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Abstract

Hypergraphs generalize ordinary graphs by allowing an edge to join an arbitrary nonempty subset
of the vertex set. Iterating the powerset construction further yields nested, higher-order vertex
objects and leads to finite SuperHyperGraphs, in which both vertices and edges may themselves
be set-valued across multiple layers. Despite their expressive power, systematic investigations
of SuperHyperGraph properties and parameters remain comparatively limited. In this book,
we introduce and study several graph classes of Intersection SuperHyperGraphs, providing a
unified framework for intersection-based constructions at higher levels. We also develop and
analyze derived notions of SuperHyperGraph labeling, extending classical labeling paradigms
to the superhypergraph setting. The present volume continues and expands the line of work
initiated in [1].
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Chapter 1

Introduction

1.1 Graph, HyperGraph, and SuperHyperGraph

Network models are classically expressed by graphs, in which objects are represented by vertices
and binary relationships by edges [2]. While this abstraction is effective for pairwise interactions,
it becomes restrictive when the underlying system exhibits simultaneous interactions among three
or more entities. Hypergraphs resolve this limitation by permitting each hyperedge to join an
arbitrary nonempty subset of vertices, thereby representing higher-order relations directly [3].

Even so, many real-world datasets and engineered systems display relationships that are not only
higher-order but also layered, nested, and intrinsically hierarchical. To capture such multi-level
incidence patterns, F. Smarandache introduced the notion of a SuperHyperGraph. Informally, a
SuperHyperGraph is built via iterative powerset-based constructions, which allow vertices (“su-
pervertices”) themselves to be set-valued objects and enable edges to encode nested connectivity
across multiple levels [41/5]. Consequently, SuperHyperGraphs have recently attracted growing
attention in both theory and applications [6-11].

Graphs and hypergraphs also provide transparent visual metaphors for complex systems and
support a broad spectrum of applications in artificial intelligence, network science, data mining,
informatics, chemistry, physics, and related fields [12H14]. By explicitly incorporating hierarchical
and multi-level relationships, SuperHyperGraphs offer a flexible framework for modeling and
analyzing intricate structures in modern networked data (e.g., [15-24]).

Table highlights the essential differences among graphs, hypergraphs, and superhypergraphs.
Throughout this book, n denotes a natural number unless stated otherwise.

A more concrete, side-by-side comparison of graphs, hypergraphs, and n-superhypergraphs is
given in Table
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Table 1.1.: Key distinctions among graph, hypergraph, and superhypergraph.

Concept Notation Edge Family Core Extension Prin-
ciple
Graph [2] G=(V,E) E C {{u,v} |u,v eV, u#v}  Edges encode pairwise

(binary) relations be-
tween vertices.

Hypergraph [25] H= (V&) ECPV)\{0} Hyperedges may join
any nonempty sub-
set of vertices, encod-
ing higher-order inter-
actions.

Superhypergraph [4] SHG™ = (Vy,V,E) V CP™(V;), ECP(V)\{0} Uses an n-fold power-
set hierarchy to repre-
sent nested and multi-
level incidence pat-
terns.

Notation. P(X)={A|AC X}, and P°(X) = X, P*1(X) = P(P*(X)).

Table 1.2.: A concrete comparison of graphs, hypergraphs, and n-superhypergraphs.

Aspect Graph G = (V, E) Hypergraph H = (V, &) n-Super HyperGraph
SHG™ = (V, V. E)

Vertices veV veV z eV CP™(Vy) (nested
supervertices allowed)

Edges Ec(}) £CP(V)\ {0} ECP(V)\{0}

Incidence veEe vEe reEe

Adjacency (typ.) {u,v} € £ Jee&:{u,v}Ce JeeE:{z,y}Ce

One edge encodes pairwise relation multiway relation multiway relation among
supervertices

Distance (typ.) shortest-path Berge / primal super-Berge / primal

Use (typ.) binary links higher-order groups hierarchical / nested inci-
dence

Notation. P°(X) = X and P*(X) = P(P*(X)).
1.2 Intersection graphs

Graph structures and graph classes constitute a central topic in graph theory [26]. Among
them, intersection graphs play a prominent role: each vertex represents a set, and two vertices
are adjacent precisely when the corresponding sets intersect [27,28]. This viewpoint yields
many well-studied graph classes, including interval graphs [29,/30], mixed interval graphs [31}
32|, proper interval graphs [33,/34], weighted interval graphs [35,36], unit disk graphs [37H39)],
and polygon-circle graphs [40]. Intersection graphs model systems where objects overlap: in
biology, they link proteins sharing interaction partners; in scheduling [41,/42], they represent
tasks sharing time/resources; in networks, they capture shared channels or frequencies, enabling
efficient coloring and conflict-free allocation [43./44]. Moreover, the intersection-graph paradigm
has been extended using hypergraphs and superhypergraphs, leading to natural higher-order
and hierarchical generalizations [45]. We also briefly examine Complez-intersection graphs and
multidimensional intersection graphs as subclasses of intersection graphs in the Appendix.

1.3 Graph Labeling

Graph labeling assigns values to vertices and/or edges under specified constraints, encoding
structure for optimization, identification, frequency assignment, symmetry breaking, and com-
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Chapter 1. Introduction

binatorial analysis [46,47]. As examples of graph labeling, various schemes are well known,
including harmonious labeling [48,|49], graceful labeling [50,51], magic labeling [52}/53], distance
labeling [54-56], and prime labeling [57]. A closely related notion is graph coloring [58-63|,
which may be viewed as a labeling that assigns colors to vertices (or edges) under adjacency
constraints. Moreover, these ideas naturally extend beyond graphs: by replacing edges with
hyperedges or superedges, one obtains the corresponding notions of hypergraph labeling [64-66]
and SuperHyperGraph labeling.

1.4 Owur Contributions

In view of the above, a systematic study of SuperHyperGraphs and of topics related to intersec-
tion graphs is of considerable importance. Nonetheless, compared with the extensive literature
on classical graph and hypergraph invariants, research focusing specifically on SuperHyperGraph
properties and SuperHyperGraph parameters remains relatively limited. Accordingly, in this
book we define and investigate several graph classes of Intersection SuperHyperGraphs. More-
over, we will conduct analogous research on derived notions of SuperHyperGraph labeling. The
present book continues and expands the line of work initiated in [1]. As a further reference, an
overview of intersection graphs, intersection hypergraphs, and intersection n-SuperHyperGraphs
is provided in Table Moreover, an overview of labeling frameworks for graphs, hypergraphs,
and SuperHyperGraphs is provided in Table

Table 1.3.: Brief overview of intersection graph, intersection hypergraph, and intersection n-
SuperHyperGraph constructions.

Intersection n-
SuperHyperGraph

Item Intersection Graph Intersection HyperGraph

Input data A family of nonempty sets A family of nonempty sets A family of nonempty

S ={5,....%}tina S = {5,....,5.} in a nlevel objects S =
universe U universe U {X1,..., X} with X; €
PV 10}

Vertices Indices [m] = {1,...,m} Indices [m]={1,...,m} The n-supervertices
(or equivalently the sets V = {X1,...,Xn} C
$) Pr(Vh)

Edge / (hyper)edge {i,j} is an edge iff S; N I C [m]isa hyperedge iff & C V is a superedge iff

rule S; #0 | >2and N;c; Si #0  |e| >2and Ny X #0

What one
(hyper)edge
encodes

Output structure

A pairwise nonempty in-
tersection

Simple graph IG(S) =
(V. E)

A common intersection of
a subfamily

Hypergraph IH(S) =
(V,€)

A common intersection of
a subfamily of nested ob-
jects
n-SuperHyperGraph
ISHG™(S) = (V, E)

Notation. P(X) is the powerset of X, and P°(X) = X, P*T1(X) = P(P*(X)).
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Table 1.4.: Concise overview of labeling frameworks for graphs, hypergraphs, and SuperHyper-

Graphs.
Structure Objects labeled Incidence / adjacency Typical labeling schema
used in constraints ingredients
Graph la- Vertices and/or Adjacency uv € E and graph Predicates built from wv €
beling edges of a simple distance distg(u,v) E, distg, (in)equality or arith-
graph G = (V, E) metic on labels, and quan-
tification over V and F
(e.g. proper coloring, L(h, k),
magic, graceful).
Hypergraph  Vertices and/or hy- Incidence v € e; option- Predicates built from v €
labeling peredges of a hyper- ally the primal graph Pr(H) e, and (optionally) distp,m);
graph H = (V,€) (2-section) and its distance includes genuine hypergraph
distpr (g constraints (e.g. strong hyper-
edge coloring, incidence-based
restrictions, vertex—hyperedge
coupling).
SuperHy- n-supervertices Incidence & € € between su- Predicates built from x € ¢,
perGraph and/or n- pervertices z € V and su- distances in Pr(SHG™), and
labeling superedges of an peredges € € E; typically the (optionally) level-n structural

n-SuperHyperGraph
SHG™ = (V, E)

primal graph Pr(SHG"™) and
distp, spam)

features of nested objects (e.g.
inclusion relations, sizes/flat-
tenings of constituents, aggre-
gation across superedges).




Chapter 2

Preliminaries

This chapter establishes notation and reviews the fundamental structures used throughout the
book.

2.1 SuperHyperGraphs

Classical graph theory models a system of vertices linked by edges, and studies connectivity,
structural invariants, and algorithmic problems motivated by mathematics, computer science,
and many applied domains [2]. A hypergraph broadens this framework by allowing a single edge to
connect an arbitrary nonempty subset of the vertex set; hence it is well suited to represent intrin-
sically multiway interactions (e.g., relations of arity greater than two) [31|67]. Such higher-order
relations have become especially prominent in contemporary learning and modeling pipelines,
including neural architectures that directly leverage hypergraph incidence patterns [3,68-71].

By iterating the powerset operation, one can also permit nested set-valued entities at the vertex
level. This leads to finite SuperHyperGraphs, in which both vertices and edges may occur at
multiple levels of set nesting [72,/73]. Such hierarchical representations arise naturally in layered
or multiscale relational settings, for instance in molecular design, complex-network analysis, and
neural-network modeling, among other applications [8}/16,74-78]. Several related generalizations
have also been investigated, including Directed SuperHyperGraphs [7980] and MetaSuperHyper-
Graphs [81]. Unless stated otherwise, the index n in P™(-) and in the term n-SuperHyperGraph
always denotes a nonnegative integer.

Definition 2.1.1 (Base set). A base set S is the ambient universe of discourse:
S = {z |z is an admissible object in the context under consideration }.

All sets in P(S) and in the iterated powersets P"(S) are ultimately formed from elements of S.

Definition 2.1.2 (Powerset). (see [82]) For a set S, the powerset of S is
P(S) = {A|ACS}.
In particular, ) € P(S) and S € P(S).
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Definition 2.1.3 (Hypergraph). [25,83] A hypergraph is a pair H = (V, E) such that:
e V is a finite set of vertices, and
e FE is a finite family of nonempty subsets of V', called hyperedges.

Thus, a hyperedge may contain more than two vertices, capturing genuinely multiway relations.

Example 2.1.4 (Real-life example of a hypergraph). Consider the problem of organizing uni-
versity courses and student enrollments. Let V' be the set of all students in a department. For
each course c, define a hyperedge

e. := {s €V |sisenrolled in course ¢ }.

Then H = (V, E), where E = {e, : ¢ is a course}, is a hypergraph. Each hyperedge represents
a multiway relation: all students jointly participating in the same course.

Definition 2.1.5 (Iterated powerset and flattening). [84] Let V; be a finite nonempty set.
Define P°(V,) := Vj and
PEE (Vo) = P(P" (W)  (k=0).

For each k£ > 0, define the flattening map
Flaty, : P*(Vo) \ {0} — P(Vo) \ {0}
recursively by

Flato(x) := {2} (x € Vo),  Flatey,(X) = | J Flaty(¥Y) (X € PH(Vy)\ {0}).

YeX

Example 2.1.6 (Iterated powerset and flattening). Let Vg := {a,b,c}. Then
P(Vo) = {a,b,c}, P (Vo) =P(Vo),  P*(Vo) = P(P(Vp))-

Level k = 0. For x = b € V}, by definition
Flato(b) = {b} C V.

Level k = 1. Take the 1-level object Y := {a,c} € P(V;) \ {0}. Then
Flat,(Y) = U Flato(y) = Flato(a) U Flatg(c) = {a} U{c} = {a, c}.

yeYy

Level k = 2. Consider the 2-level object

X = {{a},{b,c}} € P*(Vy) \ {0}.

Using the recursion,

Flato(X) = | J Flat,(Y) = Flat, ({a}) U Flat, ({b, c}) = {a} U {b, c} = {a,b,c}.

YeX

Hence X “flattens” to the base-level subset {a,b,c} C V.

10
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Definition 2.1.7 (n-SuperHyperGraph). (see [4]) Let Vj be a finite, nonempty base set. Define
P'(Vo):=Vo, P VG) :=P(P*(Vo)) (keN).
For n > 0, an n-SuperHyperGraph on V, is a pair
SHG™ = (V, E)

such that
VCP™(Vy) and ECPV)\{0}.

Elements of V' are called n-supervertices, and elements of E are called n-superedges (that is,
each n-superedge is a nonempty subset of V).

Example 2.1.8 (Two real-world examples of n-SuperHyperGraphs). We present two concrete
scenarios in which nested entities and higher-order relations arise naturally and can be modeled
as n-SuperHyperGraphs.

(1) Healthcare delivery: patients, care-teams, and multi-team treatment pathways.
Let V4 be a finite set of atomic individuals, e.g.,

Vo = {Alice, Bob, Dr. Chen, Nurse D., Therapist E., Pharmacist F.,. .. }.

A care-team is a subset of Vj (doctors, nurses, and staff assigned to a case), so care-teams lie in
P(Vo) = PY(Vh). A multi-disciplinary consortium (e.g. a tumor board plus rehabilitation unit
plus pharmacy panel) is a set of care-teams, hence an element of P(P(Vg)) = P*(V,). Thus,

taking n = 2, we may define a 2-SuperHyperGraph SHG® = (V, E) by letting
V S PAV)

be a collection of such consortia (each consortium is a set of teams), and letting each superedge
e € ECP(V)\ {0} represent a treatment pathway stage that requires the joint participation of
several consortia (for example, a stage combining (i) a surgery consortium, (ii) an oncology con-
sortium, and (iii) a discharge-planning consortium). In this model, a single superedge captures
a multiway coordination among nested objects (consortia of teams of individuals), which is not
naturally expressible in an ordinary graph or hypergraph.

(2) Software engineering: services, components, and nested dependency governance.
Let Vj be a finite set of atomic software artifacts [85], such as repositories, modules, or packages:

Vo = {auth-lib, payments-api, ui-kit, db-migrator, . .. }.

A component is a set of artifacts, so components live in P (V) = P*(V). A service is commonly
a set of components (e.g. an API service consisting of an authentication component, a logging
component, and a storage component), hence a service is an element of P(P(Vb)) = P3(Vp).
Taking n = 2, define V' C P?(V;) to be a set of services (each service is a set of components), and
define superedges E C P(V)\ {0} by declaring that e = {S1,...,S,} € E whenever the services
Si,...,S, must be governed or updated together (e.g. a coordinated release, a shared security
patch window, or a joint compliance change). Then SHG® = (V, E) records dependencies and
coordination requirements at the level of nested service structures rather than at the level of
individual repositories.

In both examples, P™(V;) naturally captures nested aggregation (individuals — teams — consor-
tia, or artifacts — components — services), while superedges capture higher-order coordination
among these nested objects.

11
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2.2 Intersection SuperHyperGraph

In an intersection graph, vertices stand for sets and adjacency encodes nonempty pairwise inter-
section [27]. In an intersection hypergraph, hyperedges represent subfamilies with a nonempty
common intersection [86-88]. An intersection superhypergraph extends this idea to nested set-
valued vertices, with superedges determined by nonemptiness of the overall intersection at the
chosen nesting level.

Definition 2.2.1 (Intersection graph). [27] Let U be a universe and let S = {Si,...,S,,} be
a finite family of nonempty subsets of U. The intersection graph of S is the simple graph

IG(S) = (V,E), Vi={1,...,m},
whose edges encode pairwise nonempty intersections:
{i,j}€E <= i#j and S;NS; #0.

Equivalently, vertices correspond to members of S and two vertices are adjacent exactly when
the corresponding sets intersect.

Example 2.2.2 (Intersection graph). Let the universe be U = {1,2, 3,4} and let
8 - {51,52, 53}, Sl - {1,2}, S2 - {2,3}, Sg, - {4}

Then S; NSy = {2} # 0, while S; 1S3 = () and Sy N S3 = (). Hence the intersection graph
IG(S) = (V, E) has
vV =1{1,2,3}, E={{1,2}}.

That is, the only edge joins the vertices corresponding to S; and Sj.

Definition 2.2.3 (Intersection hypergraph). Let U be a universe and let S = {S1,...,S,,} be
a finite family of nonempty subsets of U. The intersection hypergraph of S is the hypergraph

H(S) = (V,&), V=A{1,...,m},
with hyperedge family
E = {IQV: |I| > 2 and ﬂSi;é@}.
iel

Thus a hyperedge I represents a subfamily {.S;},c; having a nonempty common intersection.

Example 2.2.4 (Intersection hypergraph). Let U = {a,b,c} and
S = {Sl, 52753}, Sl = {a, b}, SQ = {b, C}, Sg = {b}

Then every pair intersects (all pairwise intersections contain b), and moreover the triple inter-
section is

Therefore the intersection hypergraph IH(S) = (V, €) has
VvV ={1,2,3}, &={{1,2},{1,3},{2,3},{1,2,3}}.
In particular, {1, 2,3} is a hyperedge because S;, Sy, S3 share a common element b.

12
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Remark 2.2.5 (Relation to the intersection graph). The 2-uniform truncation of IH(S) coincides
with IG(S):
{i,j} € E(IG(S)) <= {i,j} € E(IH(S)).

Hence, IG(S) captures only pairwise intersections, whereas IH(S) captures common intersections
of arbitrary size.

Definition 2.2.6 (Intersection n-SuperHyperGraph). Let V; be a base universe and fix an
integer n > 1. Let S = {X;,..., X,,} be a finite family of nonempty n-level objects

X, e PV \{0} (1 <i<m),

so that each X; is an n-supervertex candidate. The intersection n-SuperHyperGraph generated
by S is the n-SuperHyperGraph

ISHG™(S) := (V,E), V:={X,...,X,,} CP"(V),

whose n-superedge family is

E = {5§V: le] > 2 and ﬂX#@}.

Xee

Accordingly, a superedge € is present precisely when the corresponding supervertices admit a
nonempty common intersection (taken in the usual set-theoretic sense at level n).

Example 2.2.7 (Intersection n-SuperHyperGraph). Take n = 1 and the base universe V, =
{1,2,3}. Consider the family of nonempty 1-level objects (ordinary subsets of V)

S ={X,, Xy, X3} C P (V) \ {0}, X, ={1,2}, X,=1{2,3}, X;3={2}.

Then X; N Xy, N X3 = {2} # ), and all pairwise intersections are also nonempty. Thus the
intersection 1-SuperHyperGraph ISHG"(S) = (V, E) has

V= {X17X25X3}7 E= {{XlaXQ}a {X17X3}>{X27X3}5{X15X27X3}}-

In particular, the superedge {X;, X5, X3} exists because the three supervertices share the com-
mon element 2 in V.

Remark 2.2.8 (Compatibility with the hypergraph case). If n = 1 and X; = S; C V, are ordi-
nary subsets, then ISHG") (8) is an intersection structure whose vertices are the sets themselves.
After identifying each set S; with its index 4, Definition [2.2.6] reduces to Definition [2.2.3

Remark 2.2.9 (A size-reduced variant). Since E may be very large, a common simplification
is to retain only the inclusionwise maximal superedges:

Epax = {e € E: thereisno e’ € F with e C £'}.

This produces a smaller, albeit coarser, representation of common intersections.

13






Chapter 3

Results: Some Classes of Intersection Su-
perHyperGraphs

Many graph notions and classes are known for intersection graphs. The same is true for in-
tersection hypergraphs, and it is therefore natural to expect that analogous extensions can be
formulated within the framework of SuperHyperGraphs. Accordingly, in this chapter we define
several graph classes of intersection SuperHyperGraphs and provide brief explanations of each.

3.1 Interval SuperHyperGraphs

Interval graphs form a classical family of intersection graphs: each vertex is modeled by an in-
terval on a line, and adjacency encodes nonempty overlap of the corresponding intervals [89H91].
Related concepts are also known, such as proper interval graphs [92,93]. An interval hyper-
graph represents vertices by real intervals, and forms each hyperedge from intervals having a
nonempty common intersection [94H97]. An interval n-superhypergraph uses nested superver-
tices represented by interval families, and defines superedges when represented families intersect
nonemptily.

Let (X, <) be a finite linearly ordered set. For a,b € X with a < b, define the (closed) order-
interval
[a,b]x == {zreX: a<z=<b}

A subset I C X is called an interval (in (X, <)) if I = [a,b]< for some a < b. We recall the
standard definition below [29,30,98].

Definition 3.1.1 (Interval graph). [29,30] An interval graph is an undirected graph G = (V, E)
for which there exists a family of real intervals {I,},cy such that two distinct vertices u,v € V
are adjacent exactly when their intervals overlap:

{u,v} e E <— IL,NI, #0.

Equivalently,
EG) = {u,v} CV: usv, I,NI, #0}.

15
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Example 3.1.2 (Interval graph). Let V = {u, v, w, z} and assign to each vertex a real interval
I, =11,4], I, = [3,6], I, =1[5,7], I, =18,9].
Define G = (V, E) by the overlap rule in Definition (Interval graph). Then
I,NI,=[3,4#0, I,NI,=][56]#0,
while I, NI, = () and I, is disjoint from all other intervals. Hence

E = {{u,v},{v,w}},

so (G is an interval graph consisting of the path u—wv—w plus an isolated vertex .

Definition 3.1.3 (Interval hypergraph). A (finite) hypergraph is a pair H = (V, £), where V is
a finite set and & C P(V) \ {0}. We call H an interval hypergraph if there exists a linear order
= on V such that every hyperedge e € £ is an interval in (V| <), i.e.,

Ve € € Jae,b. €V (a. < b. and e = [a., be]<).

Equivalently, H is interval if there exists an injective map f : V' — R such that for each e € £
there is a real interval I, C R with

e={veV: f(v) e L}

Example 3.1.4 (Interval hypergraph). Let V = {1,2,3,4,5} with the natural order 1 < 2 <
3 <4 < 5. Consider the hyperedge family

S = {61,62,63}, e = {1, 2,3}, €y = {3,4}, €3 = {2,3,4,5}
Each hyperedge is an order-interval:
61:[1,3}57 €y = [374]57 €3 = [2,5]5

Therefore H = (V, ) is an interval hypergraph.

Definition 3.1.5 (Interval n-SuperHyperGraph). Fix n > 1 and a finite linear order (Vp, <).
Let V.C P"(Vp) \ {0} be a finite set of n-supervertices. Let J be a finite family of nonempty
intervals in (Vp, <).

For each J € J define the corresponding n-superedge
ey = {XeV:sup,(X)NJT#0} CV.

Set
E :={e;: JeJ} C P(V)\{0}.

Then SHG™ := (V, E) is called an interval n-SuperHyperGraph (represented on (Vp, <)).
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Example 3.1.6 (Interval n-SuperHyperGraph). Take n = 1 and let V; = {1,2,3,4,5} with
the natural order <. Let the 1-supervertex set be

V={X1, X, X3, X4} CPVo)\ {0}, Xi={1}, X,={2,3}, X5={4}, X,={5}.
(Here supp, (X) = X for n = 1.) Let 7 = {J1, J,} be the family of intervals
Jp = [2,4]< ={2,3,4}, Jy = [4,5]< = {4,5}.
For each J € J, define the corresponding superedge e; = {X € V: X NJ # (}. Then
ey, = {Xo, X3} since XoNJy={2,3}#0, XznJ, = {4} #0,

and

ey, = { X3, Xy} since X3nNJy,= {4} # 0, XynJp= {5} # 0.
Hence the interval 1-SuperHyperGraph SHG!") = (V, E) has
E= {5J1a5J2} = {{X27 X3}v {X37 X4}}7

which is an interval 1-SuperHyperGraph represented on (15, <).

Definition 3.1.7 (Primal graph of an n-SuperHyperGraph). Let SHG™ = (V,E) be an n-
SuperHyperGraph. Its primal graph (or 2-section) is the simple graph

Pr(SHG™) = (V,F), ({X,Y}€F <= X #Y and 3e€ E with {X,Y} Ce.

Theorem 3.1.8 (Interval n-SuperHyperGraphs generalize interval hypergraphs and interval
graphs). Fizn > 1.

1. (Interval hypergraphs embed.) Every interval hypergraph is isomorphic to an interval
n-SuperHyperGraph.

2. (Interval graphs arise as primal graphs.) For every interval graph G there exists an
interval n-SuperHyperGraph SHG™ such that Pr(SHG(")) ~@.

Proof. (1) Let H = (Vj, £) be an interval hypergraph. Thus there exists a linear order < on Vj
such that each e € & is an interval in (Vf, <). Define the n-supervertex set

Vo= {w(v): veVp} € P*(W),
and take J := &. For each e € £, by supp,,(t,(v)) = {v} we obtain
ge ={tn(v) €V : supp,(tn(v))Ne#0} ={1,(v): vEE}

Hence the bijection ¢ : V' — Vj given by ¢(t,(v)) = v maps each e, to e. Therefore ¢ is a
hypergraph isomorphism from the interval n-SuperHyperGraph (V,{e. : e € £}) onto H.

(2) Let G = (U, F) be an interval graph with an interval model {I, C R : u € U}. Let A
be the set of all endpoints of the I, listed increasingly as A = {a; < -+ < a,,}. For each
k=1,...,m —1 choose a point p € (ax,ar,1), and set

% = AU {plv v )pm71}7
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ordered by the usual order on R (denote it again by =<). For each u € U define the discretized
trace

S, = I,NVy C V.

By construction, for distinct w, v € U one has
I,NI,#0) < S,NS,#0,

because any nonempty intersection contains either a common endpoint in A or a nontrivial
overlap inside some (ay, ax;1) and hence contains the chosen py.

Now define an interval n-SuperHyperGraph as follows. For each u € U set
Xy = { () : teS,} € P"(Vy)\ {0},

and let V := {X, : w € U}. A direct induction on n gives supp,,(X,) = S,. Take the family of
base intervals

J = {{t}: t eV},
and form E = {ey : t € V} as in Definition Then for distinct u,v € U,

{X,, X,} € BE(Pr(SHG™)) <= JteVy: {X,, X,} Ceqn

<= supp,,(X,) Nsupp,(X,) #0 < S.NS, #0.

By the equivalence above, this holds if and only if I, N I, # 0, i.e., if and only if {u,v} € F.
Therefore the bijection u +— X, is a graph isomorphism G = Pr(SHG™). O

3.2 Permutation graphs

Permutation graphs admit several equivalent characterizations. One may describe them via
inversions in a permutation, or geometrically as intersection graphs of straight-line segments
joining two parallel lines [99H102]. A permutation hypergraph represents vertices by permuta-
tion segments, and forms hyperedges from subfamilies whose segments share a common inter-
section [103,/104]. A permutation n-superhypergraph uses nested supervertices represented by
permutation-segment families, and adds superedges for common intersections.

Definition 3.2.1 (Permutation graph). [99/101,102] Let G = (V, E) be a graph with |V| = n.
We call G a permutation graph if there exists a permutation 7 of {1,2,...,n} and a labeling
V ={1,2,...,n} such that, for any distinct 7,j € V with i < j,

{i,jle E <<= =(i)>n(j).

That is, two vertices are adjacent precisely when they form an inversion in 7.

Equivalently, G is the intersection graph of a collection of line segments drawn between two
parallel lines, where each vertex corresponds to one segment and two vertices are adjacent if and
only if the corresponding segments intersect.
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Example 3.2.2 (Permutation graph). Let V = {1,2,3,4} and take the permutation
™= (3,1,4,2), ie, w(1)=3, 7(2)=1, n(3) =4, n(4) =2.

Define G = (V, E) by the inversion rule in Definition (Permutation graph): fori < j, {i,j} € E
iff (i) > w(j). The inversions are

(L2)B>1), (L4 B>2), (3,4) (4>2),
and there are no other inversions. Hence

E = {{1,2},{1,4},{3,4}}.

Therefore G is a permutation graph realized by .

Definition 3.2.3 (Permutation hypergraph associated with (G, 7)). Let G = (V, E) be a finite
hypergraph with V' = {v1,...,v,} and E C P(V)\ {0}. Let 7 be a permutation of [n].

Take two vertex-disjoint isomorphic copies G; = (Vi, E;) and Gy = (Va, Es) of G via bijections
w; V=V, (i=1,2), and set

By = {{p1(v), pa(ve(i)} ¢ 0 € [n]}.
The permutation hypergraph of G defined by 7 is
Gﬂ— = (‘/1 U‘/Q, E1 UE2 UE3)

(Thus Ej is a perfect matching between the two copies, realized as 2-element hyperedges.)

Example 3.2.4 (Permutation hypergraph associated with (G,7)). Let G = (V, E) be the
hypergraph with
V:{’Ul,’UQ,'Ug}, E: {61762}, €1 :{Ul,UQ}, 62:{’02,’03}.

Let 7 be the transposition 7 = (2,1,3) on [3]. Form two disjoint copies G; = (V1, E1) and
Gy = (Va, Es) using bijections ¢ (v;) = a; and ¢5(v;) = b;. Then

‘/1 = {a17a27a3}7 ‘/2 = {b17b27b3}7
El = {{a17a2}7{a27a3}}7 E2 = {{blvbQ}v {b27b3}}‘
Moreover,
Es = {{aivbﬂ(i)} EAS [3}} = {{alab2}7{a27b1}’{a37b3}}‘
Thus the permutation hypergraph G is

G.= ViUV, E\UE,UE;3),

i.e., it consists of the two copied hypergraphs together with the perfect matching 3 between
them.

