ue,ve : B —[0,1],

such that
0<pv@) +rvy(v) <1 forallv eV,

0<pgp(e)+vele) <1 forall e € E,

and for every edge e = {u,v} € E,

pe(e) < min{uy (u), py (v)},

vg(e) > max{vy (u), vy (v)}.
Definition 3.1.5 (Neutrosophic Unit Square Graph). A neutrosophic unit square graph is a structure

G=V,E;Ty,Iyv,Fy,Tg,Ig, Fg),
where (V) E) is a unit square graph,
Ty, Iy, Fy : V —[0,1], Tg,Ip, Fp: E—[0,1],

such that
0<Ty(w)+Iy(v)+ Fy(v) <3 forallv eV,

0<Tg(e)+ Ig(e)+ Fr(e) <3 for all e € E,
and for every edge e = {u,v} € E,
Tp(e) < min{Ty (u), Ty (v)},
Ig(e) > max{Iy(u), Iy (v)},
Fg(e) > max{Fy(u), Fy(v)}.

Definition 3.1.6 (Plithogenic Unit Square Graph). A plithogenic unit square graph is a plithogenic
graph
PGysc = (PM, PN)

whose underlying crisp graph is a unit square graph.

More precisely, let G = (V, E') be a unit square graph. A plithogenic unit square graph on G consists
of the following data:

e a plithogenic vertex structure
PM = (V,a, A, adf, aCf),

where « is a vertex attribute, A is the set of possible values of «,
adf : V. x A —[0,1]°

is the degree of appurtenance function for vertices, and
aCf: A x A — [0,1]*

is the degree of contradiction function for vertices;
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e a plithogenic edge structure
PN = (E, 8,T, bdf, bCf),

where  is an edge attribute, I' is the set of possible values of g,
bdf: ExT — [0,1]°

is the degree of appurtenance function for edges, and
bCf: T x T — [0,1]

is the degree of contradiction function for edges.

These functions satisfy the usual plithogenic compatibility conditions:

1. for every edge e = {u,v} € E,
bdf(e,v) < min{adf(u, \), adf(v, \")},

componentwise, whenever v € I' is induced from the corresponding vertex-attribute values

AN €A
2. for all admissible arguments,
aCf(A\, \) =0, aCf(\, \) = aCf(\', \),
bC(7,7) =0,  bCi(y,7") = bCf(y', 7).

Example 3.1.7. By choosing the parameter s, one obtains the following special cases.

e If s=t=1, then PGygsg is a plithogenic fuzzy unit square graph.
e If s=2andt =1, then PGygsg is a plithogenic intuitionistic fuzzy unit square graph.
o If s=3and t =1, then PGygg is a plithogenic neutrosophic unit square graph.

Proposition 3.1.8. Fvery plithogenic unit square graph is, in particular, a plithogenic graph whose
underlying crisp graph is a unit square graph.

Proof. This follows directly from the definition. O

Theorem 3.1.9. Every plithogenic unit square graph induces a classical unit square graph by forgetting
the plithogenic data.

Proof. Let
PGysg = (PM,PN)

be a plithogenic unit square graph. By definition, its underlying crisp graph
G = (V,E)

is a unit square graph. If we discard the plithogenic appurtenance and contradiction functions, then
only the vertex set V, the edge set E, and the corresponding unit-square representation remain.
Hence the resulting graph is exactly a classical unit square graph. O

Proposition 3.1.10. By specializing the number of appurtenance components, a plithogenic unit
square graph can be reduced to the usual uncertainty-aware unit square graph models.
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Proof. If one takes s =t = 1, one obtains the fuzzy case. If one takes s = 2 and t = 1, one obtains
the intuitionistic fuzzy case. If one takes s = 3 and ¢ = 1, one obtains the neutrosophic case. These
are immediate specializations of the plithogenic definition. O

Theorem 3.1.11. A plithogenic unit square graph is connected if and only if its underlying classical
unit square graph is connected.

Proof. A plithogenic unit square graph and its underlying classical unit square graph have the same
vertex set and the same edge set. The additional plithogenic data do not alter adjacency. Hence both
graphs have exactly the same paths, and therefore the same connectivity behavior. O

Theorem 3.1.12. FEvery induced subgraph of a plithogenic unit square graph is again a plithogenic
unit square graph.

Proof. Let
PGuse = (PM, PN)

be a plithogenic unit square graph with underlying unit-square representation
S={S,|veV}

Let V' C V, and consider the induced subgraph on V’. Then the family
S ={S,|veV’}

is again a family of axis-parallel unit squares, and the induced graph is exactly the intersection graph
of §&’. Restricting the plithogenic appurtenance and contradiction functions to the vertices and edges
of the induced subgraph yields the required plithogenic structure. Hence the induced subgraph is
again a plithogenic unit square graph. O

Corollary 3.1.13. Deleting a vertex and all of its incident edges from a plithogenic unit square graph
yields another plithogenic unit square graph.

Proof. This is an immediate consequence of the previous theorem, since vertex deletion produces an
induced subgraph. O

Remark 3.1.14. The class of unit square graphs is hereditary with respect to induced subgraphs,
but it is not, in general, closed under arbitrary complements. Therefore, one should not expect the
complement of a plithogenic unit square graph to remain a plithogenic unit square graph in full
generality.

Theorem 3.1.15. Let G be a plithogenic unit square graph. Then G contains no induced subgraph
isomorphic to K 5.

Proof. Since the plithogenic data do not affect adjacency, it is enough to prove the claim for the
underlying classical unit square graph.

Assume, for contradiction, that G contains an induced subgraph isomorphic to K; 5, with center v
and leaves wy, ..., ws. Let S, be the unit square corresponding to v, and let S,,, be the unit square
corresponding to w;.

After a translation, we may assume that the center of S, is the origin. Then every square S,
intersects S, so the center of each Sy, lies in the square

—1,1] x [-1,1].
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Moreover, since the leaves are pairwise nonadjacent in an induced copy of K; 5, the corresponding
unit squares Sy, are pairwise disjoint, and therefore the L.-distance between any two of their centers
is strictly greater than 1.

Now partition the square [—1, 1] x [—1, 1] into the four unit subsquares
[_1a0] X [—170]7 [_170] X [07 ]-]7 [01 ]-] X [_170]7 [07 ]-] X [07 1]

If two leaf centers belonged to the same subsquare, then their L..-distance would be at most 1, which
would imply that the corresponding unit squares intersect. This contradicts the fact that the leaves
are pairwise nonadjacent.

Hence each of the four subsquares can contain at most one leaf center, so there can be at most four
leaves. This contradicts the existence of five leaves.

Therefore, G contains no induced subgraph isomorphic to K 5. O]

One of the best-known uncertain variants of intersection graphs is the fuzzy intersection graph. A
clean formulation is as follows.

Definition 3.1.16 (Fuzzy Intersection Graph). Let V be a finite nonempty set, and let
X={X,|lveV}

be a family of sets indexed by V. Let
Go = (V, Ep)

be the intersection graph determined by X, where, for all distinct u,v € V,

{u,v} e By <<= X,NX, #0.

A fuzzy intersection graph associated with X is a fuzzy graph
G=V,o,p),

where
o:V —(0,1]

" (‘;) [0, 1]

is the edge-membership function, satisfying the following conditions:

is the vertex-membership function and

1. for every pair of distinct vertices u,v € V,

p{u,v}) >0 <= X, NX, #0;

2. for every pair of distinct vertices u,v € V,

p({u, v}) < min{o(u), o(v)}-
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Equivalently, the support graph of G,

supp(@) = (v { twod € () Luttuop >0},

coincides with the intersection graph Gy. Thus, a fuzzy intersection graph is a fuzzy graph whose
positive edge-membership structure is determined exactly by an intersection representation.

Theorem 3.1.17 ( |111]). FEvery undirected fuzzy graph can be represented as a fuzzy intersection
graph.

Proof. See |111]. O

Theorem 3.1.18. FEwvery plithogenic fuzzy unit square graph is a fuzzy intersection graph.

Proof. Let
PGysg = (PM,PN)

be a plithogenic fuzzy unit square graph. Since its underlying crisp graph is a unit square graph,
it is an intersection graph of axis-parallel unit squares. In the one-dimensional plithogenic fuzzy
case, the vertex appurtenance function plays the role of the vertex-membership function, and the
edge appurtenance function plays the role of the edge-membership function. The usual plithogenic
compatibility condition reduces to

p({u, v}) < min{o(u), o(v)}-

Hence the resulting structure is precisely a fuzzy graph whose underlying crisp graph is an intersection
graph. Therefore it is a fuzzy intersection graph. O

Corollary 3.1.19. Every fuzzy unit square graph is a fuzzy intersection graph.

Proof. A fuzzy unit square graph is a special case of a plithogenic fuzzy unit square graph with one
appurtenance component. The result therefore follows from the previous theorem. O

We next introduce the plithogenic analogue of the intersection graph.

Definition 3.1.20 (Plithogenic Intersection Graph). [111] A plithogenic intersection graph is a
plithogenic graph
PG = (V,E,PM,PN)

such that the underlying crisp graph (V, E) is an intersection graph.

More precisely, there exists a family of sets
F={X,|veV}

for which
{uv} e E <= X,NX,#0,

and the plithogenic structures
PM = (V,a, A, adf, aCf), PN = (E, 5,T, bdf, bCf)
satisfy the usual plithogenic appurtenance and contradiction conditions.

Theorem 3.1.21. Every plithogenic unit square graph is a plithogenic intersection graph.
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Proof. A plithogenic unit square graph has, by definition, an underlying crisp graph represented by
intersections of axis-parallel unit squares. Hence its underlying graph is an intersection graph. Since
the plithogenic appurtenance and contradiction data are already part of the structure, the graph
satisfies the definition of a plithogenic intersection graph. O

Theorem 3.1.22 ( [111]). FEvery undirected plithogenic graph can be represented as a plithogenic
intersection graph.

