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Preface

Graphs and hypergraphs have long served as the natural language for
describing relationships between discrete objects. Yet as the systems we study
grow richer, more hierarchical, and more deeply nested, the classical incidence
structures of a single vertex set and a single edge set become increasingly
restrictive. The SuperHyperGraph, introduced by Florentin Smarandache and
built through iterated powerset operations, was proposed precisely to answer
this need: a framework in which vertices may themselves be sets of sets, and in
which edges may relate objects across many structural layers at once.

This book, the ninth installment of the HyperGraph and SuperHyperGraph
Theory with Applications series, returns to a wide range of concepts that are
already well established for ordinary graphs and hypergraphs, and asks how
each one should be reformulated once nested supervertices and
superhyperedges are taken seriously. Blocks, k-cores, girth, defensive
alliances, zero-forcing processes, degree sequences, neural and tensor
structures, semantic networks, and many further notions are each revisited in
turn, with definitions and illustrative examples chosen to keep the exposition
self-contained.

The material presented here is deliberately theoretical in character. It is
intended less as a finished destination than as a set of foundations on which
future work on structural parameters, algorithms, computational experiments,
and applications to hierarchical and higher-order systems can be built. Readers
already familiar with graph theory and hypergraph theory will recognize most
of the underlying ideas; what changes is the setting in which they are cast, and
the additional expressive power that this setting affords.

We are grateful to the colleagues, reviewers, and readers whose engagement
with earlier volumes in this series has helped shape the present one, and to the
Neutrosophic Science International Association Publishing House for making
this work available to the wider research community. It is our hope that this
book will encourage further exploration of SuperHyperGraphs, both as objects
of independent mathematical interest and as tools for modeling the nested,
multi-level systems that increasingly surround us.

Takaaki Fujita and Florentin Smarandache



HyperGraph and SuperHyperGraph Theory with
Applications (IX): Revisiting SuperHyperGraph Concepts

Takaaki Fujita ! * and Florentin Smarandache?
! Independent Researcher, Tokyo, Japan.
Email: Takaaki.fujita060@gmail.com
2 University of New Mexico, Gallup Campus, NM 87301, USA.
Email: fsmarandache@gmail.com

Abstract

Hypergraphs generalize ordinary graphs by allowing an edge to join an arbitrary nonempty subset
of the vertex set. This broader incidence structure makes it possible to represent higher-order
relationships that cannot be adequately captured by ordinary pairwise edges. A further extension
is obtained by iterating the powerset construction, which gives rise to nested and higher-order
vertex objects. This leads to the framework of finite SuperHyperGraphs, in which vertices and
edges may be organized across multiple set-theoretic layers.

Although SuperHyperGraphs provide a highly expressive language for describing hierarchical,
multi-level, and higher-order relational systems, their structural properties and graph-theoretic
parameters have not yet been investigated as systematically as those of ordinary graphs and
hypergraphs. In particular, many classical notions from graph theory and hypergraph theory
can be reconsidered, extended, and reformulated within the SuperHyperGraph setting.

The purpose of this book is to discuss several new concepts related to SuperHyperGraphs and
to present them in a mathematically consistent form. By revisiting familiar graph-theoretic and
hypergraph-theoretic ideas from the viewpoint of nested supervertices and superhyperedges, this
book aims to provide a foundation for further theoretical development and future applications
of SuperHyperGraph theory.

Keywords: HyperGraph, SuperHyperGraph, higher-order structure, nested structure, graph the-
ory, hypergraph theory.
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Chapter 1

Introduction

1.1 Graphs, HyperGraphs, and SuperHyperGraphs

Classical network structures are commonly modeled by graphs, in which objects are represented
by vertices and binary relationships are represented by edges [1]. This framework is highly
effective when interactions occur only between pairs of entities. Due to their broad applica-
bility and theoretical importance, many variants and extensions of graphs have been studied,
including Fuzzy Graphs [2-5], Intuitionistic Fuzzy Graphs |6-8], Hesitant Fuzzy Graphs [9-11],
Weighted Graphs [12], Neutrosophic Graphs [8,13-15], Quadripartitioned Neutrosophic Graphs
[16/17], Pentapartitioned Neutrosophic Graphs [1§|, Bipolar Neutrosophic Graphs [19-H21], and
Plithogenic Graphs [22,23].

However, in many real-world and theoretical settings, several entities may interact simultane-
ously. In such situations, ordinary graphs are often insufficient for describing the underlying re-
lations in a faithful way. To overcome this limitation, hypergraphs extend the classical notion of a
graph by allowing each hyperedge to connect an arbitrary nonempty collection of vertices. Thus,
hypergraphs provide a direct and flexible way to represent higher-order interactions [24-27]. Due
to their importance as objects of study, HyperGraphs have also been extended and investigated
in various forms, including Fuzzy HyperGraphs [28-31], Knowledge HyperGraphs [32-34], Neu-
trosophic HyperGraphs [35H37|, Soft HyperGraphs [38.[39], and Directed HyperGraphs [40-42].
Moreover, in recent years, research on applications such as HyperGraph Neural Networks has
also been carried out very actively [43H46].

Many natural, social, computational, and engineered systems are not only higher-order, but also
nested, multi-layered, and hierarchical. To describe such rich incidence structures, F. Smaran-
dache introduced the concept of a SuperHyperGraph. Roughly speaking, a SuperHyperGraph
is constructed by means of iterative powerset operations. Hence, vertices may themselves be
set-valued objects, often called supervertices, and edges may express incidence relations across
multiple structural levels [47-49]. For this reason, SuperHyperGraphs have recently attracted
increasing attention in both theoretical investigations and practical modeling studies [50H55].

Graphs and hypergraphs are also intuitive and visually transparent tools for describing complex
systems. They have been widely applied in artificial intelligence, network science, data mining,
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Chapter 1. Introduction

informatics, chemistry, physics, and related disciplines [56-58]. By explicitly incorporating hi-
erarchical and multi-level incidence, SuperHyperGraphs provide a broader and more adaptable
framework for the study of complex structured data (e.g., [59H68]).

Table[[.I]summarizes the main distinctions among graphs, hypergraphs, and SuperHyperGraphs.
Throughout this book, n denotes a nonnegative integer unless explicitly stated otherwise.

Table 1.1: Main differences among graphs, hypergraphs, and SuperHyperGraphs.

Concept Notation Edge Family Main Structural Feature
Graph |[1] G=(V,E) E C {{u,v} | u,v € Each edge represents a
V, u # v} binary relation between
two vertices.
Hypergraph [25] H= (V&) ECPV)\{0} Each hyperedge may
connect an arbitrary
nonempty subset of
vertices, allowing direct
modeling of  higher-
order interactions.
SuperHyperGraph [47] SHG™ = (V,E) vV € P™"(Vy), E C An n-fold powerset con-
P(V)\ {0} struction allows the rep-

resentation of nested, hi-

erarchical, and multi-
level incidence struc-
tures.

Notation. P(X)={A|AC X}, and P°(X) = X, P*"'(X) = P(P*(X)).

A more explicit side-by-side comparison of graphs, hypergraphs, and n-SuperHyperGraphs is

given in Table

Table 1.2: A concrete comparison of graphs, hypergraphs, and n-SuperHyperGraphs.

Aspect Graph G = (V, E) Hypergraph H = (V, &) n-Super HyperGraph
SHG™ = (V,,V, E)

Vertices veV veV z eV CP™Vy), so ver-
tices may themselves be
nested objects

Edges Ec(}) ECPV)\{0} ECPV)\{0}

Incidence vEe vVEeE T EeE

Adjacency {u,v} € E Jee & :{u,v}Ce JeeFE:{z,y} Ce¢

Meaning of one
edge

Typical distance
notion

Typical use

Pairwise relation
Shortest-path distance

Binary connectivity

Multi-entity relation

Berge distance or primal
distance

Higher-order group struc-
ture

Multi-entity relation
among supervertices
Super-Berge distance or
primal-type distance
Nested and hierarchical
incidence structure

Notation. P°(X) = X and P*!(X) = P(P"(X)).

SuperHyperGraphs have been regarded as important objects of study, and therefore various
extended frameworks have also been investigated, such as Fuzzy SuperHyperGraphs [69H73)],
Neutrosophic SuperHyperGraphs [35,/74], Directed SuperHyperGraphs [75,/76], and Meta Super-

HyperGraphs.



Chapter 1. Introduction

1.2 Owur Contributions

Since SuperHyperGraphs have only recently begun to be studied systematically, many of their
structural concepts, graph-theoretic parameters, and higher-order extensions remain open to
further development. This book revisits several notions from graph theory and hypergraph
theory and reformulates them within the framework of SuperHyperGraphs. In particular, it aims
to provide a coherent collection of definitions, examples, and basic structural results for concepts
arising from nested supervertices, superhyperedges, and higher-order incidence relations.

The main contributions of this book may be summarized as follows. First, several classi-
cal graph-theoretic notions, such as blocks, k-cores, girth, defensive alliances, zero forcing,
and degree sequences, are reconsidered in the setting of SuperHyperGraphs. Second, selected
hypergraph-theoretic and uncertainty-based structures are extended to SuperHyperGraphs, in-
cluding Tanner, Kneser, fuzzy, vague, hypersoft, and uncertain variants. Third, new higher-order
frameworks, such as Multi-Axis SuperHyperGraphs, Edge-Iterated SuperHyperGraphs, Open-
Incidence SuperHyperGraphs, and Ultra-SuperHyperGraphs, are presented. Fourth, network-
oriented models, including Neural, Feedback, Tensor, Semantic, and Social SuperHyperNetworks,
are introduced as possible foundations for future applications.

The present book is part of a broader series on HyperGraph and SuperHyperGraph theory. For
related background and additional context, we refer the reader to [77-83|. Since the focus of
this book is mainly theoretical, computational experiments, algorithmic implementations, and
detailed practical analyses of the proposed concepts are left as important directions for future
research.

For clarity, Table summarizes the main categories of contributions presented in this book.

Table 1.3: Classification of the contributions in this book.

Type of contribu- Representative concepts

tion

Reformulations of Blocks, k-cores, girth, defensive alliances, zero forcing, and degree sequences.
graph-theoretic no-

tions

Extensions of hyper- Tanner, Kneser, fuzzy, vague, hypersoft, and uncertainty-based SuperHyper-
graph and uncertainty- Graphs.

based notions

New higher-order ~Multi-Axis SuperHyperGraphs, FEdge-Iterated SuperHyperGraphs, Open-
frameworks Incidence SuperHyperGraphs, and Ultra-SuperHyperGraphs.
Network-oriented mod-  Neural, Feedback, Tensor, Semantic, and Social SuperHyperNetworks.

els







Chapter 2

Preliminaries

This chapter fixes the notation and recalls the basic structures used throughout the book.

2.1 SuperHyperGraphs

Classical graph theory provides a standard language for describing systems built from vertices and
edges. It also provides fundamental notions such as connectivity, graph invariants, and structural
parameters, which arise in mathematics, computer science, and many applied domains |1]. When
interactions are purely pairwise, graphs give a natural and effective model. However, many
systems involve relations among more than two objects at the same time. In such cases, the
ordinary graph model becomes too restrictive.

A hypergraph addresses this limitation by allowing a single edge, called a hyperedge, to connect
an arbitrary nonempty collection of vertices. Thus, hypergraphs directly encode genuinely mul-
tiway relations and higher-order interactions [24,84]. These higher-order structures now play an
important role in modern modeling and learning frameworks, including neural architectures that
explicitly use hypergraph-based incidence information [24}/85-88].

A further generalization is obtained by iterating the powerset construction. In this setting,
vertices themselves may be set-valued and nested objects, leading to the notion of a finite Su-
perHyperGraph. This framework is well suited to the representation of hierarchical, multilevel,
and nested relational systems [89L90]. Such structures naturally arise in areas such as multiscale
network analysis, molecular representation, and neural-network design [51,|60,/91-95]. Related
variants have also been studied, including Directed SuperHyperGraphs [96},97] and MetaSuper-
HyperGraphs [98].

Unless explicitly stated otherwise, n denotes a nonnegative integer when it appears in P"(-) or
in the expression n-SuperHyperGraph.

Definition 2.1.1 (Base set). A base set S is the underlying universe of admissible objects in
the context under consideration. Formally, one may write

S = { x| x is admissible in the given setting }.

All objects appearing in powerset constructions over S, such as P(S) and P"(S), are ultimately
generated from elements of S.



Chapter 2. Preliminaries

Definition 2.1.2 (Hypergraph). [25,99] A hypergraph is an ordered pair
H=(V,E)
such that:

(i) V is a finite set of vertices;
(ii) E is a finite family of nonempty subsets of V', whose elements are called hyperedges.

Thus, unlike an ordinary graph, a hyperedge may contain more than two vertices. This allows
hypergraphs to model multiway interactions directly.

Definition 2.1.3 (Iterated powerset). [100,[L01] Let V4 be a finite nonempty set. Define
P (Vo) == Vo,
and, for k > 0,
PEL(Vo) = P(PH(V0)).

An element of P™(V}) is called an n-level object over Vj.

Definition 2.1.4 (Flattening map). [102] Let V4 be a finite nonempty set. For each k > 0,
define the flattening map
Flat, : P*(V,) — P(Va)

recursively as follows. For x € V|, set
Flatg(x) := {z}.
For k > 0 and X € P*1(1}), set
Flaty 1 (X) := U Flat, (V).
Yex

Thus Flat,(X) is the set of base-level elements of Vj represented by the k-level object X. In
particular, if X = (, then
Flatk+1(®) = @

Definition 2.1.5 (n-SuperHyperGraph). [47] Let V; be a finite nonempty base set and let
n > 0. An n-SuperHyperGraph on Vj is a pair

SHG™ = (V, E)
satisfying
VCP"(V)
and
E CPV)\{0}.

The elements of V are called n-supervertices, and the elements of E are called n-superedges.
Equivalently, each n-superedge is a nonempty subset of the set of n-supervertices.

Remark 2.1.6. When n = 0, one has
PO(Vo) = Vo

Hence a 0-SuperHyperGraph is precisely an ordinary hypergraph on a vertex set contained in
Vo. For n > 1, the vertices may be nested set-valued objects, and the corresponding superedges
describe incidence relations among such nested objects.
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Chapter 3

Revisiting Some Concepts

In this chapter, we introduce several new concepts that have recently been defined.

3.1 Conceptual SuperHyperGraph

A Conceptual SuperHyperGraph is a typed n-level relational structure whose nested super-
vertices and ordered superhyperedges encode concepts, individuals, and relations hierarchically
consistently within layered incidence [103].

Definition 3.1.1 (Conceptual vocabulary). A conceptual vocabulary is a tuple
U= (Tc,<c,Tr,ar, I)

where:
(i) Tc is a nonempty set of concept types;
(ii) <¢ is a preorder on T, interpreted as a type-subsumption relation;
(iii) Tg is a nonempty set of relation types;
(iv) ar: Tr — N, assigns to each relation type its arity;
(v) I is a set of individual markers.

We also fix a distinguished generic marker
x & 1,
which is used to denote an unspecified individual.

11



Chapter 3. Revisiting Some Concepts

Definition 3.1.2 (Conceptual HyperGraph). Let
U = (Te,<c,Tg,ar,I)
be a conceptual vocabulary. A Conceptual HyperGraph over 0 is a finite structure
CH = (X, A, \x, \a,inc)

satisfying the following conditions:
(i) X is a finite set of concept vertices;

(ii) A is a finite set of relation occurrences, also called conceptual hyperedges;
(iii)
Ax : X = Te x (TU{x})

is a concept-labeling map. If
Ax(z) = (7, 1),
then 7 € T is the concept type of x, and p € I U {x} is its individual marker;

)\AIA-)TR

is a relation-labeling map. For a € A, the value As(a) € T is the relation type represented
by a;

(v) inc is an ordered incidence map such that, for every a € A, if
k =ar(Aa(a)),

then
inc(a) = (x,...,7%) € X",

where x4, ..., x; are pairwise distinct.

Thus each relation occurrence a € A represents an ordered instance of the k-ary relation type
Aa(a), whose i-th argument is the concept vertex ;.

Notation 3.1.3 (Underlying incidence set). Let
CH = (X, A, \x, A4, inc)

be a Conceptual HyperGraph. If
inc(a) = (z1,...,xy),

we define the underlying incidence set of a by
Inc(a) :={z1,..., 25} C X.
The underlying ordinary hypergraph of CH is
Sh(CH) = (X, Ecn), Ecy = {Inc(a) | a € A}.
12



Chapter 3. Revisiting Some Concepts

Theorem 3.1.4 (Underlying hypergraph of a Conceptual HyperGraph). For every Conceptual

HyperGraph
CH = (X, A, \x, A4, inc),

the pair

is a finite hypergraph.

Proof. Since X is finite by definition, it remains only to verify that every element of Ecy is a
nonempty subset of X. Let e € E¢4. Then there exists a € A such that

e = Inc(a).
Let k = ar(A4(a)). Since ar : T — N>1, we have k > 1. Moreover,
inc(a) = (z1,...,2;) € X",

S0
Inc(a) = {z1,..., 2%}

is a nonempty subset of X. Therefore
Eey € P(X) \ {0}

Hence (X, Ecy,) is a finite hypergraph. O]

Definition 3.1.5 (Conceptual n-SuperHyperGraph). Let
PUES (T07 SC?TRaarﬂj)

be a conceptual vocabulary, let V be a finite nonempty base set, and let n > 0. A Conceptual
n-SuperHyperGraph over U on V; is a finite structure

CSH'™ = (V, A, Ay, Aa, inc)
satisfying the following conditions:

(i)
V C P (V)

is a finite set of n-supervertices;

(ii) A is a finite set of relation occurrences, also called conceptual n-superhyperedges;
(iii)
Av iV = Teo x (1U{x})

labels each n-supervertex by a concept type and an individual marker;

(iv)
)\A A — TR

labels each relation occurrence by a relation type;

13



Chapter 3. Revisiting Some Concepts

(v) inc is an ordered incidence map such that, for every a € A, if
k=ar(Aa(a)),

then
inc(a) = (vy,...,v,) € V¥,

where v1, ..., v, are pairwise distinct n-supervertices.

Thus a Conceptual n-SuperHyperGraph is a typed ordered relational structure whose arguments
are not merely ordinary vertices, but n-level objects in P™(V}).

Notation 3.1.6 (Underlying n-superedge). Let
CSH™ = (V, A, Ay, A4, inc)
be a Conceptual n-SuperHyperGraph. If
inc(a) = (v1,...,0%),

define
Inc(a) := {v1,...,v,} C V.

The underlying n-SuperHyperGraph of CSH™ is
Sh(CS’H(")) = (V, Ecsn), Ecsy = {Inc(a) | a € A}.

Theorem 3.1.7 (Underlying n-SuperHyperGraph). For every Conceptual n-SuperHyperGraph
CSH™ = (V, A, Ay, A4, inc)

on Vy, the pair

is an n-SuperHyperGraph on V.

Proof. By definition,
VS P (W),

so the elements of V' are n-supervertices over V;,. Let ¢ € Ecgy. Then there exists a € A such
that
e = Inc(a).

Let
k= ar(Aa(a)).
Since ar(Aa(a)) € N>y, we have k > 1. Moreover,
inc(a) = (vi,...,v) € VF,
and hence
Inc(a) = {vy,..., %}
is a nonempty subset of V. Therefore

Eesy CP(V)\ {0}

Consequently,
(Va ECSH)
satisfies the defining conditions of an n-SuperHyperGraph on V. O

14



Chapter 3. Revisiting Some Concepts

Theorem 3.1.8 (Reduction to Conceptual HyperGraphs). A Conceptual 0-SuperHyperGraph
is precisely a Conceptual HyperGraph whose vertex set is contained in the base set Vj.

Proof. For n = 0, one has

P (Vo) = Va.
Therefore the condition
VP (Vo)
becomes simply
V C V.
All other components
A, Ay, A4, inc

are exactly the same as in the definition of a Conceptual HyperGraph. Hence a Conceptual 0-
SuperHyperGraph is a Conceptual HyperGraph whose concept vertices are chosen from V. [

3.2 Multi-Axis SuperHyperGraph

A Multi Axis SuperHyperGraph represents higher order relations among vertices carrying multi
indexed iterated powerset coordinates, with cross level inclusion and hierarchical multidimen-
sional organization rules [104].

Definition 3.2.1 (Multi-indexed iterated powerset). [104] Let d € N, and let U = (Uy,...,Uy)
be a d-tuple of finite nonempty sets. For each axis r € {1,...,d}, define

PY(U,) = U,, P (U,) = P(P"(U,)) (n € Ny).

For a multi-index n = (ny,...,ny) € Ng, define the n-layer by
d
P*(U) := HP"’(UT).
r=1

An element € P*(U) is written as = (x4, ..., 2q) with z, € P" (U,).

Definition 3.2.2 (Axis-wise singleton lift). Let e, denote the r-th standard basis vector of N.
For n € N¢, define
¥ PY(U) — P (U)

by
S,y xq) = (T, T, {0, Ty - X))

If n < m coordinatewise, define
e pY(U) — PMY(U)

as the iterated composition of the axis-wise singleton lifts, applied (m, — n,.) times along axis r
for each r.

15



Chapter 3. Revisiting Some Concepts

Definition 3.2.3 (Typed coordinatewise inclusion). Fix n = (ny,...,ns) € N¢. For each axis
r, define a relation <{"*) on P"(U,.) by

a _<(nr) b a = b7 ny = 07
- aCbh, n,>1.
Then define <, on P*(U) by
r=hy <= z, <"y (Vr=1,...,d)

Definition 3.2.4 (Cross-layer inclusion). Let x € P*(U) and y € P™(U). If n < m, define
xRy <= X""z) 2 y.

If n £ m, we regard = and y as incomparable (with respect to this relation).

Definition 3.2.5 (Typed graded multi-axis vertex universe). Let U = (Uy,...,Uy) be a d-axis
base system, and let I C N¢ be a finite index set of admissible multi-levels. Define

D;(U) := | |({n} x P*(V)).

nel

An element of U;(U) is written (n,x) with x € P*(U).