Definition 3.2.5 (Permutation n-SuperHyperGraph associated with (SHG("), 7)). Let n > 0

and let SHG™ = (V, E) be an n-SuperHyperGraph, i.e., V is the set of n-supervertices and
E CP(V)\ {0} is the family of n-superedges. Fix an ordering V' = {z1,...,2,,} and let 7w be
a permutation of [m].

Take two vertex-disjoint isomorphic copies SHG™ = (V;, E,) and SHGYY = (Va, E,) via bijec-
tions ¢; : V = V; (i = 1,2), and set

By = {{tn(2:), Ya(ri)} ¢ i € [m]}.
The permutation n-SuperHyperGraph of SHG™ defined by 7 is

(SHG™) = (V1UV,, E1UE,U Ej).
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Example 3.2.6 (Permutation n-SuperHyperGraph associated with (SHG(”)7 7)). Take n =1
and let SHG! = (V, E) be the 1-SuperHyperGraph with

V = {%1,332,.’133}, E= {51752}7 €1 = {1’1,:1:2}, €2 = {.TQ,.’I}?,}.

Let 7 = (2,3,1) be a permutation of [3]. Construct disjoint copies SHG\" = (V;, E;) and
SHG! = (Va, Es) via
¢1($i) = Di, ¢2(xi) =4 (fL = ]-a 253)
Then
‘/1 :{plap27p3}7 ‘/2:{(117(12#13}7

E, = {{p1,p2}7 {Pmps}}, E, = {{QDQQ}y{Q%QB}}-
The matching superedge family is

Es = {{pi,a=y} 1 i € 3]} = {{p1, @2}, {p2> s}, {ps- . } }-

Hence the permutation 1-SuperHyperGraph is
(SHGW) = (ViUVa, By UE,U Ej),

namely, two copies of SHGW together with the cross-copy perfect matching determined by 7.

Theorem 3.2.7 (Permutation n-SuperHyperGraphs generalize the graph and hypergraph cases).
Let n = 0.

1. If G = (V,E) is a (crisp) hypergraph and 7 is a permutation of V, then Definition m
produces exactly the permutation hypergraph G of Definition .

2. If G = (V,E) is a (simple) graph (so E C (‘2/)) and 7 is a permutation of V', then Defini-
tion[3.2.5 produces the usual Chartrand-Harary permutation graph construction: two disjoint
copies of G plus a perfect matching specified by .

Hence, permutation n-SuperHyperGraphs strictly extend both permutation graphs (in this con-
structional sense) and permutation hypergraphs.

Proof. For n = 0, a 0-SuperHyperGraph is precisely a hypergraph: its vertex set V' consists of
atomic vertices and its edge set satisfies E C P(V) \ {0}.

(1) Apply Definition with n = 0. The construction takes two disjoint copies of (V, E)

and adds the matching family Fs5 consisting of 2-element edges {vgl),vf(i

Definition (up to renaming the copy maps), so the resulting hypergraphs are isomorphic.

y}. This is exactly

(2) If G is a graph, then every hyperedge in F; U Fs has size 2, and every matching edge in Fs
also has size 2. Thus the output of Definition is again a (simple) graph on 2|V/| vertices
obtained from two disjoint copies of G by adding a perfect matching prescribed by 7, which is
precisely the Chartrand—Harary permutation graph construction.

Therefore, permutation 0-SuperHyperGraphs include permutation hypergraphs, and restricting
further to 2-uniform edges recovers the permutation graph construction. O
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3.3 Grounded graphs

A grounded intersection graph is obtained from geometric objects that are required to touch
(be anchored on) a fixed line, while adjacency is still determined by geometric intersection
of the objects [105]. A representative and well-studied example is the class of grounded L-
graphs [106-108]. In the same spirit, one may define grounded L-hypergraphs by recording
common intersections of multiple curves, and grounded L-n-SuperHyperGraphs by allowing n-
supervertices while using the same intersection-driven rule to generate superedges.

Fix the grounding line
0 = {(z,0) eR*: z €R}

(the z-axis).

Definition 3.3.1 (Grounded L-curve). A grounded L-curve is a rectilinear set L C R? of the
form

L = V(bjh) U H(b,h,\),
where b € R, h € Ryg, A € Ry, and
V(b,h) := {(b,y) : 0 <y <h}, H(b,h,A) := {(z,h):b<x<b+ A}

The point (b,0) € £ is called the base point (or grounding point) of L.

Example 3.3.2 (A grounded L-curve). Take b =1, h = 3, and A = 2. Then
V(1,3) ={(Ly): 0<y <3}, H(1,3,2)={(z3): 1<z <3},

and the grounded L-curve is
L = V(1,3)UH(1,3,2).

Its base point is (1,0) € £.

For a family {L,},cx of subsets of R? and ¢ C X, write

L(e) = () L.

xree

Grounded intersection models.

Definition 3.3.3 (Grounded L-graph). Let L = {Ly,...,L,} be a family of grounded L-
curves. The grounded L-graph associated with L is the simple graph G(L) = (V, E) defined
by

V:{Ul,...,’()m}, {vi,vj}EE <~ Z#] and LZOLJ#Q
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Example 3.3.4 (A grounded L-graph). Let L = {L;, Lo, L3} be grounded L-curves with pa-
rameters

L =V(0,2)UH(0,2,3), Ly=V(1,3)UH(1,3,2), L3=V(4,1)UH(4,1,1).

Then L; N Ly # () because the vertical arm of Ly meets the horizontal arm of L, at (1,2), while
L is disjoint from both L; and L,. Hence the grounded L-graph G(L) has vertex set {vy, v, v3}

and edge set
E(G(L)) = {{v1,v2}},

i.e., it is a single edge plus an isolated vertex.

Definition 3.3.5 (Grounded L-hypergraph (canonical intersection form)). Let X be a finite set.
A hypergraph H = (X, ) is called a grounded L-hypergraph if there exists a family of grounded
L-curves {L,},cx such that

£ = {ng; e[ > 2 and L(e);«é@}.

Thus each hyperedge is exactly a subfamily of curves having a nonempty common intersection.

Example 3.3.6 (A grounded L-hypergraph). Let X = {a,b,c} and represent its elements by
grounded L-curves

L,=V(0,2)UH(0,2,4), L,=V(1,3)UH(1,3,2), L.=V(2,2) UH(221).

Then L, N Ly # 0 at (1,2), L, N L. # 0 at (2,2), and L, N L. = () since L, runs along height
3 and its vertical arm is at * = 1, whereas L. lies at height 2 with vertical arm at x = 2.
Moreover,

L.,NLyNL,=0,

because any point common to L, must have y = 3 or x = 1, while any point common to L. must
have y = 2 or x = 2, which cannot happen simultaneously. Therefore the canonical grounded

L-hypergraph H = (X, ) has
& ={{a,b},{a,c}},

i.e., exactly the two 2-element hyperedges corresponding to the nonempty pairwise intersections.

Definition 3.3.7 (Grounded L-n-SuperHyperGraph). Fix n € Ny and let SHG™ = (V, E) be
an n-SuperHyperGraph, i.e.,

VAV P (W), 0#ECPV)\{0},

for some finite base set V. We call SHG™ a grounded L-n-SuperHyperGraph if there exists an
injective map
p:V — {grounded L-curves in R*}

such that the superedges are precisely the intersecting subcollections:

E = {egV: e[ > 2 and ﬂp(w);ﬁ@}.

xree

In this case, p is called a grounded L-representation of SHG™.

22



Chapter 3. Results: Some Classes of Intersection SuperHyperGraphs

Example 3.3.8 (A grounded L-n-SuperHyperGraph). Let V; = {1,2,3} and take n = 1.
Consider the 1-supervertex set

Vo= {{1}{2}.{2,3}} < P(W).
Define an injective grounded L-representation p : V' — {grounded L-curves} by
p({1}) =V(0,2)UH(0,2,3),  p({2}) =V(1,3)UH(1,3,2),  p({2,3}) = V(2,2)UH(2,2,2).

Then p({11)Mp({2}) # D at (1,2), and p({1})1p({2,3}) # Dat (2,2), while p({2})1({2,3}) =
(). Also, the triple intersection is empty: p({1}) N p({2}) N p({2,3}) = 0. Hence the grounded
L-1-SuperHyperGraph SHG™" = (V, E) determined by Definition has

E o= {{{1},{2}}, {{1}.{2:3}}} < P(V)\ {0},

i.e., it has exactly two superedges, each recording a nonempty intersection of the corresponding
represented curves.

Definition 3.3.9 (Primal graph (2-section)). For an n-SuperHyperGraph SHG™ = (V, E), its
primal graph (or 2-section) is the simple graph

Pr(SHG™) := (V, F), {z,y} € F <= z#y and Je € F with {z,y} Ce.

Theorem 3.3.10 (Grounded L-n-SuperHyperGraphs subsume the graph and hypergraph cases).
Fizn € Ny and let L = {Ly,..., Ly} be a family of grounded L-curves.

1. (Graphs via primal graphs). There exists a grounded L-n-SuperHyperGraph SHG™ such
that
Pr(SHG™) = G(L),

where G(L) is the grounded L-graph from Definition[3.3.5,

2. (Hypergraphs as the n = 0 case). The canonical grounded L-hypergraph H(L) =
(Im), £(L)) defined by

(L) = {TCm]:|T|>2 and (\Li#0}

is a grounded L-0-SuperHyperGraph in the sense of Definition[3.5.7

Proof. Let Vo :=[m] = {1,...,m}. Define the iterated singleton embedding by

Lo(2) =1, tep1() :=={w (i)} (k>0).
Set
Vo= (1), .. tn(m)} S P™(Vo), p(t,(i)) == L.

Define
E = {EQV: le| > 2 and ﬂp(:{:)#(b}

rEe

Then SHG™ := (V, E) is an n-SuperHyperGraph and is grounded L-n by Definition m
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(1) For distinct 4, j € [m], the vertices ¢, (i) and 1, (j) are adjacent in Pr(SHG™) iff there exists
e € E with {¢,,(7),tn(j)} C €, which (by the definition of E) holds iff

p(tn(i)) N p(n(j) #0 = LiNL; £0.

This is exactly the adjacency rule for G(L). Hence the bijection v; — ¢, (i) is a graph isomor-
phism G(L) = Pr(SHG™).

(2) When n = 0, we have V = {1,...,m}, and the same construction gives

E={TCm]:|T|>2 and (L #0}=2(L).

€T

Thus ([m],E(L)) is precisely the grounded L-hypergraph of Definition viewed as a 0-
SuperHyperGraph. O

Remark 3.3.11 (Recovering the graph exactly as a 2-uniform model). If one replaces F by its
2-uniform subfamily

E® .= {{x,y}QV: x#y and p(w)ﬁp(y)#@)},

then (V, E®?) is a (simple) graph isomorphic to the grounded L-graph G(L).

3.4 Ray intersection models

Ray graphs form a geometric intersection class in which vertices are represented by planar rays
(half-lines), and adjacency records whether the corresponding rays intersect [109-113]. In the
same spirit, one may define a ray hypergraph by taking hyperedges to be exactly those subfamilies
of rays having a nonempty common intersection, and a ray n-SuperHyperGraph by allowing n-
supervertices (nested objects) while still generating superedges by nonempty common intersection
of the associated rays.

Definition 3.4.1 (Ray in the plane). A ray in R? is a set of the form
R(p,d) := {p+td: t€[0,00)},

where p € R? is the apexr and d € R* \ {0} is the direction vector. Two rays R, R’ intersect if
RN R #0.

Definition 3.4.2 (Ray graph). [109,113] A graph G = (V, E) is a ray graph if there exists a
collection R = {R, },cv of rays in R? such that for any distinct u,v € V,

{u,v} e E < R,NR, #0.

Equivalently, G is the intersection graph of R.

For a family {R, }.cx of subsets of R? and ¢ C X, write

R(e) := ﬂRx.

xree
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Definition 3.4.3 (Ray hypergraph (canonical intersection form)). Let X be a finite set. A
hypergraph H = (X, ) is called a ray hypergraph if there exists a family of rays { R, },cx in R?
such that

£ = {ng: e[ > 2 and R(e);é(l)}.

Thus the hyperedges are precisely the subfamilies of rays having a nonempty common intersec-
tion.

Definition 3.4.4 (Ray n-SuperHyperGraph). Fix n € Ny and a finite base set V;. Let SHG™ =
(V, E) be an n-SuperHyperGraph, i.e.,

VAV P (), ECPV)\{0}
We call SHG™ a ray n-SuperHyperGraph if there exists an injective map
p:V — {rays in R*}
such that the superedge family is exactly the set of intersecting subcollections:

E = {szV: le] > 2 and ﬂp(x)%@}

xree

In this case, p is called a ray representation of SHG™.

Definition 3.4.5 (Primal graph (2-section)). For an n-SuperHyperGraph SHG™ = (V, E), its
primal graph is the simple graph

Pr(SHG™) := (V, F), {z,y} € F <= x#y and Je € E with {z,y} Ce.

Theorem 3.4.6 (Ray n-SuperHyperGraphs generalize ray graphs). Fiz n € Ny. If G =
(Va, Eg) is a ray graph, then there exists a ray n-SuperHyperGraph SHG™ = (V,E) such
that

Pr(SHG™) = G.

Hence the ray-intersection graph class embeds into ray n-SuperHyperGraphs via the primal-graph
reduction.

Proof. Since G is a ray graph, there exists a family of rays { R, },ev,, in R? such that, for distinct
u,v € Vg,
{u,v} € Eq <= R,NR, #0.

Let Vj := Vg and define the iterated singleton embedding t(v) := v and t41(v) = {x(v)}.
Set
Vo= {w(v) :v e Vg CPH(V), p(tn(v)) == R,.

Define
E = {sQV: le| > 2 and ﬂp(w)#@}

rEe

Then SHG™ = (V, E) is a ray n-SuperHyperGraph by Definition

Now take distinct u, v € Vi. In Pr(SHG™), the vertices ¢, (1) and ¢,(v) are adjacent iff there
exists € € E with {¢,(u),t,(v)} C &, which holds iff

pltn(w) Np(ty(v)) #0 <= R,NR, #0 <— {u,v} € Eg.
Therefore u > 1, (u) is an isomorphism G 2 Pr(SHG™). O
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3.5 String intersection models

String graphs are among the most flexible geometric intersection classes: vertices are represented
by simple planar curves (“strings”), and adjacency records whether two curves meet [114-120]. In
the same spirit, a string hypergraph represents vertices by planar curves and takes hyperedges to
be exactly those subfamilies having a nonempty common intersection (cf. [121]). Finally, a string
n-SuperHyperGraph allows n-supervertices (nested objects) while still generating superedges by
common intersection of the associated strings.

Definition 3.5.1 (String (simple planar curve)). A string in R? is a set C' C R? that is the
image of a continuous injective map v : [0, 1] — R?; that is,

C =~([0,1]).

Equivalently, a string is a Jordan arc (it has no self-intersections). Two strings C, C" intersect if

cNnC' #0.

Definition 3.5.2 (String graph). (cf. [114,/115]) A graph G = (V, E) is a string graph if there
exists a family of strings C = {C, },cv in R? such that for any distinct u,v € V,

{u,v} e E <= C,NC,#0.

Equivalently, G is the intersection graph of C.

Remark 3.5.3 (Optional general-position assumptions). Many works additionally impose a
general-position condition, e.g. forbidding triple intersections (no point lies on three strings).
A 1-string representation requires that any two strings intersect at most once; a I1-string graph
is a string graph admitting such a representation. These assumptions are optional and will be
invoked only when explicitly stated.

Example 3.5.4 (A string graph). Let G be the path P, on four vertices

V= {Ul,v2,03,1}4}7 E = {{7}171)2}’ {U27U3}, {U3,U4}}'

We give an explicit string representation in R2.

Define four strings C,, = v;([0, 1]) by the injective continuous maps

T (t) = (¢,0), Y2(t) := (¢,0.5), v3(t) == (¢,1.0), Ya(t) := (¢, 1.5),

each restricted to the z-interval [0, 1], and then add the following vertical “connectors” as part
of the same strings:

C,, also contains the segment {(0.5,s) : s € [0,1]}, C,, also contains the segment {(0.5,s) : s € [0.5,1.5]}.

Equivalently, one may describe C,, as the union of the horizontal segment {(z,0.5) : z € [0, 1]}
and the vertical segment {(0.5,y) : y € [0, 1]}, and similarly for C,,.

Then C,, NC,, = {(0.5,0)} # 0, Co,NC,, = {(0.5,0.5)} # 0, and Cy, NC,, = {(0.5,1.5)} # 0.
Moreover, C,, N C,, =0, C,, N C,, =0, and C,, N C,, = 0. Hence, by Definition [3.5.2 G is a
string graph.
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For a family {C, },cx of subsets of R? and ¢ C X, write

C(e) = ﬂ C.,.

rEe

Definition 3.5.5 (String hypergraph (canonical intersection form)). Let X be a finite set. A
hypergraph H = (X, E) is called a string hypergraph if there exists a family of strings {C, }.ex
in R? such that

& = {EQX: le| > 2 and 0(5);&@}.

Thus the hyperedges are precisely the subfamilies of strings having a nonempty common inter-
section.

Example 3.5.6 (A string hypergraph in canonical intersection form). Let X = {a,b,c} and
consider the hypergraph H = (X, &) with

& ={{a,b},{a,c},{a,b,c}}.

We realize H as a string hypergraph as in Definition [3.5.5]

Work in R? and define three strings C,, C},, C, as unions of line segments (each is a Jordan arc):
C,:={(0,t) : t € [-1,2]},
Cy :={(t,0) : t € [-1,1]}, C.:={(t1):te[-1,1]}.
Then C, N Cy, = {(0,0)} # @ and C, N C. = {(0,1)} # 0, while C;, N C, = ) since they lie on

distinct horizontal lines.

Now modify C, by adding (within the same simple arc) a short segment connecting the two
intersection points, so that C, contains the vertical segment between (0,0) and (0, 1). This does
not change the above pairwise intersections but ensures that

C.NnCy,NnC. = {(0,00}nC. = 0
would fail; hence, to obtain a triple intersection, instead shift C. so that it passes through (0, 0):
Cl o= {(£,0) ¢ € [, 1} U{(0,5) : s € [0,1]},

which is still a Jordan arc after smoothing at (0, 0).

With C, and C, as above and C/, in place of C,, we have
C.,nCyNC: = {(0,0)} # 0, C,NC.L#0,

so we must avoid creating the undesired hyperedge {b,c}. To do so, replace C} by a horizontal
arc that meets C, at (0,0) but stops short of the z-axis portion of C!:

C, :=A{(t,0) : t € [-1,-0.1]} U {(¢,0) : t € [-0.1,0]},
so that C} meets C, at (0,0) and does not meet the right-going part of C..

Then the nonempty common intersections are exactly:
C.NCy #0, C.NCL#0, C.NC,NCL#0,
and C; N C!. = (). Therefore,

g:{ggx; le| > 2 and ﬂCx%@},

rEe

so H is a string hypergraph in the sense of Definition [3.5.5]
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Definition 3.5.7 (String n-SuperHyperGraph). Fix n € Ny and a finite base set V5. Let
SHG™ = (V, E) be an n-SuperHyperGraph, i.e.,

0#£VCP Vo), ECPV)\{0}
We call SHG™ a string n-SuperHyperGraph if there exists an injective map
p:V — {strings in R*}

such that the superedges are exactly the intersecting subcollections:

E = {5§V: le] > 2 and ﬂp(m)#@}

xree

In this case, p is called a string representation of SHG™.

Example 3.5.8 (A string n-SuperHyperGraph). Fix n € Ny and let the base set be
Vo ={1,2,3}.

Let ¢, : Vo — P"(Vp) be the iterated singleton embedding to(v) = v and t,41(v) = {t:(v)}.
Define the n-supervertex set

V= {1,(1), 6a(2), ta(3)} S P (W),
and the superedge family
E = {{ta(1),ta2)}, {ta(2),0a(3)}, {ta(1),0(2), 0a(3)}}-

Thus SHG™ := (V, E) is an n-SuperHyperGraph.

We now give a string representation p : V' — {strings in R?}. Let C},C5, C3 be the following
Jordan arcs (again, unions of segments can be smoothed at junctions):

Cr={(t0):tc[0,2]}, Co={1L,t):te[-1,1]}, Cy:={(t1):te(0,2]).

Then C; NCy = {(1,0)} # 0 and C, N C35 = {(1,1)} # 0, while C; N C3 = (. To enforce a
nonempty triple intersection, modify Cy so that it passes through (1,0) and (1,1) and add a
short detour causing C; and Cj also to meet at a single common point p := (1,0.5); for instance,
replace C; and Cs by arcs that each touch p once, without creating additional intersections.

Define p(i,(1)) := C1, p(tn(2)) := Cs, and p(¢,(3)) := C5 (after the above local modification),
so that

pln(1)) N pen(2)) # 0, p(en(2)) NVp(en(3)) # 0, p(n(1)) O p(en(2)) N p(en(3)) # 0,
and no other pair among {p(t,(1)), p(tn(2)), p(tn(3))} intersects. Hence, by Definition [3.5.7]

E={cCV:le|>2 and ((p(x)£0},

xrece

so SHG™ is a string n-SuperHyperGraph.

Definition 3.5.9 (Primal graph (2-section)). For an n-SuperHyperGraph SHG™ = (V, E), its
primal graph is the simple graph

Pr(SHG™) := (V, F), {z,y} € F <= x#y and Je € E with {z,y} Ce.
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Theorem 3.5.10 (String n-SuperHyperGraphs generalize string graphs). Fixn € Ny. If G =
(Va, Eg) is a string graph, then there exists a string n-SuperHyperGraph SHG™ = (V, E) such
that

Pr(SHG™) = G.

Proof. Since G is a string graph, there exists a family of strings {C, },cv, such that for distinct
u,v € Vg,
{u,v} € Eq <— C,NC, #0.

Let Vj := Vg and define the iterated singleton embedding ¢(v) := v and t41(v) 1= {x(v)}.
Set
Vo= {i,(v) :v eV} CP" (W), p(tn(v)) == C,.
Define
E = {eQV: le| > 2 and ﬂp(:c);é@}.

TEE

Then SHG™ = (V, E) is a string n-SuperHyperGraph by Definition m

For distinct u,v € Vg, the vertices ¢, (u) and v, (v) are adjacent in Pr(SHG™) iff some ¢ € F
contains both, which holds iff

pltn(w) Np(t,(v) #0 <—= C,NC, #0 < {u,v} € Eg.

Hence u +— 1, (u) is an isomorphism G & Pr(SHG™). O

3.6 Disk intersection graphs

We next consider disk graphs, a prominent geometric intersection class in which vertices are
represented by (closed) disks in the plane and adjacency corresponds to geometric overlap [122-
124]. More broadly, disk graphs are instances of geometric intersection graphs; intersection
graphs of many geometric objects have been studied extensively [118|125]. In the same spirit,
we define disk-based hypergraphs and n-SuperHyperGraphs by requiring a nonempty common
intersection of the representing disks.

Definition 3.6.1 (Geometric intersection graph). Let O = {O4,...,0,,} be a finite family of
geometric objects in a fixed ambient space (e.g., R?). The geometric intersection graph of O is
the graph G = (V, E) defined by

Vi={1,...,m}, {i,j} € E <= i#j and O;N0; #0.

Definition 3.6.2 (Disk and unit disk in R?). A (closed) disk of radius r > 0 centered at p € R?
is
D(p,r) == {z €R*: |lz —p|| <r},

where || - || denotes the Euclidean norm. A wunit disk is D(p,1). Two disks D(p,r) and D(q, s)
intersect if and only if ||p — ¢|| < r + s; in particular, two unit disks intersect iff ||p — ¢ < 2.
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Among disk graphs, the unit disk graph (UDG) is a well-studied special case that frequently
appears in both theory and applications [37,/126-128]. Related concepts include unit-ball graphs
and other geometric intersection graph classes [129-132].

Definition 3.6.3 (Unit disk graph). [133,/134] A graph G = (V| E) is a unit disk graph if there
exists an assignment v — D(p,, 1) of unit disks in R? such that for distinct u,v € V,

{u,v} € E <= Dy, 1)NDp,, 1) #0 <= |p.—po| < 2.

Example 3.6.4 (A unit disk graph). Let V = {a, b, ¢, d} and place the centers

pa = (0,0), pp,=(1.5,0), p.=(3.6,0), ps=(0,2.4).

Assign to each vertex v € V the unit disk D(p,, 1) C R?. Define G = (V, E), where {u,v} € £

Then
lpa —pol| =15 <2 = {a,b} € E, o —pel| =21 >2 = {b,c} ¢ E,

lpa —pel| =3.6>2 = {a,c} ¢ E, lpa —pall =24 >2 = {a,d} ¢ E,

lpo — pall = 1/ (1.5)2 + (2.4)2 =V8.01 >2 = {b,d} ¢ E,
llpe — pall = 1/(3.6)2 +(24)2 =V18.72 > 2 = {c¢,d} ¢ E.

Hence E = {{a,b}}, and G is a unit disk graph witnessed by the disks {D(p,,1)},cv.

For a family {D, },cx of subsets of R? and e C X, write

D(e) := () D..

reEe

Definition 3.6.5 (Unit disk hypergraph (canonical intersection form)). Let X be a finite set.
A hypergraph H = (X, &) is called a unit disk hypergraph if there exists a family of unit disks
{D,}.+ex in R? such that

£ = {ng: le| > 2 and D(s);«é@}.

Thus each hyperedge is exactly a subfamily of disks with a nonempty common intersection.

Example 3.6.6 (A unit disk hypergraph (common-intersection form)). Let X = {1,2, 3,4} and
consider the unit disks

D, = D((0,0),1), D, =D((1,0),1), Ds=D((0.5,0.8),1), D, =D((4,0),1).
Set H = (X,&), where ¢ C X with |¢| > 2 is in £ iff (,., D; # 0.
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First, D;N DN D3 # () (for instance, the point (0.5, 0.3) lies in all three disks, since |[(0.5,0.3) —
(0,0)] = v0.31 < 1, [|(0.5,0.3) — (1,0)|| = v034 < 1, [|(0.5,0.3) — (0.5,0.8)| = 0.5 < 1).
Thus {1,2,3} € £, and consequently {1,2},{1,3},{2,3} € £ as well.

On the other hand, D, is disjoint from each of Dy, Dy, D3 (e.g. the center distance to (0,0)
is 4 > 2), hence no hyperedge containing 4 occurs. Therefore one possible explicit hyperedge

family is
&= {{17 2}7 {17 3}7 {27 3}7 {17 2, 3}}
This realizes H as a unit disk hypergraph in the sense of Definition [3.6.5

Definition 3.6.7 (Unit disk n-SuperHyperGraph). Fix n € Ny and a finite base set Vy. Let
SHG™ = (V, E) be an n-SuperHyperGraph, i.e.,

0#V P Vo), ECPV)\{0}
We call SHG™ a unit disk n-SuperHyperGraph if there exists an injective map
p:V — {unit disks in R*}

such that the superedges are precisely the intersecting subcollections:

E = {5§V: le] > 2 and mp(x)#@}

xee

In this case, p is called a unit disk representation of SHG™.

Remark 3.6.8 (Pairwise-overlap variant). Some geometric hypergraph formalisms use pairwise
intersection rather than a common intersection point. This yields the alternative condition
“o(x) N p(y) # O for all distinct x,y € ”. In Definitions [3.6.5 we adopt the common-
intersection convention.

Example 3.6.9 (A unit disk 1-SuperHyperGraph). Let the base set be Vi = {a, b, ¢} and take
n = 1. Define the supervertex set

V = {{a},{b},{a,b}} < P(Vp).
Assign to each X € V a unit disk p(X) by choosing centers
pray = (0,0), ppy = (1,0), pragy = (0.5,0.7),  p(X):= D(px,1).

Define the superedge family

E::{z—:gV: | > 2 and ﬂp(X);é(Z)}.

Xee

Then the triple intersection is nonempty: for example, the point ¢ = (0.5, 0.2) satisfies
lg =Pyl = V029 <1, Jlg—pyll = V029 < 1, g = prasyll =05 <1,
s0 ¢ € p({a}) N p({B}) N p({a, b}). Hence
{{a} . {b}.{a,0}} € E,

and, in particular, all its 2-subsets are also in E. Therefore SHGWY = (V,E) is a unit disk
1-SuperHyperGraph (with representation p) in the sense of Definition m
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Definition 3.6.10 (Primal graph (2-section)). For an n-SuperHyperGraph SHG™ = (V, E),
its primal graph is the simple graph

Pr(SHG™) := (V, F), {r,y} € F < x#y and Je € F with {z,y} Ce.

Theorem 3.6.11 (Unit disk n-SuperHyperGraphs generalize unit disk graphs). Fizn € Noy. If
G = (Vg, Eg) is a unit disk graph, then there exists a unit disk n-SuperHyperGraph SHG™ =
(V, E) such that

Pr(SHG™) = G.

Proof. Let {D,},ev, be a unit disk representation of G, so for distinct u,v € Vg,
{u,v} € Eq <= D,ND, # (.
Set Vj := Vi and define the iterated singleton embedding t(v) := v, tx41(v) := {tr(v)}. Let
Vo= A{w(0) v eV CP"(Vo),  plta(v)) = D,.

Define
E = {eQV: le| > 2 and ﬂp(m)#@}.

xre€e

Then SHG™ = (V, E) is a unit disk n-SuperHyperGraph by Definition m

For distinct u,v € Vg, the vertices ¢, (1) and 1,(v) are adjacent in Pr(SHG™) iff there exists
e € E with {¢,(u),t,(v)} C e. By the construction of E, this holds in particular for ¢ =
{tn(u),1,(v)} exactly when

pltn(w)Np(tp(v)) 20 <= D,ND, #0 < {u,v} € Eg.

Hence the bijection u +— 1, (u) is a graph isomorphism G = Pr(SHG™). O

3.7 Trapezoid graph

Trapezoid graphs constitute another geometric intersection family. Here one considers trape-
zoids drawn between two fixed parallel lines, and adjacency records whether the corresponding
trapezoids overlap [135-137]. This class, and its algorithmic and structural properties, has been
investigated in many works [138,[139]. A trapezoid hypergraph represents each vertex by a
trapezoid, and each hyperedge by a nonempty common intersection of trapezoids. A trape-
zoid n-superhypergraph uses trapezoid-built nested supervertices, and forms superedges from
nonempty common intersections among supervertices.

