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fuzzy normed spaces, establishing generalized versions of classical results such as
completeness of finite-dimensional subspaces, equivalence of norms, and the Heine—
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linear spaces and develops their convergence, completeness, and fixed point theory.
The third part examines Tribonacci ideal and ideal-star convergence in non-
Archimedean neutrosophic normed spaces, combining matrix transformations, ideal
convergence, and neutrosophic analytical methods. Together, these contributions
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Foreword

Functional analysis has long provided one of the fundamental mathematical frameworks for
understanding linear structures, convergence, continuity, compactness, and operator theory. Since the
pioneering development of fuzzy set theory by Zadeh and its subsequent extensions through intuitionistic
fuzzy sets, Fermatean fuzzy sets, and neutrosophic sets, researchers have increasingly sought to reformulate
classical analytical concepts in mathematical environments capable of representing uncertainty,
indeterminacy, and incomplete information.

The present volume, Generalized Functional Analysis in Fuzzy, Intuitionistic Fuzzy, and
Neutrosophic Spaces: Theory, Convergence, Compactness, and Applications, brings together three closely
related research works that contribute to this evolving direction. Although originally developed as
independent studies, they form a coherent progression toward a broader theory of generalized functional
analysis under uncertainty.

The first chapter develops the theory of intuitionistic algebra fuzzy normed spaces, with particular
emphasis on compactness, completeness, total boundedness, finite-dimensional structures, and the
equivalence of generalized norms. These results establish several analogues of classical theorems from
normed linear spaces, including Heine—Borel type properties and finite-dimensional completeness, thereby
providing a rigorous topological and geometric foundation.

Building upon these ideas, the second chapter introduces Fermatean intuitionistic fuzzy n-normed
linear spaces. Within this richer framework, the notions of convergence, Cauchy sequences, completeness,
and fixed point theory are investigated. The transition from ordinary generalized norms to n-norms
significantly enlarges the analytical framework while preserving the essential structure required for
functional analysis.

The third chapter extends the investigation into the neutrosophic domain by considering non-
Archimedean neutrosophic normed spaces together with Tribonacci ideal convergence and ideal-star
convergence. This development incorporates modern summability methods and generalized convergence
theories into neutrosophic analysis, opening new possibilities for studying uncertainty through matrix
transformations, ideals, and sequence spaces.

Viewed together, these three contributions illustrate the gradual evolution of generalized normed
spaces from intuitionistic fuzzy analysis to more comprehensive neutrosophic models. Despite employing
different mathematical frameworks, they share common objectives: extending the classical notions of
convergence, compactness, completeness, boundedness, and stability to increasingly expressive
mathematical settings capable of modeling uncertainty with greater flexibility.

Beyond their theoretical interest, the methods presented in this volume provide mathematical
foundations for future developments in applied analysis, artificial intelligence, decision sciences,
information fusion, optimization, computational intelligence, and other disciplines where uncertainty plays
a central role. The unified treatment offered here demonstrates that many classical results of functional
analysis admit elegant and meaningful generalizations within fuzzy, intuitionistic fuzzy, Fermatean, and
neutrosophic environments.

It is our hope that this book will serve both as a useful reference for researchers working in
generalized functional analysis and uncertainty mathematics, and as a source of inspiration for further
investigations into the rich interplay between classical analysis and modern theories of uncertainty.

Mukhtar Ahmad e Florentin Smarandache



Table of Contents

Compactness and Finite-Dimensional Structure
of Intuitionistic Algebra Fuzzy Normed Spaces

Fermatean Intuitionistic Fuzzy n-Normed Linear
Spaces: Convergence, Completeness, and Fixed Point
Applications

Tribonacci Ideal and Ideal-Star Convergence
in Non-Archimedean Neutrosophic Normed Spaces

43

87



COMPACTNESS AND FINITE-DIMENSIONAL STRUCTURE OF
INTUITIONISTIC ALGEBRA FUZZY NORMED SPACES

MUKHTAR AHMADY AND FLORENTIN SMARANDACHE?*)

DDoctoral Program of Mathematics, Faculty of Mathematics and Natural Sciences, Institut Teknologi
Bandung, Jalan Ganesha no. 10, Bandung, 40132, Indonesia
Email: mukhkhu0786@gmail.com; 30125701@mahasiswa.itb.ac.id; Orcid: 0009-0006-4597-2278
2)University of New Mexico, Mathematics, Physics and Natural Sciences Division, Gallup, NM 87301, USA

Email: smarand@unm.edu; Orcid: 0000-0002-5560-5926
*corresponding authors email: smarand@unm.edu

ABSTRACT. This paper studies intuitionistic algebra fuzzy normed spaces and develops several
compactness and finite-dimensional properties in this setting. We first present the basic con-
cepts of intuitionistic algebra fuzzy norms, convergence, Cauchy sequences, boundedness, open
and closed intuitionistic fuzzy balls, and intuitionistic fuzzy closed sets. Using these notions,
we introduce intuitionistic fuzzy compactness through intuitionistic fuzzy open covers and fi-
nite subcovers. We then investigate the relationship between compactness, total boundedness,
completeness, limit points, and sequential compactness. In particular, we prove that every
intuitionistically fuzzy compact space is intuitionistically fuzzy totally bounded and intuition-
istically fuzzy complete. Conversely, we show that an intuitionistically fuzzy totally bounded
and intuitionistically fuzzy complete space is intuitionistically fuzzy compact. We also estab-
lish sequential characterizations involving Cauchy subsequences, convergent subsequences, and
intuitionistic fuzzy limit points.

Furthermore, we study finite-dimensional intuitionistic algebra fuzzy normed spaces. We
prove an estimate for linear combinations of linearly independent vectors and use it to show
that every finite-dimensional subspace is intuitionistically fuzzy complete. We also prove that
any two intuitionistic algebra fuzzy norms on a finite-dimensional vector space are equivalent.
As an application, we obtain a Heine—Borel type result stating that every intuitionistically fuzzy
closed and bounded subset of a finite-dimensional intuitionistic algebra fuzzy normed space is
intuitionistically fuzzy compact. Finally, a finite-dimensionality result is obtained under an
intuitionistic fuzzy compactness condition.

1. INTRODUCTION

The theory of fuzzy sets was initiated by Zadeh [1] as a mathematical framework for describing
uncertainty, vagueness, and gradual membership. In contrast with classical set theory, where
an element either belongs or does not belong to a set, fuzzy set theory allows each element
to possess a degree of membership in the interval [0, 1]. This idea has become a fundamental
tool in many branches of mathematics, analysis, topology, optimization, decision theory, and
applied sciences. Later, Atanassov introduced intuitionistic fuzzy sets [2, 3], in which each
element is characterized not only by a membership degree but also by a non-membership degree.
This additional component provides a more flexible structure for measuring uncertainty and
hesitation.

After the development of fuzzy and intuitionistic fuzzy set theories, many authors began to
extend classical analytic and topological structures to the fuzzy setting. Fuzzy vector spaces and
fuzzy topological vector spaces were studied by Katsaras and Liu [5], while further developments
on fuzzy topological vector spaces were given by Katsaras [7]. The concept of fuzzy metric

2020 Mathematics Subject Classification. Primary 46540; Secondary 54A40, 46B20, 03E72.
Key words and phrases. Intuitionistic algebra fuzzy normed space; intuitionistic fuzzy compactness; intu-
itionistic fuzzy completeness; total boundedness; finite-dimensional space.
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spaces was introduced and developed in several directions by Kaleva and Seikkala [6], Grabiec
[8], George and Veeramani [12, 13|, and Gregori and Romaguera [14]. These works provided
important fuzzy analogues of metric convergence, completeness, compactness, and fixed point
principles.

The study of fuzzy normed linear spaces forms another important direction in fuzzy func-
tional analysis. Felbin introduced finite-dimensional fuzzy normed linear spaces [10] and later
discussed the completion of fuzzy normed linear spaces [11]. Related developments concerning
fuzzy norms, fuzzy boundedness, fuzzy linear operators, and topological properties of fuzzy
normed spaces were studied by Bag and Samanta [18, 20, 24, 25, 26, 38], Xiao and Zhu [15, 16],
Sadeqi and Kia [33], Saheli, Hasankhani, and Nazari [40], and Nadaban [41, 42]. These stud-
ies show that many classical concepts from normed linear spaces can be formulated in the
fuzzy framework, although the presence of membership and non-membership functions requires
different techniques.

The intuitionistic fuzzy approach was also incorporated into metric, normed, and topologi-
cal structures. Park [17] introduced intuitionistic fuzzy metric spaces, and Saadati and Park
[21] studied intuitionistic fuzzy topological spaces. Fixed point and structural results in in-
tuitionistic fuzzy metric and normed spaces were further developed in [22, 23, 36]. Moreover,
compactness in fuzzy normed and fuzzy Euclidean normed spaces was investigated by Deschri-
jver, O’'Regan, Saadati, and Vaezpour [29], while additional studies on generalized fuzzy normed
spaces, fuzzy bounded operators, and fixed point theory were given in [34, 35, 44, 45, 47].

Sequence convergence has also played a central role in the development of fuzzy and intu-
itionistic fuzzy analysis. Statistical convergence and related summability methods in intuition-
istic fuzzy normed spaces were studied by Karakus, Demirci, and Duman [27], Mursaleen and
Mohiuddine [30, 32], and Mursaleen and Danish Lohani [31]. Extensions to fuzzy n-normed
and intuitionistic fuzzy n-normed structures were considered in [19, 37, 43, 51]. These works
demonstrate that sequential methods are useful in understanding boundedness, compactness,
completeness, and convergence in fuzzy-type spaces. Recent years studies have significantly
expanded the scope of convergence theory in neutrosophic spaces. Deferred statistical summa-
bility in neutrosophic n-normed linear spaces was examined in [53], whereas completeness and
Cartesian-product structures in neutrosophic rectangular n-normed spaces were developed in
[54]. Further extensions involving rough and deferred Z-statistical convergence were presented
in [52, 57]. A comprehensive overview of recent developments in neutrosophic analysis, algebra,
graph theory, and related applications is also provided in [55, 56].

The present paper studies intuitionistic algebra fuzzy normed spaces. The main objective is
to develop compactness and finite-dimensional properties in this setting. We first introduce the
basic notions of intuitionistic algebra fuzzy absolute value spaces, intuitionistic algebra fuzzy
norms, convergence, Cauchy sequences, boundedness, open and closed intuitionistic fuzzy balls,
open and closed subsets, closure, density, and limit points. These preliminaries are inspired by
the foundational works on fuzzy sets, intuitionistic fuzzy sets, fuzzy normed linear spaces, and
intuitionistic fuzzy topological structures [1, 2, 10, 21, 33].

We then investigate intuitionistic fuzzy compactness through intuitionistic fuzzy open cov-
ers and finite subcovers. Several characterizations are obtained involving total boundedness,
completeness, limit points, and sequential compactness. In particular, we prove that every in-
tuitionistically fuzzy compact space is intuitionistically fuzzy totally bounded and intuitionisti-
cally fuzzy complete. Conversely, we show that total boundedness together with completeness
implies intuitionistic fuzzy compactness. We also establish sequential characterizations of to-
tal boundedness and compactness through Cauchy subsequences and convergent subsequences.
These results are motivated by earlier studies on compactness, completeness, and convergence
in fuzzy and intuitionistic fuzzy normed spaces [29, 27, 30, 31, 34].

Finally, we study finite-dimensional intuitionistic algebra fuzzy normed spaces. We prove an
intuitionistic algebra fuzzy estimate for linear combinations of linearly independent vectors and



use it to show that every finite-dimensional subspace is intuitionistically fuzzy complete. We
also prove that any two intuitionistic algebra fuzzy norms on a finite-dimensional vector space
are equivalent. As an application, we obtain a Heine—Borel type theorem stating that every
intuitionistically fuzzy closed and bounded subset of a finite-dimensional intuitionistic algebra
fuzzy normed space is intuitionistically fuzzy compact. A Riesz-type separation lemma is also
formulated, and it is used to derive a finite-dimensionality criterion under an intuitionistic fuzzy
compactness condition. These finite-dimensional results are closely related to the classical fuzzy
normed space framework developed by Felbin and to later works on fuzzy boundedness, fuzzy
linear operators, and finite-dimensional fuzzy normed linear spaces [10, 18, 26, 38, 41, 42].

2. BASIC PROPERTIES OF INTUITIONISTIC ALGEBRA Fuzzy NORMED SPACES

In this section, we present the fundamental concepts required for the development of in-
tuitionistic algebra fuzzy normed spaces. We first recall intuitionistic fuzzy sets, continuous
t-norms, and continuous ¢-conorms. We then introduce intuitionistic algebra fuzzy absolute
values and intuitionistic algebra fuzzy norms.

Furthermore, we discuss convergence, Cauchy sequences, boundedness, completeness, intu-
itionistic fuzzy neighbourhoods, open and closed balls, interior points, adherent points, closure,
and density. These notions provide the algebraic and topological framework needed for the
subsequent study of compactness, completeness, finite-dimensional spaces, and the equivalence
of intuitionistic algebra fuzzy norms.

2.1. Intuitionistic Fuzzy Sets, t-Norms, and t-Conorms. We begin with the basic notion
of an intuitionistic fuzzy set.

Definition 2.1. Let S be a nonempty set. An intuitionistic fuzzy set D in S is represented by

D ={(s,pp(s),vp(s)) : s €S},
where
pp:S— 10,1 and vy:S—[0,1]
are called the membership and non-membership functions, respectively, and satisfy
0<pup(s)+rp(s) <1
for every s € S.

The quantity 75(s) =1 — pugp(s) — v(s) is called the hesitation degree of s with respect to
D.

Definition 2.2. A binary operation  : [0,1] x [0, 1] — [0, 1] is called a continuous t-norm if,
for all a,b,c,d € [0,1], the following conditions hold:

(1) axb="0bxa;

(2) ax(bxc) = (ax*xb)x*c;

(3) * is continuous;

(4) ax1=a;

(5) ifa <candb<d, then axb < cxd.

Example 2.1. The product operation a x b = ab, a,b € 10,1], is a continuous t-norm.
Example 2.2. The minimum operation a * b = min{a, b}, a,b € [0,1], is a continuous
t-norm.

Definition 2.3. A binary operation
o :10,1] x [0,1] — [0, 1]

is called a continuous t-conorm if, for all a,b,c,d € [0,1], the following conditions hold:



) acob="boa;
Jao(boc)=(avb)oc;

) © is continuous;

) ao0=aq;

(5) ifa<candb<d, thenaob<cod.

(1
(2
(3
(4
5

Example 2.3. The algebraic sum aob = a+b— ab, a,b € 10,1], is a continuous t-conorm.

Example 2.4. The mazimum operation a ¢ b = max{a,b}, a,b € [0,1], is a continuous
t-conorm.

Lemma 2.1. Let ¢ be a continuous t-conorm on [0,1]. Then,
lol =1, Dol=100=1, 0o0=0.
Moreover, a o a > a for every a € [0, 1].

Proof. Using the identity property, we have 1 ¢ 0 = 1. By commutativity, we have 0 o1 = 1.
Since ¢ takes values in [0, 1] and is nondecreasing,

1=100<101< 1.
Thus, 1¢1=1. Also, 0¢ 0 = 0. Finally, since 0 < a, monotonicity gives a =a<c0<aoa. 0

Remark 2.1. Let ¢ be a continuous t-conorm.

(1) If a,b € (0,1) and a > b, then there exists w € (0,1) such that a > bow. Indeed, since
bo0=0b<a and <o is continuous, the conclusion follows by choosing w > 0 sufficiently
small.

(2) For every e € (0,1), there ezists § € (0,1) such that § ©§ < €. This follows from the
continuity of ¢ at (0,0) and 00 = 0.

Remark 2.2. Let * be a continuous t-norm. For every e € (0,1), there exists § € (0,1) such
that

(1—6)%(1-8)>1—¢.

Indeed, the assertion follows from continuity at (1,1) and 1% 1 = 1.

Remark 2.3. In the present framework, the continuous t-conorm ¢ is used to control upper
estimates for membership values, whereas the continuous t-norm * s used to control lower
estimates for non-membership values. These operations make the intuitionistic fuzzy structure
compatible with algebraic operations.

2.2. Intuitionistic Algebra Fuzzy Absolute Value Spaces. We next introduce the scalar
structure required in the definition of an intuitionistic algebra fuzzy normed space.

Definition 2.4. Let x be a continuous t-norm and let ¢ be a continuous t-conorm. An ordered
pair (ur,vr) of mappings from R into [0,1] is called an intuitionistic algebra fuzzy absolute
value on R if, for all o, B € R, the following conditions hold:

pr(a) =0 <= a=0;
vr(a) = = a=0;

) < pr(@) © pr(B);

B) = ve(a) * ve(B);

) pr(l) = pr(=1) =1,  wvr(l) =w(-1) =0.

The system (R, ug, vr, *,<) is called an intuitionistic algebra fuzzy absolute value space.



Example 2.5. Letaxb=ab and aob=a+b—ab foralla,be [0,1]. Define by

0, a=0 1, a=0
— ) b d — ) b
iz (@) {L asto, d ) {Q a 0.

Then, (R, ur, Vg, *,©) is an intuitionistic algebra fuzzy absolute value space.
Definition 2.5. Let (p,) be a sequence in an intuitionistic algebra fuzzy absolute value space
(Ra HR, VR, *, 0) .

The sequence (py,) is said to intuitionistically fuzzy converge to p € R if, for every e € (0, 1),
there exists N € N such that

ur(pn —p) <e and wvr(p,—p)>1—¢
for every n > N.
In this case, we write
P —>p or lim p, =p.
n—oo

Equivalently,

lim pr(p, —p) =0 and  lim vg(p, —p) = 1.

n—oo n—oo
Definition 2.6. A sequence (p,) in an intuitionistic algebra fuzzy absolute value space is called
an intuitionistic fuzzy Cauchy sequence if, for every e € (0, 1), there exists N € N such that

UR(Dn — Pm) <& and  vr(py —pm) >1—c¢

for every m,n > N.

Definition 2.7. An intuitionistic algebra fuzzy absolute value space is called intuitionistically
fuzzy complete if every intuitionistic fuzzy Cauchy sequence converges to an element of R.

2.3. Intuitionistic Algebra Fuzzy Normed Spaces. We now extend the scalar structure
to real vector spaces.

Definition 2.8. Let U be a real vector space, let x be a continuous t-norm, and let ¢ be a
continuous t-conorm. Suppose that (R, ug, vg, *,©) is an intuitionistic algebra fuzzy absolute
value space.

Two mappings py, vy : U — [0, 1] are said to define an intuitionistic algebra fuzzy norm on
U if, for all L,v € U and all « € R\ {0}, the following conditions hold:

(1) 0 < py(L) + (L) < L

(2) pu(L) = 0 — L=0;

B) wb)=1 < L=0;

(4) pu(al) < pr(a) * py(L);

(5) wy(al) > vr(a) o vy(L);

(6) pu(L+v) < pu(L) o pu(v);

(7) wu(L+v) > wy(L) * vy(v).
The system (U, py, vy, x,©) is called an intuitionistic algebra fuzzy normed space, abbreviated
as an TAFNS.

Example 2.6. Take U = Cla,b], the vector space of all real-valued continuous functions on
[a,b]. consider that (R, ug, Vg, *,<) is an intuitionistic algebra fuzzy absolute value space.

For every f € Cla,b], define
po(f) = max pr(f(z))  and  w(f) = min vr(f(z)).

z€[a,b] z€a,b]

Then, (Cla,bl, py, vy, *,©) is an intuitionistic algebra fuzzy normed space.



Lemma 2.2. Let (U, uy, vy, x,0) be an intuitionistic algebra fuzzy normed space. Then,
pu(=L) = pu(L) and  w(-L) =wy(L)
for every L € U. Consequently,
pu(L—=v) =pu(v—=L) and wy(L—v) =wy(v—L)
for all L,v € U.

Proof. Using the scalar multiplication axiom with o = —1, we have
pu(—L) < pr(—=1) * py(L)
= 1= py(L)
= pu(L).

Using the same inequality to —L gives
pu(L) = pu(=(=L)) < pu(=L).

Hence,
pu(=L) = pu(L).
As a result,
w(—L) > ve(=1) o my(L)
=0owy(L)
= 1y(L).

After using the same argument to —L yields the reverse inequality. Therefore,
wy(—L) = wy(L).
The final two identities follow from
v—L=—(L—-v).
O

2.4. Convergence, Cauchy Sequences, and Completeness. The notions of convergence,
Cauchy sequences, and completeness are fundamental in the study of intuitionistic algebra
fuzzy normed spaces. In this framework, convergence is described simultaneously through
the membership and non-membership functions: the membership value of the difference tends
to zero, while the corresponding non-membership value tends to one. The Cauchy condition
expresses the same behavior for pairs of sufficiently large terms of a sequence, without requiring
the limit to be known in advance. Completeness ensures that every such Cauchy sequence
converges to an element of the space. We also introduce intuitionistic fuzzy boundedness and
establish the standard implications that every convergent sequence is Cauchy and, under a
suitable nondegeneracy assumption, every Cauchy sequence is bounded.

Definition 2.9. Let (L,,) be a sequence in an intuitionistic algebra fuzzy normed space (U, py, vy, *,9) .
The sequence (L) is said to intuitionistically fuzzy converge to L € U if, for every € € (0, 1),
there exists N € N such that

ok, =Ly <e and w(l,—L)>1—¢

for everyn > N.
In this case, we write
L,—L or limlL,=L.

Equivalently,
lim py(L, —L)=0

n—0o0



and

lim (L, — L) =1.

n—oo

Definition 2.10. A sequence (L,) in an intuitionistic algebra fuzzy normed space is called an
intuitionistic fuzzy Cauchy sequence if, for every ¢ € (0,1), there exists N € N such that

uo(L, — L) <e  and wy(L,—L,)>1-—c¢
for every m,n > N.

Definition 2.11. An intuitionistic algebra fuzzy normed space is called intuitionistically fuzzy
complete if every intuitionistic fuzzy Cauchy sequence converges to an element of the space.

Theorem 2.1. Every intuitionistically fuzzy convergent sequence in an intuitionistic algebra
fuzzy normed space is an intuitionistic fuzzy Cauchy sequence.

Proof. Assume that
L, — L.
take £ € (0,1). By the continuity of ¢ and *, there exists § € (0, 1) such that
dod<e and (1—-0)*x(1—-0)>1—¢.
Since L,, — L, there exists N € N such that, for every n > N,
(L, —L)<é and wpy(L,—L)>1-0.
Let m,n > N. Since
L, —Ln = (L, — L)+ (L—=L,),
the triangle property and Lemma 2.2 give
pu(bn = L) < pu(Ln = L) o py(L = Lin)
= (Lo — L) o py(Lim — L)

<d00d
< €.
Similarly,
w(L, — L) > w(L, — L) *my(L —Lyy)
=w(L, — L) *y(Ly, — L)
> (1—=08)(1—=9)
>1-—e.
Therefore, (L,) is an intuitionistic fuzzy Cauchy sequence. O

Definition 2.12. An intuitionistic algebra fuzzy normed space is called nondegenerate if
pu(l) <1 and  wy(L) >0
for every L € U.

Definition 2.13. A sequence (L,) in an intuitionistic algebra fuzzy normed space is called
intuitionistically fuzzy bounded if there exists r € (0,1) such that

pu(lyn) <r  and  wy(k,) >1—r
for every n € N.

Theorem 2.2. Fvery intuitionistic fuzzy Cauchy sequence in a nondegenerate intuitionistic
algebra fuzzy normed space is intuitionistically fuzzy bounded.



Proof. Let (L,) be an intuitionistic fuzzy Cauchy sequence. Choose ¢ € (0,1) such that
uu(ly) <rg and  wy(Ly) > 1 —ry.
Such an r exists because the space is nondegenerate.
By continuity of ¢ at (uU(Ll),O) and continuity of * at (Z/U(Ll), 1), there exists 0 € (0,1)

such that

pu(ly)od <rg and wy(Ly)*x(1—0) >1—r.
Since (L,,) is Cauchy, there exists N € N such that, for every n > N,

pu(l, —Ly) <6 and (L, —Ly) >1-—0.
Choose 7 € (0, 1) such that
pu(Lby) <, w(ly) > 1=,

and, after decreasing ¢ if necessary,

pu(Ly)od <ry  and  wy(ly)*(1—9) >1—ry.
For each n > N,

pu(Ln) = pu(Ly + (L, — Ly))
< pu(Ly) o pu(ln — Ly)

< puy(Ly)od
< Tq.
Similarly,
w(Ln) > vy(Ly) * wy(L, — Ly)
> py(Ly) * (1 =9)
>1—r.
For finite set {Ly,...,Ly_1}, nondegeneracy ensures that there exists r, € (0, 1) such that

pu(ly) <ry  and (L) > 1 -1

for every 1 < k < N.
Let
r = max{ry, ra}.
After replacing r by a slightly larger number if necessary, we may assume that r € (0,1). Then,
pu(ly) <r and  wy(L,) >1-—r

for every n € N. Hence, (L,,) is intuitionistically fuzzy bounded. O

2.5. Neighbourhoods, Balls, and Topological Concepts. The intuitionistic algebra fuzzy
norm naturally induces a topological structure on the underlying vector space. In this setting,
the degree of closeness between two points is determined simultaneously by the membership
and non-membership values of their difference. This leads to the notions of intuitionistic fuzzy
neighbourhoods, open and closed balls, interior points, adherent points, open and closed sub-
sets, closure, and density. These concepts extend their classical topological counterparts and
provide the foundation for studying continuity, compactness, completeness, and related struc-
tural properties in intuitionistic algebra fuzzy normed spaces.

Definition 2.14. Let (U, py, vy, *, ) be an intuitionistic algebra fuzzy normed space. For L € U
and r € (0,1), the set

B, (Lir)={veU:u(L—v)<randvy(L—v) >1—r}

1s called the intuitionistic fuzzy open ball or intuitionistic fuzzy neighbourhood of L with radius
r.



Definition 2.15. The intuitionistic fuzzy closed ball with center L € U and radius r € (0, 1) is
defined by B
B,,(Lir)={veU:uy(L—v)<rand y(L—v) >1—-r}.

Remark 2.4. The inequalities
puo(L—v)<r and wy(bL—v)>1-—r

mean that v is sufficiently close to L in the intuitionistic algebra fuzzy sense. Thus, these
neighbourhoods play the same role as ordinary open balls in classical normed spaces.

Definition 2.16. Let D C U. A point L € D is called an intuitionistic fuzzy interior point of
D if there ezists v € (0,1) such that

B,,(L,r) CD.

The set of all intuitionistic fuzzy interior points of D 1is called the intuitionistic fuzzy interior
of D and is denoted by
Int(D).

Definition 2.17. Let D C U. A point L € U is called an intuitionistic fuzzy adherent point of
D if, for every r € (0,1),
B,,(L,r)ND # @.

The set of all intuitionistic fuzzy adherent points of D s called the intuitionistic fuzzy closure
of D and is denoted by

D.

Definition 2.18. A subset W C U is called intuitionistically fuzzy open if, for every w € W,
there ezists r € (0,1) such that
B, (w,r) CW.
A subset D C U 1is called intuitionistically fuzzy closed if its complement
D¢=U\D
1s intuitionistically fuzzy open.
Definition 2.19. A subset D C U is called intuitionistically fuzzy dense in U if
D=U.

2.6. Fundamental Topological Properties. We now prove that the intuitionistic fuzzy open
balls generate a natural topology on the space.

Theorem 2.3. Every intuitionistic fuzzy open ball B, ,(L,7) is an intuitionistically fuzzy open
subset of U.

Proof. Let P € B, (L, 7). Then,
pu(L—P)<r and wy(L—P)>1-r.

The set
a=py(L—P) and b=uwy(L—-P).
Thus,
a<r and b>1-—r.

Because a ¢ 0 = a < r and ¢ is continuous, there exists d; € (0, 1) such that
aod; <.
Similarly, since b+ 1 =b > 1 —r and * is continuous, there exists do € (0, 1) such that

bx (1 —0d9) >1—1.



Let
d = min{dy, da}.
We show that
B,.(P,0) € B, (L, ).

Take
Qe B,,(P,9).
Then,
ww(P—Q)<é and wy(P-Q)>1-4.
As
L-Q=(L-P)+(P-Q),
we obtain

pu(l = Q) < pu(L = P)opy(P—Q)
<aod
<aod
<T.

Similarly,

w(ll—Q) >wy(L—P)*xwy(P-Q)
>bx(1—=19)
>bx(1—0y)
>1—r.

Therefore,
Qe B,,(L,r).
Hence,

B,,(P.8) C B (L.7).

Since every point of B, (L, ) has an intuitionistic fuzzy neighbourhood contained in the ball,
it follows that B, ,(L,r) is intuitionistically fuzzy open. O

Theorem 2.4. Let (U, uy, vy, *, ) be an intuitionistic algebra fuzzy normed space and let D C
U. Then d € D if and only if there exists a sequence (d,) in D such that d,, — d in the
intuitionistic algebra fuzzy norm.

Proof. Let first that d € D. Then, for every n € N,

1
B, (d—)nD+w
o ( n+1) 7

Now, we choose

1
dneﬂw<¢E:T>HD.

Then,
1
d, —d
and
d,—d)>1-— .
ol ) n+1

Let € € (0,1). Choose N € N such that

N +1



For every n > N,

1 1
d, —d <
poldn —d) < 29 S yg <F
and
d, —d)>1-— >1-— 1—e.
“l )> n+17 N—i—l> c
Therefore,

d, — d.
Conversely, assume that there exists a sequence (d,,) in D such that
d, — d.
Let r € (0,1). By convergence, there exists N € N such that
pu(d, —d) <r
and
w(d, —d)>1—-r

for every n > N.
By Lemma 2.2, we obtain

pu(d = dp) = pu(dy — d) <7
and
w(d—d,) =wl(d,—d)>1—r.

Thus,

d, € B,,(d,r)NnD
for every n > N. Therefore,

B,,(d,r)ND # @.
Since r € (0, 1) was arbitrary, d € D. O

Corollary 2.1. A subset D of an intuitionistic algebra fuzzy normed space is intuitionistically
fuzzy closed if and only if, whenever a sequence (d,,) in D converges to d € U, one has

deD.

Proof. The result follows directly from Theorem 2.4 and the identity D = D for closed subsets.
O

Corollary 2.2. A subset D C U is intuitionistically fuzzy dense in U if and only if, for every
u € U, there exists a sequence (d,) in D such that

d,, — u.

Proof. By Definition 2.19,

Disdense <«<— D=U.

The result now follows from Theorem 2.4. O



3. INTUITIONISTIC COMPACT ALGEBRA FUzZzZY NORMED SPACES

In this section, we introduce compactness-related concepts in intuitionistic algebra fuzzy
normed spaces. We begin with the notion of an intuitionistic fuzzy open cover, which plays an
essential role in formulating compactness in this setting. Since the topology of an intuitionis-
tic algebra fuzzy normed space is determined by the membership and non-membership func-
tions, classical topological notions such as open covers, finite subcovers, compactness, and total
boundedness must be interpreted in the intuitionistic fuzzy sense. These definitions provide the
foundation for studying the relationship among compactness, total boundedness, boundedness,
and completeness in intuitionistic algebra fuzzy normed spaces.