Proof. See |111]. O

3.2 A Unified Framework for Uncertain Intersection Graphs

Using the unified notion of an uncertain graph, we introduce in this section a corresponding framework
for uncertain intersection graphs. As in the classical setting, the underlying crisp graph is constructed
from an indexed family of sets: two distinct vertices are adjacent precisely when their corresponding
sets have a nonempty intersection. The resulting vertices and edges are then assigned uncertainty
degrees in accordance with a fixed uncertain graph model.

Definition 3.2.1 (Uncertain Intersection Graph of Type M). Let
M = (Dy(M),Dp(M), Ax)
be an uncertain graph model, and let
F=A{X,|veV}

be a finite family of sets indexed by a finite nonempty set V.

Define
Er ={{u,v} CV |u#vand X,NX, #0}.

An uncertain intersection graph of type M determined by F is a tuple
gM,.T- = (Vra Efa mv, :U'E)7

where
,Ltle*)Dv(M) and ,LLE:E]:—)DE(M)

satisfy
(:U'V(u)7 ,U'V(v)a NE({uv U})) € AM
for every {u,v} € E.

The graph
Gr = (V,EF)

is called the underlying crisp intersection graph of Gas r.

Remark 3.2.2 (Specializations). The preceding definition provides a common framework for numer-
ous uncertainty-aware intersection graph models. In particular:

e choosing M as a fuzzy graph model yields a fuzzy intersection graph;

e choosing M as an intuitionistic fuzzy graph model yields an intuitionistic fuzzy intersection
graph;
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e choosing M as a neutrosophic graph model yields a neutrosophic intersection graph;

e suitable choices of M yield Turiyam neutrosophic, plithogenic, bipolar, interval-valued, and
other generalized intersection graph models.

In models carrying additional structural information, such as contradiction functions, attribute-value
systems, or interval data, such information is understood to be incorporated into the corresponding
uncertain model M.

Theorem 3.2.3 (Well-Definedness of Uncertain Intersection Graphs). Let
M = (Dy(M),Dp(M), An)
be an uncertain graph model, and let
F={X,|veV}
be a finite family of sets indexed by a finite nonempty set V. Suppose that
wy : V. — Dy (M) and wg : Er — Dg(M)

satisfy
(v (), pv (v), pe({u, v})) € Am
for every {u,v} € Ex.

Then
gM,]-— = (‘/7 Efmqu/'LE)

is a well-defined uncertain graph of type M. Consequently, it is a well-defined uncertain intersection
graph of type M.

Proof. Since V is finite and nonempty, it is a well-defined vertex set.

For any two distinct vertices u,v € V', the condition
X, NX,#0
has a definite truth value. Moreover, set intersection is symmetric, so
X.NX,#£20 = X,NnX,#0.

Therefore, membership of the unordered pair {u,v} in Er does not depend on the order of u and v.
Furthermore,
Er C {{u,v} CV |u+#v}.

Hence
Gr = (V,Ex)

is a well-defined finite simple undirected graph. By construction, Gz is precisely the classical inter-
section graph of the indexed family F.

By assumption, py assigns an admissible vertex degree in Dy (M) to every vertex, while pup assigns
an admissible edge degree in D (M) to every edge. In addition, for each {u,v} € Er,

(MV (u)7 122% (U)v ,UJE({uv U})) € AM
Thus, all vertex—edge compatibility conditions prescribed by M are satisfied.

It follows that

g]%,f = (‘/7 Ef7/~‘LV7,uE)
is a well-defined uncertain graph of type M. Since its underlying crisp graph is an intersection graph,
it is also a well-defined uncertain intersection graph of type M. O
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Corollary 3.2.4. Every fuzzy intersection graph, intuitionistic fuzzy intersection graph, neutrosophic
intersection graph, Turiyam meutrosophic intersection graph, and plithogenic intersection graph is a
special case of an uncertain intersection graph of type M, provided that the corresponding uncertainty
data and compatibility conditions are encoded by M .

Proof. Choose M to be the corresponding fuzzy, intuitionistic fuzzy, neutrosophic, Turiyam neutro-
sophic, or plithogenic graph model. The associated vertex and edge degree functions then satisfy
Definition and the conclusion follows immediately. O

3.3 Results for Neutrosophic Circle Graphs

A circle graph is the intersection graph of a family of chords of a circle, where two vertices are adjacent
exactly when the corresponding chords intersect in the interior of the circle [924},/925]. We first recall
the classical definition.

Definition 3.3.1 (Circle Graph). A circle graph is a graph G = (V| E) for which there exists a family
C={L,|veV}
of chords of a circle such that, for all distinct vertices u,v € V,

{u,v} € E <= L, and L, intersect in the interior of the circle.

We now introduce uncertainty-aware versions of circle graphs.

Definition 3.3.2 (Fuzzy Circle Graph). A fuzzy circle graph is a fuzzy graph
G=(V.o,pn)
whose underlying crisp graph is a circle graph. Thus, if (V, E) is the underlying circle graph, then
w({u,v}) < minf{o(u),o(v)} for all {u,v} € E.

Example 3.3.3 (A Fuzzy Circle Graph). Let

V = {v1,v2,v3,04},
and consider a circle C' with four chords

C ={C1,Cs,C5,Cy4}.
The vertices v; and the chords C; are identified by the correspondence

v; — C;, xS {1,2,3,4}.

Place eight distinct points on C in the following cyclic order:

o, o, oD o@D, @) ),

)

)

For each i, let C; be the chord joining v, and 111(2). With this cyclic arrangement, the chord
intersections are

C1NCy # 0, CyNCs3 # 0, C3NCy #0,

whereas
ClﬂC;g:@, ClﬂC4:®, 02004:0
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Therefore, the underlying circle graph is
G* = (V,E),
where

E= {{01,02}7{1}271)3},{’03,1}4}}.
Thus, G* is the path Pj.

Define the vertex-membership function
o:V —10,1]
by
o(v1) = 0.90, o(v2) = 0.80, o(vs) = 0.75, o(vg) = 0.70.

Define the edge-membership function
w: E—[0,1]

by
p({vr,v2}) = 0.75, p({va,v3}) = 0.65,  p({vs,va}) = 0.60.

These values satisfy
w({v1,v2}) = 0.75 < min{0.90,0.80} = 0.80,

w({va,vs}) = 0.65 < min{0.80,0.75} = 0.75,

and
u({vs,v4}) = 0.60 < min{0.75,0.70} = 0.70.

Hence,
G=(V,o,u)

is a fuzzy circle graph. A chord representation of the underlying circle graph and the corresponding
fuzzy graph are shown in Figure

Chord representation Associated fuzzy circle graph
C4 <> V4 Cl < V1 = C2 Cs Ca
pn({v1,v2}) =0.75 n({vs,va}) = 0.60

_ OO0

n({v2,vs}) = 0.65

o(v1) = 0.90 o(vg) = 0.70
Cs <+ v3 Ca <> v2 o(v2) = 0.80 o(v3) = 0.75

C

Figure 3.2: A fuzzy circle graph. The left-hand panel gives a chord representation of the underlying
circle graph, while the right-hand panel shows the associated vertex- and edge-membership values.

Two vertices are adi'acent precisely when their corresponding chords intersect.
Definition 3.3.4 (Intuitionistic Fuzzy Circle Graph). An intuitionistic fuzzy circle graph is a struc-

ture
G = (‘/’E;MV7VV7ME’VE)a

where (V| E) is a circle graph,

,Ltv,Vle%[O,l], NE’VE:E*)[Oal]v
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such that
O<py()+w(@) <l (veV),
0<pugle)+rve(e) <1 (e € E),
and for every edge e = {u,v} € E,
pp(e) < minfy (@), py (0)},  wie) > max{i (u), m(v)}.

Definition 3.3.5 (Neutrosophic Circle Graph). A neutrosophic circle graph is a structure
G = (VaE;TV7IV7FV7TE7]E7FE)7

where (V, E) is a circle graph,

Ty, Iy, Fy .V = [0,1],  Tg Ip Fg: E—[0,1],
such that
0<Ty()+1Iyv(v)+ Fy(v) <3 (veV),
0<Tg(e)+ Ig(e)+ Frle) <3 (e € B),

and for every edge e = {u,v} € E,
Tr(e) < min{Ty (u), Tv (v)},

Ig(e) > max{Iy(u), Iy (v)},
Fg(e) > max{Fy(u), Fy(v)}.

Theorem 3.3.6. FEvery neutrosophic circle graph induces a classical circle graph by forgetting its
neutrosophic data.

Proof. A neutrosophic circle graph is defined by equipping a circle graph with truth-, indeterminacy-,
and falsity-membership values on vertices and edges. If these additional functions are removed, only
the underlying crisp circle graph remains. O

Theorem 3.3.7. Fvery neutrosophic circle graph is a neutrosophic intersection graph.

Proof. A circle graph is an intersection graph of chords of a circle. Hence, if one equips a circle graph
with neutrosophic vertex and edge data satisfying the usual compatibility conditions, the resulting
structure is a neutrosophic graph whose underlying crisp graph is an intersection graph. Therefore it
is a neutrosophic intersection graph. O

Corollary 3.3.8. Every fuzzy circle graph is a fuzzy intersection graph.

Proof. A fuzzy circle graph is a fuzzy graph whose underlying crisp graph is a circle graph, and every
circle graph is an intersection graph. Hence every fuzzy circle graph is a fuzzy intersection graph. [J

Theorem 3.3.9. Every induced subgraph of a neutrosophic circle graph is again a neutrosophic circle
graph.

Proof. Let
G=V,ETy,Iy,Fv,Tg,Ig, Fg)

be a neutrosophic circle graph, and let V/ € V. Since circle graphs are closed under induced sub-
graphs, the induced subgraph G[V’] is again a circle graph, obtained by restricting the chord model
to the chords corresponding to vertices in V’. Restricting the neutrosophic vertex and edge functions
to V' and the induced edge set yields a neutrosophic circle graph. O
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Corollary 3.3.10. Deleting a vertex and all of its incident edges from a neutrosophic circle graph
yields another neutrosophic circle graph.