Definition 3.2.6 (Multi-Axis SuperHyperGraph). A Multi-Azis SuperHyperGraph (MASHG)
on (U, I) is a pair
H=(V.E),

where

vV C,(U)
is a finite set of vertices (multi-axis supervertices), and
ECPV)\{a}

is a finite set of hyperedges (multi-axis superhyperedges).

Definition 3.2.7 (Level map and content map). Let H = (V, E) be a MASHG. For each vertex
v=(n,z) €V, define

A(v) == n, x(v) == z.
Thus A : V — I is the level map, and x(v) € P*®)(U) is the typed content of v.

Definition 3.2.8 (Multi-axis inclusion between vertices). Let u,v € V. We write u <4 v if
AMu) £ Av) and BN (x(w)) 2 x(v).

16



Chapter 3. Revisiting Some Concepts

3.3 Edge-Iterated SuperHyperGraph

An Edge-Iterated SuperHyperGraph is a superhypergraph whose vertices and edges are both
generated through iterated powerset constructions, allowing hierarchical incidence at both levels
[104].

Definition 3.3.1 ((n, m)-SuperHyperGraph with iterated edge hierarchy). Let V; # @ be a
finite base set, and let n,m € Ny. An (n, m)-SuperHyperGraph on Vj is a pair

SHG™™ = (V, E),
such that

The elements of V' are called n-supervertices, and the elements of E are called m-superhyperedges.

Definition 3.3.2 (Flattened support of an m-superhyperedge). Let V' # & be a set. Define
recursively the maps
Flato : V =V, Flaty(v) := v,

Flat, : P*(V) — P*(V), Flat;(A) := A,
and for k > 1,
Flatk+1 : P*(k+1)(V) — P*l(V), Flatk+1 (./4) = U Flatk(B)
BeA

If
SHG™™ = (V, E)

is an (n, m)-SuperHyperGraph and € € F, then
Supp(e) := Flat,,(¢) C V

is called the flattened support (or simply the support) of €. A supervertex v € V is said to be
incident with e if

v € Supp(e).

Remark 3.3.3. If m = 1, then
ECP(V)=P(V)\{g},

so the above definition reduces to the usual set-based n-SuperHyperGraph. Hence this notion
extends the standard superhypergraph framework by allowing not only the vertex domain, but
also the edge domain, to be generated through iterated powerset constructions.

Remark 3.3.4. If n = 0, then V' C V), so the vertices are ordinary base elements while the
edge objects still carry an m-fold iterated powerset hierarchy. If m = 0, then £ C V, so edges
degenerate to distinguished supervertices. Therefore the most interesting cases are typically
n>1and m>1.
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3.4 Tanner SuperHyperGraph

A Tanner graph is a bipartite graph representing a linear code, connecting variable nodes to
check nodes according to parity-check matrix incidences for decoding analysis [L05H107]. A
Tanner hypergraph generalizes Tanner graphs by representing each parity-check constraint as
a hyperedge incident with all involved variable nodes in coding systems and algorithms [108§].
A Tanner SuperHyperGraph extends Tanner hypergraphs by allowing hierarchical supervertices
and superhyperedges, modeling nested coding constraints, multilevel parity relations, and higher-
order dependency structures in codes efficiently. To interpret a nested set as the collection of
underlying variables it represents, define recursively:

flatg(z) :={z} CVy (z € V),
and for k > 1 and A € P*(V,) = P(P*1(W)),

flaty,(A) := | flaty_1(B) C V.

BeA

In particular, flaty,(A) is always a (possibly empty) subset of Vi [104].

Definition 3.4.1 (Tanner n-superhypergraph). Fix n € N. Let V' C P"(Vj) be a set of n-
supervertices. For each check i € {1,...,m} choose a nonempty superhyperedge

E e P(V)\ {0).
Put £ :={F4,...,E,} and define

TSH™ (H) := (V,€).
We call TSH™ (H) a Tanner n-superhypergraph (for H) if for every i,

U flatu(v) = {a; | j € supp(H)) }. (T)

veE;

3.5 Kneser SuperHyperGraphs

A Kneser graph has vertices as k-subsets of an n-element set, with edges joining disjoint pairs,
naturally encoding standard combinatorial disjointness relations in graph theory [109-111]. A
Kneser hypergraph has vertices as k-subsets of an n-set, with hyperedges formed by mutually
disjoint families, generalizing Kneser graphs to higher uniformity and dimension (cf. [112+115]).
A Kneser superhypergraph has supervertices with base supports of size k; r-uniform superedges
connect r vertices whose flattened supports are pairwise disjoint [104].

Definition 3.5.1 (Kneser (n,r, k)-SuperHyperGraph). [104] Fix integers N € N, n € Ny,
k €N, and r € N with » > 2. Let the base set be

Vo=I[N]:={1,2,...,N},
and let flat,, be the flattening map. Define the set of n-supervertices of size k by
Vi = {ve P (Vo) | [flat,(v)] =k }.
18
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Let V C VJ\(,",z be a finite nonempty vertex set.

Define the set of superedge identifiers by
E = {e cv ‘ le| = r and flat,,(u) N flat,,(v) = (0 for all distinct u,v € e }

Define the incidence map 0 : E — P(V) \ {0} by
de):=e (e € E).

Then
KSHCGR (V) = (V. E,0)

is called the Kneser (n,r,k)-SuperHyperGraph (on V). When V = V]\(;?,z, we write simply
(n,r)
KSHGy "

3.6 Nested SuperHyperGraphs

A nested hypergraph allows hyperedges to contain other hyperedges as elements, with ranks
enforcing well-founded nesting without cycles |[116]. A nested superhypergraph uses supervertices
from iterated powersets; superhyperedges may contain other superhyperedges, ranked to avoid
cycles [116].

Definition 3.6.1 (Nested HyperGraph). [116] Let V be a finite nonempty set (the vertex set).
A nested hypergraph on V is a triple

H = (V7 E, p)a
where FE is a finite set (the set of hyperedges) and
p:VWE =N

is a rank function such that:
1. p(v) =0forallv e V;

2. for every e € F, the hyperedge e is a nonempty finite set satisfying
eCVUWE,

and for every x € e one has
p(z) < p(e).

A hyperedge ¢ € E is called a nesting hyperedge if e N E # () (i.e., e contains at least one
hyperedge as a member). We say that H is (nontrivially) nested if it has at least one nesting
hyperedge.

Remark 3.6.2 (Well-foundedness). The strict inequality p(z) < p(e) for = € e excludes mem-
bership cycles among hyperedges, so the nesting relation is well-founded.

19



Chapter 3. Revisiting Some Concepts

Definition 3.6.3 (Nested level-n SuperHyperGraph). Fix a finite nonempty base set V5 and an
integer n > 0. Define iterated powersets recursively by

P(Vo):=Vo,  PMY(VG) :=P(PE(Vp)) (k> 0).

Let
V., CP"(Vo)

be a finite set; its elements are called n-supervertices. A nested level-n SuperHyperGraph is a
triple
H(n) = (VTL7 En7 p)?

where FE, is a finite set (of superhyperedges) and
p:V,wE, - N

is a rank function such that:
1. p(v) =0for all v € V,;

2. for every e € FE,,, the superhyperedge e is a nonempty finite set satisfying
eCV,WE,,

and for every x € e one has
plw) < ple).

A superhyperedge e € E,, is called simple if e C V,,, and it is called nesting if e N E,, # 0 (i.e.,
e contains at least one superhyperedge as a member).

3.7 Social SuperHyperNetwork

A Social SuperHyperNetwork models hierarchical social actors and multi-group interactions us-
ing recursively nested social entities, weighted superconnections, and higher-order relational
structures across complex community systems.

Definition 3.7.1 (Support of a Hierarchical Social Object). Let V4 be a finite nonempty set of
basic actors. Define

P'(Vo) :=Vo, P (Vo) =P (PH(V)) (k= 0).
For each k£ > 0, define the actor-support map
o : PH(Vo) — P(Vo)
recursively as follows:
oo(z) :={z}  (z€W),
and, for X € PH1(V}),
Or1(X) = U o, (Y).

YeX

An element X € P*(V}) is called socially nonempty if
or(X) # 0.
We denote the set of all socially nonempty k-level social objects by

PE(Vo) :={X € P"(Vo) | o(X) # 0}
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Definition 3.7.2 (Social n-SuperHyperNetwork). Let Vj be a finite nonempty set of basic actors,
such as individuals, organizations, households, institutions, or communities. Let n € N U {0}.
A Social n-SuperHyperNetwork over Vj is a triple

SSHN™ = (V,&,w)

satisfying the following conditions:

(i) V is a finite nonempty subset of P*(V;). Its elements are called n-superactors. Thus each
X € V is a hierarchical social object ultimately supported by at least one basic actor in Vj.

(ii) £ is a finite subset of
PV)\ {0}

Its elements are called n-superhyperconnections. Hence each
ecé&

is a nonempty finite family of n-superactors.

(iii) w is a weight function
w:E — Rzo.

The value w(e) may represent the strength, frequency, intensity, reliability, or importance
of the social interaction represented by e.

When w(e) =1 for all e € &, the structure is called an unweighted Social n-SuperHyperNetwork.

Remark 3.7.3 (Interpretation). In a Social n-SuperHyperNetwork, the base set V; contains
ordinary actors. For n = 1, an element of V' may represent a group of actors, such as a team,
family, or committee. For n = 2, an element of V' may represent a family of groups, such as
a consortium of committees. More generally, increasing n allows one to model social entities
formed by iterated grouping. The set £ then records interactions among such hierarchical social
entities.

Theorem 3.7.4 (Well-definedness of Social n-SuperHyperNetworks). Let V; be a finite nonempty
set and let n € NU{0}. If

V. C P (Vo)

is finite and nonempty,

&€ CPV)\{0},

and
w: €& — RZO

s a function, then

SSHN™ = (V, &, w)
is a well-defined Social n-SuperHyperNetwork.
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Proof. Since Vj is finite, the iterated powerset P"(V}) is finite for every n > 0. Hence P (V) C
P"(Vy) is also finite. Therefore every subset V' C P"(V}) is finite.

By assumption, V' # (), so the n-superactors are well-defined. Moreover, each element X € V is
socially nonempty, since X € P"(V,) implies 0,(X) # (). Thus every superactor is ultimately
supported by at least one basic actor in Vj.

Next, since

&€ CPV)\{0},

each e € £ is a nonempty subset of V. Hence each superhyperconnection e is a nonempty finite
family of n-superactors. Finally, w : £ — R>( assigns a unique nonnegative real number to every

superhyperconnection. Therefore all components of SSHN™ = (V, €, w) are well-defined. O

Theorem 3.7.5 (Underlying n-SuperHyperGraph). For every Social n-SuperHyperNetwork
SSHN™ = (V, &, w),
the pair
(V. €)

is an n-SuperHyperGraph whose vertices are n-superactors and whose superhyperedges are social
superhyperconnections.

Proof. By definition,
V CPMVo) CP"(Vo),

so the elements of V' are n-level hierarchical objects over Vj. Also,
€S PV)\{0},

so each element of £ is a nonempty subset of V. Therefore (V, ) satisfies the usual incidence
condition of an n-SuperHyperGraph. The function w adds weights to the superhyperedges, but
it does not change the underlying incidence structure. O

Theorem 3.7.6 (Reduction to Social HyperNetworks). Whenn = 0, a Social 0-SuperHyperNetwork
is exactly a weighted Social HyperNetwork.

Proof. For n = 0, we have

P’ (Vo) = Va.
Moreover, for x € Vj,
oo(x) = {x} # 0.
Hence

P*O(%) = ‘/0'
Therefore a Social 0-SuperHyperNetwork is a triple
(V,E,w)

with

This is precisely a weighted Social HyperNetwork. O
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Theorem 3.7.7 (Embedding of Ordinary Social Networks). Let
S = (Vo, Eo, wo)
be an undirected weighted social network, where
Ey C {{u,v} |u,v €Vy, u#0v}

and
Wy - EO — Rzo.

For everyn > 0, S embeds into a Social n-SuperHyperNetwork.

Proof. Define the nested singleton map

) =v,  Mea(v) = {m()} (k=0).
Then
77%(”) € P*n(‘/())

for every v € V. Set
V= {na(v) | v € Vo

and
EM = {{na(u), ma(v)} | {u,v} € Eo}.
Since every element of £™ is a nonempty subset of V(") we have
M C PV {0}
Define
w(n) ({nn(u)z nn(v)}) = wo({u, U})

Because the nested singleton map 7, is injective, this assignment is well-defined. Therefore
SSHNEgn) = (V(n)7 g(n)’ w(n))

is a Social n-SuperHyperNetwork isomorphic to the original weighted social network S. O

Theorem 3.7.8 (Flattening to a Social HyperNetwork). Let
SSHN™ = (V, &, w)
be a Social n-SuperHyperNetwork. For each e € £, define its actor-level flattening by

flat(e) := U o (X) C V.

Xee

Then
Efat 1= {ﬂat(e) ’ e c (‘:}
is a set of nonempty subsets of Vy. If several superhyperconnections have the same flattening,
define
wiat(A) = Y wle) (A€ Enay).

ecé&
flat(e)=A

Then
Flat(SSHN™) = (Vo, Enat, Wiat)

is a weighted Social HyperNetwork on the base actor set Vj.
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Proof. Let e € £. Since e # (), there exists X € e. Because X € V C P*(V}), we have
on(X) # 0.

Thus
flat(e) = U on(X)

Xee

is a nonempty subset of V). Hence
Enar € P(Vo) \ {0}.
Since & is finite, each sum defining wg,; is finite. Moreover, every summand is nonnegative, so
waat(A) € R

for every A € Epay. Therefore
(Vo, Eats wflat)
is a weighted Social HyperNetwork. O

3.8 HyperSoft SuperHyperGraph

A hypersoft set assigns subsets of a universe to attribute-value tuples, enabling multi-attribute
parameterized modeling of objects, alternatives, or states under structured uncertainty and con-
text [117H121]. A hypersoft graph assigns vertex subsets and optionally edge subsets to attribute-
value tuples, producing parameterized subgraphs of a fixed graph under multi-attribute condi-
tions or scenarios [122-125]. A hypersoft superhypergraph assigns supervertex subsets and admis-
sible superedge subsets to attribute-value tuples, producing parameterized sub-superhypergraphs
of a fixed hierarchical superhypergraph under multi-attribute structured contexts [126].

Definition 3.8.1 (HyperSoft SuperHyperGraph). [126] Let
S™ = (V,E)
be a finite n-SuperHyperGraph over a finite nonempty base set V. Let m > 1, and let
Ay Ay, A,
be nonempty attribute-value sets. Put
Ji=A; x Ay x -+ X A,,.
A HyperSoft SuperHyperGraph on S with attribute domain J is a quadruple
HBS™ = (8™, J, Fy, F),

where

Fy:J— P(V), Frp:J— P(E),
such that, for every attribute tuple
a=(ay,...,ay) € J,
the following admissibility condition holds:
Fr(a) CE[Fy(a)] ={e€ E|eC Fy(a)}.

For each a € J, the pair
(FV(a)’ FE(a))

is called the HyperSoft slice of HSS™ at a. By the admissibility condition, every slice is a
sub-n-SuperHyperGraph of S,
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Remark 3.8.2. The adjective HyperSoft refers to the fact that the parameter domain is the
Cartesian product

J=A % x A,

of several attribute-value sets. Thus each slice is indexed by a single attribute tuple (ay, ..., a.;,).

Theorem 3.8.3 (Well-definedness of HyperSoft SuperHyperGraph slices). Let
568(70 = (S(n)’ Ja FV, FE)
be a HyperSoft SuperHyperGraph. Then, for every a € J,

(Fy(a), Fp(a))

is a well-defined finite sub-n-SuperHyperGraph of S™.

Proof. Since Fy(a) C V, every element of Fy (a) is an n-supervertex. Also, by definition,
Fr(a) C{e€ E|ecC Fy(a)}.

Hence every element of Fg(a) is an n-superedge of S™ whose endpoints all lie in Fy,(a). There-
fore

(Fv(a), Fi(a))

satisfies the defining incidence condition for an n-SuperHyperGraph. Since S™ is finite, the
slice is finite. O

3.9 SuperHyperSoft SuperHyperGraph

A superhypersoft set assigns subsets of a universe to tuples of attribute-value subsets, enabling
aggregated multi-valued parameterization of uncertain objects and contexts across complex sys-
tems [127-129]. Related concepts such as TreeSoft Sets [130-H132], IndetermSoft Sets |[133H135],
and ContraSoft Sets |136,/137] are also known. A superhypersoft graph assigns vertex and edge
subsets to tuples of attribute-value subsets, generating graph slices that aggregate multiple pa-
rameter choices simultaneously within host graphs [138|. A superhypersoft superhypergraph as-
signs supervertex and superedge subsets to tuples of attribute-value subsets, yielding aggregated
sub-superhypergraph slices of a fixed superhypergraph under multi-valued selections simultane-
ously.

Definition 3.9.1 (SuperHyperSoft SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph over a finite nonempty base set V. Let m > 1, and let
Ay Ay, AL,
be nonempty attribute-value sets. Put
2A:=P(A;) x P(A2) x --- X P(A,).
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A SuperHyperSoft SuperHyperGraph on S™ with attribute-subset domain 2 is a quadruple
GHGS™ = (8™ 2, Fy, Fg),

where

Fy: 2 — P(V), Fp: — P(E),
such that, for every attribute-subset tuple
A=(A,....A )eq, Al C A,
the following admissibility condition holds:
Fr(A) C E[FV(A)] ={eeFE|eCFy,(A)}.

For each A € 2, the pair
(Fv(A), Fr(A))

is called the SuperHyperSoft slice of GHSS™ at A. By the admissibility condition, every slice
is a sub-n-SuperHyperGraph of S,

Remark 3.9.2. The adjective SuperHyperSoft refers to the fact that each attribute coordinate
may be selected as a subset of possible values. Thus the parameter domain is

A="P(A;) x - xP(A,),
rather than the ordinary HyperSoft domain
J=A, x---x A,,.
If one wants to exclude empty attribute selections, one may replace P(A;) by

P.(Ai) :==P(A) \ {@}

Theorem 3.9.3 (Well-definedness of SuperHyperSoft SuperHyperGraph slices). Let
6HGS™ = (8™ A, Fy, Fy)
be a SuperHyperSoft SuperHyperGraph. Then, for every A € 2,
(Fv(A), Fip(A))

is a well-defined finite sub-n-SuperHyperGraph of S™.

Proof. Let
A=(A},....,A ) e

By definition,
Fy(A)CV.

Thus every element of Fy (A) is an n-supervertex of S™. Also,
Fp(A)C{eeE|eCFy(A)}

Therefore every selected n-superedge in Fz(A) is incident only with n-supervertices lying in
Fy(A). Hence
(FV<A)7 FE(A))

satisfies the defining incidence condition for an n-SuperHyperGraph. Since S™ is finite, the
slice is finite. O
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Theorem 3.9.4 (HyperSoft SuperHyperGraphs as restrictions of SuperHyperSoft SuperHyper-
Graphs). Let
6HGS™ = (8™ A, Fy, Fr)

be a SuperHyperSoft SuperHyperGraph with
A=P(A;) x - x P(A,).
Define the singleton embedding
LA X x Ay — P(A1) X - X P(A)
by

tay, ... am) = {ar}, ..., {an}).

Fy(a) == Fy(u(a)),  Fg(a) = Fp(u(a))
defines a HyperSoft SuperHyperGraph
(8™ Ay x -+ X Ay, Fl, F).

Then the restriction

Proof. For every
a=(ay,...,a,) € A; X -+ X A,

the SuperHyperSoft admissibility gives
Fp(u(a)) S {e e Ele C Fy(u(a))}.
By the definitions of Fy, and F},, this is exactly
Fi(a) C {c € B| = C Fy(a) ).

Therefore the restricted structure satisfies the HyperSoft SuperHyperGraph admissibility condi-
tion. O

3.10 Fuzzy n-SuperHyperGraphs

A Fuzzy Graph assigns membership degrees to vertices and edges, modeling uncertain pairwise
relationships, with each edge bounded above by the memberships of its endpoints |139H141].
A Fuzzy HyperGraph assigns membership degrees to vertices and hyperedges, representing un-
certain multiway relationships, with each hyperedge bounded above by the memberships of
participating vertices [31,[142,[143]. A Fuzzy SuperHyperGraph assigns membership degrees to
supervertices and superhyperedges, modeling uncertain higher-order nested relations, with each
superhyperedge bounded by incident supervertex memberships therein [77,/144].

Definition 3.10.1 (Fuzzy n-SuperHyperGraph). (cf. [47,70]) Let
SHG™ = (V, E)
be an n-SuperHyperGraph. A fuzzy n-SuperHyperGraph is a quadruple
———(n)
SHG :(.V-?E70—7l’[')7

where

o:V —10,1] and  p:FE —[0,1]
are the vertex-membership and edge-membership functions, respectively, satisfying

ple) < min o(v) for every e € E.

The function o assigns to each n-supervertex v € V' its degree of membership, while p assigns
to each n-superedge e € F its degree of membership.
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3.11 Vague SuperHyperGraphs

A vague set assigns each element lower and upper membership evidence, representing uncertainty
explicitly through truth-membership and false-membership bounds simultaneously |[145H147]. A
vague graph labels vertices and edges with vague-set membership bounds, modeling uncertain
relationships while preserving endpoint-based consistency conditions structurally [148-150]. A
vague hypergraph extends the hypergraph framework by assigning to each vertex and each hy-
peredge both a true-membership degree and a false-membership degree [147]. This concept is
based on vague sets and vague graphs and is adapted here to the SuperHyperGraph setting.

Definition 3.11.1 (Vague Set). [145,[151] Let X be a finite nonempty set. A vague set A on
X is a pair

A= (tAa fA)7

where
tAIX—>[0,1], fAX—>[0,1]

are the true-membership and false-membership functions, respectively, such that
ta(z)+ fa(z) <1  forallz e X.