Definition 3.1. Let (U, i, v, %,9) be an intuitionistic algebra fuzzy normed space and let P C U.
Suppose Q = {O; : j € J}, where each O; is an intuitionistic fuzzy open subset of U. Then,
1s called an intuitionistic fuzzy open cover of P if P C UJ.EJ Oj, that is, for every p € P there
exists some Oy € Q) such that p € Oy. A finite subcollection of 0 which still covers P is called
a finite intuitionistic fuzzy open subcover.

Definition 3.2. An intuitionistic algebra fuzzy normed space (U, p, v, x,0) is called intuition-
wstically fuzzy compact if every intuitionistic fuzzy open cover of U admits a finite intuitionistic
fuzzy open subcover. That is, if @ = {O; : j € J} is an intuitionistic fuzzy open cover of U,
then there exist O1,Oa,...,O € Q such that U = U§:1 0;.

Definition 3.3. A nonempty subset P of an intuitionistic algebra fuzzy normed space (U, p, v, %, )
1s called intuitionistically fuzzy compact if every intuitionistic fuzzy open cover of P has a finite
intuitionistic fuzzy open subcover.

Example 3.1. The open interval
0,1)={CeR:0< (<1}
in the intuitionistic algebra fuzzy normed space
(R, g5 v4,0)
18 not intuitionistically fuzzy compact. Indeed, the family

() +-en

forms an intuitionistic fuzzy open cover of (0,1) from which no finite intuitionistic fuzzy open
subcover can be extracted.

Remark 3.1. Fvery finite subset of an intuitionistic algebra fuzzy normed space is intuitionis-
tically fuzzy compact.

Definition 3.4. Assume that (U, p, v, x,0) is an intuitionistic algebra fuzzy normed space and
let P be a subset of U. Then P is called intuitionistically fuzzy totally bounded if, for every
¢ €(0,1) and every t > 0, there ezists a finite subset

{p1.p2,...,p} C P
such that, for every L € P, there exists j € {1,2,...,k} satisfying
p(L—pjt) >1—-C¢ and v(L—p;t) <.
FEquivalently,

k
P g U B,u,l/(pja ga t)v
j=1
where

MyV(p’Qt) :{LG U ::u(l—_pat) > 1_C7 V(L_p7t) <C}



18 the open intuitionistic fuzzy ball with center p, radius parameter , and time parameter t.

Remark 3.2. The parametert > 0 is an essential part of the definition since the intuitionistic
fuzzy norm is determined by the functions
p,v U x (0,00) — [0, 1].
Thus, both the membership degree u(-,t) and the non-membership degree v(-,t) depend not only
on the vector but also on the parameter t.
Furthermore, the inequalities
p(lL—p,t)>1=C and v(L—pt)<(

indicate that the point L is sufficiently close to the center p in the intuitionistic fuzzy sense.
These are precisely the defining conditions of an open intuitionistic fuzzy ball.

Consequently, intuitionistic fuzzy total boundedness is a natural extension of the classical
notion of total boundedness in normed spaces, where finite coverings by c-balls are replaced by
finite coverings by intuitionistic fuzzy open balls.

Example 3.2. Let U =R, and define
t
_ l/(a?,t) = ﬂ’
t+ || t+ |z
for every x € R and t > 0. Let the continuous t-norm and t-conorm be

a*xb=ab, acb=a+0b—ab.

M(Ivt) =

Then (R, p, v, %,¢) is an intuitionistic algebra fuzzy normed space.
Consider the subset
P =0,1].
We shall show that P s intuitionistically fuzzy totally bounded.
Let ( € (0,1) and t > 0 be arbitrary. Set

t
5 St
1-¢
Then, for any x,y € R satisfying
|z —y| <9,
we have
plr —y,t) = 1-¢
t+ |z —yl
and | |
-y
vir—uy,t
(& —y,t) =~ P— ¢
Choose a positive integer
1
N > —|
)
and define ‘
i
P = ==, ,=0,1,...,N.
Since the distance between two consecutive points is
1
— <0,
N
every point x € [0, 1] satisfies
|z —pi| <6

for some i € {0,1,...,N}. Hence,
(e —pit) > 1=,



and

v(z —pi,t) <.
Therefore,

x € B,,(pi,( t).
Consequently,

N
P g U Bu,l/(pia C» t)'
i=0
Since the collection
{p07p17 R 7pN}
is finite, it follows that P = [0,1] is intuitionistically fuzzy totally bounded.

The study of fuzzy normed linear spaces was initiated in a systematic way by Felbin [10].
Later, Bag and Samanta investigated boundedness and bounded linear operators in fuzzy
normed linear spaces [18]. Saadati and Park developed intuitionistic fuzzy topological struc-
tures by using continuous t-norms and t-conorms [21]. Sadeqi and Kia studied the topological
structure of fuzzy normed linear spaces [33]. Compactness in fuzzy normed spaces was also
considered by Deschrijver, O’Regan, Saadati, and Vaezpour [29]. Motivated by these works,
we first establish the relation between total boundedness and boundedness in the setting of
intuitionistic algebra fuzzy normed spaces.

Proposition 3.1. Every intuitionistically fuzzy totally bounded subset of an intuitionistic al-
gebra fuzzy normed space is intuitionistically fuzzy bounded.

Proof. Let (U, uy, vy, *,©) be an intuitionistic algebra fuzzy normed space and let P C U be
intuitionistically fuzzy totally bounded.
Choose ¢ € (0,1). Since P is intuitionistically fuzzy totally bounded, there exists a finite set

A={p1,p2;---,Pr} S P
such that, for every L € P, there exists p; € A satisfying
pu(l —pi) <¢ and wy(L—p;) >1—C.

Since A is finite, define

M, = max{py(p;i —p;) : 1 <4,j <k}
and

M, = min{wy(p; — p;) : 1 <i4,j < k}.
Let L,v € P be arbitrary. Then there exist p;,p; € A such that

pu(L = pi) <, vk —pi) >1-¢,

and

pu(v —pj) <¢ w(v—p;) >1-C
Since

L—v=(L—pi)+(pi —p;) + (p; — ),
we have

pu(L =) < py(L —pi) o pu(pi — pj) © pu(ps — v).
By Lemma 7?7,
pu(p; — v) = pu(v — pj).
Therefore,
pu(L—v) <roM,or.
Similarly,
w (L —v) > wy(L —pi) *vy(pi — pj) * vul(p; — v).



By Lemma 77,
w(p; —v) = w(v = py)-
Thus,
w(lL—v)> (1 =)« M, *(1—C).
Choose n € (0,1) such that
roM,or <n

and
l—=n<(1=¢)*M,x(1-).
Then
pu(L—v) <n and wy(bL—v)>1-n
for all L,v € P. Hence, P is intuitionistically fuzzy bounded. 0

Compactness and total boundedness in fuzzy normed spaces have been studied by Deschrijver,
O’Regan, Saadati, and Vaezpour [29].Now, we establish the following sequential characteriza-
tion of total boundedness in intuitionistic algebra fuzzy normed spaces.

Theorem 3.1. Let (U, uy, vy, *,0) be an intuitionistic algebra fuzzy normed space and let P C
U. Then P is intuitionistically fuzzy totally bounded if and only if every sequence in P has an
intuitionistic fuzzy Cauchy subsequence.

Proof. Suppose first that P is intuitionistically fuzzy totally bounded. Let {px} be a sequence
in P.
For each m € N, choose 4,, € (0,1) such that

1
O, © Oy, < —
m

and .
1— 1— 1——.
( Om) * ( Om) > m

This is possible by the continuity of ¢ and x.

Since P is intuitionistically fuzzy totally bounded, there exists a finite d;-net for P. Hence one
of the corresponding intuitionistic fuzzy balls contains infinitely many terms of {p;}. Denote
the subsequence of these terms by {pg)}.

Again, since P is intuitionistically fuzzy totally bounded, there exists a finite do-net for
P. Hence one of the corresponding intuitionistic fuzzy balls contains infinitely many terms of
{pg)}. Denote this subsequence by {pf)}.

Continuing this process, we obtain a sequence of subsequences

{pe} 2 (P} 2 (P} 2+

such that, for each m € N, all terms of {p,(cm)} lie in some intuitionistic fuzzy ball

Bu,u<am7 6m)
with center a,, € P.
Now define the diagonal subsequence
dm = pq(qT )’ m € N.

We, we prove that {g,,} is an intuitionistic fuzzy Cauchy sequence.
Let € € (0,1). Choose N € N such that
L <
N

E.



If m,n > N, then ¢,, and g, both belong to the subsequence {p,gN)}. Hence both ¢, and g, lie
in B, ,(ay,0n). Therefore,

pu(qm — an) < O, vy (gm — an) > 1 =0y,
and
pu(gn —an) < n,  wlgn —an) > 1— 0.
Since
Gm = Gn = (Gm — an) + (an — qn),
we get

MU(CJm - Qn) S MU(Qm - aN) <>:uU(a’N - Qn)‘
By Lemma 7?7,
pulan — gn) = pu(gn — an).
Hence,
1
Mu(qm—qn> <5N<>6N < N < E.
Similarly,
VU(Qm - Qn> Z VU(Qm - aN) * VU(aN - Qn)
By Lemma 7?7,
VU<aN - %1) = VU(Qn - (I,N).
Thus,
1
VU(Qm_Qn) > (1_6N)*(1_5N) >1—N>1—€.

Therefore, {¢,} is an intuitionistic fuzzy Cauchy subsequence of {py}.

Conversely, suppose that every sequence in P has an intuitionistic fuzzy Cauchy subsequence.
We prove that P is intuitionistically fuzzy totally bounded.

Assume, to the contrary, that P is not intuitionistically fuzzy totally bounded. Then there
exists ¢ € (0,1) such that P has no finite intuitionistic fuzzy (-net.

Choose p; € P. Since {p;} is not an intuitionistic fuzzy (-net, there exists

P2 S P\B,u,u(plag)'

Since {p1, p2} is not an intuitionistic fuzzy (-net, there exists

P3 S P\ (Bu,l/(pla C) U Bu,u(p27 C))

Continuing this process, we obtain a sequence {pg} in P such that

Pm ¢ Bu,u(pja C)

whenever m > j. Hence, for every m > 7,

pu(pm —pj) > ¢ or wy(pm —p;) <1—C.

Therefore, no subsequence of {p,} can be an intuitionistic fuzzy Cauchy sequence, which con-
tradicts the assumption.
Thus, P is intuitionistically fuzzy totally bounded. 0

The relation between compactness and total boundedness in fuzzy normed spaces was studied
by Deschrijver, O’Regan, Saadati, and Vaezpour [29]. Idea by their compactness result, we
prove the corresponding implication in intuitionistic algebra fuzzy normed spaces.

Proposition 3.2. Let (U, py, vy, *,0) be an intuitionistic algebra fuzzy normed space. If U is
intwitionistically fuzzy compact, then U is intuitionistically fuzzy totally bounded.



Proof. Let ¢ € (0,1). For each p € U, consider the intuitionistic fuzzy open ball

B,,(p,¢)={LeU:puy(L—p) <¢and ny(L—p) >1-(}.
Then,
B - {B,u,u(pa C) p & U}

is an intuitionistic fuzzy open cover of U.
Since U is intuitionistically fuzzy compact, there exist py, po,...,pr € U such that

k
U= U BMV(pjv C)

j=1
Hence, for every L € U, there exists j € {1,2,...,k} such that

pu(lL—pj) <¢ and wy(L—p;) >1-C.
Thus, {p1, ps, - - -, P} is a finite intuitionistic fuzzy (-net for U. Therefore, U is intuitionistically
fuzzy totally bounded. O

Compactness and completeness are fundamental concepts in fuzzy and intuitionistic fuzzy
analysis. Saadati and Park developed intuitionistic fuzzy topological structures based on con-
tinuous [21], and Sadeqi and Kia studied the topological structure of fuzzy normed linear
spaces [33]. Moreover, compactness in fuzzy normed spaces was investigated by Deschrijver,
O’Regan, Saadati, and Vaezpour [29]. Now, we prove that compactness implies completeness
in intuitionistic algebra fuzzy normed spaces following.

Proposition 3.3. Let (U, py, vy, *,©) be an intuitionistic algebra fuzzy normed space. If U is
intuitionistically fuzzy compact, then U is intuitionistically fuzzy complete.

Proof. Let {px} be an intuitionistic fuzzy Cauchy sequence in U. We prove that {p;} converges
to an element of U.

Since U is intuitionistically fuzzy compact, every sequence in U has a convergent subsequence.
Hence there exist a subsequence {py, } of {px} and a point p € U such that

Pr, =7 P
in the intuitionistic fuzzy sense.
Now, we show that the whole sequence {p;} converges to p. Let ¢ € (0,1). Choose § € (0,1)

such that
d0od < (

and
(1-=9)*(1-9)>1-¢.
Since {px} is an intuitionistic fuzzy Cauchy sequence, there exists N; € N such that
pu(pr — Pm) <6 and wy(px —pm) >1—196
for all k,m > Nj.
Since py; — p, there exists N, € N such that
pu(pr, —p) <60 and wy(py, —p) >1-90
whenever j > Ns.
Choose j > N, such that k; > N;. Then, for every & > Ny,
P — P = (Px — Px;) + (P&, — P)-
Therefore,

pu(pr —p) < pu(Pr — Pry) © pu(pr; —Pp) <006 <.
Similarly,

vo(pr —p) = vu(Pe — Pr;) * vu(pe, —P) > (1 —06) * (1 —6) > 1.



Thus,
po(pe —p) < ¢ and wy(pr—p) >1-¢
for all £ > N;. Hence py — p.
Therefore, every intuitionistic fuzzy Cauchy sequence in U converges to an element of U, and
so U is intuitionistically fuzzy complete. U

The relationship among total boundedness, completeness, and compactness is a central theme
in normed and fuzzy normed spaces. Sadeqi and Kia studied the topological structure of fuzzy
normed linear spaces [33]. Deschrijver, O’'Regan, Saadati, and Vaezpour investigated compact-
ness in L-fuzzy Euclidean normed spaces [29]. We establish the corresponding compactness
criterion for intuitionistic algebra fuzzy normed spaces in next theorem.

Theorem 3.2. Let (U, uy, vy, *,9) be an intuitionistic algebra fuzzy normed space. If U is
intuitionistically fuzzy totally bounded and intuitionistically fuzzy complete, then U is intuition-
stically fuzzy compact.

Proof. Let Q = {O, : A € A} be an intuitionistic fuzzy open cover of U. We prove that ) has
a finite subcover.

Assume, to the contrary, that €2 has no finite subcover. Since U is intuitionistically fuzzy
totally bounded, for each k € N there exists a finite intuitionistic fuzzy %—net for U. Hence U

can be covered by finitely many intuitionistic fuzzy balls of radius %
Since {2 has no finite subcover, at least one of these balls cannot be covered by finitely many
members of 2. Choose such a ball and denote its center by p,. Thus we obtain a sequence

By total boundedness, every sequence in U has an intuitionistic fuzzy Cauchy subsequence.

Hence, {py} has an intuitionistic fuzzy Cauchy subsequence, say {p,}. Since U is intuitionis-
tically fuzzy complete, there exists p € U such that

Pk; — P-
Since €2 is an intuitionistic fuzzy open cover of U, there exists \y € A such that
p € OAO-
Because O,, is intuitionistic fuzzy open, there exists ¢ € (0, 1) such that
BﬂvV(p7 C) g OAO

Choose 0 € (0, 1) such that
dod<(

and
(1-=9)*(1-9)>1-¢.
Since py; — p, there exists jo € N such that
pu(pr, —p) <6 and  wy(py, —p) >1—6
for all j > jo.
Choose j > jo sufficiently large so that

— < 0.

Let L € By, (pk;, 1/k;). Then,

1
pu(l = pi;) < =<0
i

and



Since
L—p=(L—pg)+ (Pe; — P),

we have
pu(k = p) < pu(L = pi,) © pulpr; —p) <906 <.
Similarly,
(Ll —p) > vy(L —pg;) xvulpr; —p) > (1 —0)* (1 —0) >1—C.
Thus,
L e B,J,,V(P,C) g O)\O'
Therefore,

B%V(pkﬂ 1/k]) - O/\O'
It means that the ball B, ,(px,,1/k;) is covered by one member of 2, which contradicts the
choice of pg,. Hence, 2 must have a finite subcover.
Therefore, U is intuitionistically fuzzy compact. 0

4. INTUITIONISTIC FUuzZzy LIMIT POINTS AND COMPACTNESS IN INTUITIONISTIC
ALGEBRA Fuzzy NORMED SPACES

In the following part, we investigate further compactness properties in intuitionistic algebra
fuzzy normed spaces. In particular, we introduce the notion of an intuitionistic fuzzy limit point
and use it to study the relationship between compactness, sequential compactness, closedness,
and convergent subsequences. The results obtained here show that several classical compactness
principles can be extended naturally to the intuitionistic fuzzy setting by using intuitionistic
fuzzy open balls, membership functions, and non-membership functions.

Definition 4.1. Let (U, py, vy, *,0) be an intuitionistic algebra fuzzy normed space and let
S CU. A point L € U is called an intuitionistic fuzzy limit point of S if, for every ¢ € (0,1),

(Buw(L,O)\{L}) NS # 0.
Example 4.1. Let U =R, equipped with the intuitionistic algebra fuzzy norm
t |z]
MRE fE,t = )
T A
where t > 0, together with the product t-norm

NR(x> t) =

axb=ab
and the probabilistic sum t-conorm
aob=a+b—ab.
Consider the subset .
S:{—:nGN}QR.
n
We show that 0 is an intuitionistic fuzzy limit point of S.

Let ¢ € (0,1) and fix t > 0. The intuitionistic fuzzy ball centered at 0 is
Bw(0,¢,t) ={z e R: p(z,t) > 1 - ¢, viz,t) <(}

Since
—
w0 = Ty
the inequality
p(w,t) >1-¢
18 equivalent to
|J}| < i



Likewise,

x
viz,t) = <
0 = ey <€
18 equivalent to the same inequality
(t
< —.
ol < 72
Because )
lim — =0,
n—oo M,
there exists a positive integer N such that
1 t
¢
N 1-¢

Hence,
1
N S Bu,l/(oa Ca t)>
and clearly
1
N # 0.
Therefore,

Since ¢ € (0,1) was arbitrary, it follows that 0 is an intuitionistic fuzzy limit point of S.
On the other hand, every point of the set

1
S:{—:nGN}
n

15 wsolated. Indeed, for each fired m € N, one can choose a sufficiently small intuitionistic fuzzy
ball centered at % containing no other point of S. Thus, % s not an intuitionistic fuzzy limit
point of S.

Consequently, the set of all intuitionistic fuzzy limit points of S is
S"={0}.

Limit points and sequential compactness are closely related in fuzzy and intuitionistic fuzzy
topological settings [21]. Compactness properties in fuzzy normed spaces have also been studied
in [29]. Motivated by these works, we establish the following characterization in intuitionistic
algebra fuzzy normed spaces.

Proposition 4.1. Let (U, uy, vy, *,©) be an intuitionistic algebra fuzzy normed space. Then
every infinite subset of U has at least one intuitionistic fuzzy limit point in U if and only if
every sequence in U has an intuitionistic fuzzy convergent subsequence.

Proof. Suppose first that every infinite subset of U has at least one intuitionistic fuzzy limit
point in U. Let {L;} be a sequence in U.

If the set

{Lk k S N}

is finite, then at least one value occurs infinitely many times. Hence {L;} has a constant
subsequence, and this subsequence converges to that constant value.

Now, we suppose that

S = {Lk ke N}

is infinite. By assumption, S has an intuitionistic fuzzy limit point L € U.

For each j € N, choose p; € (0,1) such that

pj—>0 and 1—C]—>1



Since L is a limit point of S, for each j € N there exists Ly, € S with k; > k;_; such that

L, € B, (L, pj),
where kg = 0. Thus
pu(le, —L) < ¢ and  wy(ly, —L) > 1—¢j.
Since p; — 0, it follows that
pu(ly; —L) =0 and wmy(Ly, —L) — 1.

Therefore,
Lk]. — L
in the intuitionistic fuzzy sense.
Conversely, suppose that every sequence in U has an intuitionistic fuzzy convergent subse-
quence. Let S be an infinite subset of U. Choose a sequence {p;} of distinct points in S.
By assumption, {p;} has a subsequence {pj, } such that

Pr, = P
for some p € U.

Now, we claim that p is an intuitionistic fuzzy limit point of S. Let ¢ € (0,1). Since pg, — p,
there exists jo € N such that

pu(pe; —p) < ¢ and  wy(py;, —p) >1—¢
for every j > jo. Hence,
Pr; € Buu(p, ()
for every 7 > jo.
Since the points py; are distinct, there exists some j > jo such that pg, # p. Thus

(Buw(p, O\ {p}) NS #0.

Therefore, p is an intuitionistic fuzzy limit point of S.
This completes the proof. O

Sequential compactness is one of the important characterizations of compactness in fuzzy
and intuitionistic fuzzy topological settings. Saadati and Park [21] developed intuitionistic
fuzzy topological structures, while Deschrijver, O'Regan, Saadati, and Vaezpour [29] studied
compactness in fuzzy normed spaces. Motivated by these works, we obtain the following sequen-
tial characterization of intuitionistic fuzzy compactness in intuitionistic algebra fuzzy normed
spaces.

Theorem 4.1. Let (U, uy, vy, *,©) be an intuitionistic algebra fuzzy normed space. Then the
following statements are equivalent:

(1) U is intuitionistically fuzzy compact.
(2) Every sequence in U has an intuitionistic fuzzy convergent subsequence.

Proof. (1) = (2). Assume that U is intuitionistically fuzzy compact. Let {L} be a sequence
in U. By compactness, every infinite subset of U has an intuitionistic fuzzy limit point. Hence,
by Proposition 4.1, {L;} has an intuitionistic fuzzy convergent subsequence.

(2) = (1). Assume that every sequence in U has an intuitionistic fuzzy convergent subse-
quence.

First, we show that U is intuitionistically fuzzy totally bounded. Suppose that U is not
intuitionistically fuzzy totally bounded. Then there exists ¢ € (0,1) such that U has no finite
intuitionistic fuzzy (-net.

Choose Ly € U. Since {L;} is not an (-net, there exists

L, e U\ B, (L1, Q).



Inductively, choose

k
ier € U\ U Buol5:0)

j=1
Then, for every j < k,
I—k ¢ B/J,,I/("j? C)
Hence,
,uu(Lk—L])ZC or VU(I—k_I—j)Sl_C-

Thus, no subsequence of {L;} can be intuitionistically fuzzy Cauchy, and therefore no subse-
quence can be intuitionistically fuzzy convergent. This contradicts the assumption. Hence U is
intuitionistically fuzzy totally bounded.

Next, we prove that U is intuitionistically fuzzy complete. Let {px} be an intuitionistic fuzzy

Cauchy sequence in U. By assumption, there is a subsequence {py,} and a point p € U such
that

Pk; — P-
Let ¢ € (0,1). Choose 6 € (0,1) such that
Jod<(¢ and (1—0)x(1—0)>1-C.
Since {px} is intuitionistically fuzzy Cauchy, there exists N; € N such that

fu(Pe — Pm) <8 and  wy(py — pm) > 1 -0
for all k&, m > Nj. Since pg, — p, there exists Ny € N such that

pu(pr, —p) <0 and  wy(py, —p) >1—06

for all 7 > N,.
Choose 7 > Ny such that k; > N;. Then, for every k > Ny,

Pt — P = (Pr — Pr;) + (Pr, — P)-
Therefore,

pu(pre — p) < pu(pe — Pr;) © pu(pr, —p) < 0006 < C.
Similarly,

vu(pe —P) = vu(pe — Pr,) * tu(pr, —p) > (1 —0) % (1 —=9) >1—¢.

Hence, pi, — p. Therefore, U is intuitionistically fuzzy complete.
Since U is intuitionistically fuzzy totally bounded and intuitionistically fuzzy complete, The-
orem 3.2 implies that U is intuitionistically fuzzy compact. 0

Corollary 4.1. Let (U, uy, vy, *,0) be an intuitionistic algebra fuzzy normed space. If U is
intuitionistically fuzzy compact and P is an intuitionistically fuzzy closed subset of U, then P
18 intuitionistically fuzzy compact.

Proof. Let {py} be a sequence in P. Since P C U, the sequence {p} is also a sequence in U.
Since U is intuitionistically fuzzy compact, by Theorem 4.1, there exists a subsequence {py, }
of {px} such that

Pr, = P
for some p € U.
Since P is intuitionistically fuzzy closed and {py;} € P, we have p € P. Therefore every

sequence in P has an intuitionistic fuzzy convergent subsequence whose limit belongs to P.
By Theorem 4.1, P is intuitionistically fuzzy compact. ([l



The relationship between compactness and closedness is a fundamental topic in fuzzy and in-
tuitionistic fuzzy topological structures [21, 33]. Compactness properties in fuzzy normed spaces
have also been studied in [29, compactness in L-fuzzy Euclidean normed spaces]. Motivated
by these works, we prove that every intuitionistically fuzzy compact subset is intuitionistically
fuzzy closed.

Theorem 4.2. Let (U, uy, vy, *,©) be an intuitionistic algebra fuzzy normed space and let P C
U. If P is intuitionistically fuzzy compact, then P is intuitionistically fuzzy closed in U.

Proof. Let p € U be an intuitionistic fuzzy limit point of P. Then there exists a sequence {py}
in P such that

Pt — P-
Since P is intuitionistically fuzzy compact, every sequence in P has an intuitionistic fuzzy
convergent subsequence whose limit belongs to P. Thus there exist a subsequence {p, } and a
point ¢ € P such that

Pr;, — Q.
On the other hand, since pr — p, every subsequence of {p} also converges to p. Hence

Pr; — P.

By uniqueness of the intuitionistic fuzzy limit, we obtain

P=4q.
Since g € P, it follows that p € P.

Therefore, P contains all its intuitionistic fuzzy limit points. Hence, P is intuitionistically
fuzzy closed in U. O

5. FINITE-DIMENSIONAL INTUITIONISTIC ALGEBRA FuUzzy NORMED SPACES

In this section, we investigate finite-dimensional vector spaces equipped with an intuitionistic
algebra fuzzy norm. Finite-dimensional spaces play an important role because many topological
and convergence properties become more structured in this setting. In particular, we study how
linear combinations of linearly independent vectors behave with respect to the membership and
non-membership functions.

The main purpose of this section is to establish several fundamental properties of finite-
dimensional intuitionistic algebra fuzzy normed spaces. We first prove an intuitionistic algebra
fuzzy estimate for finite linear combinations of linearly independent vectors. This estimate
is then used to show that every finite-dimensional subspace of an intuitionistic algebra fuzzy
normed space is intuitionistically fuzzy complete.

Felbin [10] studied finite-dimensional fuzzy normed linear spaces. Motivated by this finite-
dimensional framework, we establish the following intuitionistic algebra fuzzy estimate for linear
combinations of linearly independent vectors.

Theorem 5.1. Let (U, py, vy, *,0) be an intuitionistic algebra fuzzy normed space over the
intuitionistic algebra fuzzy absolute value space (R, ugr, Vg, *, ).

Suppose that {Ly,us, ..., Ly} is a linearly independent subset of U. Then there exists ¢ € (0, 1)
such that, for every aq,ao,...,ar € R,

oy (Z 04]"—;') > ([pr(ar) o pr(az) o - - o ur(ag)],
and

w (Z aij> < (1=¢)o[wr(ar) *xvr(ag) * -+ x vr(ag)] .



Proof. Suppose, to the contrary, that the first inequality is not true. Then, for each m € N,
there exist scalars ozgm) , ozém), . ,oz,(cm) € R such that

(Za j> [uﬂ« ) o pr(af™) oo pm(af™) |

Put

Then,
pu(dy) — 0 as m — 0.

Since the coefficients are taken in a finite-dimensional scalar space, after passing to a subse-
quence if necessary, we may assume that

(m)

for each 7 = 1,2,... k. Hence, by the continuity of scalar multiplication and addition in the
intuitionistic algebra fuzzy norm, we have

k k
=Y ol —d=>"al,
i=1 i=1
Therefore,

Since py(d,,) — 0, it follows that

pu(d) =0
Thus,
d=0.
That is,
k
Z a;l; = 0.
j=1
Since {Ly,Ls,..., L} is linearly independent, we obtain

a1 =g =---=qy = 0.

This contradicts the choice of the normalized coefficients in the above sequence. Hence there
exists ¢ € (0,1) such that

(Z% ) > ¢ [pr(ar) o pr(as) o - o pz(ag)] .

Similarly, we obtain

(Z a;L ) (1 =0)o[vr(aq) * vr(ag) * - x vr(ay)] .

Therefore, the theorem is proved. O

Felbin [10] developed the theory of finite-dimensional fuzzy normed linear spaces, we prove
the following completeness result in intuitionistic algebra fuzzy normed spaces.

Theorem 5.2. Let (U, uy, vy, *,©) be an intuitionistic algebra fuzzy normed space. If D is a
finite-dimensional subspace of U, then D is intuitionistically fuzzy complete.



Proof. Let {d,,} be an intuitionistic fuzzy Cauchy sequence in D. Suppose that dim D = k and
let

B:{Ll,LQ,...,Lk}
be a basis of D. Then, for every m € N, there exist unique scalars agm), agm), e ,a,im) eR

such that
k
dn = a™L;.
i=1

Since {d,,} is intuitionistically fuzzy Cauchy, for every ¢ € (0,1) there exists N € N such that
pu(dm —dj) < ¢ and wy(dy, —d;) >1—¢
for all m,7 > N. Now, take

By Theorem 5.1, the coefficient sequences
(o™ i=1,2,.. .k,

are intuitionistic fuzzy Cauchy sequences in R.
Since R is intuitionistically fuzzy complete, for each i = 1,2, ..., k, there exists a; € R such

that
Oéz(m) —

in the intuitionistic fuzzy sense. Put

k
=1

Clearly, d € D.
Now, we prove that d,, — d. Since

k

dn —d =Y (al™ i) L,
i=1
(m)

and each o, ' — «;, by the continuity of scalar multiplication and finite addition in the
intuitionistic algebra fuzzy norm, we obtain

dy, —d— 0.
Hence,
dy, — d
in D.
Therefore, every intuitionistic fuzzy Cauchy sequence in D converges to an element of D.
Thus D is intuitionistically fuzzy complete. 0

6. EQUIVALENCE AND COMPACTNESS IN FINITE-DIMENSIONAL INTUITIONISTIC ALGEBRA
Fuzzy NORMED SPACES

In this section, we continue the study of finite-dimensional intuitionistic algebra fuzzy normed
spaces by considering the equivalence of intuitionistic algebra fuzzy norms and its consequences.
The equivalence of two intuitionistic algebra fuzzy norms is important because it guarantees
that both norms generate the same convergence behavior on the underlying vector space. Thus,
convergence, Cauchy sequences, completeness, and compactness can be studied independently
of the particular choice of an equivalent intuitionistic algebra fuzzy norm.