Proof. This is immediate, since vertex deletion produces an induced subgraph. O

Theorem 3.3.11. The disjoint union of two neutrosophic circle graphs is again a neutrosophic circle
graph.

Proof. Let
Gl = (mvEl;TlallaFlaT17[17Fl)

and
G2 = (VQ, Eg; TQ, .[2, FQ,T27I27 FQ)

be neutrosophic circle graphs. Since the class of circle graphs is closed under disjoint union, we may
choose chord representations for G; and G2 on disjoint portions of a common circle so that no chord
from the first family intersects a chord from the second family. The union of these two chord families
yields a circle representation of the disjoint union G7 LI G3. The neutrosophic data are inherited
componentwise from G; and G». Hence G1 U G5 is a neutrosophic circle graph. O

Remark 3.3.12. The class of circle graphs is hereditary with respect to induced subgraphs, but it

is not, in general, preserved under arbitrary graph operations such as complementation or Cartesian
products. Therefore, such closure properties should not be assumed without additional hypotheses.

3.4 Results for Ray Graphs and String Graphs

A ray graph is an intersection graph of rays in the plane, whereas a string graph is an intersection
graph of simple curves in the plane. Since every ray is a simple curve, ray graphs form a subclass of
string graphs.

Definition 3.4.1 (Ray Graph). A graph G = (V, E) is called a ray graph if there exists a family
R={R,|veV}
of rays in the plane such that, for all distinct vertices u,v € V,
{u,v} € E. < R,NR, #0.
Definition 3.4.2 (String Graph). A graph G = (V, E) is called a string graph if there exists a family
S={y|veV}
of simple curves in the plane such that, for all distinct vertices u,v € V,
{u,v} e E <= Ny #0.

A string graph is called a 1-string graph if it admits such a representation in which any two strings
intersect at most once.

We now introduce uncertainty-aware versions of ray graphs and string graphs.
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Definition 3.4.3 (Fuzzy Ray Graph / Fuzzy String Graph). Let G = (V, E) be a ray graph or a
string graph. A fuzzy ray graph or fuzzy string graph on G is a fuzzy graph

(V. E;0,p),
where
o:V —[0,1], w:E—10,1],

such that
p({u,v}) < min{o(u),o(v)} for all {u,v} € E.

Example 3.4.4 (A Fuzzy Ray Graph). Let
V= {Ula V2, U3}7

and consider the family of rays
R = {va s Ry, Rvs}

in the plane, where
RU1 = {(I71) | € 2 O}a

Ry, ={(2,y) |y > 0},
and
Ry, = {(x,3) | x < 4}.

Thus, R,, is a horizontal ray extending to the right, R,, is a vertical ray extending upward, and R,
is a horizontal ray extending to the left.

The intersections among the rays are
R'Ul N sz = {(27 1)}’ sz n R'Us = {(273)}7
whereas
R, NR,, = 0.

Therefore, the underlying ray graph is
G"=(V,E),

where
E - {{U17 U2}7 {U27 U3}}'
Hence, G* is the path Ps.

Define the vertex-membership function
o:V —10,1]
by
o(vy) = 0.90, o(vg) = 0.80, o(v3) = 0.70.

Define the edge-membership function
p:E—10,1]

by
w({v,va}) = 0.75, w({va,v3}) = 0.60.

The compatibility conditions are satisfied because
p({vi,v2}) = 0.75 < min{0.90,0.80} = 0.80

and
1({v2,v3}) = 0.60 < min{0.80,0.70} = 0.70.

Consequently,
G = (V,E;0,p)

is a fuzzy ray graph. Its ray representation and corresponding fuzzy graph are shown in Figure [3.3
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Ray representation Associated fuzzy ray graph
AN R,
- B, Ry, R, R,
Ry, N Rug n({v1,v2}) =0.75
Ry N Ry, w({v2,vs}) = 0.60
R, o(v1) = 0.90 o(vs) = 0.70
v1 o(v2) = 0.80

Figure 3.3: A fuzzy ray graph. The left-hand panel shows a family of rays whose intersection graph
is P3, while the right-hand panel shows the corresponding vertex- and edge-membership values.

Example 3.4.5 (A Fuzzy String Graph). Let
V= {’U17 V2, V3, U4}7

and consider the family of simple plane curves

S = {Vors Yoz Vog Yo }-
In this example, the strings are represented by line segments. Define
Yoo = {(2,1) | 0 <z < 2.2},
oy = {(12,) |02 < y < 25},
Yo, = {(2,1.8) | 0.6 < z < 3.3},

and
Yo, = {(2.5,y) | 1.2 <y < 3.1}

The nonempty pairwise intersections are
’Y’U1 m ’Y’Uz = {(127 1)}7

Yoy N Yoz = {(127 18)}a

and
Yos N Ve, = {(2.5,1.8)}.

All other pairs are disjoint:
Yor N Yos = Yor N Yoy = Yo, N Yoy = 0.
Therefore, the underlying string graph is
G*=(V.E),

where
E = {{vi,v2}, {va2, v3}, {v3,v4} }.

Thus, G* is the path P;. Since every pair of strings intersects at most once, this representation is
also a 1-string representation.

Define
o:V —10,1]
by
o(v1) = 0.90, o(ve) = 0.85, o(v3) = 0.80, o(vg) = 0.75.



Chapter 3. Results on the Interaction Between Intersection Structures and Uncertainty

Define
p: E—[0,1]
by
M({UlaUQ}) = 080) ,U/({Ug,’ljg}) = 0707 /’[’({’U37U4}) = 0.65.

Indeed,

w({v1,v2}) = 0.80 < min{0.90,0.85} = 0.85,

1({v2,v3}) = 0.70 < min{0.85,0.80} = 0.80,
and

w({vs,v4}) = 0.65 < min{0.80,0.75} = 0.75.
Consequently,

G=(V,E;o,u)

is a fuzzy string graph. Its string representation and corresponding fuzzy graph are shown in Fig-

ure 3.4

String representation Associated fuzzy string graph
Yoy Yog Yog N
N
Yoz
w({v1,v2}) = 0.80 nw({vs,va}) = 0.65

Yoz N Yoy O m m O
| . ? U1 V2 v3 V4
Yvg N Yvg l e u u

n({vz, v3}) = 0.70

———eeeep

Yoy N Yo
T L2 o(v1) = 0.90 o(vs) = 0.75
o(v2) = 0.85 o(v3) = 0.80

Figure 3.4: A fuzzy string graph. The left-hand panel shows a family of strings whose intersection
graph is Py, while the right-hand panel shows the corresponding vertex- and edge-membership values.
This representation is also a 1-string representation.
Definition 3.4.6 (Intuitionistic Fuzzy Ray Graph / Intuitionistic Fuzzy String Graph). Let G =
(V, E) be a ray graph or a string graph. An intuitionistic fuzzy ray graph or intuitionistic fuzzy string
graph on G is a structure
(‘/7 E;HV7VV7uEaVE’)a
where
IU’V7VV:V4)[031]7 NE7VE:E*>[Oa1]7
such that
0<py(v)+rvv(v) <1 (veV),

0<pugle)+vele) <1 (e € E),
and for every edge e = {u,v} € E,
up(e) < mingpu (W), v ()}, vi(e) > max{ (u), v ()},

Definition 3.4.7 (Neutrosophic Ray Graph / Neutrosophic String Graph). Let G = (V, E) be a ray
graph or a string graph. A neutrosophic ray graph or neutrosophic string graph on G is a structure

(VaE;TV7IV7FV7TE7IE7FE)7

where
Tv,Iy,Fyv : V —[0,1], Te,Ip, Fg: E —[0,1],
such that
0<Ty(v)+1Iv(v)+ Fv(v) <3  (veV),
OSTE(6)+IE(€)+FE(6)§3 (GEE),
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and for every edge e = {u,v} € E,
Tr(e) < min{Ty (u), Tv (v)},

I(e) 2 max{ly (u), Iv(v)},
Fg(e) > max{Fy(u), Fy(v)}.

Theorem 3.4.8. Every neutrosophic ray graph induces a classical ray graph by forgetting its neutro-
sophic data.

Proof. A neutrosophic ray graph is obtained by assigning neutrosophic values to the vertices and
edges of an underlying ray graph. After removing these additional values, one recovers the original
crisp ray graph. O

Theorem 3.4.9. Fvery neutrosophic string graph induces a classical string graph by forgetting its
neutrosophic data.

Proof. A neutrosophic string graph is obtained by assigning neutrosophic vertex and edge data to an
underlying crisp string graph. If the neutrosophic functions are omitted, the remaining structure is
precisely the underlying crisp string graph. Therefore the assertion follows. O

Theorem 3.4.10. Every neutrosophic ray graph is a neutrosophic string graph.

Proof. Let
G=V,ETy,Iyv,Fv,Tg,Ig, Fg)

be a neutrosophic ray graph. By definition, its underlying crisp graph (V, E') has a ray representation
R={R,|veV}

such that
{u,v} € E <= R,NR,#0.

Each ray in the plane is a simple curve. Hence the same family R is also a valid string representation
of the underlying crisp graph. Since the neutrosophic vertex and edge functions are unchanged
and already satisfy the required admissibility conditions, the same structure is a neutrosophic string
graph. O

Theorem 3.4.11. Not every neutrosophic string graph is a neutrosophic ray graph.

Proof. The statement follows from the classical fact that the class of ray graphs is properly contained
in the class of string graphs. Equipping a classical string graph that is not a ray graph with neutro-
sophic vertex and edge data produces a neutrosophic string graph that cannot be represented as a
neutrosophic ray graph. O

Theorem 3.4.12. Every induced subgraph of a neutrosophic ray graph is again a neutrosophic ray
graph.