The associated vague membership interval of x € X is

Va(z) == [ta(z), 1 — fa(x)].

Definition 3.11.2 (Vague Hypergraph). [147] Let V be a finite nonempty crisp vertex set, and
let
5 — {El,EQ,...7Em}

be a finite family of nontrivial vague subsets of V', where each
E; = (tEjaij)
is a vague set on V. Define the support of E; by
supp(E;) :={z € V': (tg, (), fz,(x)) # (0,0) }.
It

m

U supp(E;) =V,

j=1
then the pair

is called a vague hypergraph, and the members of £ are called its vague hyperedges.
We now extend this idea to n-SuperHyperGraphs.

Definition 3.11.3 (Vague n-SuperHyperGraph). Let
SHG™ = (V, E)
be an n-SuperHyperGraph. A vague n-SuperHyperGraph is a sextuple
——(n)
SHG = (V,E,tv, fv.tg, f£),
where:
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(i)
tv»:V’—%[O,lL fv! V'4$[0,”

are the true-membership and false-membership functions on the n-supervertex set, satisfy-
ing
ty(v)+ fy(v) <1  forallv e V;

(i)
te 112'—?[0,1], fE ) —?[071]

are the true-membership and false-membership functions on the n-superedge set, satisfying

tp(e)+ fe(e) <1  foralle € E;

(iii) for every m-superedge e € F, the following appurtenance conditions hold:

tg(e) < minty(v), fe(e) > max fy (v).

veEe vee

3.12 m-Polar Fuzzy SuperHyperGraphs

An m-polar fuzzy set assigns to each element of a universe an m-dimensional membership vector
in [0, 1]™, thereby capturing multi-criteria fuzziness [152,/153|. Special cases include bipolar fuzzy
sets (m = 2) |154}/155] and tripolar fuzzy sets (m = 3) |156,157|. In a similar spirit, an m-polar
fuzzy graph assigns m-dimensional membership vectors to both vertices and edges [158,159)|,
while an m-polar fuzzy hypergraph equips hyperedges with such vectors to encode multi-criteria
interaction strengths [160-162]. Related notions also include bipolar fuzzy hypergraphs [163H165]
and tripolar fuzzy hypergraphs.

Definition 3.12.1 (m-Polar Fuzzy Set). [152,/153] Let X be a nonempty crisp set. An m-polar
fuzzy set A on X is a mapping
A: X —[0,1]™

For each z € X, we write
A(z) = (Pi(A(2)), Po(A(x)), - . ., Pu(A(2))),

where P; : [0,1]™ — [0, 1] denotes the projection onto the i-th coordinate.

The set [0, 1]™ is equipped with the pointwise order: for u = (uy,...,u,) and v = (v1,..., V)
in [0,1]™,
u<v <<— y; <y foralli=1,...,m.

We also write
1=(1,1,...,1), 0=(0,0,...,0),

for the top and bottom elements of this ordered set.

Definition 3.12.2 (m-Polar Fuzzy Hypergraph). [160-162] Let X be a nonempty crisp set.
An m-polar fuzzy hypergraph H = (A, B) on X consists of:
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(i) a finite family
A= {C13<27 . '7<r}7

where each ¢; : X — [0,1]™ is an m-polar fuzzy subset of X, and

supp((;) = {z € X | (j(z) #0}

denotes its crisp support;

(ii) an edge-membership mapping
B: {Eh s 7Er} - [07 1]m’

where
E; := supp((;) (j=1,...,m),

such that for every j =1,...,rand every i =1,...,m,

Pi(B(E;)) < min Pi(¢(2);

(iii) the covering condition

U supp(¢)) = X.

j=1

Each (; is called an m-polar fuzzy hypervertex membership, and each B(E;) € [0,1]™ is called
the m-polar fuzzy membership vector of the hyperedge E;. The underlying crisp hypergraph is

H* = (X,{E\,...,E}).

Definition 3.12.3 (m-Polar Fuzzy n-SuperHyperGraph). Let Vj be a finite base set, and let
m > 1 and n > 0 be integers. An m-polar fuzzy n-SuperHyperGraph is a quadruple

SHG,, = (V. E, o, ),
where:

(i)
V CP(V)

is a finite set of n-supervertices;

(i)
ECPV)\ {0}

is a family of n-superedges;
(iii)
o:V —[0,1]™
assigns to each n-supervertex v € V an m-dimensional membership vector

o(v) = (01(2}), ey O (0));
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(iv)
p:E— 0,1

assigns to each n-superedge e € F¥ an m-dimensional membership vector

p(e) = (Nl(e)v SRR Mm(e))'

These data satisfy the appurtenance condition that for every e € E and each i = 1,...,m,

wi(e) < minoy(v).

veEe

Equivalently,

3.13 ¢-Rung Orthopair Fuzzy n-SuperHyperGraphs

We now introduce ¢-rung orthopair fuzzy n-SuperHyperGraphs. A ¢-rung orthopair fuzzy set
assigns to each element a truth-membership degree and a falsity-membership degree whose ¢-
th powers sum to at most one [166-168]. When ¢ = 2, one recovers a Pythagorean fuzzy
set [169,/170], and when g = 3, one recovers a Fermatean fuzzy set [171,]172]. Analogously, a
g-rung orthopair fuzzy hypergraph becomes a Pythagorean fuzzy hypergraph when g = 2 [143],
and a Fermatean fuzzy hypergraph when ¢ = 3 |173].

Definition 3.13.1 (q-Rung Orthopair Fuzzy Set). [166-168] Let X be a nonempty finite uni-
verse. A ¢-rung orthopair fuzzy set (-ROFS) @ on X is a mapping

Q:X —[0,1] x [0,1], T — (TQ(x),FQ(x)),

such that for each x € X,
To(x)" + Fo(z)" <1,

where ¢ > 1 is fixed. Here Tp(x) is the truth-membership degree and Fg(x) is the falsity-
membership degree of . The corresponding indeterminacy degree is

m(x) = {/ 1 - Ty(x)1 — Fo(x)7.

Definition 3.13.2 (q-Rung Orthopair Fuzzy Relation). (cf. [166H168]) Let X be a nonempty
set, and let V be a q-ROFS on X. A ¢-rung orthopair fuzzy relation R on X is a mapping

R:XxX—[0,1]x[01, (2,9) — (Ta(z,y), Fa(z,y)),

such that for all z,y € X,
TR(xv y)q + FR(xay)q S 17

TR(xvy) S mln{TV($)7TV(y)}7 FR(x7y) Z maX{F\/(JZ), FV(y)}
If (z,y) is not an edge in the underlying crisp graph, then one sets
TR(xay) = 07 FR(:E?y) =L
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Definition 3.13.3 (q-Rung Orthopair Fuzzy Graph). [L74/175] A g-rung orthopair fuzzy graph
G = (V, E) consists of:

« a ¢-ROFS V on the vertex set X, assigning (T (z), Fy/(z)) to each z € X;

+ a q-ROFR E on X, assigning (Tx(z,y), Fr(x,y)) to each pair (z,y) € X x X, such that
for all z,y € X,

Ty(z,y) <min{Ty (z),Tv(y)},  Fe(z,y) = max{Fv(z), Fy(y)},

and
TE(xvy)q + FE(xa y>q S 1.

Definition 3.13.4 (q-Rung Orthopair Fuzzy Hypergraph). [176] Let X be a nonempty finite
set. A g-rung orthopair fuzzy hypergraph (-ROFH) H = (Q, () on X consists of:

(i) a finite family
Q = {Qh Q27 LU 7Qn}7
where each @; is a g-ROFS on X;

(ii) a mapping
C : {le L) Qn} — [0’ 1] X [Oa 1]’ Qz — (TC(Qi)vFC(Qi))7

such that
Te(Qi)" + Fe (@) < 1,

and
T(Qi) < min  Tg(z), F(Q;)> max Fg (x);

xzesupp(Q:) zesupp(Q:)

(iii) the covering condition
n
| supp(@:) = X,
i=1

where

supp(Q;) ={x € X | T, (z) > 0 or Fy,(z) <1}.

The underlying crisp hypergraph is
(X7 {Supp(Ql)a s asupp(Qn)})-

Definition 3.13.5 (q-Rung Orthopair Fuzzy n-SuperHyperGraph). Let Vj be a finite base set,
and let n > 0 and g > 1 be fixed. A ¢-rung orthopair fuzzy n-SuperHyperGraph is a quadruple

SHGén) = (V) E7 g, M)7
where:
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(i)
VP (Vo)

is the set of n-supervertices;

(i)
ECPV)\{0}

is the family of n-superedges;

(iii)
o:V=10,1x[0,1, o) = (T,(v), F,()),

with
T,(v)!+ F,(v)! <1 for all v € V;

p:E—10,1]x[0,1],  ple) = (Tu(e), Fu(e)),

with
T.(e)?+ F,(e)!<1 foralleecFE.

These maps satisfy the appurtenance constraints

T.(e) < mein T,(v), F,(e) > max F,(v) for every e € E.

vee

If desired, one may additionally impose the covering condition

Ue:V.

eckE

3.14 Fuzzy Tolerance n-SuperHyperGraph

A Fuzzy Tolerance Graph assigns fuzzy intervals and fuzzy tolerances to vertices, measuring
pairwise overlap against tolerance thresholds to produce graded adjacency between vertices nat-
urally [177,|178]. A Fuzzy Tolerance HyperGraph assigns fuzzy intervals and fuzzy tolerances
to vertices, producing graded hyperedges whenever multiway overlap satisfies normalized toler-
ance conditions among vertices collectively [64]. A Fuzzy Tolerance n-SuperHyperGraph assigns
fuzzy intervals and fuzzy tolerances to n-supervertices, producing graded superhyperedges from
normalized multiway overlap within higher-order set-valued structures recursively therein [64].

Definition 3.14.1 (Fuzzy Tolerance n-SuperHyperGraph). [64] Let n € Ny andlet V' C P™(V;)
be a finite nonempty set. For each supervertex v € V, choose a fuzzy interval I, and a fuzzy
tolerance T),.

For every nonempty e C V' with |e| > 2, define

Le(e) = (e(l),  Lie) =4[ s(L)),

vEe vee
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() == minlc(T,)),  7i(e) ;== minf(s(T},)),

veEe veEe

and

min{l,z/a}t, a >0,
p(x,a) = {Lz/a} B
0, a=0.

The tolerance overlap score of e is

p(e) == max{p(Lc(e),TC(e)), P(Ls(e)st(e))}'

Let
E:={eCV: |e|>2}.
Define
o:V —10,1], o(v) :== min{h(l,), h(T,)},
piE— 0,1, p(e) = min{e(e), mino(v)},
and
n:V xE—|[0,1], n(v, e) ::{,u(e), vee
0, v ¢e.
Then

Syp = (V. B0, 11,m)
is called a Fuzzy Tolerance n-SuperHyperGraph.

3.15 Soft Expert SuperHyperGraph

A Soft Expert Set assigns subsets of a universe to parameter-expert-opinion triples, represent-
ing expert-dependent selections and uncertainty without requiring numerical membership values
or probabilities directly [179,179,[180]. A Soft Expert Graph assigns parameter-expert-opinion
indexed vertex and edge subsets, so each triple determines an expert-approved subgraph that
models structured uncertainty in graph-based relationships [181H183]. A Soft Expert Super-
HyperGraph assigns parameter-expert-opinion indexed supervertex and superedge subsets, so
each triple specifies an expert-approved sub-superhypergraph capturing higher-order uncertain
relationships across multiple levels.

Definition 3.15.1 (Soft Expert n-SuperHyperGraph). Let
SHG™ = (V, E)

be an n-SuperHyperGraph, let Y be a nonempty set of parameters, let X be a nonempty set of
experts, and let

S ={0,1}
be the set of expert opinions. Define
Z:=Y xXxS.
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A Soft Expert n-SuperHyperGraph over SHG™ is a sextuple
(SHG(n)a Yv Xa Sa AV> AE)’

where

AV = P(V), AE AR P(E),

such that for every a € 7,
Ap(a) C{e€ E:eC Ay(a)}.

For each o = (y, x,0) € Z, the pair
(Av (@), Ap(a))

is called the soft expert sub-n-SuperHyperGraph of SHG™ at a.

When n is fixed, this structure is also called simply a Soft Ezpert SuperHyperGraph.

3.16 Uncertain SuperHyperGraph

An Uncertain Set assigns to each element a degree from an uncertainty model, unifying fuzzy,
intuitionistic, neutrosophic and plithogenic frameworks [184H187]. An Uncertain Graph is a
graph where vertices or edges carry degrees in an uncertainty model, subsuming fuzzy, intuition-
istic, neutrosophic [188]. We first recall the notion of an Uncertain Model, which provides the
membership-degree domain.

Definition 3.16.1 (Uncertain Model). [187] Let U denote the class of all uncertain models.
Each M € U is specified by

o a nonempty set Dom(M) C [0, 1]* of admissible degree tuples for some fixed integer k > 1;

« model-specific algebraic or geometric constraints on elements of Dom(M) (for example,
1+ v <1 in the intuitionistic fuzzy case, or T'+ I + F' < 3 in the neutrosophic case).

Typical examples include:
o Fuzzy model: Dom(M) = [0, 1];
o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]? | p+v < 1};
o Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]* |0 < T+ I+ F < 3};

e Plithogenic model, and many other extensions.
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Definition 3.16.2 (Uncertain Set (U-Set)). [187] Let X be a nonempty universe, and let M
be a fixed uncertain model with degree-domain Dom (M) C [0, 1]*. An Uncertain Set of type M
(or U-Set for short) on X is a pair

U= (XauM)v

where
par 2 X — Dom (M)

is called the uncertainty—degree function (or membership map) of U.

For x € X, the value py(x) € Dom(M) encodes the degree(s) to which x belongs to the
uncertain set, according to the model M.

Remark 3.16.3. Special cases:

o If M is the fuzzy model and Dom(M) = [0, 1], then py : X — [0,1] is a usual fuzzy
membership function and U is a fuzzy set.

o If M is neutrosophic, then uy (z) = (T'(z), I(z), F(x)) gives a neutrosophic set.

e Other choices of M recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic sets,
and so on.

As noted in the remark, various generalizations are possible. For reference, Table presents a
catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-domain
Dom(M) C [0, 1]* (cf. [189]).

The definitions and related concepts of Uncertain Graphs are presented below.

Definition 3.16.4 (Uncertain Graph). Let G = (V, E) be a (finite, undirected, loopless) graph
and let M be an uncertain model with degree-domain Dom(M). An Uncertain Graph of type
M is a triple

Gu = (V,E, pn),

where
prr 2 VUE — Dom(M)

assigns to each vertex v € V and each edge e € F an uncertainty degree i (v) or pps(e) in
Dom(M).

Optionally, one may impose model-specific consistency conditions between vertex and edge de-
grees (for instance, py(e) bounded in terms of pp(u) and pp(v) for e = {u,v} in fuzzy or
intuitionistic fuzzy graph models), but these constraints are encoded in the choice of M and are
not fixed at the level of this general definition.

Remark 3.16.5. Again, particular choices of M recover well-known graph models:
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Table 3.1: A catalogue of uncertainty-set families (U-Sets) by the dimension k of the degree-
domain Dom(M) C [0, 1]* [189].
k note Representative U-Set model(s) whose degree-domain is a subset of [0, 1}’“

Fuzzy Set ; N-Fuzzy Set \ \ Shadowed Set | \

2 Intuitionistic Fuzzy Set ; Vague Set ; Bipolar Fuzzy Set (two-
component description) [154]; Variable Fuzzy Set [1994201]; Paraconsistent
Fuzzy Set ; Bifuzzy Set [204,[205]

3 Single-Valued Neutrosophic Set [206,207]; Picture Fuzzy Set ; Spher-
ical Fuzzy Set [209,[210]; Tripolar Fuzzy Set (three-component formalisms)

; Neutrosophic Vague Set [212,213]
Double-Valued Neutrosophic

4 Quadripartitioned Neutrosophic Set [214}[215];
Set |216,[217); Dual Hesitant Fuzzy Set [218,[219]; Ambiguous Set [220-222];

Turiyam Neutrosophic Set [223/226]

—_

5 Pentapartitioned Neutrosophic Set [227-229]; Triple-Valued Neutrosophic Set
1230H232)

6 Hexapartitioned Neutrosophic Set; Quadruple-Valued Neutrosophic Set [231}
233

7 Heptapartitioned Neutrosophic Set; Quintuple-Valued Neutrosophic Set [231!

Octapartitioned Neutrosophic Set | \

9 Nonapartitioned Neutrosophic Set \ \

n (n>1) Multi-valued (Fuzzy) Sets ; MultiFuzzy Set ; n-Refined Fuzzy Set
2n (n>1) n-Refined Intuitionistic Fuzzy Set ; Multi-Intuitionistic Fuzzy Set
3n (n>1) n-Refined Neutrosophic Set m; Multi-Neutrosophic Set mm

Reading guide. In the U-Set scheme , each model M is specified by a degree-domain Dom (M) C [0, 1]*
and a membership map pas : X — Dom(M ). The table groups representative families by the ambient dimension
k (i.e., how many numerical components are stored per element).

@ A widely cited viewpoint is that neutrosophic sets provide a unifying umbrella covering several earlier multi-
component fuzzy models (and their generalizations); see .

(b) Ambiguous sets are commonly presented as subclasses of certain four-component neutrosophic families;

see 11215222

() Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see [244).

o Fuzzy graph (when M is fuzzy and py : VU E — |0, 1]);

« Intuitionistic fuzzy graph, neutrosophic graph, plithogenic graph, etc., for the correspond-
ing models M.

As a reference, Table presents a catalogue of uncertainty-graph families (Uncertain Graphs)
organised by the dimension k of the degree-domain Dom (M) C [0, 1]*.

An Uncertain HyperGraph represents vertices and hyperedges whose existence, incidence, weights,
or memberships are uncertain, enabling higher-order relations under incomplete or imprecise in-
formation mathematically.

Definition 3.16.6 (Uncertain HyperGraph). Let H = (V, E) be a hypergraph and let M be an
uncertain model with degree-domain Dom (M ). An Uncertain HyperGraph of type M is a triple

Hyu = (V,E, pinr),

where
prr 2 VUE — Dom(M)

37



Chapter 3. Revisiting Some Concepts

Table 3.2: A catalogue of uncertainty-graph families (Uncertain Graphs) by the dimension k of
the degree-domain Dom(M) C [0, 1]*.
k Reprzsentative uncertainty-graph type(s) Gy = (V, E, par) with pps : VUE — Dom(M) C
0,1]
1 Fuzzy graph; N-graph; shadowed-graph variants
2 Intuitionistic fuzzy graph [245}[246]; vague graph [247]; bipolar fuzzy graph [248][249]; in-
tuitionistic evidence graph; variable fuzzy graph; paraconsistent fuzzy graph; bifuzzy graph
|250,/251)
3 Neutrosophic graph [13]®); hesitant fuzzy graph [252]; tripolar fuzzy graph; three-way fuzzy
graph; picture fuzzy graph [253}[254]; spherical fuzzy graph [209]; inconsistent intuitionistic
fuzzy graph; ternary fuzzy / neutrosophic-fuzzy graph; neutrosophic vague graph
4 Quadripartitioned neutrosophic graph [255//256]; double-valued neutrosophic graph [216,257];
dual hesitant fuzzy graph [258]; ambiguous graph®: local-neutrosophic graph; support-
neutrosophic graph; turiyam neutrosophic graph [259|(°)
5 Pentapartitioned neutrosophic graph [260,[261]; triple-valued neutrosophic graph [262]
6 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph [262]
7 Heptapartitioned neutrosophic graph [263]; quintuple-valued neutrosophic graphi[%Ql
8
9
n

Octapartitioned neutrosophic graph

Nonapartitioned neutrosophic graph

n-refined fuzzy graph; multi-valued (fuzzy) graphs; multi-fuzzy graphs [264]
2n n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graphs
3n n-refined neutrosophic graph; multi-neutrosophic graphs

@) Neutrosophic graph models are often treated as broad frameworks that can specialize to many degree-based
graph formalisms under suitable constraints.

(b) Ambiguous-graph models are commonly presented as subclasses of certain quadripartitioned and also double-
valued neutrosophic graph models.

() Turiyam neutrosophic graphs are reported as subclasses of certain quadripartitioned neutrosophic graph
models.

assigns an uncertainty degree to each vertex v € V' and each hyperedge e € E.

As in the graph case, possible relations between vertex and hyperedge degrees (for instance,
bounds of jp/(e) in terms of pp(v) for v € e) are governed by the chosen model M and its
constraints.

Remark 3.16.7. For suitable choices of M, this framework yields fuzzy hypergraphs, intuition-
istic fuzzy hypergraphs, neutrosophic hypergraphs, plithogenic hypergraphs, and many further
extensions. We present the catalogue of uncertainty-hypergraph families (Uncertain Hyper-
Graphs) by the dimension k of the degree-domain Dom(M) C [0, 1] in Table

Table 3.3: A catalogue of uncertainty-hypergraph families (Uncertain HyperGraphs) by the di-
mension k of the degree-domain Dom(M) C [0, 1]*.

k Representative uncertainty-hypergraph family (type M with Dom(M) C [0, 177)
1 Fuzzy HyperGraph [265H267)]: py VU E — [0, 1].
2 Intuitionistic-fuzzy  HyperGraph — [2681270]:  pyn @ V. U E —  [0,1]% (eg,

(membership, non-membership)).

3 Neutrosophic HyperGraph [271-274)): par : VUE — [0,1)? (e.g., (T, 1, F)).

4 Quadripartitioned Neutrosophic / four-component uncertainty HyperGraph: py : VUE —
[0, 1]%.

5 Pentapartitioned Neutrosophic / five-component uncertainty HyperGraph: upy @ VU E —
[0,1])5.

k k-component uncertainty HyperGraph: ppyr : VU E — Dom(M) C [0,1]¥ (model-specific
semantics).
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An Uncertain n-SuperHyperGraph represents nested supervertices and superedges with uncer-
tain existence, incidence, weights, or supports, modeling hierarchical higher-order relations under
incomplete information within nested systems.