We first introduce the notion of equivalent intuitionistic algebra fuzzy norms on the same
vector space. After that, we establish a criterion for equivalence and prove that any two
intuitionistic algebra fuzzy norms on a finite-dimensional vector space are equivalent. This
result is then applied to obtain a Heine-Borel type compactness theorem in finite-dimensional
intuitionistic algebra fuzzy normed spaces. Finally, by using a Riesz-type separation argument,
we derive a finite-dimensionality criterion based on compactness.

Definition 6.1. Let (U, uy, v, %,0) and (U, ug, va, %, ) be two intuitionistic algebra fuzzy normed
spaces on the same vector space U.

The intuitionistic algebra fuzzy norm (us,vs) is said to be equivalent to the intuitionistic
algebra fuzzy norm (pq,v1) if, for every sequence {Ly} in U and every L € U,

I—k‘_>|— Zn (U7:u17y1;*7<>)
if and only if
Ly - L in (U,,UQ,I/Q,*,O).

Example 6.1. Let U =R equipped with the usual absolute value |- |. Define two intuitionistic
algebra fuzzy norms on U by

t |z
x,t) = , vi(x,t) = ;
et = ) =
and o] o]
po(x,t) =€, vo(x,t)=1—e 7,

for every x € R and t > 0. Let the continuous t-norm and t-conorm be
ax*xb=ab, acb=a+0b—ab.

Now, we show that (puy,11) and (pe,vs) are equivalent.
Let {x,} be a sequence in R and let x € R.
First, suppose that
Ty — X
with respect to (uy,v1). Then, for every t > 0,
pi(x, —x,t) — 1, v (z, —x,t) — 0.

Since

t) =
Ml(xv ) t+|l’|

this is equivalent to
|z, — x| — 0.

Consequently,
po(x, —x,t) = s N 1,
and
vo(xy —x,t) =1— e_‘xntix‘ — 0.

Hence,

Tp — T
with respect to (ug, va).

Conversely, suppose that
Tp — T

with respect to (ug, v2). Then
po(x, —x,t) — 1.
Since

_|ﬂvn*1"

et —1



if and only iof
|z, — x| — 0,
it follows that

t
n - 7t = 7 17
i (n = 1) t+ |z, — x|
and | |
Tp — T
—z,t) = ——— — 0.
Vl(xn xz, ) t + |=Tn — :L‘|
Therefore,
Tp — T

with respect to (py,v1).
Hence, the intuitionistic algebra fuzzy norms (py,v1) and (ug, v2) are equivalent.

The comparison of two fuzzy norms on the same vector space is useful for identifying when
both structures generate the same convergence behavior. Related ideas on finite-dimensional
fuzzy normed spaces and the topological structure of fuzzy normed linear spaces were developed
in [10, 33, 42]. In this direction, we give the following criterion ensuring that two intuitionistic
algebra fuzzy norms are equivalent.

Theorem 6.1. Let (U, puy, vy, *,0) and (U, o, 12, %, ) be two intuitionistic algebra fuzzy normed
spaces on the same vector space U. Suppose that there exist constants p,q € (0,1) such that,
for every L € U,

prz(L) < pi(L) < qpuo(L)
and

pra(l) < vi(L) < qua(L).
Then, (p1,v1) and (ug, v2) are equivalent.

Proof. Let {Lx} be a sequence in U and let L € U.
First, suppose that
Ly = L in (U, pqg, v, %, 0).
Then, we have
pi(ly —L) =0 and wy(Ly—L) — 1.

Since
pra(le — L) < pu(Le — L),
we get
1
pa(by — L) < 5M1(|—k —L).
Hence,

ILLQ(Lk — L) — 0.
Moreover, since

v (Ly — L) < qura(Lg — L),

we have 1
IJQ(Lk — L) Z 5V1(Lk — L)
Thus,
I/Q(Lk — L) — 1.
Therefore,

Lk—> L in (U,/LQ,VQ,*,O).
Conversely, suppose that
Ly, —L in (U,MQ,VQ,*,O).



Then,
po(ly — L) =0 and wy(ly —L) = 1.
Since
pa(Ly — L) < qua(Ly — L),
it follows that

Also, since
pra(Ly — L) <Ly — L),
we obtain
l/l(l_k — L) — 1.
Hence,
Ly, —L in (U, M1, V1, *,O).
Therefore, (u1,1) and (uz, v5) are equivalent. O

In finite-dimensional spaces, the equivalence of norm-type structures is a key property because
it ensures that convergence does not depend on the particular choice of norm. Related finite-
dimensional and topological properties in fuzzy normed spaces have been studied in [10, 33, 42].
We now obtain the corresponding equivalence result for intuitionistic algebra fuzzy norms on a
finite-dimensional vector space.

Theorem 6.2. Let U be a finite-dimensional vector space. If (ui,v1) and (u2,vs) are two
intuitionistic algebra fuzzy norms on U, then (u1,11) and (ps,vo) are equivalent.
Proof. Let dimU = k and let B = {L;,Ls,...,Lx} be a basis of U. Then every L € U has a
unique representation

k

j=1

By Theorem 5.1, applied to the norm (u2,v), there exists py € (0, 1) such that

pa(L) = pa [pr(ar) © pr(an) © - - - o pr(ak)] .
On the other hand, using the properties of (i, 1), we have

k
pi(L) = (Z aij) < pa(aily) o py(agla) o - - o py (agly).
=1

Thus,
(L) < Cr [pr(an) o pr(as) o - - - o pr(ow)],
for some constant C; > 0. Hence,

pa(L) < EM(L)-

Similarly, applying Theorem 5.1 to (u1, 1) and using the properties of (ug, 1), there exists a
constant Cy > 0 such that

p2(L) < Copa(L).
Therefore, there exist positive constants A, B > 0 such that

Apa(L) < pa(L) < Buso(L)

for every L € U.
By the same argument for the non-membership functions, there exist positive constants
A’, B’ > 0 such that
A/l/g(l_) S l/1<|_) S B,V2(L)

for every L € U.



Hence, the intuitionistic algebra fuzzy norms (i1, 1) and (us,v2) are equivalent. O

Inspired by Felbin’s finite-dimensional fuzzy normed linear space theorem [10, finite-dimensional
fuzzy normed linear space theorem|, we obtain the following Heine—Borel type compactness re-
sult for intuitionistic algebra fuzzy normed spaces.

Theorem 6.3. Let (U, uy, vy, *,0) be a finite-dimensional intuitionistic algebra fuzzy normed
space and let D C U. If D s intuitionistically fuzzy closed and intuitionistically fuzzy bounded,
then D is intuitionistically fuzzy compact.

Proof. Let dimU = k and let

B ={Ly, Ly, ..., L}
be a basis of U. Let {d,,} be an arbitrary sequence in D. Since D is intuitionistically fuzzy
bounded, there exists t € (0,1) such that
pu(dy) <t and wy(dy,) >1—t

for every m € N.
For each m € N, write

where ozﬁ»m) e R.
By Theorem 5.1, there exists ¢ € (0,1) such that

k
po(din) = py (Z agmkj) > ¢ [MR(QW) . OMR(aS"))] .
j=1
Since puy(dn) < t, it follows that
¢[umaf™)yo o paf™)] <t

Hence, each scalar sequence {Ozj(.m)} is intuitionistically fuzzy bounded in R.

Therefore, by the Bolzano—Weierstrass property in R, each {aj(~m)} has a convergent subse-
quence. Using a diagonal argument, we obtain a subsequence {d,,,} of {d,,} such that, for
every j =1,2,...,k,

oémé) —
for some o; € R.
Define

k
d= ZOZJ‘L]‘.
j=1

Then, d € U. We show that d,,, — d. Since

k

dm[ — d = Z (agmg) — O[j> Lj,
j=1
and since

(mz)
J

for every j = 1,2,..., k, the continuity of scalar multiplication gives

(Oég-me) — Oéj) I_j — 0.

a —a; —0



By repeated use of the triangle inequalities for puy and vy, finite sums of convergent sequences
are convergent. Therefore,
dp, —d — 0,
that is,
Ay, — d

in the intuitionistic fuzzy sense.

Since d,,, € D for every ¢ and D is intuitionistically fuzzy closed, the limit d belongs to D.

Thus, every sequence in D has an intuitionistically fuzzy convergent subsequence whose limit
belongs to D. By Theorem 4.1, D is intuitionistically fuzzy compact. 0

A Riesz-type separation lemma for fuzzy normed linear spaces was considered by Bag and
Samanta [38, Lemma 5.1]. We get Idea by this result, we formulate the following separation
lemma for intuitionistic algebra fuzzy normed spaces.

Lemma 6.1. Let (U, uy, vy, *,9) be an intuitionistic algebra fuzzy normed space. Let D and Z
be subspaces of U such that
DCZ
and suppose that D is intuitionistically fuzzy closed. Then, for every t € (0,1), there ezists
z € Z such that
pu(z—d) >t or w(z—d)<1-t
for every d € D.

Proof. Since D ¢ Z, choose L € Z \ D. Since D is intuitionistically fuzzy closed, we have
L ¢ D. Hence there exists ¢ € (0, 1) such that

B,,(L,t)NnD =.
Therefore, for every d € D,
d¢ B,.,(Lt).

Thus, for every d € D,

puu(L—d) >t or wy(L—d)<1-—t.
Taking z = L € Z, we obtain

py(z —d) >t or wy(z—d)<1-—t
for every d € D. O

Felbin [10, finite-dimensional norm-equivalence theorem| studied finite-dimensional fuzzy

normed linear spaces. Motivated by the classical compactness criterion for finite-dimensionality

and its fuzzy analogue, we obtain the following finite-dimensionality result for intuitionistic al-
gebra fuzzy normed spaces.

Theorem 6.4. Let (U, uy, vy, *,0) be an intuitionistic algebra fuzzy normed space. Suppose
that

D={LeU:0<uy(L) <1, 0<wy(lL) <1}
18 intuitionistically fuzzy closed and intuitionistically fuzzy compact. Then U is finite dimen-
stonal.

Proof. Suppose, to the contrary, that U is infinite dimensional. Choose U; € D and let
U, = span{lL,}.

Since U, is finite dimensional, it is intuitionistically fuzzy closed. Moreover, U; # U.
By Lemma 6.1, there exists Ly € D such that

1
pu(le — L) > 5 o vy(le — L) <

N | —



Let
Uy = span{Ly, Lo},
Again, U is finite dimensional and intuitionistically fuzzy closed, and Uy # U.
Repeating this argument, we obtain a sequence {L;} in D such that, for m # j,

1
pu(Ly — L) > 5 or w(lm —L;) <

DN | —

Hence, no subsequence of {L;} can be intuitionistically fuzzy Cauchy, and therefore no subse-
quence can be intuitionistically fuzzy convergent.

This contradicts the intuitionistic fuzzy compactness of D, because every sequence in an intu-
itionistically fuzzy compact set has an intuitionistic fuzzy convergent subsequence. Therefore,
U must be finite dimensional. O

Structure of the main results. In this paper, we study compactness, completeness, total
boundedness, and finite-dimensional structure in intuitionistic algebra fuzzy normed spaces.
The relationships among the obtained results may be summarized as follows.

First, we introduce the basic framework

intuitionistic algebra fuzzy absolute value =- intuitionistic algebra fuzzy norm.
This structure induces the main topological notions:
intuitionistic algebra fuzzy norm =
convergence, Cauchy sequence, open ball, closed set, and completeness.
In particular, we prove that
Ly =L = {Li} is intuitionistically fuzzy Cauchy.
We also characterize closure by sequences:
de D <= there exists {d;} C D such that d — d.

Next, we investigate intuitionistic fuzzy compactness. We first show that total boundedness
implies boundedness:

intuitionistically fuzzy totally bounded =- intuitionistically fuzzy bounded.
We then establish a sequential characterization of total boundedness:
P is intuitionistically fuzzy totally bounded
<

every sequence in P has an intuitionistic fuzzy Cauchy subsequence

Furthermore, compactness yields both total boundedness and completeness:
U is intuitionistically fuzzy compact = U is intuitionistically fuzzy totally bounded,

and
U is intuitionistically fuzzy compact = U is intuitionistically fuzzy complete.

Conversely, we prove the compactness criterion
U is intuitionistically fuzzy totally bounded and complete = U is intuitionistically fuzzy compact.
We also study limit points and sequential compactness. We prove that
every infinite subset of U has an intuitionistic fuzzy limit point
if and only if

every sequence in U has an intuitionistic fuzzy convergent subsequence.



Consequently, we obtain the sequential characterization of compactness:

U is intuitionistically fuzzy compact

<~
every sequence in U has an intuitionistic fuzzy convergent subsequence.
As an application, we show that compact subsets are closed:
P is intuitionistically fuzzy compact = P is intuitionistically fuzzy closed.

Finally, we investigate finite-dimensional intuitionistic algebra fuzzy normed spaces. We first
prove an estimate for linear combinations of linearly independent vectors:

{Ly,La, ..., Lg} linearly independent = there exists ¢ € (0,1)

such that the intuitionistic algebra fuzzy norm of 2521 a;L; is controlled by the corresponding
intuitionistic algebra fuzzy absolute values of the coefficients. This estimate is then used to
prove that

D finite-dimensional subspace = D is intuitionistically fuzzy complete.
We also prove equivalence results for intuitionistic algebra fuzzy norms:
(p1,11) ~ (p2,2) = both norms induce the same convergence structure,
and, in finite-dimensional spaces,
U finite-dimensional = any two intuitionistic algebra fuzzy norms on U are equivalent.
Moreover, we obtain a Heine—Borel type compactness theorem:
D intuitionistically fuzzy closed and bounded =- D intuitionistically fuzzy compact

whenever U is finite dimensional.
Using a Riesz-type separation lemma, we finally prove a compactness criterion for finite-
dimensionality:

D={LeU:0<uy(L) <1, 0<py(L) <1}
is intuitionistically fuzzy closed and intuitionistically fuzzy compact
= U is finite dimensional.

Therefore, the main flow of the paper is

basic intuitionistic algebra fuzzy norm structure = topological properties
= compactness, total boundedness, and completeness
= sequential compactness and closedness
= finite-dimensional completeness, norm equivalence, and compactness

= finite-dimensionality criterion.



7. CONCLUSION

In this paper, we studied intuitionistic algebra fuzzy normed spaces and established several
fundamental properties related to compactness, completeness, total boundedness, and finite-
dimensional structures. We first introduced the basic notions required in this setting, including
intuitionistic algebra fuzzy absolute value spaces, intuitionistic algebra fuzzy norms, conver-
gence, Cauchy sequences, boundedness, open and closed intuitionistic fuzzy balls, closure, den-
sity, and limit points.

The main compactness results show that intuitionistic fuzzy compactness is closely connected
with total boundedness and completeness. In particular, we proved that every intuitionistically
fuzzy compact space is intuitionistically fuzzy totally bounded and intuitionistically fuzzy com-
plete. Conversely, we showed that an intuitionistically fuzzy totally bounded and intuitionis-
tically fuzzy complete space is intuitionistically fuzzy compact. We also obtained sequential
characterizations of total boundedness and compactness in terms of Cauchy subsequences, con-
vergent subsequences, and intuitionistic fuzzy limit points.

Furthermore, we investigated finite-dimensional intuitionistic algebra fuzzy normed spaces.
We proved an estimate for linear combinations of linearly independent vectors and used it
to show that every finite-dimensional subspace is intuitionistically fuzzy complete. We also
established that any two intuitionistic algebra fuzzy norms on a finite-dimensional vector space
are equivalent. As a consequence, we obtained a Heine—Borel type compactness theorem,
namely that every intuitionistically fuzzy closed and bounded subset of a finite-dimensional
intuitionistic algebra fuzzy normed space is intuitionistically fuzzy compact. Finally, a Riesz-
type separation lemma was formulated and applied to obtain a finite-dimensionality criterion
under an intuitionistic fuzzy compactness condition.

These results extend several classical properties of normed linear spaces and fuzzy normed
spaces to the framework of intuitionistic algebra fuzzy normed spaces. They also provide a
basis for further investigations, such as the study of bounded linear operators, dual spaces,
fixed point results, and compact operators in intuitionistic algebra fuzzy normed spaces.

8. SUGGESTIONS FOR FURTHER RESEARCH

The results obtained in this paper provide several possible directions for future research.
First, the study of bounded and continuous linear operators on intuitionistic algebra fuzzy
normed spaces can be developed further. In particular, it would be interesting to characterize
compact operators, continuous functionals, and dual spaces in this setting. This direction
is closely related to earlier works on fuzzy bounded linear operators and fuzzy continuous
mappings in fuzzy normed linear spaces [18, 26, 41, 44].

Second, the compactness results established in this paper may be extended to more general
structures, such as intuitionistic algebra fuzzy 2-normed spaces, intuitionistic algebra fuzzy n-
normed spaces, and non-Archimedean intuitionistic fuzzy normed spaces. Such extensions may
provide broader applications in nonlinear analysis and fixed point theory. Related developments
on intuitionistic fuzzy 2-normed spaces, fuzzy m-normed spaces, and intuitionistic fuzzy n-
normed linear spaces can be found in [31, 19, 37, 43].

Third, another possible direction is to investigate different types of convergence in intuition-
istic algebra fuzzy normed spaces, including statistical convergence, ideal convergence, lacunary
statistical convergence, and summability methods. These concepts may lead to new compact-
ness and completeness characterizations. This direction is motivated by studies on statistical
convergence, lacunary statistical convergence, and related sequence methods in intuitionistic
fuzzy normed spaces [27, 30, 32, 51].

Fourth, the finite-dimensional results presented in this paper suggest further study of infinite-
dimensional intuitionistic algebra fuzzy normed spaces. In particular, it would be useful to
examine whether analogues of classical functional analytic theorems, such as the Hahn—Banach



theorem, Banach—Steinhaus theorem, open mapping theorem, and closed graph theorem, can
be formulated in the intuitionistic algebra fuzzy framework. This problem is naturally con-
nected with the finite-dimensional fuzzy normed space theory of Felbin [10, 11] and with later
investigations of fuzzy normed linear spaces and their topological structures [33, 42, 38].

Finally, the relationship between intuitionistic algebra fuzzy normed spaces and applications
in approximation theory, optimization, differential equations, and fixed point problems may also
be explored. Fixed point theory in fuzzy and intuitionistic fuzzy normed or metric spaces has
been widely studied [22, 36, 47, 45]. Therefore, extending these methods to intuitionistic algebra
fuzzy normed spaces may enrich the theory and provide useful tools for studying mathematical
models involving uncertainty and imprecision.
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ABSTRACT. This paper introduces and studies the concept of Fermatean intuitionistic fuzzy n-
normed linear spaces. By combining the geometric structure of n-normed linear spaces with the
cubic admissibility condition of Fermatean fuzzy sets, we define a new framework in which the
membership and non-membership functions satisfy u3.+v3 < 1. Several fundamental properties
of the proposed space are investigated. We introduce the Fermatean hesitation degree, open
balls, convergence, Cauchy sequences, and completeness in this setting. Equivalent characteri-
zations of convergence and Cauchy sequences are established in terms of the limiting behavior
of the Fermatean membership and non-membership functions. We also prove that the limit of
a convergent sequence is unique and that every convergent sequence is Cauchy. Furthermore,
Fermatean intuitionistic fuzzy contraction mappings are introduced by using cubic-control func-
tions, and a Banach-type fixed point theorem is proved in complete Fermatean intuitionistic
fuzzy n-normed linear spaces. Finally, an application is provided to guarantee the existence
and uniqueness of solutions of a linear operator equation. Several examples are included to
illustrate the validity and applicability of the proposed concepts.

1. INTRODUCTION

The study of uncertainty has become one of the central themes in modern mathematics, ap-
plied analysis, decision theory, optimization, control theory, and information sciences. Classical
set theory describes membership in a crisp way: an element either belongs to a set or it does
not. However, many real-world situations involve incomplete, vague, or imprecise information.
To overcome this limitation, Zadeh introduced the theory of fuzzy sets, where each element is
assigned a degree of membership in the interval [0,1] [1]. This idea opened a new direction
in mathematical modelling, especially for systems in which uncertainty cannot be represented
adequately by classical binary logic. The importance of fuzzy sets was further emphasized by
several foundational works on fuzzy decision-making, fuzzy topological structures, and many-
valued uncertainty models [2, 3, 4, 5].

A significant development of fuzzy set theory was introduced by Atanassov through the
concept of intuitionistic fuzzy sets [6]. In this framework, each element is described not only
by a membership degree but also by a non-membership degree. Thus, an intuitionistic fuzzy
set provides a richer structure than an ordinary fuzzy set because it also incorporates the
hesitation degree. Further refinements and extensions of intuitionistic fuzzy sets were studied
in [7, 8,9, 10]. Related models, such as vague sets, interval-valued intuitionistic fuzzy sets,
and distance-based approaches to intuitionistic fuzzy sets, were also developed in order to
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handle different types of uncertainty [11, 12, 13, 14]. These works show that membership
and non-membership functions provide a powerful way to represent incomplete information in
mathematical structures.

The relationship between fuzzy set theory and functional analysis has also been widely inves-
tigated. Fuzzy metric spaces, fuzzy normed linear spaces, intuitionistic fuzzy metric spaces, and
intuitionistic fuzzy normed spaces have been introduced and studied from several perspectives
25, 26, 27, 28, 29]. In these spaces, convergence, Cauchy sequences, completeness, continuity,
boundedness, and fixed point properties are described through fuzzy membership and non-
membership functions rather than through ordinary distances alone. The study of bounded
linear operators and fixed point results in fuzzy normed spaces has also produced many useful
results [31, 32, 33, 34, 35]. Furthermore, statistical convergence and related sequence concepts
have been extended to fuzzy and intuitionistic fuzzy normed structures [36, 37].

On the other hand, the theory of n-normed linear spaces provides a natural generalization
of normed and 2-normed spaces. The idea of a 2-normed space was introduced by Gahler,
and later developments led to the study of n-normed spaces and related geometric structures
(38, 39, 40]. In an n-normed linear space, the size of a vector is not measured independently but
through a function depending on n vectors. This allows one to describe geometric quantities
related to linear dependence, volume, and determinant-type structures. The development of
fuzzy n-normed linear spaces and intuitionistic fuzzy n-normed linear spaces was carried out
in [41, 42, 43]. These works introduced convergence, Cauchy sequences, completeness, and
other basic analytical concepts in the setting of fuzzy and intuitionistic fuzzy n-normed spaces.
Further contributions to statistical convergence and calculus-type results in intuitionistic fuzzy
n-normed spaces can be found in [44, 45, 46].

Recent research has considerably broadened the study of convergence, summability, and
structural properties in neutrosophic spaces. Deferred statistical summability in neutrosophic
n-normed linear spaces was developed in [50], while completeness and Cartesian-product con-
structions in neutrosophic rectangular n-normed spaces were investigated in [51]. Further
advances involving rough and deferred Z-statistical convergence of difference sequences were
presented in [49, 54]. A broader treatment of recent developments in neutrosophic analysis,
together with related topics in algebra, graph theory, and applications, is provided in [52, 53].
These contributions demonstrate the growing importance of ideal-based, deferred, and rough
convergence methods in the analysis of sequences under uncertainty.

In recent years, orthopair fuzzy models have attracted considerable attention. Yager intro-
duced Pythagorean fuzzy sets, which replace the intuitionistic condition

pw+rv <1

by the weaker quadratic condition

P+ <1
This modification allows a wider range of admissible membership and non-membership val-
ues [17]. Yager later introduced generalized orthopair fuzzy sets, which further extend the
admissible region by using a parameterized power condition [18]. Related developments in hes-
itant fuzzy sets and aggregation methods also contributed to the generalization of uncertainty
modelling [19, 15, 16].

A more recent and important extension is the theory of Fermatean fuzzy sets introduced
by Senapati and Yager [21]. In a Fermatean fuzzy set, the membership and non-membership
degrees satisfy the cubic condition

ug + 13 < 1.
This condition is weaker than the intuitionistic fuzzy condition p+ v < 1 and also weaker than
the Pythagorean fuzzy condition p? + % < 1 in the sense that it allows a larger admissible
region for membership and non-membership values. Because of this flexibility, Fermatean fuzzy
sets have been applied to decision-making, aggregation operators, medical decision problems,



and uncertainty modelling [20, 22, 23, 24]. These studies show that Fermatean fuzzy models
provide an effective framework for representing complex uncertain information.

To address these issues, this paper introduces the concept of a Fermatean intuitionistic
fuzzy n-normed linear space, abbreviated as FIF-n-NLS. The proposed structure combines the
geometric nature of n-normed linear spaces with the cubic admissibility condition of Fermatean
fuzzy sets. More precisely, for each

‘7 = (Ul,’UQ,...,’Un) c X"
and A > 0, the membership and non-membership functions
Up,Vp : X" x (O, OO) — [O, 1]

are required to satisfy
HE(V ) +vp(V, ) < 1.

This condition allows the proposed space to contain intuitionistic fuzzy n-normed structures as
special or compatible cases, while also permitting a broader range of uncertainty.

The main purpose of this paper is to establish the foundational theory of FIF-n-NLS. We
first recall preliminary notions such as continuous ¢-norms, continuous t-conorms, intuitionistic
fuzzy normed linear spaces, and intuitionistic fuzzy n-normed linear spaces. We then introduce
the formal definition of a Fermatean intuitionistic fuzzy n-normed linear space and define
the associated Fermatean hesitation degree. Several examples are provided to show that the
proposed definition is nonempty and mathematically consistent.

After defining the space, we study open balls, convergence, Cauchy sequences, and complete-
ness. The convergence of a sequence () to a point x € X is characterized by the conditions

(21, 22, - ooy Znet, T — 2, ) — 1
and
V(21,22 oy 21, Tk — T, A) — 0
for every A > 0 and every zq, 29,...,2,_1 € X. Similarly, a Cauchy sequence is characterized
by the limiting behavior of
(21, 295 - oy Zne1, T — Tpy A)
and
Va(21, 22y -y 201, T — Tpy A)

as k,p — oo. We prove that limits are unique, that every convergent sequence is Cauchy, and
that completeness can be formulated naturally in this Fermatean intuitionistic fuzzy n-normed
setting.

The final part of this paper is devoted to contraction mappings and fixed point theory.
Fixed point theorems are important tools in nonlinear analysis and have been widely studied
in metric, normed, fuzzy metric, and fuzzy normed spaces [48, 30, 32, 35, 47]. In the present
setting, a contraction mapping must be described in terms of the Fermatean membership and
non-membership functions. We introduce Fermatean intuitionistic fuzzy cubic-control functions
and define a suitable class of Fermatean intuitionistic fuzzy contraction mappings. A Banach-
type fixed point theorem is then established in complete FIF-n-NLS. Finally, an application is
given to prove the existence and uniqueness of a solution of a linear operator equation of the
form

r=c+ ax, la] < 1.

This application illustrates that the abstract theory developed in the paper can be used to solve
concrete operator equations under Fermatean intuitionistic fuzzy n-normed assumptions.



2. PRELIMINARY CONCEPTS

In this section, we recall some basic notions that will be used throughout the paper. These
preliminary concepts provide the foundation for constructing Fermatean intuitionistic fuzzy
n-normed linear spaces. We begin with continuous t-norms and continuous t-conorms, which
are used to combine membership and non-membership values in fuzzy and intuitionistic fuzzy
structures. These operations play an important role in defining triangle-type conditions in
fuzzy normed and intuitionistic fuzzy normed spaces.

We also review fuzzy sets, intuitionistic fuzzy sets, and Fermatean fuzzy sets. In a fuzzy
set, each element is described only by a membership degree, whereas in an intuitionistic fuzzy
set, each element is described by both a membership degree and a non-membership degree
satisfying

w+rv <1
In contrast, a Fermatean fuzzy set uses the cubic admissibility condition
P+ <1
This condition gives more flexibility in assigning membership and non-membership degrees.

Furthermore, we recall the definition of an n-normed linear space. In such a space, the norm
depends on n vectors and is closely related to linear dependence and volume-type measurements.
The usual determinant norm on R” provides a standard example of an n-norm. We also recall
ordinary convergence, Cauchy sequences, and completeness in n-normed linear spaces, since
these ideas will later be extended to the Fermatean intuitionistic fuzzy n-normed setting.

Finally, we include the basic definition of a fixed point, which will be used in the development
of contraction mappings and the fixed point theorem in complete Fermatean intuitionistic fuzzy
n-normed linear spaces.

Definition 2.1. A binary operation x : [0,1] x [0,1] — [0,1] is called a continuous t-norm if,
for all e1,e9,e3,64 € [0, 1], the following conditions are satisfied:

(1) eg %1 = ey,
(2) E1 XE9g = E9 % &7y
(3) (61 * 62) X E3 = &1 * (82 * 53),’
(4) Zf{fl S £3 and E9 S €4, then
€1 % €9 < €3 % &y4;
(5) * is continuous on [0,1] x [0,1].

Example 2.1. Some standard examples of continuous t-norms are:

(1) Product t-norm:

€1 % Eg = £1E9.
(2) Minimum t-norm:
£1 % €9 = min{ey, £ }.
(3) Lukasiewicz t-norm:
€1 % €9 = max{e; + &2 — 1,0}.

Definition 2.2. A binary operation ¢ : [0,1] x [0,1] — [0,1] is called a continuous t-conorm
if, for all e1,e9,¢e3,64 € [0, 1], the following conditions are satisfied:

(1) &1 o0 = €1,

(2) 1069 =e906q;

(3) (e1069)0ez3 =10 (eg0e3);

(4) if ey < e3 and g9 < g4, then

€1069 K €30¢&y;

(5) © is continuous on [0,1] x [0,1].



Example 2.2. Some standard examples of continuous t-conorms are:
(1) Mazimum t-conorm:
€10 &9 = max{ey,ea}.
(2) Probabilistic sum:
€106 = €1 + €9 — €162.
(3) Lukasiewicz t-conorm:

€10 &y = min{e; + &9, 1}.

Example 2.3. Some Fermatean-type examples of continuous t-conorms are:

£10¢€2 = [min{e? + &35, 1}] Y3 ,

1/3

e10€r = [max{e},e5}] " = max{ey, 2},

and
€10€&9 = (5:1% + 5% — 8?6%)1/3 )
where €1, g5 € [0, 1].
Definition 2.3. Let X be a nonempty set. A fuzzy set A on X is defined by a function
pa s X —[0,1],

where pa(x) denotes the degree of membership of x in A. The value pa(z) = 0 means that x
does not belong to A, while pa(z) =1 means that x fully belongs to A.