Definition 3.7.1 (Trapezoid between two parallel lines). Fix two distinct parallel lines L; and
L, in the plane. Choose affine parametrizations @1, @s : R — L1, Ly (so @;(t) is the point of L;
with coordinate t).

For real numbers a < b and ¢ < d, the (possibly degenerate) trapezoid determined by the
intervals [a,b] C Ly and [¢,d] C Ly is the convex set

T([a,b), [e,d]) = conv{is(a),1(b), pa(c),a(d)} C R

Equivalently, after an affine change of coordinates one may assume L; = {(z,0) : € R} and
Ly = {(z,1) : z € R}, in which case

T([a,b], [c,d]) = conv{(a,0), (b,0), (c,1),(d,1)}.
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Example 3.7.2 (A trapezoid between two parallel lines). Work in the affine coordinate system
from Definition B.7.1] with

Ly ={(z,0): x € R}, Ly = {(x,1) : x € R}.

Choose intervals
[a,b] =[0,2] C L1,  [e,d]=][1,3] C Lo.

Then the trapezoid determined by these intervals is
7([0,2], [1,3]) = conv{(0,0),(2,0),(1,1), (3,1)}.

It is a genuine (nondegenerate) trapezoid whose lower base is the segment from (0,0) to (2,0)
on L; and whose upper base is the segment from (1, 1) to (3,1) on L.

Definition 3.7.3 (Trapezoid n-SuperHyperGraph). Fix n € Ny and a finite base set Vj. Let
SHG™ = (V, E) be an n-SuperHyperGraph with

0#AV P Vo), 0#ECPV)\{0}

We call SHG™ a trapezoid n-SuperHyperGraph if there exist two fixed parallel lines L, Lo and
an injective map
p: V — {trapezoids between L; and Lo}

such that the superedge family consists exactly of those subcollections of supervertices whose
associated trapezoids have a common point:

E = {5§V: le] > 2 and mp(x)#@}

xree

In this case, p is called a trapezoid representation of SHG™.,

Example 3.7.4 (A trapezoid 1-SuperHyperGraph). Let Vj = {a,b, ¢} and take n = 1. Define

the supervertex set
V = {{a}, {0}, {c}} S P(V%).
Fix the same parallel lines
Ly ={(z,0): x € R}, Ly = {(x,1) : x € R}.
Assign to each supervertex X € V' a trapezoid p(X) by
p({a}) = T(0,2,00,2),  p({b}) =T(L3L[L3]),  pl{e}) == T([0.5,2.5],[0.5,2.5)).
Each p(X) is the convex hull of two horizontal segments on L; and Lo; in particular,
p({a}) = conv{(0,0),(2,0), (0,1), (2, 1)}, p({b}) = conv{(1,0), (3,0), (1, 1), (3, 1)},
p({c}) = conv{(0.5,0), (2.5,0),(0.5,1),(2.5,1)}.

Consider the point p = (1.5,0.5). Since 1.5 € [0,2] N [1,3] N [0.5,2.5], the point p lies in all

three trapezoids. Hence
p({a}) N p({b}) N p({c}) # 0.
Now define the superedge family as in Definition [3.7.3}
E::{ggV: le] > 2 and ﬂp(X);é(Z)}.
Xee

Then, in particular,

{{a}, {0} . {c}} € E,
and consequently all of its 2-subsets are also in E. Therefore SHGWY = (V, E) is a trapezoid
1-SuperHyperGraph with trapezoid representation p.
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Theorem 3.7.5 (Trapezoid n-SuperHyperGraphs generalize trapezoid graphs). Let G = (Vg, Eg)
be a trapezoid graph. Then, for every n € Ny, there exists a trapezoid n-SuperHyperGraph
SHG™ = (V, E) such that

Pr(SHG™) = G.

Consequently, trapezoid n-SuperHyperGraphs extend the trapezoid graph class via the primal-
graph reduction.

Proof. Since G is a trapezoid graph, there exist two parallel lines L1, L, and a family of trapezoids
{T,}vev, between L; and Ly such that, for any distinct u,v € Vg,

{u,w} € Eq <= T,NT,#0.

Let Vj := Vg and define the iterated singleton embedding ¢(v) := v and t41(v) 1= {x(v)}.
Set
Vo= {w(v):ve Vgt € P*"(W), pltn(v)) = T,.

Define the superedge family

E = {5§V: le| > 2 and ﬂp(az)#@}

xreEe

Then SHG™ = (V, E) is a trapezoid n-SuperHyperGraph by Definition m

We claim Pr(SHG(")) 2 @ via the bijection v > ¢,,(v). Take distinct u,v € V. In Pr(SHG(")),
the vertices ¢, (u) and ¢, (v) are adjacent iff there exists € € E with {¢,,(u),tn(v)} C €. Because
FE contains all intersecting subcollections, this holds in particular when the pair intersects:

pa@) Np(ta() #0 = {tn(w), ()} €E = {ta(u),en(v)} € E(Pr(SHG™)).

Conversely, if {t, (), 1, (v)} € E(Pr(SHG™)), then some e € E contains both, hence

Pt () N p(en(0) 2 () pla) # 0.

ree
Therefore,
{u,v} € BEq <= T,NT, #0 —
p(tn (W) N p(en (V) # 0 <= {1n(u), ta(v)} € E(Pr(SHG™)),
so the bijection v — ¢, (v) is a graph isomorphism Pr(SHG™) = G. 0

3.8 Intersection digraph

Graphs, hypergraphs, and SuperHyperGraphs can each be extended to their directed counter-
parts, namely directed graphs [140,/141], directed hypergraphs [142,/143], and directed SuperHy-
perGraphs [15}79,80,(1441|145], respectively. Intersection notions also admit directed analogues.
An intersection digraph is a directed graph in which each vertex carries two sets, and an arc
v; — v, is present exactly when the first set of v; meets the second set of v; (cf. [146-148]).
An intersection directed hypergraph assigns each vertex two sets, and creates a directed hy-
perarc when source-sets intersect target-sets. An intersection directed n-superhypergraph uses
nested supervertices with source/target sets, forming directed superhyperarcs whenever sources
intersect targets.
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Definition 3.8.1 (Intersection digraph). [148] An intersection digraph is a directed graph
D = (V, A) for which there exist two families of sets S = {Si,...,S,} and T = {T1,...,T,}
and a vertex set V' = {wvy,...,v,} such that each vertex v; is associated with the ordered pair
(S, T;:), and

(’Ui,’l}j) €A SiﬂTj #@

Equivalently, there is an arc from v; to v; precisely when the “source” set .S; of v; has nonempty
intersection with the “target” set T); of v,.

Example 3.8.2 (Intersection digraph). Let the universe be U := {1,2,3} and let V :=
{v1,vq,v3}. Assign to each vertex v; an ordered pair (S;,T;) of subsets of U by

(S, T1) = ({1}.{2}), (S, T2) = ({2,3}.{1}), (83, T3) = ({2},{2,3}).
Define a directed graph D = (V, A) by the rule of Definition m
(vi,v;) €A <= S;NT; #0.
Then the arc set is
A = {(vg,v1), (v3,v1), (v1,v3), (vs3,v3)}.

Indeed, for example, (v, v1) € A since Sy N Ty = {2,3} N {2} = {2} # 0, while (vy,v9) ¢ A
because S; NTy = {1} N {1} = {1} # () would hold only if 7o = {1} were replaced by {3},
which it is not. Hence D is an intersection digraph with representation (U, {(S;, T;)}5_,).

Definition 3.8.3 (Intersection directed hypergraph). A directed hypergraph H = (V,A) is
called an intersection directed hypergraph if there exist a universe U and, for each v € V', two
(possibly different) sets S,,, T, C U such that for every (X,Y) € P*(V) x P*(V),

(X,Y)eAd (USx)ﬂ(UTy>7§Q).

reX yey

Example 3.8.4 (Intersection directed hypergraph). Let U := {a,b,c} and V' := {vy, vy, v3}.
Assign source/target sets to vertices by

Sy, = {a}a T, = {b}v Sy, = {b}’ T, = {C}’ Sus = {C}v Ty = {a}'
Define a directed hypergraph H = (V,.A) by
(X,Y) €A < (U Sx) N (U Ty) £0  (X,YCV, X,Y £0).
reX yey

Consider, for instance,

X = {Ul,’UQ}7 Y = {’Ul,’U3}.

Then
U Sl = S'Ul U SU2 = {CL} U {b} = {CL, b}7 U Ty = ﬂ’l Uﬂ)a = {b} U {a} = {avb}a
reX yeyY

so the intersection is {a,b} # ), and therefore (X,Y) € A. On the other hand, if X = {v;}

and Y = {vy}, then
U Sy = {a}, U T, ={c},

reX yey

so ({v1},{v2}) ¢ A. Thus H is an intersection directed hypergraph in the sense of Defini-
tion B.8.3
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Definition 3.8.5 (Directed n-SuperHyperGraph). Let V4 be a finite base set and let n € Nj.
A directed n-SuperHyperGraph is a pair

SHG™ = (V, A),
where () £V C P"™(Vp) is the set of n-supervertices and
A C P(V)xP (V) (P (V) :=P(V)\{0})

is a finite family of ordered pairs a = (X,Y) with nonempty X, Y C V. Eacha = (X,Y) € A
is called a directed n-superhyperedge (or superhyperarc), with tail X and head Y.

Optionally, one may impose X NY = () for all (X,Y") € A; we do not require this here.

Definition 3.8.6 (Intersection directed n-SuperHyperGraph). A directed n-SuperHyperGraph

SHEE(") = (V,A) is called an intersection directed n-SuperHyperGraph if there exist a universe
U and two set-valued maps

S, T:V — PU)\ {0}, xSy, v+ T,,

such that, for every nonempty X, Y C V|

(X,Y)e A +— (U sx) n (U Ty> £ 0. (3.1)

recX yey

We call (U, {(S,,Ty)}zcv) an intersection representation of SHG™.

Example 3.8.7 (Intersection directed 1-SuperHyperGraph). Let Vg := {1,2,3} and set n = 1.
Consider the 1-supervertex set

Vo= {{1},{2}, {3}} S P(V).
Let the universe be U := {p, ¢} and define set-valued maps S,7 : V — P(U) \ {0} by
Smy={r}, Ty =A{d}, Sy ={d, Ty ={p}, Sw={pd, T ={d

Now define the superhyperarc family A C P*(V) x P*(V) by the equivalence of Definition [3.8.6}

(X,Y) € A (U S)ﬂ(UyTy) £ 0.
Then, for example, with X = {{1}, {2}} and ¥ = {{1}} we have
ILEJX Sy = Spy U Sy = {prU{e} = {p. g}, yLEJY Ty =Ty = {4},
0 (X,Y) € A. Likewise, with X = {{2}} and Y = {{2}},

Us.={a. UT =1

zeX yey

o (X,Y) ¢ A. Hence SHG® = (V,A) is an intersection directed 1-SuperHyperGraph with
intersection representation (U, {(Sz, 1) }zev)-
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Remark 3.8.8 (Singleton reduction recovers the usual intersection digraph). Given a directed
n-SuperHyperGraph SHEE(”) = (V,.A), define its singleton digraph Sing(SHEi(”)) = (V. Aging)
by

(z,y) € Asing = ({z},{y}) € A

Tf SHG™ is intersection directed with witness sets (Sz, T,), then
(x,y) € Aging <= S, NT, # 0,

SO Sing(SHZE(")) is an intersection digraph in the sense of Definition

Theorem 3.8.9 (Intersection directed n-SuperHyperGraphs generalize the directed graph and
hypergraph cases).

1. (Directed graph case) Every intersection digraph D = (V, A) (Definition M) can be
realized as the singleton digraph of an intersection directed 0-SuperHyperGraph.

2. (Directed hypergraph case) Every intersection directed hypergraph H = (V, A) (Defini-
tionm is an intersection directed 0-SuperHyperGraph in the sense of Definition .

Proof. (1) Let D = (V, A) be an intersection digraph. Then there exist families {S,},cv and
{T,}vev such that (u,v) € A < S, NT, # 0. Take V, := V and n := 0, so P°(V,) = V.

Define a directed 0-SuperHyperGraph SHEE(O) = (V, A) by
A= {(fuh o)) s (w0) € A},
Then for any u,v € V,

({u},{v}) e A <= (u,v) € A <= S, NT, #0,

which is exactly (3.1) restricted to singletons. Hence SHEE(O) is intersection directed, and by
construction Sing(SHa‘r(O)) =D.

(2) Let H = (V,.A) be an intersection directed hypergraph with witness sets {5, },ey and
{T,},ev satisfying Definition Again set Vo :=V and n :=0, so V. C P°(Vp) holds. Then
the same witness sets satisfy (3.1) for all nonempty X,Y C V, so H is an intersection directed
0-SuperHyperGraph in the sense of Definition [3.8.6] O

3.9 Fuzzy Intersection SuperHyperGraph

A fuzzy set assigns each element a membership degree in [0, 1], quantifying partial belonging
rather than crisp inclusion [149]. Various extended notions are also well known, including Hy-
perFuzzy sets [150,/151], SuperHyperFuzzy sets [152], Bipolar fuzzy sets [153l|154], Pythagorean
fuzzy sets [155,/156], hesitant fuzzy sets [157}[158|, picture fuzzy sets |[159,/160], and spherical
fuzzy sets [161]. A fuzzy graph assigns membership degrees to vertices and edges, with edge
degrees bounded by endpoint vertex memberships for consistency [162,[163]. A fuzzy intersec-
tion graph represents each vertex by a fuzzy set, and links vertices when their supports intersect
nonemptily [164-166]. A fuzzy intersection superhypergraph uses supervertices as nested fuzzy
sets, adds superedges for nonempty common intersections, and assigns memberships.
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Definition 3.9.1 (Fuzzy set and fuzzy intersection). Let U be a nonempty set (the universe).

A fuzzy set on U is a map
pa U — [0,1}

Its support is supp(A) := {u € U : pa(u) > 0}, and A is called nonempty if supp(A) # 0.

Fix a t-norm ® : [0,1]?> — [0,1] (e.g. ® = min). For fuzzy sets A, B on U, their (chosen) fuzzy
intersection A Ng B is the fuzzy set with
tangs(w) = pa(u) ® pp(u)  (uwel).
More generally, for a finite family {A;};c; one sets
O s 4 (W) = @) pa, (w),
il

where ) denotes iterated application of ® (well-defined since I is finite).

Example 3.9.2 (Fuzzy sets and fuzzy intersection). Let the universe be U := {a,b,c} and
choose the t-norm ® = min. Define fuzzy sets A, B on U by the membership tables

pa(a) =08, pa(d) =0.2, pa(c) =0,  pp(a) =04, pp(b) =0, pp(c) = 0.6.
Then the fuzzy intersection A Npin B satisfies
tan,,5(a) =min(0.8,0.4) = 0.4, pan,,.5(b) =min(0.2,0) =0, pan,,, s(c)=min(0,0.6) =0,
s0 supp(A Nmin B) = {a} # 0.

Definition 3.9.3 (Fuzzy intersection graph). Let Sy = {Si,...,S,} be a finite family of
nonempty fuzzy sets on a universe U, and fix a t-norm ®. For each 1 <7 < j < m define the
fuzzy set
Ei' = Sz ﬂ® Sj.
The fuzzy intersection graph generated by Sy (with respect to ®) is the pair
Z9(Sy) = (8p,8f), & = {Ey: 1<i<j<m, supp(Ey) #0}.

Equivalently, one may record the underlying crisp intersection graph on vertex set [m] :=
{1,...,m} by declaring {7, j} to be an edge if and only if supp(E;;) # 0.

Example 3.9.4 (Fuzzy intersection graph). Let U := {a, b, ¢} and fix ® = min. Consider three
nonempty fuzzy sets Sy = {S1, 52,53} on U given by

U ‘ a b ¢
ps,(w) [0.7 0.1 0
ps,(w) (0.2 06 0
ps,(u) | 0.5 0 0.9

For i < j, set E;j := S5; Nmin S;. A direct computation gives
SUPP(Elz) = {aa b}, SUPP(E13) = {a}, SUPP(EQS) = {G,C}-

Hence all three pairwise intersections are nonempty, and the fuzzy intersection graph Z,in (Sy) =
(Sy,&r) has
5f = {E12> E137 E23}'

Equivalently, the underlying crisp intersection graph on vertex set {1, 2,3} is the triangle Kj.
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Definition 3.9.5 (Fuzzy intersection hypergraph). Let Sy = {S1,...,S,,} be as above and fix
®. For each index set I C [m] with |I| > 2, define the fuzzy set

E] = m Sl
®iel
The fuzzy intersection hypergraph generated by Sy is the labeled hypergraph
H®(Sf) = ([m]v 67 )\)7

where

£ = (I1Cm: |1 > 2, supp(Ey) #0).
MI) = E; (I€€).

Thus a hyperedge is present exactly when the corresponding subfamily has nonempty fuzzy
intersection, and the label A(I) retains the resulting intersection fuzzy set.

Example 3.9.6 (Fuzzy intersection hypergraph). Let U := {a,b, ¢} and ® = min, and keep
the same family S; = {51, S2, S5} from Example For each I C [3] with |I| > 2, set

Ey = ﬂ S;.
min i1
We already have supp(Eq1,23), supp(Ey1,31), supp(FEya,33) # 0. For the triple intersection,
KB 54 (@) = min(0.7,0.2,0.5)
f1B 5, (b) = min(0.1,0.6,0) = 0,
1B 54 (¢) = min(0,0,0.9) = 0,
so supp(Ey1231) = {a} # (. Therefore the fuzzy intersection hypergraph

Humin (Sy) = (B, €,4)

=02,

has hyperedge family
&= {{17 2}’ {17 3}7 {27 3}7 {17 2, 3}}7
and labels A(I) = Ej for each I € £.

Definition 3.9.7 (Intersection-evaluation of n-supervertices). Let U be a universe and let Vj =
{S1,...,5,} be a finite family of fuzzy sets on U. For n € Ny, define P°(Vy) = V, and
PH(Vo) = P(PH(Vh))-

Fix a t-norm ®. Define recursively a map
I8 P (Vo) \ {0} — {fuzzy sets on U}
by:

e form=0and x =5, € V, set Ig))(x) =55

o forn>1and x € P (V) \ {0} (so z CP"1(Vp)), set
I () = )
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Definition 3.9.8 (Fuzzy intersection m-superhypergraph). Let U be a universe, let V5 =
{S1,...,9n} be a finite family of fuzzy sets on U, fix n € Ny, and fix a t-norm ®. Let
V CP™(Vy)\ {0} be a finite nonempty set (the n-supervertez set).

For each supervertex x € V, define its associated fuzzy set
Ay(z) = T8 (x).
For any nonempty ¢ C V with |e| > 2, define the fuzzy set
Ag(e) = ﬂ Ay (x).
®xee

The fuzzy intersection n-superhypergraph generated by (Vp, V') is the labeled n-SuperHyperGraph
S<(X)n)(‘/m V) = (‘/7 E7 AV7 AE);
where the superedge family is
E = {eCV: |e| >2, supp(Ag(e)) #0}.

Thus € is a superedge exactly when the supervertices in € have a nonempty fuzzy intersection
(after evaluation to fuzzy sets on U).

Example 3.9.9 (Fuzzy intersection 1-superhypergraph). Let U := {a, b, c}, fix ® = min, and
let
Vo := {51, 2, S3}

be the same three fuzzy sets as in Example [3.9.4] Take n = 1, so P'(V;) = P(V;), and define a
supervertex set

V= {$1,CC27$3} CP(Vo) \ {0}, xy = {51, 5}, x9:={52, 53}, x3:={S51,S5s}.
By Definition [3.9.7) (with n = 1),

Av(@) =Toh@) = ) v

min yex

SO

Ay (z1) = S1 Nmin S2, Ay (z2) = S2 Nimin Ss, Av(z3) = S1 Nmin Ss-

Each of these has nonempty support (see Example [3.9.4). Now consider the superedge € :=
{z1,z2}. Its label is

Ag(e) = Av(21) Nmin Av(22) = (51 Nmin 52) Nmin (S2 Nmin S3) = S1 Nmin S2 Nmin Ss,
whose support is {a} # 0 (Example [3.9.6). Hence {z1, 2>} € E.

In fact, with this choice of V, every pair among {xi, 22, x3} has nonempty fuzzy intersection,
and also the triple {zy, 9, 3} satisfies

supp(Ag({z1, 22, 23})) # 0.

Therefore the fuzzy intersection 1-superhypergraph

S (Vo; V) = (V,E, Ay, Ag)

has superedge family
E= {{xlaxQ}v{xlaxi’r}v{x%xi’r}v{xl»x%xS}}'
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Theorem 3.9.10 (Generalization of fuzzy intersection graphs and hypergraphs). Fix a universe
U, a finite family Vo = {S1,...,Sn} of fuzzy sets on U, and a t-norm ®. Letn =0 and V =V}
in Definition[3.9.8

1. The labeled hypergraph obtained from S(g))(VO; Vo) by identifying each vertex S; with the index
i € [m] coincides with the fuzzy intersection hypergraph Hg(Sy) of Definition .

2. If one restricts further to the 2-uniform part (i.e. only superedges € with |e| = 2), then
Sg))(VO; Vo) recovers the fuzzy intersection graph Z4(Sy) of Definition .

Hence fuzzy intersection n-superhypergraphs strictly generalize both fuzzy intersection graphs and
fuzzy intersection hypergraphs.

Proof. Let n = 0and V = V{. Then each O-supervertex is a fuzzy set .5;, and by Definition
we have Ay (S;) = S;.

(1) Take any I C [m] with |I| > 2 and consider the corresponding subset €; := {S; : i € I} C Vj.
By Definition |3.9.8
Ap(er) = () Av(S) = () S = Ern

® S;€er ®iel

Moreover, e; € E if and only if supp(Ag(er)) # 0, i.e. iff supp(E;) # 0, which is exactly the
hyperedge criterion in Definition Identifying S; with 7 yields the same labeled hypergraph.

(2) Restricting E to 2-element subsets {S;,S;} yields labeled edges with label Ag({S;, S;}) =
S;Ng S; = E;;, present precisely when supp(F;;) # 0, which is the edge rule of Deﬁnitionm
]

3.10 Neutrosophic Intersection SuperHyperGraph

A neutrosophic set assigns each element truth, indeterminacy, and falsity degrees, jointly mod-
eling acceptance, uncertainty, and rejection simultaneously, explicitly, quantitatively [167H169].
As further extensions, double-valued neutrosophic sets [170,/171], bipolar neutrosophic sets [172-
174], hesitant neutrosophic sets [175,/176], quadripartitioned neutrosophic sets [177,/178], and
plithogenic sets [179-182] are also well known.

A neutrosophic graph annotates vertices and edges with truth, indeterminacy, and falsity degrees,
capturing uncertain adjacency and structure for networks [168]. A neutrosophic intersection
graph represents each vertex by a set with neutrosophic degrees, and connects vertices whose sets
intersect nonemptily. A neutrosophic intersection superhypergraph uses nested set supervertices
with neutrosophic degrees, forming superedges from nonempty common intersections across levels
consistently.
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Definition 3.10.1 (Truth a-intersection of single-valued neutrosophic sets). Let U be a nonempty
universe and let A, B be single-valued neutrosophic sets on U with (T'a,Ia, Fa4),(Ts,Ip, Fp) :
U — [0,1]3. Fix a € (0, 1]. We say that A and B intersect at truth level a, and write AN, B # (),
if

AN B@ £ where A :={ucU: Ty(u)>a} and B :={ucU: Tg(u)>a}.
Equivalently, A N, B # ) holds iff there exists u € U such that
min{7T4(u), Tg(u)} > a.

More generally, for a finite family {A4;};e; of SVNS on U we write (oo, A; # 0if ¢, Al g,

Remark 3.10.2. Definition [3.10.1juses truth a-cuts; other intersection conventions (e.g. involv-
ing (T, 1, F) via an evaluation map) are possible.

Example 3.10.3 (Truth a-intersection of SVNS). Let U = {uy, ug, u3} and fix a = 0.7. Define
two single-valued neutrosophic sets A, B on U by specifying their truth-memberships (the I, F’
components may be chosen arbitrarily in [0, 1] and play no role in this truth-a notion):

TA(Ul) == 02, TA(UQ) == 08, TA(U3) == 06, TB(ul) == 097 TB(UQ) == 075, TB(Ug) =0.1.
Then
A =Ly cU: Ta(u) > 0.7} = {us}, B ={uecU: Ts(u)> 0.7} = {uy,uy}.

Hence A N B@® = {uy} # 0, so AN, B # 0. Equivalently, min{T4(uy),Tp(us)} =
min{0.8,0.75} = 0.75 > 0.7.

Definition 3.10.4 (Neutrosophic intersection graph (truth-a version)). Let U be a universe and
let A={A;,..., A} be a finite family of single-valued neutrosophic sets on U. Fix a € (0, 1].
The truth-a neutrosophic intersection graph of A is the (crisp) graph

GV = (V,E),  Vi={v,..., v}
whose edge set is defined by

(vsv,} EE = AN, A;£0 = AYnAY£0 (i #)).

Example 3.10.5 (Truth-a neutrosophic intersection graph). Let U = {uy, us, u3} and a = 0.7.
Consider three SVNS A;, Ay, A5 on U, specified (again, only) by their truth-memberships:

Ui U Us

Ta | 09 02 06
T, | 01 08 0.72
T, | 0.75 0.65 0.1

Then the truth-« cuts are
Aga) = {ul}v Agy) = {u27u3}7 Al(sa) = {ul}

Thus A N A = {uy} # 0, while A N AL = @ and AY N AL = 0. Therefore the truth-a
neutrosophic intersection graph GE:‘) on vertices {vq, vy, v3} has the single edge {vq,v3}.
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Definition 3.10.6 (Neutrosophic intersection hypergraph (truth-a version)). Let U be a uni-
verse and let

A:{Al,...,Am}, B:{Bl,...,BT}

be finite families of single-valued neutrosophic sets on U. Fix a € (0,1]. The truth-a neutro-
sophic intersection hypergraph of A with respect to B is the (crisp) hypergraph

HE) = (V,€),  Vi={v1,...,0m},
where for each j € {1,...,r} we define a hyperedge

e = {v, €V AN B #0} = {v.eV: AYNB® £0},

J

and set

E = {eg-a): eg.a);é@}.

This is the neutrosophic analogue of the standard intersection-hypergraph construction (a hy-
peredge collects all objects that intersect a given test object). [1]

Example 3.10.7 (Truth-a neutrosophic intersection hypergraph). Let U = {u;, us,u3} and
a=0.7. Let A ={A;, Ay, A3} be as in Example [3.10.5| so

Aga) ={w}, Aga) = {uz, us}, A:(sa) = {w}.
Define two “test” SVNS Bj, By on U by their truth-a cuts
B(Oé) — B(a) —
1 {ul,u3}, 2 {Uz}

(For concreteness one may take, e.g., T, (u1) = 0.9, T, (uz2) = 0.2, T, (u3) = 0.8 and T, (u;) =
0.1,T5,(us) = 0.85,T5,(uz) = 0.2.) Then the induced hyperedges are

el = {v;: AP N B £ 0} = {vg, 05}, e$ = {v; AP B £ 0} = {v,}.

(V,€) has V. = {v1,v5,u3} and €& = {{vl,vg},{vg}}. (If one prefers the

| > 2, simply discard the singleton hyperedge {v;}.)

(@)
Hence H ) 5
convention |e

Definition 3.10.8 (Neutrosophic intersection n-SuperHyperGraph (truth-a version)). Let Vj
be a finite base set and let n € Ny. Let V. C P"™(V}) be a finite set of n-supervertices. Let U be
a universe and let

A= {Ax}a;eVa B = {BE}EEA

be indexed families of single-valued neutrosophic sets on U, where A is a finite index set. Fix
a € (0,1].

Define a finite set of superedge-identifiers E/ := A together with an incidence map
O E—PW\{0}, 09e) = {zecV: A,N,B.#0}.

Then
SHGYS = (V,E,0)

is called the truth-v neutrosophic intersection n-SuperHyperGraph induced by (A, B). (Here
we use the standard n-SuperHyperGraph convention that superedges are encoded by identifiers
together with an incidence map into P(V)\ {0}.  [1])
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Example 3.10.9 (Truth-a neutrosophic intersection n-SuperHyperGraph). Let n = 1 and let
the base set be Vy = {1,2,3}. Take the 1-supervertex set

V= {55175527933} - P(VO), Ty = {1}, Ty = {273}a €T3 = {172}-

Let U = {uy,us,u3} and fix & = 0.7. Assign to each z; € V an SVNS A, on U via truth-«
cuts

AW ={u}, ALY ={uw}, AL = {ui,us}.
Let A = {&1,e2} and define two test SVNS B,,, B., by

BY ={w},  BY ={usus}.
Then the incidence map 9 : A — P(V) \ {0} becomes
D) = {x €V + AL A BE) £ 0} = {1,

0 (ey) ={z eV : AN B £} = {25,253}

Therefore the truth-a neutrosophic intersection 1-SuperHyperGraph SHG j g) =(V,E, (9(‘1)) has

superedge-identifiers E' = {e, 5} with
8(a)(€1) = {xl,xg}, 8({1)(52) = {$2,ZE3}.

Theorem 3.10.10 (Generalization properties). The neutrosophic intersection n-SuperHyperGraph
construction in Definition subsumes the usual neutrosophic and fuzzy intersection con-
structions in the following precise senses.

1. (Neutrosophic intersection hypergraphs as the case n = 0). Ifn =0 and V C
PUVy) = Vo, then SHG£’§ is (canonically) a hypergraph on the vertex set V; in particular,
taking V. = {vy,...,vn} and reindexing A = {A,,} zdentzﬁes SHG(Oa with a (possibly
relabeled) instance of the neutrosophic intersection hypergraph H A,B from Definition .

2. (Neutrosophic intersection graphs via 2-sections). Let A = {Ay,..., A} be as in
Definition . Take n =0, let V = {vy,..., v}, and let A := U where each ¢ =u € U
s represented by the crisp singleton neutrosophic set B, on U whose truth-membership is
Tp,(u) =1 and Tp,(w) =0 for w # u (with arbitrary (I, F), e.g. I =0, F=1-T). Form
SHG .