Definition 3.16.8 (Uncertain n-SuperHyperGraph). |[77] Let V4 be a finite base set and let
n € Ng. Assume that an n-SuperHyperGraph on Vj is given by

SHG™ = (V,, E),

where

O£V, CP™(Vy) and 0+#£ECP(V,)\ {0},

so that each n-superedge e € F is a nonempty subset of the n-supervertex set V,,.

Let M be a fixed uncertain model with degree-domain Dom(M) C [0,1]*. An Uncertain n-
SuperHyperGraph of type M is a triple

S\ = (Vo, E, i),

where
Har e V,UE — DOIII(M)

assigns to each n-supervertex v € V,, and each n-superedge ¢ € E an uncertainty degree fi3/(v)
or pyr(e) in Dom(M).

Any additional relations between the degrees of n-superedges and the degrees of the n-supervertices
they contain (for example, model- specific bounds or aggregations) are imposed by the chosen
uncertain model M and are not fixed at the level of this general definition.

For n =0 and V, = V,,, the above notion reduces to an Uncertain HyperGraph of type M.

Remark 3.16.9. Particular choices of the model M recover well-known uncertain SuperHyper-
Graph types:

o Fuzzy n-SuperHyperGraphs (when M is fuzzy);

e Intuitionistic fuzzy, neutrosophic, and plithogenic n-SuperHyperGraphs for the correspond-
ing models M;

o More exotic variants (e.g. g-rung orthopair, picture fuzzy, refined neutrosophic) are ob-
tained by choosing the appropriate degree-domain Dom(M).

Regarding the catalogue of uncertainty-superhypergraph families (Uncertain n-SuperHyperGraphs)
by the dimension k of the degree-domain Dom(M) C [0, 1]*, we list them in Table
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Table 3.4: A catalogue of  uncertainty-superhypergraph  families  (Uncertain  n-
SuperHyperGraphs) by the dimension k of the degree-domain Dom(M) C [0, 1]%.

k Representative uncertainty-superhypergraph family (type M with Dom (M) C |0, 1]k)
1 Fuzzy n-SuperHyperGraph [275]: un : Vi, UE — [0, 1].
2 Intuitionistic-fuzzy n-SuperHyperGraph [275,1276): uy @ Vo U E — (0,1 (e.g.,

(membership, non-membership)).

3 Neutrosophic n-SuperHyperGraph [93,|277,278]: pn : Vi UE — [0,1]2 (e.g., (T,1, F)).

4 Quadripartitioned / four-component uncertainty n-SuperHyperGraph: ppy @ Vi, U E —
[0, 1]%.

k k-component uncertainty n-SuperHyperGraph: par : Vi, U E — Dom(M) C [0,1]% (model-

specific semantics).
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New Concepts of a SuperHyperGraph

In this chapter, several new concepts of a SuperHyperGraph are introduced, and their properties
are briefly examined. Some notions in this chapter are reformulations of existing graph-theoretic
or hypergraph-theoretic concepts, while others are proposed as new SuperHyperGraph-based
extensions. When a notion is a direct extension of an existing concept, this relationship is
explicitly indicated by the corresponding reduction theorem.

4.1 Block of a SuperHyperGraph

A block of a graph is a maximal connected subgraph without cut-vertices, often representing
a biconnected component or a bridge isolated vertex case in graphs (cf. [279]). A block of a
HyperGraph is a connected maximal subhypergraph with no articulation vertex, formed through
decomposition by vertices whose removal separates hypergraph path-connected components (cf.
[280]). A block of a SuperHyperGraph is a connected maximal sub-superhypergraph without
articulation supervertices, capturing inseparable incidence structure among nested supervertices
and superedges within hierarchy levels.

Definition 4.1.1 (Induced and restricted subhypergraphs). Let
H=(V,A)
be a finite hypergraph, where V is a finite vertex set and
ACPV)\ {0}

is a finite family of hyperedges.

For a subset U C V, the induced hypergraph of H on U is
H[U] := (U, AlU)),

where

AUl :={anU|a€c A, |[anU|>2}.
That is, empty intersections and singleton intersections are omitted.
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The restricted hypergraph of H on U is
H|U = (U,A|U),

where

Alp ={a€ A|aCU}.

Definition 4.1.2 (Hypergraph path and connectedness). Let
H=(V,A)
be a finite hypergraph. A vgvy-path in H is an alternating sequence
P Vg, Q1,V1,02, ..., 0k, Uk

such that:
(i) ai,...,ap € A;
(ii) vy € a1 and vy, € ag;

(iii) for every ¢t =1,...,k —1,
V; € a4 ﬂai_H.

Two vertices v,w € V are called connected in H if there exists a vw-path in H. The hypergraph
H is called connected if every two vertices of V' are connected.

Definition 4.1.3 (Connected components of a HyperGraph). Let
H=(V,A)
be a finite hypergraph. The relation
v~gw <= v =w or there exists a vw-path in H

is an equivalence relation on V. The equivalence classes of ~p are called the connected compo-
nents of H. If
V=CU---UC,

is the decomposition of V' into connected components, then the connected components of H are

the induced hypergraphs
H[Cy],...,H|C,].

Definition 4.1.4 (Articulation point of a HyperGraph). Let
H=(V,A)
be a finite hypergraph and let v € V. Consider the restricted hypergraph
Hv\ oy

The connected components of H |y, are called the parts of v.

The vertex v is called an articulation point of H if
Hlv\1y
has more than one connected component.

42



Chapter 4. New Concepts of a SuperHyperGraph

Definition 4.1.5 (Block HyperGraph). A finite hypergraph

is called a block hypergraph, or simply a block, if it satisfies the following two conditions:

(i) H is connected;

(ii) H has no articulation point.

Definition 4.1.6 (Blocks of a HyperGraph). Let
H=(V,A)

be a finite hypergraph. The blocks of H are defined recursively as follows.

(i) If H is connected and has no articulation point, then H itself is a block.

(ii) If H is not connected, then the blocks of H are the blocks of its connected components.

(iii) If H is connected and has an articulation point v, let
Wi, ..., Wy
be the vertex sets of the connected components of
Hlvqoy-
Then the blocks of H are the blocks of the induced hypergraphs

HIW, U {v)],..., HIW, U {}].

Each hypergraph obtained at the end of this recursive procedure is called a block of H.

Remark 4.1.7 (Non-uniqueness). In contrast with the classical block decomposition of ordinary
graphs, this recursive block decomposition of a hypergraph need not be unique. Different choices
of articulation points during the recursion may produce different, but structurally related, block
decompositions.

Theorem 4.1.8 (Well-definedness of HyperGraph blocks). Let

be a finite hypergraph. Then every block obtained by the recursive procedure above is a finite
connected hypergraph with no articulation point.
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Proof. The recursive procedure only applies induced subhypergraphs of the form
H[U]

to subsets U C V. Since V is finite, every such induced hypergraph is finite. At each recursive
step in which an articulation point v is chosen, the vertex sets

Wy U {v},..., W, U{v}

are proper subsets of V' unless the process has already reached a connected hypergraph without
articulation points. Hence the recursion terminates after finitely many steps. By construction,
the terminal objects are precisely connected hypergraphs with no articulation point. Therefore
every terminal object is a well-defined block. O

Definition 4.1.9 (Induced and restricted sub-SuperHyperGraphs). Let
S™ = (V,E)

be a finite n-SuperHyperGraph over V{). For a subset U C V', the induced n-sub-SuperHyperGraph
on U is

S = (U, E[U)),

where

ElU]:={enU|e€E, |enU|>2}.
The restricted n-sub-SuperHyperGraph on U is

S|y = (U, Bly),

where
E’UZ:{EEE‘€gU}.

Definition 4.1.10 (SuperHyperGraph path and connectedness). Let
S = (V,E)
be a finite n-SuperHyperGraph. A XY -superpath in S™ is an alternating sequence
P: Xpe1,X1,69,...,6 Xi

such that:
(i) Xo,..., X €V,
(ii) €1,...,ex € E;
(iii) Xo € €1 and Xy, € gy;

(iv) forevery i =1,...,k —1,
Xi ceg; ﬂEHl.

Two n-supervertices X,Y € V are called connected if there exists an XY -superpath. The
n-SuperHyperGraph S is called connected if every two n-supervertices in V are connected.
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Definition 4.1.11 (Connected components of an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. Define a relation on V by
X ~sm Y <= X =Y or there exists an XY-superpath in S™.

This is an equivalence relation on V. Its equivalence classes are called the connected components
of SM. If
V=CU---UC,

is the decomposition of V into connected components, then the connected components of S
are

SMIcy,...,8M[C,].

Definition 4.1.12 (Articulation n-supervertex). Let
S™ = (V,E)
be a finite n-SuperHyperGraph and let X € V. Consider the restricted n-sub-SuperHyperGraph
Sy (xy-

The connected components of this restricted structure are called the parts of X.

The n-supervertex X is called an articulation n-supervertex if

S™(xy

has more than one connected component.

Definition 4.1.13 (Block n-SuperHyperGraph). A finite n-SuperHyperGraph
S™ = (V,E)

is called a block n-SuperHyperGraph, or simply a superblock, if:
(i) 8™ is connected;

(ii) 8™ has no articulation n-supervertex.

Definition 4.1.14 (Blocks of an n-SuperHyperGraph). Let
S = (V,E)

be a finite n-SuperHyperGraph. The blocks of S are defined recursively as follows.
(i) If 8™ is connected and has no articulation n-supervertex, then S itself is a block.

(ii) If 8™ is not connected, then the blocks of S™ are the blocks of its connected components.
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(iii) If 8™ is connected and has an articulation n-supervertex X, let
Wi, ..., W
be the vertex sets of the connected components of
ST (xy-
Then the blocks of S™ are the blocks of
S U {X}],...,S™[W, U{X}].

Each terminal n-SuperHyperGraph obtained in this recursion is called a block of S™.

Theorem 4.1.15 (Well-definedness of SuperHyperGraph blocks). Let
S = (V,E)

be a finite n-SuperHyperGraph. Then every block obtained from the recursive procedure above is
a finite connected n-SuperHyperGraph with no articulation n-supervertex.

Proof. The proof is identical in structure to the hypergraph case. Since V is finite, every induced
n-sub-SuperHyperGraph
S (U]

has finite supervertex set. Whenever an articulation n-supervertex X is chosen, the recursive
step replaces the current structure by induced structures on the sets

Wy U{X},..., W, U{X},
where W1, ..., W}, are the connected components of the restricted structure
S xy-

Thus the recursion cannot continue indefinitely. It terminates exactly when each remaining
component is connected and has no articulation n-supervertex. Therefore each terminal object
is a well-defined block n-SuperHyperGraph. O

Theorem 4.1.16 (Reduction to HyperGraph blocks). Let
SO =(V,E)

be a 0-SuperHyperGraph over V. Since
P (Vo) = Va,

SO is an ordinary hypergraph. Moreover, the blocks of S coincide with the blocks of the
hypergraph

Proof. For n = 0, every 0-supervertex is an ordinary vertex. Hence the definitions of path,
connected component, restricted substructure, induced substructure, and articulation point in
S reduce exactly to the corresponding definitions for the hypergraph H = (V, E). Therefore
the recursive block decomposition is the same in both settings. O

46



Chapter 4. New Concepts of a SuperHyperGraph

4.2 k-Core of a SuperHyperGraph

A k-core of a graph is the maximal induced subgraph where every remaining vertex has degree at
least k, obtained by iteratively deleting low-degree vertices [281}283]. Related concepts include
the k-shell [284,1285], k-cliques |286}287], and k-truss [288}289]. A k-core of a SuperHyperGraph
is its maximal induced superhypergraph where every remaining supervertex belongs to at least
k entirely retained superedges after iterative peeling.

Definition 4.2.1 (Induced subhypergraph for core theory). Let
H=(V,E)
be a finite hypergraph, where V # () and
ECPWV)\ {0},
For a subset S C V, the core-induced subhypergraph of H on S is
H[S]:= (S, EnlS)),

where

Ep[S]:={ecEleC S}
For u € S, the degree of u inside H[S] is
degH[S](u) = |{6 cFk ‘ u€eC S}|

Equivalently,
degs)(u) = [{e € EuS] |u € e}l

Definition 4.2.2 (k-core-feasible set in a HyperGraph). Let
H=(V,E)
be a finite hypergraph and let k € Ny. A subset S C V is called k-core-feasible if
deg g (u) > k for every u € S.

The empty set is allowed to be k-core-feasible by convention.

Definition 4.2.3 (k-core of a HyperGraph). Let
H=(V,E)
be a finite hypergraph and let k € Ny. The k-core of H, denoted by
Corey(H),
is the core-induced subhypergraph
Core,(H) := H[C}],

where

Cy = U{ S C V| S is k-core-feasible }.
Equivalently, C}, is the unique largest subset of V' such that
degy o, (u) >k  for every u € Cy.
If C,, = 0, then the k-core is called empty.

47



Chapter 4. New Concepts of a SuperHyperGraph

Definition 4.2.4 (Connected k-core of a HyperGraph). Let
H=(V,E)
be a finite hypergraph and let k € Ny. A connected k-core of H is a connected component of
Corey(H).
Equivalently, it is a maximal connected core-induced subhypergraph
H[S]

such that
deg g (u) > k for every u € S.

Definition 4.2.5 (Core value of a vertex in a HyperGraph). Let
H=(V,E)
be a finite hypergraph. The core value of a vertex v € V' is
cy(v) :=max{k €Ny |veCy},
where C}, is the vertex set of Core,(H ). Equivalently,

cu(v) = max{ k € Ny | v belongs to some induced subhypergraph of minimum degree at least & }.

Theorem 4.2.6 (Well-definedness of the HyperGraph k-core). Let

H=(V,E)
be a finite hypergraph and let k € Ny. Then
Corey,(H)

is well-defined and is the unique largest core-induced subhypergraph of H with minimum degree
at least k.

Proof. Let
Fi.:={S CV|S is k-core-feasible }.

Since V is finite, F}, is finite. Hence

is a well-defined subset of V.

It remains to show that Cj, itself is k-core-feasible. Let u € C),. Then u € S for some S € F;.
Since S C (Y, every hyperedge e € E satisfying

ueeCS

also satisfies
u€eCC.
Therefore
deg o, (u) > deggy(u) > k.
Thus C}, is k-core-feasible.

By construction, every k-core-feasible subset S C V' is contained in Cy. Hence H[Cy] is the
unique largest core-induced subhypergraph of minimum degree at least k. Therefore Corey(H)
is well-defined. O
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Proposition 4.2.7 (Nestedness of HyperGraph k-cores). Let
H=(V,E)

be a finite hypergraph. If 0 < k < £, then

Cy, C Cy.
Equivalently,

Core,(H)
is an induced subhypergraph of

Corey(H).

Proof. Every f-core-feasible set is also k-core-feasible, because
degpg(u) > £ >k

for every u € S. Hence the union of all /-core-feasible sets is contained in the union of all
k-core-feasible sets. Therefore

Cy C Ck.

Theorem 4.2.8 (Peeling characterization of the HyperGraph k-core). Let
H=(V,E)
be a finite hypergraph and let k € Ny. Start with
So:=V.

Recursively define

St+1 = St \ {U S St | degH[St](u) < k}

Since V' is finite, the sequence stabilizes. If
Soo

denotes the stable set, then

H[S.] = Corey(H).

Proof. The sequence
Sp251 28,2

is decreasing and V is finite, so it stabilizes after finitely many steps.

By construction, at the stable stage, no vertex of degree less than k remains. Therefore
degys_(u) >k  for every u € S,

Thus S is k-core-feasible, so

S C Cy.
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Conversely, let S C V be any k-core-feasible set. We show by induction that
S CS;

for every t > 0. This is clear for t = 0. Suppose S C S;. If u € S, then every hyperedge counted
in deg (s (u) is also contained in S;. Hence

deg s, (v) > degys (u) > k.

Thus u is not removed in the step from S; to Sy 1. Hence S C Sy, 1. Therefore S C S,,. Taking
the union over all k-core-feasible sets gives

Cr C Sy.

Consequently,
Soo = Ck )

and hence

H[S.] = Corey(H).

Definition 4.2.9 (Core-induced sub-SuperHyperGraph). Let
S = (V,E)

be a finite n-SuperHyperGraph. For A C V, define

Esw[Al:={e€E|eCA}.
The core-induced n-sub-SuperHyperGraph on A is

SOA] i (A, Egio[4)).
For X € A, the degree of X inside S [A] is
degsm(X) ={e€e E| X e C A}

Definition 4.2.10 (k-core-feasible set in an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph and let k € Ny. A subset A C V is called k-core-feasible if
degga(X) > k for every X € A.

The empty set is allowed to be k-core-feasible by convention.

Definition 4.2.11 (k-core of an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph and let k € Ny. The k-core of S, denoted by
Corey, (8(")) ,
is the core-induced n-sub-SuperHyperGraph
Corey, (S™) := S™[Cy],

where

Cr = U{ A CV | Ais k-core-feasible }.
Equivalently, C}, is the unique largest subset of V' such that
degsic, (X) >k for every X € C.
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Definition 4.2.12 (Connected k-core of an n-SuperHyperGraph). A connected k-core of
S

is a connected component of

Corey, (S(")) .
Equivalently, it is a maximal connected core-induced n-sub-SuperHyperGraph
SM[A]

such that
deg g 4] (X)>k for every X € A.

Definition 4.2.13 (Core value of an n-supervertex). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. The core value of an n-supervertex X € V is
csm(X) =max{keNy | X € C}. },

where (Y, is the n-supervertex set of

Corey, (S(")) .
Equivalently,
cso (X) = max{ k € Ny | X belongs to an induced n-sub-SuperHyperGraph of minimum degree at least k }.

Theorem 4.2.14 (Well-definedness of the SuperHyperGraph k-core). Let
S™ = (V,E)

be a finite n-SuperHyperGraph and let k € Ny. Then
Corey, (S (”))

is well-defined and is the unique largest core-induced n-sub-SuperHyperGraph with minimum
degree at least k.

Proof. Let
Fr:={ACV | Ais k-core-feasible }.

Since V is finite, F}, is finite. Therefore
Cvi=J A
AEFy,
is a well-defined subset of V.

Let X € Cy. Then X € A for some A € F}.. Since A C C},, every n-superedge € satisfying
XeeCA

also satisfies
X e€e - Ck.

Hence
degs(n>[ck](X) > degs(M[A] (X) > k.

Thus C}, is k-core-feasible. Moreover, by definition, every k-core-feasible subset of V' is contained
in C}. Therefore
Sn) [Cr]

is the unique largest core-induced n-sub-SuperHyperGraph with minimum degree at least k. [
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Proposition 4.2.15 (Nestedness of SuperHyperGraph k-cores). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. If 0 < k < {, then
C, C Cy.

Equivalently, ( ( ))
Core, (S

is a core-induced n-sub-SuperHyperGraph of

Corey, (S(")) .

Proof. Every (-core-feasible subset is also k-core-feasible, because
degS(">[A](X) > b=k
for every X € A. Taking unions of all feasible subsets gives

C, C (.

Theorem 4.2.16 (Peeling characterization of the SuperHyperGraph k-core). Let
S™ = (V,E)
be a finite n-SuperHyperGraph and let k € Ny. Define
Ay =V

and, recursively,

At+1 = At \ {X S At ‘ degs(n,>[At](X) <k }
Since V' is finite, the sequence stabilizes. If Ao, denotes the stable set, then

SM[AL] = Core;, (S™).

Proof. The sequence

AyD2 A DA D

is decreasing and V' is finite, so it stabilizes after finitely many steps.

At the stable stage, every remaining n-supervertex has degree at least k inside the remaining
induced structure. Hence A, is k-core-feasible, and therefore

A C Cy.

Conversely, let A C V be any k-core-feasible set. We prove by induction that
AC A,
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for all ¢ > 0. This is true for ¢ = 0. Suppose A C A;. If X € A, then every n-superedge counted
in

degsm 4 (X)
is also counted in

degs<n) [Aq4] (X) .

Therefore
degSW)[At](X) > degs(">[A] (X) >

k.
Hence X is not removed from A; when forming A;,;. Thus A C A; ;. Consequently,
ACA..
Taking the union over all k-core-feasible sets yields
C,CA,.

Thus
Aoo = Ck'?

and the result follows. O

Theorem 4.2.17 (Reduction to HyperGraph k-cores). Let
S = (V,E)
be a 0-SuperHyperGraph over V. Since
P'(Vo) = Vo,
SO s an ordinary hypergraph. Moreover,
Corey,(8) = Core,(V, E)

for every k € N.

Proof. For n = 0, every 0-supervertex is an ordinary vertex of V. Hence
vV CP (V) =V
The 0-superedges are precisely nonempty subsets of V', so
SO = (V,E)
is an ordinary hypergraph. For every A C V and every X € A,
degso4(X) =[{e € E| X € e C A} = degyp(X).

Thus the k-core-feasible subsets are identical in both definitions. Therefore their largest feasible
subsets coincide, and so

Corey,(S©) = Corey (H).
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4.3 Girth of a SuperHyperGraph

The girth of a graph is the length of its shortest cycle; an acyclic graph has infinite girth by the
standard convention in graph theory [290-292]. Related concepts such as odd girth [293]/294],
even girth [295,296], and directed girth [297,298] are also known. Several studies have also
investigated the girth of hypergraphs [299-301]. In this section, we consider an extension of this
notion to the framework of SuperHyperGraphs. The girth of a SuperHyperGraph is defined as
the minimum length of a Super-Berge cycle consisting of supervertices and superedges. If no
such Super-Berge cycle exists, then the girth is taken to be infinite by convention.

Definition 4.3.1 (Berge cycle in a HyperGraph). Let
H=(V,E)

be a finite hypergraph, where V' is a finite set of vertices and

E CP(V)\{0}.
For an integer ¢ > 2, a Berge cycle of length £ in H is a pair of sequences
(V1,000 €140, €0)
such that:
(i) v1,...,v¢ € V are pairwise distinct;
(ii) ey,...,e, € E are pairwise distinct;

(iii) for every i € {1,..., ¢},
{vi, viga} Coe,

where indices are taken modulo ¢, that is,

Vypy1 = Uq.