Definition 2.4. Let X be a nonempty set. An intuitionistic fuzzy set A on X s defined by
A ={(z,pa(x), va(z)) : 2 € X},

where
pa: X —1[0,1] and wva:X —[0,1]
are the membership and non-membership functions, respectively, satisfying
0< pal@) +ralz) <1
forallz € X.

Definition 2.5. Let A be an intuitionistic fuzzy set on a nonempty set X. The hesitation
degree of x € X with respect to A is defined by

ma(x) =1— pa(x) —va(z).

Since

0 < palz) +valz) <1,
we have

0 <ma(z) <1.
Definition 2.6. Let X be a nonempty set. A Fermatean fuzzy set A on X is defined by
A= {(z, pa(@), vale)) o € X},
where
pa:X —1[0,1]  and wva:X —[0,1]

are the membership and non-membership functions, respectively, satisfying

0 < (x)+vi(z) <1
forallz € X.



Definition 2.7. Let A be a Fermatean fuzzy set on a nonempty set X. The Fermatean hesita-
tion degree of v € X with respect to A is defined by

ra@) = (1 - (@) - (@)
Since
0 < pia(e) +vi(e) < 1,
we have
0 S 7TA(SL’) S 1.
Definition 2.8. Let X be a real linear space with dim X > n. A function
|- ] s X — [0, 00)

1s called an n-norm on X if, for all x1,z9,...,2,,y € X and a € R, the following conditions

hold:
(1)
|x1, 22, ... x,]| =0

if and only iof x1, 2o, ..., 2, are linearly dependent;

(2)

|x1, T, ..., 2]

is invariant under any permutation of x1,Ta, ..., Tn;

(3)
(4)

|lx1, 2o, . . o axy|| = |||, 2o, - . o 20 ]];

|1, oy s, o+l < 1, T2, T, T + |21, 22, - T, Y-
Then (X,||-,...,-|]) is called an n-normed linear space.
Example 2.4. Let X = R". For vy, vy,...,v, € R", define
lv1, va, ... v, = |det(vy,ve, ..., v,)]| -
Then, (R™,||-,...,-|l) is an n-normed linear space.

Definition 2.9. Let (X, |,...,||) be an n-normed linear space. A sequence {xy) in X is said
to converge to x € X if, for every z1,22,...,2,1 € X,

lz1, 29, - oy Zn_1, 2 — || = 0

as k — oo. In this case, we write
T — .

Definition 2.10. Let (X, ||-,...,||) be an n-normed linear space. A sequence (ry) in X is
called a Cauchy sequence if, for every z1, 2o, ..., 2,1 € X,

|21, 225 - -+ 21, Tk — || = 0
as k,p — oo.

Definition 2.11. An n-normed linear space (X, ||-,...,-||) is called complete if every Cauchy
sequence in X converges to an element of X with respect to the n-norm.

Definition 2.12. Let I C R be an interval and let f: I — R be a function.
(1) The function f is called non-decreasing if s <t = f(s) < f(t) for all s,t € I.
(2) The function f is called non-increasing if s <t = f(s) > f(t) for all s,t € I.

Definition 2.13. Let X be a nonempty set and let 7 : X — X be a mapping. A point x € X
is called a fized point of T if T(x) = x.



Definition 2.14. Let X be a linear space over the field K, and let x and ¢ be a continuous
t-norm and a continuous t-conorm, respectively. An intuitionistic fuzzy norm on X is a pair
of functions
p, v X x (0,00) — [0, 1],

where u(x,t) represents the degree of membership and v(z,t) represents the degree of non-
membership of x with respect to t, satisfying the following conditions for all x,y € X, t,s > 0,
and o € K:
) pl(x,t) +v(z,t) <1;

p(x,t) >0 and v(x,t) < 1;
p(x,t
( t) =0 if and only if x = 0;

)
)
if a # 0, then
o) =u(nt) senn=v (o)

x4y, t+s5) > p(x,t) * u(y, s);

(1
(2)
(3) =1 if and only if x = 0;
(1)
(5) if

(6)

(7)
vix+y,t+s) <vx,t)ov(y,s);
(8) limy oo pt(z,t) = 1 and limy,oo v(2,t) = 0;
(9) limy o+ p(x,t) =0 and limy_,o+ v(z,t) = 1 for x # 0.
Then, the tuple (X, p, v, *,©) is called an intuitionistic fuzzy normed linear space.

Example 2.5. Let (X, | - ||) be a normed linear space. For x € X andt > 0, define

t ]l

(e, t) = ———, vz, t) =
t+ ||z

Then,
p(x,t) +v(z,t) < 1.

Hence, (1, v) defines an intuitionistic fuzzy norm on X under suitable choices of the continuous
t-norm and t-conorm.

Definition 2.15. Let X be a linear space over the field F, where F = R or C. Let x be a
continuous t-norm and let o be a continuous t-conorm. A pair of functions

p,v: X" xR —[0,1]

1s called an intuitionistic fuzzy n-norm on X if, for all vy, ..., vy, w, € X, A\, A\, Ao € R, and
a € F, the following conditions are satisfied:

(1)

(2) for every X <0,
p(og, .o v, A) =0 and  v(vy,...,v,,A) =1

p(vg, o v, A) F (v, v, A) <

(3) for every A > 0,
p(vg, ..o, A) =1
iof and only if vy, ..., v, are linearly dependent,
(4) for every A > 0,
(v, ... 05, A) =0
iof and only iof vy, ..., v, are linearly dependent,
(5) p(v1, ..., vn, A) is invariant under any permutation of vy, ..., v,;
(6) v(vy,...,vn, A) is invariant under any permutation of vy, ..., v,;



(7) if « # 0, then
,u(vl,...,own,)\):u(vl,...,vn,i);
|al
(8) if a # 0, then
A
n,)\: yeooyUny 7
(v, ..., QU A) 1/(1}1 v |a\)

/,L(Ul, co oy Up—1,Un + Wp, )\1 + )\2) Z /,L(Ul, co oy Up—1,Up, A1) * ,u(vla vy Up—1, Wy, )‘2)7

I/(’Ul, ey Un—1,Up + Wh, )\1 =+ )\2) S I/('Ul, ey Up—1,Up, )\1) < I/(Ul, ey Up—1, Wy, )\2),

(11) p(vy, ..., v, A) is a non-decreasing function of A € R and

lm p(vy, ..., 00, A) = 1;
A—00
(12) v(vy,...,v,, A) is a non-increasing function of A € R and
lim v(vq,...,0,,A) =0.
A—00

Then, the tuple (X, p,v,*,0) is called an intuitionistic fuzzy n-normed linear space.

Example 2.6. Let (X, ||-,...,||) be an n-normed linear space. For vy,...,v, € X and X >0,
define
( by A
v 7"-,/Un, =
o At vt onll
and
v(v1, ...y Upy A) |1, ..., vn ]

2 log, ol
For A <0, define
(v, .o v, A) =0, v(vy, ..., v, A) = 1.
Then,
(v, .o U, A) F (v, o, A) < 1L

Hence, (X, p, v, *,0) is an intuitionistic fuzzy n-normed linear space under suitable continuous
t-norm and t-conorm.

3. FERMATEAN INTUITIONISTIC FUzzy n-NORMED LINEAR SPACE (FIF-n-NLS)

The theory of fuzzy sets was initiated by Zadeh [1], who introduced a mathematical frame-
work for describing uncertainty through degrees of membership. Later, Atanassov [6] extended
this idea by introducing intuitionistic fuzzy sets, where each element is characterized by both
a membership degree and a non-membership degree. This extension provides a more flexible
way to represent uncertainty, especially when the available information contains hesitation or
incomplete knowledge.

In functional analysis, the concept of n-normed linear spaces provides a natural generalization
of normed and 2-normed spaces. The study of n-normed spaces was developed by several
authors, including Géhler and later Gunawan and Mashadi [39]. In this setting, the distance
or size of an element is replaced by a function depending on n vectors, which allows one to
describe linear dependence and geometric volume-like quantities in a linear space.

The interaction between fuzzy structures and normed linear spaces has led to several impor-
tant generalizations. Saadati and Park [29] studied intuitionistic fuzzy normed spaces, while
Vijayabalaji, Thillaigovindan, and Jun [42] introduced intuitionistic fuzzy n-normed linear



spaces and investigated convergence, Cauchy sequences, and related properties in this frame-
work. More recently, Fermatean fuzzy sets were introduced by Senapati and Yager [21] as a
wider orthopair fuzzy model satisfying the cubic condition

w4t <1
This condition is weaker than the intuitionistic fuzzy restriction
w+v <1,

and hence it allows a broader range of admissible membership and non-membership degrees.

Motivated by these developments, we introduce the notion of a Fermatean intuitionistic fuzzy
n-normed linear space. The proposed structure combines the geometric character of n-normed
linear spaces with the cubic membership—non-membership condition of Fermatean fuzzy sets.
In this section, we present the formal definition of this space, define the associated Fermatean
hesitation degree, and discuss some fundamental concepts such as open balls, convergence,
Cauchy sequences, completeness, contraction mappings, and fixed point results.

Definition 3.1. Let X be a linear space over the field F, where F = R or C. Let * be
a continuous t-norm and let ¢ be a continuous t-conorm. Let V = (vq,...,v,) € X" and let
pr,vp : X" x(0,00) — [0, 1] be two functions. The tuple (X”,;LF, VE, >|<,<>) 18 called a Fermatean
intuitionistic fuzzy n-normed linear space, briefly an FIF-n-NLS, if the following conditions are
satisfied for all V = (vy,...,v,) € X", A, A, A0 >0, « € F, and v,, € X:

(1) N N

0< MF(V, )\) < 1, 0< I/F(V, )\) < 1.
(2) N N
WV + vV, ) < 1.

pr(V,A) =1
if and only if vy, ..., v, are linearly dependent.
(4) i
VF(V, )\) =0
if and only if vy, ..., v, are linearly dependent.
(5) ,uF(V, A) is invariant under any permutation of vy, ..., vy.
(6) VF(‘7, A) is invariant under any permutation of vy, ..., v,.
(7) If a # 0, then

A
pr(v1, .o U, A) = g (Ula ey Uny —> .
|af
(8) If a #£ 0, then
vie(vg, ..., 0, \) = vp (vl,...,vn, i) :
|al
(9)

IU?})?(Ul, ce ey Un—1,Un, )\1) * M%('Ul, ce ,/Unfl,/?;n, )\2) S ,U?}):(Ul, vy Up—1,0Un —|—/1\)/n,)\1 + )\2)
(10)
V?T‘(/Uh vy Un—1,Up, )‘1) 0”?7‘(”17 L 7vn—17’17n7 )‘2) Z V%‘(Ula vy Up—1,Up _’_,?7717/\1 + >\2)

(11) For every fized V € X™,

wup(V,-):(0,00) — [0,1]

18 continuous.



(12) For every fized V € X",

vr(V,-) : (0,00) — [0,1]

1S continuous.

w70 = (1= (70 - (7).
Then, N
0<mr(V,A) <1
Example 3.1. Let X = R" and define the usual n-norm on X by
|lv1, ..., o] = |det(ve, ..., v0)]|,

where vy, ...,v, € R".
Let
axb=ab

be the product t-norm, and let
aob=a+b—ab
be the probabilistic sum t-conorm, for all a,b € [0,1].
For'V = (v1,...,0,) € X™ and X > 0, define

VA : 5
,UF( ) )_ <)\—|—H1)1,--'7Un|’)

1
~ 3
Mm):( o ) |

At g, |

and

Then,
n
(X 7:U’F7VF7*7<>)
18 a Fermatean intuitionistic fuzzy n-normed linear space.

Proof. Let N
NV) = |lv1,..., 0]
Then, for every A > 0, we have

0«2 <1
A+ N(V)
and _
N
0< L)N < 1.
A+ N(V)
Hence, B N
0<pp(V,A\) <1 and 0<vp(V,\) <1
Moreover,
~ A
3
wr(V,A) = ————
PV A+ N(V)
and ~
~ NV
V) = )
A+ N(V)
Therefore, N
~ ~ A NV
PN T = — MY

AENT) A+ N(V)



Thus, the Fermatean condition is satisfied.
Next, we have

pr(V,) =1
if and only if
A
— =1,
A+ N(V)
which holds if and only if
NWV)=0
Since _
NV) =|vy,...,u| =0
if and only if vy, ..., v, are linearly dependent, it follows that
MF(‘77 )‘) =1
if and only if vy, ..., v, are linearly dependent.
Similarly,
VF(V7 )‘) =0
if and only if
N(V)=0,
which is equivalent to the linear dependence of vy, ..., v,.
Since the ordinary n-norm is invariant under any permutation of its variables, both ur and
vr are invariant under any permutation of vy, ..., v,.
Now, let o # 0. Since
|1, ..., aug|| = |a||v, - - - onll

we obtain

\ 3
pp(vy, ..., quy, A) = | ————=— | .
()\+ |a|N(V)>

On the other hand,

Thus,
A
wr(v1, .., Quy, A) = pp vl,...,vn,m )

The proof for v is similar.
It remains to verify the triangle-type conditions. Let

A: ||U17"'7U'n,—17vn||7
B =||vi,..., 001,00,
and
C=llv1,...,Un_1,0n + Uyl

By the property of the ordinary n-norm, we have
C<A+B.
For the membership function, we need to show that

3 3 ~ 3 ~
MF(vlv <y Un—1,Un, )\1) * #'F(Ula <oy Un—1,Un, AQ) S MF(Ula <y Un—1,Un + /Unv)\l + AQ)



Using a * b = ab, the left-hand side becomes
A1 A2
M+A X+ B

Since C' < A + B, we have
A+ A S A+ A
M+X+C M+ +A+B

Also,
AN < A1+ Ao
M+A N+B - M+M+A+B

Therefore,

A . A2 < AL+ A2
M+A X+B -~ M+ +C
Hence, the membership condition holds.
For the non-membership function, using

aob=a+0b—ab,

we obtain
Vi (U1, ooy U1, Uny A1) © V(U1 + ., U1, Uy Ag)
A B A B
TMTA MAB MAA MtB
Equivalently,
V(U1 oo Une 1, Upy A1) O Vs (U1, .+ ., U1, Uy Ag) = 1 — /\1>i 1 )\2)—\i 5
From the previous inequality, we have
A1 ) Ao < AL+ Ao
M+A M+B - M+ +C
Thus,
1— M >1_&'
M+A M+ B~ M+ X+ C
Hence,
3 3 ~ c
V(U150 oy Un1, Upy A1) © V(U1 -+« U1, Upy Ag) > PV yenel
Therefore,
V(UL Un 1, Uny M) O V(U1 oy U1, Ty Aa) > V(U1 ooy Upe 1, Un A Dy AL+ ).

Finally, since up and vg are rational functions of A > 0, both functions are continuous on
(0, 00).
Therefore, (X "R, VR, %, <>) is a Fermatean intuitionistic fuzzy n-normed linear space. [

Definition 3.2. Let A = (X”, W, UV, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space, where

V= (U17U27"'avn) e X"
and A € (0, 00).
(i) An open ball in A with center & € X™ and radius r > 0 is defined by

B(a,r) ={Bex":|a-Blmr<r}.



(ii) Equivalently, for Ve X" 0<r<1, and A >0, an open ball can be defined by
B(V,r\) = {W e X": M%(V—W,)\) >1—7r and 1/%(‘7—/1/17,)\) < r},

where

V—W:(Ul—wl,vz—wg,...,vn—wn).

Here, ,u%(v — W, A) > 1 — r means that W is sufficiently close to V with respect to the

Fermatean membership degree, while V%(V —W, A) < r means that the non-membership degree
of closeness is sufficiently small.

Example 3.2. Let X = R? and define the usual 3-norm on X by
||, v, w|| = |det(u, v, w)],

where u,v,w € R3.
Foru,v,w € X and A > 0, define

A\ 3
pr(u, v, w, A) = (—>

A+ |, v, w||
" Jw, v, \?
U, V, W 3
vi(u,v,w,\) = ()\+ Hu,v,w”) )
Let
a*xb=ab and aob=a+0b— ab.
Then

3
A= (X nuFaVF7*7<>)
is a Fermatean intuitionistic fuzzy 3-normed linear space.

Now take B
V = (v1,v9,v3) € X?,
where
v = (1,0,0), ve = (0,1,0), vg = (0,0,1).
Let

A=2 and r=
Then the open ball

1s defined by

~ 1 —~ ~ 3 ~ 1
B(V,Z,Q):{WEX?’:;L%(V—W,2)>Z—Landu}(V—W,2)<Z}.

Definition 3.3. Let A = (X", W, VE, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space. A sequence (xy) in X is said to converge to x € X with respect to A if

|lzx — z||prr = 0 as k — oo.

FEquivalently, (xy) converges to x if, for every e € (0,1) and every X\ > 0, there exists ky € N
such that
pr(21, .oy 21, — 2, A) > (1 — 6)%
and
VE(Z1y ey 201, Tk — T, A) < £3
for all k > ko and for all zy,...,2,_1 € X.



In this case, we write
xy — v in A,

or

lim z;, = x.
k—o00

Since this is a Fermatean structure, the same condition may also be written in cubic form as:
3
Pr(21, ooy Zn1, T —x,A) > 1 —¢€

and

3
V21, ooy 21, T — T, \) < €.

Example 3.3. Let X = R"” and define the usual n-norm on X by
o1, .. o] = |det(vy, ... )],

where vy, ...,v, € R".
Let
axb=ab

be the product t-norm and let
aob=a+b—ab

be the probabilistic sum t-conorm, for all a,b € [0,1].
For V.= (vy,...,v,) € X" and X > 0, define

uF(‘N/,A)=< 4 | )é

>\+||’U1,... UnH
and X
~ [ 3
V,A) = )
vV, A) (/\—i—Hvl,...,vnH
Then,

(XnmuF)VF)*)O)
18 a Fermatean intuitionistic fuzzy n-normed linear space.
Now fix a vector u € R™ and define a sequence (xy) in X by

U
We claim that
x,p — 0

in the Fermatean intuitionistic fuzzy n-normed linear space.

Proof. Let € € (0,1) and A > 0 be given. Let z1,..., 2,1 € X be fixed. Since

o
Tk = %’
we have
lz1, .-y zne1, 2 — 0] = Hzl, ey 2, %H .
By the homogeneity of the ordinary n-norm,
U 1
‘ 21y Znt, EH = EHZI’ ey Znet1, U]
Put
C =z, 2n-1,ul.
Then,
C
215 - -y Zn—1, zk|| = —.

k



Therefore,

A kA
3 ey Zpe A) = =
/’LF(’ZD y Zn—1, Tk, ) )\+% k)\"—C’
and .
“ C
3o 2nty T N) = —E o = .
VF(Zla y Zn—1y Lk, ) >\+% k)\+C

First, we prove the membership condition. We need

IU’?F)’(ZM' . '7Zn717xk7)\) > 1—e.
Since =
u%(zl,...,zn_l,xk,)\): et
we require
A >1—c¢
EX+C '

This is equivalent to
EX> (1 —¢e)(kA+O).

Hence,
ekA > (1 —¢)C.
Thus, it is enough to choose k such that
(1—-¢)C
k> -——"—.
eA
Next, we prove the non-membership condition. We need
V(21,0 Zne1, Thy A) < €.
Since o
V%(Zl, Ce ,Zn_1,$k,)\) = 5y I C,
we require
¢ <e€
kX+C
This is equivalent to
C<elkA+0O).
Hence,
(1—¢)C < ckA.
Thus it is enough to choose k£ such that
(1—-¢)C
k> -—————.
eA
Choose ky € N such that
(1—-¢)C
kg > ————.
0 e
Then, for all k > kg, we have
(21, Zne1, T, A) > 1 —¢
and
VA2, -y Zne1, Thy A) < E.
Therefore,
rrp — 0

in the Fermatean intuitionistic fuzzy n-normed linear space.



Definition 3.4. Let A = (X”, W, VR, *, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space. A sequence (xy) in X is said to converge to x € X if, for every e € (0,1), every A > 0,
and every zi, 2o, ...,2n_1 € X, there exists kg € N such that

3
Pp(z1, 20,0y 2n1, T — T, A) > 1 —¢

and
y%(lea 22y vy Zn—1, Tk — T, )‘) <¢
for all k > k.

In this case, we say that (xy) is convergent to x in A and write
T —x as k — oo.

FEquivalently, we write

lim z;, = x.
k—o0
Equivalently,
(21,22, ooy Zpo1, T — T, A) > (1 — a)%
and
V(21,29 ooy Zne1, Tk — T, A) < £

Theorem 3.1. Fvery intuitionistic fuzzy normed linear space naturally determines a Fermatean
fuzzy normed linear space.

Proof. Let (X, p, v, %,0) be an intuitionistic fuzzy normed linear space. Then, for every z € X
and t > 0, we have
p(z,t) +v(z,t) <1.
Since 0 < p(z,t),v(x,t) <1, it follows that
e, t) < p(x,t),  V(xt) <wv(z,t).

Therefore,

i (z,t) + V32, t) < p(z,t) +v(e,t) < 1.
Thus the Fermatean admissibility condition is satisfied. Hence every intuitionistic fuzzy normed
linear space can be regarded as a Fermatean fuzzy normed linear space whenever the remaining
norm axioms are compatible. 0

Theorem 3.2. Let A = (X", Wp, VE, *,<>) be a Fermatean intuitionistic fuzzy n-normed linear
space as in Definition 3.1. If a sequence (xy) in X converges to x € X and also converges to
y € X in the sense of Definition 3.4, then

T =y.
Therefore, the limit of a convergent sequence in a Fermatean intuitionistic fuzzy n-normed

linear space s unique.

Proof. Suppose that the sequence () converges to both z and y in the Fermatean intuitionistic
fuzzy n-normed linear space
A= (X", pp,vp, *,0).

That is,
Tp — T and T — Y
as k — o0.
We prove that © = y. Assume, to the contrary, that
T #y.
Then,

r—y#0.



Since X is an n-normed linear space, there exist z1, 29,...,2,-1 € X such that
R13R2y+ -y ”n—1,L — Y

are linearly independent.
Let A > 0 and let € € (0, 1) be arbitrary. Since # is a continuous t-norm and

11 =1,
there exists d; € (0,1) such that
(1—01)*(1—01)>1—¢e.

Similarly, since ¢ is a continuous t-conorm and

000=0,
there exists d € (0, 1) such that

09 © 0y < €.
Choose

d = min{dy, da}.
Then,
(1=0)x(1—=90)>1—¢

and

000 <e.
Since x — x, by Definition 3.4, there exists k; € N such that
w21y Zn1, 0 — 2, A)2) > 16
and
Vr(21y oy Zne 1, T — T, AJ2) < O
for all k > k.
Similarly, since z, — y, there exists ky € N such that
M%(le"azn—l;xk _ya)‘/2> >1-90
and
V%(le"azn—laxk _yv)‘/2> <9
for all k > k.

Let
ko = max{kl, kg}

Then, for every k > kg, all the above inequalities hold.
Now, we observe that

r—y=(x—x)+ (1 — Y).

By the homogeneity condition in Definition 3.1, with a = —1, we have

,UF(Zla vy Bn—1, T — Tk, )\/2) = IUF(ZD sy Zp—1, Tk — T, )‘/2)7
and

VE(Z1y ooy 201, — T, \/2) = vp(21, ..o Zn1, Tk — T, A/2).
Using the triangle-type condition for pp in Definition 3.1, we obtain
(21, Zne, T — Y, N)
= u:])’;(zl, oy ety (T =) 4+ (e —y), A2 + )\/2)

Z :u%(zlv sy Bp—1, L — Tk, /\/2) * :u?f)*"(zh sy Bn—1,Tk — Y, /\/2)

Therefore, for every k > ko,
M%‘(zlv"-7zn—l7x_y7/\) > (1 _5) * (1 _6)



By the choice of §, we have
(1=8)*(1-9)>1—c¢.
Hence
(21, Zne, =y, A) > 1 — €.
Since ¢ € (0, 1) is arbitrary, it follows that
Bz, oy — ) = 1.
Thus
MF(zla ceeyRn—1, T — 3/7>\) =1
By Definition 3.1, this implies that
21322y« veyfn—1,L — Y
are linearly dependent.
On the other hand, by the choice of 21, 25, ..., 2,_1, the vectors
R15R2y++-s”n—1, L — Y

are linearly independent. This is a contradiction.
For completeness, we may also use the non-membership function. By the triangle-type con-
dition for vg in Definition 3.1, we get

Va1, ooy Zne1, T — Y, )
— y%(zl, cosZnet, (T —xp) F (2 —y), N2+ )\/2)
SUL(21, oy 21, T — Ty, A2) O U (21, . 2, T — Y, A2).
Hence, for every k > ky,
V(21,0 2ne1, @ — Y, A) < 00 6.
By the choice of §, we have
dod <e.
Therefore,
Vi1, ooy 2ne1, T — Y, \) < €.

Since € € (0, 1) is arbitrary, it follows that

va(21y .oy 2pe1, @ — Y, A) = 0.

Consequently,
VF(Zlu"' 7Zn71737_y7)\> = 0.
Again, by Definition 3.1, this implies that
Z15R2y+v-s”n—1, L — Y
are linearly dependent, which contradicts the choice of these vectors.
Therefore, our assumption that x # y is false. Hence,
r=y.
Thus, the point of convergence of a sequence in a Fermatean intuitionistic fuzzy n-normed

linear space is unique. l

Theorem 3.3. Let A = (X”,,up, VE, >|<,<>) be a Fermatean intuitionistic fuzzy n-normed lin-
ear space as in Definition 3.1. A sequence (xy) in X converges to x € X in the sense of
Definition 3.4 if and only if, for every A > 0 and every z1,29,...,2,-1 € X,

. 3 _
lim pp(21, 22, 21, T — ¢, A) = 1
k—o00
and
lim v} (2 —z,A) =0
\21,%22,...,2n—1, Tk xZ, = U.

k—o00



Proof. Suppose first that z; — x in the Fermatean intuitionistic fuzzy n-normed linear space

A. By Definition 3.4, for every ¢ € (0,1), every A > 0, and every z1, 23, . .

exists ko € N such that

(21, 22, Znet, T — 2, A) > 1 — €

and
Vi (21, %2, - oy 21, T — T, A) < €
for all k& > k.
Since

0 < pup(z1,29, -y 2n1, Tk — T, A) < 1,
we have

0 < p(z1, 20, Zno1, Tp — T, A) < 1
Therefore,

0<1— (2,20 ., 201,06 —T,\) <&

for all £ > kq. Hence,

‘u:}(zl, 29y ey 21, Tk — Ty A) — 1| <e
for all k > kq. Thus,

khﬁrgo (21, 22, -y Znet, T — 2, A) = 1.
Similarly,

0<vp(z1,29,. ., 2n1, Tk — T, ) < 1,
we get

0<vi(z,20, .., Zn-1, T —2,\) < 1.
From

U (21, Zay ooy a1, Tk — T, \) < €,

it follows that

‘I/%(zl, 20y ey Zne1, Tk — Ty \) — O‘ <e
for all k& > kg. Therefore,

klggo vi(21, 22y ooy Zne1, Tk — T, A) = 0.
Conversely, suppose that, for every A > 0 and every zq,29,...,2,_1 € X,

klg]go (21, 22, ooy Znet, T — 2, A) =1
and

kll—>1£1<> v (21, %2y ooy Zne1, T — 2, \) = 0.

Let € € (0,1) be arbitrary. Since

(21, 22, -y Znet, T — 2, ) — 1,
there exists k; € N such that
‘uz}(zl, 294y 21, Tk — Ty A) — 1| <e
for all £ > k;. Hence,
(21, 22, Znet, T — 2, A) > 1 — €
for all k > k.
Also, since
Va(21, 22y ooy Zno1, Tk — T, N) — 0,

there exists ko € N such that

‘y%(zl,zz, e 21, T — T, \) — O‘ <e

< Zn—1 € X, there



for all & > ky. Therefore,

V21, 22, -+ oy Zne1, T — T, A) < €
for all k > k.

Now, take
ko = max{ky, ko }.
Then, for all k > kg, we have
(21,22, Znet, T — 2, A) > 1 — €

and

V(21,2 + oy Zne1, Tk — T, A) < €.
Therefore, by Definition 3.4, we get

Ty — T.

This completes the proof.

Example 3.4. Let X = R? and define the usual 2-norm on X by
det <u1 Ul)
U2 V2

where u = (uy,us) and v = (vy,v,) are elements of R?.
Let

lu, vl =

)

axb=ab

be the product t-norm, and let
aob=a+b—ab

be the probabilistic sum t-conorm, for all a,b € [0, 1].
Foru,v € X and X\ > 0, define

A —/\ i
pr(u,v, A) = (A+ ||u,v||>

ve(u,v,\) = (M) :

A+ u, ]
Then, (XQ,MF, VE, >|<,<>) 1s a Fermatean intuitionistic fuzzy 2-normed linear space.
Now, we define a sequence (xy) in X by

and

1 2
=(1+—-, 24+ = ke N.
T < +k, +l{3)7 €
Let
r=(1,2).
We show that
T — X

in this Fermatean intuitionistic fuzzy 2-normed linear space.

Proof. Let z = (a,b) € R? be arbitrary and let A > 0 be fixed. Then,
(12
T xTr = k, 2 .
0
det k|l =
<b K

C =12a —b|.

Hence,

H H 2a —b|  |2a— |
Z, X — || = = .
s Lk L L

Take



Then,

Iz, 25 — 2l =+

k
Therefore,
A A kXA
p ) - 7/\ = = = '
(2 2 = @A) = S A+ S M+ C
Thus,
kX
. 3 . 1 AN
fing = e = fi
Similarly,
1/3(2 Te — T )\)_ ||Z,l‘k—l’|| o % _ C
PO DY T N o —a| A+ € RA+C
Hence,

1 3 — fry 1 —
Jim = ) = Ji 5 =0

Since z € R? and \ > 0 were arbitrary, we have

lim g (z, 2, — 2, \) = 1
k—o0

and

lim v}(z, 2, —x,\) = 0.
k—o0

Therefore, by Theorem 3.3,
T — T.

4. CAUCHY SEQUENCES IN FERMATEAN INTUITIONISTIC FUZzY n-NORMED LINEAR
SPACES

Cauchy sequences play an important role in the study of convergence and completeness. In
classical normed linear spaces, a sequence is Cauchy if the distance between its terms becomes
arbitrarily small as the indices become sufficiently large. In a Fermatean intuitionistic fuzzy n-
normed linear space, this idea is expressed through the behavior of the Fermatean membership
and non-membership functions.

More precisely, the closeness between two terms z;, and z, of a sequence is measured by

(21, 22, -+ oy Zn1, T — Tpy A)
and
Va(21, 22y 21y T — Ty A),
where z1,29,...,2,1 € X and A > 0. A sequence is expected to be Cauchy whenever the

membership degree tends to 1 and the non-membership degree tends to 0 as k,p — oo. This
agrees with the usual interpretation that the terms of the sequence become increasingly close
to one another.