Proof. Let
G=V,ETy,Iy,Fyv,Tg,Ig, Fg)

be a neutrosophic ray graph, and let V/ C V. Restrict the ray representation to the rays corresponding
to the vertices in V’/. The induced adjacency relation is preserved, so the induced subgraph on V'
is again a ray graph. Restricting the neutrosophic functions to V' and the induced edge set yields a
neutrosophic ray graph. O
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Corollary 3.4.13. Every induced subgraph of a neutrosophic string graph is again a neutrosophic
string graph.

Proof. The proof is identical, using a string representation instead of a ray representation. O

Theorem 3.4.14. If a neutrosophic string graph is connected, then its underlying classical string
graph is connected.

Proof. Connectivity depends only on the existence of paths in the underlying crisp graph. Since the
neutrosophic functions do not alter the vertex set or the edge set, connectivity of the neutrosophic
string graph implies connectivity of its underlying classical string graph. O

Theorem 3.4.15. FEvery neutrosophic circle graph is a neutrosophic string graph.

Proof. A circle graph is the intersection graph of a family of chords of a circle. Each chord is a line
segment, and hence a simple curve in the plane. Therefore every circle representation is also a string
representation. Keeping the same neutrosophic data on vertices and edges yields a neutrosophic string
graph. O

Theorem 3.4.16. Every neutrosophic unit square graph is a neutrosophic string graph.

Proof. Let
G=V,ETy,Iv,Fv,Tg,Ig, Fg)

be a neutrosophic unit square graph. For each vertex v € V, let S, be the corresponding axis-parallel
unit square. Replace each square S, by its boundary 9.5, which is a simple closed curve and hence
a string. Because two axis-parallel squares intersect if and only if their boundaries can be chosen to
intersect after an arbitrarily small perturbation that preserves the intersection pattern, the resulting
family yields a string representation of the same underlying graph. Keeping the same neutrosophic
data gives a neutrosophic string graph. O

Corollary 3.4.17. Every fuzzy string graph is a fuzzy intersection graph.

Proof. Every string graph is an intersection graph of simple curves. Hence a fuzzy string graph is a
fuzzy graph whose underlying crisp graph is an intersection graph. Therefore it is a fuzzy intersection
graph. O

Corollary 3.4.18. FEvery fuzzy ray graph is a fuzzy intersection graph.

Proof. Every ray graph is a string graph, so the result follows from the previous corollary. O
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3.5 Results for Neutrosophic Grid Intersection Graphs

We next consider uncertainty-aware versions of grid intersection graphs.

Definition 3.5.1 (Grid Intersection Graph). [926] A grid intersection graph (briefly, GIG) is a
bipartite graph
G=(X,Y;E)

for which there exist two finite families
H={H,|z€ X} and V={V,|lyeY}

of horizontal and vertical line segments in the plane such that:

e 10 two segments in H intersect;
e no two segments in V intersect;

e forreXandyeY,
rye E < H,NV, #0.

If all segments have unit length, then G is called a unit grid intersection graph.

Definition 3.5.2 (Fuzzy Grid Intersection Graph). A fuzzy grid intersection graph is a fuzzy graph
G=(X,Y;E, o,u)
whose underlying crisp graph (X,Y’; F) is a grid intersection graph, where
o: XUY —[0,1], w: E—[0,1],

and
p(ay) < minfo(z),o(y)}  for all ay € E.

Example 3.5.3 (A Fuzzy Grid Intersection Graph). Let
X:{IlazQ}v Y:{y17y2ay3}a

and consider the following horizontal and vertical line segments in the plane.

For the vertices in X, define the horizontal segments
H,, ={(t,3)]0.5 <t <3.5}, H,, ={(t,15)]|2<t <5}
For the vertices in Y, define the vertical segments
Vi, ={(1,8)] 2.4 <s<3.6},

Vo ={(25,5) | 1<5<36}, V,, ={(4,5)]1<s<2}.

Now,
H’ﬂl N Vyl = {(173)} 7é @, Hl'l N ‘/yz = {(2573)} 7é wv

H,,NV,, ={(25,15)}#0,  Hy,, NV, ={(4,15)}#0.

On the other hand,
Hfl N Vys = @, HI2 N V;Jl = 0.
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Hence the underlying crisp graph is the bipartite graph
(X,Y; E),
where
E = {z1y1, T1y2, T2y2, T2y3}-
Thus, (X,Y; E) is a grid intersection graph.

Next, define the vertex-membership function

o: XUY — [0,1]

o(x1) = 0.90, o(z9) = 0.80,
o(y1) = 0.70,  ofys) = 0.85,  o(yz) = 0.75.

Define the edge-membership function
p: E—[0,1]

by
pw(1y1) = 0.65,  p(z1y2) = 0.80,

Ab(xgyg) = 075, M($2y3) = 0.70.

These values satisfy the required compatibility conditions:
w(z1yr) = 0.65 < min{0.90,0.70} = 0.70,
u(z1y2) = 0.80 < min{0.90,0.85} = 0.85,

w(xay2) = 0.75 < min{0.80,0.85} = 0.80,

and
u(x2ys) = 0.70 < min{0.80,0.75} = 0.75.

Therefore,
G=(X,Y;E,o,un)

is a fuzzy grid intersection graph.

A grid intersection representation and the corresponding fuzzy graph are shown in Figure 3.5

Grid intersection representation Associated fuzzy grid int ¥y < 70 graph
Vi Vs o(x1) = O.QOu(mlyl) =0.65
|
w(w1y2) = 0.80
| " ; ”
. Vus =0.85
| Hy, p(x2y2) = 0.75 7(2) =0
-
Y2 Y3

o(xz2) = 0.80 p(z2ys) =0.70
o(ys) = 0.75
Figure 3.5: A fuzzy grid intersection graph. The left-hand panel shows a grid intersection represen-

tation using horizontal and vertical segments, and the right-hand panel shows the associated fuzzy
graph with vertex and edge membership values.
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Definition 3.5.4 (Intuitionistic Fuzzy Grid Intersection Graph). An intuitionistic fuzzy grid inter-
section graph is a structure
G=(X,Y;E pv,vv, ue, V),

where (X,Y; E) is a grid intersection graph,

/1,V7I/V}XUY—>[O,1], /LE,VEIE—>[0,].},
such that
0<py@) +ry(v) <1 (ve XUY),
0<pugle)+rvele) <1 (e € E),
and

pe(zy) < min{uy (z), pv(y)},  ve(ry) > max{vy(z),vv(y)}
for all zy € E.

Definition 3.5.5 (Neutrosophic Grid Intersection Graph). A neutrosophic grid intersection graph is
a structure
G= (va;EaTV7IV7FVaTEaIE7FE)a

where (X,Y; E) is a grid intersection graph,

Tv,Iv,thXUY%[O,].], TE,IE7FEZE—>[O,1],
such that
0<Ty(v)+Iy(v) + Fy(v) <3 (veXUY),
OSTE(E)—FIE(B)-FFE(B)SS (GEE),
and

for all zy € E.

Theorem 3.5.6. FEvery neutrosophic unit grid intersection graph is a neutrosophic grid intersection
graph.

Proof. A unit grid intersection graph is, by definition, a special case of a grid intersection graph
in which all representing segments have unit length. Therefore the same uncertainty data define a
neutrosophic grid intersection graph as well. O

Theorem 3.5.7. Every neutrosophic grid intersection graph induces a classical grid intersection
graph by forgetting its neutrosophic data.

Proof. A neutrosophic grid intersection graph is defined by equipping an underlying grid intersection
graph with neutrosophic values on vertices and edges. Removing these values leaves the underlying
classical grid intersection graph. O

Corollary 3.5.8. FEvery neutrosophic unit grid intersection graph induces a classical unit grid inter-
section graph.

Proof. This is immediate from the previous theorem. O

Theorem 3.5.9. FEvery neutrosophic grid intersection graph is a neutrosophic string graph.
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Proof. Let
G= (X7Y;EaTV,IVaFVaTE7IEaFE)

be a neutrosophic grid intersection graph. In a grid representation, each vertex in X is represented by
a horizontal segment, and each vertex in Y is represented by a vertical segment. Every line segment is
a simple curve, hence a string. Therefore the same geometric representation is a string representation.
Keeping the same neutrosophic vertex and edge functions yields a neutrosophic string graph. O

We next recall the neutrosophic analogue of a bipartite permutation graph.

Definition 3.5.10 (Neutrosophic Bipartite Permutation Graph). [482] A neutrosophic bipartite
permutation graph is a neutrosophic graph

GN = (‘/1 U%,E,U,M),
whose underlying crisp graph (V7 U Vo, F) is a bipartite permutation graph. Here
U(U) = (UT(U)a O-I(’U)a GF(U)) € [Ov 1}3
for each vertex v, and
ple) = (ur(e), prle), pr(e)) € (0,1
for each edge e.

Theorem 3.5.11. FEvery neutrosophic bipartite permutation graph can be represented as a neutro-
sophic grid intersection graph.

Proof. The classical result that every bipartite permutation graph admits a grid intersection rep-
resentation can be applied to the underlying crisp graph. Once such a representation is fixed, the
neutrosophic truth-, indeterminacy-, and falsity-membership values are transferred unchanged to the
corresponding vertices and edges. Hence one obtains a neutrosophic grid intersection graph. O

Corollary 3.5.12. FEvery neutrosophic bipartite permutation graph can be represented as a neutro-
sophic unit grid intersection graph whenever its underlying crisp graph admits a unit grid intersection
representation.

Proof. This is immediate from the preceding theorem under the additional unit-length assumption.
O

Remark 3.5.13. Not every grid intersection graph is an interval graph, and not every grid inter-
section graph is planar. Therefore such stronger assertions should not be stated without additional
hypotheses.

3.6 Unified Geometric Classes of Uncertain Intersection Graphs

Using the unified notions of uncertain graphs and uncertain intersection graphs, we introduce several
important geometric subclasses in a common formal framework.