The integer £ is called the length of the Berge cycle.

Definition 4.3.2 (Girth of a HyperGraph). Let
H=(V,E)
be a finite hypergraph. The girth of H, denoted by
girth(H),

is defined by

girth(H) := min{ ¢ € N>, | H contains a Berge cycle of length ¢ },
if H contains at least one Berge cycle. If H contains no Berge cycle, then we set

girth(H) := oc.
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Remark 4.3.3. A Berge cycle of length 2 consists of two distinct hyperedges sharing at least
two distinct vertices. Hence a hypergraph has girth at least 3 if and only if no two distinct
hyperedges intersect in more than one vertex. In other words, girth at least 3 is equivalent to
linearity.

Definition 4.3.4 (Large girth in a HyperGraph). Let g > 2. A finite hypergraph H is said to
have girth at least g if
girth(H) > g.

Equivalently, H contains no Berge cycle of length
2,3,...,9—1.

Similarly, H is said to have girth greater than g if
girth(H) > g,

equivalently, if H contains no Berge cycle of length at most g.

Theorem 4.3.5 (Well-definedness of HyperGraph girth). Let H = (V, E) be a finite hypergraph.
Then girth(H ) is well-defined as an element of

NZQ U {OO}

Proof. Since V' and E are finite, there are only finitely many possible finite sequences
(U1, ., 0 €1,...,€)
with pairwise distinct vertices and pairwise distinct hyperedges. Hence the set
{¢ € Ns, | H contains a Berge cycle of length ¢ }

is finite. If this set is nonempty, it has a minimum, which defines girth(H). If the set is empty,
the convention

girth(H) = oo
applies. Therefore girth(H) is well-defined. O

Definition 4.3.6 (Super-Berge cycle in an n-SuperHyperGraph). Let
S = (V,E)

be an n-SuperHyperGraph over V;. For an integer £ > 2, a Super-Berge cycle of length £ in S™
is a pair of sequences
(Xl,...,Xg; 51,...755)

such that:
(i) X1,...,X, € V are pairwise distinct n-supervertices;
(i) €1,...,60 € E are pairwise distinct n-superedges;
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(iii) for every i € {1,..., ¢},
{Xi, Xia} Cey,

where indices are taken modulo £, that is,

Xg+1 — Xl-

The integer £ is called the length of the Super-Berge cycle.

Definition 4.3.7 (Girth of an n-SuperHyperGraph). Let
S = (V,E)
be an n-SuperHyperGraph. The girth of S, denoted by
girth (S(")) ,
is defined by
girth(S(”)) :=min{ ¢ € N>y | S™ contains a Super-Berge cycle of length ¢ 1,

if S contains at least one Super-Berge cycle. If S contains no Super-Berge cycle, then we
set

girth(S(”)) = 00.

Remark 4.3.8 (Intrinsic interpretation). The girth of an n-SuperHyperGraph is the Berge
girth of its incidence structure on m-supervertices. Thus the internal set-theoretic nesting of
an n-supervertex affects which objects are available as vertices, but a cycle is counted through
incidence among the selected n-supervertices and n-superedges.

Definition 4.3.9 (Large girth in an n-SuperHyperGraph). Let g > 2. An n-SuperHyperGraph
S is said to have girth at least g if

girth(S(")) >g.
Equivalently, S contains no Super-Berge cycle of length
2,3,...,9g—1.
It is said to have girth greater than g if
girth(S(")) > g,

equivalently, if it contains no Super-Berge cycle of length at most g.

Theorem 4.3.10 (Well-definedness of SuperHyperGraph girth). Let

S = (V,E)
be a finite n-SuperHyperGraph. Then
girth(S(”))
is well-defined as an element of
NZQ U {OO}
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Proof. Since S™ is finite, both V and E are finite. Hence there are only finitely many possible
sequences

(X1, .., Xy €1,000,80)

with pairwise distinct n-supervertices and pairwise distinct n-superedges. Therefore the set
{£ € Nxy | 8™ contains a Super-Berge cycle of length £}

is finite. If this set is nonempty, it has a minimum. If it is empty, we define the girth to be oo.
Thus
girth (S (”))

is well-defined. O

Theorem 4.3.11 (Reduction to HyperGraph girth). Let
SO = (V,E)
be a 0-SuperHyperGraph over V. Since
P (Vo) = Vo,
the structure S is an ordinary hypergraph. Moreover,

girth(S(o)) = girth(V, E).

Proof. For n = 0, one has

VCP(Vy) =Vo.

Therefore (V, F), with
ECPV)\{0},

is an ordinary finite hypergraph. The definition of a Super-Berge cycle in S(© is exactly the
definition of a Berge cycle in the hypergraph (V, E'). Hence the two sets of possible cycle lengths
coincide, and so their minima coincide. Therefore

girth(S©) = girth(V, E).

Theorem 4.3.12 (Linearity criterion for SuperHyperGraph girth). Let
S = (V,E)

be an n-SuperHyperGraph. Then
girth(S™) >3

if and only if
lend| <1

for all distinct n-superedges

e, 0 € E.
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Proof. Suppose first that there exist distinct n-superedges ¢,0 € E such that

lenad| > 2.
Choose two distinct n-supervertices
X, X, eend.
Then
(X1, Xy; €,0)

is a Super-Berge cycle of length 2. Hence
girth(S™) = 2,

so the girth is not at least 3.

Conversely, suppose that S(™ contains a Super-Berge cycle of length 2. Then there exist two
distinct n-supervertices X, Xy € V' and two distinct n-superedges €1,e, € E such that

{X1, X2} Cep and {X, X5} Ces.

Therefore
|81 M 82’ > 2.

Thus the absence of Super-Berge cycles of length 2 is equivalent to the condition that any two
distinct n-superedges intersect in at most one n-supervertex. This proves the claim. O

4.4 Global Defensive Alliances in SuperHyperGraphs

Global defensive alliances are dominating vertex sets whose members have sufficient inter-
nal neighborhood support, resisting external neighbors through local defensive balance in fi-
nite graph-theoretic structures |[302H304]. Related concepts such as strong defensive alliances
[305L[306] and offensive alliances |307,308] are also known. In this section, we consider an exten-
sion of this concept to the framework of SuperHyperGraphs.

Definition 4.4.1 (Vertex neighborhood in a HyperGraph). Let
H=(V,€)
be a finite hypergraph, where V is a finite nonempty vertex set and
ECPV)\{0}
is a finite family of hyperedges. For a vertex v € V, its open neighborhood in H is defined by
Ny () :=={u eV \{v}|3e e & such that {u,v} Ce}.

The closed neighborhood of v is
Ny[v] := Ny (v) U {v}.
For a subset S C V, its open and closed neighborhoods are defined by
NH(S) = UNH(’U), NH[S] = NH(S)US

veES
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Definition 4.4.2 (Dominating set in a HyperGraph). Let
H=(V,¢)

be a finite hypergraph. A subset S C V is called a dominating set of H if
Ny[S]=V.

Equivalently, for every vertex u € V'\ S, there exists a vertex v € S and a hyperedge e € £ such
that
{u,v} Ce.

Definition 4.4.3 (Defensive alliance in a HyperGraph). Let
H=(V,€)

be a finite hypergraph. A nonempty subset S C V is called a defensive alliance in H if, for
every v € S,
[Nulo] NS = [Ny (v) 0 (VA S)].

Equivalently,
1+ |Ng(v)NS| > |Nu(v)\ S| for every v € S.

The term 1 represents the vertex v itself, which is counted as part of the defending side.

Definition 4.4.4 (Strong defensive alliance in a HyperGraph). Let
H=(V,¢&)

be a finite hypergraph. A nonempty subset S C V is called a strong defensive alliance in H if,

for every v € S,
[Nu[v] NS> [Ny(v) 0 (V\S)].

Equivalently,
1+ |Ng(w)NS| > |Ng(v)\ S| for every v € S.

Definition 4.4.5 (Global defensive alliance in a HyperGraph). Let
H=(V,¢)

be a finite hypergraph. A subset S C V is called a global defensive alliance in H if S satisfies
both of the following conditions:

(i) S is a defensive alliance in H, that is,

INg[v] N S| > |[Ng(v)n(V\9)] for every v € S,

(ii) S is a dominating set of H, that is,

Equivalently, S is a global defensive alliance if every vertex of S is defended by S, and every
vertex outside S is adjacent, through at least one hyperedge, to some vertex of S.
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Definition 4.4.6 (Global defensive alliance number of a HyperGraph). Let
H= (V&)
be a finite hypergraph. The global defensive alliance number of H is defined by
Yo(H) :=min{ |S| | S CV, S is a global defensive alliance in H }.
Similarly, the global strong defensive alliance number of H is
Yo(H) :=min{ |S| | S C V, S is a global strong defensive alliance in H }.

Since V itself is always a global defensive alliance and a global strong defensive alliance, both
parameters are well-defined for every finite hypergraph.

Theorem 4.4.7 (Reduction to the graph case). Let G = (V, E) be a finite simple graph, regarded
as a hypergraph whose hyperedges are the two-element sets in E. Then a subset S C V is a
global defensive alliance in the hypergraph sense if and only if it is a global defensive alliance in
the usual graph-theoretic sense.

Proof. If G is regarded as a hypergraph, then for every vertex v € V,
Nir(v) = {u e V\ {v} | {u,v} € B} = No(v).

Hence

Ny[v] = Ng[v].

Therefore the defensive condition
[Nu[v] N S| > [Ny (v) N (V\S)|
is exactly the usual graph condition

[Nalo] N S| = |Na(v) 0 (VA S)]-

Likewise,
is equivalent to
Thus the two definitions coincide. O
Theorem 4.4.8 (Well-definedness). Let
H= (V&)

be a finite hypergraph. Then the notions of defensive alliance, strong defensive alliance, global
defensive alliance, and global strong defensive alliance in H are well-defined.

Proof. For every v € V| the open neighborhood Ny (v) is a subset of the finite set V. Hence the
quantities

[Nu[v] NS and  |[Ng(v) 0 (V\S)|
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are finite nonnegative integers. Therefore the inequalities defining defensive and strong defensive
alliances are meaningful. Also, Ny[S] is a subset of the finite set V', so the domination condition

Ny[S]|=V
is well-defined. Finally, since V itself satisfies
NylV]=V
and, for every v € V,
[Nu[v] N V] = [Nu[v]| 2 0= [Nu(v) 0 (V\ V)],

the family of global defensive alliances is nonempty. Similarly, V is a global strong defensive
alliance because

INg[v] N V| =|Ngv]| >1>0=|Ng(v)n(V\V)].

Hence the corresponding minimum cardinalities are well-defined. O

Definition 4.4.9 (Supervertex neighborhood). Let
S™ = (V,E)

be an n-SuperHyperGraph. For an n-supervertex X € V', its open super-neighborhood is defined
by
N (X) :={Y e V\{X} | Je € E such that {X,Y} Ce}.

The closed super-neighborhood of X is
Nsm [ X] := N (X) U{X}.

For a subset A C V', define
Nso (A) := | Nse (X),

XeA

and

Ngn) [A] = Ngm (A) U A.

Definition 4.4.10 (Dominating set in an n-SuperHyperGraph). Let
S = (V,E)

be an n-SuperHyperGraph. A subset A C V is called a dominating set of S™ if
Nswm[A] = V.

Equivalently, for every Y € V'\ A, there exists X € A and there exists ¢ € E such that
{X,Y} Ce.

Definition 4.4.11 (Defensive alliance in an n-SuperHyperGraph). Let
S = (V,E)

be an n-SuperHyperGraph. A nonempty subset A C V is called a defensive alliance in S™ if,
for every X € A,
|N3(n) [X] M A| > |N8(n) (X) N (V \ A)}

Equivalently,
14 |Nse (X) NA| > |Nso (X)\ 4] for every X € A.
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Definition 4.4.12 (Strong defensive alliance in an n-SuperHyperGraph). Let
S = (V,E)

be an n-SuperHyperGraph. A nonempty subset A C V is called a strong defensive alliance in
S™ if, for every X € A,

|Nsen [X]NA| > | Nsor (X) N (V\ 4)|.

Equivalently,
1—|—’N5(n>(X)ﬁA| > ‘Ns(n)(X)\A} for every X € A.

Definition 4.4.13 (Global defensive alliance in an n-SuperHyperGraph). Let
S™ = (V,E)

be an n-SuperHyperGraph. A subset A C V is called a global defensive alliance in S™ if A
satisfies both of the following conditions:

(i) A is a defensive alliance in 8™, that is,

|Nso [X]NA| = [Nsoy(X)N(V\ A)|  for every X € 4;

(ii) A is a dominating set of S, that is,

Thus every selected n-supervertex is defended by the alliance, and every unselected n-supervertex
is adjacent to at least one selected n-supervertex through some n-superedge.

Definition 4.4.14 (Global defensive alliance number of an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. The global defensive alliance number of S™ is
Y2 (S™) :=min{ |A| | A C V, Ais a global defensive alliance in S™ }.
The global strong defensive alliance number of S™ is

J.(S8™) := min{ |A| | A C V, Ais a global strong defensive alliance in S }.

Theorem 4.4.15 (Well-definedness for n-SuperHyperGraphs). Let
S = (V,E)

be a finite n-SuperHyperGraph. Then the notions of defensive alliance, strong defensive alliance,
global defensive alliance, and global strong defensive alliance in 8™ are well-defined.
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Proof. Since V is finite, for every X € V the sets
Nsw(X),  Nsw[X],  Nsm(X)NA,  Nsw(X)N(V\ A)

are finite. Therefore the cardinalities appearing in the defensive and strong defensive inequalities
are finite nonnegative integers.

The domination condition

is also well-defined, because both sides are subsets of the finite set V. Finally, the whole super-
vertex set V' is always a global defensive alliance: for every X € V,

Ngn) [X] NV = Ngm [X],

while

N (X)N(V\V) =0.

Hence
|Nson [X] N V] > 0.

Moreover, Ngm [V] = V. Thus the family of global defensive alliances is nonempty. The same
argument, with the strict inequality

}NS(n)[X] ﬂV| >1>0,

shows that V is also a global strong defensive alliance. Therefore the minimum cardinality
parameters are well-defined. O

Theorem 4.4.16 (Reduction to HyperGraphs). Let
SO = (V,E)
be a 0-SuperHyperGraph over V. Since
P (Vo) = Vh,

SO is an ordinary hypergraph. A subset A C V is a global defensive alliance in S if and only
if it is a global defensive alliance in the corresponding hypergraph (V, E).

Proof. For n = 0, every 0O-supervertex is an ordinary element of Vj, and the superedge family
satisfies

E CP(V)\{0}.

Thus the super-neighborhood
Nswo (X)

is exactly the hypergraph neighborhood
Ny (X).

Consequently, the defensive inequality and the domination condition coincide with those of the
corresponding hypergraph. Hence the two notions of global defensive alliance are identical. [J
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4.5 Zero forcing process in a SuperHyperGraph

Zero forcing in a graph is a coloring process where blue vertices repeatedly force their unique
white neighbors blue until no further forcing moves remain [309-312]. Related concepts such as
skew zero forcing [313}/314] and signed zero forcing [315] are also known. A zero forcing process
in a HyperGraph starts with blue vertices; a blue vertex forces its unique white hypergraph-
neighbor blue, iterating until stabilization finally occurs (cf. [316}317]). A zero forcing process
in a SuperHyperGraph starts with blue supervertices; a blue supervertex forces its unique white
super-neighbor blue, iterating until stabilization finally occurs.

Definition 4.5.1 (Primal graph of a HyperGraph). Let
H= (V&)
be a finite hypergraph, where V # ) and
ECP(V)\{0}.
The primal graph or 2-section of H is the simple graph
. H = (V, Ey)

defined by
Es:={{u,v} CV | u#wv, Jec & such that {u,v} C e}.

Thus two distinct vertices are adjacent in 0y H if and only if they occur together in at least one
hyperedge of H.

Definition 4.5.2 (Hypergraph neighborhood). Let
H= (V&)
be a finite hypergraph. For v € V, the hypergraph neighborhood of v is
Ny () :=={u eV \{v}|Je € & such that {u,v} Ce}.

Equivalently,
NH(’U) = NazH(U).

Definition 4.5.3 (Zero forcing process in a HyperGraph). Let
H=(V,&)
be a finite hypergraph. A blue-white coloring of H is specified by a set
BCV,

whose elements are called blue vertices; the vertices in V' \ B are called white vertices.

The hypergraph zero forcing color-change rule is the following rule: a blue vertex v € B forces a
white vertex w € V' \ B, written
v = w,

if
Ng(v) \ B = {w}.
That is, v has exactly one white hypergraph-neighbor, and that unique white neighbor is w.
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Definition 4.5.4 (Zero forcing closure in a HyperGraph). Let

H=(V,€)
be a finite hypergraph and let B C V. Define a sequence of subsets
By, B1,Bs, ...
by
By, =B
and

Bt+1 = Bt U {w S V \ Bt | H’U S Bt SuCh tha,t NH(U) \ Bt - {w} }

Since V is finite, this increasing sequence stabilizes. The stable set is called the zero forcing
closure of B in H, and is denoted by

i (B).

Thus
j(B) = B

t>0

Definition 4.5.5 (Zero forcing set and zero forcing number of a HyperGraph). Let
H=(V,&)

be a finite hypergraph. A subset B C V is called a zero forcing set of H if
cy(B)=V.

The zero forcing number of H is

Z(H):=min{|B| | BCV, cf(B)=V}.

Theorem 4.5.6 (Well-definedness of HyperGraph zero forcing). Let
H=(V,€)
be a finite hypergraph. Then the zero forcing closure
o1 (B)
is well-defined for every B C'V, and Z(H) is well-defined.

Proof. For every B, C V, the set By, is uniquely determined by B; and the neighborhoods
Ny (v). Hence the sequence
ByC B CBy C---

is deterministic and increasing.

Since V is finite, no strictly increasing chain of subsets of V' has length greater than |V|. There-
fore the sequence stabilizes after finitely many steps. Hence

cly (B) = U B,

>0

is well-defined.

Moreover, V itself is always a zero forcing set, since
A (V) =V.
Thus the family of zero forcing sets is nonempty, and the minimum defining Z(H) exists.  [J
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Theorem 4.5.7 (Primal-graph characterization). Let
H=(V,€)

be a finite hypergraph. A subset B C 'V is a zero forcing set of H if and only if B is a zero
forcing set of the primal graph
0, H.

Consequently,

Z(H) = Z(9,H).

Proof. For every v € V', the definition of the primal graph gives
NH(’U) = NBQH(U)-

Therefore, for every B C V,
Ny (v) \ B = {w}
if and only if
No,u(v) \ B = {w}.

Hence the available forcing moves in H and in 0,H are identical at every stage of the process.
Thus the two closure processes produce the same stable set:

Y (B) = 2" (B).
Therefore B is a zero forcing set of H if and only if it is a zero forcing set of d;H, and the

equality
Z(H)=Z(0,H)

follows. O

Theorem 4.5.8 (Reduction to graph zero forcing). Let
G=(V,E)
be a finite simple graph, and regard G as the 2-uniform hypergraph
He = (V, &), Eq = {{u,v} | uwv € E}.

Then
Z(Hg) = Z(G).

Proof. For the 2-uniform hypergraph Hg, two vertices u,v € V occur together in a hyperedge
if and only if they are adjacent in GG. Hence

82HG - G
By the primal-graph characterization,

Z(Hg) = Z(0:Hg) = Z(G).
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Definition 4.5.9 (Primal graph of an n-SuperHyperGraph). Let
S = (V,E)
be an n-SuperHyperGraph. The primal graph or 2-section of S™ is the simple graph
328(") = (Va E2)

where

E,:={{X, Y} CV | X #Y, 3¢ € E such that {X,Y} Ce}.

Thus two distinct n-supervertices are adjacent if and only if they occur together in some n-
superedge.

Definition 4.5.10 (Super-neighborhood). Let
S™ = (V,E)
be an n-SuperHyperGraph. For an n-supervertex X € V| define its super-neighborhood by
Nsn(X) :={Y e V\{X} | 3e € F such that {X,Y} Ce}.

Equivalently,
NS(n) (X) — NBQS(”) (X)

Definition 4.5.11 (Zero forcing process in an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. A blue-white coloring of S™ is specified by a set
BCV,

whose elements are called blue n-supervertices; the elements of V' \ B are called white n-
supervertices.

The zero forcing color-change rule is the following rule: a blue n-supervertex X € B forces a
white n-supervertex Y € V'\ B, written

X =Y,

if
Nso (X)\ B={Y}.

That is, X has exactly one white super-neighbor, and that unique white super-neighbor is Y.

Definition 4.5.12 (Zero forcing closure in an n-SuperHyperGraph). Let

S™ = (V,E)
be a finite n-SuperHyperGraph and let B C V. Define
BO =B

and, for ¢t > 0,
Bt+1 = Bt U {Y S V\Bt ‘ 31X S Bt such that Ns(n)(X)\Bt = {Y} }

The zero forcing closure of B in S™ is
01‘2(")(3) = U B;.
>0
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Definition 4.5.13 (Zero forcing set and zero forcing number of an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. A subset B C V is called a zero forcing set of S™ if
)
3 (B)=V.
The zero forcing number of S™ is

Z(8™) :=min{|B| | BCV, oI§ " (B) =V }.

Theorem 4.5.14 (Well-definedness of SuperHyperGraph zero forcing). Let

S™ = (V,E)
be a finite n-SuperHyperGraph. Then
(n)
oz (B)
is well-defined for every B C'V, and
Z(s(n))

is well-defined.

Proof. For every B; C V, the next set B;y; is uniquely determined by B; and the super-
neighborhoods
Ns(n) (X).

Hence
ByCB CBC---

is an increasing deterministic sequence of subsets of V.

Since V is finite, this increasing sequence stabilizes after finitely many steps. Thus the closure
(n)
i (B)=J B
>0

is well-defined.