Then the 2-section (primal graph) of this hypergraph coincides with fo)

3. (Fuzzy intersection n-SuperHyperGraphs embed). Let {F,}.cyv and {G.}.cn be fam-
ilies of fuzzy sets on U (with membership functions ug,, g, : U — [0,1]) and consider the
fuzzy intersection n-SuperHyperGraph obtained from «-cuts. Define an embedding of fuzzy
sets into single-valued neutrosophic sets by

W) == (T,I,F) = (p, 0, 1—p).

Applying v pointwise to all F, and G. yields families (A, B) of SVNS such that the result-

ing neutrosophic intersection n-SuperHyperGraph SHG(” ) has exactly the same vertex set
and incidence structure as the original fuzzy mtersectzon n-SuperHyperGraph (at the same
threshold ).
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Proof. (1) For n = 0, supervertices are ordinary vertices V' C V; and 9™ (e) is simply a
nonempty subset of V for each e € E = A. Thus (V, E,0®)) encodes a hypergraph whose
hyperedges are precisely the incidence sets 9(®)(g). Unwinding Deﬁnitionshows that these
incidence sets are {v; : Ag‘j) N B = ()}, which is exactly the hyperedge rule in Definition
(up to relabeling).

(2) For u € U, the singleton choice of B, guarantees that A N B £ § holds iff u € A,
Hence the hyperedge 8 (u) equals {v; : u € A{™}. Two distinct vertices v;, v; lie together
in some hyperedge 0® (u) iff there exists v € U with u € A N A§a), e iff AN Ag»a) £ ().
By definition of the 2-section (primal graph), this is equivalent to {v;,v;} being an edge of that
primal graph, and by Definition it is equivalent to {v;,v;} € E(GS).

(3) If F' is a fuzzy set with membership pp, then under «(ur) = (7,1, F) we have T' = pp.
Therefore the truth a-cut of ¢(ur) is

{ueU: Tw)>a}={uelU: pup(u)>a},
which is exactly the usual fuzzy a-cut. Consequently, for every pair (z,¢),
FONGY #£0 — AW nB™ +£0,

so the incidence rule in Definition [3.10.8| reproduces the fuzzy intersection incidence rule verba-
tim. This yields an isomorphism of the resulting (crisp) intersection n-SuperHyperGraphs. [J

3.11 Uncertain Intersection SuperHyperGraph

An uncertain set assigns each element a degree tuple in a domain, representing membership
information under a chosen uncertainty model [183}/184]. An uncertain graph labels every vertex
and edge with degree tuples, enabling structure analysis when connectivity and presence are
uncertain [1]. An uncertain intersection graph arises from intersecting sets; it keeps intersection
adjacencies while attaching degree tuples to vertices and edges [1]. An uncertain intersection
superhypergraph uses supervertices as nested sets, forms superedges from nonempty common
intersections, and records degrees for all [1].

Definition 3.11.1 (Uncertain model). [183,184] Let X be a nonempty universe and let k£ € N.
An uncertain model is specified by a degree-domain

Dom(M) C [0,1]*
together with a membership (degree) map
pa : X — Dom(M).

The integer k is called the dimension of the degree-domain.

Example 3.11.2 (Uncertain model). Let X = {x, 25, 23,24} and take k = 2 with degree-
domain
Dom(M) := [0,1]>.

Define a membership (degree) map gy : X — [0,1]? by
pn (1) = (0.90,0.10),  pinr () = (0.60,0.25), pins(xs) = (0.30,0.50), s () = (0.75,0.05).
Then M = (Dom(M), ppr) is an uncertain model of dimension k& = 2 on the universe X.
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Definition 3.11.3 (Uncertain graph). Let G = (V, E) be a (finite, undirected, loopless) graph
and let M be an uncertain model. An uncertain graph of type M is a triple

Gu = (V. E, pu), par V' UE — Dom(M),

assigning an uncertainty degree to each vertex and each edge.

Example 3.11.4 (Uncertain graph of type M). Let G = (V, E) be the path P3 on vertices
V ={a,b,c} with

E = {{a.b}, {b.c}}.

Let M be the uncertain model with Dom(M) = [0, 1], Define py, : VU E — [0,1]? by
pni(@) = (0.80,0.10),  puar(b) = (0.65,0.20),  pas(c) = (0.90,0.05),

par({a,b}) = (0.70,0.15),  par({b,c}) = (0.55,0.30).

Then Gyr = (V, E, ppr) is an uncertain graph of type M.

Definition 3.11.5 (Uncertain hypergraph). Let H = (V,&) be a (finite) hypergraph with
E CP(V)\ {0}, and let M be an uncertain model. An uncertain hypergraph of type M is a
triple

Hu =V, E ), pr 2 VUE — Dom(M),

assigning an uncertainty degree to each vertex and each hyperedge.

Example 3.11.6 (Uncertain hypergraph of type M). Let H = (V,&) with vertex set V =
{1,2,3,4} and hyperedges

E=1{{1,2,3},{2,4}}.
Let M be the uncertain model with Dom(M) = [0, 1]%. Define uy : V UE — [0,1])% by

fiaz(1) = (0.90,0.05), f127(2) = (0.60,0.25), s127(3) = (0.75,0.10), puar(4) = (0.55,0.35),

s ({1,2,3)) = (0.50,0.30),  par({2,4}) = (0.65,0.20).

Then Hyr = (V, €, par) is an uncertain hypergraph of type M.

Definition 3.11.7 (Uncertain n-SuperHyperGraph). Let Vj be a base set and let n € Ny. An
n-SuperHyperGraph is a pair SHG™ = (V,,, E) where

0#V,CP"(Vo), 0#ECPVa)\{0}.
Let M be an uncertain model. An uncertain n-SuperHyperGraph of type M is a triple
S = (Vo B, puas), a2 Vi, UE — Dom(M).

For n =0 (so V,, = V}), this reduces to an uncertain hypergraph.
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Example 3.11.8 (Uncertain n-SuperHyperGraph of type M). Let Vo = {1,2,3,4} and fix
n = 1. Take the 1-supervertex set

Vi = {z1, 20,23} € P(Vh), x1 ={1}, z2={2,3}, z3={1,4}.
Let the superedge family be
FE = {51,52}, g1 ={x1, 22}, €3 = {ma,x3}.
Let M have degree-domain Dom(M) = [0, 1]%. Define uy, : Vi U E — [0, 1] by
pnt (1) = (0.85,0.05),  juas(@s) = (0.60,0.30), puns(ws) = (0.70,0.20),
() = (0.55,0.35),  puar(es) = (0.65,0.25).

Then 81(\2,) = (V1, E, ups) is an uncertain 1-SuperHyperGraph of type M.

Definition 3.11.9 (Uncertain intersection graph / hypergraph / n-SuperHyperGraph). Let M
be an uncertain model with degree-domain Dom(M) C [0, 1]*.

(i) An wuncertain intersection graph of type M is an uncertain graph
gM == (V7 E7 NM)

for which there exists a set-family F = {5, },ev such that (V, E) = Int(F).

(ii) An uncertain intersection hypergraph of type M is an uncertain hypergraph
Hu = (V.E, punr)

for which there exists a set-family F = {5, },ev such that (V, &) = IntHyp(F).

(iii) Fix n > 1. An wuncertain intersection n-SuperHyperGraph of type M is an uncertain n-
SuperHyperGraph
SJ(\;L) = (VmEmuM)

for which there exist Vj and an n-level family F such that (V,, E) = IntSHG™ (F).

Example 3.11.10 (Uncertain intersection graph). Let U = {p, ¢, 7} and consider the set-family
F ={S,, Sy, S.} given by

Sq = {p> CI}, Sp = {Q}7 Se = {’I"}
Its intersection graph IG(F) = (V, E) has V = {a, b, ¢} and a single edge {a, b}, since S, NS, =
{q} # 0, while S, NS, =0 and S, NS, = 0.
Let M have Dom(M) = [0, 1] and define pp, : VU E — [0,1] by

(@) =0.9, (b)) =06, ppa(c) =04, wa({a,b}) = 0.5.
Then Gyr = (V, E, ppr) is an uncertain intersection graph of type M.
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Example 3.11.11 (Uncertain intersection hypergraph). Let U = {1,2,3} and take F =
{Sl, SQ, Sg, 54} Wlth

S; ={1,2}, Sy = {2, 3}, S3 = {2}, Sy = {1}.
In the intersection hypergraph IH(F) = (V, &) on V = {1, 2, 3,4} we have, for example,
{1,2} € £ (since S; NSy = {2} #0), {1,2,3} € £ (since S; NSy NSy = {2} #0),

whereas {2,4} ¢ &€ because Sy N Sy = 0.

Let M have Dom(M) = [0, 1] and define py : V' UE — [0, 1] by assigning, for instance,
par(1) = 0.8, f0ar(2) = 0.7, uar(3) = 0.6, par(4) = 0.5, par({1,2}) = 0.4, par({1,2,3}) = 0.3,

and any values in [0, 1] to the remaining hyperedges of £. Then Hy; = (V, €, ar) is an uncertain
intersection hypergraph of type M.

Example 3.11.12 (Uncertain intersection n-SuperHyperGraph). Let V5 = {1,2,3} and fix
n = 1. Consider the 1-level family

F = {X17X27X3} - PI(VO) = ’P(VO), X, = {172}7 Xy = {2’3}7 X3 = {2}

Then ISHGW(F) = (V4, E) has

Vi={X1, X0, X3},  E={cCVi:|e|>2 (| X#0}.

Xee

In particular,
{X17X2}6E7 {X17X3}€E7 {X27X3}€E7 {X17X27X3}€E7

since all the corresponding common intersections contain the element 2.

Let M have Dom(M) = [0, 1]%. Define py, : Vi U E — [0,1]? by
par(X1) = (0.90,0.05),  puar(Xs) = (0.70,0.20),  pas(Xs) = (0.80,0.10),

par ({ X1, Xo}) = (0.55,0.35), s ({ X1, Xz, X5}) = (0.50,0.40),

and any values in [0,1]% for the remaining superedges of E. Then S} = (Vi, E, ) is an
uncertain intersection 1-SuperHyperGraph of type M.

Theorem 3.11.13 (Generalization by uncertain intersection n-SuperHyperGraphs). Let M be
an uncertain model and let S](\;) be an uncertain intersection n-SuperHyperGraph of type M.

1. If M is the fuzzy model (so Dom(M) C [0,1]), then S\7 is precisely a fuzzy intersection
n-SuperHyperGraph.

2. For n = 1, every uncertain intersection n-SuperHyperGraph of type M is (canonically) an
uncertain intersection hypergraph of type M.
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3. For any n > 1, the 2-section [S](\Z)]g is an uncertain intersection graph of type M. Conse-
quently, uncertain intersection n-SuperHyperGraphs generalize uncertain intersection graphs.

Proof. (1) In the fuzzy model one has Dom (M) C [0, 1], so the degree map pp : V,, UE — [0, 1]
is exactly a fuzzy membership assignment on vertices and superedges. Thus Definition [3.11.9((iii)
coincides with the usual notion of a fuzzy intersection n-SuperHyperGraph.

(2) When n = 1, the vertex objects satisfy V; C P(V}), i.e., vertices are ordinary sets. Edges are
families of such vertices with nonempty common intersection. This is precisely the construction of
an intersection hypergraph in Definition hence S](\}) is an uncertain intersection hypergraph.

(3) Let S](V}L) = (V,., E, up) be induced by some family F. Two supervertices z,y € V,, are

adjacent in [S{"], iff there exists ¢ € E with {z,y} C . But ¢ € E implies N,ec 2 # 0, hence
in particular zNy # (). Therefore adjacency in the 2-section is equivalent to pairwise intersection
of the corresponding objects, so [S](\Z)]Q is an intersection graph (Definition |2.2.1)). Equipping it

with the inherited vertex degrees fiyr|y, makes it an uncertain intersection graph of type M in

the sense of Definition [3.11.9(1). O

3.12 Hierarchical Intersection SuperHyperGraph

A hierarchical intersection superhypergraph models nested entities as supervertices across levels,
adding (super)edges when corresponding families share nonempty intersections, thereby linking
structure simultaneously.

Definition 3.12.1 (Nested intersection n-SuperHyperGraph). Let Vj be a finite nonempty set
and let n > 1. Fix a universe U and an injective base-realization map

n:Vo — PU)N{0}, v n(v),

so that intersections at level O are interpreted inside U.

Let S = {Xi,...,X,,} be a finite family of nonempty n-level objects
X, € P"(Vo) \ {0} (1<i<m).
Define recursively the level-k vertex sets (Vj)r_, by

Vo = {Xi,.... X} CP*"(Vo), V= |J Y CPW) (0<k<n-1)

YEVii1

(Thus Vj, collects all k-level constituents occurring inside the chosen n-level family.)

For each level k define the intersection edge family E; by

E, = {EngZ le] > 2 and IGk(e)#@},
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where the intersection operator IGy(¢) is given by

() < U, k=0,
IG(e) = { % -

Nz € P*'(W), 1<k<n.

ree

The resulting graded object
NISHG!"(S) = ((Vi, Ei)j—o; 1)

is called the nested intersection n-SuperHyperGraph generated by S (with base realization 7).

The top-level n-SuperHyperGraph associated with NISHG;")(S) is

Top(NISHG((S)) = (V;, E,,).

Remark 3.12.2 (Canonical choice of n). If V, € P(U) \ {0} already consists of nonempty sets,
one may take 7 = id. In complete generality, one may always take U := Vj and n(v) := {v},
which makes level-0 intersection encode equality (hence yields a valid but possibly trivial Ej).

Example 3.12.3 (Healthcare: patients—visits—(sets of) symptoms). Let U be a finite symptom
universe, e.g.
U := {fever, cough, fatigue, nausea, rash}.

Let the base set Vj consist of patient-visits (atomic records)
Vo := {v1, v, 3, 04,05}
Define an injective base-realization map 1 : Vo — P(U) \ {0} by
n(vy) = {fever,cough}, n(vy) = {fever, fatigue}, n(vs) = {cough, fatigue},
n(vy) = {nausea}, n(vs) = {rash, fever}.

Fix n = 2. Interpret level-1 objects as patients (sets of visits) and level-2 objects as clinics (sets
of patients). Let

pri=A{vi,oa}, pai={w}, psi=A{vs,v5} € P(Vo)\{0}.
Define the clinic family & = { X, Xo} C P?(V,) \ {0} by
X1 = {p1,p2}, Xy == {p2, ps}.
Then NISHG;Q)(S) = ((Vk, Ex)3_o;m) is a nested intersection 2-SuperHyperGraph.

Concretely, the level-2 vertex set is Vo = {X;, X5} and
1Go({X1, Xo}) = Xi N Xy = {p2} # 0,

so {X;, X} € E, (the two clinics share a common patient). At level 1, the vertex set is
Vi=X1UX, = {p1,p2,p3} and

IG ({p1,p2}) =p1 Np2 =0, IG1({p2:ps}) =p2Np3 =0,

so (in this toy instance) there is no level-1 intersection edge among distinct patients, while at
level O intersections detect shared symptoms, e.g.

1Go({v1,v2}) = n(vy) Nn(vy) = {fever} # 0,
hence {v1,v2} € Fy.
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Example 3.12.4 (Cybersecurity: machines—teams—business units via shared vulnerabilities).
Let U be a finite set of vulnerability identifiers, e.g.

U := {CVE-A, CVE-B, CVE-C, CVE-D}.
Let the base set V| be a set of machines
Vo := {my, mq, mg, my, ms, mg}.
Define an injective base-realization n: Vo — P(U) \ {0} by
§(my) = {CVE-A, CVEB), 5(ms) = {CVEB), n(ms) = {CVEC),

n(my) = {CVE-A, CVE-D}, n(ms) = {CVE-D}, n(mg) = {CVE-C, CVE-D}.
Fix n = 3. Interpret:

o level 1: service clusters (sets of machines),
o level 2: teams (sets of clusters),
o level 3: business units (sets of teams).

Define clusters (level 1) by
¢ i={mi,ma}, co:={ms}, c3:={mg,ms}, c4:={ms}.
Define teams (level 2) by
tl = {Cl, CQ}, t2 = {03, 64}.
Define business units (level 3) by the family S = {X;, Xo} C P?*(Vp) \ {0}:
X1 = {tl}, X2 = {tl,tQ}.

Then NISHG;?’)(S) is a nested intersection 3-SuperHyperGraph.

At the top level,
IG3({X1,X2}> - Xl N XQ - {tl} 7é @,

so {X1, X} € Ej3 (the two business units share a team). At level 0, machines intersect when
they share vulnerabilities, for instance

1Go({m1,m4}) = n(mi) Nn(ms) = {CVE-A} # 0,

so {my,my} € Ey. This yields a multilevel intersection structure linking units/teams/clus-
ters/machines by shared constituents and (at level 0) shared risk factors.

Example 3.12.5 (Education: students—courses—programs via shared prerequisite topics). Let
U be a finite set of prerequisite topics, e.g.

U := {linear-algebra, calculus, probability, programming}.
Let the base set Vj consist of course sections (atomic offerings):
% = {517 S92, 53, 54, 55}-
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Define an injective base-realization n: Vo — P(U) \ {0} by
n(s1) = {calculus, linear-algebra}, n(sy) = {calculus}, n(s3) = {probability},

n(s4) = {programming}, n(ss) = {linear-algebra, programming}.

Fix n = 2. Interpret level 1 objects as courses (unions of sections) and level 2 objects as degree
programs (collections of courses). Let

CMath = {51, 52}, Cstats := {83}, cos = {54,585}
Define two programs (level 2) by
Xy = {cMath, Cstats |» X5 = {CMath, ccs }-

Set S := {X1, X5} € P?(Vy)\{0}. Then NISHGf) (S) is a nested intersection 2-SuperHyperGraph.

At level 2, the two programs share a course:
IGo({ X1, Xo}) = X1 N X5 = {emam} # 0,
so {X1, X2} € Ey. At level 0, two sections intersect when they share prerequisite topics, e.g.

IGo({s1,5}) = n(s1) Nn(ss) = {linear-algebra} # 0,

s0 {81, 85} € Ey. Thus the model links programs via shared courses and links sections via shared
topics, while also retaining intermediate course-level constituents.

Theorem 3.12.6 (Nested intersection n-SuperHyperGraphs generalize intersection n-SuperHyperGraphs).
Let n > 1, let Vi be a finite nonempty set, and let S = {X1,..., X} € P"(Vy) \ {0}. Let
ISHG™(S) = (V, E) be the (standard) intersection n-SuperHyperGraph generated by S, i.e.,

V={X,. X}, E={eCVile]=2 ad (X #0}.
Xee
Choose any base-realization map n : Vo — P(U) \ {0} (e.g. as in Remark , and form the
nested intersection structure NISHG;") (S) as in Definition . Then
Top(NISHG((S)) = ISHG™(S).

In particular, forgetting the lower-level layers (Vk,Ek)Z;é recovers the usual intersection n-

SuperHyperGraph.

Proof. By construction of Definition [3.12.1} we have V,, = {X1,...,X,,} = V. Moreover, for
k = n the intersection operator is the ordinary set-theoretic intersection inside P "(V}), hence

En:{ggvn: e[ > 2 and ﬂXyé(D}:{EQV: e[ > 2 and ﬂX;é(ZJ}:E.
Xee

Xee

Therefore Top(NISHGE,") (S)) = (V, E,) = (V, E) = ISHG™(S), as claimed. O
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Chapter 4

SuperHyperGraph Labeling

In this chapter, we extend the classical notion of graph labeling by means of SuperHyperGraphs.
We introduce several derived concepts of SuperHyperGraph labeling and discuss them through
simple illustrative examples.

4.1 SuperHyperGraph Labeling

Labeling theory for hypergraphs and related higher-order structures provides a flexible language
for encoding combinatorial constraints. Vertex labels can model types, time slots, or priori-
ties, while hyperedge labels can record costs, capacities, or feasibility certificates for multiway
interactions (cf. |64-66,/185,/186]).

Definition 4.1.1 (Primal (2-section) graph). Let H = (V,€) be a (finite) hypergraph. Its
primal graph (also called the 2-section) is the simple graph

Pr(H) := (V| F), F = {{u,0} CV: u#v and Je € € with {u,v} C e}.

The vertezx distance distg(u,v) is the usual shortest-path distance between u,v € V' computed
in Pr(H).

Definition 4.1.2 (Hypergraph labeling (schema-based)). Let H = (V, &) be a hypergraph and
let Ly and Lg be nonempty label sets. A (vertex/hyperedge) labeling of H is a pair of maps

gv:V-)Lv, ggl€—>Lg,

where either map may be omitted if the corresponding labels are not used.

A hypergraph labeling schema is a first-order predicate
% (H v, 55)

whose atomic ingredients may include: the incidence relation “v € ¢” (v € V, e € &), the distance
disty from Definition equalities/inequalities between label values, and quantification over
V and €. We call (v, le) a valid hypergraph labeling for ® if ®(H; ly, le) holds.
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Remark 4.1.3 (Standard graph labelings as special cases). When H is 2-uniform (so H is an
ordinary graph), suitable choices of ® recover familiar labeling families. For example:

o Proper vertex coloring: Ly = {1,...,k} and

O = (V{u,v} € &) ly(u) # ly(v).

o L(p, q)-labeling (distance constraints on vertices): Ly C Z and

o= (VutveV) (distH(u,v) = 1= [0y (u) — by (v)] > p

A disty (u,v) =2 = |ly(u) — by (v)| > q).

o Strong hypergraph coloring (genuinely hypergraph): Ly = {1,...,k} and
b= (Veel) (Vutvee) ly(u) #ly(v).

Example 4.1.4 (A concrete hypergraph labeling: strong hypergraph coloring). Let H = (V. )
be the hypergraph with

V:={a,b,c,d}, & :={{a,b,¢}, {b,c,d}}.

Let Ly := {1,2,3} and (for simplicity) ignore hyperedge labels by taking L¢ := {x} and
le(e) :=xforalle € £.

Define a vertex labeling £y : V — Ly by
ly(a) =1, Oy (b) =2, ly(c) =3, ly(d) = 1.
Consider the schema @, (H; v ) expressing strong hypergraph coloring:
Oy (H; bv) = (Ve &) Vu#vee) by(u) # by (v).
Then @y, (H; ¢y ) holds, because
(o (@), 0 (0), 6(0)) = {1,2,3) and {0 (b), b (), b ()} = {2,3,1)

are pairwise-distinct on each hyperedge. Hence ({y,¢¢) is a valid hypergraph labeling for ®g,
in the sense of Definition [£.1.2]

Labeling extends verbatim to n-SuperHyperGraphs by replacing vertices/hyperedges with super-
vertices/superedges, and by measuring distances on the supervertex set through an appropriate
2-section.

Definition 4.1.5 (Primal graph and induced distance of an n-SuperHyperGraph). Let SHG™ =
(V, E) be an n-SuperHyperGraph, where V is the set of n-supervertices and E C P(V) \ {0} is
the set of n-superedges. Its primal graph is the simple graph

Pr(SHG(")) = (V,F), F = {{z,y} CV: z#y and e € E with {z,y} Ce}.
The supervertex distance distgggo (2, y) is the shortest-path distance in Pr(SHG™).
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Definition 4.1.6 (SuperHyperGraph labeling (schema-based)). Let SHG™ = (V, E) be an
n-SuperHyperGraph and let Ly and Lg be nonempty label sets. A (supervertex/superedge)

labeling of SHG™ is a pair of maps
gviv—>Lv, EElE—>LE,

where either map may be omitted if it is not required.

A labeling schema is a first-order predicate

built from the incidence relation “x € €” (with € V and € € E), the distance distgygm from
Definition equalities/inequalities between label values, and (optionally) additional predi-
cates on n-level objects (e.g. cardinalities of constituents, inclusion relations between nested mem-
bersof V. C P™(V)). We call (v, {r) a valid SuperHyperGraph labeling for ® if @(SHG(") 0y, Up)
holds.

Remark 4.1.7 (Recovering common schemas via ®). Appropriate schemas reproduce standard
labeling families on SHG"™. For instance:

+ Proper coloring on the primal graph: Ly = {1,...,k} and
= (V{z,y}t € F) bv(z) # v (y),

where F is the edge set of Pr(SHG™) from Definition

o L(p,q)-type distance labeling: Ly C Z and, for all distinct z,y € V,

P = (distSHGw(x,y) =1=|ly(z)—Lly(y)| = p Adistggam (z,y) =2 = [ly(x)—Lly(y)| > ¢

o Strong hypercoloring on superedges: Ly = {1,...,k} and

P=(VeeE) (Ve#£yce) by(z) # ly(y).

Example 4.1.8 (A concrete n-SuperHyperGraph labeling: a distance-L(2,1) labeling on su-
pervertices). Fix n := 1 and a base set V; := {1,2,3,4}. Define three 1-supervertices

X, = {1,2}, Xy = {2,3}, X3 = {3’4}a

and set

V = {Xl,XQ,Xg} Q Pl(%) — P(%)
Let the superedge family be
E = {{leXQ}a {X27X3}} g P(V) \ {®}7
so SHGW = (V, E) is a 1-SuperHyperGraph.
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By Definition the primal graph Pr(SHG™") has vertex set V and edges {X;, X5} and
{X3, X3}; hence

diStSHG(l) (X17 XQ) = 1, diStSHG(l) (XQ, X3> = 1, diStSHG(l) (Xla X3) = 2

Let Ly := Zs>o and ignore superedge labels by taking Lp := {*} with £g(¢) = *. Define a
supervertex labeling ¢y : V' — Ly by

(X)) =0, L(Xs)=2  Ly(Xy) =1

Consider the schema (I>2,1(SHG(1); ly) stating an L(2,1)-type distance constraint on superver-
tices:

Dy 1 (SHGW: 4y) = (Vo #£yeV)
(distspco (@,y) = 1= |6 (@) = v ()] 2 2 A distspao (2,9) = 2= b (2) = v (y)] 2 1).
This schema holds for the above ¢y, since
[l (X1) = by (Xa)| =0 -2| =22>2,
(v (X2) —bv(Xs)| = 2= 1] =122,
so we adjust slightly by instead setting ¢y (X3) = 4. Then
[0y (X1) — by (X2)| =2 = 2,
by (X2) = by (Xs)| = 2 -4 =222,
[y (X1) = by (Xs)| = |0—4[ =4 =1,

and therefore ®, | (SHG"; /) holds. Hence (¢y, ) is a valid 1-SuperHyperGraph labeling for
®,,1 in the sense of Definition [4.1.6]

4.2 SuperHyperGraph MultiLabeling

Multi-labeling enriches a combinatorial structure by assigning several labels simultaneously to
each vertex-like object and each edge-like object. The resulting label vector can encode multiple
constraints at once (e.g. scheduling, capacities, priorities), and it naturally supports optimization
problems in which different coordinates interact [187].

Definition 4.2.1 (Graph MultiLabeling). [187] Fix integers p,q > 0. Let G = (V, E) be

a finite (simple) graph. Choose nonempty vertex alphabets L&,l), .. .,Lg’) and nonempty edge

alphabets Lg), e L%). A Graph MultiLabeling on GG is a pair of label-tuples

by = (6,00, 49V LY (1<a<p),

bp= (0,089, W ESLY 1<b<gq).
Equivalently, one may package the coordinates into product-valued maps

P q
by V=T[LY, e E-T[LY,
a=1 b=1

where £y (v) = (f%,l)(v), e ,f@(v)) and similarly for edges.
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A MultiLabeling schema is a first-order predicate

constructed from the adjacency relation in G, graph distances (when used), and the label com-

ponents €§}1 )(v), 19 (e) together with fixed relations/operations on the alphabets (e.g. equality,

order, arithmetic, or application-specific constraints). We call (£y,€g) a valid Graph MultiL-
abeling for ® if @(G; EV,EE) holds.

Remark 4.2.2 (Typical coordinatewise and coupled constraints). Many standard labelings ap-
pear as special cases on a single coordinate, for example:

« Proper coloring on coordinate a: L{" = {1,...,k} and (V{u,v} € E) 6" (u) #
09 (v).

o L(h,k)-type spacing on coordinate a: L%}l) C Z and

diste(u,v) = 1= [ (w) — 67 ()| > b, dista(u,v) = 2 = |67 (u) — 67 ()] > .

» Edge capacities on coordinate b: L%) = {1,...,C} together with cross-constraints
such as (¥ ({u, v}) > f(ﬁ%,a) (u), 447 (v)) for a fixed function f.

More generally, schemas may couple coordinates, requiring that multiple label components jointly
avoid conflicts or satisfy feasibility constraints.

Example 4.2.3 (Graph MultiLabeling on a path with a coupled constraint). Let G = (V, E)
be the path P, with

V i= {1, v, 03,04}, E = {{vi,v2}, {v2, 03}, {vs, 04} }.
Fix p = 2 and ¢ = 1. Choose alphabets
LY :={1,2} (a “color” coordinate), L¥ :=7Z-y (a “time” coordinate),
Lg) :=Z>o (an “edge capacity” coordinate).
Define the vertex-label coordinates by
0 (1) =1, 67 () =2, £ (vg) =1, £ (vy) = 2,
07 (01) =0, 67 (v2) =2, 67 (v3) =4, 67 (v3) =6,
and define the edge-label coordinate by
' ({wv}) = |07 () =67 @)]  ({uv} € B).

Consider the schema ®5(G; by, L) asserting:

o (proper coloring on coordinate 1) for every {u,v} € E, fg/l)(u) # fi,l)(v);
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o (L(2,1)-type spacing on coordinate 2) for all u # v,

diste(u,v) = 1= [63 () — 67 ()| > 2, dista(u,v) = 2 = |63 (u) — £ (v)] > 1;

« (coupling) for each {u,v} € E, the edge label satisfies £'3) ({u, v}) = |62 (u) — £{? (v)].

Then @ holds for the above maps (adjacent time-differences equal 2, and distance-2 differences
equal 4), so (£y,£g) is a valid Graph MultiLabeling in the sense of Definition m

Hypergraph multi-labeling extends the same idea by replacing pairwise adjacency with vertex—
hyperedge incidence and (optionally) an induced distance on the vertex set [187].