Throughout this section, let
M = (Dy(M),Dg(M), Ax)

be a fixed uncertain graph model, where Dy (M) and Dg(M) denote the sets of admissible vertex
and edge degrees, respectively, and

is the corresponding vertex—edge admissibility relation.

In each construction, the underlying crisp graph is determined by a geometric intersection rule. The
vertices and edges are then equipped with uncertainty degrees satisfying the admissibility conditions
specified by M.
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3.6.1 Uncertain Unit Square Graph

An uncertain unit square graph assigns uncertainty degrees to vertices and edges while preserving
intersections among unit squares as adjacencies.

Definition 3.6.1 (Uncertain Unit Square Graph of Type M). Let
S={S, |veV}
be a finite family of axis-parallel unit squares in R?, indexed by a finite nonempty set V. Define

Es={{u,v} CV |u#wvand S,NS, #0}.

An uncertain unit square graph of type M determined by S is a tuple
gUSQ _ (V Es, uUs@ USQ)’

S;Hy HHE
where
oV — Dy (M)
and
p?: Es —s Dp(M)
satisfy

(1y %), py 22 (), 157 ({u, v})) € Anr

for every {u,v} € Es.

3.6.2 Uncertain Circle Graph

An uncertain circle graph assigns uncertainty degrees to vertices and edges while preserving chord
intersections as the underlying adjacency structure.

Definition 3.6.2 (Uncertain Circle Graph of Type M). Let
C={L,|veV}
be a finite family of chords of a fixed circle, indexed by a finite nonempty set V. Define

Ec = {{u,v} CV |u#vand L, and L, intersect in the interior of the circle}.

An uncertain circle graph of type M determined by C is a tuple

CIR CIR CIR
gM’C = (V ECa yHE )7

where

pSIR -V — Dy (M)
and

pSI® - Ee — Dp(M)
satisfy

(" (), ™ (0), 15 ™ ({w,v})) € Anr

for every {u,v} € Eg.
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3.6.3 Uncertain Ray Graph

An uncertain ray graph assigns uncertainty degrees to vertices and edges while preserving intersections
among planar rays as adjacency structure.

Definition 3.6.3 (Uncertain Ray Graph of Type M). Let
R={R,|veV}
be a finite family of rays in the plane, indexed by a finite nonempty set V. Define

Er = {{u,v} CV |u#vand R,NR, # 0}.

An uncertain ray graph of type M determined by R is a tuple

G = (V. B Y, 1Y),
where
ppAY LV — Dy (M)
and
pBAY - En — Dp(M)
satisfy

(,L"\I}'AY(U)v N\%AY(U% ,LLFE{AY({Uﬂ U})) € AM

for every {u,v} € Eg.

3.6.4 Uncertain String Graph

An uncertain string graph assigns uncertainty degrees to vertices and edges while preserving inter-
sections among plane curves as adjacency relations.

Definition 3.6.4 (Uncertain String Graph of Type M). Let
T={vwl|veV}
be a finite family of simple curves in the plane, indexed by a finite nonempty set V. Define

ET:{{u7v}gvlu7évand7um'7v7é®}-

An uncertain string graph of type M determined by T is a tuple

STR STR , STR
gM,TZ(VaETaMV yHE ),

where

p$TR vV — Dy (M)
and

pitR By — Dp(M)
satisfy

(U5 (), 1y (0), i ({u, 0})) € A

for every {u,v} € ET.
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3.6.5 Uncertain Grid Intersection Graph

An uncertain grid intersection graph assigns uncertainty degrees to vertices and edges of a bipartite
horizontal-vertical segment intersection graph model.

Definition 3.6.5 (Uncertain Grid Intersection Graph of Type M). Let X and Y be finite disjoint
nonempty index sets. Let

H={H,|z€ X} and V={V,|lyeY}

be finite families of horizontal and vertical line segments in the plane, respectively. Assume that:

e 1o two segments in H intersect;

e no two segments in V intersect.

Define
EH7v:{{.’L‘,y}|.T€X, yEY, Ha:mvy#@}

An uncertain grid intersection graph of type M determined by (H,V) is a tuple

gl\c;j,%,v = (X u }/7 EH,V7 .u\CjIG7 ,u%IG)v

where

pHC X UY — Dy (M)
and

pH' e« By — Dg(M)
satisfy

(u9"C (@), 13" (), 15 % ({2, 9})) € Am

for every {z,y} € En y.

Remark 3.6.6 (Specializations). The preceding definitions recover many familiar uncertainty-aware
geometric graph classes as special cases.

o If M is a fuzzy graph model, one obtains fuzzy unit square, fuzzy circle, fuzzy ray, fuzzy string,
and fuzzy grid intersection graphs.

e If M is an intuitionistic fuzzy graph model, one obtains the corresponding intuitionistic fuzzy
versions.

e If M is a neutrosophic graph model, one obtains the corresponding neutrosophic versions.

e Suitable choices of M, together with any required auxiliary information, produce Turiyam
neutrosophic, plithogenic, interval-valued, bipolar, and other generalized versions.

For models involving additional data, such as attribute systems, contradiction functions, or interval
structures, those data must be specified separately as part of the chosen uncertainty framework.
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Theorem 3.6.7 (Well-Definedness of the Unified Geometric Constructions). Let

be an uncertain graph model.

Let
S={S, |veV}, C={L,|veV},

R={R,|veV}, T={wl|lveV}
be finite indexed geometric families satisfying the hypotheses of Definitions [3.67 Let
H={H,|eeX}, V={V,|yeY)

satisfy the hypotheses of Definition [3.6.5

Suppose that the vertex- and edge-degree maps

UsQ | USQ CIR ,,CIR
p’V ) .uE ) :uV yHE
RAY , RAY STR , STR
Hy S HE By S HEE
and
GIG | GIG
vV S HE

have the domains and codomains specified in the preceding definitions and satisfy the corresponding
admissibility condition
(pv(a), NV(b)7 NE({G'7 b})) € Ay

for every edge {a,b} in the relevant underlying graph.

Then
UsQ CIR RAY
gM,S ) gJV[,Cv gM,R )

STR GIG
gM,T’ gM,’H,V

are well-defined uncertain graphs of type M . In particular, each is a well-defined uncertain intersection
graph of type M.

Proof. For the first four constructions, the vertex set is the finite nonempty index set V. For the grid
intersection construction, the vertex set is the finite set X UY, where X N'Y = (. Thus, all vertex
sets are well-defined.

For each pair of distinct indices in the unit square, ray, and string constructions, the corresponding
intersection condition has a definite truth value and is symmetric in the two indices. The same
conclusion holds for the circle construction because intersection of two chords in the interior of the
circle is a symmetric relation. Therefore,

Es, L, Exr, Er

are well-defined sets of unordered pairs of distinct vertices.

For the grid intersection construction, an edge exists only between an index x € X corresponding to
a horizontal segment and an index y € Y corresponding to a vertical segment. Since X NY = (),

Eyy C{{z,y} |z X, yeY}
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is a well-defined set of unordered pairs of distinct vertices. The resulting crisp graph is bipartite with
partite sets X and Y.

Consequently, all five underlying crisp graphs are well-defined finite simple undirected graphs. More-
over, each is an intersection graph determined by its corresponding geometric representation.

By assumption, every vertex-degree map takes values in Dy (M), every edge-degree map takes val-
ues in Dg(M), and the corresponding vertex—edge triples belong to Ajys. Hence all admissibility
conditions prescribed by M are satisfied.

Therefore, each of the five tuples is a well-defined uncertain graph of type M. Since its underlying
crisp graph is defined by a geometric intersection rule, each tuple is also a well-defined uncertain
intersection graph of type M. O

Corollary 3.6.8. Every fuzzy, intuitionistic fuzzy, neutrosophic, Turiyam neutrosophic, or plithogenic
unit square graph satisfying the corresponding model-specific conditions is a special case of an uncertain
unit square graph of type M.

The analogous statement holds for circle graphs, ray graphs, string graphs, and grid intersection
graphs.

Proof. Choose M to be the corresponding fuzzy, intuitionistic fuzzy, neutrosophic, Turiyam neutro-
sophic, or plithogenic graph model, and choose the vertex- and edge-degree maps accordingly. The
conclusion then follows directly from the preceding definitions and Theorem [3.6. O



Chapter 3. Results on the Interaction Between Intersection Structures and Uncertainty




Chapter 4

Additional Discussion: Multilntersection Graphs
and Quasi-Intersection Graphs

Classical intersection graphs determine adjacency through the binary condition that the objects corre-
sponding to two distinct vertices have a nonempty intersection. This construction may be generalized
in several natural directions. For example, one may consider several intersection layers simultaneously,
or one may replace exact intersection by a similarity-, overlap-, or proximity-based condition.

In this chapter, we introduce the notions of an (r, 7)-MultiIntersection Graph, a Quasi-Intersection
Graph, and a Multi-Quasi-Intersection Graph. These constructions provide general frameworks for
modeling multilayer, approximate, and threshold-dependent intersection relations.

It should be emphasized that, when arbitrary set systems or arbitrary similarity kernels are permitted,
these constructions should primarily be regarded as intersection representations rather than restrictive
graph classes. More specialized graph classes arise by restricting the representing objects to prescribed
families, such as intervals, disks, squares, chords, rays, or strings.

4.1 Multilntersection Graphs

A Multilntersection Graph is constructed from several indexed set families, each of which represents
one intersection layer. Adjacency is determined by the number of layers in which the corresponding
sets intersect.

Definition 4.1.1 ((r, 7)-Multilntersection Graph). Let V be a finite nonempty vertex set, let
TENZl, [’I“] = {1,2,...,7“},
and, for each i € [r], let ©; be a nonempty universe. Suppose that
Fi= (X, cv

is a family of subsets of 2; indexed by V.