Moreover,
" (V) =V,

so V itself is a zero forcing set. Therefore the set of zero forcing sets is nonempty, and the
minimum defining

Z(8™)

exists. O

Theorem 4.5.15 (Primal-graph characterization for n-SuperHyperGraphs). Let
S = (V,E)

be a finite n-SuperHyperGraph. A subset B C 'V is a zero forcing set of S™ if and only if B is
a zero forcing set of

0,8,

Consequently,

Z(8™) = Z(0.8™).
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Proof. For every X € V| the definition of the primal graph gives
NS(n) (X) — N325(n) (X)

Therefore, at each stage of the zero forcing process, the available forcing moves in S and in
0,8™ coincide. Thus, for every B C V,

A$™(B) = 125" (B).

Hence B is a zero forcing set of S if and only if it is a zero forcing set of 3,5 . Taking the
minimum cardinality over all zero forcing sets gives

Z(8M) = Z(0.8™).

Theorem 4.5.16 (Reduction to HyperGraph zero forcing). Let
SO = (V,E)

be a 0-SuperHyperGraph over Vi. Since
P (Vo) = Vo,

SO is an ordinary hypergraph. Moreover,

Z(80) = Z(V,E).

Proof. For n = 0, every O-supervertex is simply an element of V5. Hence the definition of
super-neighborhood becomes exactly the hypergraph neighborhood:

Nso (X) = Ng(X).

Therefore the zero forcing color-change rule, the closure process, and the notion of a zero forcing
set are identical for S(® and for the ordinary hypergraph (V, E). Consequently,

Z(80) = Z(V,E).

4.6 Superhypergraph Degree Sequences

A HyperGraph degree sequence lists vertex degrees, where each degree counts how many hyper-
edges contain the corresponding vertex, usually sorted nonincreasingly or recorded as multiset
(cf. [318-320]). A SuperHyperGraph degree sequence lists supervertex degrees, where each degree
counts how many superedges contain the corresponding nested supervertex, usually presented
nonincreasingly as a multiset.
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Definition 4.6.1 (Degree of a vertex in a HyperGraph). Let
H=(V,&)
be a finite hypergraph, where V is a finite nonempty set of vertices and
£
is a finite family of nonempty subsets of V. For a vertex v € V', the degree of v in H is
dy(v):=|{ec|veel}|
Equivalently, if the incidence matrix of H is

1, veEe,

My = (mv,e)vev, ec&s My,e = {O, v ¢ e,

then

dy(v) = va,e.

ecé

Definition 4.6.2 (Degree vector and degree sequence of a HyperGraph). Let
H=(V,€)

be a finite hypergraph with
V = {’Ul,... ,’Un}.

The labeled degree vector of H with respect to the ordering (vq,...,v,) is
d(H) = (du(v1),...,du(v,)) € Nj.
The degree sequence of H is the nonincreasing rearrangement of this vector:
di > dy >+ > dp,

where

(dy,....d,)

is a permutation of

(di(v1), ..., du(v,)).

Equivalently, the degree sequence may be regarded as the multiset

{du(v) |ve V).

Definition 4.6.3 (Hypergraphic sequence). Let n > 1. A finite sequence
d=(dy,...,d,) €N}
is called hypergraphic if there exists a finite simple hypergraph
H=(V,&)

with
Vi=n

such that the degree sequence of H is
d.

If, in addition, all hyperedges of H have cardinality r, then d is called r-uniform hypergraphic.
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Proposition 4.6.4 (Handshaking identity for HyperGraphs). Let

be a finite hypergraph. Then

Z dy(v) = Z le].

veV ecf

In particular, if H is r-uniform, then

ZdH(’U) =rl&|.

veV

Proof. By definition,
dp(v)={ee&|vee}|

ZdH(v) = Zva,e = Zva,e = Z le].

veV veV ee& ecE veV eef

Therefore

If H is r-uniform, then |e| = r for every e € £, and hence

Z|e[ = Zr:r]é’\.

ec& ec&

Remark 4.6.5 (Simple and non-simple cases). If £ is a set, then H is a simple hypergraph and
repeated hyperedges are not allowed. If £ is a multiset, then repeated hyperedges are allowed,
and the degree dy(v) counts hyperedges with multiplicity.

Definition 4.6.6 (Degree of an n-supervertex). Let
S™ = (V,E)
be a finite n-SuperHyperGraph. For an n-supervertex X € V, the degree of X in S™ is
dso(X):=|{eeE| X €c}.
Equivalently, if the incidence matrix of S is

1, X e€e¢,

Msoy = (mxc)xev, ek, e = {Oa X ¢e,

then

ds(n) (X) = Z mXVE.

e€E

Definition 4.6.7 (Degree vector and degree sequence of an n-SuperHyperGraph). Let
S™ = (V,E)
be a finite n-SuperHyperGraph with
V={Xy,..., Xy}
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The labeled degree vector of S, with respect to the ordering
(X1, .., Xn),
is
d(S™) == (dgwm (X1), ... dsm (Xn)) € N
The degree sequence of S™ is the nonincreasing rearrangement
di > dy >+ >dy
of the labeled degree vector. Equivalently, it is the multiset

{ds(X) | X €V }.

Definition 4.6.8 (Superhypergraphic sequence). Let Vj be a finite nonempty base set and let

n > 0. A finite sequence
d= (dl,...,d]\[) GN(])V

is called n-superhypergraphic over Vj if there exists a finite n-SuperHyperGraph
S = (V,E)

over Vj such that

Vi=N

and the degree sequence of S™ is

d.

If every n-superedge € € E has the same cardinality r, then d is called r-uniform n-superhypergraphic.

Proposition 4.6.9 (Handshaking identity for n-SuperHyperGraphs). Let
S = (V,E)

be a finite n-SuperHyperGraph. Then

Y dsen(X) =) [el.

XeVv e€E

In particular, if S is r-uniform, then

> dson (X) =r|E].

Xev

Proof. By definition,
dso(X)=|{e€e E| X e}

Z dsom (X) = Z me,e = Z Z Mmx.e = Z lel.

XeV XeVeekE e€eE XeV eelE

Hence
If every n-superedge has cardinality r, then
Z le] = Zr =r|E]|.

eek eckE
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Theorem 4.6.10 (Reduction to HyperGraph degree sequences). Let
SO = (V,E)
be a 0-SuperHyperGraph over V. Since
P (Vo) = Vh,
SO is an ordinary hypergraph. Moreover, for every X € V,
dso (X) = du(X),

where H = (V,E). Consequently, the degree sequence of S© coincides with the ordinary
hypergraph degree sequence of H.

Proof. For n = 0, the condition
VCP'(Vo)

becomes

V V.
Thus the elements of V' are ordinary vertices, and the elements of
ECPWV)\{0}
are ordinary hyperedges. For any X € V,
dso(X)=|{e e F|X €c}| =du(X).

Therefore the labeled degree vectors, and hence the nonincreasing degree sequences, are identical.
O

4.7 Neural HyperNetwork and Neural SuperHyperNetwork

A neural network is a computational model of interconnected artificial neurons that adap-
tively learns patterns from data to perform prediction, classification, decision-making, and
representation tasks [321H324]. Fuzzy neural networks [325H328] and neutrosophic neural net-
works [322,/329H333] have also been studied in recent years. In this section, we define a Neural
HyperNetwork and a Neural SuperHyperNetwork in a feedforward form. The main point is that
a hyperedge, or a superhyperedge, is not only an input group but also has a specified target
neuron in the next layer. This target information is encoded by a directed incidence relation.

Definition 4.7.1 (Neural HyperNetwork). Let L € Nxq, and let
ng, N1, ..., € N>q.
For each layer £ =0,1,...,L, put
Ny:={1,2,...,m}.
A feedforward Neural HyperNetwork is a tuple
NH = (L AN AE O s AAD Y, A Y, O {0 ) )

satisfying the following conditions:
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(i) Foreach ¢ =1,... L,
EY CP(Ney) \ {0}

is a finite set of input hyperedges from layer ¢ — 1.

(ii) Foreach ¢ =1,... L,

is a finite directed incidence relation. If
(e,i) € AV

then the hyperedge e C N,_; contributes to the i-th neuron of layer £.

(iii) Foreach £ =1,...,L,
949 — R

is a weight function. The value w(é)(e, i) is the weight assigned to the directed hypercon-
nection from e to 1.

(iv) Foreach ¢ =1,...,L,
b = (bY,...,b0) e R™

<9 Un,

is a bias vector.

(v) Foreach £ =1,...,L,
9:R—R

is an activation function.

For an input vector
a® =g e R™,

the feedforward propagation is defined as follows. Suppose that
a([_l) — (angl) . ([ 1)) c Rn1,1

g ey nél

has already been defined. For every e € £ define its hyperedge value by

Val(e; a~ 1) I_Ia(Z b,

j€Ee
The product is finite because e C N,_; and N,_; is finite. For each ¢« € N,, define

=" + Z w' (e,4) Valy(e;al®Y),

ece®
(e,i)eA®

where an empty sum is interpreted as 0. Then set
al(-e) =" (zy)).

Thus
a® =@”,...,a9) e R™.

Cy Oy
The function represented by N'H is
Fygy : R — R Fry(z) == aD).
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Theorem 4.7.2 (Well-definedness of a Neural HyperNetwork). Fvery feedforward Neural Hy-
perNetwork

NH

defines a unique function
FNH R — R™E

Proof. Let © € R™ be arbitrary and set a(?) := 2. We prove by induction on ¢ that a!¥) € R™
is uniquely determined.

For ¢ = 0, this is true by assumption, since
a® =z e R™.
Assume that a*~1) € R~ is uniquely determined. Let e € £, Since
eC Ny ={1,...,n01},

(e-1)

each coordinate a; appearing in

[Ie"

jE€e
is defined. Since e is finite and nonempty,

Valy(e;a~ V) € R

is uniquely determined.

For each i € N, the set
{ec &YW (e,i) € AW}

is finite because £ is finite. Therefore

20 =p 4 Z w9 (e, 1) Valy(e;al*)
ecg®
(e,i)eA®
is a finite sum of real numbers and hence is a uniquely determined real number. Since

o R 3R

is a function, the value
o0 = o0 (:0)

is also uniquely determined and belongs to R. This holds for every i € N, so
a¥) e R™

is uniquely determined.

By induction, a(*) € R"™* is uniquely determined for every input x € R™. Hence the assignment

Fyy(z) = al?

defines a unique function
FN’H : R™ — R"E,
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Definition 4.7.3 (Recursive Value of a Nested Neuron Object). Let X = N,_; and let
al M e R,

For k > 0, define
Valék)( . a“*l)) : Pf(Ng_l) — R

recursively as follows.

For j € PY(N,_1) = N,_1, set
Valg))(j; al ) .= aﬁlil).

For k> 0 and
S € PFY(N,_y),

set
Valgkﬂ)(S; al ) .= H Val(gk) (T; V).

Tes

The product is finite and nonempty because

S € P(P{(Ne-1)) \ {0}.

Definition 4.7.4 (Neural n-SuperHyperNetwork). Let n € Ns;. A feedforward Neural n-
SuperHyperNetwork is a tuple

NSH® = (L, AN g A€ Hy LAY (™ e, 0O}y {0} )

satisfying the following conditions:

(1) L S Nzl, and
Ng: {1,2,...,71@}

for some ny, € N>q, for every £ =0,1,..., L.

(ii) Foreach ¢ =1,...,L,
g(é,n) g P:,(N£71)

is a finite set of n-level superhyperedges from layer ¢ — 1.

(iii) Foreach £ =1,...,L,
A(Z,n) g g(@,n) % N£

is a finite directed incidence relation. If
(S,i) € A(Z’"),

then the n-level superhyperedge S contributes to the i-th neuron of layer £.

(iv) Foreach ¢ =1,..., L,
whm : AEM s R

is a weight function.
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(v) Foreach £ =1,...,L,
b(e) c ]Rnl

is a bias vector.

(vi) Foreach ¢ =1,...,L,
o :R—R

is an activation function.

For an input vector
a® =z € R™,

the feedforward propagation is defined recursively. Suppose that
at=t e R
has already been defined. For each S € £¢™  its nested superhyperedge value is
Val&n) (S; a1,
as defined by the recursive value construction above. For each ¢ € Ny, set

Zi(a = bg) + Z w®™ (8, 1) Valgn)(s; al=1),
gegtm
(S,5)eAt™
where an empty sum is interpreted as 0. Then define
o = 00 (200,
The function represented by NSH™ is

FNS/H(n) . Rng — RnL, FNS'H(n) (l‘) = (l(L).

Theorem 4.7.5 (Well-definedness of the recursive nested value). Letn € N>y, let Ny_y be finite
and nonempty, and let
a~b) e R,

Then, for every k =0,1,...,n, the map
Valék)( a® ) PE(N,_)) — R

is well-defined.

Proof. We prove the assertion by induction on k.

For k£ = 0, one has

PS(Ng_l) = Né—l-
(t-1)

For every j € N1, the coordinate a; is a real number. Hence

Valgo) (5 a(z—l)) _ a;l—l)
is well-defined.
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Assume that
Valgk)( . a(z_l)) :PH(N_y) = R

is well-defined. Let
S € PFY(N,_y).

By definition,
S € P(PE(Ne-1)) \ {0}

Thus S is a finite nonempty set whose elements belong to P¥(N,_;). By the induction hypothesis,
for every T' € S,
Vall" (T;a" V) e R

is uniquely determined. Since S' is finite and nonempty, the product

H Valgk) (T, a(e_l))

TES

is a uniquely determined real number. Therefore
Valgkﬂ) (S; a(zfl))

is well-defined.

By induction, the statement holds for every k =0,1,...,n. O

Theorem 4.7.6 (Well-definedness of a Neural n-SuperHyperNetwork). Every feedforward Neu-

ral n-SuperHyperNetwork
NSH™

defines a unique function
FNSH(n) : RTLO — RnL.

Proof. Let x € R™ be arbitrary and set
a® =z

We prove by induction on £ that
a®) e R

is uniquely determined.

The case ¢ = 0 follows from the choice
a® =z € R™.

Assume that
a([—l) c R™-1

has been uniquely determined. By the well-definedness of the recursive nested value, for every

S e glm) C PN, ),

the quantity
Val{™ (S; a~ D)

is a uniquely determined real number.
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For each i € Ny, the set
{Se&®™|(S,i) e A}

is finite because £¢™ is finite. Hence

zi(é) = bl(»e) + Z w“™ (S, 17) Valgn)(s; al“=)

segtem
(S:i)eAlE™

is a finite sum of real numbers and is therefore a uniquely determined real number. Since
o R =R
is a function,
o0 = g 0)
is uniquely determined and belongs to R. This holds for every i € Ny, so

a® = ",.. ) e r™

? 'nyg

is uniquely determined.

By induction, a®) € R™* is uniquely determined for every input z € R™. Therefore

Fyspon () i= a®)

defines a unique function
FNSH(n) : Rno — RHL.

Theorem 4.7.7 (Reduction to Neural HyperNetworks). A feedforward Neural 1-SuperHyperNetwork
is precisely a feedforward Neural HyperNetwork with the same directed incidence, weights, biases,
and activation functions.

Proof. For n = 1, one has

PL(Ne—1) = P(Ner) \ {0}

Thus each 1-level superhyperedge
S e PHN,,)

is exactly an ordinary nonempty hyperedge
S C Ny
Moreover, by the recursive definition of the nested value,
Valy! (S;al" V) = T val” (j;a 1) = [[ o} V.
JjeS jES
This is exactly the hyperedge value used in the Neural HyperNetwork definition. Therefore the
pre-activation formula

20 =0 4 ST w4 Val (S at )

seg®b
(8,i)eACD
becomes
. /—
20 =l 4 Z w' (e, 1) Hag» b,
ecg® j€Ee
(e,i)eA®

which is the Neural HyperNetwork feedforward rule. Hence the 1-SuperHyperNetwork case
coincides with the Neural HyperNetwork case. O
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4.8 MultiMeta Graph, MultiMeta HyperGraph, and MultiMeta Super-
HyperGraph

A Meta Graph is a higher-level graph whose vertices represent graphs or graph-like structures,
while edges encode relations between those structured objects abstractly and systematically
[334,335]. Throughout this section, the notions of graph, hypergraph, n-SuperHyperGraph, and
the iterated powerset P(-) are assumed to have been fixed earlier. We do not redefine them
here.

Notation 4.8.1 (Finite nonempty families). For a set X, let
Pen(X) :={ AC X | Ais finite}, P (X) := Pua(X) \ {0}
For k € N>q, define
XE = {(z1,...,2) € X* | m; # x; whenever i # j}.

Thus X is the set of ordered k-tuples of pairwise distinct elements of X .

Notation 4.8.2 (Finitary relation schemes). For a set X, define

Relgin (X) == | ({k} x P(X")).

E>1

An element

p=(k,R) € Relg,(X)

is called a finitary relation scheme on X. Its arity and extension are defined by

ar(p) := k, rel(p) := R C X*.

Definition 4.8.3 (MultiMeta Graph). Let & be a nonempty set of finite graphs, and put
g = Pp, (8).

Let
,‘RG g 'P(L[G X ng)

be a nonempty set of admissible binary relations on ig.

A MultiMeta Graph over (&,R¢) is a finite directed labelled multigraph
MMG = (V,E,s,t,\)
satisfying the following conditions:

(i)
04V Clg.

Each v € V is called a multi-meta vertex. Thus each v is a finite nonempty family of graphs.

(ii) E is a finite set of edge identifiers.
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(iii)
s,t: E—V

are the source and target maps.

(iv)
AN E— Ra

is an edge-labeling map.

(v) For every e € F,

(s(e),t(e)) € Ale).

If A(e) = R, then the edge e may be written as

s(e) — t(e).

Theorem 4.8.4 (Well-definedness of MultiMeta Graphs). Every MultiMeta Graph
MMG = (V,E,s,t,\)

1s a well-defined finite directed labelled multigraph whose vertices are finite nonempty families of
graphs.

Proof. By definition,
V C Pg. ().

Hence every v € V is a finite nonempty family of elements of &, and each element of & is a finite
graph.

Since FE is finite and
s,t: E—=V

are functions, each edge identifier ¢ € E has a uniquely determined source s(e) € V and a
uniquely determined target t(e) € V. Therefore

e (s(e), t(e))

is a well-defined directed incidence assignment.

Since
A E — Rg

is a function, each edge e € E has a uniquely determined admissible binary relation label A(e).

The compatibility condition
(s(e), t(e)) € Ale)

ensures that the labelled directed edge is admissible with respect to its own relation label.

Thus all vertices, edges, sources, targets, and labels are uniquely specified, and the structure is
a well-defined finite directed labelled multigraph whose vertices are finite nonempty families of
graphs. O
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Definition 4.8.5 (MultiMeta HyperGraph). Let $) be a nonempty set of finite hypergraphs,
and put

Let
Ru C Relgn (Hy)

be a nonempty set of admissible finitary relation schemes on gy.

A MultiMeta HyperGraph over ($),Ry) is a finite structure
MMH = (V, A1, \)
satisfying the following conditions:

(i)
0 #V CUy.

Each v € V is called a multi-meta hypervertex. Thus each v is a finite nonempty family of
hypergraphs.

(ii) A is a finite set of hyperedge identifiers.

(iii)
A A— Ry

assigns an admissible finitary relation scheme to each hyperedge identifier.

(iv) If a € A and

then

(v) For every a € A,
t(a) € rel(A(a)).

If
ta) = (v1,...,01),

then the underlying unordered incidence set of a is denoted by

d(a) :=A{vy,...,v} CV.

Theorem 4.8.6 (Well-definedness of MultiMeta HyperGraphs). Every MultiMeta HyperGraph
MMH = (V, A1, \)
determines a well-defined finite hypergraph
Und(MMH) = (V, Epan)

where

Envarg :i={0(a) |a€ A} CP(V)\{0}.
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Proof. Since

V C Prn(9),

every element of V' is a finite nonempty family of hypergraphs. Hence the vertex set V is a
well-defined finite set of multi-meta hypervertices.

Let a € A. By definition,
)\(CL) € Ry C Relﬁn(LlH).

Thus A(a) has a uniquely determined arity
k =ar(\(a)) € N»;.

The incidence condition gives
v(a) = (vy,...,v) € VE,

Therefore vy, ..., v, are pairwise distinct elements of V', and
d(a) :=={v1,..., v}
is a nonempty finite subset of V. Hence

d(a) € P(V)\ {0}.

Since A is finite, the family
Emmn ={0(a) |ac A}
is finite. Therefore

Eyimn €S P(V)\ {0}

Consequently,
Und(MMH) = (V, Epomn)

is a well-defined finite hypergraph. O

Definition 4.8.7 (MultiMeta ¢-SuperHyperGraph over n-SuperHyperGraphs). Let n,q € Nj.
Let 6™ be a nonempty set of finite n-SuperHyperGraphs, and put

UG = P (6™).

Let
B0 = P

Let
Ri” C Relg, (B™)

be a nonempty set of admissible finitary relation schemes on 954",

A MultiMeta q-SuperHyperGraph over n-SuperHyperGraphs is a finite structure
MMSHT™ = (V, A, 1, \)
satisfying the following conditions:
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(i)
v Cpr(aly) - o

is a finite set. Its elements are called multi-meta q-supervertices. At level ¢ = 0, each such
vertex is a finite nonempty family of n-SuperHyperGraphs.

(ii) A is a finite set of superhyperedge identifiers.

(iii)
At A— R

assigns an admissible finitary relation scheme to each superhyperedge identifier.

(iv) If a € A and

then
va) = (Xy,...,X,) € VE

(v) For every a € A,
t(a) € rel(A(a)).

If
a) = (Xq,..., Xp),

then the underlying unordered superincidence set of a is denoted by

d(a) == {X1,.... X} C V.