Definition 4.2.4 (HyperGraph MultiLabeling). [187] Fix integers p,q > 0. Let H = (V, &) be
a finite hypergraph. Choose nonempty vertex alphabets LS), .. ,L&f) and nonempty hyperedge
alphabets L(gl), e L‘(gq). A HyperGraph MultiLabeling on H is given by

by = (0, 00), 0PV LY (1<a<p),

be= (0D, 08, 4P g LY (1<b<yq).

Equivalently, one may use product-valued maps ¢y : V. — [[0_, L§}1 Vand fe 1 £ — I, L(gb).

A MultiLabeling schema is a first-order predicate
) (H, Ev, eg)

built from the incidence relation v € e, optionally a chosen vertex-distance on V' (e.g. via the
primal graph/2-section), and the label components together with fixed relations/operations on
the alphabets. We call (€, £¢) a valid HyperGraph MultiLabeling for ® if ®(H; £y, £¢) holds.

Remark 4.2.5 (Examples of schemas in the hypergraph setting). Depending on the application,
® may encode:

» Strong hyperedge coloring on a vertex coordinate a: for each e € £, the labels {Eg}l)(v) :
v € e} are pairwise distinct.

o L(h,k)-type separation on a vertex coordinate a using a chosen distance distz: disty (u,v) =
1= 09 (u) — 49 ()| > b and distg (u,v) = 2 = [ (u) — 49 (v)] > k.

o Vertex—hyperedge coupling: for each e € £, the hyperedge label féb)(e) is constrained
by an aggregate of {E@ (v) : v € e} (sum, maximum, count, etc.).
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Example 4.2.6 (HyperGraph MultiLabeling with strong hyperedge coloring and vertex—hyperedge
coupling). Let H = (V, ) be the hypergraph with

V :={a,b,c,d}, E :={e, e}, e1 :={a,b,c}, ey:={b,c,d}.
Fix p =2 and ¢ = 1. Choose alphabets
LY :={1,2,3} (a “role”/color coordinate),
Lﬁf) :={10,20,30,40} (a “priority” coordinate),
L(gl) :={0,1} (a binary hyperedge flag).
Define vertex coordinates by
Ga) =1, () =2 () =3, 7(d) = 1,
(2 (a) = 10, £2(b) = 20, 12 (c) = 30, {7 (d) = 40,
and define the hyperedge coordinate by the coupling rule
1, if 02 (v) : > 30
tMe) = ! max,{ v (v)ivee) 230, (e€é).
0, otherwise,

Let @y (H; Ly, L) be the schema asserting:
o (strong hyperedge coloring on coordinate 1) (Ve € &) (Vu # v € e) E%,”(u) # Z%})(U);
+ (coupling) (Ve € &) the value E(gl)(e) equals the threshold test defined above.

Then ®5 holds: indeed, the role labels on e; = {a,b,c} are {1,2,3} (all distinct) and on
ey = {b,c,d} are {2,3,1} (all distinct), and the hyperedge flag is consistent with the maximum-
priority rule. Hence we obtain a valid HyperGraph MultiLabeling in the sense of Definition [£.2.4]

We now formulate the analogous notion for n-SuperHyperGraphs. Since superedges are set-
systems on the supervertex set, it is convenient to measure “distance” between supervertices via
the primal graph.

Definition 4.2.7 (Primal graph and induced distance for an n-SuperHyperGraph). Let SHG™ =
(V, E) be an n-SuperHyperGraph, i.e., 0 #V C P"(V;) and O # E C P(V) \ {0}. Its primal
graph (or 2-section) is the simple graph

Pi(SHG™) := (V, F), {z,y} € F <= z#y and Je € E with {z,y} Ce.

The (supervertex) distance distgyg o (z,y) is the usual shortest-path distance between z,y € V'
computed in Pr(SHG™).

Definition 4.2.8 (Flattening (base support) of an n-level object). Let Vj be a base set and
n € Ny. Define recursively a map Flat,, : P™(V,) — P(V,) by

Flaty(v) := {v} (v e V), Flat,,1(X) := U Flat,(Y) (X € P"* (V).

YeX

Thus Flat,, (X)) collects the base elements of Vj that appear anywhere inside the nested object
X.
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Definition 4.2.9 (SuperHyperGraph MultiLabeling). Fix integers p,q > 0 and let SHG™ =

(V, E) be an n-SuperHyperGraph. Choose nonempty supervertez alphabets LS), e Lﬁf) and
nonempty superedge alphabets Lg), e Lg). A SuperHyperGraph MultiLabeling on SHG™ is
given by

ey = (60, 6%), APV LY (1<a<p),

bp= (09,0, M. EBESLY 1<b<g).

Equivalently, one may use product-valued maps

p q
by V= J[,  eE-T[LE.

a=1 b=1

A MultiLabeling schema is a first-order predicate
®(SHG™; by, £5)

constructed from the incidence relation z € € (with € V and € € E), the distance distgygm
from Definition the flattening operator Flat,, from Definition basic set-theoretic
or cardinality operations on P(V}), and fixed relations/operations on the alphabets. We call
(by,Lg) a valid SuperHyperGraph MultiLabeling for ® if @(SHG(");EV,EE) holds.

Remark 4.2.10 (Common patterns of constraints in ®). Schemas for SuperHyperGraph Mul-
tiLabeling frequently impose:

« Distance-sensitive separation on a coordinate a: distgyqm (z,y) = 1 = [£{%(2) —
067 ()] = M and distspon (2,9) = 2= 67 (2) = 67 (9)] = 2.

« Support-aware vertex constraints: for instance £\’ (X) = |Flat, (X)| for all X € V.

« Superedge aggregation constraints: ¢\ (c) = g({Flat,(X) : X € e}) for a fixed
aggregator g (e.g. |Uye. Flat, (X)[, [Nye. Flat, (X)[, or a statistic of vertex-label coor-
dinates).

Example 4.2.11 (n-SuperHyperGraph MultiLabeling with a support-aware coordinate). Fix
n := 1 and a base set V := {1,2,3,4}. Consider the 1-SuperHyperGraph SHGW = (V,E)
with supervertices

X1 = {1,2}, X2 = {2,3}, X3 = {3,4}, V.= {Xl,XQ,Xg} g P(‘/O),

and superedges
E = {{Xl,XQ},{X27X3}}.

(Thus the primal graph on V is the path X;-X,-X3.)

Fix p =2 and ¢ = 1. Choose alphabets

Lg,l) :=Z>¢ (a “support-size” coordinate), Lg) :=Z>¢ (a “distance label” coordinate),
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Lg) :=Z>¢ (a “union-size” superedge coordinate).

For n = 1 the flattening/base-support satisfies Flat;(X) = X C V. Define the supervertex
coordinates by

65/1)(X) = |F1at1(X)’ = |X’, eg)(Xl) =0, £§)<X2> =2, g&fz)(Xl?) =4,
and define the superedge coordinate by the support-union aggregator

D) = ] U Flatl(X)‘ (c € E).

Xee

Let @SHg(SHG(l); Ly, L) be the schema asserting:

« (support-aware coordinate) for all X € V, £\ (X) = | Flat,(X)];

o (distance separation on coordinate 2) for all X #Y € V|

distepam (X, Y) =1 = [62(X) - 62 (V)| > 2;

« (superedge aggregation) for all € € E, () (¢) = |Uxe. Flat; (X)].

Then &gy holds: adjacent supervertices differ by 2 on coordinate 2, and
0 (X1, Xa)) = 11,2} U{2,3} =3, € ({X2, Xs}) = [{2,3} U {3,4}| = 3.
Therefore (£y,£p) is a valid 1-SuperHyperGraph MultiLabeling in the sense of Definition [4.2.9]

4.3 SuperHyperGraph L(h,k)-Labeling

A graph L(h, k)-labeling assigns integers to vertices so adjacent vertices differ by at least h
and distance-two vertices by k [188-191]. A hypergraph L(h, k)-labeling labels vertices so co-
hyperedge vertices differ by at least h, and incidence-distance-two vertices differ by k likewise.
A SuperHyperGraph L(h, k)-labeling labels supervertices so superedge-adjacent supervertices
differ by at least h, and primal-distance-two supervertices differ by k too.

Definition 4.3.1 (Graph L(h, k)-labeling). [188,192] Let G = (V, E) be a finite simple graph
and let h, k € Rso. An L(h, k)-labeling of G is a map

0:V — Zsg
such that for all distinct u,v € V,
distg(u,v) =1 = |[l(u) — £(v)| > h, distg(u,v) =2 = |l(u) — L(v)] > k.
Equivalently, the second condition can be stated as:
BweV:uwweFEandwveE) = [{(u)—{(v)] >k,

which is the usual “common-neighbor” formulation.

The span of £ is

span(f) := 151635(5(21) — min £(v),

and (without loss of generality) one may assume min¢ = 0. We write A, (G) for the minimum
span among all L(h, k)-labelings of G.
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Example 4.3.2 (A graph L(h, k)-labeling). Fix (h,k) = (3,5) and let G be the path P, with
V(G) = {v1,vq9,v3,04}, E(G) = {{’1)1,7)2}, {vq,v3}, {113,1)4}}.
Define ¢ : V(G) — Zx¢ by
l(vy) =0, L(vy) =3, l(v3) =8, l(vy) = 11.

Then adjacent vertices satisfy [£(v;) —€(v;1)| > 3 fori = 1,2, 3, and the distance-2 pairs (v, v3)
and (vq, vy) satisfy

|¢(v1) — €(vs)] =8 > 5, |0(vg) — £(vy)| = 8 > 5.

Hence /¢ is an L(3, 5)-labeling of G.

Definition 4.3.3 (Hypergraph L(h, k)-labeling via the primal graph). Let H = (V,&) be a
finite hypergraph and let Pr(H) denote its primal graph (or 2-section), i.e. the simple graph on
vertex set V' where {u, v} is an edge iff u # v and there exists e € £ with {u,v} C e.

An L(h, k)-labeling of H is an L(h, k)-labeling of the graph Pr(H); namely, it is a map
0:V — Z>g
such that for all distinct u,v € V,
distpy(m)(u,v) =1 = [(u) — L(v)| > h, distpy(m)(u,v) =2 = |[l(u) — L(v)| > k.

We set Ak (H) := Ak (Pr(H)).

Remark 4.3.4 (Berge distance agrees with primal-graph distance). If one defines the distance
between vertices of a hypergraph using Berge paths (vertex—hyperedge alternating paths), then
the resulting Berge distance equals distp, (7). Indeed, each Berge step u € e v corresponds to
an edge uv in Pr(H), and conversely each edge of Pr(H) is witnessed by some hyperedge of H.
Thus Definition is equivalent to defining L(h, k)-constraints using Berge distance.

Example 4.3.5 (A hypergraph L(h, k)-labeling via the primal graph). Fix (h,k) = (3,5) and
let H = (V, &) be the hypergraph

V={abecd, E={ee}, e ={abec} e ={cd}
Its primal graph Pr(H) has edge set
E(Pr(H)) = {{a,b},{a,c},{b,c} {c,d}}.
Define £ : V — Zs, by
0(a)=0, (b)=3, lc)=8,  {(d)=11.

Along each edge of Pr(H) we have |{(u) —£(v)| > 3, and the distance-2 pairs in Pr(H) are (a,d)
and (b, d) (via c), for which

|0(a) — £(d)] =11 > 5, |¢(b) — ¢(d)| =8 > 5.
Therefore £ is an L(3, 5)-labeling of H in the sense of Definition [4.3.3]
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Definition 4.3.6 (n-SuperHyperGraph L(h, k)-labeling). Let SHG™ = (V, E) be a finite n-
SuperHyperGraph. Let Pr(SHG(")) be its primal graph (the 2-section): vertices are V, and
distinct x,y € V' are adjacent iff there exists ¢ € E with {z,y} C e.

An L(h, k)-labeling of SHG™ is an L(h, k)-labeling of Pr(SHG™); that is, it is a map
0:V — Z>g
such that for all distinct x,y € V,
distp, ey (T,y) =1 = [((z)—L(y)| > h, distp,gam)(T,y) =2 = |[((z)—L(y)| > k.

We write Ay ,(SHG™) := A, 4(Pr(SHG™)).

Example 4.3.7 (A hypergraph L(h, k)-labeling via the primal graph). Fix (h,k) = (3,5) and
let H = (V, &) be the hypergraph

V ={a,b,c,d}, E ={ey, e}, e1 ={a,b,c}, ey ={c,d}.
Its primal graph Pr(H) has edge set
E(Pr(H)) = {{a,b},{a, ¢}, {b,¢}, {e, d} }.
Define £ : V — Z=q by
la)=0, Lb)=3, Llc)=38, L(d)=11.

Along each edge of Pr(H ) we have |{(u) —£(v)| > 3, and the distance-2 pairs in Pr(H) are (a, d)
and (b, d) (via c), for which

|t(a) — £(d)] =11 > 5, |¢(b) — ¢(d)| =8 > 5.
Therefore ¢ is an L(3, 5)-labeling of H in the sense of Definition m

Theorem 4.3.8 (n-SuperHyperGraph L(h, k)-labeling generalizes the graph and hypergraph
cases). Fizn € Ny and h,k € R.

1. (Graphs embed.) For every finite simple graph G = (Vg, Eq) there exists an n-SuperHyperGraph
SHG(C?) such that
Pr(SHGY) =~ G.

Consequently, L(h,k)-labelings of G are in bijection with L(h,k)-labelings of SHGgL) (via
transport along the isomorphism), and

Ak (SHGEY = Ay 1(G).

2. (Hypergraphs embed.) For every finite hypergraph H = (Vi,Ex) there exists an n-
SuperHyperGraph SHGE;) such that

Pr(SHGY") = Pr(H).

Hence L(h,k)-labelings of H (Definition are in bijection with L(h, k)-labelings of
SHG(]_?), and
Ani(SHGY) = Ny (H).
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3. (Recovery at level n = 0.) When n = 0, an n-SuperHyperGraph is (canonically) a
hypergraph, so Definition [{.3.6] reduces to Definition[{.3.3

Proof. Define the iterated singleton embedding t(x) := z and t;41(x) := {0 (x)}.

(1) Graphs. Let G = (Vg, Eg) and set Vj := Vi and
V= () e Ve) © P
Define the superedge family
E = {{tn(w),tn(®)} : {u0} € B}

Then SHG := (V, E) is an n-SuperHyperGraph. By construction, distinct u,(u), t,(v) €
V are adjacent in Pr(SHGY) iff {u,v} € Eg. Thus the bijection ¢ : Vg — V given
by ¢(v) = u,(v) is a graph isomorphism G = Pr(SHG(Gn)). In particular, distg(u,v) =
distpr(SHGgL))(Ln(u),Ln(v)) for all u,v € Vg, so an L(h,k)-labeling of G pulls back/pushes

forward to an L(h, k)-labeling of SHG(C?) with the same span, proving A, x(SHGS?) = A 1(G).

(2) Hypergraphs. Let H = (Viy,Ey). Again set V; := V and
Vo= {w,(v) v €V} CP*(Vp), E = {{tn(v):vee}: eyl

Then SHG;?) := (V, E) is an n-SuperHyperGraph. Two distinct vertices u,v € Vj are adjacent
in Pr(H) iff there exists e € &y with {u,v} C e, which holds iff there exists the corresponding
superedge €, = {t,(7) : € e} € FE containing {¢,(u), t,(v)}. Hence the bijection ¢(v) = ¢,,(v)
yields an isomorphism Pr(H) 2 Pr(SHG'}). Distances are preserved, so L(h, k)-labelings (and
their optimal spans) correspond: /\h’k(SHG%’)) = M (Pr(H)) = A\p(H).

(3) The case n = 0. For n = 0 one has V' C P°(V;) = V; and superedges are subsets of
V', i.e. a hypergraph structure; the standard identification of level-0 SuperHyperGraphs with
hypergraphs is canonical. Therefore Definition specializes to Definition [4.3.3 O

4.4 SuperHyperGraph Graceful labeling

A graceful labeling of a graph injectively labels vertices by {0, ..., | E|} so absolute edge differences
produce all labels 1, ..., |F| exactly once [50,51,193-195]. A graceful labeling of a hypergraph
injectively labels vertices by {0, ...,|&|} so each hyperedge’s minimum pairwise difference yields
a bijection onto [|E|]. A graceful labeling of a superhypergraph injectively labels supervertices by
{0,...,|E|} so every superedge’s minimum internal difference forms a bijection onto [|E|].

Definition 4.4.1 (Graceful labeling of a graph). Let G = (V, E) be a finite simple graph and
put m :=|E|. A graceful labeling of G is an injective map

f:V—H{0,1,....,m}
such that the induced edge-labeling
fo: E—A{L2,....om},  fe({u,v}) = [f(u) = f(v)|
is a bijection. A graph admitting a graceful labeling is called graceful.
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Example 4.4.2 (Graceful labeling of a graph). Let G = P; be the path on three vertices,
V = {vy,v9, 03}, E = {{v1,v2}, {va,v3}},
som = |E| = 2. Define f: V — {0, 1,2} by
flo) =0,  flvz) =2,  f(vs) =1
Then the induced edge-labels are
fe({v,ve}) =10-2[=2,  fe({va,vs}) =[2-1] =1,
so fg is abijection E — {1,2}. Hence f is a graceful labeling of G in the sense of Deﬁnitionm

Remark 4.4.3 (A hypergraph convention). There are several non-equivalent extensions of grace-
ful labeling from graphs to hypergraphs. In this section we fix the following min-difference
convention; it agrees with Definition on 2-uniform hypergraphs (i.e., graphs).

Definition 4.4.4 (Graceful labeling of a hypergraph (min-difference version)). Let H = (V. )
be a finite hypergraph and put m := |E|. A graceful labeling of H (in the sense of Remark |4.4.3))
is an injective map

f:V—H{0,1,....,m}
such that the induced hyperedge-labeling
fe: &€ —A{1,2,...,m}, fe(e) == min{|f(u) — f(v)]: u,v €e, u#v}
is a bijection. A hypergraph admitting such a labeling is called graceful.

Example 4.4.5 (Graceful labeling of a hypergraph (min-difference version)). Let H = (V,€)
be the hypergraph

V={abc}, E={ene}, e ={abc} e ={bc}
som = |€| = 2. Define f: V — {0, 1,2} by
flay=0,  f(b)=2, flo)=1
Compute the induced hyperedge-labels (Definition [L44):
feler) = min{[f(u) — f(v)] : w#v, u,v € {a,b,c}} =min{2,1,1} =1,
feleo) = min{[f(u) — f(v)] : u#v, uve{be}=2-1=1

Thus fe is not injective. To obtain a graceful labeling, keep the same vertex set but use the two
hyperedges

& ={e,er},  er={a,c}, ey ={ab,c},
and define f'(a) =0, f'(b) =2, f'(¢c) = 1 as above. Then
fe(eh) =min{[f'(a) = f()]} =1, fo(ey) =min{2,1,1} =1,
still fails, so instead set
f'la)y=0,  f'b)=1,  f'(c)=2.

Now
o(e]) =10—-2] =2, & (ey) =min{1,2,1} =1,

so f# is a bijection & — {1,2}. Hence f” is a graceful labeling of the hypergraph H' = (V, &)
in the min-difference sense of Definition [£.4.4]
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Definition 4.4.6 (Graceful labeling of an n-SuperHyperGraph (min-difference version)). Fix
n € Ny. Let SHG™ = (V, E) be an n-SuperHyperGraph (so V is the set of n-supervertices and

each superedge is a nonempty subset of V). Put m := |E|. A graceful labeling of SHG™ (in the
sense of Remark 4.4.3) is an injective map

f:V—H{0,1,...,m}
such that the induced superedge-labeling
fe: E—{1,2,...,m}, fe(e) == min{|f(z) - f(y)|: z,y€e, x#y}

is a bijection. An n-SuperHyperGraph admitting such a labeling is called graceful.

Example 4.4.7 (Graceful labeling of an n-SuperHyperGraph (min-difference version)). Fix
n =1 and let SHG"Y = (V, E) have supervertex set

V ={X1, X5, X3}, X, ={1}, X,={2}, X3={3} CP'(W),
and superedge family
E = {e1,e5}, g1 ={X1, X3}, e2={X1,Xo, X5}
Then m = |E| = 2 and define f : V — {0, 1,2} by
f(X1) =0, f(X2) =1, f(X3) =2.
The induced superedge-labels are
fe(er) = min{|f(X1) = f(Xs)|} =[0-2/=2,  fe(ez) = min{l,2,1} = 1.

Hence fg is a bijection E — {1,2}, and f is a graceful labeling of SHGY in the sense of
Definition [4.4.6]

Definition 4.4.8 (Iterated singleton embedding). Let V; be a finite set and fix n € Ny. Define
o : Vo = PO°%Vh) = Vi by p(v) = v, and for k > 0 define t341(v) := {tx(v)}. Then
tn 2 Vo = P™(V) is injective.

Definition 4.4.9 (n-lift of a hypergraph). Let H = (V;, ) be a hypergraph and fix n € N.
Define the n-supervertex set

v = L) v eV} € P,
and the n-superedge set
EM = {(e) = {tn(v):veEe} : ec&}.

Then Lift,(H) := (V™ E™) is an n-SuperHyperGraph, called the n-lift of H. (If H is a
graph, this definition applies with &€ = E.)

Theorem 4.4.10 (n-SuperHyperGraph graceful labeling generalizes graph/hypergraph graceful
labeling). Fiz n € Nj.
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1. If a graph G is graceful (Definition , then its n-lift Lift, (G) is graceful as an n-
SuperHyperGraph (Definition .

2. If a hypergraph H is graceful (Definition |4.4.4}), then its n-lift Lift, (H) is graceful as an
n-Super Hyper Graph (Definition |4.4.0]).

8. For n = 0, Definition [{.4.6 coincides with Definition (hence also with Definition[{.4.1]

in the 2-uniform case).

Proof. Let H = (Vj, £) be a hypergraph (a graph is the 2-uniform special case), and fix n € Ny.
Write Lift,(H) = (V™ E(™) as in Definition Set m := || = |[E™)].

Assume H has a graceful labeling f : V; — {0,1,...,m} in the sense of Definition m (or
Definition if H is a graph). Define a labeling on V(™ by transport along ¢,,:

f: v —{0,1,...,m},

flen(v)) = f(v).

Since ¢, and f are injective, so is f.

Now take a hyperedge e € € and its lifted superedge ¢, (e) € E™. By definition of the induced
label in Definition [4.4.6

Fotn(e)) = min{| f(tn(w) = Fen(v)] : w,v € €, u# v}
=min{|f(u) — f(v)|: w,v e, u#v}=fe(e).

Hence the induced superedge-labeling fz : E™ — {1,...,m} is exactly fe transported along
the bijection e + 1, (e) between £ and E™. Therefore, fg is a bijection if and only if f¢ is a
bijection. This proves (2). In the graph case, every edge has size 2, so the “min” is taken over a
singleton set and

Fofen (@), ta(0)}) = |f(u) = f()],
which yields (1).

Finally, for n = 0 we have V(© = Vj and E® = &£, so the notion of graceful labeling in
Definition is literally Definition This proves (3). O

4.5 SuperHyperGraph Harmonious Labeling

A graph harmonious labeling injectively maps vertices into Z g so each edge-sum f(u) + f(v)
yields distinct residues [47,48}48,,49,49,|196,/197]. A hypergraph harmonious labeling injectively
maps vertices into Z¢| so each hyperedge-sum ) . f (v) is bijective. A superhypergraph har-
monious labeling injectively maps supervertices into Z g so each superedge-sum ) __ f (x) is
bijective. For an integer m > 1, write Z,, := Z/mZ for the cyclic group of order m, and compute
all sums modulo m.
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Definition 4.5.1 (Graph harmonious labeling). Let G = (V, E') be a finite (simple, undirected)
graph with ¢ := |E| > 1. Amap f:V — Z, is called a harmonious labeling of G if

1. f is injective, and

2. the induced edge-labeling f* : £ — Z, defined by

[ u,0}) = flw)+ fv)  ({u,v} € E)

is bijective (equivalently, all edge labels are pairwise distinct in Z,).

If such an f exists, then G is called a harmonious graph.

Example 4.5.2 (Harmonious labeling of a graph). Let G = P, be the path on four vertices,
V = {vy,vq9,v3,04}, E = {{'Ul,’l}g}, {va,v3}, {vg,v4}},

so ¢ := |E| =3 and Z, = Z3. Define f : V — Z3 by
f(v) =0, f(v2) =1, f(vs) =2, f(va) = 0.

Then f is injective on V? (No: f(v1) = f(vs4).) So we instead take a graph with |V| < ¢ to
allow injectivity.

Let G = P5 be the path on three vertices,
V = {vy,v9, 03}, E = {{v1,v2}, {va, v3}},
so ¢ = 2 and Zy = {0,1}. Define
f(v1) =0, f(v2) =1, f(vs) =0.

Again f is not injective. Hence, for the injective (standard) notion, take the triangle G = K3,
where ¢ = 3 and |V| = 3.

Let G = K3 with V = {1)1,7)2,1)3} and £ = {{’1)1,’1)2},{U277)3},{U1,U3}}, SO q = 3. Define
f V= Zs by
f(vl) :01 f(UQ) = 17 f(U3) =2.

Then f is injective, and the induced edge-labels (modulo 3) are
f{o,0}) =0+1=1, f({va,v3}) =14+2=0, f"({v,v3})=0+2=2,

which are all distinct and hence form a bijection £ — Zs3. Therefore f is a harmonious labeling
of K3

Definition 4.5.3 (Hypergraph harmonious labeling). Let H = (V, &) be a finite hypergraph
with m = €] > 1. Amap f:V — Z,, is called a harmonious labeling of H if

1. f is injective, and
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2. the induced hyperedge-labeling f* : & — Z,,, defined by

frle) =Y flo)  (e€&)

vee

is bijective.

If such an f exists, then H is called a harmonious hypergraph.

Example 4.5.4 (Harmonious labeling of a hypergraph). Let H = (V,£) be the hypergraph
V ={a,b,c}, E ={e, e}, er = {a,b}, ey ={a,c}.
Here m := |€| = 2 and we work in Z,. Define f : V — Zy by
fla)=0,  f(b)=1,  flc)=0.

Then f is not injective, so we choose a hypergraph with |V| < m.

Let V = {a,b} and & = {e1, €2} with
e; = {a}, ey = {b}.

However, hyperedges are usually assumed nonempty and may be singletons, but then sums are
trivial. To keep |V'| < m and have |e| > 2, take m = 3 instead.

Let H = (V,€) with
V ={a,b,c}, E=A{ey,ea,e3}, e ={a,b}, ea ={a,c}, e3 ={b,c}.
Then m = 3 and we use Zs. Define f : V — Z3 by
fla)=0, flb)=1,  flo)=2
This f is injective, and the induced hyperedge-labels are
frer) = fla)+f(b) =1, fi(ex) = fla)+f(c) =2, [(es) = f(b)+f(c) = 142 = 0 (mod 3),

which are all distinct and hence give a bijection £ — Z3. Therefore f is a harmonious labeling
of H.

Definition 4.5.5 (n-SuperHyperGraph harmonious labeling). Let SHG™ = (V, E) be a finite
n-SuperHyperGraph with m := |E| > 1. A map f :V — Z,, is called a harmonious labeling of
SHG™ if

1. f is injective, and

2. the induced superedge-labeling f* : E — Z,, defined by

fie) =Y flx) (c€B)

is bijective.
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If such an f exists, then SHG™ is called harmonious.

Example 4.5.6 (Harmonious labeling of an n-SuperHyperGraph). Fix n = 1 and consider the
1-SuperHyperGraph SHGWY = (V, E) with

V - {X17X27X3}7 E - {51752753}7

where

g1 = {X1, Xo}, g = {X1, X3}, g3 = {Xo, X3}
Thus m := |E| = 3 and we work in Zs. Define f : V — Z3 by
f(X1)=0, [f(Xy)=1, [f(X3) =2
Then f is injective, and the induced superedge-labels are
ffle))=0+1=1, f(e2)=0+2=2, f*(e3)=14+2=0 (mod 3),

which are pairwise distinct and hence bijective £ — Z3. Therefore f is a harmonious labeling
of SHG™ in the sense of Definition

Theorem 4.5.7 (n-SuperHyperGraph harmonious labeling generalizes the graph/hypergraph
notions).

1. (Reduction to n = 0.) When n = 0, Definition coincides with Definition [{.5.3 If,
in addition, every hyperedge has size 2, it coincides with Definition [{.5.1]

2. (Lifting graphs to level n.) Let G = (Vg, Eg) be a harmonious graph and fit n € Ny.
Then there exists a harmonious n-SuperHyperGraph SHG™ whose supervertices are iterated
singletons of Vg and whose superedges correspond bijectively to Eq.

3. (Lifting hypergraphs to level n.) Let H = (Vy,Ex) be a harmonious hypergraph and fix
n € Ng. Then there exists a harmonious n-SuperHyperGraph SHG™ whose supervertices are
iterated singletons of Vi and whose superedges correspond bijectively to Ex.

Proof. (1) If n = 0, then V. C P%(V;) = Vi, and E C P(V) \ {0}, so (V, E) is an ordinary
hypergraph. The induced labeling rule in Definition |4.5.5| is exactly the hyperedge-sum rule of
Definition hence the notions coincide. If moreover each € € E has || = 2, then (V, E) is
a simple graph and the rule reduces to the edge-sum rule of Definition [£.5.1]

(2) Let G = (Vg, Eg) be harmonious and set ¢ := |Eg|. Choose a harmonious labeling f :
Ve — Zy. Let Vi := V; and define the iterated singleton embedding by

to(v) = v, ter1(v) == {w(v)} (veVy, k>0).
Define
V = {i,(v):veVg} C P*(Vy), E = {{tn(w),tn(v)} : {u,v} € Eg}.
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Then SHG™ := (V, E) is an n-SuperHyperGraph and |E| = |Eg| = ¢. Define f, : V — Z, by
fau(tn(v)) :== f(v). Since ¢, is injective and f is injective, so is f,.

For any edge {u,v} € Eg, the corresponding superedge is €., := {t,(u),t,(v)} € E, and

falew) = fuln(u)) + fa(n(v)) = f(u)+ f(v) = f*({u,0}) inZ,

Thus f} : E — Z, is bijective because f* : Eq — Z, is bijective. Hence SHG™ is harmonious.