The following definition formalizes the notion of a Cauchy sequence in a Fermatean intu-
itionistic fuzzy n-normed linear space.

Definition 4.1. Let A = (X", W, VE, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space. A sequence (xy) in X is called a Cauchy sequence in A if, for every e € (0,1), every
A >0, and every z1, 22, ..., 2,1 € X, there exists kg € N such that

M%‘('Zla 22y -y 2n—1,Tk — Tp, )\> >1—¢

and
3
Vp(21, 22, oy Zne1, T — Tp, A) < €



for all k,p > ko. Equivalently,

W=

,UF(Zl,ZQ, sy Zn—1, Tk — xp7>\) > (1 - 8)
and
1
Vp(21, 22, -y Zne1, Tp — Tp, ) < 3.

Example 4.1. Let X = R" and define the usual n-norm on X by
lv1, va, ... v, || = |det(vy,ve, ..., 0)]|,

where vi,vs,...,v, € R",
Let axb = ab be the product t-norm and let acb = a+b—ab be the probabilistic sum t-conorm,
for all a,b € [0, 1].
Forvi,vo,...,v, € X and X\ > 0, define
1

A 3
pp (v, vy U, A) = ( . H)

A + H’Ul,’UQ, ..

and

1
3
VF('Ul,'UQ,...,UnJ)\): ( ||UI’UQ""7Un|| ) .

A+ ||vg, va, - v

Then, A = (X”, W, VR, *, <>) 1s a Fermatean intuitionistic fuzzy n-normed linear space.
Now, fix u € X and define a sequence (zy) in X by

u

Then, {(xy) is a Cauchy sequence in A.

Proof. Let € € (0,1), A > 0, and 21, 29, ..., 2,-1 € X be arbitrary.
For k,p € N, we have

u U 1 1
T —Tpy=———=|———|u.
g Pk o kK p
By the homogeneity property of the usual n-norm,
|| I= |-/ ||
2122y 21, Tk — Tl = | = — = |21, 22, . . -, Zn_1, ul|.
1y %2, ) 1, Lk p L D 1, <2 1
Put
C =|z1,22,- -, Zn-1,ul.
Then,
1 1
|21, 224 -+ Zn—1, T — x| = C ‘E — —‘ )
Since
1 1 < 1 +1
kopl~k p
we get, for all k,p > ko,
1 1 2
Il < D
k P - ]{?0
Choose ky € N such that
2C )
k() 1—¢
Then, for all k,p > ko,
)
21, 22, ooy Zne1, Tp — | <

1—¢



Now,

A
3
21,29, oy 2l Tl — Tpy A) = .
:uF( ) 9 )y N ) y 2 ) )\+|‘Z1’22’.“7Zn71,$k_$p’|
Therefore, for all k&, p > ko,
3 A
W21, 22, - oy Zpm1, Tk — XTpy A) > o =1-—e¢.
i
Similarly,
3 ”ZhZQa"wZn—ly:Ek_po
Un(21,29, oo, Zpe1, Tl — Tp, A) = .
e p ) A 1215 22, - -y Zne1, T — T
Since
EA
”Zla Ry s fn—1, Tk — Zl'pr < 1—¢’
we obtain
g2
1—
Va(21, 22y oy Zn1, T — Tpy A) < - =
Hence, for every € € (0,1), every A > 0, and every z1, 23, ...,2,.1 € X, there exists ky € N
such that
3
:UF<217 2y ey Zn—1,Tk — Tp, )‘> >1-—¢
and
3
VF<Zla 2y vy Zn—1, Tk — Tp, )‘> <e
for all k,p > k.
Equivalently,
1
pr (21,22, oy Zne1, Tk — Tp, A) > (1 —¢€)3
and
1
VF(Zl, 22y .oy 2n—1,Tk — Tp, )\) <es
for all k,p > k.
Therefore, by Definition 4.1, the sequence (x;) is a Cauchy sequence in A. O

Example 4.2. Let X = R? and define the usual 3-norm on X by
Hvla U2, U3|| == |det(1}17 V2, U3)| )

where vy, vy, v5 € R3.

Take a x b = ab be the product t-norm and let a ©b = a + b — ab be the probabilistic sum
t-conorm, for all a,b € [0,1].

For vy,ve,v3 € X and A > 0, define

A
N/F(vlav%U&A) - ( )

>\ + ||U17 Vg, U3||

W=

and

ol

I/F(Ul,’UQ?U?”)\) — ( ||U17U2,U3|| >

A + ||Ula Vg, U3||

Then, A = (X3, W, VE, >x<,<>) 15 a Fermatean intuitionistic fuzzy 3-normed linear space.
Define a sequence (xy) in X by

1 1 1
mk:(1+%’2+ﬁ’3+ﬁ>’ k € N.

Then, {(xy) is a Cauchy sequence in A.



Proof. Let € € (0,1), A > 0, and z1, 25 € X be arbitrary. We prove that there exists ky € N
such that
(21, 2, T — Ty, A) > 1 — ¢
and
V21, 29, T — Tp, A) < €

/1 11111
nen =Ty E A E A

As the mapping w — det (21, 22, w) is linear in w, there exists a constant C, ., > 0, depending
only on z; and z,, such that

det(21, 22, w)| < C, 2, (Jwi] + wa| + |ws])

for all k,p > k.
For k,p € N, we have

for every w = (wy, wo, w3) € R3.

Hence,
121, 22, Tk — @p|| = [det(21, 22, T — @)
1 1 1 1 1 1
<Can ([ =3+ e 7[5 )
For k,p > ko, we have
1 1 2
——
ko p| ™ ko
1 1 2 2
— <<
k2 p*| — kKt T ko
and
1 1 2 2
— < Zf <z
k3 p3| T kS T ko
Therefore,
6C%, 2

||21,227xk_$p|| S 0

for all k,p > k.
Choose ky € N sufficiently large such that

6C., 2, eA
< .
ko 1—¢
Then, for all k,p > ko,
H <2
21,29, T — T .
1, <2, Lk P 1_¢
Now,
(i (21, 22, 1 — Tp, A) = A .
A+ sz 22, Tk — :CPH
Thus,
7 A A
(21, 22, T — Tp, A) > JyRE —e.
Similarly,
3 Hzlvz%xk _po
V21, 29, T — Tp, A) = .
F(21 20,0 = 29 ) A+ || 21, 22, T — T |
Since

H217z27‘rk - .CEp” < 1 _ 57



we obtain

EA
V21, 29, T — Tp, \) < ——— = ¢.
F( 1, <2, Lk j2 ) A+ %
Hence,
(21, 22, — Ty, A) > 1 — €
and
V21, 20, T — Tp, \) < €
for all k,p > ky.
Equivalently,
pr (21, 20, Tk — xp, A) > (1 — 5)%
and
vp(z1, 22, Tp — Tp, A) < £3
for all k,p > k.
Therefore, by Definition 4.1, (x}) is a Cauchy sequence in A. 0

Theorem 4.1. Let A = (X”,,LLF, VE, >|<,<>) be a Fermatean intuitionistic fuzzy n-normed lin-
ear space as in Definition 3.1. If a sequence (xy) in X converges to x € X in the sense of
Definition 3.4, then (xg) is a Cauchy sequence in A in the sense of Definition 4.1.

Proof. Suppose that
T — X
in the Fermatean intuitionistic fuzzy n-normed linear space
./4. = (Xn, HE,VF, *,0).
We prove that (zj) is a Cauchy sequence.
Let e € (0,1), A > 0, and 21, 22,...,2,-1 € X be arbitrary.
Since * is a continuous t-norm and
1s1=1,
there exists d; € (0, 1) such that
(1—6)*(1—6)>1—e.

Also, since ¢ is a continuous t-conorm and

0¢0=0,
there exists d; € (0, 1) such that

090 09 < €.
Let

d = min{dq, b2 }.
Then,
(1—-0)*(1—-8)>1—c¢

and

dod <e.
Since x — x, by Definition 3.4, there exists ky € N such that
(21, 20, o Znet, T — 2, A2) > 1 =6
and
V(21,2 oy Zne 1, T — T, A[2) <0
for all k& > k.
Now, let k,p > kq. We have

xp — 2 = (T — ) + (€ — xp).



By the homogeneity property in Definition 3.1, with a = —1, we get

pr(21, 22, ooy Zne1, & — Tp, AJ2) = pup(21, 22, -« Zn1, Tp — T, \/2),
and
vp(21, 22, ooy 201, & — Tpy, AJ2) = Vp(21, 29, . o, Zn—1, Tp — T, A/2).
Hence,
(21, 22, oy Zne1, @ — Xy, AJ2) > 1 =6
and
V(21 22y« oy Zne1, @ — Tp, AJ2) <8

for all p > k.
Using the triangle-type condition for pp in Definition 3.1, we obtain

:u?})?(zla 2y ey Zn—1, Tk — Tp, >\)
= p3 (21, 22, .y 2, (T — @) + (1 — 1), A /2 + A /2)
> (21,22, -+ oy 21, Tk — T, A2) % b (21, 22, -+ oy Zne1, T — Tpy AJ2).

Since both factors on the right-hand side are greater than 1 — ¢, we get
(21, 22, oy Zne1, T — T, A) > (1= 8) % (1= 6).
By the choice of ¢,
(1=9)*(1=9)>1—c¢.
Therefore,
(21,22, ooy a1, T — Tpy A) > 1 — €.

Next, using the triangle-type condition for v in Definition 3.1, we have

V?T‘(Zh 22y vy Zn—1,Tk — Tp, )‘)
= V%(’Zlaz% I (I‘k - 'T) + (13 — SUp>,)\/2 + >\/2)
< V%(Zl, 29y ey 21, Tk — T, \/2) OV%(Zl, 204y Zne1, T — Tp, AJ2).

Since both terms on the right-hand side are less than d, by the monotonicity of the continuous
t-conorm ©, we get

Ve (21, 22y oy Zn1, T — Tpy A) < 606
By the choice of 6,
dod <e.
Thus,
Ve (21, 22y oy 201, T — Tp, A) < €.

Therefore, for every € € (0,1), every A > 0, and every zy, 29, ..., 2,1 € X, there exists ky € N
such that

(21, 295 ooy Zn1, T — Tpy A) > 1 — ¢
and
U (21,22, -+ oy Zn1, T — Tpy A) < €
for all k,p > k.
Equivalently,
pr (21, 22, ooy Zne1, T — Tp, A) > (1 — 8)%
and
Vp(21, 22, -y Zne1, T — Tpy, A) < £3

for all k,p > k.
Hence, by Definition 4.1, the sequence (x;) is a Cauchy sequence in A. 0



5. COMPLETENESS IN FERMATEAN INTUITIONISTIC FUZZY n-NORMED LINEAR SPACES

Completeness is one of the central notions in the study of normed and fuzzy normed struc-
tures. In classical analysis, completeness guarantees that every Cauchy sequence has a limit
inside the space. This property is essential for developing convergence theory, fixed point results,
and approximation methods. In the framework of Fermatean intuitionistic fuzzy n-normed lin-
ear spaces, the concept of completeness is described by using the Fermatean membership and
non-membership functions.

In particular, a Cauchy sequence in this setting is not measured by an ordinary distance only.
Instead, it is characterized by the conditions

(21, 22, ooy Zne1, T — Tpy A) — 1
and
Va(21, 22y oy 201, T — Tpy A) — 0
as k,p — oo, for every A > 0 and every z1,29,...,2,_1 € X. Thus, completeness means that

such a sequence must converge to some element of the underlying linear space X with respect
to the Fermatean intuitionistic fuzzy n-norm structure.

The following definition introduces completeness in a Fermatean intuitionistic fuzzy n-normed
linear space.

Definition 5.1. A Fermatean intuitionistic fuzzy n-normed linear space A = (X”, W, VR, *, <>)
is said to be complete if every Cauchy sequence in A converges to an element of X with respect
to the Fermatean intuitionistic fuzzy n-norm structure.

Example 5.1. Let X = R" and define the usual n-norm by
lv1, va, ... v, || = |det(vy, ve, ..., v,)]|.
For A > 0, define

A 4 g
MF(U17"'7U”‘7 )_ ()\_|_ ||’U1,.--;Un||>

and )
(| 3

VEp(U1, ..., Up, A) = .

w0 ) (MHUI,...,%H
Let

axb=ab and aob=a+b—ab.

Then, A = (Xn,/LF,I/F,*,O) is a complete Fermatean intuitionistic fuzzy n-normed linear
space.

Proof. Let (x}) be a Cauchy sequence in A. Then, by Definition 4.1, for every € € (0,1), A > 0,
and 21,...,2,.1 € X,

3
W21,y Zn1, T — Tp, A) > 1 — ¢
and
3 — Ty, A
Vp(21, oo 2nm1, T — Tp, A) < €
for all sufficiently large k£, p.
Hence,
|21, 2ne1, 26 — 2] = 0 as  k,p — oo.

Since X = R" is complete, there exists x € R™ such that
T — L.

Therefore,
|21, Zn-1, 2k — z|| = 0.



Consequently,

(21, Znet, o — 1, A) = 1
and
vi(21y .o Zne1, T — T, A) = 0.
Thus (z) converges to z in A. Hence, A is complete. a

The next lemma gives an equivalent characterization of Cauchy sequences in terms of the
limiting behavior of the Fermatean membership and non-membership functions. This charac-
terization is useful because it allows us to verify Cauchy sequences by checking the limits of 3,
and v3, directly.

Lemma 5.1. Let A = (X”,up, Vi, *,<>) be a Fermatean intuitionistic fuzzy n-normed linear
space as in Definition 3.1. A sequence (xy) in X is Cauchy in A if and only if, for every A > 0
and every z1,29,...,%2n-1 € X,

: 3
im pp(z1, 22,y Zn-1, Tp — Tp, A) =1
k,p—o0
and
- 3
lim vp(z1, 22, .., 201, Tk — Tp, A) = 0.
k,p—o00

Proof. We prove both directions.
First, suppose that (x;) is a Cauchy sequence in A. By Definition 4.1, for every ¢ € (0,1),
every A > 0, and every 2y, 29,...,2,_1 € X, there exists ky € N such that

(21, 295 ooy Zn1, T — Tpy A) > 1 — ¢

and
Va(21, 22y oy Zn1, T — Tpy A) < €
for all k,p > k.
Since

0 < (21,295 vy Zno1, Tp — Tpy A) < 1,

we have
0<1—p(z1,29, oy Zno1,Tp — Tp, A) < €

for all k,p > ky. Hence,

‘/f}(zl, 295y Zne1, T — Tpy A) — 1| <e€

for all k,p > ko. Therefore,

Hm (21, 29, ooy Zno1, T — Tp, A) = 1
k,p—o0
Similarly, since
0 S V%‘(Zly 22y -y Zn—1,Tf — Tp, A) S 17
and
3
Vp(21, 22, o« oy Zne1, T — Tpy A) < €
for all k,p > kg, we get
’1/13;(21,22, ey 21, T — Tpy A) — 0’ <e
for all k,p > kg. Thus,
lim v (21, 29, -« s Zno1, T — Tp, A) = 0.
k,p—o0
Conversely, suppose that, for every A > 0 and every 2y, 29,...,2,_1 € X,
Hm (21, 29, - ooy 21, T — Tp, A) = 1

k,p—o0



and

. 3 _
lim vp(z1,29,. .., 2n—1, Tk — Tp, A) = 0.
k,p—o0

Let € € (0,1) be arbitrary. Since
(21, 22, ooy Zne1, T — Tp A) = 1 as k,p — o0,

there exists k1 € N such that

‘/,L%(Zl,Z% ey Zne1s T — Tpy A) — 1| <e
for all k,p > k;. Hence,
(21, 22, ooy Zn1, T — Tpy A) > 1 — €
for all k,p > kq.
Also, since
Ua(21, 22, ooy 201, T — T, A) = 0 as k,p — 00,

there exists ky € N such that
’1/13;(21,22, ey 21, T — Tpy A) — 0’ <e
for all k,p > ko. Therefore,
U (21,22, -+ oy Zn1, T — Tpy A) < €

for all k,p > ks.
Now, take

k’o = max{k:l, kfg}
Then, for all k,p > ko, we have

3
(21, 22, ooy Zne1, T — Tp, A) > 1 — €
and
3
Vp(21, 22, -« Zne1, T — Tp, A) < €.
Equivalently,
1
wr(z1, 22y ooy Zne1, Tk — Tp, A) > (1 —€)3
and
1
VF(Zl, 22y .oy 2n—1,Tk — Tp, )\) <eées

for all k,p > ky.
Therefore, by Definition 4.1, the sequence (zj) is a Cauchy sequence in A.
Hence, () is Cauchy in A if and only if

3
W (21, 225 ooy Zn1, T — Tp, A) — 1

and
3
Vp(21, 22,y Zn—1, T — Tp, A) — 0

as k,p — oo.



6. CONTRACTION MAPPINGS AND FIXED POINT THEOREM IN FIF-n-NLS

Fixed point theory is one of the most important tools in nonlinear analysis. It is widely used
to prove the existence and uniqueness of solutions of operator equations, differential equations,
integral equations, and iterative processes. In classical metric and normed spaces, contraction
mappings play a central role because they guarantee the convergence of successive iterations to
a unique fixed point.

In the framework of Fermatean intuitionistic fuzzy n-normed linear spaces, the notion of
contraction must be formulated in terms of the Fermatean membership and non-membership
functions. Instead of measuring the distance between two points only by an ordinary norm, we
compare the degrees

(21, 22, - Zne1, T — Y, N)
and
Va(21, 22y ooy Zne1, T — Y, A),
where z,y € X, z1,29,...,2,-1 € X, and A\ > 0. A contraction mapping should increase

the membership degree of closeness and decrease the non-membership degree of closeness after
applying the mapping.

To obtain a more flexible contraction condition, we introduce a pair of control functions
(i, 7). The function ¢ controls the membership component, while 1) controls the non-membership
component. These functions are required to preserve the Fermatean cubic condition, so that
the controlled membership and non-membership degrees remain admissible in the Fermatean
intuitionistic fuzzy sense. The following definition introduces the Fermatean intuitionistic fuzzy
cubic-control function.

Definition 6.1. Let A = (X”, [, VR, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space. A pair of functions (¢,) is called a Fermatean intuitionistic fuzzy cubic-control function
if p, 1 :[0,1] — [0, 1] satisfy the following conditions:
(1) ¢ and ¥ are continuous;
(2) ¢ and ¥ are non-decreasing;
(3)
@(t) >0 and (t) >0
for all t € [0,1];
(4)
p(1) =1 and (0) = 0;
(5) for every V= (v1,...,v,) € X™ and A > 0,

- 3 - 3
e (e, 0) + 0 (ve(V, 1) <1,
whenever B B
pip(V,A) +vp(V,A) < 1
Then, the pair (p, ) is called a Fermatean intuitionistic fuzzy cubic-control function on A.

The function ¢ controls the membership degree, while 1 controls the non-membership degree.
The condition

~ 3 ~ 3
© (uF(V, )\)) + (I/F(V, )\)) <1
ensures that the controlled pair still satisfies the Fermatean cubic condition.

After introducing the cubic-control functions, we now define a Fermatean intuitionistic fuzzy
contraction mapping. This type of mapping is designed to control the Fermatean member-
ship and non-membership degrees between the images of two points under the mapping. The
parameters & and n allow the contraction condition to include both the deviation from full
membership and the influence of the control functions.



Definition 6.2. Let A = (X”, Wp, VE, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space, and let (@,1) be a Fermatean intuitionistic fuzzy cubic-control function. Let £,m > 0 be
fized constants.

A mapping 7 : X — X is called a Fermatean intuitionistic fuzzy (p,1))-contraction mapping
on A if, for everyx,y € X, every z1, 29, ..., 2,1 € X, and every A > 0, the following conditions
hold:

(21, oy 201, T — Y, A)

3
Zlyenny Zn_1, TE—TY, A) >
pp (21 1 ) T+ —pd(z, ey zne1, @ — Y, N + 00 (21, - oy 2o, @ — Y, N))
and
3 (21 21 T — Yy A
va(21, .oy 2ne1, TT — TY, \) V(21,00 Zne1, @ — Y, A)

< .
T 14z, e, e — Y N) Y (ve(z, e 2ne1, T — Y, A))
Then, T is called a Fermatean intuitionistic fuzzy contraction mapping on A.

Example 6.1. Let X = R" and define the usual n-norm on X by
v, ve, ... v,|| = |det(vy, v, ... v,)]

where vy, vs,...,v, € R",
Let
a*xb=ab and aob=a+b—ab
for all a,b € [0, 1].
Forvi,vs,...,v, € X and XA > 0, define

1
A 3
MF(UlaUQa'-->Un>)\): ( y H)

A + H’Ul,’UQ, ..

and

1
3
I/F(Ul,vg,...,vm)\):( HU1,U2,...7vn|| ) |

A + H'Ul, Vo, ... ,UnH
Then,
A: (Xn,,LLF,VF,*,O)
15 a Fermatean intuitionistic fuzzy n-normed linear space.
Define
ot)=t* and Y@t)=t, te[0,1].
Then, (¢,v) is a Fermatean intuitionistic fuzzy cubic-control function. Take
E=1 and n=1.
Now, we define a mapping
T: X =X
by
T(x)=0  foralze X.
Then, T is a Fermatean intuitionistic fuzzy (p,1))-contraction mapping on A.
Proof. Let x,y € X, let z1,29,...,2,_1 € X, and let A > 0 be arbitrary. Since
T(z) =0 and 7(y) =0,
we have
Tx —T1Yy = 0.
Therefore,
21y 22y ey Zn1, T — TY = 21,29,y Zn—1,0

are linearly dependent. Hence, by the definition of ur and vg,

pp(z1, 29,00y 2p1, 7T — TY, \) = 1



and

vi(z1,29, -y Zn_1, 72 — TY, A) = 0.
Consequently,

(21, 2, .y a1, T — TY, A) = 1
and

va(21, 22, ooy Zne1, T2 — TY, A) = 0.
Put

M =y (21, 20, ooy 21, T — Y, A)
and

N =vi(21, 22, Zne1,T — Y, \).
Since 0 < M <1and 0 < N <1, we have

1+€(1_M)+77§0(HF(21,Z2,---,Zn_l,l'_y,)\)) Z 1.

Thus,
M
< M <1.
1+€(1_M)+7790(:LLF<217227"'7zn717x_y7)\))_ N
Therefore,
,u?j;(zl, 29y ey 2n1, T — TY,\) = 1
(21,22, ooy Zn1, T — Y, A)

> .
1 _'_5[1 - /’L?F)’(Zlaz% sy Zp—1,T — Y, )\)] +/’7S0 (/’LF(217227 ceey3Bn—1,T — y7)\))
Similarly,
1+€N+nw(yF(Z1722a"'7Zn—l7$_y7)\)) Z 1.

Hence,
N
> 0.
1+£N+/’7w(yF(Z17227"'7ZTL*17'T_y7)\))
Since
3 _
V(21,29 s 201, T2 — TY, A) = 0,

we obtain

3 e 21T — Y, A
va(21, .y Zne1, TT — TY, \) Vp(# s e = Y M)

< .

1 +§V%‘(Zl7"'7zn—lax_y7)\) +77¢(VF(2:17'"azn—lax_y’)‘))
Therefore, both contraction inequalities in Definition 6.2 are satisfied. Hence 7 is a Fermatean

intuitionistic fuzzy (¢, 1)-contraction mapping on A. O

The notion of a fixed point in this setting is the same as in classical fixed point theory: a point
remains unchanged under the action of the mapping. However, the existence and uniqueness
of such a point will be established using the structure of the Fermatean intuitionistic fuzzy
n-normed linear space and the contraction conditions defined above.

Definition 6.3. Let A = (X”, W, VE, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space, and let 7 : X — X be a Fermatean intuitionistic fuzzy n-contraction mapping on A.
A point x € X is called a fized point of T in A if T(x) = x.

Example 6.2. Let X = R" and define the usual n-norm on X by
lv1, va, ... v, || = |det(vy, ve, ..., v)]|,

where vi, vy, ...,v, € R",
Forvi,vg,...,v, € X and X\ > 0, define

1
A 3
pr (v, vy Uy, A) = ( . H)

A -+ H?)l,’UQ, .




and

1
V1,V2,...,0 3
I/F(U17U27 e ,Un7>\) = ()\_|'|_ |1"’U12;}2 ’ n’l‘J H) .
, g ooy Up

Let
ax*xb=ab and aob=a+b—ab
for all a,b € [0,1]. Then, A = (X”,/LF, VE, *,<>) 1s a Fermatean intuitionistic fuzzy n-normed
linear space.
Define a mapping
7T: X —=>X

by

where

c=(1,2,3,...,n) € R™.
We claim that

¥ =2c=1(2,4,6,...,2n)
is a fixed point of T in A.

Proof. By Definition 6.3, a point z* € X is a fixed point of 7 if 7(z*) = x*. Take 2* = 2¢. Then,
1

T($):C+§.’If.

Since z* = 2¢, we obtain
1
T(x*) =c+ 5(20) =c+c=2c
Thus,

*

T(z") = z".
Hence,
¥ =2c=(2,4,6,...,2n)
is a fixed point of 7 in the Fermatean intuitionistic fuzzy n-normed linear space A = (X ", VR, %, <>) .

Moreover, if x € X is any fixed point of 7, then 7(x) = z. Therefore, ¢+ %x = x. Hence, ¢ = %x

Thus, z = 2¢. Therefore, the fixed point of 7 is unique. 0J

The following theorem is a Banach-type fixed point theorem in a complete Fermatean in-
tuitionistic fuzzy n-normed linear space. It shows that if a mapping satisfies an appropriate
Fermatean intuitionistic fuzzy contraction condition, then the Picard iteration

Tht1 = TTk

converges to a unique fixed point of 7. This result provides the foundation for applying the
proposed space to operator equations and related problems.

Theorem 6.1. Let A = (X",up, Vp,min,max) be a complete Fermatean intuitionistic fuzzy
n-normed linear space as in Definition 3.1. Suppose that

7: X > X

1s a Fermatean intuitionistic fuzzy n-contraction mapping, that is, there exists a constant p €
(0,1) such that, for every x,y € X, every z1,22,...,2n—1 € X, and every X\ > 0,

A
M%(Zl,zz, ey 21, TT — TY, \) > ,u?j; (21,22, ey Zne1, T — Y, ;)
and

3 )\ < 3 )\
VF(21722,~-->Zn—1>T$—Ty, )_I/F Zl>z27"'7zn—lax_ya; .



Then, T has a unique fized point in X.

Proof. Let zy € X be arbitrary. Define a sequence (z;) in X by
Thy1 = Tk, k:O,l,Q,....

We first prove that () is a Cauchy sequence in A.
Let € € (0,1), A > 0, and 21, 29, ..., 2,1 € X be arbitrary. For j > 1, since

ij+1 — ij = T.Z'j — TIE]',1,

the contraction condition gives

3 3
(21, oy Zne1, Tjg1 — T4, A) > pip (2’1, ey Zn—1, T — Tjo1, )
and
3 3 A
VF<21,...,Zn_1,ZL'j+1—ZEj,)\) SVF 217...,,2”_1,.%']'—(13]'_1,; .
By repeated application, for every 7 > 1 and every ¢t > 0, we obtain
3 3 t
W (215 ey Zne1, Tipr — T4, 1) > pp | 21, - - oy Znm1, T1 — Zo, E
and
3 3 t
Vp(21, .o 2nm1, T — 25, 8) < vp | 21, ..., Zpe1, T1 — T, E )

Now, let p > k. Then,
Ty — Tk = (Tp — Tp1) + (Tp1 — Tp2) + -+ (Tpg1 — Tp).

For j =k, k+1,...,p—1, put ‘
ty=(1—p)p’ "\

p—1 p—1
D ti=1=pA) <A
j=k j=k

Since pp is non-decreasing with respect to A, and since the t-norm is chosen as min, the
triangle-type condition gives

Then,

3 : 3
,UF(Zla sy Rn—1,Tp — -Tka)\) > k<r]n<11r)l_1MF(Z17 sy Bn—1, Lj4l — xjatj)-

Using the estimate for successive differences, we get

t:
/,L%(Zl, sy An—1, Tj41 — m]’tj) 2 /“L%’ (217' <oy in—1,T1 — x(]?j) .
But : )k
i (L =p)p"A _
L= =-pM "
P P
Hence,
3 3 —k
MF(Zla ceey Rn—1,Tp — xka)\) Z 1453 (Zb <oy Zp—1,T1 — Zo, (1 - p))‘p ) :

Since p € (0,1), we have
(1—pApF =00 as k— oo.
Therefore, by the defining property of the FIF-n-norm,
:u:; (Zla <y An—1, L1 — Ty, (1 - p))\p_k) — L
Thus, there exists k; € N such that

3
W21,y Zn1, Tp — Ty A) > 1 — €



forall p > k > k.
Similarly, since the ¢-conorm is chosen as max, the triangle-type condition for vy gives

3 3
V(21 ooy Zne1, Tp — Ty A) < |, nax 11/F(21, ey Zne1, Tj1 — X, ).
SISpP—

Using the contraction condition repeatedly, we get
Up(21, ooy Zne1, Tjy1 — T4, 1) < Vi (21, ey Zn1,T1 — Zg, (1 — p))\p’k) )
Therefore,
V21, ooy Zn1, T — T, A) < VU (zl, ey Zne1,T1 — Zo, (1 — p))\p_k) .
Again, since
(1—pAp ¥ =00 as k— oo,

we obtain
V% (217 <-yZn—1,2L1 — Zo, (1 - p))\pik) — 0.
Hence, there exists ko € N such that

3
Vp(21, ooy Zne1, Tp — T, A) < €

for all p > k > k».
Let
k(] = max{kl,kg}.
Then, for all p, k > kg, we have
(2, . .. yZn—1,Tp — T, A) > 1 —¢

and

3
Vp(21y ooy 201, Tp — Ty A) < €.

Therefore, by Definition 4.1, the sequence (zj) is Cauchy in A.
Since A is complete, there exists u € X such that

x, —u in A.
Now, we prove that u is a fixed point of 7. Since
Tyl = Tk,

we have
LTkt1 —TU =TI — TU.

Using the contraction condition, for every A > 0,

3 3
(21, ooy Zn1, Tha1 — TU,A) = (21, - oo Zne1, TZE — TU, N)

3 A
ZIMF Zl)"'azn—laxk_u); .

Since x — u, the right-hand side tends to 1. Hence
(21, ooy Zne1, Tpy1 — TU N) = 1.

Similarly,

A
3 3
V21, ooy 201, Thg1 — TU, ) < U (zl, e 1, Tk — U, )

and the right-hand side tends to 0. Therefore,
Tk+1 — TU.

On the other hand, since xy — u, the shifted sequence (zj,1) also converges to u. By the
uniqueness of the limit in Theorem 3.2, we obtain

TU = U.