For distinct vertices u,v € V, define their intersection multiplicity by
mn(u,v) = Hl € [r] ‘ XWnx £ @H .
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For a fixed threshold
Te{l,2,...,r},

the (r, 7)-Multilntersection Graph determined by Fi,...,F, is the finite simple graph
GT,’T = (V7 ET,T)7

where
E,.;:={{u,v} CV|u#vand mn(u,v) >7}.

Remark 4.1.2 (Layer Graphs and Special Cases). For each i € [r], let
Gi= (V. Ey)

be the classical intersection graph determined by the indexed family F;, where

E; = {{u,v} cVv ’ u#vand X nX® £ Q]},
The following special cases hold.

e If =1, then

T
E.. =] E:.
i=1
Thus, two distinct vertices are adjacent whenever their corresponding sets intersect in at least
one layer.
e If 7 =7, then
T
B, =()E:
i=1

Thus, two distinct vertices are adjacent precisely when their corresponding sets intersect in
every layer.

e If r=1and 7 =1, then
Gl,l = G17

so the construction reduces to the classical intersection graph determined by Fj.
Example 4.1.3 (A (3,2)-Multilntersection Graph). Let
V ={a,b,c,d}, r=3, T=2.

Thus, two distinct vertices are adjacent in G5 2 whenever their corresponding sets intersect in at least
two of the three layers.

For the first layer, let
Ql = {aab7 Qgey Aad, acd}7

and define
Xlg,l) = {aaba Qe aad}a

X}SI) - {aab}7
Xél) = {aaca acd}a
Xt(il) = {aad7acd}~

The corresponding intersection graph is

G1= (V7 El);
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where

Ey = {{a,b},{a,c},{a,d}, {c,d}}.

For the second layer, let

QQ = {6aba ﬂbc, BCd}a

and define
X,§2) = {ﬁab}v

X,Sz) = {Bab, Boe},

X2 = {Boe, Beal

X¢(12) = {Bcd}'
The corresponding intersection graph is

G2 = (V7 EQ)a

where

E, = {{a,b},{b,c},{c,d}}.

For the third layer, let
QB - {'Vam Yoe, ’75(1}7

and define
X¢(13) = {Yac}
XZES) = {’ch}a
Xc(g) = {7(107 Vbes 'ch}a

X&) = {eal-

The corresponding intersection graph is
Gs = (V, Es),

where

Es = {{a,c}, {b,c}, {c, d}}

The intersection multiplicities are summarized as follows:

Vertex pair | Layers in which the corresponding sets intersect | mn
{a,b} {1,2} 2
{a,c} {1,3} 2
{a,d} {1} 1
{b,c} {2,3} 2
{v,d} 0 0
{c,d} {1,2,3} 3

Since 7 = 2, a pair forms an edge precisely when its intersection multiplicity is at least 2. Therefore,

E3,2 = {{aa b}a {CL, C}a {ba C}a {Cv d}},

and hence

G3,2 = ({a, ba ¢, d}; {{a7 b}7 {av C}a {ba C}a {07 d}}) .
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Thus, G3 2 consists of a triangle induced by {a, b, c}, together with the pendant vertex d adjacent to
c.

For comparison, the extreme threshold cases are
E3,1 = El ) E2 U E3 = {{av b}v {av C}7 {a7 d}7 {b7 C}? {Ca d}}a

and
E373 = E1 N EQ N E3 = {{C, d}}

Figure illustrates the three layer graphs and the resulting (3, 2)-Multilntersection Graph.

Layer 1: G; Layer 2: G2

Layer 3: Gs Result: Gs

7

Figure 4.1: Three intersection layers and the resulting (3,2)-Multilntersection Graph. An edge is

retained in G3 2 when it occurs in at least two layer graphs.
Proposition 4.1.4 (Threshold Monotonicity). For Jg‘ixed indexed families

Fiyooos Fry
the corresponding edge sets satisfy

Er,r g Er,rfl =

N
N
=
[\v]

N
=

Equivalently,
Gr,r g Gr,r—l =

N
N
)
3
[\~
N
)
3

where all graphs have the same vertex set V.

Proof. Let
Te{l,2,...,r—1}
If
{u, 7}} € Er,7'+17
then

mn(u,v) > 7+ 1.

In particular,
mn (ua U) > T,
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and therefore

{u,v} € B, -
Hence,
Er,‘r—‘—l g Er,‘r-
Applying this argument for every admissible value of 7 yields the stated chain of inclusions. O

Definition 4.1.5 (Weighted Multilntersection Graph). Under the assumptions of Definition [{.1.1]
define
wn Er,l — (07 1]
by
o mn (ua U)

wn({u,v})

”
for every {u,v} € E, 1.

The weighted graph
G? = (Vvv Er,lv wﬂ)

is called the Weighted MultiIntersection Graph. For each edge {u,v} € E, 1, the value
wn ({u,v})
represents the proportion of layers in which the objects associated with v and v intersect.

Remark 4.1.6. One may alternatively define
~ v
wn (2> — [0, 1}

ma(u,v)

wn({u,v}) = ———.

r

by

In this formulation, nonedges of G, ; receive weight zero, and wn may be interpreted as a similarity
function on all unordered pairs of distinct vertices.

Definition 4.1.7 (Multilntersection Multigraph). Under the assumptions of Definition define
multn : B — {1,2,...,r}

by
multy({u, v}) := mn(u,v).

The multigraph whose underlying simple graph is
(Vvv Er,l)

and whose edge-multiplicity function is multn is called the MultiIntersection Multigraph.

Thus, each layer in which ' 4
XOnX® £

contributes one parallel edge between u and v.

Theorem 4.1.8 (Well-Definedness of Multilntersection Graphs). Under the assumptions of Defini-

tion[{.1.1] the pair
GT',T = (Vva E’I‘,T)

is a well-defined finite simple undirected graph for every

Te{l,...,r}
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Proof. For every pair of distinct vertices u,v € V, the quantity mn(u,v) is a well-defined integer
satisfying
0 <mn(u,v) <r.

Moreover,
mn (’LL, U) =mn (Ua u))

because set intersection is symmetric. Hence the condition
mn (U7 U) Z T

defines a symmetric adjacency relation on distinct vertices. Since loops are excluded by the require-
ment u # v, the resulting structure is a finite simple undirected graph. O

4.2 Quasi-Intersection Graphs

A Quasi-Intersection Graph replaces the exact binary condition
X.NX,#0
with a graded overlap, similarity, compatibility, or proximity condition.

Definition 4.2.1 ((k, #)-Quasi-Intersection Graph). Let V be a finite nonempty vertex set, let X be
a nonempty class of objects, and let

F= (X”)UGV

be an indexed family of objects in X.

Let
K:XxX—][0,1]

be a fixed symmetric function satisfying
k(A,B) = k(B, A)

for all A, B € X. The value
k(A, B)

is called the quasi-intersection degree of A and B.

For a fixed threshold
6 € (0,1],

the (k, 0)-Quasi-Intersection Graph determined by F is the graph
GK,,@ = (V7 Em,a)7

where
E.o:={{u,v} CV |u#vand k(X,,X,) > 0}.

Remark 4.2.2 (The Case § = 0). If the threshold value § = 0 is permitted, then
K(Xy, Xy) >0

for every pair of distinct vertices u,v € V. Consequently,
Gro = Ky

Thus, 6 = 0 is a degenerate case that always produces the complete graph.
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Remark 4.2.3 (Classical Intersection Graph as a Special Case). Suppose that X is a class of sets,
and define

1, ANB#0,
RN (A, B) =
0, ANB=40.
Then
Gnml

is precisely the classical intersection graph determined by the indexed family

F = (Xy)vev-
Hence classical intersection graphs form a special case of Quasi-Intersection Graphs.
Example 4.2.4 (A Jaccard Quasi-Intersection Graph). Let

V ={a,b,c,d}

and consider the indexed family
F=(Xo),cv

of finite nonempty subsets of the universe

0=1{1,2,3,4,5,6,7},

where
X, =1{1,2,3,4},
Xp =1{2,3,4,5},
X. ={4,5,6},
Xa={1,2,7}.

For two nonempty finite sets A, B C 2, define their Jaccard quasi-intersection degree by

|AN B
HJ(A,B) = |AUB‘
We choose the threshold
0 =0.4.

Thus, two distinct vertices u,v € V' are adjacent whenever

KJ(XU,XU) Z 0.4.

We now calculate the Jaccard quasi-intersection degree for every unordered pair of distinct vertices.

First,
X, NXp=1{2,3,4},
and
X, UXp=1{1,2,3,4,5}.
Hence,
|Xa N Xb| 3
Xo, Xp) = ————-——==-=0.6.
i b = XU, 5
Since

0.6 > 0.4,
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we have
{a, b} S E,.@J70_4.
Next,
X, N X, ={4},
whereas
X, UX.=1{1,2,3,4,5,6}.
Therefore,
1
kg(Xa, Xe) = 6 ~ 0.167.
Since
L o4
6 o
we obtain

{a, C} ¢ Em,o.4~

For the pair a,d, we have
X, NXy= {1, 2},

and
X, UXs=1{1,2,3,4,7}.

Thus,
2
HJ(XQ,Xd) == g =04.

Because equality with the threshold is allowed,

{av d} € EK?J,O.4'

For the pair b, ¢, we obtain
Xy NX.={4,5},

and
X, UX.={2,3,4,5,6}.
Consequently,
2
HJ(XIHXC) = g = O4a
and hence

{b, C} (S EKJ,O.4'

For the pair b, d, we have

XpyNXq ={2},
and
XpUXy=11,2,3,4,5,7}.
Therefore,
Ky (Xp, Xg) = % ~ (0.167 < 0.4,
SO

{b7 d} ¢ EKJ70.4'
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Finally,
X.NXy= 0.
Since
X.UXy=1{1,2,4,5,6,7},
we have 0
I{J(XC,Xd) = 6 = 0
Thus,

{C, d} ¢ E,{J’o,4.