Theorem 4.8.8 (Well-definedness of MultiMeta SuperHyperGraphs). Fvery MultiMeta q-SuperHyperGraph
over n-SuperHyperGraphs
MMSH ™ = (V, A1, )

determines a well-defined finite q-SuperHyperGraph
Und(MMSH™) = (V, Expusn)

over the base set "
uSTIL{ = ,Pftn<6(n))?

where

Eypmsw :={0(a) |[ac A} CP(V)\ {0}

Proof. By definition,
V C P(ugh).

Thus every element of V' is a g-level object over the base set
Uit = Pia (&),

n)

Hence V is a legitimate finite set of g-supervertices over iléH.
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Let a € A. Since
Aa) € Rey” C Relgy, (B@™),

the arity
k =ar(\(a))

is a uniquely determined positive integer. By the incidence condition,
v(a) = (X4,...,X5) € VE,
Therefore X1, ..., X}, are pairwise distinct elements of V', and
d(a) :={X1,..., Xy}
is a nonempty finite subset of V. Hence

d(a) € P(V)\ {0}.

Since A is finite, the family
Epmsn ={0(a) |a€ A}
is finite. Thus
Epmsu € P(V)\ {0}
Combining this with
V P (u),

we conclude that

Und(MMSH ™) = (V, Epqusn)

satisfies the defining conditions of a finite ¢-SuperHyperGraph over the base set M(S%) Therefore
it is well-defined. O]

4.9 Feedback HyperNetworks and Feedback SuperHyperNetworks

A feedback network is a system where outputs influence future inputs, enabling adaptation, reg-
ulation, learning, stability, or amplification through recurrent interactions among interconnected
components dynamically (cf. [336]). Throughout this section, the notions of Feedback Network,
HyperNetwork, n-SuperHyperGraph, and iterated powerset are assumed to have been fixed ear-
lier. We do not redefine them here. All node sets and hyperarc sets are assumed to be finite.
The empty indexed product is understood to be a one-point set.

Definition 4.9.1 (Feedback HyperNetwork). A Feedback HyperNetwork is a finite directed hy-
pernetwork equipped with state spaces and feedback update maps. It is a tuple

‘F%N = (V7 A7 T7 H7 {X’U}’UEV7 {ya,v}aeA, vEH (a)s {aa,v}aeA, vEH (a)s {‘pv}ve\/)

satisfying the following conditions:
(i) V is a finite nonempty set of nodes.

(ii) A is a finite set of directed hyperarc identifiers.
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(iii)
T,H:A— PV)\ {0}

are the tail and head maps. For a € A, the set T'(a) is the input group of a, and H(a) is
the output group of a.

(iv) For every v € V,

is the state space of node v.

(v) For every a € A and every v € H(a),

ya,v 7& @

is the message space from the hyperarc a to the head node v.

(vi) For every a € A and every v € H(a),

a(l,'l) : H Xu y(L,U

uweT (a)

is a hyperarc aggregation map.

(vii) For every v € V, define the incoming hyperarc set by
In(v) :=={a€A|veH(a)}
The local feedback update map at v is a function

0o Xy x ] Vaw — X

a€ln(v)

The global state space is

X::HXE.

veEV

For a global state
x = (x,)pey € X,

the one-step feedback update
F]:'HN X — X

is defined coordinatewise by

(F}'HN(I'))U =Py (xva (aa,v((xu)ueT(a)))aeln(v)) ; velV
The associated discrete-time feedback dynamics is

No acyclicity condition is imposed on the directed hyperarc structure; directed cycles and self-
feedback are permitted.

86



Chapter 4. New Concepts of a SuperHyperGraph

Theorem 4.9.2 (Well-definedness of Feedback HyperNetworks). Fvery Feedback HyperNetwork
FHN

defines a unique global update map
F}'HN X — X

Consequently, for every initial state
z(0) € X,

the discrete-time trajectory
z(t +1) = Frun(z())

is uniquely determined for allt € Ng.

Proof. Let
r = (ﬂfu)vev S X

be arbitrary. By the definition of the product state space, for every u € V,

T, € X,.

Fix v € V. For every a € In(v), one has v € H(a). Hence the message space ), , and the
aggregation map

aa,v : H Xu — ya,v

u€T (a)

are defined. Since

T(a) CV
and x, € X, for every u € T'(a), the restricted tuple

(xu)ueT(a)
belongs to

IT x.

u€T (a)

Therefore

Qg o ((-ru)uET(a)) € ya,v

is uniquely determined.

Since A is finite, the incoming set
In(v)={a€A|lve H(a)}
is finite. Thus the indexed family

(aa,v ((mu)UET(a)) ) a€ln(v)

I Yo

a€ln(v)

is an element of

Also x, € X,,. Hence the argument of

oo Xy ] Vaw — X

a€ln(v)
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is well-defined, and therefore

(Frun (), € X,

is uniquely determined.

Since this holds for every v € V, the family

((FJ:HN<$))U)1,EV

belongs to

HXU:X.

veV

Thus Fryn(z) € X is uniquely determined for every x € X. Therefore
F]:f;.L/\[ X=X

is a well-defined function.

Finally, given z(0) € X, define recursively
z(t+1) == Frun(2(t)).

Since Fryn is a function from X to itself, a straightforward induction on ¢t shows that x(t) € X
is uniquely determined for every ¢ € Ng. O

Definition 4.9.3 (Feedback n-SuperHyperNetwork). Let n € Ny, and let V{ be a finite nonempty
base set. A Feedback n-SuperHyperNetwork over Vj is a feedback dynamical structure

‘FSHN(n) = (‘/7 A7 T7 Ha {XX}X€V7 {ya,X}aeA, X€EH (a) {Oéa,X}aeA7 X€eH (a)s {SOX}XEV)

satisfying the following conditions:

(i)
VPt (W)

is a finite nonempty set of n-supernodes.

(ii) A is a finite set of directed superhyperarc identifiers.

(iif)
T,H:A— PV)\ {0}

are the supertail and superhead maps. Thus, for each a € A, both T'(a) and H(a) are
nonempty finite sets of n-supernodes.

(iv) For every X € V,
Xx #0

is the state space of the n-supernode X.
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(v) For every a € A and every X € H(a),

ya,X 7é @

is the message space from the directed superhyperarc a to the superhead node X.

(vi) For every a € A and every X € H(a),
I H Xy — Vo x
YeT(a)

is a superhyperarc aggregation map.

(vii) For every X € V, define
In(X):={acA| X € H(a)}.

The local feedback update map at X is a function

(pX:XXX H ya,X —>XX

a€ln(X)

The global state space is
xm =TT Xx.

XeVv

For
z = (Tx)xev € X(n)a

the one-step feedback update
Frgyno : XM — x™

is defined by
(Frswunm (w))x =X (va (aa»X((wy)YGT(a)))aeIn(X)> ) XeV
The associated discrete-time feedback dynamics is
l‘(t‘i_l) :F]:S'HN(n)(x(t)), t:0,172,....

No acyclicity condition is imposed; feedback loops among supernodes and superhyperarcs are
allowed.

Theorem 4.9.4 (Underlying directed n-SuperHyperGraph). Let
FSHN™
be a Feedback n-SuperHyperNetwork over V. Define
d(a) :=T(a) UH(a) (a € A),

and set
Ersynm ={0(a) [a € A}.

Then
Und (.7:87-[]\/(")) = (V, Ersppnm)

is a well-defined n-SuperHyperGraph over Vj.
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Proof. By definition of a Feedback n-SuperHyperNetwork,
VP (V).

Thus V is a finite set of n-supernodes over V.

Let a € A. Since
T'(a),H(a) € P(V)\ {0},

both T'(a) and H (a) are nonempty subsets of V. Hence
d(a) :=T(a) U H(a)
is also a nonempty subset of V. Therefore
d(a) € P(V)\ {0}.

Since A is finite,
Ersune ={0(a) [a€ A}

is finite and satisfies
Ersyne P(V) \ {0}
Consequently,
(Vi Erswuno)

satisfies the defining conditions of an n-SuperHyperGraph over Vj. O

Theorem 4.9.5 (Well-definedness of Feedback n-SuperHyperNetworks). Every Feedback n-
SuperHyperNetwork
FSHN™

defines a unique global update map
F}-S’HN(") : X(n) — X(n)

Consequently, for every initial state
z(0) € X",

the discrete-time trajectory
z(t +1) = Frsynm (2(t))

is uniquely determined for all t € Ng.

Proof. Let
z=(rx)xev € X™

be arbitrary. Then, for every Y € V,
Ty € Xy.

Fix X € V. For every a € In(X), one has
X € H(a).

Thus the message space ), x and the aggregation map

Qg x - H Xy — Vo x

YeT(a)
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are defined. Since

T(a)CV
and zy € Xy for every Y € T'(a), the restricted family
(JUY)YeT(a)
belongs to
IT A
Y€eT(a)
Therefore

Qg X ((iUY)YeT(a)) € Vux

is uniquely determined.

Because A is finite,

In(X)={acA| X €H(a)}
is finite. Hence the family

(aa,X ((QUY)YQT(a)) ) a€ln(X)

H ya7X‘

a€ln(X)

is an element of

Also zx € Xx. Therefore the local update

ox (20 (@ox (o )ver)) senen,)

is well-defined and belongs to Xx.

Thus, for each X € V,
(Frsunm (2)) ¢ € Xx

is uniquely determined. Consequently,

Frsynm(x) = ((F]-‘S”HN(")(‘T))X)XeV

belongs to
I xx =x™.

XeVv

Hence
F}-SHN(n) : X(n) — X(n)

is a well-defined function.

Finally, for any initial state
z(0) € XM,

the recursion
z(t +1) = Frsynm (2(t))
defines x(t) € X™ uniquely for every t € Ny by induction on ¢. O

Theorem 4.9.6 (Reduction to Feedback HyperNetworks). Every Feedback 0-SuperHyperNetwork
is a Feedback HyperNetwork whose node set is contained in the base set Vj.
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Proof. For n = 0, one has

PO(Vy) = V.
Hence the condition
VP (W)
becomes
V CV,.

Thus the supernodes are ordinary nodes. The supertail and superhead maps
T,H: A—PV)\{0}

are exactly directed hyperarc tail and head maps on the ordinary node set V. The state spaces,
message spaces, aggregation maps, and local update maps have the same domains and codomains
as in a Feedback HyperNetwork. Therefore the coordinate update formula for

FSHN®

is exactly the coordinate update formula for a Feedback HyperNetwork. O

4.10 Tensor HyperGraphs and Tensor SuperHyperGraphs

Throughout this section, the notions of HyperGraph, n-SuperHyperGraph, and iterated powerset
are assumed to have been fixed earlier. We do not redefine them here.

Notation 4.10.1. For N € N>, write
[N] :={1,2,...,N}.
If V is a finite nonempty set with |V| = N, an indexing of V' is a bijection
t: V. — [N].
For a nonempty subset e CV, define

u(e) :={u(v) | vee} C[N].

Notation 4.10.2 (Tensor normalization factor). Let M € Nxq and let ¢ € {1,...,M}. Define

M
Qpf e = E .
T1,72y...,T¢

T15eTe 21
=M

Equivalently, apy . is the number of ordered M -tuples whose set of distinct symbols is a prescribed
c-element set and in which each of the ¢ symbols appears at least once.

Lemma 4.10.3 (Well-definedness of the normalization factor). For every M € N>y and every
ce{l,..., M}, the number cupr . is a well-defined positive integer.
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Proof. The set of integer c-tuples
(7‘1,...,7“0) GNél with »+--4+r.=M

is finite. For each such tuple, the multinomial coefficient

M B M!
1,7, ..., Ty rilrgl--or,!

is a positive integer. Hence . is a finite sum of positive integers.

Moreover, since ¢ < M, at least one such tuple exists; for instance,
(riy...,re) = (M —c+1,1,...,1)

is admissible. Therefore a; . is positive. O

Definition 4.10.4 (Tensor HyperGraph). Let
H=(V,E)
be a finite HyperGraph with V' # (). Let
M € N>,

be such that
1<le|] <M (e€ E).

Let
L:V — [N], N = V|,

be an indexing of V', and let
w: b — RZO

be a nonnegative weight function. In the unweighted case, one may take w(e) =1 for all e € E.

The order-M Tensor HyperGraph associated with (H, ¢, w) is the tuple
TH™M = (H,1,w, A),

where
A = (ah...iM) & RJZVOXXN

is defined by

iy iy = ;‘;(;zl {ir,. . i =), (... in) € [N]M.

Here 1[P] denotes 1 if the proposition P is true and 0 otherwise.

The tensor A is called the adjacency tensor of TH™M).
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Theorem 4.10.5 (Well-definedness of Tensor HyperGraphs). Let

H=(V,E)
be a finite HyperGraph with V- # (), let M € Ns; satisfy

1<l|e| <M (e€ E),

let v : V — [N] be an indexing, and let

w:E — Ry
be a nonnegative weight function. Then

THM™ = (H,1,w, A)

is well-defined. More precisely, A is a uniquely determined symmetric nonnegative M -th order
tensor of dimension N = |V|.

Proof. Since V is finite and nonempty, N = |V is a positive integer and an indexing
t:V — [N]

assigns a unique tensor index to each vertex of V.

Let
(ila"'viM) € [N]M

be arbitrary. For each e € F, one has
1< le|] <M.

By the previous lemma,

is a well-defined positive integer. Hence
w(e)

QM el

is a well-defined nonnegative real number. The condition

{i1,..,im} = t(e)

is a well-defined statement about two subsets of [N], so the indicator

1{ir,...,im} = t(e)]

is well-defined.

Since F is finite, the sum

is a finite sum of nonnegative real numbers. Therefore
i, iy € Rxo
is uniquely determined for every (i1, ...,iy) € [IN]M.
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Thus
A= (ail---iM) € Rg(TXN

is a uniquely determined nonnegative M-th order tensor.

Finally, let ™ be any permutation of {1,..., M}. Since

{izqys - iz} = {1, im ),

the defining formula gives
Qi 1yeimary — Qinoing
Hence A is symmetric. Therefore the Tensor HyperGraph
TH™M = (H,1,w, A)

is well-defined. O

Definition 4.10.6 (Tensor n-SuperHyperGraph). Let V; be a finite nonempty base set, and let
S™ = (V,E)
be a finite n-SuperHyperGraph over Vg, with V # (). Let
M € N34

be such that
1<|e| <M (e € E).

Let
t:V — [N], N = V|,

be an indexing of the n-supervertices, and let
w: B — RZO

be a nonnegative superedge weight function.

The order-M Tensor n-SuperHyperGraph associated with (S("), t,w) is the tuple
TSH™M = (Vo, 8™, 1, w, A),

where
A = (ail...iM) S RIEV(TXN

is defined by

iy i = 1[{i1,...,iM}:L(E)], (Zl,,'lM) € [N]M
Here
we):={u(X) | X €e} C[N].
The tensor A is called the adjacency tensor of TSH™M).
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Theorem 4.10.7 (Well-definedness of Tensor n-SuperHyperGraphs). Let
S™ = (V,E)

be a finite n-SuperHyperGraph over a finite nonempty base set Vo, with V- # (). Let M € Ny,

satisfy
1<le| <M (e € E),

let
t:V — [N], N = V|,

be an indexing of the n-supervertices, and let
w:FE — Ry
be a monnegative superedge weight function. Then
TSH™™ = (Vo, 8™, 1,0, A)

is well-defined. More precisely, A is a uniquely determined symmetric nonnegative M -th order
tensor of dimension N = |V|.

Proof. Because S = (V, E) is an n-SuperHyperGraph over V;, the set V is a finite set of
n-supervertices and every € € E is a nonempty subset of V. Since V' # (), the integer

N =|V]

is positive, and the indexing

t:V — [N]

assigns a unique tensor index to each n-supervertex.

Let

be arbitrary. For every ¢ € E, one has
1<|e] < M.

Hence, by the normalization lemma,
QM el

is a well-defined positive integer. Therefore

is a well-defined nonnegative real number.

The set
ue) ={uX) | X ee}

is a well-defined nonempty subset of [IN], and the condition
{il, e ,’L.M} = L(E':)
is therefore a well-defined proposition. Consequently, each summand

wie)

1{i1,...,in} = t(e)]
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is a well-defined nonnegative real number.

Since F is finite, the sum

iy = 3 WE) (i, i) = u(e)]

cer M el
is finite and uniquely determined. Thus
A= (ail---iM) € Rg(TXN

is a well-defined nonnegative M-th order tensor.

To prove symmetry, let 7 be a permutation of {1,..., M}. Since
{2.7((1), ceey Zﬂ—(M)} = {ila e ,iM},
the defining indicator has the same value before and after the permutation of indices. Hence

Qiryiinary — Figoing

Therefore A is symmetric.
Thus all components of

TSH™™ = (Vy, 8™, 1,0, A)

are well-defined, and the adjacency tensor is uniquely determined. O

Theorem 4.10.8 (Reduction to Tensor HyperGraphs). A Tensor 0-SuperHyperGraph is pre-
cisely a Tensor HyperGraph whose vertex set is contained in the base set Vj.

Proof. For n = 0, one has

PO (Vo) = Vo
Hence the condition that
SO = (V,E)
is a 0-SuperHyperGraph over V) means precisely that
VW
and
ECPWV)\{0}.

Thus S is an ordinary HyperGraph on the vertex set V.

The indexing
t:V —[N],

the weight function

w: B — RZO’
and the tensor formula

w(e)

Qiy.ipg = Z —=1[{iy, ..., i} = t(e)]

ecFE anle‘

are exactly the same as in the definition of a Tensor HyperGraph. Therefore a Tensor 0-
SuperHyperGraph is precisely a Tensor HyperGraph whose vertex set is contained in V. O
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4.11 Semantic HyperNetworks and Semantic SuperHyperNetworks

A semantic network represents knowledge as nodes and labeled links, capturing concepts, rela-
tionships, inheritance, and reasoning structure in machine-readable form (cf. [337-340]). Through-
out this section, the notions of Semantic Network, HyperNetwork, n-SuperHyperGraph, and
iterated powerset are assumed to have been fixed earlier. We do not redefine them here.

Notation 4.11.1. For a set X and k € N>y, write
XE = {(z1,...,24) € X* | 3; # x; whenever i # j}.

Thus X% is the set of ordered k-tuples of pairwise distinct elements of X .

Definition 4.11.2 (Semantic type frame). A semantic type frame is a tuple
6= (Ta Ra ar, Siga Qa I’Ta IR)

satisfying the following conditions:
(i) T is a nonempty set of semantic types.

(ii) R is a nonempty set of relation symbols.

(iii)

ar: R — N34

assigns an arity to each relation symbol.

(iv) For every r € R, if

then
sig(r) = (11,...,7%) € T"

is the semantic type signature of r.

(v) Q # () is a universe of meanings.

(vi)
Ir: T = P(Q)\ {0}

assigns to each semantic type a nonempty set of admissible meanings.

(vii) For every r € R, if
sig(r) = (71, .-+, Tk),

then
IR(T‘) - IT(Tl) X - X IT(Tk)

is the semantic interpretation of r.
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Definition 4.11.3 (Semantic HyperNetwork). Let
S = (T,R,ar,sig,Q, Zr,Ir)
be a semantic type frame. A Semantic HyperNetwork over & is a finite structure
SHN = (V, A, 7,1, A\ 1)

satisfying the following conditions:

(i) V is a finite nonempty set of semantic nodes.

(ii) A is a finite set of semantic hyperrelation identifiers.

(iii)
TV =T

assigns a semantic type to each node.

u:V—=Q

assigns a meaning to each node, and it satisfies

p(v) € Ir(r(v))  (veV).

A A= R

assigns a relation symbol to each semantic hyperrelation identifier.

(vi) For every a € A, if
ar(A(a)) =k and sig(A(a)) = (115, Tk),

then

and

(vii) For every a € A, if
ta) = (v1,...,05),

then the semantic compatibility condition
(1(v1),-- s p(vr)) € Ir(A(a))
holds.
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For a € A with
ta) = (v,...,01),

define its underlying unordered hyperincidence set by

d(a) :=A{vy,...,v} C V.

Theorem 4.11.4 (Well-definedness of Semantic HyperNetworks). Fvery Semantic HyperNet-
work

SHN = (‘/7 A7 T, U, )‘7 [‘)

over a semantic type frame & determines a well-defined finite semantic hypernetwork. In par-
ticular, its underlying incidence structure

Und(SHN) := (V, Esun)

with
Esun :={0(a)[a€ A}

is a finite HyperNetwork incidence structure, namely

Esun € P(V)\ {0}.

Proof. Let a € A. Since
AA—=>R

is a function, A(a) € R is uniquely determined. Hence
k:=ar(A(a)) € N>y
is uniquely determined. By definition of a Semantic HyperNetwork,
t(a) = (vy,...,v;) € VE,
Thus vy, ..., v, are pairwise distinct elements of V. Since k > 1, the set
d(a) = {vy,..., v}

is a nonempty subset of V. Therefore

d(a) € P(V)\ {0}.

Since A is finite, the family
Esyn = {B(a) ’ a € A}

is finite. Hence
Esyn CP(V)\ {0}.

Thus the underlying incidence structure is a finite HyperNetwork incidence structure.

It remains to verify that the semantic data are well-defined. For each v € V, the type 7(v) € T
and the meaning u(v) € € are uniquely determined because 7 and p are functions. The condition

u(v) € Ir(r(v))
ensures that every node meaning belongs to the interpretation of its assigned type.
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For each a € A, the relation symbol A(a), its arity, and its type signature are uniquely deter-
mined. If

ta) = (vy,...,01),
then the type compatibility condition gives
Tw)=7 (G=1....k),

where
sig(A(a)) = (11, -+, Tk)-
Therefore
(1(v1), - ooy p(or)) € Zr(ma) X -+ X Iy (7).
The additional semantic compatibility condition states precisely that

(1(v1)s -y p(og)) € Ir(A(a)).

Thus every semantic hyperrelation occurrence has a well-defined arity, well-defined ordered ar-
guments, well-defined node meanings, and a well-defined relation interpretation.