Thus, u is a fixed point of 7.
It remains to prove uniqueness. Suppose that u,v € X are fixed points of 7. Then

Tu=u and TV =w.
For every A > 0, the contraction condition gives

(21, Zne, = 0, N) = (21, 21, TU — TV, N)

H )
> pp | 21,00 201, 0 — U, — | .
P

Applying this repeatedly, we get

A
(21, oy Znet, = 0, N) > (zl, ey 1, U — U, —m)
for every m € N. Since p € (0,1),
A
— =00 as m— o0
pm
Hence,
Hp <Z17 .,Zn_17U—U,—> — 1
Therefore,
(21, Zne, u — v, \) = 1.
Thus,
(21, oy 21,0 — v, A) = 1.
By Definition 3.1, this means that 2z, 2o, ..., 2,_1,u — v are linearly dependent.

If u # v, then u — v # 0. We may choose 21, 29, ..., 2,1 € X such that
15225+« +y"n—1,U — U
are linearly independent. This contradicts the conclusion above. Hence,
u=u.

Therefore, 7 has a unique fixed point in X. O

7. APPLICATION

In this section, we present an application of the fixed point theorem in a Fermatean intu-
itionistic fuzzy n-normed linear space. The main purpose is to show that the abstract fixed
point result can be used to guarantee the existence and uniqueness of solutions of operator
equations. In particular, we consider an affine operator equation of the form z = ¢+ ax, where
c € X is fixed and « is a scalar satisfying |o| < 1.

This type of equation can be rewritten as a fixed point problem 7(z) = x, where 7 : X — X is
defined by 7(x) = ¢+ ax. Therefore, if 7 satisfies the Fermatean intuitionistic fuzzy contraction
condition, then the fixed point theorem ensures that the equation has a unique solution.

Theorem 7.1. Let X = R" and define the usual n-norm on X by
lv1, va, ... v, || = |det(vy, ve, ..., v,)]| .

Forvy,...,v, € X and A > 0, define

A ! §
A CIRRR >—(A+Hv1,.--,vn\!)




and

1
3
VF(Ula---,Un,)\) — ( “Ul""?UnH ) |

A —+ HUl, e ,’UnH
Let
a*xb=ab and aob=a+0b— ab.
Then, A = (X”, W, VR, *, <>) 1s a complete Fermatean intuitionistic fuzzy n-normed linear
space.

Let ¢ € X be fized and let o € R satisfy |a| < 1. Consider the operator equation x = ¢ + ax.
Then, this equation has a unique solution in X.

Proof. Define a mapping 7 : X — X by 7(z) = c+ax, x € X. Then, the operator equation
x = ¢+ ax is equivalent to the fixed point equation 7(z) = x.
We show that 7 is a Fermatean intuitionistic fuzzy contraction mapping. Take

o) =t W)=t telo1],
and choose
§=0, n = 0.
Then (¢, ) is a Fermatean intuitionistic fuzzy cubic-control function.
Let z,y € X, let z1,29,...,2,_1 € X, and let A > 0. Since

ro =y = (c+az) — (e + ag) = a(s — 1),

we have
21, 22, -« s 21, T — TY|| = || |21, 225 - -+, 21, T — Y-
Put
D= |z1,22, ., zZn-1,2 — Y|
Then,
l21, 22, -« s 21, T2 — TY|| = || D.

Now,

3 A

P21, 22, 0oy Zp1, TE — TY, A) = m.

Since || < 1, we have

la|D < D.
Hence,
A+ |a|D <X+ D.
Therefore,
A A
> .
A+ |alD — X+ D
That is,

uf’w(zl, 204y Zn1,TE — TY,\) > u;}(zl, 29y ey Zn1, T — Yy A).
Since £ = n = 0, this becomes

:u?])?(zh sy Bp—1,T — Y, )‘)

3

Z,...,Zn,,Tx_7—7/\ Z |
pp(z1 1 Y, A) 14+ &[1—pd(z, .o znet, 2 — 4, N+ 09 (pp(21, s Zn1, 2 — Y, )
Next,

alD
Aot et T2 = 0N =
Since |a| < 1, we have
a|D D

At|a|D — A+ D’



Thus,
3 3
V(21,29 ooy 201, T — TY, A) S Up(21, 22y« -+ 5 201, T — Yy A).

Again, since £ =7 = 0, this is equivalent to

3
Va(21, 29, oo Zne1, L — Y, A
3 F( 1, <2, y #n—1, Y, )
V(21,29 ooy 201, TE—TY, A) <

T 1+ & (2,22, 2, — Y, A) 0 (Ve (21, 22,y Zne1, 8 — Y, N))

Therefore, 7 is a Fermatean intuitionistic fuzzy (¢, 1)-contraction mapping on .A.
Since A is complete, by the fixed point theorem, 7 has a unique fixed point x* € X. Hence,
T(z") = z".
Therefore,
c+ax® =",
Thus,
(1—a)z" =c.
Since |a| < 1, we have o # 1, and hence
c

*

Tt = .
11—«

Therefore, the equation x = ¢ + ax has a unique solution in X, namely z* = 5. 0

This application shows that the fixed point theorem in a Fermatean intuitionistic fuzzy n-
normed linear space can be used to guarantee the existence and uniqueness of solutions of
operator equations of the form

r=T1(x).
In particular, the affine equation
r=c+axr

has a unique solution whenever |o| < 1.

Example 7.1. Let X = R? and define the usual 2-norm on X by ||u,v| =

Y

det (ul Ul)
Uz V2

where u = (uy, up) and v = (vy,vy) are elements of R2.
Foru,v € X and X\ > 0, define

A\ 3
N= [
pr (v, 2) (A+HUJM>

o \°
A)=(———"—) .
vr(u,v, ) (A+vau

and

Let
ax*xb=ab, aob=a+0b—ab,
for all a,b € [0,1]. Then
A= (X2,,uF, vr, *,<>)
1s a Fermatean intuitionistic fuzzy 2-normed linear space.

Define the mapping
T: X=X
by
7(x) = ¢+ ax,
where
c=(2,4) and  «a=

N | —



Thus,
1
T(x) =(2,4) + 3%

Since
o] =+ <1
=3 ,

the mapping T is a contraction mapping.

The fixed point x* of T satisfies
T(z*) = z".
Hence,
1
(2,4) + §I* ="
Therefore,
1
596* = (2,4),
and so
" = (4,8).
Thus, the unique fized point of T is x*=(4,8). Indeed,
1
Therefore,
T(z*) = 2.
Now, we verify the contraction behavior numerically. Take
z = (0,0), y=(2,1), z=(1,3), A=2.
Then,
r—y=(-2,-1).
Hence,
1 -2
2,2 —y| = |det (3 _1)’ =|-1+6|=5.
Therefore,
Sz —y,2) = 2 2
IuF ’ ya - 2 + 5 - 77
and . .
3
Next,
1
T(x) = (2,4) + 5(0, 0) = (2,4),
and
()= (24)+ 2@1)= (3,2
T y - ) 2 ’ - ’ 2 .
Thus,
(0) —7l) = @29~ (3.5) = (1.
T(x) —1(y) = — =1=1-1-z
y 7 9 2 ? 2
Hence,
1 -1 1
Jovrte) = )l = [aen (5 1)| =[5 +3
2
Therefore,
(e 7(@) — 7(0),2) = 505 = 5
Y ) 2 —"_ % 97



and

5
5 )
V%(Z7T(l’) _T(y)72) = 2_‘2_% = 5
Now, we observe that
4 - 2
9~ 7
S0
,LL%(Z,T(I) - T(y)72) > M%(Z,I - Y, 2)
Also,
5 - 5
9 7
S0

vi(z, m(x) — 7(y),2) < vi(z,2 —y,2).
Thus, under the mapping 7, the membership degree increases and the non-membership degree de-
creases. This confirms the contraction behavior in the Fermatean intuitionistic fuzzy 2-normed

linear space.
Finally, starting from xq = (0,0), the fived point iteration x4 = T(xk) gives

x1 = 7(z0) = (2,4),
xo = 7(x1) = (3,6),

ro=rten = (37).
xy = 7(23) = (?,?) ,

and, in general, x;, — (4,8). Hence, numerically, T has the unique fixved point (4,8).

8. CONCLUSION

In this paper, we introduced the concept of Fermatean intuitionistic fuzzy n-normed linear
spaces as a new generalization of intuitionistic fuzzy n-normed linear spaces. The proposed
framework combines the geometric structure of n-normed linear spaces with the Fermatean
cubic admissibility condition

pp + v < 1.
This condition allows a wider range of membership and non-membership degrees than the
classical intuitionistic fuzzy condition

M+V§17

and therefore provides a more flexible structure for handling uncertainty in n-normed linear
spaces.

Several basic properties of the proposed space were developed. We introduced the Fermatean
hesitation degree, open balls, convergence, Cauchy sequences, and completeness in the setting of
FIF-n-NLS. Equivalent characterizations of convergence and Cauchy sequences were obtained
in terms of the limiting behavior of the Fermatean membership and non-membership functions.
In particular, convergence was characterized by

3
pp(z1, ooy Zn1, o — 2, A) — 1

and

Va2, oy Zne1, T — T, A) = 0,
while the Cauchy property was characterized by the corresponding limits for z; — ,. We also
proved that the limit of a convergent sequence is unique and that every convergent sequence is

Cauchy.



Furthermore, we introduced Fermatean intuitionistic fuzzy cubic-control functions and Fer-
matean intuitionistic fuzzy contraction mappings. Using these notions, a Banach-type fixed
point theorem was established in complete Fermatean intuitionistic fuzzy n-normed linear
spaces. This result extends the classical fixed point principle to the Fermatean intuitionis-
tic fuzzy n-normed setting and is consistent with earlier developments in fixed point theory on
fuzzy and intuitionistic fuzzy normed structures [48, 32, 35]. Finally, an application was given
to show that the proposed fixed point theorem can guarantee the existence and uniqueness of
solutions of a linear operator equation.

The results obtained in this paper show that Fermatean intuitionistic fuzzy n-normed linear
spaces form a meaningful and useful extension of both intuitionistic fuzzy n-normed linear
spaces and Fermatean fuzzy structures [42, 21]. The examples presented throughout the paper
demonstrate that the proposed definitions are mathematically consistent and applicable to
concrete spaces such as R™.

9. SUGGESTIONS AND FURTHER WORK

The present work provides only the foundational theory of Fermatean intuitionistic fuzzy
n-normed linear spaces. Several directions may be considered for future research.

First, one may study different types of convergence in FIF-n-NLS, such as statistical conver-
gence, ideal convergence, lacunary statistical convergence, and summability methods. Similar
ideas have already been investigated in intuitionistic fuzzy normed and intuitionistic fuzzy
n-normed spaces [36, 44, 46|, and it would be natural to extend them to the Fermatean intu-
itionistic fuzzy setting.

Second, the fixed point results developed in this paper can be generalized to other types
of contractive mappings. For example, future studies may consider Kannan-type, Chatterjea-
type, Reich-type, Hardy—Rogers-type, and Ciric-type contractions in FIF-n-NLS. Such exten-
sions may lead to broader fixed point theorems and further applications to nonlinear operator
equations.

Third, the role of cubic-control functions can be investigated more deeply. Different choices
of the control functions ¢ and ¥ may produce new classes of contractions. It would also
be interesting to study whether these control functions can be replaced by altering-distance
functions, simulation functions, or comparison functions in the sense of generalized fixed point
theory.

Fourth, since Fermatean fuzzy sets provide a wider admissible region than intuitionistic
fuzzy and Pythagorean fuzzy sets [17, 18, 21], the proposed FIF-n-NLS may be applied to
decision-making problems, uncertainty modelling, optimization, and approximation theory. In
particular, one may develop Fermatean intuitionistic fuzzy versions of operator approximation
theorems, stability results, and Korovkin-type approximation theorems.

Finally, further research may also focus on applications of FIF-n-NLS to differential equa-
tions, integral equations, control problems, and dynamic systems under uncertainty. Since fixed
point theory is widely used to prove existence and uniqueness of solutions, the Banach-type
theorem established in this paper may serve as a useful tool for future analytical and applied
investigations.
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ABSTRACT. This study introduces and investigates valuation-compatible Tribonacci ideal con-
vergence in non-Archimedean neutrosophic normed spaces. The proposed framework com-
bines four essential structures: the truth-membership, indeterminacy-membership, and falsity-
membership components of a neutrosophic norm, a non-Archimedean scalar valuation, the
matrix domain generated by the Tribonacci sequence, and convergence determined by a proper
admissible ideal. Several equivalent characterizations of Tribonacci J-convergence are obtained
in terms of exceptional index sets, the filter associated with the ideal, and componentwise ideal
limits. The uniqueness of the Tribonacci J-limit is established, and the method is shown
to be preserved under addition and scalar multiplication. We further introduce Tribonacci
J*-convergence and prove its equivalence with Tribonacci J-convergence whenever the ideal
satisfies the additive property (AP). Tribonacci J-Cauchy sequences are also defined, and a
complete Cauchy characterization is derived under suitable completeness and ideal assumptions.
In addition, preservation results for neutrosophically continuous linear operators, inclusion re-
lations between convergence classes generated by nested ideals, and sufficient conditions for
valuation-compatible regularity of the Tribonacci matrix are presented. Illustrative examples
demonstrate that the proposed convergence method is strictly more general than ordinary Tri-
bonacci convergence. The explicit role of the non-Archimedean valuation distinguishes this
approach from classical real- and complex-valued Tribonacci summability methods.

1. INTRODUCTION

The study of generalized convergence occupies a central position in modern analysis, summa-
bility theory, sequence spaces, approximation theory, and operator theory. Classical conver-
gence requires all terms of a sequence, except possibly finitely many, to lie arbitrarily close to
the proposed limit. Although this condition is natural and powerful, it may be too restrictive
in problems involving sparse perturbations, irregular observations, matrix transformations, or
uncertainty. For this reason, several alternative convergence methods have been developed in
which exceptional indices are allowed, provided that they are sufficiently small in an appropriate
mathematical sense.

The mathematical analysis of uncertainty began with the theory of fuzzy sets introduced by
Zadeh [1]. This theory replaced the binary membership rule of an ordinary set by a member-
ship function taking values in the unit interval. The underlying ideas subsequently motivated
the development of fuzzy vector spaces [3], fuzzy metric spaces [4, 6], and fuzzy normed lin-
ear spaces [5]. Important structural and topological developments in fuzzy metric and fuzzy
normed spaces were established by Grabiec [7], Fang [8], Bag and Samanta [9], and Nadaban
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sophic normed space; admissible ideal; Tribonacci ideal-Cauchy sequence; matrix regularity; continuous linear
operator.
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[10, 11]. These contributions showed that many fundamental notions of functional analysis,
including convergence, continuity, boundedness, completeness, and fixed points, admit mean-
ingful extensions to fuzzy environments.

Atanassov introduced intuitionistic fuzzy sets as a refinement of the classical fuzzy-set model
[2]. In an intuitionistic fuzzy set, membership and non-membership are specified separately,
while their remaining part represents hesitation. Park introduced intuitionistic fuzzy met-
ric spaces [12], and Saadati and Park investigated their associated topological structures [13].
These developments provided a suitable basis for studying generalized convergence in spaces
whose geometry is described simultaneously through membership and non-membership func-
tions.

Statistical convergence is one of the most influential alternatives to ordinary convergence. It
was introduced independently in the early work of Fast [29] and was later systematically devel-
oped by Fridy [30]. Connor established important relations between statistical convergence and
strong Cesaro summability [31], while Fridy studied statistical limit points [32]. Miller obtained
a measure-theoretic subsequence characterization of statistical convergence [33]. The concept
was subsequently extended to double sequences by Mursaleen and Edely [34]. These studies
demonstrated that statistical convergence effectively describes sequences whose nonconvergent
behavior is restricted to an index set of natural density zero.

Statistical convergence has also been investigated in fuzzy and intuitionistic fuzzy settings.
Karakus, Demirci, and Duman introduced statistical convergence in intuitionistic fuzzy normed
spaces [14]. Mursaleen and Mohiuddine studied lacunary statistical convergence and statistical
convergence of double sequences in these spaces [16, 17]. Mohiuddine and Lohani considered a
generalized form of statistical convergence [15], while Kumar and Mursaleen examined (A, u)-
statistical convergence of double sequences [20]. Related extensions involving sequences of
functions and generalized summability methods were obtained by Karakaya et al. [21] and
Savag and Giirdal [22]. These results indicate that statistical convergence is compatible with
the membership-based geometry of fuzzy and intuitionistic fuzzy normed spaces.

A more general method is obtained by replacing natural density with an ideal of subsets
of N. The systematic theory of ideal convergence was developed by Kostyrko, Saldt, and
Wilezyniski [35]. Given a proper admissible ideal Z, a sequence is Z-convergent when the set of
indices at which the sequence fails to satisfy a prescribed neighborhood condition belongs to
Z. Thus, the ideal determines which sets of indices are regarded as negligible. This framework
includes ordinary convergence, statistical convergence, and several summability-based methods
as particular cases.

The closely related notion of Z*-convergence requires ordinary convergence along a sub-
sequence whose index set belongs to the filter associated with Z. The relation between Z-
and Z*-convergence in topological spaces was investigated by Lahiri and Das [36]. Balcerzak,
Dems, and Komisarski studied statistical and ideal convergence for sequences of functions [37],
whereas Komisarski examined pointwise ideal convergence and convergence in measure [38].
Mrozek established an ideal analogue of Egorov’s theorem [39]. Das and Ghosal studied Z-
Cauchy sequences and the additive property (AP) [40], while Das, Savag, and Ghosal developed
ideal-based generalizations of summability methods [41]. More recently, Connor and Leonetti
obtained a characterization of matrices that preserve convergence with respect to two ideals
[42]. These results show that ideals provide a flexible set-theoretic mechanism for controlling
exceptional behavior.

Ideal convergence has also been combined with intuitionistic fuzzy structures. Mursaleen,
Mohiuddine, and Edely studied ideal convergence of double sequences in intuitionistic fuzzy
normed spaces [18]. Debnath introduced lacunary ideal convergence in intuitionistic fuzzy
normed linear spaces [19], and Konwar and Debnath investigated Z)-convergence in intuition-
istic fuzzy n-normed spaces [23]. These investigations demonstrate that ideal methods can be



adapted effectively to spaces whose convergence is determined by several uncertainty parame-
ters.

The neutrosophic framework provides a further generalization by using three components
representing truth, indeterminacy, and falsity. In contrast to an intuitionistic fuzzy model,
these components may be treated as distinct sources of information. Kirisci and Simgek in-
troduced neutrosophic metric spaces [25] and developed neutrosophic normed spaces together
with statistical convergence [26]. Ersan subsequently examined p-statistical convergence in neu-
trosophic normed spaces [28]. Recent developments have substantially broadened convergence
theory in neutrosophic settings. Deferred statistical summability in neutrosophic n-normed
spaces was investigated in [65], while completeness and Cartesian-product structures for neu-
trosophic rectangular n-normed spaces were studied in [66]. Rough and deferred Z-statistical
convergence methods were further developed in [64, 69]. A broader account of recent advances
in neutrosophic analysis, algebra, graph theory, and their applications is presented in [67, 68].
These studies demonstrate that neutrosophic norms form a natural setting in which convergence
can simultaneously measure the growth of truth-membership and the decay of indeterminacy-
and falsity-membership.

Non-Archimedean analysis supplies another important component of the present framework.
A non-Archimedean valuation satisfies the strong triangle inequality

o + B < max{lal, [8]},

and the corresponding normed spaces possess an ultrametric geometry. This geometry appears
naturally in p-adic analysis and in various hierarchical mathematical models. Statistical conver-
gence in intuitionistic fuzzy normed spaces over non-Archimedean fields was studied by Saranya
and Suja [27]. The combination of non-Archimedean geometry with a neutrosophic norm is
therefore particularly suitable for studying sequences whose uncertainty has three components
and whose underlying distance satisfies a strong triangle inequality.

Another major line of research concerns matrix transformations and matrix domains of se-
quence spaces. Freedman, Sember, and Raphael studied Cesaro-type summability spaces gen-
erated by matrix methods [43]. Kirigci and Bagar constructed sequence spaces through the
domain of a generalized difference matrix [44], while Kara investigated topological and geo-
metrical properties of sequence spaces associated with Fibonacci numbers [45]. Matrix-domain
techniques are useful because they permit a convergence method to be encoded into a lower
triangular matrix and allow the transformed sequence to be studied through the geometry of
an appropriate sequence space.

The Tribonacci sequence is generated by a third-order recurrence and was discussed in the
carly work of Feinberg [46]. Its use in summability and sequence-space theory extends the cor-
responding Fibonacci constructions by incorporating three consecutive terms of the recurrence.
Dagl and Yaying developed paranormed sequence spaces generated by a regular Tribonacci ma-
trix [47]. In the related Fibonacci setting, Kirigci introduced Fibonacci statistical convergence
in intuitionistic fuzzy normed spaces [24], and Kirigci and Karaisa obtained Korovkin-type
approximation results through Fibonacci statistical convergence [48]. These developments in-
dicate that recurrence-generated triangular matrices provide effective tools for defining new
sequence spaces and generalized convergence methods.

A direct combination of ideal convergence, Tribonacci transformations, and non-Archimedean
intuitionistic fuzzy norms was recently considered by Ansari [49]. That work developed Tri-
bonacci ideal convergence and Tribonacci ideal-Cauchy sequences in a non-Archimedean intu-
itionistic fuzzy normed space. The intuitionistic fuzzy framework, however, is based on mem-
bership and non-membership components. A neutrosophic normed space involves three sepa-
rate functions, and consequently each convergence condition must control truth-membership,



indeterminacy-membership, and falsity-membership simultaneously. This produces a differ-
ent analytical structure and requires separate proofs for the associated exceptional sets, filter
characterizations, Cauchy conditions, and preservation properties.

To bridge this gap, the present paper develops Tribonacci ideal convergence in non-Archimedean
neutrosophic normed spaces. Let

U, Q,T,0,%,0)

be a non-Archimedean neutrosophic normed space and let 7 = (7,x) be the Tribonacci matrix.
For a sequence z = (xy) in U, the transformed sequence is defined by

To(z) = ZTnk[Ek.
k=1

The proposed convergence method requires the exceptional sets associated with the three neu-
trosophic components to belong to a proper admissible ideal Z.
The main contributions of this paper can be summarized as follows:

(1) We introduce Tribonacci Z-convergence in a non-Archimedean neutrosophic normed
space and derive equivalent formulations in terms of componentwise exceptional sets,
the associated filter, and ideal limits of the three neutrosophic components.

(2) We prove the uniqueness of the Tribonacci Z-limit and establish the stability of the
convergence method under addition and scalar multiplication.

(3) We introduce Tribonacci Z*-convergence and show that it implies Tribonacci Z-convergence.
Under property (AP), the converse implication is obtained, thereby establishing the
equivalence of the two methods for an important class of ideals.

(4) We define Tribonacci Z-Cauchy sequences and prove that every Tribonacci Z-convergent
sequence is Tribonacci Z-Cauchy. In a complete space and under property (AP), the
corresponding Cauchy criterion is established.

(5) We study preservation under neutrosophically continuous linear operators and derive
inclusion relations for convergence methods generated by nested ideals.

(6) We provide examples that distinguish ordinary Tribonacci convergence from Tribonacci
ideal convergence and illustrate the roles of the ideal, its associated filter, and the non-
Archimedean neutrosophic norm.

The remainder of the paper is organized as follows. Section 2 recalls the basic concepts of
ideals, filters, continuous ¢-norms and ¢-conorms, non-Archimedean valuations, neutrosophic
norms, and the Tribonacci matrix. Section 3 introduces Tribonacci Z-convergence and es-
tablishes its fundamental properties. Section 4 investigates Tribonacci Z*-convergence and the
additive property (AP). Section 5 develops Tribonacci Z-Cauchy sequences and the correspond-
ing completeness results. Section 6 studies preservation under linear operators and inclusion
relations between ideals. Illustrative examples and concluding remarks are presented in the
final section.

2. PRELIMINARIES

This section recalls the basic concepts concerning ideals and filters, non-Archimedean val-
ued spaces, neutrosophic norms, and the Tribonacci matrix transformation that will be used
throughout the paper. Unless otherwise stated, N = {1,2,3,...} and K denotes a non-
Archimedean valued field of characteristic zero.

2.1. Ideals and Associated Filters. We begin with the notions of an ideal and its associated
filter.

Definition 2.1. A nonempty family T C 2N is called an ideal on N if the following conditions
are satisfied:

(1) if A€ Z and BC A, then B € I;



(2) if A,B€Z, then AUB € T.
The ideal T is called:

(1) proper if N ¢ Z;
(2) admissible if {n} € Z for every n € N.

Every proper ideal determines a filter in a natural manner.

Definition 2.2. Let T be a proper ideal on N. The family
FIZ)={ACN:A°e€T1},
where
A =N\ A,
15 called the filter associated with Z.

The family F(Z) satisfies the following properties:
o ¢ F(I), NeFI),
and it is closed under finite intersections and supersets.

Example 2.1. The family
Z,={ACN:d(A) =0},
where
d(A) = lim 1 |[AN{1,2,...,n},
n—oo 1,

whenever the limit exists, is a proper admissible ideal. It is called the ideal of subsets of N
having natural density zero.

2.2. Non-Archimedean Neutrosophic Normed Spaces. We next recall the necessary con-
cepts related to non-Archimedean valued fields and neutrosophic normed spaces.

Definition 2.3. A mapping |- | : K — [0,00) is called a non-Archimedean valuation if, for
all o, € K,

(1) |a| =0 if and only if o = 0;
(2) || = |al|Bl;
(3) |+ f] < max{lal, [5]}.
The pair (K, |-1) is then called a non-Archimedean valued field.

Definition 2.4. Let U be a vector space over K. A mapping || - || : U — [0,00) is called a
non-Archimedean norm if, for all u,v € U and o € K,

(1) ||u|| =0 if and only if u = 0;

(2) llaw|l = fe[Jull;

(3) llu+ vl < max{]lul], [|v]|}

Example 2.2. Let K = Q, be the field of p-adic numbers equipped with the p-adic absolute
value | - |, and let U = Q). For u = (uy,uy, ..., uy,) €U, define as
Jully = s ol
Then, || - ||, is a non-Archimedean norm on U.
Indeed, ||ul|, = 0 if and only if |u;|, = 0 for every i, which is equivalent to u = 0. Moreover,
for every a € Qy,

||04U||p = 121%};|O‘ui|p

= lal, max fuil,

= [afpllull,.



Finally, for u,v € U, the strong triangle inequality of the p-adic absolute value gives

|ui + vilp < max{|ugly, [vil,}

Consequently,
lu+ v, = hax. |u; + il
< o { ol o [,
= max{|[ull,, [[v]|,}-
Therefore, (QIZ”, | - ||p) is a mon-Archimedean normed space.

Example 2.3. For a,b € [0,1], define a x b = min{a,b} and a © b = max{a,b}. Then, * is
a continuous t-norm and < is a continuous t-conorm. Indeed, both operations are associative,
commutative, continuous, and nondecreasing in each variable. Moreover,

a*1=min{a,1} = a and a ¢ 0 = max{a,0} = a.
The standard examples used in this paper are
a* b= min{a, b} and a © b = max{a, b}.
Definition 2.5. Let * be a continuous t-norm and let ¢ be a continuous t-conorm. Three
mappings
P,Q,R: X x (0,00) — [0, 1]
are said to define a mon-Archimedean neutrosophic norm on X if, for all x,y € X, s,t > 0,
and o € K\ {0}, the following conditions hold:
) P(z,t) =1 if and only if v = 0;

Q(x,t) =0 if and only if x = 0;

(1
(2)
(3) R(z,t) =0 if and only if x = 0;
(4)

P(az,t) = P (;1: é’) ;
(5)

Qo) = Q (.14
(6)

R(az,t) = <x Fi') :

P(z + y, max{s,t}) > P(z,s) x P(y,t);
Q(z +y,max{s,t}) < Q(z, s) ¢ Q(y,1);

R(z 4+ y,max{s,t}) < R(z,s) o R(y,1);
(10) P(z,-) is continuous and nondecreasing, whereas Q(zx,-) and R(zx,-) are continuous and
noNINCreasing;

(1)
lim P(z,t) =1, lim Q(z,t) =0, lim R(z,t) = 0.
t—o0 t—o0 t—o0
The system (X,P,Q,R,*,0) is called a non-Archimedean neutrosophic normed space, abbrevi-
ated as an NA-NNS.



Example 2.4. Let K = Q, be the field of p-adic numbers and let X = Q" be equipped with
the non-Archimedean norm

||x||p:1r£%>§n|xi|p, r=(r1,...,2m) € X.
Define by
a* b= min{a, b}, a o b= max{a, b},

and, forx € X and t > 0, the set

P(a,t) = exp< ”“THP)

Q) = 1 - xp (121
and

)= 1 o (2L,
Clearly,

Plx,t) =1 <= x=0,

and
Q(z,t) =R(z,t) =0 <= x=0.
Moreover, for every a € Q, \ {0},

t
P(ax,t) =P <x, —> ,
’O‘|p

with analogous identities for Q and R.

Since
2z +yll, < max{||z|y, lyll,},
we obtain
P(z + y,max{s,t}) > min{P(z, s), P(y, 1)},
Q(z + y, max{s, t}) < max{Q(z, s), Q(y, 1)},
and

R(z + y, max{s,t}) < max{R(z, s),R(y,t)}.
The functions P, Q, and R have the required continuity and monotonicity properties, and
tlgglo P(z,t) =1, tlgglo Q(x,t) =0, tlggo R(z,t) = 0.
Therefore, ( ., P, Q, R, min, max) 18 a non-Archimedean neutrosophic normed space.

2.3. Convergence, Cauchy Sequences, and Completeness. We now recall the ordinary
notions of convergence and completeness in an NA-NNS.

Definition 2.6. A sequence (x,) in an NA-NNS (X,P,Q,R, *,0) is said to converge to v € X
if, for every e € (0,1) and t > 0, there exists ng € N such that

P(x, —x,t) >1—c¢,
Q(z, —x,t) <e

and
R(z, —z,t) <e
for every n > nyg.
We write

(P,Q,R)- lim z, = z.

n—o0



Definition 2.7. A sequence (x,) is called a Cauchy sequence in the NA-NNS if, for every
e € (0,1) and t > 0, there exists ng € N such that, for all m,n > ny,

Pz, — xpm,t) >1—¢,

Q(xy — Ty, t) <€
and
R(zp, — xm,t) <e.

The space is called complete if every Cauchy sequence is convergent.

Definition 2.8. An NA-NNS is said to be complete if every Cauchy sequence in the space
converges to an element of the space.

2.4. The Tribonacci Matrix Transformation. Let (¢,) denote the Tribonacci sequence
defined by

and
tn = tn—l + tn_g + tn_g, n Z 4.
The first few terms are
0,1,1,2,4,7,13,24, .. ..

Definition 2.9. The Tribonacci matric T = (Tax) is the lower triangular matriz whose entries

are defined by

Tnk — tn—i—? + tn—l
0, k> n.