(3) Let H = (Vi,Ex) be harmonious and set m := |Ey|. Choose a harmonious labeling
f:Vy — 7Z,,. As above, set V; := Vg and define ¢,, by iterated singletons. Let

Vo= {1,(v) v e Vy}CP(Vy), FE = {a = {ta(v):vEE} : e€Ey }

Then |E| = |Ey| = m and (\) : €y — FE is a bijection. Define f,(t,(v)) := f(v). For any

€ec SH,
f;:(é\) = an(iﬁ) = Zf(v) = f*(E) in Z,,.
r€e vEe
Therefore f : E — Z,, is bijective because f* : £y — Z,, is bijective. Hence SHG™ = (V,E)
is harmonious. O

4.6 SuperHyperGraph Lucky Labeling

A graph lucky labeling assigns positive integers to vertices so adjacent vertices have different
neighbor-sum values; the minimum range is lucky number [198-203]. A hypergraph lucky labeling
labels vertices so any two vertices sharing a hyperedge have distinct sums of labels in their hyper-
neighborhoods. A SuperHyperGraph lucky labeling labels supervertices so any pair co-contained
in a superedge have different neighbor-sums computed in the primal graph.

Definition 4.6.1 (Lucky labeling of a graph). Let G = (V, E) be a finite simple graph and let
f:V — N be a vertex labeling. For each v € V', define the neighborhood sum

Sp(w) = > flu),

UENg(v)
with the convention Sy(v) := 0 if v is isolated (i.e. Ng(v) = 0). We call f a lucky labeling of G
if
Se(u) # Sy(v) for every edge uv € E.

The lucky number of G, denoted n(G), is the least positive integer k such that G admits a lucky
labeling f: V — {1,2,...,k}.

Example 4.6.2 (A lucky labeling of a graph). Let G = P5 be the path on three vertices

V = {vy, 09,03}, E = {{v1,v2}, {va, 03} }.

Define f: V — N by
flo)=1,  fva)=1,  f(vs) =2

71



Chapter 4. SuperHyperGraph Labeling

Then the neishborhood sums are
Sp(vr) = f(v2) =1, Sp(ve) = f(v1) + f(vs) =3,  Sp(vs) = f(v2) = 1.
Hence, for each edge of G,
St(vi) # Sp(ve) and  Sp(v2) # Sp(vs),

so f is a lucky labeling of G. In particular, f uses only labels in {1,2}, so n(G) < 2; moreover
n(G) # 1, thus n(G) = 2.

Definition 4.6.3 (Lucky labeling of a hypergraph). Let H = (V, £) be a finite hypergraph, and
let Pr(H) denote its primal graph (the simple graph on vertex set V' in which u # v are adjacent
iff {u,v} C e for some hyperedge e € £). A labeling f : V — N is called a lucky labeling of H if
it is a lucky labeling of the primal graph Pr(H), i.e. if, with

Si(w) == Y flu) (veV),

’U,ENPI-(H)(’U)
(and S{(v) := 0 when Npyz)(v) = 0), we have
Sf(u) # Sf(v)  for every edge uv € E(Pr(H)).

The lucky number of H is defined by n(H) := n(Pr(H)).

Example 4.6.4 (A lucky labeling of a hypergraph (via the primal graph)). Let H = (V,€) be
the hypergraph with

V ={a,b,c,d}, E ={e, e}, er ={a,b,c}, ey ={c,d}.
Its primal graph Pr(H) has edges
{a,b},{a, c},{b, c}, {c, d},

i.e., Pr(H) is a triangle on {a, b, c} with a pendant vertex d attached to c.

Define f: V — N by

Compute neighborhood sums in Pr(H):
Sf(a)=f0)+ fle)=3,  S{(b) = fla) + f(c) =2,
Si'(c) = fla) + f(b) + f(d) =4,  S7(d) = f(c) = 1.
Along every primal edge we have distinct sums:

SY(a) # (). Sf(a) # 57 (c).

SY(b) # SY(¢), 5(c) # 71 (d).

Therefore f is a lucky labeling of H (Definition |4.6.3)). In particular, f uses only labels in {1, 2},
so n(H) < 2, and clearly n(H) # 1; hence n(H) = 2.
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Definition 4.6.5 (Lucky labeling of an n-SuperHyperGraph). Let SHG™ = (V, E) be a finite
n-SuperHyperGraph, and let Pr(SHG(")) be its primal graph (on vertex set V', where & # y are
adjacent iff {x,y} C € for some superedge ¢ € E). A labeling f : V — N is a lucky labeling of
SHG™ if it is a lucky labeling of Pr(SHG™), i.e. if the neighborhood sums

S7(w) = Yoo fly) (e,

yeNPr(SHG(")) (m)

(with S}n) (z) := 0 when Npr(SHg<v»))($C) = () satisfy
S](c") (x) # S](c”) (y) for every edge 2y € E(PY(SHG(n))).

The lucky number of SHG™ | denoted n(SHG(")), is the least £k € N such that there exists a
lucky labeling f: V — {1,2,...,k}.

Example 4.6.6 (A lucky labeling of an n-SuperHyperGraph (primal-graph version)). Fixn =1
and let Vy = {a,b,c}. Consider the 1-SuperHyperGraph SHG" = (V, E) with

V - {XI)XQaXS} g P(%)y Xl - {CL}, X2 - {b}v X3 - {C},
and with a single superedge
E:{g}, €:{X1,X2,X3}.

Then the primal graph Pr(SHG(l)) is the complete graph K3 on {X;, Xo, X3}.

Define f : V — N by
f(X) =1,  f(X2)=2  f(X3) =3.

Since Pr(SHG") 2 K3, the neighborhood sums are
SP(X1) = f(Xa) + [(Xa) = 5.

SM(X,) = F(X1) + F(Xs) = 4,
SW(Xs) = f(X1) + f(Xs) = 3.

Thus, for every edge X, X; in Pr(SHG™"), one has S’}l)(Xi) # S}l)(Xj). Hence f is a lucky label-
ing of SHG™" in the sense of Definition Moreover, 7(SHG™!) = 3 because Pr(SHG")
K3 admits no lucky labeling using only {1, 2}.

Theorem 4.6.7 (n-SuperHyperGraph lucky labeling generalizes the graph and hypergraph
notions).

(i) (Hypergraphs as the case n = 0.) For every hypergraph H = (V,&), define the level-0
SuperHyperGraph
SHGY = (V,¢&).

Then a labeling f : V — N is a lucky labeling of H (Deﬁm’tion if and only if f is a
lucky labeling of SHG(P(I)) (Definition m with n = 0). Consequently,

n(H) = n(SHGY).
73



Chapter 4. SuperHyperGraph Labeling

(i) (Graphs embedded at any level n.) Let G = (Vg, Eg) be a finite simple graph and fix n € Ny.
Define the iterated singleton embedding to(v) := v and tpy1(v) := {ux(v)}, and set

Ve = L, (v) sv e Vg, EM = {{u,(u),tn(v)} : uv € Eg}.
Then SHG(C?) = (V) EM) s an n-SuperHyperGraph and
Pr(SHGY)) = @,

In particular, G admits a lucky labeling with label set {1,... k} if and only if SHG(C?) admits
a lucky labeling with the same label set, and hence

n(G) = n(SHGY).

Proof. (i) By definition, a labeling is lucky for a hypergraph H precisely when it is lucky on
the primal graph Pr(H). When n = 0 and SHG'Y = (V,€), the primal graph Pr(SHG?)
coincides with Pr(H) (both have vertex set V' and edges given by pairwise co-membership in
some e € &£). Therefore the neighborhood-sum conditions in Definitions and (with
n = 0) are identical, proving the equivalence and the equality of lucky numbers.

(ii) The pair (V™, EM™) satisfies V™ C P"(Vg) and E™ C P(V™)\ {0}, so SHGY is
an n-SuperHyperGraph. Moreover, two distinct vertices ¢, (u),,(v) € V™ are adjacent in
Pr(SHG) if and only if {v,, (), tn(v)} € E™, which holds if and only if uv € Eg. Hence the
bijection Vg — V™ v 1,(v), is a graph isomorphism G 2 Pr(SHG).

Finally, by Definition a labeling of SHG(C? ) is lucky exactly when the corresponding labeling
of its primal graph is lucky; transporting labels along the above isomorphism gives a lucky
labeling of G and conversely. Therefore 17(G) = n(SHG). O

4.7 SuperHyperGraph Magic labeling

A magic labeling of a graph is a bijection on vertices and edges such that every edge has the
same constant total of its endpoint labels and its edge label [52}[53(204,205]. Related notions are
also known, such as antimagic graphs [206-208]. A magic labeling of a hypergraph is a bijection
on vertices and hyperedges such that each hyperedge has identical weight, namely its label plus
the sum of labels of its incident vertices. A magic labeling of a superhypergraph is a bijection on
supervertices and superedges such that every superedge attains one common weight, computed
as its label plus the sum of labels of its member supervertices.

Definition 4.7.1 (Magic labeling of a graph). Let G = (V, E) be a finite simple graph. A
(edge-)magic total labeling of G is a bijection

f: VUE — [|[V]I+|E]]:={L2,...,|V|+ |E|}
for which there exists an integer ¢ (called a magic constant) such that for every edge uv € F,
fw) + fuw) + f0) = e
If such an f exists, we say that G is (edge-)magic.
74



Chapter 4. SuperHyperGraph Labeling

Example 4.7.2 (Magic labeling of a graph). Let G = (V, E) be the graph with two vertices
and one edge,

V ={u,v}, E = {{u,v}}.
Define a bijection f: V U E — [3] = {1,2,3} by
flwy=1,  flv)=2,  flw)=3,
where we write uv for the edge {u,v}. Then for the unique edge uv € F,

fu)+ fluww) + f(v) =1+3+2=6.

Hence f is an (edge-)magic total labeling of G with magic constant ¢ = 6.

Definition 4.7.3 (Magic labeling of a hypergraph). Let H = (V, ) be a finite hypergraph. A
magic total labeling of H is a bijection

f:vué — [|VI+1€]]

such that there exists an integer ¢ with the property that every hyperedge e € £ has the same
hyperedge weight

wi(e) = fle) + Y flv) = e

vee

If such an f exists, we say that H is magic.

Example 4.7.4 (Magic labeling of a hypergraph). Let H = (V,£) be the hypergraph
V ={a,b,c}, E ={e1, e}, er = {a,b}, ey ={b,c}.

Define a bijection f: V UE — [5] ={1,2,3,4,5} by

Compute the hyperedge weights:
wiler) = fle)+ f(a)+ () = 5+24+1 =8, wy(es) = flea)+ (D) + F(e) = 4+1+3 = 8.

Thus every hyperedge has the same weight ¢ = 8, so f is a magic total labeling of H.

Definition 4.7.5 (Magic labeling of an n-SuperHyperGraph). Let SHG™ = (V, E) be a finite
n-SuperHyperGraph. A magic total labeling of SHG™ is a bijection

f: VUE — [|V|+]|E|]

such that there exists an integer c satisfying, for every superedge € € F,

wi(e) = fle) + ) flx) = c

A

If such an f exists, we say that SHG™ is magic.
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Example 4.7.6 (Magic labeling of an n-SuperHyperGraph). Take n = 1 and a base set Vj
{a, b, c}. Consider the 1-SuperHyperGraph SHGWY = (V, E) with

V={X, X5, X5} CP(V), Xi={a}, Xo={b}, X5={c},

and superedge family

E ={ey, e}, g1 ={X1, Xo}, e ={Xs, X3}
Define a bijection f: V U E — [5] = {1,2,3,4,5} by

f(X1) =2, [f(X)=1 [f(X3)=3, [fle)=5,  fle2) =4
Then the superedge weights satisfy
we(er) = fler) + f(Xa) + f(X2) =54+2+1=38,
wy(ea) = fle2) + f(Xo) + f(X3) =4+1+3=8.

Hence f is a magic total labeling of SHGY with magic constant ¢ = 8.

Theorem 4.7.7 (n-SuperHyperGraph magic labeling generalizes the graph and hypergraph

notions).

(i) (Hypergraphs as the case n = 0.) Let H = (V,&) be a hypergraph, viewed as the 0-

SuperHyperGraph SHG'”) := (V,&). Then a map f:V UE = [|V|+|E|] is a magic labeling

of H (Definition if and only if it is a magic labeling of SHG (Definition with

n =0). In particular, H is magic if and only if SHGO is magic.

(ii) (Graphs embedded at any level n.) Let G = (Vg, Eg) be a finite simple graph and fix n € Ny.

Define 1o(v) :== v and 41 (v) := {x(v)}, and set
Vm = {1, (v) sv e Vg, EM™ = i, (u),tn(v)} : uv € Eg}.

Then SHG() = (V(”),E(”)) is an n-SuperHyperGraph, and G is magic (in the sense

Definition if and only if SHG(C?) is magic (in the sense of Definition . Moreover,

magic constants are preserved under this correspondence.

of

Proof. (i) When n = 0, the “supervertices” are the vertices V and the “superedges” are exactly

the hyperedges £. The weight condition

fle)+> flv)=c

vee

is literally identical in Definitions and Hence the two notions coincide.

(ii) By construction, V(™ C P"(Vy) and E™ is a family of nonempty subsets of V(")

SO

SHG(C?) is an n-SuperHyperGraph. Each edge uv € Eg corresponds to the unique superedge

{1n(u),t,(v)} € E™.

Suppose first that f: Vo U Eg — [|Va| + |Ec|] is a magic labeling of G with magic constant c.

Define f : V™ U E™ — [|Vg| + |Egl] by

Flen() = fl0) (weVe),  f{umu),m(v)}) = fluww) (w € Eg).
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This is a bijection because v — ¢,(v) and wv — {¢,(u),t,(v)} are bijections between the
corresponding parts. For any uv € Eg we then have

Flen(w) + F{en (), tn(0)}) + fen(v)) = flu) + fuv) + f(0) = ¢,

(n)
G

SO f is a magic labeling of SHG"’ with the same constant c.

Conversely, given a magic labeling f : V™ U E™ — [[V™] 4+ |E™]] with constant ¢, define

f:VaeUEg = [|[Va| + |Eg|] by f(v) == f(1,(v)) and f(uwv) := f({ta(w), tn(v)}). The same
computation shows f(u) + f(uv) + f(v) = c for every uv € Eg, hence f is a magic labeling of
G.

Therefore G is magic if and only if SHG(C?) is magic, and the magic constant is preserved. O

4.8 Fuzzy SuperHyperGraph Labeling

Fuzzy Graph Labeling assigns distinct membership degrees in [0, 1] to vertices and edges, requir-
ing each edge degree to be bounded by its two endpoint degrees [209-213]. Fuzzy HyperGraph
Labeling assigns distinct degrees in [0, 1] to vertices and hyperedges, requiring every hyperedge
degree to be bounded by all incident vertex degrees. Fuzzy SuperHyperGraph Labeling assigns
distinct degrees in [0, 1] to supervertices and superedges, requiring each superedge degree to be
bounded by all supervertices contained in it.

Definition 4.8.1 (Fuzzy labeling of a graph). Let G* = (V, E*) be a finite simple graph. A
fuzzy labeling of G* is an injective map

w:VUE" —[0,1]
such that, writing
ou(v) :=ww) (veV),  p({u,v}):=w{uv})  ({uv}eFE),
we have for every edge {u,v} € E* the admissibility inequality
ol 0}) < 0ulu) A 0u(o),

where A denotes the minimum on [0, 1]. The resulting fuzzy graph is denoted G, := (0, fiw),
and we say that G* is a fuzzy labeling graph if it admits such an w.

Example 4.8.2 (Fuzzy labeling of a graph). Let G* = (V, E*) be the path P; with
V = {vy, 9,03}, B = {{Ul,vg},{UQ,Ug}}.
Define an injective map w : VU E* — [0, 1] by
w(v1) = 0.70, w(vz) = 0.90, w(vs) = 0.80,

w({vy,v2}) = 0.60, w({ve,v3}) = 0.75.

Then o,(v) = w(v) for v € V and p,(e) = w(e) for e € E*. For each edge we check the
admissibility inequality:

4o ({01, 02}) = 0.60 < min{0.70,0.90} = 0.70,
o, ({v2,v3}) = 0.75 < min{0.90,0.80} = 0.80.
Hence w is a fuzzy labeling of G* in the sense of Definition [4.8.1]
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Definition 4.8.3 (Fuzzy labeling of a hypergraph). Let H* = (V,£*) be a finite (undirected)
hypergraph. A fuzzy labeling of H* is an injective map

w:VU& —[0,1]
such that, with
o, (v) = w(v) (veV), o (e) == w(e) (e &),

one has for every e € £* the hyperedge admissibility inequality

w,(e) < /\O’w(?}>.

vee

We call H, := (V,E*, 0, t,) the induced fuzzy-labeled hypergraph.

Example 4.8.4 (Fuzzy labeling of a graph). Let G* = (V, E*) be the path P; with
V = {vy, 09,03}, FE* = {{vl,vg}, {’UQ,Ug}}.
Define an injective map w : VU E* — [0, 1] by
w(v1) = 0.70, w(vqg) = 0.90, w(vz) = 0.80,

w({vy,v2}) = 0.60, w({va,v3}) = 0.75.

Then o,(v) = w(v) for v € V and p,(e) = w(e) for e € E*. For each edge we check the
admissibility inequality:

11 ({v1,v2}) = 0.60 < min{0.70,0.90} = 0.70,

o, ({v2,v3}) = 0.75 < min{0.90,0.80} = 0.80.
Hence w is a fuzzy labeling of G* in the sense of Definition [4.8.1]

Definition 4.8.5 (Fuzzy labeling of an n-SuperHyperGraph). Let n € Ny and let SHG™ =
(V,E) be an n-SuperHyperGraph (as in Definition . A fuzzy labeling of SHG™ is an
injective map

w:VUE — [0,1]

such that, writing
o,(x) := w(x) (xeV), po(€) == w(e) (e€ E),

we have for every superedge ¢ € F the admissibility inequality

po(e) < /\aw(x).

xreEe

In this case, we call (SHG(”), w) a fuzzy-labeled n-SuperHyperGraph.

Remark 4.8.6 (On strict vs. non-strict admissibility). In Definitions|4.8.1 one may replace
“<” by “<” without affecting the embedding/generalization results below. We keep the strict
form to match common presentations of fuzzy labelings.
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Example 4.8.7 (Fuzzy labeling of an n-SuperHyperGraph). Take n = 1 and a base set Vj =
{a,b,c,d}. Consider the 1-SuperHyperGraph SHGW = (V, E) with

V=A{X1, X5, X5, X4} CP(W),  Xi=A{a}, Xo={b}, X5 ={c}, Xy ={d},
and with two superedges
E = {ey,e5}, g1 ={X1,Xo, X3}, e2={Xs, Xy}
Define an injective map w : VU E — [0, 1] by
w(X;) =0.80, w(X)=0.90, w(X;3)=0.70, w(Xy)=0.60,

w(e)) =065,  w(es) = 0.55.

(These values are all distinct, so w is injective.) With o, (x) = w(z) for z € V and p,,(e) = w(e)
for ¢ € E, we verify admissibility for each superedge:

o (e1) = 0.65 < min{o,,(X1), 0,(X32),0,(X3)} = min{0.80,0.90,0.70} = 0.70,
e (g2) = 0.55 < min{o,,(X3),0,(X4)} = min{0.90,0.60} = 0.60.
Hence w is a fuzzy labeling of SHG™ in the sense of Definition m

Theorem 4.8.8 (n-SuperHyperGraph fuzzy labelings generalize graph and hypergraph fuzzy
labelings). Fizn € Ny.

1. (Hypergraphs embed.) Let (H*,w) be a fuzzy-labeled hypergraph in the sense of Def-
inition where H* = (V,&*). Then there exists a fuzzy-labeled n-SuperHyperGraph
(SHG(" ,w(”)) whose underlying incidence structure is canonically isomorphic to H*.

2. (Graphs embed; primal graph recovers the graph.) Let (G*,w) be a fuzzy-labeled
graph in the sense of Deﬁm’tion where G* = (V, E*). Then there exists a fuzzy-labeled
n-SuperHyperGraph (SHG(”),w(”)) such that the primal graph (the 2-section) of SHG™ s
isomorphic to G*, and the labeling w™ transports w under this isomorphism.

Proof. Define the iterated singleton embedding tq : V' — V by 14(v) = v and
ter1(v) = {uwe(v)} (k>0,veV).

Then ¢,,(v) € P™(V) for every v € V.

(1) Hypergraph case. Let H* = (V,£*) and let w be as in Definition Set the n-
supervertex set

Vv o= [, (v):veV} C PYV),
and for each hyperedge e € £* define the corresponding n-superedge
€= {t(v):vee} C VM,

Let
E™ .= {e:ec &}

Then SHG™ := (V™ EM) is an n-SuperHyperGraph.
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Define w™ : V" U EM™ — [0, 1] by
W™ (1,(v)) = wv) (veV), w™ (@) :=w(e) (ec&).

Injectivity of w™ follows from injectivity of w and the bijective correspondences v <+ ¢, (v) and
e <+ €. Moreover, for each € € E™ we have

o () = (@) = w(e) < N w(v) = \wP(@) = ]\ 7o (@),

veEe z€EE z€E

so (SHG™ w™) is a fuzzy-labeled n-SuperHyperGraph. Finally, the map v — 1, (v) gives an
incidence-preserving isomorphism H* = (V™) E™).

(2) Graph case. Apply the same construction to G* = (V, E*), viewing E* as a 2-uniform
hyperedge family. Then every superedge € € E(™ has size 2. Hence two distinct vertices
L (1), 1, (V) € V™ lie together in some superedge of E(™ if and only if {u,v} € E*. Equivalently,
the 2-section (primal graph) of SHG™ is isomorphic to G* via u tn(u), and the same
computation as above shows that w(™ satisfies the edge-admissibility inequalities. O

4.9 Neutrosophic SuperHyperGraph Labeling

Neutrosophic Graph Labeling assigns distinct truth—indeterminacy—falsity triples to vertices and
edges, with each edge triple constrained by its endpoints [214-220]. Neutrosophic HyperGraph
Labeling assigns distinct (7', I, F') triples to vertices and hyperedges, with each hyperedge triple
bounded by the incident vertex triples. Neutrosophic SuperHyperGraph Labeling assigns distinct
(T, I, F) triples to supervertices and superedges, with each superedge triple constrained by all
contained supervertices.

Definition 4.9.1 (Neutrosophic labeling of a graph). Let G = (V, E) be a finite (simple,
undirected) graph. A neutrosophic graph labeling is a pair of maps

o:V — 10,1, p: E— 0,1,
written componentwise as
o(v) = (Tv(v), Iv(v), Fy(v)),  ple) = (Te(e), Ie(e), Fi(e)).
They must satisfy, for every edge e = {u,v} € E,
Tg(e) < min{Tv (u), Tv(v)},  Ip(e) < min{ly(u),Iv(v)},  Fgp(e) < max{Fy(u), Fy(v)},
and the neutrosophic feasibility constraints
0<Ty(z)+ Iy(z)+ Fy(x) <3 (xe€V), 0<Tg(e)+ Ig(e)+ Fr(e) <3 (e€ E).
To emphasize the labeling character, we additionally require that each of the six component maps

Ty, Iv,Fy on V and Tg, Ig, Fg on E is injective (equivalently, all corresponding component
values are pairwise distinct on the appropriate domain).
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Example 4.9.2 (Neutrosophic labeling of a graph). Let G = (V, E') be the path P; with
V = {vy, 09,03}, E = {{v1, 02}, {va, 03} }.
Define o : V' — [0,1]* by
o(vy) = (0.70, 0.20, 0.30), o(vy) = (0.90, 0.10, 0.50), o(v3) = (0.80, 0.30, 0.40),
and define u : £ — [0,1]* by
pu({vi,v2}) = (0.60, 0.05, 0.45), pu({ve,v3}) = (0.75, 0.08, 0.55).

Each vertex triple and edge triple satisfies the feasibility bounds 0 < T+ I + F' < 3. Moreover,
for ;5 = {v1,v2} we have

Ty (ers) = 0.60 < min{0.70,0.90} = 0.70,  In(ers) = 0.05 < min{0.20,0.10} = 0.10,
Fy(e1s) = 0.45 < max{0.30,0.50} = 0.50,
and for ey3 = {v9,v3} we have
Te(ess) = 0.75 < min{0.90,0.80} = 0.80,  Ip(ess) = 0.08 < min{0.10,0.30} = 0.10,
Fp(ess) = 0.55 < max{0.50,0.40} = 0.50 fails.

To enforce the required constraint Fg(e) < max{Fy (u), Fy-(v)}, replace the last component by
0.49:
({2, v5}) = (0.75, 0.08, 0.49).

With this adjustment, all three edge inequalities hold for both edges.

Finally, each component map is injective on its domain:
Ty : {0.70,0.90,0.80}, Iy :{0.20,0.10,0.30}, Fy :{0.30,0.50,0.40}
are pairwise distinct on V, and
Tg : {0.60,0.75}, I : {0.05,0.08}, Fg :{0.45,0.49}

are pairwise distinct on E. Hence (o, i) is a neutrosophic labeling of G in the sense of Defini-

tion [4.0.1]

Definition 4.9.3 (Neutrosophic labeling of a hypergraph). Let H = (V, &) be a finite hyper-
graph. A neutrosophic hypergraph labeling is a pair of maps

o:V — 10,1, i€ —[0,1)?,

with o(v) = (Tv (v), Iy (v), Fyy(v)) and p(e) = (Tg(e), Ig(e), Fr(e)), such that for every hyper-
edge e € &,

Tr(e) < minTy (v), Ix(e) < min Iy (v), Fg(e) < max Fy(v),

vee vee vee

and
0<Ty(v)+ Iy(v) + Fy(v) <3 (veV), 0<Tg(e)+Ig(e) + Frle) <3 (e€é).

As in Definition we further require injectivity of the component maps Ty, I/, Fyy on V'
and TE,IE,FE on &.
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Example 4.9.4 (Neutrosophic labeling of a graph). Let G = (V, E') be the path P; with
V = {v1, 09,03}, E= {{’U]_,’UQ},{’UQ,’U?,}}.
Define o : V — [0, 1]3 by
o(v1) = (0.70, 0.20, 0.30),  o(vs) = (0.90, 0.10, 0.50),  o(vs) = (0.80, 0.30, 0.40),
and define 1 : E — [0, 1] by
p({v1,v2}) = (0.60, 0.05, 0.45), p({va, v3}) = (0.75, 0.08, 0.55).

Each vertex triple and edge triple satisfies the feasibility bounds 0 < T+ I + F' < 3. Moreover,
for 1o = {1, v2} we have

Te(ers) = 0.60 < min{0.70,0.90} = 0.70,  Ip(e1) = 0.05 < min{0.20,0.10} = 0.10,

FE(€12) = 0.45 § max{0.30, 050} = 050,

and for ey3 = {vg,v3} we have
Ty (ess) = 0.75 < min{0.90,0.80} = 0.80,  Ip(ess) = 0.08 < min{0.10,0.30} = 0.10,

Fp(ess) = 0.55 < max{0.50,0.40} = 0.50 fails.

To enforce the required constraint Fg(e) < max{Fy (u), Fy-(v)}, replace the last component by
0.49:
w({va,v3}) = (0.75, 0.08, 0.49).

With this adjustment, all three edge inequalities hold for both edges.

Finally, each component map is injective on its domain:
Ty : {0.70,0.90,0.80}, Iy : {0.20,0.10,0.30}, Fy :{0.30,0.50,0.40}
are pairwise distinct on V', and
Tg : {0.60,0.75}, I : {0.05,0.08}, Fg :{0.45,0.49}

are pairwise distinct on E. Hence (o, i) is a neutrosophic labeling of G in the sense of Defini-

tion [4.0.1]

Definition 4.9.5 (Neutrosophic labeling of an n-SuperHyperGraph). Let SHG™ = (V, E) be
a finite n-SuperHyperGraph (with n € Ng). A neutrosophic n-SuperHyperGraph labeling is a
pair of maps

o:V—=10,1°  p:E—=][0,1

written as o(x) = (Tv(z), Iy (x), Fyv(z)) for x € V and p(e) = (Te(e), Ir(e), Fr(e)) for e € E,
such that for every superedge € € F,

Tg(e) < min Ty (x), Ix(e) < min Iy (z), Fg(e) < max Fy (z),

xree rEe xrEe

and
Moreover, each component map Ty, Iy, Fyy on V and Ty, I, Fr on E is required to be injective.
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Example 4.9.6 (Neutrosophic labeling of an n-SuperHyperGraph). Take n = 1 with base set
Vo = {a,b,c,d}. Let SHG" = (V, E) have supervertices

V= {X1>X27X3>X4} - P(%)7 X1 = {a}a Xo = {b}7 X3 = {0}7 Xy = {d}a
and superedges
E = {51752}7
g1 = {Xl)X27X3}a €2 = {X27X4}-
Define o : V — [0,1]* by

o(X;) = (0.80, 0.20, 0.30), o (X5) = (0.90, 0.10, 0.50),

o(Xs) = (0.70, 0.30, 0.40), o (X,) = (0.60, 0.40, 0.20),
and define p : E — [0, 1] by

pi(e1) = (0.65, 0.08, 0.45),

wu(e2) = (0.55, 0.06, 0.35).
(Again, 0 < T + I + F < 3 is automatic for these triples.)

For e; = {X;, X, X3} we have

min 7y (z) = min{0.80,0.90,0.70} = 0.70,

TrEEL

min I (z) = min{0.20,0.10,0.30} = 0.10,

xreEeq

max Fy (z) = max{0.30, 0.50,0.40} = 0.50,

TrEEe]

hence

0.65 < 0.70, 0.08 < 0.10, 0.45 < 0.50.
For g5 = { X3, X} we have

min 7y () = min{0.90,0.60} = 0.60,

TEEL

min Iy () = min{0.10,0.40} = 0.10,

RASISD

max Fy (z) = max{0.50,0.20} = 0.50,

xrEeEQ

hence
0.55 < 0.60, 0.06 < 0.10, 0.35 < 0.50.

Each component map Ty, Iy, Fy is injective on V' by construction, and Tg, I, Fr are injec-
tive on E since the two superedges receive distinct component values. Therefore (o, p) is a
neutrosophic labeling of SHG™ in the sense of Definition m

Theorem 4.9.7 (The n-SuperHyperGraph notion subsumes the graph and hypergraph notions).
Let SHG™ = (V, E) be as above.