The pairwise calculations are summarized in Table

Table 4.1: Pairwise Jaccard quasi-intersection degrees for the indexed family F.

Pair | X, NX, [ [X,NX,| [ [Xu UX,| [ 57(Xu, X,)
{a,b} | {2,3,4} 3 5 3=06
{a,c} | {4} 1 6 s
{a,d} | {1,2} 2 5 2=04
(bt | {4,5) 2 5 204
{b,d} | {2} 1 6 8
{e,d} 0 0 6 0

It follows that
Ei 04= {{a7 b}, {a,d},{b, c}}

Therefore, the resulting Jaccard Quasi-Intersection Graph is

Gy 04 = ({a,b,c,d}, {{a,b},{a,d},{b,c}}) .

In particular,
Gr,04 = Py,

with vertex ordering
d—a—b—ec

Figure illustrates the indexed set family and the resulting graph. The edge labels indicate the
corresponding Jaccard quasi-intersection degrees.

This example also illustrates the distinction between classical and quasi-intersection adjacency. For
instance,

X, NX. = {4} £ 0,
so a and ¢ would be adjacent in the classical intersection graph. However,

1
H'](Xa,Xc) = 6 < 04,

so they are not adjacent in G, 0.4. Thus, the Jaccard threshold imposes a stronger condition than
mere nonempty intersection.

Proposition 4.2.5 (Threshold Monotonicity). Let
0<6; <6y<1.

Then
ER,QQ g En,el .

Equivalently,
GH,QQ g G.‘Q,el'
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Indexed family F = (X,)vev Grj0.4
s R
X, ={1,2,3,4}
J
N
— Xu N Xyl
X, = {2,3,4,5) X, X,) = 10X 2 :
| R Oa 0200
Ve ~ Edge if Ky > 0.4
X. ={4,5,6}
| En 0.4 = {{a,b},{a,d}, {b,c}}
)
Xa={1,2,7}
_ J

Figure 4.2: Construction of the Jaccard Quasi-Intersection Graph with threshold § = 0.4. Only
vertex pairs whose Jaccard quasi-intersection degree is at least 0.4 are joined by an edge.

Proof. Suppose that
{u,v} € Ey ,.

Then
H()(u7 Xv) Z 92.

Since
01 < 0,

it follows that
K,(Xu7XU) Z 01.

Therefore,
{u,v} € Ex0,,

and hence
ER,HQ g EK,791'

O

Theorem 4.2.6 (Well-Definedness of Quasi-Intersection Graphs). Under the assumptions of Defini-

tion[{.2.1) the pair
GH,@ = (V, En,@)

is a well-defined finite simple undirected graph.

Proof. For every pair of distinct vertices u,v € V', the value
K(Xu, Xo) €[0,1]
is well-defined. Since k is symmetric,
w( Xy, Xu) = 6(Xy, Xu),

and hence the threshold condition
K(Xu, X,) > 0

defines a symmetric adjacency relation. The requirement u # v excludes loops. Therefore,
Gm@

is a finite simple undirected graph. O
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4.3 Metric Quasi-Intersection Graphs

A proximity-based Quasi-Intersection Graph can be formulated for subsets of a metric space.

Definition 4.3.1 (e-Quasi-Intersection Graph). Let
(€2,d)
be a metric space, let V' be a finite nonempty vertex set, and let
F= (X”)uev

be an indexed family of nonempty compact subsets of €.

For nonempty subsets A, B C 2, define their set distance by
64(A, B) := inf{d(a,b) |a € A, b€ B}.

For a fixed number
e>0,

the e-Quasi-Intersection Graph determined by F is the graph
GE = (V7 EE))

where
E. .= {{u,v} CV |u # v and §g( Xy, Xy) <e}.

Remark 4.3.2 (Recovery of the Classical Intersection Graph). Because X, and X, are compact,
04( Xy, X)) =0 <= X,NX,#0.

Consequently,
Go

is precisely the classical intersection graph determined by F.

Proof. If
X.NX, #0,

then there exists z € X,, N X, and therefore
04(Xy, Xy) < d(z,x) =0.

Hence
04(Xy, Xy) = 0.

Conversely, since X,, and X, are compact, the continuous function
(z,y) — d(z,y)
attains its minimum on the compact set X, x X,. If
6a(Xu, Xy) =0,
then there exist x € X, and y € X,, such that
d(z,y) = 0.

Thus = = y, and consequently
X, NX, #0.



Chapter 4. Additional Discussion: Multilntersection Graphs and Quasi-Intersection Graphs

Proposition 4.3.3 (Proximity Monotonicity). If

0<¢e <eq,
then

E., CE.,.
Equivalently,

G., C G,.
Proof. If

{u,v} € E,,
then

0a(Xu, Xyp) <e.

Since

€1 S €2,

we also have
(Sd(Xu,XU) S £a.

Hence
{ua U} € Lk.,.

4.4 Multi-Quasi-Intersection Graphs

The preceding two constructions can be unified by assigning a quasi-intersection degree and a thresh-
old to each layer.

Definition 4.4.1 (Multi-Quasi-Intersection Graph). Let V' be a finite nonempty vertex set, let
7 € N>y, [r]={1,2,...,r},

and, for each i € [r], let X; be a nonempty class of objects.

For each i € [r], let '
‘Fi = (Xi()Z))vEV
be an indexed family of objects in X;, and let
ki X x X, — [0,1]

be a symmetric quasi-intersection degree function.

Let
0= (61a027' s 797’) € (07 1]"”

For distinct vertices u,v € V, define the threshold multiplicity by

me(u,v) == Hz € [r] ’ /{Z-(Xi(f),Xéi)) > 91}‘ .

For a fixed threshold
Te{l,2,...,r},

the corresponding Multi- Quasi-Intersection Graph is the graph
Gr,‘r,@ = (V7 ET,T,B)a

where
E, ;0 :={{u,v} CV |u# vand me(u,v) >7}.
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Remark 4.4.2 (Special Cases). The Multi-Quasi-Intersection Graph contains several preceding con-
structions as special cases.

Suppose that every X; is a class of sets and that

1, ANB#0,
KJZ'(A, B) = #
0, AnB=40.
If
6, =1 for every i € [r],
then
Gr,‘r,@

reduces to the (r, 7)-Multilntersection Graph.
If r=1and 7 =1, then
G

reduces to the (k1,61)-Quasi-Intersection Graph.

Ifr=1,7=1, 0, =1, and k1 is the binary intersection indicator, then the construction reduces
to the classical intersection graph.

Proposition 4.4.3 (Multiplicity-Threshold Monotonicity). For fized indexed families

Fiyeooy Fry
fized quasi-intersection degree functions
K1, <y Ky
and a fized threshold vector
0,
we have
Er,7'+1,9 g ET,T,G
for every
Te{l,...,r—1}
Proof. If
{U,U} S ET‘,T+1,67
then
me(u,v) > 7+ 1.
Therefore,

me (uv U) > T,

which implies

{u,v} € By 1 9.

Proposition 4.4.4 (Componentwise Threshold Monotonicity). Let

6= (01,....0,) and n=(ns,....n,)

be threshold vectors in (0,1]" satisfying

Then

0; <m; for every i € [r].

Er;r,n g Er,‘r,@ .
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Proof. For every pair of distinct vertices u,v € V,

{ien]

Hence,
My (u,v) < me(u,v).

Therefore, if
My (u,v) > 7,

then
me(u,v) > 7,

which proves the desired inclusion. O

Theorem 4.4.5 (Well-Definedness of Multi-Quasi-Intersection Graphs). Under the assumptions of

Definition[{.4.1), the graph
GT,T,B

is a well-defined finite simple undirected graph.

Proof. For each pair of distinct vertices u,v € V, the quantity
me(u,v)
is a well-defined integer in {0,1,...,r}. Since every ; is symmetric,
me (u,v) = me(v,u).

Thus, the condition
me(u,v) > 7

defines a symmetric adjacency relation on distinct vertices. Since loops are excluded, the resulting
structure is a finite simple undirected graph. O

4.5 Possible Uncertainty-Aware Extensions

The preceding concepts may naturally be combined with uncertainty-aware graph frameworks.

Remark 4.5.1 (Potential Extensions). Possible extensions include:

e fuzzy Multilntersection Graphs;

e intuitionistic fuzzy Multilntersection Graphs;

e neutrosophic Multilntersection Graphs;

« plithogenic Multilntersection Graphs;

e uncertain Multilntersection Graphs of type M;
e fuzzy Quasi-Intersection Graphs;

e intuitionistic fuzzy Quasi-Intersection Graphs;
e neutrosophic Quasi-Intersection Graphs;

o plithogenic Quasi-Intersection Graphs;

e uncertain Quasi-Intersection Graphs of type M;
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o uncertain Multi-Quasi-Intersection Graphs of type M.

In such extensions, uncertainty information may be assigned to the vertices, edges, intersection layers,
quasi-intersection degrees, layer thresholds, or suitable combinations of these objects. Additional
model-specific compatibility conditions must be imposed whenever required by the chosen uncertainty
framework.

Remark 4.5.2 (Terminological and Structural Scope). The constructions introduced in this chap-
ter are related to several established representation frameworks, including multiple-object intersec-
tion models, graph unions and intersections, similarity graphs, proximity graphs, and tolerance-type
models. Accordingly, novelty should be attributed to the precise threshold-based formulations, the
imposed restrictions on the representing objects, and the structural results derived from them, rather
than to the terminology alone.



Chapter 4. Additional Discussion: Multilntersection Graphs and Quasi-Intersection Graphs




Chapter 5

Conclusion

In this book, we introduced and studied a variety of intersection graph classes within the frameworks of
fuzzy graphs, intuitionistic fuzzy graphs, neutrosophic graphs, and plithogenic graphs. In particular,
we considered uncertainty-aware analogues of unit square graphs, circle graphs, ray graphs, string
graphs, and grid intersection graphs. We examined their basic definitions, structural properties,
inclusion relationships, induced substructures, and well-definedness conditions.