For a sequence x = () in U, its Tribonacci transform is the sequence Tx = (T,(x)) defined

by
T(m):zn:T T :zn:—%k x
n < nkLk £ o +tn—1 k-

k=1 "

Because T is lower triangular, the nth transformed term 7,(x) depends only on the first
n terms w1y, xs,...,x, of the original sequence. The concepts introduced above provide the
necessary framework for studying Tribonacci ideal convergence, Tribonacci Z*-convergence,
and Tribonacci ideal-Cauchy sequences in non-Archimedean neutrosophic normed spaces.

3. BAasic PROPERTIES OF TRIBONACCI IDEAL CONVERGENCE

In this section, we introduce Tribonacci ideal convergence in a non-Archimedean neutrosophic
normed space and establish some of its fundamental properties. In particular, we present
equivalent characterizations, prove the uniqueness of the Tribonacci [J-limit, and show that
this convergence method is preserved under addition and scalar multiplication.

Definition 3.1. A sequence x = () in an NA-NNS is said to be Tribonacci J-convergent to
e X if, for everye € (0,1) and t > 0, the set

P(T,(z)—(,t) <1—¢
Ap(e,t;0) =<neN: or Q(T,(x) —{,t) > ¢
or R(T,(x) = (,t) > ¢
belongs to J .
In this case, we write
k7(|37Q,R)—nh_{lolo Tn(x) =/.



Example 3.1. Let (X,| - ||) be a non-Archimedean normed space over a non-Archimedean

valued field K. Define

t ]l
Plz,t) = —— x,t) =
and
R(z, 1) Izl o ex ¢
t+ ]
Let
a* b = min{a, b}, a b= max{a,b}.

Then, (X,P,Q,R,*,¢) is a non-Archimedean neutrosophic normed space.
Consider the admissible ideal

Ji={ACN:d(A) =0},
where

d(A) = Tim S |AN{1,2,... n}]

n—oo M
denotes the natural density of A, whenever this limit exists.
Let u € X be a fized nonzero vector, and define the sequence (z,) by

{u, n =m? for some m € N,
Zp =

0, otherwise.

Since the Tribonacci matriz T = (ank) is lower triangular and ap,, # 0 for every n € N, there
exists a unique sequence x = (xy) in X such that

T.(z) = 2z,
for every n € N. Indeed, the sequence x may be defined recursively by
T = al_llzl

and

Now, we show that x is Tribonacci Jy-convergent to zero. Let € € (0,1) and t > 0. Consider
the exceptional set

Ar(e,t;0) =< neN: or Q(Tn’(:v),t) > g,
or R(T,(x),t) > ¢
If n is not a perfect square, then
Tn(x) =2,=0
Therefore,
P(T,(x),t) = P(0,t) =1,
Q(T,(z),t) = Q(0,t) =0
and

R(T,(x),t) = R(0,t) = 0.
Thus, no non-square index belongs to the exceptional set. Hence,
A’]I‘(€7t; O) g 57

where

S ={m*:m e N}L



The set of perfect squares has natural density zero because

SoqL2.ny vl

Consequently,
SeJd,.
Since Jy is hereditary, we obtain
Ar(e, t;0) € Ty
Since € € (0,1) and t > 0 were arbitrary, it follows that
Ja(p.qR)- 1m T,(z) = 0.

Howewver, (T, (x)) does not converge ordinarily to zero. Indeed, fix to > 0 and put

S
to + [|ul
Choose
c
&g — 5
For every perfect square n = m?, we have
T,z (x) = u,

and therefore
P(U,to) =1 —CS 1 — &p,
Q(u, tg) = ¢ > g
and
R(U, to) =C Z €o-

Since there are infinitely many perfect squares, the ordinary convergence conditions fail infinitely
often.

Thus, x is Tribonacci Jy-convergent to zero, although it is not ordinarily Tribonacci-convergent
to zero.

The following theorem gives several equivalent formulations of Tribonacci J-convergence.

Theorem 3.1. Let x = (x3) be a sequence in an NA-NNS and let ¢ € X. The following
assertions are equivalent:

(1) x is Tribonacci J-convergent to {;
(2) for every e € (0,1) and t > 0, each of the sets

Ap={n e N:P(T,(z) — (,t) <1—¢},
Aq={n e N:Q(T,(z) —¢,t) > e}
and
Ar={n e N:R(T,(z) — ¢,t) > €}
belongs to J ;

(3) for everye € (0,1) and t > 0, the set

Gr(e,t;0) =<neN: Q(T,(z)—{,t) <e,

belongs to F(J);



(4) for every t > 0,
J-1lim P(T,(z) —¢,t) =1,
J- li_)m Q(T,(x) —¢,t) =0

and
J- lim R(T,(z) —¢,t) = 0.
n—oo

Proof. The exceptional set in Definition 3.1 is exactly
AT(E,t;E) = Ap U AQ U AR.

Since an ideal is closed under finite unions and under taking subsets, assertions (1) and (2) are
equivalent.

Moreover,

GT(E, t; E) =N \ A’E<E, t; E)
Therefore,
AT (8 y t; E) c j
if and only if
Gr(e,t;0) € F(T).

Thus, (1) and (3) are equivalent.

Finally, assertion (4) is precisely the componentwise formulation of assertion (2), using the
definition of ideal convergence for real sequences. Hence all the assertions are equivalent. [

We next establish the uniqueness of the Tribonacci J-limit.
Theorem 3.2. The Tribonacci J-limit of a sequence in an NA-NNS is unique.

Proof. Suppose that
JP.QR)- nh_>Holo T, (x) =
and
Jeqr- im Tp(z) = L.
Let € € (0,1). By the continuity of * and o, there exists ¢ € (0, 1) such that
(1—=0)*x(1—=9)>1—¢
and
000 <e.
For any fixed ¢ > 0, define
G,L' = G'H‘(é,t,&), 1= 1, 2.
Where
Gi=<{neN: Q( n(.ﬁE) gz,t)<(5,
R(T,(x) — €;,t) <6

By Theorem 3.1, we have
G1,Gy € F(JT).
Consequently,
GiNGy e F(J),
and hence G1 NGy # .
Choose n € G; N G5. Then,
P(T,(z) — ¢;,t) > 1 -9,
Q(Tn(l’) — éz,t) <0
and
R(T,(z) — 4;,t) <



fori=1,2.
By the homogeneity properties of the non-Archimedean neutrosophic norm and the fact that
| — 1] = 1, we have

P(—u,t) =P (u ﬁ) = P(u,),

and
R(—u,t) = R(u,t)

for every u € X. Therefore,

Pty — Tpy(z),t) > 114,

Q(ly —T,p(x),t) <6
and
R(l1 — Ty (), t) < 0.
Now, we observe that
U — by = (03 — Ty (2)) + (T (z) — £o).
Applying the non-Archimedean triangle property for the truth-membership function, with
max{t,t} = t, we obtain
P(ly — by, t) =P (61 — Ty (x) + Ty (x) — o, 1)

> Py — Tp(x),t) « P(T,(z) — 3, 1)

> (1—=10)x(1—=9)

>1—e.
Similarly, by the non-Archimedean triangle property for the indeterminacy-membership func-
tion, we get

Qb — 0o, t) < QU — Tp(x),t) © Q(T, (z) — €a,t)
<000
<e,

In the same manner, using the corresponding property of the falsity-membership function, we

have R(fy — ly,t) < R(ly — T, (x),t) o R(T,(x) — £y, 1)

<ol
< e,
Thus, for every ¢ € (0, 1),
Py — ly,t) > 1 —¢,
Qb — ly,t) < ¢
and
R(l; — by, t) < e.
Since ¢ is arbitrary, it follows that
Pl — 1) =1, Q(ly — by, t) =0

and

R(¢; — 4y, t) = 0.
Therefore, {1 — ¢, = 0, and hence ¢; = {5. Hence, the Tribonacci J-limit of a sequence in an
NA-NNS is unique. U

The following result shows that Tribonacci [J-convergence is compatible with the linear
structure of the underlying space.



Theorem 3.3. Let x = (xy) and y = (yi) be sequences in an NA-NNS. Suppose that
\7(P’Q’R)_nh—>nolo Tn(ZE) = 51 and %P’Q’R)_nh—)lgo Tn(y> = 62.

Then:

(1)
ﬂP,Q,R)-JLIEO T.(x +y) =l + lo;

(2) for every a € K,
\ZP’Q’R)_JLIEO T,(ax) = al;.
Proof. We prove the two assertions separately.

Part (1). We first prove that
To(z + y)

is Tribonacci J-convergent to £1 + (5.
Let € € (0,1) and ¢t > 0. Choose ¢ € (0,1) such that

(1—-0)*(1-9)>1—¢

and
dod <e.
Define
P(T,(x) — (1) > 16,
G,=<neN: Q(T,(z)—{,t) <9,
and
Gy = n e N: Q(Tn(y> - 627 )
(Tn y) - €27 )
By the assumed Tribonacci J-convergence of x and y, and by Theorem 3.1, we have
G, Gy € F(J).

Since F(J) is a filter, it is closed under finite intersections. Therefore,
G, NGy, e F(J).

Let n € G, N Gy. By the linearity of the Tribonacci transformation,

n

To(z+y) = Zank(xk + k)
k=1

= Z Ank Tk + Z AnkYk
k=1 k=1
= To(x) + Ta(y).

Consequently,

= (Tn(z) — £1) + (Ta(y) — £o).



Using the non-Archimedean triangle property for the truth-membership function, together with
max{t,t} = t, we obtain

P(Tn(z +y) — ({1 + ), 1)
=P ((Ta(z) — 61) + (Tu(y) — £2), max{t, t})
> P(Tn(z) — l1,t) * P(Tu(y) — lo, )

> (1=0)x(1=9)
>1—c.
Similarly,
Q(Ta(z +y) — (b1 + £2),t)

< Q(Ta(z) — £1,t) © Q(T(y) — Lo, )

<000

<,
and

R(T,(z +y) — (61 + ), 1)
< R(Tp(z) — 01,t) o R(To(y) — lo, )
<600
< e.
Therefore, every n € G, N G, belongs to the good-index set
P(T,(z+y) — ({1 + ), 1) > 1—¢,

Gory=SneN: Q(Ty(z+y) — (b1 +6),t) <
R(Tn(z +y) — (01 + £2), 1) <
Thus,
G, NGy C Garyy.
Since G, NG, € F(J) and a filter is upward closed, it follows that
Goyy € F(JT).
Equivalently,
N\ Guqy € J.
By Theorem 3.1, this means that

‘7(P’Q,R)- nh_)rgo Tn(x —+ y) = 61 —+ 62.

This proves part (1).
Part (2). Let a € K. We prove that T,,(ax) is Tribonacci J-convergent to a/.
If a =0, then

T,(azx) =T,(0) =0
for every n € N, and

aty = 0.

Therefore,

T,(ax) — aly = 0.
By the definiteness properties of the neutrosophic norm,

P(0,t) =1, Q(0,t) =0

and

R(0,t) = 0.



Hence, the exceptional set is empty and therefore belongs to J. Thus, the conclusion is
immediate when a = 0.

Now, we suppose that « # 0. Let € € (0,1) and ¢t > 0 be arbitrary. Since |a| > 0, the
number

t
|al
is well defined and positive.
Define
( t )
P (Tn(l‘) —gl, | |) >1—-¢,
t
Gyo=4qneN: Q(Tn(x)—él,m)<e, >
t
R|IT,(z)—4t;,— | <e¢
\ < @) =4 ’0") J
Since

Jr.QR)- 7}13010 T, (x) = /1,

Theorem 3.1 gives
Go € F(J).

By the linearity of the Tribonacci transformation,

T,(ax) = Z ang ()

n
= E Ak
k=1

= aT;(:v).

Therefore,
T,.(az) — aly = aT,(z) — aly

= (T, (z) — 41).
Let n € G,. By the homogeneity property of P,
P(Tn(ozx) — aly, t)
=P (Oé(Tn(fE) — gl),t)

—P (Tn(x) — 0, é)

>1—e.
Similarly,
Q(T,(azx) — aly,t)
t
=Q <Tn(l’) — m)
<e€
and

R(T,(az) — aly,t)
_R (’Jl“n(a:) s ﬁ)

<E.



Consequently,
P(T,(az) — aly,t) > 1 —¢,
GoC<neN: Q(Tn(ax) — aﬁl,t) <eg,
R(T,(az) — aly,t) <e
Since G, € F(J) and the filter is upward closed, the set on the right-hand side also belongs
to F(J). By Theorem 3.1, we conclude that

JP,Q.R)- 7}1_{20 T, (ax) = al;.
This completes the proof. O
Corollary 3.1. Under the hypotheses of Theorem 3.3, for every o, 8 € K,
j(P,Q,R)'?}LI{.lO T.(az + By) = aly + Bla.

Proof. The conclusion follows directly from the two parts of Theorem 3.3. U

4. EQUIVALENCE OF TRIBONACCI [J- AND J*-CONVERGENCE

In this section, we examine the relationship between Tribonacci [J-convergence and Tri-
bonacci J*-convergence in a non-Archimedean neutrosophic normed space. In general, Tri-
bonacci J*-convergence implies Tribonacci J-convergence. Under the additional assumption
that the ideal satisfies the additive property (AP), the converse also holds.

Definition 4.1. A sequence x = (zy,) is said to be Tribonacci J*-convergent to { € X if there
exists
M:{m1<m2<}ef(j)
such that
(P,Q,R)- lim T,,,(z) = .
J—00
Example 4.1. Let
(X,P,Q,R,%,9)

be a non-Archimedean neutrosophic normed space, and let u € X be a fized nonzero vector.

Denote the sets of odd and even natural numbers by

O={2j—-1:j€eN}
and
E&={2j:j €N},
respectively. Define by
Jo={ACN:ANOQO is finite} .
Then, Jo is a proper admissible ideal of N. Indeed, it contains the emply set and every finite
subset of N, and it is closed under taking subsets and finite unions. Moreover,

N ¢ j(97
because
NNO=0
18 infinite.
Define a sequence z = (z,) in X as
0, neO,
Zn =
u, neé.

Assume that the Tribonacci matriz T = (any) is lower triangular with

ann%o



for every n € N. Then there exists a unique sequence x = (xy) in X such that
To(x) = 2,

for every n € N. The sequence x can be constructed recursively by

T = al_llzl
and
n—1
T, = a;,}b (zn — Z ankxk> ) n>2
k=1
Let
M=0={1,3,5,...}.
Since
N\M=¢
and
ENO =0,
we have
£ ¢ j@.
Consequently,
M e F(Jo).
Write as

M:{m1<m2<---}, m]:2j—1

For every j € N,
T, (2) = 2m, = 0.
Therefore, for every e € (0,1) and t > 0,
P(T,,(z) —0,t) =P(0,t) =1,

Q(T,,(x) — 0,£) = Q(0,£) =0

and
R(T,, (z) — 0,¢) =R(0,¢) = 0.
Hence,
(P,Q,R)- lim T, (z) = 0.
J—00
Because

M € ./T"(jo),

it follows from the definition of Tribonacci J*-convergence that
j(;,(P,Q,R)'Ji_EEO T, (z) = 0.

Howewver, the entire transformed sequence does not converge ordinarily to zero. Indeed,
Tyi(z) =u
for every 7 € N. Since u # 0, the definiteness axioms give, for every fixed t > 0,
P(u,t) <1, Q(u,t) >0

and
R(u,t) > 0.

Thus, the even-indexed subsequence remains equal to the nonzero vector u, and consequently
T,(x) /=0

in the ordinary neutrosophic sense.



Therefore, x is Tribonacci Jj-convergent to zero, although it is not ordinarily Tribonacci-
convergent to zero.

Theorem 4.1. Every Tribonacci J*-convergent sequence is Tribonacct [J-convergent to the
same limit.

Proof. Assume that x = (zy) is Tribonacci J*-convergent to ¢. By the definition of Tribonacci
J*-convergence, there exists an infinite set

M={m <mg<---}eF(J)
such that the subsequence of Tribonacci transforms
(T, (@)
converges ordinarily to ¢ with respect to the non-Archimedean neutrosophic norm. That is,
(P,Q, R)—jli_}rgo’]l‘mj(x) = /.
Now, we prove that x is Tribonacci J-convergent to /.
Let € € (0,1) and t > 0 be arbitrary. Since
T (2) —> £
in the neutrosophic norm, there exists an integer jo € N such that, for every j > jo,
P(Tp,(z) — €,t) >1—¢,
Q(T,,(z) — (1) <e
and
R(Tp, () — (,t) <e.

Consider the exceptional set
Ap(e,t;0) =<neN: o

Now, we claim that
AT(E,“K) g (N \ M) U {ml,mg, c ,mjo,l}.
Indeed, let
n € Ar(e, t; 0).
Suppose that
n ¢ N\ M.
Then, n € M, and hence there exists some j € N such that
n = mj.

If 7 > jo, then, by the ordinary convergence of the subsequence,

P(Ty, () —£,t) >1—¢,

Q(Ty, (z) —£,t) <e
and
R(T,, () — £,t) <e.
imply that
m; ¢ Ar(e, t;0),
which contradicts the assumption that

n=m; € Ar(e,t;0).



Therefore, if an exceptional index belongs to M, it must be one of the finitely many indices

My, Ma, ..., Mjo—1.
This proves the claimed inclusion.
Since
M e F(J),
the definition of the associated filter gives
N\ M e J.

Furthermore, because J is admissible, every singleton belongs to [J. Thus,
{ml}, {mg}, e {mjo,l} eJ.
Since an ideal is closed under finite unions, it follows that
{ml,mg, ce ,mjo_l} S j
Hence,
(N\ M) U {my,ma,...,mj,_1} € J.
Because an ideal is hereditary, every subset of a member of J also belongs to [J. Therefore,
from
Ar(e,t;0) € (N\ M) U {my,ma, ..., mj,1},
we get
AT(&t;E) eJ.
Since € € (0,1) and ¢ > 0 were arbitrary, the definition of Tribonacci J-convergence yields
\7(P7Q’R)— J;IIOIO Tn<l') =/.
Therefore, every Tribonacci J*-convergent sequence is Tribonacci [J-convergent to the same
limit. ([l
Definition 4.2. The ideal J is said to satisfy the additive property (AP) if, for every sequence
(A;) of sets belonging to J, there exists A € J such that
A\ A
18 finite for every 7 € N.
Example 4.2. Let £ = {2n : n € N} be the set of even natural numbers, and define by
Je ={ACN: A\E is finite} .

Thus, a set belongs to Je whenever it contains at most finitely many odd natural numbers.
Now, we first observe that Je is an ideal on N. Clearly,

o\ € =2,

and hence
o€ J¢.
Assume that A € Je and B C A. Then,

B\EC A\E.
Since A\ € is finite, it follows that B\ £ is finite. Therefore,

BEJg.

If A, B € Jg, then
(AUB)\E=(A\E)U(B\E).

The right-hand side is a finite union of finite sets and is therefore finite. Hence,

AUBGJ@'.



Thus, Je 1s an ideal.
Moreover, Je is admissible because, for every n € N, {n} \ € is either empty or a singleton,
and hence finite. Therefore,

{n} € Je.
The ideal is also proper. Indeed,
N\&={2n—1:n €N}
1s the infinite set of odd natural numbers. Consequently,
N ¢ Je..

Now, we verify property (AP). Let (A;) be any sequence of sets belonging to Je. Then, for
every j € N, A; \ € is finite.
Choose A = €. Because
E\NE =0,

then we have

A=&E e J:.
Furthermore, for every j € N,
A\ A= A;\E, which is finite.

Therefore, there exists

Ae Je
such that
A\ A
is finite for every j € N. Hence, Je satisfies the additive property (AP).

Theorem 4.2. Let J satisfy property (AP). Then Tribonacci J-convergence implies Tri-
bonacci J*-convergence.

Proof. Assume that z = () is Tribonacci J-convergent to ¢. Thus,
Ty lim T, (x) = .
We must prove that there exists a set
M={m <mg<---}eF(J)

such that
(P,Q,R)- lim T, (z) = ¢.
r—00
For every integer j > 2, define
11
Aj=Ar (—.,—.;f) )
JJ
where
( 1 1 \
p (wx) —e,—) <1-b
J J
1 1
Aj=¢neN: orQ (']I‘n(x)—ﬁ,f) > -,
J J
1 1
or R (Tn(x) —/, —,) > —
\ J J )

Since x is Tribonacci J-convergent to ¢, the definition of Tribonacci [J-convergence, equivalently

Theorem 3.1, gives
AjeJ for every j > 2.

Because J satisfies property (AP), there exists a set A € J such that
A\ A



is finite for every j > 2.
Now, define by
M =N\ A.
Since A € J, the definition of the associated filter implies that
M e F(T).

We next show that M is infinite. Suppose, to the contrary, that M is finite. Since [J is
admissible, every finite subset of N belongs to J. Hence,

MeJ.
We already have A € J. Since an ideal is closed under finite unions,
N=AUM e J.

This contradicts the assumption that J is proper. Therefore, M must be infinite.
Thus, M can be written as
M:{m1 < Mmo < }

Fix an arbitrary integer j > 2. Since
M =N\ A,
we have
MnA; =(N\A)NA; =A;\ A
By property (AP), the set A; \ A is finite. Therefore,
MnNA;

is finite.
Since (m,) is the increasing enumeration of M, there exists an integer 7; € N such that

m, ¢ A, for every r > r;.

By the definition of A;, the condition m, ¢ A; means that none of the three exceptional
inequalities occurs. Consequently, for every r > r;,

P (']I'mr(x) —/, 1) >1-— l,

J J
1 1
Q (TmTCC) — 6, —,> < -
J J
and . )
R (Tmr(l’) - g, —,> < -.
J J

Now, we prove that
T, (x) — ¢
in the non-Archimedean neutrosophic norm.
Let ¢ € (0,1) and t > 0 be arbitrary. By the Archimedean property of the real numbers,
there exists an integer 7 > 2 such that

1 1
-<e and - <t.

J J

J>max<q —,— ¢
et

For this fixed j, there exists r; such that, for every r > r;,

1 1
P(Tmr(.%')—g,—,> > 1——,,
J J

Equivalently, we may choose



Q (Tmr(x) -1, 1) < %

J

R (’]I‘mr(x) ) l) <L
J J

Because the function P is nondecreasing and % < t, we obtain

and

P (T, () — £,t) > P (TmT(x) ) %)

1
>1—-
J
>1—e.

The functions Q, R are nonincreasing. Therefore, since 1/j < t, we have

1
Q (T (2) — £.1) < Q (ﬂrmr (2)— 1, 3)
1
< =
]
< £

and

Hence, for every € € (0,1) and ¢ > 0, there exists an integer r; such that, for every r > r;,
P (T, (xr)— ¢, t) >1—¢,
Q(T,,, () —4,t) <e

and
R(T,,, (x) —(,t) <e.
Therefore,
(P,Q,R)- lim T, (z) = ¢.
r—r00
Since

M:{ml <m2<}€f(j),
the definition of Tribonacci J*-convergence yields
Jp.ar- lim Tp(z) = L.

Thus, Tribonacci J-convergence implies Tribonacci J*-convergence whenever 7 satisfies prop-
erty (AP). O

Corollary 4.1. Let J be a proper admissible ideal of N satisfying property (AP). Then a
sequence x = (xy) is Tribonacci J-convergent to £ if and only if it is Tribonacci J*-convergent
to L.

Proof. Suppose first that = is Tribonacci J-convergent to ¢. By Theorem 4.2, x is Tribonacci
J*-convergent to ¢. Conversely, suppose that x is Tribonacci J*-convergent to ¢. By Theo-
rem 4.1, x is Tribonacci J-convergent to /. O



Remark 4.1. The additive property (AP) is required only for the implication from Tribonacci
J -convergence to Tribonacci J*-convergence. The reverse implication holds for every proper
admissible ideal by Theorem 4.1.

5. TRIBONACCI IDEAL-CAUCHY SEQUENCES AND COMPLETENESS

In this section, we introduce the notion of a Tribonacci J-Cauchy sequence in a non-
Archimedean neutrosophic normed space. We first prove that every Tribonacci J-convergent
sequence is Tribonacci J-Cauchy. We then establish the converse under the assumptions that
the underlying space is complete and the ideal J satisfies property (AP).

Definition 5.1. A sequence x = (xy) is said to be Tribonacci J-Cauchy if, for every e € (0,1)
and t > 0, there exists p € N such that
P(T,(z) — Tp(z),t) <1—¢
Cr(e,t;p) =<¢neN: or QT,(z) — Ty(x),t) > ¢ eJ.
or R(T,(z) — Tp(x),t) > ¢

Example 5.1. Let (X,P,Q,R, x,0) be a non-Archimedean neutrosophic normed space, and let
u € X be a fived nonzero vector. Consider the ideal

Ji={ACN:d(A) =0},

where d(A) denotes the natural density of A.
Let
S ={2":m e N}

L nes,
" 10, nés.

Suppose that the Tribonacci matriz T = (a,x) is lower triangular and satisfies

Define a sequence z = (z,) in X by

apn 7# 0 for every n € N.
Then, there ezists a unique sequence x = (xy) in X such that
T, (z) = z, for every n € N.
Indeed, the sequence x may be defined recursively as
T = al_llzl
and

n—1
xn:a;; Zn — E ankTr |, n > 2.

k=1
Now, we prove that x is Tribonacci Jy-Cauchy. Let ¢ € (0,1) and t > 0 be arbitrary. Choose
an index p ¢ S; for example, take p = 3. Then,

T,(z) = 2, = 0.
Ifn ¢S, then
Tn(x) =2, =0,
and hence
T(z) = Tp(z) =0
Therefore,



and
R(T,(z) — Ty(z),t) = 0.
Thus, no index outside S belongs to the exceptional Cauchy set. Consequently,
Cr(e,t;p) C S.
The set S has natural density zero. Indeed,
ISN{1,2,...,n}| < |logyn] + 1,

and hence
ISN{1,2,...,n}| < llogon] +1

n - n

— 0.

Therefore,
S e jd.
Since Jy is hereditary, it follows that

O’]I*(E, t;p) € Jd.

Since € € (0,1) and t > 0 were arbitrary, x is Tribonacci Jy-Cauchy.
However, the transformed sequence (']I'n(x)) is not an ordinary Cauchy sequence. Indeed, for
every m € N, choose
Ty = 2™ and Sm = 2"+ 1.

Then,

T, (r)=u
and

T, (z) =0,
so that

Because u # 0, there ezist €g € (0,1) and ty > 0 such that at least one of the inequalities
P(U,to) <1-— €0,

Q(u,to) > €o
or
R(u, ty) > eo
holds. Since rp,, Sy — 00, the ordinary Cauchy condition fails for arbitrarily large indices.

Therefore, = is Tribonacci Jy-Cauchy, although it is not an ordinary Tribonacci Cauchy
sequence.

Theorem 5.1. Let (X,P,Q,R,*,¢) be a non-Archimedean neutrosophic normed space, and let
J be a proper admissible ideal of N. Every Tribonacci [J -convergent sequence in X is Tribonacci
J-Cauchy.

Proof. Let = (x1) be a Tribonacci J-convergent sequence. Suppose that
Tieanr i, Tnlz) =

for some ¢ € X.
We prove that z is Tribonacci J-Cauchy.
Suppose that x is Tribonacci J-convergent to ¢. Let € € (0,1) and ¢ > 0. Choose ¢ € (0, 1)
such that
(1=9)*x(1=90)>1—¢
and
000 <e.



Define the good-index set

{ ( (l‘) 7)>15}
R(']I‘() 08) <6

Since x is Tribonacci J-convergent to ¢, Theorem 3.1 implies that

GeFT).
Because F(J) is a filter, the empty set does not belong to F(J). Hence,
G+#o.
Choose and fix an index
pE€QqG.

By the definition of GG, we have

and

By Theorem 3.2, we have

and

Now, let n € G. Then

P(T,(x)—¢,t) >1—0
Q(T,(z) —¢,t) < ¢
and
R(T,(z) —¢,t) < ¢
We obtain
P(T,(z) — Ty(z),t)
=P ((Tn(z) =€) + (¢ — Ty(z)), max{t, t})
> P(Ta(z) — £,t) x P(€ — Ty(z),t)
> (1—=6)%(1—=19)
>1—e.
Similarly,

Q(Tn(l’) — T, (), t)
< Q(Tu(z) — £,t) 0 Q£ — Tp(z),t)

In the same way,
R(T,(z) — Ty(x),t)
< R(T,(z) — £,t) o R(£ — Tp(x), 1)
<00
<E.

Thus, every n € G satisfies
P(T,(z) — Tp(z),t) > 1 —c¢,



Q(T,(z) — Ty(z),t) <e
and
R(T,(z) — Tp(z),t) <e.
Now, consider the exceptional Cauchy set
P(T,(z) — Ty(z),t) <1—¢,
Cr(e,t;p) =4 neN: or Q(Ty(z) — Ty(x),t) > ¢,
or R(T,(z) — Ty(z),t) > ¢
Since every index in G satisfies all three desired Cauchy inequalities, no index in G belongs to
Cr(e,t;p). Therefore,
GnN C’H‘(€7t7p> = Qa
which is equivalent to
Cr(e,t;p) SN\ G.

Since
G e F(J),
the definition of the associated filter gives
N\GeJ.

Because J is hereditary and
C’Jl‘(gat;p) - N \ Ga
it follows that

CT(gat;p) € j
Thus, for every € € (0,1) and ¢ > 0, there exists an index p € N such that
Cr(e t;p) € J.
Therefore, x is Tribonacci J-Cauchy. O

We now establish the converse under an additional assumption on the ideal.

Theorem 5.2. Let (X,P,Q,R,*,0) be complete, and suppose that J satisfies property (AP).
Then a sequence is Tribonacci [J-convergent if and only if it is Tribonacci J -Cauchy.

Proof. We prove the two implications separately.

Necessity. Suppose that © = (xy) is Tribonacci J-convergent. Then, by Theorem 5.1, every
Tribonacci J-convergent sequence is Tribonacci J-Cauchy. Hence, x is Tribonacci J-Cauchy.

Sufficiency. Conversely, suppose that © = (x) is Tribonacci J-Cauchy. We prove that z is
Tribonacci J-convergent.
For each j > 2, there exists n; € (0, 1) such that

1
(1—77j)*(1—77j)>1—5

and
& < 1
7’7. /r] _..
J J j

Since x is Tribonacci J-Cauchy, for every j > 2 there exists an index p; € N such that the
exceptional set

1
A;=Cr (773‘7 3;pj> eJ.



More explicitly,

)

P () TS ) <1,

)
)

v

Aj = ne&eN: or Q (Tn($) - ij(l’), Mj>

Vv

1j

S =

or R (Tn@;) ~ T, (x),

Thus,
AjeJ for every j > 2.

Because J satisfies property (AP), there exists a set A € J such that

A\ A
is finite for every j > 2.
Define
M =N\ A.
Since A € 7, the definition of the associated filter implies that
M e F(J).