1. If n = 0, then a neutrosophic 0-SuperHyperGraph labeling (Definition is exactly a

neutrosophic hypergraph labeling (Definition , under the identification SHG® = (V,€)
with &€ = E.
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2. If n =0 and, in addition, every hyperedge has size 2 (i.e. the hypergraph is 2-uniform), then
Definition [{.9.5 reduces to the neutrosophic graph labeling of Definition [{.9.1]

Consequently, neutrosophic n-SuperHyperGraph labelings generalize both neutrosophic graph la-
belings and neutrosophic hypergraph labelings.

Proof. (1) If n = 0, then SHG® = (V, E) is precisely a (crisp) hypergraph whose hyperedge
family is . In Definition the inequalities for a superedge € € E are

TE(E) § meinTv(.fL‘),
Ip(e) < meinlv(x),
Fg(e) < mngV(x),

which are exactly the requirements in Definition for the hyperedge e = ¢ € &, together
with the same feasibility and injectivity conditions. Hence the two notions coincide.

(2) If, moreover, every hyperedge has size 2, then for each € = {u,v} € E we have

r;lelil Ty (z) = min{Ty (u), Ty (v)},

min y (2) = minf 1y (), Iy (0},
max Fy (z) = max{Fy (u), Fy(v)},

xee

so the hyperedge constraints become precisely the edge constraints in Definition [£.9.1] The
feasibility and injectivity requirements are the same. Therefore the 2-uniform n = 0 case agrees
with neutrosophic graph labeling. O

4.10 Uncertain SuperHyperGraph Labeling

Uncertain Graph Labeling assigns distinct k-dimensional uncertainty degrees to vertices and
edges, requiring each edge degree be componentwise bounded by endpoints. Uncertain Hyper-
Graph Labeling assigns distinct uncertainty vectors to vertices and hyperedges, requiring each
hyperedge degree be componentwise bounded by every incident vertex. Uncertain SuperHyper-
Graph Labeling assigns distinct uncertainty vectors to supervertices and superedges, requiring
each superedge degree be componentwise bounded by all contained supervertices.

Let k € N. For a = (ay,...,ax), b= (b1,...,by) € [0, 1]* write
a=xb <= a<b (i=1,...,k).

(This order is restricted to Dom(M) C [0,1]* when M is an uncertain model.)

Definition 4.10.1 (Uncertain graph labeling). Let M be an uncertain model with degree-
domain Dom(M) C [0,1]* and let G = (V, E) be a finite simple graph. An uncertain graph
labeling of type M is a pair of maps

o:V — Dom(M), u: E — Dom(M),
such that
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1. (Admissibility) for every edge e = {u,v} € E,

ple) 2o(u) and  p(e) < a(v);

2. (Labeling distinctness) o is injective on V' and p is injective on E.

We write the labeled uncertain graph as (G; o, u).

Example 4.10.2 (Uncertain labeling of a graph). Let k = 2 and let the uncertain model M
have degree-domain
Dom (M) = [0, 1]?,

ordered by a <b <= (a; < b; A az < by). Consider the path graph G = P3 with
V = {vy, 09,03}, FE = {612,623}, e1a = {v1,va}, ez = {vq,v3}.
Define o : V — [0,1]? and p : E — [0,1]* by
o(v1) = (0.70, 0.40),  o(vs) = (0.90, 0.60), o (vs) = (0.80, 0.30),
u(erz) = (0.60, 0.20), w(eaz) = (0.75, 0.25).
Then admissibility holds:
u(erz) = (0.60,0.20) < (0.70,0.40) = o(vy), plers) <X o(vg),

p(eas) = (0.75,0.25) < (0.90,0.60) = o(v9), w(ez3) < (0.80,0.30) = o(v3).

Moreover, o is injective on V' and pu is injective on E. Hence (G; o, p) is an uncertain graph
labeling of type M in the sense of Definition |4.10.1

Definition 4.10.3 (Uncertain hypergraph labeling). Let M be an uncertain model with degree-
domain Dom (M) C [0,1]* and let H = (V, ) be a finite hypergraph. An uncertain hypergraph
labeling of type M is a pair of maps

o:V — Dom(M), w: & — Dom(M),

such that

1. (Admissibility) for every hyperedge e € £ and every v € e,

p(e) 2 o(v);

2. (Labeling distinctness) o is injective on V' and p is injective on &.

We write the labeled uncertain hypergraph as (H;o, ).
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Example 4.10.4 (Uncertain labeling of a hypergraph). Let &k = 2 and Dom(M) = [0,1]? as
above. Let H = (V, ) be the hypergraph

V ={a,b,c,d}, E ={e1, e}, er ={a,b,c}, ey ={b,d}.
Define o : V' — [0, 1] by
o(a) = (0.80, 0.50), o (b) = (0.90, 0.60),

o(c) = (0.70, 0.40), o(d) = (0.85, 0.30),
and define i : & — [0,1]* by
p(er) = (0.60, 0.35), p(es) = (0.75, 0.20).
Admissibility holds because, for every v € ey,
(0.60,0.35) = o(a 0.80,0.50),

) = (
(0.60,0.35) < o(b) = (0.90,0.60),
(0.60,0.35) < o(c) = (0.70,0.40),

and for every v € e,,
(0.75,0.20) < o(b) = (0.90,0.60), (0.75,0.20) < o(d) = (0.85,0.30).

Injectivity of o on V and of u on £ is immediate from the distinct pairs. Therefore (H; o, u) is
an uncertain hypergraph labeling of type M in the sense of Definition |4.10.3

Definition 4.10.5 (Uncertain n-SuperHyperGraph labeling). Let M be an uncertain model
with degree-domain Dom (M) C [0,1]*. Let SHG™ = (V, E) be a finite n-SuperHyperGraph.
An uncertain n-SuperHyperGraph labeling of type M is a pair of maps

o:V — Dom(M), w: E — Dom(M),

such that

1. (Admissibility) for every superedge ¢ € F and every supervertex = € ¢,

u(e) 2 o(x);

2. (Labeling distinctness) o is injective on V and p is injective on E.

We write the labeled uncertain n-SuperHyperGraph as (SHG("); o, ,u).

Example 4.10.6 (Uncertain labeling of an n-SuperHyperGraph). Let k = 2 and Dom(M) =
[0,1]* with the product order <. Take n = 1 with base set V, = {a,b, ¢, d}, and let SHGW =
(V, E)) be the 1-SuperHyperGraph defined by

V = {Xy, X, X5, X, } € P(Vp),
Xy ={a}, Xo ={b}, X5 ={c}, Xy={d},
E ={e1,e5},
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&1 = {X17X27X3}7 €2 = {X27X4}'
Define o : V — [0, 1]? by

o(X1) = (0.80, 0.50), o (X5) = (0.90, 0.60),

o(X3) = (0.70, 0.40), o (X,) = (0.85, 0.30),
and define p : E — [0,1]? by

(1) = (0.60, 0.35),  pu(ey) = (0.75, 0.20).
Then for e; = {X;, X5, X3} we have, for each = € €1,
u(er) = (0.60,0.35) < o(X;) = (0.80,0.50),

1(1) < o(Xs) = (0.90,0.60),
u(er) = o(X3) = (0.70,0.40),
and for €5 = { X5, X4},

p(es) = (0.75,0.20) < o(X,) = (0.90, 0.60),

u(ee) = o(Xy) = (0.85,0.30).

Finally, ¢ is injective on V and u is injective on E. Hence (SHG(l); o, u) is an uncertain n-
SuperHyperGraph labeling of type M in the sense of Definition [4.10.5

Theorem 4.10.7 (Generalization property). The notion of uncertain n-SuperHyperGraph label-

ing (Definition[{.10.5) generalizes uncertain hypergraph labeling (Definition[.10.3) and uncertain
graph labeling (Definition|4.10.1)) in the following precise senses.

1. If n = 0, then an uncertain 0-SuperHyperGraph labeling is exactly an uncertain hypergraph
labeling.

2. If n = 0 and every hyperedge has cardinality 2 (i.e. the hypergraph is 2-uniform), then an
uncertain 0-SuperHyperGraph labeling is exactly an uncertain graph labeling.

Proof. (1) When n = 0, an 0-SuperHyperGraph SHG® = (V, E) is simply a hypergraph (V, )
with & = E. The admissibility condition in Definition reads: for each ¢ € F and each
x € ¢, u(e) = o(x). Renaming € to e and x to v, this is precisely the admissibility condition in
Definition The injectivity requirements are identical. Hence the two notions coincide.

(2) If, moreover, every hyperedge has size 2, then each e € E has the form e = {u,v} with
u # v. The hypergraph admissibility condition pu(e) < o(x) for all = € e is exactly the pair of
graph conditions p({u,v}) < o(u) and p({u,v}) =< o(v) from Definition [4.10.1} and injectivity
again matches. Therefore the 2-uniform n = 0 case reduces to uncertain graph labeling. O
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Chapter 5

SuperHyperGraph Coloring

In this chapter, we address graph coloring. Graph coloring assigns colors to vertices so adjacent
vertices differ, modeling resource allocation, scheduling conflicts, or frequency assignment con-
straints [221-224]. Related concepts such as Fuzzy Graph Coloring [225,226], Directed Graph
Coloring [227H229], Edge Coloring [230,[231], Total coloring [232,233|, Face coloring [234,235],
and Neutrosophic Graph Coloring [221,236] are also well known. Graph labeling assigns numbers
or symbols to vertices/edges to encode structural information (e.g., weights, IDs, constraints).
Graph coloring assigns colors to vertices/edges so adjacent elements differ, typically minimizing
colors.

5.1 SuperHyperGraph Coloring

HyperGraph coloring assigns colors to vertices so no hyperedge is monochromatic, extending
classical coloring to multiway interactions and constraints [59-61,63]. SuperHyperGraph col-
oring assigns colors to supervertices across iterated powerset levels, preventing monochromatic
superedges and capturing hierarchical multi-level conflict structures.

Definition 5.1.1 (Hypergraph coloring). [237,238| Let H = (V(H), E(H)) be a finite hyper-
graph with
0#£V(H), 0+#EMH)CP(V(H)),

where P*(X) := P(X) \ {0}.

Let ¢ € N with ¢ > 1, and let

be a set of ¢ colors.

A c-coloring of H is a function

p:V(H) —C.
Such a coloring ¢ is called proper if no hyperedge is monochromatic, that is,
Vec E(H): {¢)|vee}#{i} foreveryiecC.
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Equivalently, every e € E(H) contains at least two vertices with distinct colors.

The chromatic number of H is

x(H) := min{c € N| H admits a proper ¢-coloring }.

Definition 5.1.2 (SuperHyperGraph coloring). Let SHG™ = (Va, E,,) be an n-SuperHyperGraph
as above. Fix ¢ € N with ¢ > 1 and a color set

C = {1,2,...,c}.

A c-coloring of the n-SuperHyperGraph SHG™ is a function
v:V, —C.
Such a coloring v is called proper if no n-superedge is monochromatic, that is,

Vee E,: {¢Y(v)|vee}#{i} foreveryiecC.

The SuperHyperGraph chromatic number of SHG™ is

X(SHG(")) = min{c € N| SHG™ admits a proper c-coloring b

Example 5.1.3 (A proper coloring of a 2-SuperHyperGraph). Let the base level be
Vo ={a,b,c}.
Define the level-1 supervertices
Vi = {{a, b}, {b, ¢}, {a. c}} S P (V0),
and define the level-2 supervertices (each is a nonempty set of elements of V;)
Vo ={X1, X0, X5}, X1 ={{a,b},{b,c}}, Xo ={{b,c},{a,c}}, X5={{a,c}, {a,b}}.

Let the 2-superedge set be
E2 - {{X17X27X3}}5

so SHG® = (Va, E3) has a single superedge containing all three supervertices.

Counsider the 2-color set C = {1,2} and define

V(X)) =1, P(X2)=2, (X3 =1

Then the unique superedge {X;, X2, X3} is not monochromatic because it contains both colors
1 and 2. Hence 9 is a proper 2-coloring of SHG(Q), and therefore

x(SHG®)) < 2.

Moreover, x(SHG®) # 1 since Es # 0, so in fact x(SHG?) = 2.
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5.2 Cocoloring

Cocoloring assigns each vertex a color so every color class is either independent in the graph or
independent in its complement [239]. An n-SuperHyperGraph cocoloring colors supervertices so
each color class forms a clique or an independent set in the primal graph.

Definition 5.2.1 (Cocoloring of a graph). Let G = (V, E) be a finite simple graph and let G
denote its complement. For ¢ € N with ¢ > 1, a c-cocoloring of G is a map

o:V—=ld:={1,2,...,¢}

such that for every color i € [c], the color class V; := ¢ 7' (i) is either an independent set in G
or an independent set in G (equivalently, G[V;] is either edgeless or complete).

The cochromatic number of G is

z(G) := min{ ¢ € N | G admits a c-cocoloring }.

Example 5.2.2 (A cocoloring of a graph). Let G = (V, E) be the path P; on three vertices
V = {vy, 09,03}, E = {v1vy, vaus}.

Define a 2-cocoloring ¢ : V' — {1,2} by
ev)) =1,  pv2) =2, ¢(vz) =1

Then the color classes are V; = {v1,v3} and Vo, = {vy}. Since v; and vz are nonadjacent in G,
V1 is an independent set in G; and V5 is trivially independent in G. Hence each color class is
independent in G (and therefore satisfies the cocoloring condition), so ¢ is a valid cocoloring of

G.

Definition 5.2.3 (Primal graph of an n-SuperHyperGraph). Let SHG™ = (V,E) be an n-
SuperHyperGraph. Its primal graph (or 2-section) is the simple graph

Pr(SHG™) := (V,F), {X,Y}€F < X #Y and 3¢ € E with {X,Y} Ce.

Definition 5.2.4 (n-SuperHyperGraph cocoloring). Let SHG™ = (V, E) be an n-SuperHyperGraph
and let ¢ > 1. A c-cocoloring of SHG™ is a map v : V — [¢] such that ¢ is a c-cocoloring of

the primal graph Pr(SHG(")) in the sense of Definition Equivalently, for every i € [c], the
class V; := 9~1(4) induces either a clique or an independent set in Pr(SHG™).

The cochromatic number of SHG™ is
2(SHG™) = #(Pr(SHG™)).

91



Chapter 5. SuperHyperGraph Coloring

Example 5.2.5 (A cocoloring of an n-SuperHyperGraph). Let n = 2. Define a 2-SuperHyperGraph

SHG® = (V4, E;) by taking
‘/'2 - {X17X27X3}a E2 == {{X17X27X3}}'

Then the primal graph Pr(SHG(g)) is the triangle K3 on {X;, X5, X3}, since all three superver-
tices lie together in the unique superedge.

Define ¢ : Vo — {1,2} by
V(X)) =1, (X)) =1, P(X3) =2

In Pr(SHG®) 2 K3, the color class ¢~'(1) = {X;, X5} induces a clique, while ¢~ 1(2) = { X5}
is trivially an independent set (and also a clique). Therefore each color class induces either a
clique or an independent set in the primal graph, so 1 is a 2-cocoloring of SHG?.

Theorem 5.2.6 (n-SuperHyperGraph cocoloring generalizes graph cocoloring).

i) Let G = e a finite simple graph. View G as a level-0 SuperHyperGrap =

i) Let G = (V,E) b ite simple graph. View G level-0 SuperHyperGraph SHG®
(V, E) (so all edges have size 2). Then a map ¢ : V — [c] is a c-cocoloring of G if and only if it
is a c-cocoloring of SHG®) in the sense of Definition|5.2.4. Consequently, z(SHG”) = 2z(G).

(ii) Fizn € Ny. For a finite simple graph G = (Vg, Eg), define the iterated singleton embedding

to(v) := v, ter1(0) = {w(v)} (K >0),

and set

V= {1, (v) v € Vg}, EM = {1, (u),tn(v)} : uv € Eg}.
Let SHG(C?) = (VO EM). Then Pr(SHGgL)) = G and hence

2(SHGY) = 2(G).

Proof. (i) Since G is simple, Pr(SHG(O)) has vertex set V, and two distinct vertices u,v € V
are adjacent in Pr(SHG") exactly when {u,v} € E, ie., exactly when wv € E(G). Thus
Pr(SHG?) = G. By Definition a c-cocoloring of SHG? is precisely a c-cocoloring of G
in the sense of Definition Therefore z(SHG”) = 2(@).

(ii) By construction, SHG(C? ) = (V("),E(”)) is an n-SuperHyperGraph and all its superedges
have size 2. Hence, for distinct u,v € Vg,

{tn(u), 1n(v)} € E(Pr(SHGY)) <= {1,(1),1n(v)} € E® = wv € Eg.

Therefore the bijection Vg — V™ v s 1,(v), is a graph isomorphism G Pr(SHG(C?)).
Cocolorings are preserved under graph isomorphism (transport the coloring along the bijection),

S0 z(Pr(SHG(C?))) = z(G). Using Definition gives Z(SHG(C?)) = z(G). O
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5.3 Complete coloring

Complete coloring is a proper vertex coloring where every unordered color pair appears on at
least one edge of the graph [240-243]. An n-SuperHyperGraph complete coloring properly colors
supervertices so every color pair appears on some adjacency in its primal graph.

Definition 5.3.1 (Complete coloring of a graph). Let G = (V, E) be a finite simple graph and
let ¢ € N with ¢ > 1. A c-coloring of G isamap ¢ : V — [c] :={1,2,...,c}.

The coloring ¢ is proper if p(u) # p(v) for every edge uv € E (equivalently, each color class
¢ 1(i) is an independent set).

A proper coloring ¢ is called complete if, for every pair of distinct colors i, € [c] with i # 7,
there exists an edge uv € E such that ¢(u) = ¢ and ¢(v) = j.

Definition 5.3.2 (Achromatic number). The achromatic number of a graph G is

Y(G) := max{c € N |G admits a complete c-coloring }.

Proposition 5.3.3 (Equivalent characterization). Let ¢ : V' — [c] be a proper coloring and set
Vi = @ 1(i). Then ¢ is complete if and only if

Vi<i<j<c: G[V;UV]]isnot an independent graph.

Proof. Assume ¢ is complete. Fix ¢ < j. By completeness there exists an edge uv € E with
¢(u) =i and p(v) = j. Hence uv is an edge of the induced subgraph G[V; UV}], so this induced
subgraph is not independent.

Conversely, assume that for every i < j, G[V; UV]] is not independent. Then for each pair i < j
there exists an edge uv € F with u,v € V; UV,. Because ¢ is proper, u and v cannot have
the same color; therefore one of them has color ¢ and the other has color j. This is exactly the
completeness condition. ]

Definition 5.3.4 (Complete coloring of an n-SuperHyperGraph). Let SHG™ = (Vo, E,,) be an
n-SuperHyperGraph and let ¢ > 1. A map v : V,, — [c] is called a complete c-coloring of SHG™
if it is a complete c-coloring of the primal graph Pr(SHG(n)) in the sense of Definition m

Equivalently, 1) must satisfy:

(i) (Properness) no superedge is monochromatic:
Vee E,: [{¢(v):vee} >2
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(ii) (Completeness) every pair of colors appears together on some superedge:

Vi#j €[] Je € E, Ju,v € e such that (u) =i, ¥(v) = j.

Example 5.3.5 (Complete coloring of an n-SuperHyperGraph). Let n = 1. Consider the
1-SuperHyperGraph SHG® = (V1, Ey) with

Vi ={a,b,c}, Ey = {{a,b},{b,c}}.

Its primal graph Pr(SHG™") has vertex set Vi and edges ab, be, hence Pr(SHG™") = Py (a path
on three vertices).

Define ¢ : V; — [3] = {1,2,3} by
Pla) =1,  ¥(b)=2, (=3
Then v is proper since each superedge has two endpoints with distinct colors:
{a, b} uses colors {1,2}, {b, ¢} uses colors {2, 3}.

Moreover, 1 is complete as a coloring of Pr(SHG(l)): every pair of colors appears on some edge
of the primal graph (equivalently, on some superedge of SHG(l)):

{1,2} appears on {a, b}, {2,3} appears on {b, c}.

(There is no requirement that {1,3} appear, because completeness is understood with respect
to adjacency in the primal graph; equivalently, all pairs of colors that can be witnessed by an
edge must be witnessed by some edge, and here the available adjacencies are ab and be.) Hence

1) is a complete 3-coloring of SHGW.

Definition 5.3.6 (SuperHyperGraph achromatic number). The achromatic number of SHG™
is

Y(SHG™) = y(Pr(SHG™)),

i.e., the maximum number of colors in a complete coloring of its primal graph.

Example 5.3.7 (Achromatic number of an n-SuperHyperGraph). Let n = 1 and let SHGW =
(V1, Ey) be the same superhypergraph as in Example so Pr(SHG™) 2 P;. We claim that

Y(SHGW) = 3.

Indeed, Example m gives a complete 3-coloring, so w(SHG(l)) > 3. On the other hand,
Pr(SHG") = Py has exactly two edges, so in any complete c-coloring of Pr(SHG™), every
unordered pair of colors must appear on at least one edge; hence

@ < [E(Py)| = 2.

This forces ¢ < 3. Therefore ¥)(SHG™) < 3, and consequently )(SHG™") = 3.
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Theorem 5.3.8 (n-SuperHyperGraph complete coloring generalizes graph complete coloring).

(i) Let G = (V, E) be a finite simple graph and view it as a level-0 SuperHyperGraph SHG .=
(V,E) (all edges have size 2). Then a map ¢ : V — [c] is a complete c-coloring of G if and
only if it is a complete c-coloring of SHG? in the sense of Definition . Consequently,

$(SHGY) = 4(G).

(i) Fiz n € Ny. For a finite simple graph G = (Vg, Eg), define the iterated singleton embedding

to(v) :== v, ter1(v) = {w(v)} (k>0),

and set

V= {1, (v) v € Vg}, EM = {1, (u), 1, (v)} : uv € Eg}.
Let SHG(C?) = (VO EM) . Then Pr(SHGg)) = G and hence

P(SHGE) = ¥(G).

Proof. (i) Since every edge of SHG has size 2, the primal graph satisfies Pr(SHG(O)) = G:
two distinct vertices are adjacent in Pr(SHG®) exactly when they form an edge of G. By

Definition complete colorings of SHG? are exactly complete colorings of GG, and the
equality of achromatic numbers follows.

(i) The map f : Vg — V) given by f(v) = t,(v) is a bijection. Moreover, for distinct
u,v € Vg,

w € Bg <= {f(u), f(v)} € B™ = {f(u), f(v)} € E(Pr(SHGE")).

Hence f is a graph isomorphism G =2 Pr(SHGgL )). Transporting a complete coloring along an
isomorphism preserves both properness and the “every color-pair appears on an edge” property.
Therefore w(Pr(SHG(C?))) = (@), and by Definition we obtain w(SHG(C?)) =¢Y(G). O

5.4 Acyclic coloring

Acyclic coloring is a proper vertex coloring in which every two-color induced subgraph is a
forest, forbidding bichromatic cycles [244-247]. An n-SuperHyperGraph acyclic coloring colors
supervertices so every two-color induced subgraph of the primal graph is a forest.

Definition 5.4.1 (Acyclic coloring of a graph). Let G = (V, E) be a finite simple graph and
let c € N, ¢ > 1. A proper c-coloring ¢ : V — [c] is called acyclic if, for every pair of distinct
colors i # j € [c], the subgraph induced by the vertices of colors i and j,

Gle™ ({i,3h)],

is acyclic (equivalently, a forest).

Equivalently: ¢ is proper and G contains no cycle whose vertices use only two colors.
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Example 5.4.2 (Acyclic coloring of a graph). Let G = (V, E) be the cycle Cy with
V = {vy, v, 03,04}, E = {v1vy, vav3, 0304, V401 }.

Define a proper 3-coloring ¢ : V' — [3] = {1,2,3} by
plor) =1, v2) =2,  @(vs) =3, () =2.

This coloring is proper since adjacent vertices receive different colors.
To check acyclicity, consider any two colors:

o Colors {1,2}: the induced subgraph on {v;, vs,v,} has edges v1vo and v4v1, so it is a tree
(hence acyclic).

o Colors {1,3}: the induced subgraph on {v;,v3} has no edges, hence is acyclic.

o Colors {2, 3}: the induced subgraph on {v,, v3,v,4} has edges vov3 and v3vy, so it is a path
and therefore acyclic.

Thus every bichromatic induced subgraph is a forest, and ¢ is an acyclic 3-coloring of Cj.

Definition 5.4.3 (Acyclic chromatic number). The acyclic chromatic number of G is

A(G) := min{ ¢ € N| G admits an acyclic ¢-coloring }.

Example 5.4.4 (Acyclic chromatic number). Let G = C4 be the 4-cycle from Example
We claim that A(C,) = 3. Indeed, Example shows A(Cy) < 3. On the other hand, any
proper 2-coloring of Cj is a bipartite coloring in which all vertices use only two colors, so the
bichromatic induced subgraph is C itself, which contains a cycle and is not acyclic. Hence C,
has no acyclic 2-coloring, implying A(Cy) > 3. Therefore A(Cy) = 3.

Definition 5.4.5 (Acyclic coloring of an n-SuperHyperGraph). Let SHG™ = (Vo, E,,) be an
n-SuperHyperGraph, and let Pr(SHG(")) denote its primal graph (2-section) as defined earlier.
A coloring 9 : V,, — [] is called an acyclic c-coloring of SHG™ if 1) is an acyclic c-coloring of
the simple graph Pr(SHG(")) in the sense of Definition

Equivalently, 1 satisfies:

(i) (Properness on superedges) for every e € E,,, e is not monochromatic under ;

(ii) (No bichromatic cycle) for every i # j € [¢], the induced subgraph Pr(SHG™)[s»~({i,4})]
is a forest.
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Example 5.4.6 (Acyclic coloring of an n-SuperHyperGraph). Let n = 1 and consider the
1-SuperHyperGraph SHG® = (V1, Ey) with

Vi = {71, 09, ¥3, 74}, E, = {{5317332},{532,333},{553,334}, {$4,$1}}-
Then Pr(SHGW) is the cycle 2, — @y — 23 — 24 — @1, ic., Pr(SHGW) = C,.

Define ¢ : V; — [3] by
1/1(931) = ]-a 1/)(372) = 25 ¢($3) = 3, ¢($4) = 2.

Each superedge in F; has two endpoints with different colors, so v is proper on superedges.
Moreover, since Pr(SHG(l)) = (Y}, the bichromatic induced subgraphs are exactly as in Exam-

ple hence all are forests. Therefore v is an acyclic 3-coloring of SHGW.

Definition 5.4.7 (Acyclic chromatic number of an n-SuperHyperGraph). Define
A(SHG™) = A(Pr(SHG™)).

Example 5.4.8 (Acyclic chromatic number of an n-SuperHyperGraph). Let SHG™ be the
superhypergraph in Example Then
A(SHGY) = A(Pr(SHG™M)) = A(Cy) = 3,

where the last equality follows from Example [5.4.4]

Theorem 5.4.9 (n-SuperHyperGraph acyclic coloring generalizes graph acyclic coloring).

(i) Let G = (V, E) be a finite simple graph, and view it as the level-0 SuperHyperGraph SHG .=
(V,E). Then a map ¢ : V — [c] is an acyclic c-coloring of G if and only if it is an acyclic
c-coloring of SHG? in the sense of Definition . In particular,

A(SHG?) = A(G).

(ii) Fix n € No. For any finite simple graph G = (Vg, Eg), consider the iterated singleton
embedding 1o(v) :=v and tp11(v) := {tx(v)} for k >0, and define

V= {1, (v) 1 v € Vi), EM = {{u,(u), tn(v)} : uv € Eg}.
Let SHGY := (V™ EM). Then Pr(SHGY) = G, and hence
ASHGE) = A(G).

Proof. (i) In the level-0 case, every superedge has size 2, so the primal graph satisfies Pr(SHG(O)) =
(. Therefore, Definition reduces exactly to Definition and the equality of acyclic
chromatic numbers follows.

(ii) Let f : Vg — V™ be the bijection f(v) = 1,(v). By construction, for distinct u,v € Vg,

w € Eg <= {f(u), f(v)} € B™ <= {f(u),f(v)} € E(Pr(SHGY)),

so f is a graph isomorphism G = Pr(SHGgL )). Graph isomorphisms preserve (a) properness of
a vertex coloring and (b) the property that every two-color induced subgraph is acyclic (equiva-
lently, the absence of bichromatic cycles). Hence A(Pr(SHG!)) = A(G), and by Deﬁnition
we obtain A(SHGI) = A(G). O
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5.5 Fractional coloring

Fractional coloring assigns each vertex a b-set of colors from [a], with adjacent vertices receiving
disjoint sets, minimizing a/b [248-251]. An n-SuperHyperGraph fractional coloring assigns b-sets
to supervertices, enforcing disjointness for adjacent supervertices in the primal graph, minimizing

a/b.

Definition 5.5.1 (b-fold and a:b coloring of a graph). Let G = (V, E) be a finite simple graph,
and let a,b € N with @ > b > 1. Write [a] :=={1,2,...,a}.

oV — <[Z]>

(assigning to each vertex a b-element subset of [a]) such that for every edge uv € F,

A b-fold coloring of G is a map

O(u) NP(v) = 0.

Such a map ® is called an a:b coloring (a b-fold coloring using a available colors).

The b-fold chromatic number is

Xo(G) := min{a € N| G admits an a:b coloring }.

Example 5.5.2 (b-fold and a:b coloring of a graph). Let G = (V, E) be the triangle K3 with
V = {vy, 09,03}, E = {v,vy, vau3, viv3}.
Take a = 6 and b = 2. Define ® : V — ([g]) by
d(vy) = {1, 2}, D (vg) = {3,4}, ®(v3) = {5,6}.

Then for every edge v;v; € E, the assigned sets are disjoint: ®(v;) N ®(v;) = (). Hence @ is a
2-fold coloring of G using 6 colors, i.e., a 6:2 coloring.

Definition 5.5.3 (Fractional chromatic number of a graph). The fractional chromatic number

of G is @)
e Xb
Xs(G) = Inf ==

(Equivalently, x;(G) = lim, o x5(G)/b since x, is subadditive.)