Consequently, all structural and semantic components of
SHN = (V, A, 1,1, A\ 1)

are well-defined. O

Definition 4.11.5 (Semantic n-SuperHyperNetwork). Let
S = (T,R,ar,sig,Q, Zr,Ir)

be a semantic type frame. Let V|, be a finite nonempty base set, and let n € Ny. A Semantic
n-SuperHyperNetwork over (Vj, &) is a finite structure

SSHN™ = (V, A, 7, 1, A\, 1)
satisfying the following conditions:
(i)
0#V CP™(V).

The elements of V' are called semantic n-supernodes.

(ii) A is a finite set of semantic superhyperrelation identifiers.

(ii)
T V=T

assigns a semantic type to each semantic n-supernode.
(iv)
V=90
assigns a meaning to each semantic n-supernode, and it satisfies
W(X) € Ir(r(X)) (X eV).
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(v)
AN A= R

assigns a relation symbol to each semantic superhyperrelation identifier.

(vi) For every a € A, if
ar(A(a)) =k and sig(A(a)) = (T1,...,7k),

then
va) = (Xy,...,X;) € VE

and

(vii) For every a € A, if

then

For a € A with
ta) = (Xq,..., Xp),

define its underlying unordered superhyperincidence set by

da) == {X.,....X;} C V.

Theorem 4.11.6 (Well-definedness of Semantic n-SuperHyperNetworks). Fvery Semantic n-
SuperHyperNetwork
SSHN™ = (VA 7, Ay e)

over (Vo, &) determines a well-defined finite semantic superhypernetwork. In particular, its
underlying incidence structure

Und(SSHN™) = (V, Essynm)

with
Essyno :={0(a) |a€ A}

is a finite n-SuperHyperGraph over Vj.

Proof. By definition,
V CP™(Vy).

Thus every element of V is an n-level object over the base set V. Hence V is a well-defined
finite set of semantic n-supernodes.

Let a € A. Since A is a function, the relation symbol
Aa) ER
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is uniquely determined. Therefore
k = ar(\(a)) € Nx;
is uniquely determined. By the incidence condition,
v(a) = (Xy,...,X;) € VE
Thus X, ..., X} are pairwise distinct elements of V. Since k > 1, the set
0(a) ={X1,..., Xy}
is a nonempty subset of V. Hence

d(a) € P(V)\ {0}.

Since A is finite,
Essynm ={0(a) |a€ A}
is finite. Therefore
Esspnm P(V) \ {(b}

Combining this with
V CP"(W),

we obtain that
(‘/7 Egg;.w(m)

satisfies the incidence conditions of a finite n-SuperHyperGraph over V.

It remains to check semantic well-definedness. For each X € V, the values
7(X)eT and p(X)e
are uniquely determined because 7 and p are functions. The condition
u(X) € Ty (r(X)

ensures that every semantic n-supernode has an admissible meaning for its assigned type.

For each a € A, the relation symbol \(a), its arity, and its type signature are uniquely deter-
mined. If

sig(A(a)) = (11,...,7%) and i(a) = (Xq,...,Xk),
then the type compatibility condition gives
7(X;) =7 (j=1,...,k).
Therefore
((X1), .o (Xi)) € Iy (1) X -+ X Iy (7).
The semantic compatibility condition further gives

(M(Xl)’ e M(Xk)) € IR()‘(Q))

Thus every semantic superhyperrelation occurrence has a well-defined ordered argument tuple,
a well-defined type signature, and a well-defined semantic interpretation.

Consequently,
SSHN™ = (V, A, 7, 1, A\, 1)

is a well-defined semantic n-SuperHyperNetwork. O
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Theorem 4.11.7 (Reduction to Semantic HyperNetworks). A Semantic 0-SuperHyperNetwork
over (Vo, &) is exactly a Semantic HyperNetwork whose semantic node set is contained in Vj.

Proof. For n = 0, one has

PO(Vo) = Vo
Therefore the condition
V CPOVy)
is precisely
V CV,.

Thus the semantic O-supernodes are ordinary semantic nodes selected from the base set V.

All remaining components

A7T’/‘L7)\7L

have exactly the same domains, codomains, and compatibility conditions as in the definition of
a Semantic HyperNetwork. Moreover, for

ta) = (v1,...,v1),

the underlying incidence set
d(a) ={v1,..., v}

is an ordinary hyperedge on V. Hence the semantic and incidence structures coincide with those
of a Semantic HyperNetwork whose node set is contained in V. O

4.12 Open-Incidence n-SuperHyperGraphs

An open-incidence n-SuperHyperGraph represents n-supervertices and superhyperedges using
incidence pins whose endpoints may remain temporarily unresolved during construction or anal-
ysis. A Vertex-Revealing Edge-Growth n-SuperHyperGraph evolves through time by resolving
open incidence pins into existing or newly created n-supervertices progressively and dynamically.
Throughout this section, the notions of n-SuperHyperGraph and iterated powerset are assumed
to have been fixed earlier. We do not redefine them here.

Definition 4.12.1 (Open-incidence n-SuperHyperGraph). Let Vj be a finite nonempty base set
and let n € Ny. Put
U, :=P" (Vo).

Let
1¢0U,

be a distinguished symbol, interpreted as an unresolved incidence endpoint.

An open-incidence n-SuperHyperGraph on Vj is a quintuple
S = (V)Evp)ﬂ-Eyﬂ-V)
satisfying the following conditions:
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VCcu,

is a finite set of n-supervertices.
(ii) F is a finite set of superhyperedge identifiers.

(iii) P is a finite set of pins, also called incidence tokens.

g P—F
assigns each pin to the superhyperedge to which it belongs.

mv:P—=Vu{l}

assigns each pin either to a resolved n-supervertex in V' or to the unresolved symbol L.

(vi) For every e € F, its pin-set
P, :=7.'(e)

is finite and nonempty.

(vii) For every e € E, the restriction

™ )IPe\ﬂ";l(_L)—>V

ViPAryt (L
is injective.

The last condition means that a resolved n-supervertex cannot occur twice inside the same
superhyperedge, while several unresolved pins may coexist.

Definition 4.12.2 (Realized incidence and status of a superhyperedge). Let
S= (V7E7P77TE>7TV)

be an open-incidence n-SuperHyperGraph on V. For e € E, define the realized incidence of e
by
Incs(e) :={my(p) eV |peP, my(p)# L} CV.

The superhyperedge e is called:

(a) closed if
mv(p) €V for every p € P,;

(b) partially open if
my(p) =L for at least one p € P,.
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The whole open-incidence n-SuperHyperGraph is called closed if every superhyperedge is closed.

Remark 4.12.3 (Closed realization). If
S = (V)Evp)TrEvﬂ-V)
is closed, then
Incs(e) e P(V)\ {0} (e€ E).

Hence

CI(S) := (V, {Incs(e) | e € E})

is an n-SuperHyperGraph on V. Thus an open-incidence n-SuperHyperGraph is an incidence-
token presentation of an n-SuperHyperGraph in which some incidences may remain unresolved.

Definition 4.12.4 (Vertex-revealing edge-growth n-SuperHyperGraph). Let Vj be a finite nonempty
base set, let n € Ny, and put
U, :=P" (V).

Let T be either Ny or a linearly ordered time set. A wvertex-revealing edge-growth n-SuperHyper Graph
on V; is a time-indexed family

S = (St) St = (V;aEhPt),]rE,ta’]TV,t))

teT’
such that each S; is an open-incidence n-SuperHyperGraph on V{, and each transition
St — Sﬁ—

is obtained by a finite composition of the following elementary operations.

(A) Sprouting a partially open superhyperedge. Choose a nonempty finite set
SCV,

and an integer € Ny. Introduce a new superhyperedge identifier
e¢ E,

and new pins

{pX‘XES}U{qh?qr}

disjoint from P;. Define
Et+ = Et U {6}7

Pt+ Z:PtU{pX‘XES}U{qh'"?qr}a

and set
TR+ (pX) =€, TV, t+ (px) =X (X € 5)7

Tp+(4;) = ¢ Ty (q;) = L (j=1,...,7).

All previously existing vertices, superhyperedges, pins, and map values are kept unchanged.

(B) Growing a superhyperedge by adding an unresolved pin. Choose an existing su-
perhyperedge
e c Et
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and introduce a new pin
q¢ P

Define
‘/t+ = ‘/;, Et+ = Et7 Pt+ :PfU{q},

and set

et (q) = e, e (q) = L.

All previous map values are kept unchanged.

(C) Resolving an unresolved incidence. Choose a pin
p € Pt Wlth ﬂ-V,t (p) = J_,

and put

e:=7g+(p).

The pin p is resolved by one of the following two operations.

(C1) Revealing a new n-supervertex. Choose
Xnew S Un \ ‘/t

Set
‘/t+ = Vvt U {Xnew}7 Ty, ¢+ (P) = Xnew~

All other components and map values are kept unchanged.

(C2) Attaching to an existing n-supervertex. Choose
X €V; suchthat X ¢ Incg,(e).
Set
Ty, t+ (p) = X.

All other components and map values are kept unchanged.

In every case, the condition

‘/tJrgUn

must be preserved. The operation is called vertez-revealing because an unresolved incidence may
be resolved either by attaching it to an existing n-supervertex or by creating a new n-supervertex
from the ambient universe U,,.
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4.13 HyperGraph-Encoded Maps and SuperHyperGraph-Encoded Maps

Throughout this section, the notions of Graph-Encoded Map, HyperGraph, n-SuperHyperGraph,
and iterated powerset are assumed to have been fixed earlier. We do not redefine them here.

Notation 4.13.1 (Support of a hyperedge family). Let
H=(V,E)
be a HyperGraph. Define the support of H by

Supp(H) := U eCV.

ecE

If Supp(H) =V, then H is called edge-covering.

Definition 4.13.2 (HyperGraph-Encoded Map). Let
H=(V,E) and K= (W,F)
be HyperGraphs. A HyperGraph-FEncoded Map from H to K is a tuple
M = (H» K,0, {‘Pe}eeE)
satisfying the following conditions:

(i)
0:F—F

assigns to each source hyperedge e € E a target hyperedge 6(e) € F.

(ii) For each e € F,
e 1 e — B(e)

is a local map from the vertices incident with e to the vertices incident with the target
hyperedge 6(e).
(iii) The local maps are overlap-compatible: for all e,e¢’ € E and all v € eNé’,

pe(v) = @er (V).

The map 6 is called the edge-encoding map, and the family

{pe:e—b(e)}eer
is called the local vertex-encoding family.
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Theorem 4.13.3 (Well-definedness of HyperGraph-Encoded Maps). Let
M = (H,K,0,{¢}ccr)
be a HyperGraph-Encoded Map from
H=(V,E) to K= (W,F).

Then there exists a unique map
Do Supp(H) - W

such that
Pri(v) = @e(v)

whenever e € E and v € e. Moreover, for every e € I,
Dpq(e) Ch(e).
In particular, if H is edge-covering, then ®nq is a well-defined map

Proof. Let
v € Supp(H).

By definition of support, there exists at least one hyperedge e € E such that
v E e.

Define
D (v) 1= @e(v).

We must show that this definition is independent of the choice of e.

Suppose that e,¢’ € E both contain v. Then
veene.
By the overlap-compatibility condition,
Pe(v) = @er (V).
Hence the value ® ,((v) is independent of the chosen hyperedge. Therefore
Dy :Supp(H) = W

is well-defined.

For each e € E and each v € e, the local map satisfies

ve(v) € 6(e).

Since
Pa(v) = @e(v),
we obtain
D (v) € 6(e) (v €Ee).
Thus

D (e) ={Ppm(v) |veEer Ch(e).
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Uniqueness follows immediately. If
U Supp(H) - W

also satisfies
U (v) = pe(v)

for every e € E and v € e, then for every v € Supp(H) one may choose e € E with v € e, and
obtain

V(v) = @e(v) = Pp(v).
Therefore U = ® .

Finally, if H is edge-covering, then
Supp(H) =V,

so the same construction gives a well-defined map

Notation 4.13.4 (Support of a superhyperedge family). Let
S™ = (V,E)
be an n-SuperHyperGraph. Define

Supp (") U eCV.

eck

If
Supp(S™) =V,

then 8™ is called superedge-covering.

Definition 4.13.5 (SuperHyperGraph-Encoded Map). Let
SM™ = (V,E)

be an n-SuperHyperGraph over a finite nonempty base set V, and let
T = (W, F)

be an m-SuperHyperGraph over a finite nonempty base set Wy. A SuperHyperGraph-Encoded
Map from S™ to TU™ is a tuple

N = (S(n)a T(m)a @7 {/IJZ}E}EEE)
satisfying the following conditions:

(i)
©.F—>F

assigns to each source superhyperedge € € E a target superhyperedge O(¢) € F.
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(ii) For each € € F,
Ve e — O(e)

is a local map from the n-supervertices incident with € to the m-supervertices incident with

O(e).

(iii) The local maps are overlap-compatible: for all €,¢’ € E and all
X eene,

one has

¢5(X) = %/(X)

The map O is called the superedge-encoding map, and the family

{te 16 = O(e)}eer

is called the local supervertex-encoding family.

Theorem 4.13.6 (Well-definedness of SuperHyperGraph-Encoded Maps). Let
N = (8™, T, 0,{¢.}en)
be a SuperHyperGraph-Encoded Map from
S™ = (V,E)

to

T = (W, F).

Then there exists a unique map
W Supp(S(”)) - W

such that

whenever ¢ € B and X € €. Moreover, for every e € E,
Up(e) CO(e).
In particular, if S™ is superedge-covering, then
Uy : VoW

is a well-defined map from the n-supervertex set of S™ to the m-supervertex set of T ™).

Proof. Let
X e Supp(S(")).

Then there exists at least one superhyperedge € € F such that

X €e.

Define

We prove that this value is independent of the chosen superhyperedge.
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Suppose that
X eene

for some ¢,¢’ € E. By overlap-compatibility,
Go(X) = u(X).
Hence ¥, (X) is independent of the choice of e. Therefore
Wy Supp(S(")) - W
is well-defined.

For every € € F, the local map has codomain
O(e) CW.

Thus for every X € ¢,
Y:(X) € ©(e).

Since
U (X) = 9 (X),
we have
U (X) € O(e) (X €e).
Consequently,

Up(e) ={Pn(X) | X €} CO(e).

Uniqueness is immediate. Let

A Supp(S(”)) — W

be another map satisfying
\Ij/(X ) = . (X )

whenever X € €. For any
X e Supp(S(")),

choose € € E such that X € . Then
U'(X) =1.(X) = Up(X).

Hence
U =Wy,
If S™ is superedge-covering, then
Supp(S(")) =V
Therefore the induced map is a well-defined map
Up:V—>W.

Theorem 4.13.7 (Reduction to HyperGraph-Encoded Maps). Ifn = m = 0, then a SuperHyperGraph-
Encoded Map from
S = (V,E)

to

TO = (W F)
is exactly a HyperGraph-Encoded Map between the corresponding HyperGraphs.
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Proof. For n =0 and m = 0, one has
P (Vo) = Vo, P (W) = W

Hence the elements of V and W are ordinary vertices, while the elements of F/ and F' are ordinary
hyperedges. The superedge-encoding map

©O:FE—F
is therefore an ordinary hyperedge-encoding map, and each local map
Ve 1€ — O(e)

is a local map between ordinary hyperedges.

The overlap-compatibility condition
P (X) = v (X) (X eene)

is precisely the compatibility condition in the definition of a HyperGraph-Encoded Map. There-
fore the two notions coincide when n = m = 0. O

4.14 Ultra-SuperHyperGraph

An Ultra-SuperHyperGraph is a finite well-founded ranked incidence structure over a cumula-
tive supervertex hierarchy. Unlike ordinary n-SuperHyperGraphs, whose superedges are incident
only with rank-homogeneous supervertices, an Ultra-SuperHyperGraph allows a higher-rank su-
peredge to be incident with lower-rank supervertices and lower-rank superedges themselves. The
strict rank-decreasing incidence condition preserves well-foundedness and prevents circular edge-
to-edge incidence. Thus ordinary n-SuperHyperGraphs are recovered as the rank-homogeneous
vertex-only special case, while Ultra-SuperHyperGraphs retain non-flattened cross-rank and
edge-to-edge incidence information.

Definition 4.14.1 (Cumulative supervertex hierarchy). Let V; be a nonempty finite base set.
Define
Uo(Vo) :=A{(0,2) |z € Vo}.

For r» > 0, define recursively

U<, (Vo) := U Ui (Vo),

i=0
and

UT+1(V0) = {(’I” +1, A) | A Chin UST(VE))}'

An element of U,(V}) is called a rank-r cumulative supervertex over V.

Definition 4.14.2 (Ultra-SuperHyperGraph). Let V, be a nonempty finite base set and let
R € Ny. An R-rank Ultra-SuperHyperGraph over Vj is a tuple

L[ - (‘/Oa (VT)OSTSRa (gs)lgngJrl) 8)7
satisfying the following conditions.
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1. For each 0 < r < R,
v, CU, (Vo)

is a finite set. Its elements are called rank-r ultra-supervertices.
2. Foreach 1 < s < R+ 1, &, is a finite set. Its elements are called rank-s ultra-superedges.

3. The sets
Vo,...,VR,gl,. "7€R+1

are pairwise disjoint.

4. Put
Voor= | Ve o= &

0<r<s 1<t<s

For each 1 < s < R+ 1, the incidence map is a function
85 . ES —> PEH(V<SUS<S),
where U denotes disjoint union and

Pi (X)) ={ACX|0<|A| <0}

5. Equivalently, every ultra-superedge is incident only with strictly lower-rank objects. That is,
if e € & and z € J4(e), then

p(z) <s,
where
r, zZ€V,,
A =
p( ) { t, S 575-

R R+1

V) =Jv, &= JE.

Theorem 4.14.3 (Well-definedness). Let Vi be a nonempty finite set and let R € Ny. Every
R-rank Ultra-SuperHyper Graph

U= (%7 (Vr)OgrgR; (55)1§5§R+17 8)

is a well-defined finite ranked incidence structure. Moreover, its edge-to-edge incidence relation
s acyclic.

Proof. Since Vj is finite, Ug(Vp) is finite. Suppose that U<,.(V}) is finite. Then
U1 (Vo) ={(r+1,4) | A Cpn U<, (Vo) }

is finite, because the finite powerset of a finite set is finite. Therefore, by induction, every U,.(V)
with 0 < r < R is finite.
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Each V, C U,(Vp) is finite by definition, and each & is finite by assumption. Hence
V(LHUE(U)

is finite.

For each e € &, the incidence set
65 (6) € 7ny;n (V<SU€<S)

is a nonempty finite set of lower-rank objects. Thus the incidence relation is well defined.

Finally, if €’ € d,(e) N &, then t < s. Therefore, along any edge-to-edge incidence chain
g —> €1 —> €y —> -,
the edge rank strictly decreases:
pleq) > pler) > p(ez) > - - .

Since the ranks lie in the finite set {1,..., R + 1}, such a chain cannot be infinite and cannot
contain a cycle. Hence the edge-to-edge incidence relation is acyclic. O

Theorem 4.14.4. Every finite n-SuperHyperGraph is representable as an Ultra-SuperHyperGraph.

Proof. Let
SHG™ = (V,E,0)

be a finite n-SuperHyperGraph over V{), where
V C P (Vy), 0:E—P(V).

Define maps

recursively as follows:

Jo(z) := (0, 2) (x € W),
and
Jii1(4) = (k +1,{Ji(a) | a€ A}) (A C P*(Vp)).
Now define an Ultra-SuperHyperGraph 4 by
Y, = J.[V], Vei=0 (r+#n),
and introduce a tagged copy
Eny1:=1{c|e€ E}, E=0 (s#n+1).

For each € € &,,1, define

Ont1(€) == {Jn(v) | v € O(e)}.
Since d(e) # 0, the set d,,1(€) is nonempty. Moreover every element of ,,1(€) has rank n,
while € has rank n + 1. Hence the rank-decreasing condition is satisfied.

The incidence relation is preserved because
vedle) <= J,(v)€ dpii(e).

Thus the given n-SuperHyperGraph is recovered as the rank-homogeneous, vertex-only special
case of an Ultra-SuperHyperGraph. O

115



Chapter 4. New Concepts of a SuperHyperGraph

Example 4.14.5 (Edge-to-edge and mixed-rank incidence). Let

Vo = {a,b}.
Put
u=(0,a), v =(0,b),
and
w = (1, {u,v}).
Set
Vo = {u, v}, YV, = {w}.
Let
51 = {61}, 52 = {62}.
Define
oi(e1) = {u,v},
and

Oa(e2) = {e1, w, u}.

Then e, is a rank-1 ultra-superedge incident with two atomic vertices, while e, is a rank-2 ultra-
superedge incident with the lower-rank edge e;, the rank-1 supervertex w, and the rank-0 vertex
U.
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Conclusions

This book has revisited several notions from graph theory and hypergraph theory and reformu-
lated them within the framework of SuperHyperGraphs. In particular, it has introduced and
discussed a variety of concepts related to SuperHyperGraphs, with the aim of presenting them
in a mathematically coherent and structurally consistent form.

By extending familiar graph-theoretic and hypergraph-theoretic ideas to settings involving nested
supervertices, superhyperedges, and higher-order incidence relations, this book contributes to
the further development of SuperHyperGraph theory. The results and definitions presented here
are mainly theoretical, but they may provide a useful foundation for future work on structural
parameters, algorithms, computational experiments, and practical modeling applications.

Since many aspects of SuperHyperGraph theory remain open, further investigation is still needed.
Possible directions include deeper studies of connectivity, cycles, domination-type parameters,
width parameters, optimization problems, and applications to hierarchical networks, complex
systems, data science, and higher-order relational modeling. It is hoped that the concepts dis-
cussed in this book will stimulate additional theoretical, computational, and applied research on
SuperHyperGraphs and their extensions.

We also hope that further research will be conducted on the relationships with related structures
such as HyperStructures [341H343], Hv-Structures [344-346], higher-order networks [108}[347]
348], HyperFuzzy Sets [349-351], SuperHyperFuzzy Sets [?,?,352-354], SuperHyperStructures
[102,355], and SHv-Structures [3564[357].
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authors and do not necessarily reflect the viewpoints of their affiliated institutions.
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