We now show that M is infinite. Suppose, to the contrary, that M is finite.

admissible, every finite subset of N belongs to J. Therefore,

MeJ.
Since A € J and an ideal is closed under finite unions, we would have
N=AUM e J,

which contradicts the fact that J is proper. Hence, M is infinite.
We may therefore write
M:{m1 <m2<m3<~--}.
We shall prove that the sequence of Tribonacci transforms

(T, (2))

is an ordinary Cauchy sequence in the NA-NNS.
Fix an integer j > 2. Since

M =N\ A,
we have
MnA;=(N\A)NA,
=A;\ A
By the choice of A, the set A; \ A is finite. Hence,
MNA;
is finite.

Since J is

Since (m,) is the increasing enumeration of M, there exists an integer r; € N such that

m, ¢ A, for every r > r;.
Consequently, whenever r, s > r;, both
my ¢ A; and ms & A;.

By the definition of A;, the relation m, ¢ A, means that none of the three exceptional inequal-

ities occurs. Therefore,

P (T o) = Ty (00 5) > 1



and
R (T 0) = Ty (0,5 ) <
Similarly,
p (ng(x) _T,, (), %) >1-n,
QT (0) = Ty ). 5 ) <)
and

1
R (T (0) = Ty 0.5 ) <
We need the corresponding estimates for
ij (I‘) - Tms (x) .
From Theorem 3.2, we have

P (@)~ T 3) > 1,

Q (ij (2) = Tom, (@), %) <n;
" R (T,,j (2) = Ty, (2), %) <.

Now observe that
T, (2) = T, () = (Tmr(x) - ij (@)
+ (Tp,; (2) — Tn, ().
Using the non-Archimedean triangle property for the truth-membership function and

{1 1} 1
max<§ —,—= ¢ = —,
J J J

we obtain ; (TW @ T, (@) ]1)
> (1 =)+ (1 =)
>1-— 1
J
Similarly,
Q (Tm, () = To, (2), %)
<Q (TW(x) T, (2), ) °Q (T (#) = T (2) %)
<n;on;
1
< -,



and

R (TW () — Ty, (), ]l)

<R (Tmr(aﬁ =Ty, (@), %) °R (ij@) = T2, 1‘)

J
<7
1
< -.
J
Therefore, for every fixed j > 2, there exists r; such that, for all r,s > r;,

P (Tmr(x) — T, (2), 1) S1-1

J J
1 1
Q(Tme—Tmsx,_.><_.
(z) (z) i) <3
and
R<‘T () - T ()1><1
my xr)— ms ), — -
J J
Now, we verify the ordinary Cauchy condition. Let e € (0,1) and ¢ > 0 be arbitrary. Choose
an integer 7 > 2 sufficiently large that

1 1
-<eé€ and - < t.

J J
For example, it is enough to choose
, { 11 }
J>maxq —, — ¢.
et

For all r,s > r;, the preceding inequalities hold. Since P is nondecreasing and 1/j < ¢, we
obtain

1
>1—=
J
>1—c

and

R (T, (2) — T (1) £) <R (mx) T (), %)
1
< =
J
< €.

Thus, for every € € (0,1) and t > 0, there exists r; € N such that, for all r,s > r;,
P (Tmr(‘r) - Tms (‘r>’t) > 1 - é\7
Q (T, () = T, (z),1) <€



and
R(T,,. () — T, (2),t) < e.
Therefore,
(T, ()
is an ordinary Cauchy sequence in X.
Since X is complete, there exists £ € X such that

(P,Q,R)- lim T, (z) = ¢.
r—00

Moreover,
M:{ml <m2<}€f(j)
Hence, by the definition of Tribonacci [J*-convergence,

Tip.ay lim To(z) = £

Finally, by Theorem 4.1, every Tribonacci J*-convergent sequence is Tribonacci J-convergent
to the same limit. Therefore,

‘_7(p,Q’R)— nh—>nolo Tn(l') = /.
Thus, x is Tribonacci J-convergent.
Hence, a sequence is Tribonacci J-convergent if and only if it is Tribonacci J-Cauchy. [

6. PRESERVATION PROPERTIES OF TRIBONACCI IDEAL CONVERGENCE

In this section, we investigate two fundamental preservation properties of Tribonacci ideal
convergence in non-Archimedean neutrosophic normed spaces. First, we show that Tribonacci
ideal convergence is preserved by neutrosophically continuous linear operators. Second, we
establish a monotonicity property with respect to the inclusion of admissible ideals.

6.1. Preservation under Continuous Linear Operators. We begin by introducing the
appropriate notion of continuity for linear operators between non-Archimedean neutrosophic
normed spaces.

Definition 6.1. Let X and Y be NA-NNSs. A linear operator L : X — Y is called neutro-
sophically continuous at zero if, for every e € (0,1) and t > 0, there exist 6 € (0,1) and s > 0
such that

Px(u,s) >1-9, Qx(u,s) <9, Rx(u,s)<9d

imply
Py(LU,t) >1—c¢, Qy(LU,t) <g, Ry(LU,t) < €.
Example 6.1. Let (X,| - ||) be a non-Archimedean normed space over a non-Archimedean
valued field (K, |- ]). Define
t ]
P(‘I?t) = Q(l‘,t) =
t+ || t+ |l
and
R(x,t)—Hx—H, re X, t>0.
t+ [l
Let
a* b= min{a, b}, a©b=max{a,b}.

Then, (X,P,Q,R,*,¢) is a non-Archimedean neutrosophic normed space.
Fiz c € K and define
L: X —X
by
Lx = cx, reX.



Clearly, L s a linear operator.
Now, we will show that L s neutrosophically continuous at zero. If ¢ =0, then

Lu=20
for every u € X, and hence
P(Lu,t) =1, Q(Lu,t) =0, R(Lu,t) = 0.

Thus, the continuity condition is immediately satisfied.
Now, suppose that ¢ # 0. Let € € (0,1) and t > 0 be arbitrary. Choose

d=¢ and s = —.

Assume that, for some u € X,
P(u,s) >1—19, Q(u, s) < 6, R(u, s) < 6.
After applying the homogeneity of the non-Archimedean norm, we obtain
[ Lull = [leul] = fef[[ull

Therefore,
t

t+ ||cull
t

~ [l
1/l
t1el + [Tl

o[- )

= P(u, s)
>1—-9
=1—c.

P(Lu,t) =

Simalarly,

[[cul|
Lu,t) = 1<
Q ) t+ ||cul]

/el + Jul

ofu)
= Q(u, s)
<0

:8’



and

Hence,
P(u,s) > 1—9, Q(u, s) < 9, R(u,s) <6
imply
P(Lu,t) > 1 —e¢, Q(Lu,t) < e, R(Lu,t) < e.

Therefore, Lx = cx 1s neutrosophically continuous at zero.

Theorem 6.1. Let (X,Px,Qx,Rx,*x,ox) and (Y,Py,Qy,Ry,*y,oy) be non-Archimedean

neutrosophic normed spaces over the same non-Archimedean valued field K. Let J be a proper

admissible ideal of N, and let L : X — Y be a neutrosophically continuous linear operator.
For a sequence x = (xy) in X, define

Lz = (Lxy,).
If
TP Ry~ lim To(z) = £,
then

TPy Qy ky)~ im Ty (L) = LL.
Proof. Assume that
J(Px,Qx.Rx)" 7}1—{20 T.(z) = ¢.
We prove that the Tribonacci transform of the sequence
Lz = (Lxy,)

is J-convergent to L{ in Y.
Let ¢ € (0,1) and ¢ > 0 be arbitrary. Since L is neutrosophically continuous at zero, there
exist d € (0,1) and s > 0 such that, for every u € X,

Px(u,s) >1-—19, Qx(u,s) <o

and
Rx(u,s) < ¢
imply
Py(Lu,t) >1—¢, Qy(Lu,t) <e
and

Ry(LU, t) < E.



First, we verify that the linear operator L commutes with the Tribonacci transformation. For

every n € N, we have
n

T,(Lz) = Z app Ly,

k=1

o $re)

k=1
= L(T,(z)),
where the second equality follows from the linearity of L. Therefore,
T,(Lz) — L¢ = L(T,(z)) — L¢

= L(T,(z) — ¢).
Define the good-index set in X by
Px(Tp(x)—¢,s) >1—94,
Gx =<neN: Qx(T,(x)—{,s) <,
Rx(T.(x) —¥,s) <§

Since
‘7(PX7QX7RX)_ 111220 Tn(x) =,
Theorem 3.1 implies that
Gx € F(J).
Now, let n € Gx. Then
Px(T,(z) —£,s) >1—4,

Qx (T, (z) —¢,s5) <0
and

Rx(T,(z) —£,s) < 0.
Using the neutrosophic continuity of L to

u="T,(z)—¢
We obtain
Py (L(Tu(z) — €),t) >1—c¢,
Qy (L(']I‘n(az) — E),t) <e
and
Ry (L(Tn(z) —€),t) <e
Since

L(Tn(a:) — 6) =T,(Lx) — L,
it follows that
Py (Tn(Lx) — LY, t) >1—¢,
Qy (Tn(Lz) — LL,t) <e
and
Ry (Tn(Lz) — LL,t) <e.
Now, we define the corresponding good-index set in Y by
Py(T,(Lz) — Ll,t) > 1 —¢,
Gy =¢neN: Qy(T,(Lz)— L{t) <e,
Ry (T, (Lx) — Ll,t) < e
The preceding argument shows that

Gx C Gy.



Since

Gx € F(J)
and a filter is upward closed, we conclude that

Gy € .F(j)
Equivalently, the exceptional set

Ay (e, t; L) =N\ Gy € J.
Explicitly,
Py(T,(Lx) — Ll t) <1 —¢,

Ay (e, t; L) =< n e N: or Qy(T,(Lx) — L{,t) > ¢
or Ry (T, (Lz) — L{,t) > ¢

Alternatively, this can be seen directly from the inclusion
Ay (e, t; LO) C Ax (0, s;0),
where
Px(Ty(z) —¢,5) <1—4,
Ax(0,8;0) =<neN: or Qx(T,(z) —¢,s) >,
or Rx(T,(x) —¥¢,s) >
Indeed, if an index n does not belong to Ax(d, s;¢), then all three good inequalities hold in
X. By the continuity of L, all three good inequalities then hold in Y, so that n ¢ Ay (e, t; L{).
Hence,
Ay (e, t; L) C Ax (6, 5;0).
Since
Ax(6,8;0) € T
and J is hereditary, it follows that
Ay(g,t; Lg) eJ.
Because € € (0,1) and t > 0 were arbitrary, we conclude that
*-7(PY7QY7RY)_ nh—>Holo Tn(LZE) = LL.
O

Remark 6.1. Because L s linear, neutrosophic continuity at zero implies neutrosophic conti-
nuity at every point. Indeed, for v,y € X,

Lr— Ly = L(z —y).
Thus, the behavior of L near an arbitrary point is determined by its behavior near zero.

6.2. Inclusion Relations between Ideals. We next show that Tribonacci ideal convergence
is preserved when the underlying ideal is enlarged.

Theorem 6.2. Let (X,P,Q,R,*,¢) be a non-Archimedean neutrosophic normed space, and
let Jy and Jo be proper admissible ideals of N such that Ji C Jo. If a sequence x = (xy) is
Tribonacci Jr-convergent to £ € X, then it is also Tribonacci Jo-convergent to (.

Proof. Suppose that
J1,(P.QR)" nll_>Holo T, (z) =¢.
By Theorem 3.1, for every € € (0,1) and ¢ > 0, the exceptional set
Ar(e, t;0) € Ty

Since

\71 g \727



we also have
AT<€, t, g) S jg.
Therefore, again by Theorem 3.1,

Jo.(P.QR)- nh_{lgo T,(x) =¢.

7. VALUATION-REGULAR TRIBONACCI MATRICES

In the classical theory of matrix summability, regularity is usually formulated with respect
to the ordinary absolute value. However, when the underlying linear space is defined over a
non-Archimedean valued field, the behavior of the matrix coefficients must be examined with
respect to the corresponding valuation. In this section, we introduce a valuation-compatible
notion of regularity for the Tribonacci matrix and establish a sufficient condition under which
ordinary convergence is preserved by the Tribonacci transformation. We also provide an ex-
ample showing that Tribonacci ideal convergence is, in general, strictly weaker than ordinary
Tribonacci convergence.

Definition 7.1. Let T = (anx) be a lower triangular matriz over a non-Archimedean valued
field (K, |-]). The matriz T is said to be regular with respect to the valuation |-| if the following
conditions are satisfied:

(1)

for every n € N;
(2)
sup [an| < 1;
neN
1<k<n

(3) for every fized k € N,

n—oo

Theorem 7.1. Let (X, || - ||) be a non-Archimedean normed space over the non-Archimedean

valued field (K, |- ]). Define

t &4l
R A 7]
and
R(z,t) = Izl L ex tso0
t+ ||
Let
a * b = min{a, b}, a b= max{a,b}.

Then (X,P,Q, R, %,0) is a non-Archimedean neutrosophic normed space.
Suppose that the Tribonacci matriz T = (a,x) is reqular with respect to the valuation | - |. If
a sequence x = (xy) satisfies

lim ||zx —¢|| =0
k—o0
for some { € X, then
lim ||T,(z) — ¢|]| = 0.
n—oo

Consequently, x is Tribonacci J -convergent to { for every proper admissible ideal J of N.



Proof. Since T is regular with respect to the valuation, we have

n

Zank: 1

k=1
for every n € N. Therefore,

T.(z)— (= i Ank Tl — <i ank> 14
k=1 k=1

= Z ank(ack — f)
k=1

Let n > 0 be arbitrary. Since
|z — £ — O,
there exists kg € N such that
lzx — €] <n
for every k > k.
For n > kg, the non-Archimedean triangle inequality and the homogeneity of the norm give

Z Ak (xk — E)
k=1

< max {[|lane(z, — O}

1T () — €] =

= max {Jan[lze — £}

IN

max{ max |anl||lze — 2|, max |ank|||zk —€||}.
1<k<ko ko<k<n

For every k > kg, Definition 7.1 gives
lank| < 1.
Hence,
|ane|l|zx = €] < [lax — L] <.
It follows that

Jax an [z, — €l <.

For each fixed k € {1,2,..., ko}, we have
|ank| — 0 as n — 00.
Therefore, there exists n; € N such that
|an|l|lze — €] <7
whenever n > ny. Since there are only finitely many indices 1 < k < ko, let
no = max{ky + 1,n1,n9, ..., Nk, }.
Then, for every n > ng,
max fan||lz, — €] <.
Combining the two estimates, we obtain
ITn(z) = ] <n
for every n > ny. Since n > 0 was arbitrary,
Jim [T, () — £} = 0.



Thus,
T, (z) — ¢
in the non-Archimedean norm. Consequently,
P(T,(z)—¢,t) — 1,
Q(T,(x) —¢,t) — 0
and
R(T,(z) —¢,t) — 0
for every t > 0.

In particular, z is ordinarily Tribonacci-convergent to ¢. Taking M = N € F(J), it follows
that = is Tribonacci J*-convergent to £. Therefore, by Theorem 4.1,

\7(p7Q’R)— J;IIOIO Tn<l') =/.
U

Remark 7.1. The valuation reqularity conditions in Definition 7.1 must be verified with respect
to the valuation of the underlying field. In particular, reqularity of the Tribonacci matriz with
respect to the ordinary absolute value does not automatically imply regularity with respect to a
non-Archimedean valuation.

Example 7.1. Let
where

1
d(A) = lim —|AN{L,2,...,n}|
n—o00 N,

whenever the limit exists. Thus, J; is the ideal of subsets of N having natural density zero.
Let u € X be a fized nonzero vector, and define a sequence z = (z,) by

u, n=m? for somem € N,
Zn = .
0, otherwise.

Since the Tribonacci matriz is lower triangular and its diagonal entries satisfy
Gnn 7 0,
there exists a unique sequence © = (x,) such that
T.(z) = 2z,

for every n € N. Indeed, the sequence may be constructed recursively by

n—1
Ty = a;ﬁ (zn — Z ankxk) .
k=1
Let e € (0,1) and t > 0. If n is not a perfect square, then
T.(x) =2z, =0.

Hence,

and
R(T,(x),t) = 0.
Therefore, the exceptional set corresponding to the limit zero satisfies
Ar(g,t0) C {m?® : m € N}.
Since the set of perfect squares has natural density zero,
{m*:meN} e Ty



Because Jy is hereditary, we obtain

AT(S, t; 0) € Jq.
Thus,

jd,(P,Q,R)-JLI{)lO T, (z) = 0.
On the other hand, since u # 0, the definiteness axioms of the neutrosophic norm imply that,
for every fixed to > 0,
P(U,to) < 17 Q(U,to) >0
and
R(’LL, to) > 0.

Hence, one may choose €y € (0,1) such that at least one of the following inequalities holds:

P(u,to) < 1-— €0,

Q(u,to) > €o
or
R(u,ty) > eo.
Since
To2(x) = 22 = u
for every m € N, there are infinitely many indices at which the transformed sequence fails to
satisfy the ordinary convergence conditions for the limit zero. Therefore,

T,(z) /=0

i the ordinary neutrosophic sense.
Consequently, Tribonacci Jy-convergence is strictly weaker than ordinary Tribonacci conver-
gence.

8. DISCUSSION AND SUGGESTIONS FOR FUTURE DEVELOPMENTS

The present study develops a unified framework for Tribonacci ideal convergence in non-
Archimedean neutrosophic normed spaces. It combines three distinct mathematical structures:
the set-theoretic flexibility of ideal convergence, the summability properties of the Tribonacci
matrix, and the three-component geometry of a neutrosophic norm. This combination extends
both the ideal-convergence theory initiated in [35] and the theory of convergence in neutrosophic
normed spaces developed in [26, 28].

8.1. Discussion of the Main Findings. The proposed convergence method is formulated
through three exceptional index sets corresponding to the truth-membership, indeterminacy-
membership, and falsity-membership functions. This componentwise formulation is important
because convergence in a neutrosophic normed space requires the simultaneous conditions

Q(To(x) = 4,t) — 1,

Y(Tn(x) —0,t) — 0
and

O(Tn(z) — €,t) — 0.
The use of an admissible ideal allows these conditions to fail on a prescribed negligible subset
of N. Consequently, the proposed notion includes ordinary Tribonacci convergence and several
density-related convergence methods as particular cases.

The equivalent characterizations obtained in this paper show that Tribonacci Z-convergence

may be expressed in terms of a single exceptional set, three componentwise exceptional sets,

good-index sets belonging to the associated filter, or ideal limits of the three neutrosophic
components. These characterizations provide different tools for subsequent applications. The



exceptional-set formulation is suitable for direct verification, whereas the filter formulation is
particularly effective in proving uniqueness, linearity, and preservation results.

The uniqueness theorem confirms that the proposed method determines at most one Tri-
bonacci Z-limit. This result is not merely a formal extension of uniqueness in an ordinary
normed space. Its proof depends on the interaction between the non-Archimedean triangle
properties, the continuous t-norm and t-conorm, and the filter associated with the ideal. The
result therefore demonstrates that the three-component neutrosophic structure remains com-
patible with a well-defined generalized limit.

The linearity results further show that the class of Tribonacci Z-convergent sequences is
stable under finite linear combinations. In particular, if

Lo~ lim To(z) =4
and
L0 lim Tu(y) = Lo,
then, for every a, 5 € K,
Zior,0)- nh_glo Tolax + By) = aly + Bls.

Thus, the proposed convergence method respects the algebraic structure of the underlying
vector space.

The relationship between Tribonacci Z-convergence and Tribonacci Z*-convergence is another
significant aspect of the present work. Tribonacci Z*-convergence requires ordinary neutro-
sophic convergence along an index set belonging to F(Z). This condition implies Tribonacci
Z-convergence for every proper admissible ideal. Conversely, property (AP) permits the con-
struction of a sufficiently large subsequence on which ordinary convergence occurs. The role
of property (AP) is consistent with its importance in the general theory of ideal-Cauchy and
ideal-star convergence [40].

The Tribonacci Z-Cauchy criterion developed in this study provides a connection between
generalized convergence and completeness. Every Tribonacci Z-convergent sequence is Tri-
bonacci Z-Cauchy. Under completeness of the underlying non-Archimedean neutrosophic normed
space and property (AP) of the ideal, the converse also holds. This result gives an intrinsic
criterion for convergence without requiring the limit to be known in advance.

The operator-preservation theorem shows that neutrosophically continuous linear operators
preserve Tribonacci ideal limits. Such a property is essential for further operator-theoretic
developments, since it allows the convergence behavior of a sequence to be transferred between
different non-Archimedean neutrosophic normed spaces. The inclusion theorem for ideals also
shows that

1, C I,
then

c?l - c?ﬁ.
Hence, enlarging the ideal produces a weaker convergence method and, therefore, a potentially
larger convergence class. Related questions concerning matrices that preserve convergence with
respect to two different ideals have been investigated in the classical setting by Connor and
Leonetti [42].

The present results also complement existing investigations of Tribonacci-generated sequence
spaces. Dagl and Yaying studied paranormed sequence spaces generated by a regular Tri-
bonacci matrix, including their bases, duals, and matrix transformations [47]. Khan, Arshad,
and Khan examined Tribonacci convergent sequence spaces in neutrosophic normed spaces [50].
The present work differs by incorporating both an admissible ideal and a non-Archimedean
neutrosophic structure, thereby allowing sparse or ideal-small irregularities in the transformed
sequence.



8.2. Limitations of the Present Framework. Although the results establish a basic theory,
several limitations should be acknowledged. First, the investigation is based on a specific regular
Tribonacci matrix. Therefore, the results do not automatically apply to an arbitrary triangular
matrix or to matrices generated by other recurrence relations.

Second, the equivalence between Tribonacci Z-convergence and Tribonacci Z*-convergence is
established under property (AP). Although this condition is standard and useful, it excludes
certain ideals. A complete characterization of the ideals for which the two convergence methods
coincide has not been obtained here.

Third, the operator results are restricted to linear operators that are neutrosophically con-
tinuous. Nonlinear operators, compact operators, and operators satisfying weaker continuity
conditions have not been considered.

Fourth, the present study primarily concerns qualitative convergence. No explicit rate of
Tribonacci ideal convergence has been introduced. Similarly, Tauberian conditions that permit
the recovery of ordinary convergence from Tribonacci ideal convergence remain unexplored.

Finally, the current framework deals with single sequences. Double, triple, and multidi-
mensional sequences require suitable extensions of both the Tribonacci transformation and the
underlying ideal. Such extensions may involve product ideals, multidimensional densities, or
different forms of regularity.

8.3. Suggestions for Future Developments. The results obtained in this paper suggest
several directions for further investigation.

1. General matrix transformations. A natural continuation is to replace the Tribonacci
matrix 7 with a general infinite matrix

A = (ank)

One may introduce A-ideal convergence in a non-Archimedean neutrosophic normed space
and determine conditions under which A preserves ideal limits. In particular, a neutrosophic
analogue of (Z, J)-regularity could be formulated. This would extend the matrix-preservation
results of Connor and Leonetti [42] to a three-component non-Archimedean setting.

2. Other recurrence-generated matrices. The Tribonacci recurrence may be replaced by
Fibonacci, k-bonacci, Pell, Jacobsthal, or other recurrence sequences. Comparisons between
the resulting convergence methods may reveal inclusion relations and equivalence conditions.
Previous studies of Fibonacci statistical convergence [24, 48] and Tribonacci sequence spaces
[47, 50] provide a basis for this direction.

3. Lacunary and weighted versions. One may define lacunary Tribonacci ideal convergence
by using a lacunary sequence

0= (kr)
and investigating exceptional indices within the intervals

I, = (krfla kr]

Weighted, deferred, and order-a versions may also be introduced. These extensions could be
compared with existing lacunary ideal methods in intuitionistic fuzzy normed spaces [19] and
generalized statistical convergence in neutrosophic normed spaces [28].

4. Rough Tribonacci ideal convergence. A roughness parameter may be incorporated
into the definition so that the transformed sequence is allowed to approach a rough limit set
rather than a single point, following the developments of rough, rough statistical, and rough
ideal convergence [60, 61, 62]. It would be useful to characterize rough Tribonacci ideal limit
sets, cluster points, boundedness, convexity, and closedness in an NA-NNS, extending related
investigations in neutrosophic normed spaces [63].



5. Rates of convergence. A quantitative version of Tribonacci ideal convergence may be
introduced using a sequence of positive numbers (p,) or a modulus function. For example, one
may investigate conditions of the form

1
— |k <n:QT(z)—Lt) <1—¢| —0.

Such a theory would extend generalized statistical convergence methods already studied in
neutrosophic normed spaces [28].

6. Approximation by positive linear operators. The proposed convergence method
may be applied to Korovkin-type approximation theory. Let (L,) be a sequence of positive
linear operators on a suitable function space. One may seek a finite collection of test functions
such that Tribonacci ideal convergence of L, (¢e;) to e; implies Tribonacci ideal convergence of
L,(f) to f for every admissible function f. Fibonacci statistical Korovkin theorems developed
by Kirigci and Karaisa [48] indicate that recurrence-generated convergence methods can be
effective in approximation theory.

7. Operator theory in NA-NNSs. The theories of bounded and compact linear operators
have been developed in fuzzy normed spaces [9, 58], while compact-operator theory has also
been studied over non-Archimedean Banach spaces [59]. These results suggest developing a
systematic operator theory for non-Archimedean neutrosophic normed spaces.

In particular, future investigations may introduce and characterize neutrosophically bounded,
compact, finite-rank, and Fredholm operators between NA-NNSs. It would be useful to deter-
mine the relationships among neutrosophic continuity, boundedness, compactness, and conver-
gence preservation. One may also study the structure of the corresponding operator spaces,
including completeness, operator norms, spectra, kernels, ranges, and compact perturbations.

Another important problem is to determine whether Tribonacci Z-convergence is preserved
under sequences of operators. More precisely, let

L,:U—YV

be a sequence of neutrosophically continuous linear operators. One may seek conditions under
which
L,— L
uniformly in an appropriate neutrosophic operator topology and
I(Qu,Tu,@u)_ kh—{& 774?(93) =/
imply
Loy vy .0v)- im L(Ti(z)) = L(0).

It would also be worthwhile to examine preservation under compositions. For neutrosophi-
cally continuous operators

L:U—YV and S:V—W,
one may investigate whether the composition
SolL:U— W

preserves Tribonacci ideal limits and ideal-Cauchy sequences. Related matrix-preservation
problems for convergence with respect to two different ideals have been studied in [42]. Extend-
ing these ideas to operator sequences in NA-NNSs could lead to suitable notions of Tribonacci
Z-compactness, operator convergence, spectral theory, and Fredholm theory in the neutrosophic
non-Archimedean setting.

8. Fixed-point results. Fixed-point theorems for contractive mappings have been extensively
studied in non-Archimedean fuzzy metric spaces and in several neutrosophic metric frameworks



[55, 56, 57]. Moreover, Tribonacci convergence and Tribonacci Cauchy sequences in neutro-
sophic normed spaces have already been investigated in [50]. These developments suggest
studying fixed-point problems in the present Tribonacci ideal-convergence framework.
More precisely, let 7' : 4 — U be a contraction or a generalized contraction, and consider
the Picard iteration
Tpi1 = Tx,, n € N.

One may investigate conditions under which the transformed orbit

7;(37) = Z TnkTk
k=1

is Tribonacci Z-Cauchy and consequently Tribonacci Z-convergent to a fixed point of T'. It
would also be interesting to establish existence and uniqueness theorems when the contractive
condition or the iterative convergence fails only on a set belonging to the ideal Z. Such results
could provide fixed-point principles for iterative processes affected by sparse errors, exceptional
iterations, or ideal-small perturbations.

9. Double and multiple sequences. The theory may be extended to double sequences

z = (z;n)
by defining an appropriate two-dimensional Tribonacci transformation and using ideals on NxN.
Questions concerning Pringsheim convergence, regular convergence, double Cauchy conditions,

and iterated limits would then arise. Earlier investigations of ideal convergence for double
sequences in intuitionistic fuzzy normed spaces [18] may serve as a useful starting point.

10. Characterization of completeness and property (AP). The relationship among
ideal convergence, ideal-Cauchy conditions, completeness, and property (AP) has played an
important role in the general theory of convergence through ideals [54, 40]. In the present
setting, it would be worthwhile to determine whether the completeness of the underlying non-
Archimedean neutrosophic normed space and the assumption that Z satisfies property (AP) can
be replaced by weaker conditions. In particular, one may investigate whether the Tribonacci
Z-Cauchy criterion remains valid under sequential completeness, Tribonacci completeness, or
completeness restricted to suitable transformed subsequences. It would also be useful to con-
struct explicit counterexamples in incomplete spaces and for admissible ideals that do not satisfy
property (AP). Such examples would clarify whether these hypotheses are necessary or merely
sufficient for the equivalence between Tribonacci Z-convergence, Tribonacci Z*-convergence,
and the corresponding ideal-Cauchy condition.

11. Sequence-space structure. One may define
chrx : x is Tribonacci Z-convergent

and
cgja: :Lior,e)- 7115210 To(z) = 0.

The algebraic, topological, and geometric properties of these spaces could then be investigated.
Possible questions include completeness, solidity, monotonicity, sequence algebras, Schauder
bases, dual spaces, and matrix transformations. Similar structural questions for regular Tri-
bonacci matrix domains were considered in [47].

12. Applications to uncertain and hierarchical data. Neutrosophic normed spaces
provide a three-component description of truth, indeterminacy, and falsity, while ideal conver-
gence allows exceptional observations to be controlled through a prescribed admissible ideal
[26, 51]. In parallel, non-Archimedean and ultrametric structures provide a natural mathemat-
ical representation of nested relationships and have been successfully employed in hierarchical
clustering and high-dimensional data analysis [52, 53]. These developments suggest that the



proposed Tribonacci ideal-convergence framework may be adapted to data containing uncer-
tainty, incomplete information, sparse irregularities, or hierarchical dependence. Nevertheless,
this remains a prospective application. For each specific problem, the practical meanings of the
truth-, indeterminacy-, and falsity-membership components, the underlying non-Archimedean
valuation, and the choice of the ideal must first be clearly established.

8.4. Concluding Perspective. The theory developed in this paper provides a foundation for
the study of ideal-based matrix convergence in non-Archimedean neutrosophic settings. The
results show that the classical properties of a meaningful convergence method uniqueness, lin-
earity, Cauchy characterization, subsequence representation, and preservation under continuous
operators can be retained while permitting exceptional behavior controlled by an admissible
ideal.

At the same time, the interaction among matrix summability, non-Archimedean geometry,
and neutrosophic uncertainty produces many open questions. General matrix transformations,
approximation theorems, rough convergence, multidimensional sequences, operator theory, and
fixed-point applications appear to be particularly promising directions. Accordingly, the present
framework should be regarded not as a terminal generalization, but as a starting point for a
broader theory of ideal-based convergence in spaces with multicomponent uncertainty.
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