We also introduced a unified framework for uncertain graphs of type M, where the model M specifies
the admissible uncertainty values and their associated conditions. Based on this framework, we
formulated a unified notion of an uncertain intersection graph and applied it to several geometric
intersection graph classes. This approach makes it possible to describe fuzzy, intuitionistic fuzzy,
neutrosophic, plithogenic, and related graph models within a common mathematical language while
preserving the geometric structure of the underlying classical intersection graph.

In addition, we introduced Multi-Intersection Graphs, Quasi-Intersection Graphs, Metric Quasi-
Intersection Graphs, and Multi-Quasi-Intersection Graphs. These constructions generalize classical
intersection representations by incorporating multiple intersection layers, threshold-dependent overlap
conditions, and proximity-based adjacency relations. We established their well-definedness, identified
classical intersection graphs as special cases, and derived several monotonicity properties with respect
to the relevant multiplicity, similarity, and proximity thresholds.

Because the literature on fuzzy mathematics and intersection graph theory is both extensive and con-
tinuously growing, closely related concepts are often introduced independently in different journals, by
different authors, and at different times. Despite this situation, we believe that the systematic orga-
nization and unification of these concepts are both necessary and valuable. Such a unified perspective
may clarify relationships among existing models, reduce unnecessary duplication of definitions, and
provide a common basis for developing new structural and algorithmic results. We therefore intend
to continue our research in this direction.

More generally, it is standard in the study of graph classes and graph structures to investigate
mathematical properties and algorithmic aspects by combining several viewpoints: classical graph
structures, such as complete graphs, regular graphs, trees, paths, and forests; intersection graph
classes, such as permutation graphs, interval graphs, circle graphs, disk graphs, ray graphs, and
string graphs; and uncertainty-aware graph models, such as fuzzy, intuitionistic fuzzy, neutrosophic,
and plithogenic graphs. From this standpoint, future research may naturally be pursued from the
following perspectives:

127
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e Classical graph properties: regularity, irregularity, completeness, perfectness, connectivity,
trees, paths, cycles, and forest structures;

e Subgraph and higher-order structures: subgraphs, induced subgraphs, supergraphs, in-
duced supergraphs, hypergraphs [454,463,927], and superhypergraphs [480}/558];

e Graph directionality: undirected, directed, mixed, bidirected, and multidirected versions of
uncertain intersection graphs;

e Uncertainty-aware properties: fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, rough,
vague, soft, weighted, interval-valued, bipolar, and picture fuzzy structures;

e Graph dimensionality: two-dimensional, three-dimensional, four-dimensional, and higher-
dimensional geometric representations;

e Intersection-based properties: permutation, interval, circle, circular-arc, disk, square, ray,
string, segment, grid, multilayer, and threshold-based intersection representations;

e Structural and numerical parameters: degree, connectivity, clique number, independence
number, chromatic number, domination parameters, graph energy, and uncertainty-based ex-
tensions of these invariants;

e Algorithmic and computational themes: recognition algorithms, representation algo-
rithms, optimization problems, computational complexity, approximation methods, and graph-
learning procedures;

e Applications and experimental validation: communication networks, scheduling, spatial
systems, biological networks, social networks, transportation systems, decision-making, and
computational experiments using synthetic or real-world data.

This broad and integrated viewpoint provides a useful framework for achieving a deeper understand-
ing of graph-theoretic structures and their possible applications. Nevertheless, the present book is
primarily theoretical. Therefore, the proposed definitions and structural results should be regarded
as a foundation for subsequent investigations rather than as a complete treatment of uncertain in-
tersection graphs. In particular, computational experiments, efficient recognition and representation
algorithms, numerical comparisons among uncertainty models, and application-oriented case studies
remain important topics for future research.

We hope that the framework developed in this book will assist researchers in formulating more precise
connections between classical intersection graph theory and uncertainty-aware graph theory and will
stimulate further mathematical, algorithmic, computational, and application-oriented developments.
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Abstract

Graph theory provides a fundamental mathematical language for studying networks whose elements
are represented by vertices and edges. Among many graph classes, intersection graphs play a central
role because they describe adjacency through nonempty intersections of underlying sets or geometric
objects. Important examples include unit square graphs, circle graphs, ray intersection graphs, string
graphs, and grid intersection graphs.

This book studies several classes of intersection graphs within uncertainty-aware graph frameworks,
including fuzzy graphs, intuitionistic fuzzy graphs, neutrosophic graphs, and plithogenic graphs. In
addition, it introduces a unified notion of an uncertain intersection graph of type M, where M is
an uncertain model with degree-domain Dom(M). This framework makes it possible to treat fuzzy,
intuitionistic fuzzy, neutrosophic, plithogenic, and related intersection graph models in a common
formal language.

The book also surveys representative graph classes related to intersection graphs and uncertainty-
aware graph theory. Basic definitions, examples, closure properties, and well-definedness results are
presented in order to clarify the relationships among classical intersection graphs and their uncertain
analogues. In addition, the book introduces Multi-Intersection Graphs, Quasi-Intersection Graphs,
Metric Quasi-Intersection Graphs, and Multi-Quasi-Intersection Graphs. These constructions ex-
tend classical intersection representations by incorporating multiple intersection layers, threshold-
dependent overlap relations, and proximity-based adjacency conditions.

It should also be noted that this book is positioned as an improved and substantially expanded version
of [1]. In addition, this book constitutes a continuation of the books [2,3].

Keywords: Neutrosophic graphs, Fuzzy graphs, Intersection graphs, Plithogenic Graphs



\\

Fuzzy, Neutrosophic, and
Uncertain GRAPH THEORY (3):

A Survey and Unified Framework
for Uncertain Intersection Graphs

This book surveys classical intersection graph theory and integrates
fuzzy, intuitionistic fuzzy, neutrosophic, and general uncertain
graph models into a unified framework.

It introduces a general definition of uncertain graphs and develops
a wide range of uncertain intersection graph classes and their
geometric subclasses.

New concepts—Multi-Intersection Graphs, Quasi-Intersection
Graphs, Metric Quasi-Intersection Graphs, and Multi-Quasi-
Intersection Graphs—are proposed and studied.

A concise and coherent reference for researchers and graduate
students in graph theory and uncertainty modeling.

ISBN 978-197250238-9

9 781972 502389




	1 Introduction
	1.1 Graph Theory and Applications
	1.2 Intersection Graphs
	1.3 Uncertain Set
	1.4 Fuzzy Graphs and Neutrosophic Graphs
	1.5 Our Contributions

	2 Preliminaries and Definitions
	2.1 Basic Graph Concepts
	2.1.1 Regular Graphs
	2.1.2 Euclidean Space and Euclidean Distance
	2.1.3 Other Concepts

	2.2 Classical Intersection Graphs
	2.2.1 Disk Graphs
	2.2.2 Interval Graphs
	2.2.3 Permutation Graphs
	2.2.4 Circle Graphs and Circular-Arc Graphs
	2.2.5 Grounded Graphs
	2.2.6 Ray Intersection Graphs
	2.2.7 String Graphs
	2.2.8 Trapezoid Graphs
	2.2.9 Bipartite Intersection Graphs (Intersection Bigraphs)
	2.2.10 Weighted Intersection Graphs
	2.2.11 Intersection Digraphs
	2.2.12 Random Intersection Graphs
	2.2.13 Intersection Hypergraphs
	2.2.14 Intersection Superhypergraphs
	2.2.15 Uncertain Intersection Graphs
	2.2.16 Rough Intersection Graph
	2.2.17 Soft Intersection Graph
	2.2.18 Other Intersection-Related Graph Classes

	2.3 Fuzzy Graphs, Intuitionistic Fuzzy Graphs, and Neutrosophic Graphs
	2.3.1 Basic Definitions
	2.3.2 Plithogenic Graphs and Graph Types
	2.3.3 Classification of Uncertain Graphs
	2.3.4 Picture Uncertain Graphs
	2.3.5 Single-Valued Uncertain Graphs
	2.3.6 Interval-Valued Uncertain Graphs
	2.3.7 Bipolar Uncertain Graphs
	2.3.8 Directed Uncertain Graphs
	2.3.9 Uncertain Hypergraphs
	2.3.10 Uncertain Superhypergraphs
	2.3.11 Uncertain Multigraphs
	2.3.12 Product Uncertain Graphs
	2.3.13 Incidence Uncertain Graphs
	2.3.14 Complex Uncertain Graphs
	2.3.15 Refined Uncertain Graphs
	2.3.16 General Uncertain Graphs
	2.3.17 Regular and Irregular Uncertain Graphs
	2.3.18 Other Uncertain Graph Classes

	2.4 Unified Definition of Uncertain Graphs (New in This Book)

	3 Results on the Interaction Between Intersection Structures and Uncertainty
	3.1 Neutrosophic Unit Square Graphs
	3.2 A Unified Framework for Uncertain Intersection Graphs
	3.3 Results for Neutrosophic Circle Graphs
	3.4 Results for Ray Graphs and String Graphs
	3.5 Results for Neutrosophic Grid Intersection Graphs
	3.6 Unified Geometric Classes of Uncertain Intersection Graphs
	3.6.1 Uncertain Unit Square Graph
	3.6.2 Uncertain Circle Graph
	3.6.3 Uncertain Ray Graph
	3.6.4 Uncertain String Graph
	3.6.5 Uncertain Grid Intersection Graph


	4 Additional Discussion: MultiIntersection Graphs and Quasi-Intersection Graphs
	4.1 MultiIntersection Graphs
	4.2 Quasi-Intersection Graphs
	4.3 Metric Quasi-Intersection Graphs
	4.4 Multi-Quasi-Intersection Graphs
	4.5 Possible Uncertainty-Aware Extensions

	5 Conclusion
	Appendix (List of Tables)
	Appendix (List of Figures)
	Blank Page
	Blank Page