Example 5.5.4 (Fractional chromatic number). Let G = Kj3. Since G is complete, any b-fold
coloring requires pairwise disjoint b-sets on the three vertices, hence x;,(K3) = 3b. Therefore

K. b
Xf(K3) = inf Xo(Ks) = inf 3 _

b>1 b b>1 b

3.
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Definition 5.5.5 (b-fold and fractional coloring of an n-SuperHyperGraph). Let SHG™ =
(Vpn, E,,) be an n-SuperHyperGraph, and let Pr(SHG(")) denote its primal graph (2-section) as
defined earlier.

For a,b € N with a > b > 1, an a:b coloring of SHG™ is an a:b coloring of the simple graph

Pr(SHG(”)), i.e., a map
v:V, — <[Z]>

such that for every edge xy € E(Pr(SHG("))),
Y(z) N¥(y) = 0.

Define the b-fold chromatic number and fractional chromatic number of SHG™ by

Xb(SHG(")) — Xb(PI”(SHG(n))), Xf(SHG(n)) — Xf(PI”(SHG(n))).

Example 5.5.6 (b-fold and fractional coloring of an n-SuperHyperGraph). Let n = 1 and
consider the 1-SuperHyperGraph SHGY = (V4, E1) with

‘/1 :{xvyaz}a El = {{xayaz}}
Then its primal graph Pr(SHG™") is the triangle K3 on {z,v, 2}, since all three supervertices
lie together in the unique superedge.
Take a = 6 and b = 2. Define ¥ : V; — ([g]) by
Because 2y, yz, 2z € E(Pr(SHG™)), we have ¥(z) N ¥(y) = ¥(y) N ¥(z) = ¥(z) N ¥(z) = 0,
so W is a 6:2 coloring of SHG".
Moreover, since Pr(SHG™) 2 K, we obtain

Xs(SHGW) = x4(Pr(SHGW)) = x;(K;) = 3.

Theorem 5.5.7 (n-SuperHyperGraph fractional coloring generalizes graph fractional coloring).

(i) Let G = (V, E) be a finite simple graph, viewed as the level-0 SuperHyperGraph SHG .=
(V,E). Then, for every b>1,

X;,(SHG(O)) = xu(G), and hence Xf(SHG(O)) = x/(G).

(ii) Fizn € Ny. For any finite simple graph G = (Vg, Eg), define the iterated singleton embedding
to(v) :=v and tp11(v) = {wx(v)} for k >0, and set

V=L, () v e Vgl EM = {1, (u), tn(v)} : uv € Eg}.
Let SHG(C?) = (V™ EM). Then Pr(SHGgl)) >~ @, and therefore for every b > 1,
Xb(SHG(C?)) = x(G), and hence Xf(SHG(C?)) = xs(G).
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Proof. (i) In the level-0 case we have Pr(SHG) = G. By Definition 5, x»(SHG®) =
Xb(Pr(SHG(O))) = x»(G) for each b. Taking infy(-)/b yields Xf(SHG( ) = Xf(G).

(ii) Let f : Vg — V™ be the bijection f(v) = 1, (v). By construction, uv € Eq iff { f(u), f(v)} €
E™_ which is equivalent to f(u)f(v) € E(Pr(SHG)). Thus f is a graph isomorphism
G = Pr(SHG).

A map ¢ : Vg — ([’Z]) is an @ : b coloring of G iff ® o f~1 : V(W — ([‘Z]) is an a : b coloring
of Pr(SHGg")), because isomorphisms preserve adjacency and hence the disjointness constraints.
Therefore x,(G) = x,(Pr(SHGZ)), ie., x»(SHGY) = x,(G) by Definition m Taking
infy(-) /b gives x;(SHGS) = x4 (G). O

5.6 Harmonious coloring

Harmonious coloring is a proper vertex coloring where each unordered color pair appears on at
most one edge [252-256]. An n-SuperHyperGraph harmonious coloring properly colors super-
vertices so each unordered color pair appears on at most one primal-graph adjacency.

Definition 5.6.1 (Harmonious coloring of a graph). Let G = (V| E) be a finite simple graph
and let ¢ € N, ¢ > 1. A proper c-coloring ¢ : V' — [c] is called harmonious if for every unordered
pair of distinct colors {7, j} C [c] with ¢ # j, there exists at most one edge uv € E such that

{o(u),e(v)} ={i,j}.
Equivalently, for all ¢ < j in [c],

{uweE: {pu), o)} ={i,jt}| < 1.

Example 5.6.2 (Harmonious coloring of a graph). Let G = (V, E') be the path P; with
V = {v1,vq,v3}, E = {vjvy, vous}.

Define a proper 3-coloring ¢ : V' — [3] = {1,2,3} by
plo) =1, @) =2, p(vs) = 3.

Then the only color pair appearing on an edge is {1,2} on v;vy and {2,3} on vyvs. Each
unordered color pair appears on at most one edge, hence ¢ is a harmonious 3-coloring of G.

Definition 5.6.3 (Harmonious chromatic number). The harmonious chromatic number of G is

x#(G) = min{c € N| G admits a harmonious c-coloring }.

Example 5.6.4 (Harmonious chromatic number). Let G = P3 be the path from Example
We claim that x5 (G) = 3. Indeed, Example gives a harmonious 3-coloring, so xz(G) < 3.
On the other hand, G has no harmonious 2-coloring: in any proper 2-coloring of Ps, both edges
v1v9 and vov3 use the same unordered color pair {1, 2}, violating the condition that each color
pair appears on at most one edge. Hence x g (G) > 3, proving x5 (G) = 3.
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Definition 5.6.5 (Harmonious coloring of an n-SuperHyperGraph). Let SHG™ = (Vo, E,) be
an n-SuperHyperGraph, and let Pr(SHG(")) denote its primal graph (2-section), defined earlier.
A coloring ¥ : V,, — [c] is called a harmonious c-coloring of SHG™ if 1) is a harmonious
c-coloring of the simple graph Pr(SHG™) in the sense of Definition

Equivalently, ¢ is proper (in the already-defined sense) and for all i < j in [¢],
{zy € E(Pr(SHG™)) : {¢(z),¢(y)} = {i,j}}| < L.

Example 5.6.6 (Harmonious coloring of an n-SuperHyperGraph). Let n = 1 and consider the
1-SuperHyperGraph SHG®" = (V1, Ey) with

Vvl :{{L‘,y,Z}, El = {{xvy}v{ywz}}
Its primal graph Pr(SHG(l)) is the path x — y — z, i.e., Pr(SHG(l)) =

Define ¢ : V; — [3] by

Then 1) is proper on Pr(SHG(l)), and the unordered color pairs {1, 2} and {2, 3} occur on exactly
one primal edge each (namely zy and yz), while no pair occurs more than once. Therefore v is
a harmonious 3-coloring of SHGW.

Definition 5.6.7 (Harmonious chromatic number of an n-SuperHyperGraph). Define

xu(SHG™) = yu(Pr(SHG™)).

Example 5.6.8 (Harmonious chromatic number of an n-SuperHyperGraph). Let SHGY be as
in Example m so Pr(SHG") 2 P;. Then

xu(SHGW) = xpu(Pr(SHGY)) = xu(Ps) = 3,
where the last equality follows from Example

Theorem 5.6.9 (n-SuperHyperGraph harmonious coloring generalizes graph harmonious col-
oring).

(i) Let G = (V,E) be a finite simple graph, viewed as the level-0 SuperHyperGraph SHG® :=
(V,E). Then a map ¢ : V. — |[c] is a harmonious c-coloring of G if and only if it is a
harmonious c-coloring of SHG? in the sense of Definition . In particular,

xu(SHG®) = xu(G).

(ii) Fizn € Ny. For any finite simple graph G = (Vg, Eg), define the iterated singleton embedding
to(v) :=v and tp11(v) = {wx(v)} for k >0, and set

V= {1, (v) v € Vg}, EM = {1, (u), tn(v)} : uv € Eg}.
Let SHGY := (V™ EM™). Then Pr(SHGY) = G, and hence
xu(SHCE) = xu (Q).
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Proof. (i) In the level-0 case, every superedge has size 2, so the primal graph satisfies Pr(SHG(O))
G. By Definition a coloring of SHG is harmonious exactly when it is harmonious on G;
the equality of y g follows.

(ii) Let f : Vg — V™ be the bijection f(v) = ¢, (v). By construction, for distinct u,v € Vg,
w € Bg <= {f(u), f(v)} € E™ = f(u)f(v) € E(Pr(SHGY)).

Thus f is a graph isomorphism G = Pr(SHG(C?)).

Isomorphisms preserve harmonious colorings: if ¢ is a coloring of G, then 1) := po f~1is a

coloring of Pr(SHG(C? )), and the number of edges realizing any color pair {i,j} is the same in G

and in Pr(SHGY). Therefore G admits a harmonious c-coloring if and only if Pr(SHGY”) does,
so xu(G) = xu(Pr(SHGY)). Using Definition yields y (SHGY) = xu(G). O

5.7 Incidence coloring

Incidence coloring assigns colors to vertex—edge incidences so any two adjacent incidences, sharing
endpoints or consecutive edges, differ [257-262]. An n-SuperHyperGraph incidence coloring
assigns colors to vertex—superedge incidences so incidences at edge-distance at most two differ.

Definition 5.7.1 (Incidences and incidence coloring of a graph). Let G = (V, E) be a finite
simple graph. An incidence of G is a pair (v, e) such that v € V and e € E is an edge incident
to v. Let

I(G) := {(v,e) :v €V, e € E, vis incident to e}

denote the set of incidences.

Two incidences (v, €) and (u, f) in I(G) are called adjacent if at least one of the following holds:
1. v=wuand e # f;

2. e = f and v # u;

3. e ={v,u} and f = {u,w} for some w € V with w # v.

An incidence k-coloring of G is a map
c: I(G) — [k] :={1,2,...,k}

such that adjacent incidences receive distinct colors.

The incidence chromatic number of G is
Xi(G) := min{ k € N| G admits an incidence k-coloring }.
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Example 5.7.2 (Incidence coloring of a graph). Let G = (V, E) be the path P; with
V = {v1,vq,v3}, E = {e15 = v10q, €93 = U03}.
Then the incidences are
I(G) = {(v1, €12), (v2,€12), (v2;€23), (vs,e23)}.
Define c¢: I(G) — [3] = {1,2,3} by
c(vy,e19) =1, c(vq, €12) = 2, c(vq, €23) = 3, c(vs, €93) = 1.

We verify that adjacent incidences receive distinct colors:
o Incidences sharing a vertex: (vq,e12) and (vq, €23) have colors 2 and 3.

o Incidences sharing an edge: (vq,e12) and (vq,€12) have colors 1 and 2, and (vg, e53) and
(v3, €23) have colors 3 and 1.

o The remaining adjacency is the “consecutive-edge” case: (vy,ej2) is adjacent to (v, €a3)
(since €15 = {v1,v2} and ey3 = {v9,v3}), and indeed c(vi,e15) = 1 # 3 = ¢(vq, €23).
Similarly, (vs, e23) is adjacent to (vg, €12), and 1 # 2.

Hence c is an incidence 3-coloring of G.

Definition 5.7.3 (Incidence graph of an n-SuperHyperGraph). Let SHG™ = (V,,, E,) be an
n-SuperHyperGraph. Its incidence graph is the bipartite graph

B(SHG(")) = (V,WE,, {ve: veEV,, e€ E,, vEe}),

whose bipartition classes are V,, and F,,, and where an edge ve encodes the incidence v € e.

Example 5.7.4 (Incidence graph of an n-SuperHyperGraph). Let n = 1 and consider the
1-SuperHyperGraph SHG"Y) = (V;, E;) given by

‘/1 :{.%'73/,2}, El :{61762}a €1 :{wvy}v 62:{3/,2’}-
Its incidence graph is the bipartite graph
B(SHG(l)) = ({l’, Y, Z} W {617 62}? {CL’GI, Yyeéi, yeo, 262})7

where the edges xei,yer,yes, zes encode the incidences x € e, y € €1, Yy € €3, 2 € e,
respectively.

Definition 5.7.5 (Incidence coloring of an n-SuperHyperGraph). Let SHG™ = V.., ) be an
n-SuperHyperGraph, and let B := B(SHG(")) be its incidence graph (Definition |5.7.3]).

An incidence of SHG™ is a pair (v,e) withv € V,,, e € E,,, and v € e. We identify (v, e) with
the corresponding edge ve € E(B).

Two incidences (v, e) and (u, f) are called adjacent if the corresponding edges ve and uf in B
have edge-distance at most 2 in B; equivalently, if either
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1. they share an endpoint in B (i.e., v = u with e # f, or e = f with v # u); or

2. there exists a third incidence (z, g) such that ve is adjacent to xg in B and xg is adjacent to
uf in B.

An incidence k-coloring of SHG™ is a map
c: I(SHG™) — [k]

assigning colors to incidences so that adjacent incidences receive distinct colors.

The incidence chromatic number of SHG™ is

XZ-(SHG(”)) = min{ keN| SHG™ admits an incidence k-coloring }

Example 5.7.6 (Incidence coloring of an n-SuperHyperGraph). Continue with SHGWY =
(V1, Ey) from Example The incidence set is

I(SHG(l)) = {(.I, 61)7 (yv 61)7 (y’ 62)7 (Zv 62)}'

In the incidence graph B = B(SHG(l)), these incidences correspond to the edges zeq, yeq, yes, zes.

Define ¢ : I(SHG™) — [3] by
c(x,er) =1, c(y,e1) =2, c(y,es) = 3, c(z,e9) = 1.

We check the adjacency rule “edge-distance at most 2” in B:
o xep and ye; share the endpoint e; (distance 1), and 1 # 2.
o ye; and yey share the endpoint y (distance 1), and 2 # 3.
o yey and ze, share the endpoint ey (distance 1), and 3 # 1.

e xe; and ye; have edge-distance 2 via the intermediate edge ye; (since ze; meets ye; at
e1, and ye; meets yes at y); indeed 1 ## 3. Similarly, ze; and ye; have edge-distance 2 via
yes, and 1 # 2.

Thus adjacent incidences receive distinct colors, so ¢ is an incidence 3-coloring of SHGW.

Theorem 5.7.7 (Incidence coloring of n-SuperHyperGraphs generalizes graph incidence color-
ing). Let G = (V, E) be a finite simple graph, viewed as the level-0 SuperHyperGraph SHG® .=
(V,E). Then a map ¢ : I(G) — [k] is an incidence k-coloring of G in the sense of Defini-
tz’on if and only if it is an incidence k-coloring of SHG® in the sense of Definition .
In particular,

X{(SHG™) = xi(G).
More generally, if G is embedded into an n-SuperHyperGraph via the iterated singleton embedding

introduced earlier, then the corresponding incidence graphs are isomorphic and hence the incidence
chromatic numbers coincide.
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Proof. In the level-0 case, SHG = (V, E) has the same vertex set and edge family as G, and
its incidence graph B(SHG) is exactly the usual vertex—edge incidence bipartite graph B(G).

Under the identification of incidences (v,e) with edges ve of B(G), the adjacency rules in
Definition match precisely the condition that the corresponding edges of B(G) have edge-
distance at most 2:

o Ifv=wande# f,orif e = f and v # u, then ve and uf share an endpoint in B(G), so
their edge-distance is 1.

o In the third case, e = {v,u} and f = {u,w} with w # v. Then in B(G) the edges ve and
uf are not adjacent, but they are linked by the intermediate incidence-edge we: indeed ve
is adjacent to ue (sharing e), and ue is adjacent to uf (sharing u), so the edge-distance
between ve and uf is 2. Conversely, an edge-distance 2 witness in B(G) forces exactly
such a length-2 incidence chain, which in a simple graph corresponds to consecutive edges
meeting at a vertex, i.e., the third rule.

Therefore, the two notions of incidence k-coloring coincide, and hence so do the minima x;.

For the stated embedding into level n, the iterated singleton map induces an isomorphism be-
tween the vertex—edge incidence bipartite graphs (hence preserves edge-distances), so the exis-
tence of incidence k-colorings and the value of x; are preserved. O

5.8 SuperHyperGraph List coloring

List coloring chooses each vertex’s color from its prescribed list, ensuring adjacent vertices receive
different colors under all list assignments [263-267]. An n-SuperHyperGraph list coloring chooses
each supervertex’s color from its list, ensuring primal-adjacent supervertices differ across all list
assignments. Note that we discuss MultiList Coloring, an extension of list coloring of a graph,
in the Appendix.

Definition 5.8.1 (List assignment and list coloring of a graph). Let G = (V, E) be a finite
simple graph. A list assignment on G is a map

L:V —PC)\ {0},

where C is a (finite or infinite) set of colors and L(v) is the set of colors allowed at v.

An L-coloring of G is a vertex-coloring ¢ : V' — C such that
p(v) € Lv)  (VveV),
and ¢ is proper (in the already-defined sense).

For k € N, the graph G is k-choosable if for every list assignment L with |L(v)| > k for all
v € V, there exists an L-coloring of G. The list chromatic number (choosability) of G is

ch(G) := min{k € N: G is k-choosable }.

More generally, for a function f : V' — N, G is f-choosable if for every list assignment L with
|L(v)| > f(v) for all v, there exists an L-coloring.
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Example 5.8.2 (List coloring of a graph). Let G = (V, E) be the path P; with
V = {v1, 09,03}, E = {vjvy, vaus}.
Let the color set be C = {red, blue, green} and define a list assignment L : V — P(C) \ {0} by
L(vy) = {red, blue}, L(vy) = {blue, green}, L(v3) = {red, green}.
Define ¢ : V — C by
o(v1) = red, ©(ve) = blue, p(vs) = green.

Then ¢(v;) € L(v;) for each i € {1,2,3}, and ¢ is proper because adjacent vertices receive
different colors. Hence ¢ is an L-coloring of G.

Definition 5.8.3 (List coloring of an n-SuperHyperGraph). Let SHG™ = (Vo, E,) be an
n-SuperHyperGraph, and let Pr(SHG(n)) denote its primal graph (2-section), defined earlier.

A list assignment on SHG™ is a map
L:V, — PC)\{0}.
An L-coloring of SHG™ is a map v : V,, — C such that
P(v) € L{v) (Vv e V),

and ) is a proper vertex-coloring of Pr(SHG(”)) (equivalently: 1 is proper on the primal adja-
cency relation).

For k € N, SHG"™ is k-choosable if for every list assignment L with |L(v)| > k for all v € V,,
there exists an L-coloring of SHG™. Define its list chromatic number by

ch(SHG™) := ch(Pr(SHG™)).

More generally, for f : V,, — N, define f-choosability analogously.

Example 5.8.4 (List coloring of an n-SuperHyperGraph). Let n = 1 and consider the 1-
SuperHyperGraph SHGY = (Vi, Ey) with

Vvl = {x7y’ Z}’ El = {{xvy}7{y’ Z}}

Its primal graph Pr(SHG™") is the path z — y — z.

Let C = {red, blue, green} and define a list assignment L : V; — P(C) \ {0} by
L(x) = {red, blue}, L(y) = {blue, green}, L(z) = {red, green}.
Define ¢ : V3 — C by
P(x) = red, ¥ (y) = blue, 1 (z) = green.

Then t(v) € L(v) for all v € V4, and ¢ is proper on Pr(SHG™) since the adjacent pairs (z, )
and (y, z) receive different colors. Therefore 1) is an L-coloring of SHG™.
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Theorem 5.8.5 (n-SuperHyperGraph list coloring generalizes graph list coloring).

(i) Let G = (V, E) be a finite simple graph, viewed as the level-0 SuperHyperGraph SHG® .=
(V,E). Then for every list assignment L : V. — P(C) \ {0}, a map ¢ : V — C is an
L-coloring of G if and only if it is an L-coloring of SHGY in the sense of Definition .
Consequently,

ch(SHG?) = ch(G).

(ii) Fiz n € Ny. For any finite simple graph G = (Vg, Eg), let SHG(C?) denote the embedded
n-SuperHyperGraph obtained from G via the iterated singleton embedding introduced earlier.
Then Pr(SHG(C?)) = @, and hence

ch(SHGEY) = ch(Q).

Proof. (i) In the level-0 case, every superedge has size 2, hence the primal graph satisfies
Pr(SHG”) = G. Therefore, the properness constraint and the list constraint p(v) € L(v)
coincide for G and SHG, giving the equivalence of L-colorings and the equality of list chro-
matic numbers.

(ii) Let f : Vg — V(SHG(C;1 )) be the bijection induced by the iterated singleton embedding.
By construction, f is a graph isomorphism G =2 Pr(SHGgL )). Given any list assignment L on
Ve, transport it to a list assignment L’ on V(SHGE;)) by L'(f(v)) := L(v). Then ¢ is an
L-coloring of G if and only if ¥ := ¢ o f~! is an L’-coloring of Pr(SHGgL)), hence of SHGgL).
Thus k-choosability (and therefore ch(-)) is preserved, yielding ch(SHGY) = ch(@). O

5.9 Radio coloring

Radio coloring assigns positive integer labels so adjacent vertices differ by at least two and
distance-two vertices differ by one [268-272]. An n-SuperHyperGraph radio coloring assigns
labels to supervertices so the same distance-based separation holds in the primal graph.

Definition 5.9.1 (Radio coloring of a graph). Let G = (V, E) be a finite simple undirected
graph, and let dg(-,-) denote the (already-defined) graph distance. A radio coloring of G is a
labeling

p:V — Z>

such that for all distinct u,v € V' with dg(u,v) < 2,
lp(u) — ()| = 3 —dg(u,v).
Equivalently:
deo(u,v) =1 = |p(u) — )] =22,  do(u,v) =2 = [p(u) — ()| > 1.

The span of ¢ is
span(p) = max o(v).
The radio coloring number of G is
rc(G) = min{span(p) : ¢ is a radio coloring of G}.
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Example 5.9.2 (Radio coloring of a graph). Let G = (V, E) be the path P; with
V= {1}1,?)2,?)3}, E= {'Ulv% ’U2U3}-

The distances satisfy dg(vy,ve) = dg(vs,v3) = 1 and dg(vy,v3) = 2. Define a labeling ¢ : V —
ZZl by

SD(’UI) =1, ()0(02) =3, 90(’03) = 5.

Then for adjacent vertices the difference is at least 2:
(1) =)l =2, p(v2) — @(vs)] = 2,
and for the distance-2 pair we have
o(v1) — p(vs)| =4 = 1.

Hence ¢ is a radio coloring of G, with span span(y) = 5.

Definition 5.9.3 (Radio coloring of an n-SuperHyperGraph). Let SHG™ = (V,,, E,,) be an
n-SuperHyperGraph, and let Pr(SHG(")) be its primal graph (2-section). A radio coloring of
SHG™ is a labeling

ViV, — Z>

such that for all distinct z,y € V,, with dp,(sugm)(z,y) < 2,
[W(x) —Y(y)| = 3= dpysucm)(T,Y)-
Its span is span(¢)) := max,cy, 1 (v), and the radio coloring number of SHG™ is

rc(SHG(n)) = rc(Pr(SHG(n))) = min{span(¢) : ¢ is a radio coloring of SHG(n)}.

Example 5.9.4 (Radio coloring of an n-SuperHyperGraph). Let n = 1 and consider the 1-
SuperHyperGraph SHGY = (V1, Ey) with

Vi={z,y.z}, Bi={{z.y}{y.2}}.
Its primal graph Pr(SHG(l)) is the path x—y—z, hence dp,(z,y) = dp,(y, 2) = 1l and dp,(z, z) =
2.
Define 4 : Vi — Zs; by
Pl) =1, Py =3 ¥() =5
Then the distance-based constraints are satisfied in Pr(SHG™):
(@) =)l =2, | -v@E)=2 | -y@E)|=4=1

Therefore 1 is a radio coloring of SHG™ | and span(v)) = 5.

Theorem 5.9.5 (n-SuperHyperGraph radio coloring generalizes graph radio coloring).
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(i) Let G = (V, E) be a finite simple graph, viewed as the level-0 SuperHyperGraph SHG® .=
(V,E). Then a labeling ¢ : V. — Z>1 is a radio coloring of G (Definition if and only
if it is a radio coloring of SHG (Definition m Consequently,

rc(SHG(O)) = rc(QG).

11 1wn € Ny. For any finite simple grap , let enote the embedded n-SuperHyperGrap

i) Fi No. For any finite simple graph G, let SHGY d he embedded n-SuperHyper Graph
obtained from G wvia the iterated singleton embedding introduced earlier. Then Pr(SHG(C?)) =
G, and hence

rc(SHG(C?)) = rc(Q).

Proof. (i) For n = 0, the primal graph satisfies Pr(SHG(O)) = (. Therefore the distances
dpysic©) (- ) and dg(+, ) coincide, and the constraint | - | > 3 — d(-,-) for all pairs at distance
at most 2 is identical in both definitions. Thus the sets of feasible labelings coincide, and
minimizing span yields rc(SHG(O)) =r¢(G).

(i) Let f : V(G) = V(SHGY) be the bijection induced by the iterated singleton embedding.
By construction, f is a graph isomorphism G = Pr(SHG(C? )), hence it preserves distances:

dg(u,v) = dPr(SHGg))(f(u), f(v)) (Vu,v € V(Q)).

Given a radio coloring ¢ of G, define v := po f~! on V(SHG(C?)). The distance-preservation

implies that v satisfies the same distance-< 2 inequalities, so 1 is a radio coloring of SHG((? ).

Conversely, any radio coloring ¢ of SHGgL ) pulls back to a radio coloring ¢ := ¥ o f of G.

Moreover max ) = max . Therefore the minimum achievable span is the same on both sides,
giving rc(SHGY) = rc(G). 0O

5.10 Total coloring

Total coloring assigns colors to every vertex and edge, forbidding equal colors on adjacent or
incident elements, using fewest colors [232,[273-275]. n-SuperHyperGraph total coloring assigns
colors to all supervertices and superedges, forbidding equal colors on adjacent or incident super-
elements, minimizing colors.

Definition 5.10.1 (Total coloring of a graph). Let G = (V, E) be a finite simple undirected
graph and let k € N with k > 1. A (proper) total k-coloring of G is a map

7: VUE — [k]:={1,2,...,k}

such that:
(T1) if u,v € V and wv € E, then 7(u) # 7(v);

(T2) if e, f € E are adjacent edges (i.e., e N f #£ 0), then 7(e) # 7(f);
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(T3) if v € V and e € E are incident (i.e., v € €), then 7(v) # 7(e).

The total chromatic number of G is

x"(G) := min{k € N : G admits a total k-coloring }.

Example 5.10.2 (Total coloring of a graph). Let G = (V, E') be the path P; with
V = {vy, 09,03}, E = {e12 = v1va, €23 = va3}.
Define 7: VUE — [3] = {1,2,3} by
7(v1) =1, T(ve) = 2, T(v3) = 1,

T(e12) = 3, T(eq3) = 3.

Then (T1) holds because adjacent vertices receive different colors: 7(v;) # 7(vy) and 7(vy) #
7(v3). Condition (T2) holds because the adjacent edges e and eps share the endpoint v, so
they must have distinct colors; indeed, here they both have color 3, so we adjust by setting

T(e12) = 3, T(ea3) = 1.

Now 7(e12) # T(e23), so (T2) holds. Finally, (T3) holds because each edge color differs from the
colors of its endpoints:

T(e12) =3# 1 =71(vy), 7(e12) =3 #2=r1(vy),

T(ea) =1#2=17(vg), 7(e23)=1%#1=7(v3) fails,

so we instead set T(eq3) = 3 and recolor v by 7(v3) = 1 would still fail; therefore choose
T('Ul) = 1, T('U2) = 2, T(’Ug) = 3, T(elg) = 37 7'(623) = 1

With this final assignment, (T1)—(T3) all hold, hence 7 is a proper total 3-coloring of G.

Definition 5.10.3 (Total coloring of an n-SuperHyperGraph). Let SHG™ = (V,,, E,) be an
n-SuperHyperGraph and let k € N with &k > 1. A (proper) total k-coloring of SHG™ is a map

©: V,UE, — [k

such that:
(S1) if z,y € V,, are adjacent (i.e., e € E, with {z,y} C e), then O(z) # O(y);
(S2) if e, f € E,, are adjacent superedges (i.e., e N f # (), then O(e) # O(f);
(S3) if z € V,, and e € E,, are incident (i.e., € e), then O(x) # O(e).

The total chromatic number of SHG™ is
X”(SHG(")) = min{k €N : SHG™ admits a total k-coloring }.
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Example 5.10.4 (Total coloring of an n-SuperHyperGraph). Let n = 1 and consider the 1-
SuperHyperGraph SHG" = (V1, Ey) with

Vi ={x,y,z}, B, = {61,62}, er = {x,y}, ea = {y, z}.
(Thus the primal adjacency on V; is the path x — y — z, and the superedges ey, e5 are adjacent

since e; Ney = {y} #0.)

Define © : V; U By — [4] = {1,2,3,4} by

Then:
 (S1) holds since adjacent supervertices must differ: ©(x) # O(y) and O(y) # O(z).
 (S2) holds since e; and e are adjacent superedges and O(e;) # O(e2).

o (S3) holds because each superedge color differs from the colors of its incident supervertices:
O(e1) =3#0O(x) =1, O(e1) =3 #O(y) = 2,
O(e2) =1#0(y) =2, O(e2) =1 # O(2) = 3.

Hence © is a proper total 4-coloring of SHGW.

Theorem 5.10.5 (n-SuperHyperGraph total coloring generalizes graph total coloring). Let
G = (V, E) be a finite simple graph, viewed as the level-0 SuperHyperGraph SHG := (V, E).
Then 7 : VUE — [k] is a total k-coloring of G in Deﬁnition if and only if it is a total
k-coloring of SHG in Definition . Consequently,

Y'(SHGY) = x"(G).

Proof. For n =0 we have Vy =V and Ey = F, and each edge is a 2-element set.

o Condition (S1) says that adjacent vertices (those contained together in some e € E) must
receive different colors, which is exactly (T1).

e In a simple graph, two distinct edges are adjacent precisely when they share an endpoint,
i.e., their intersection is nonempty. Thus (S2) is exactly (T2).

o Incidence x € e is the usual vertex—edge incidence, so (S3) is exactly (T3).
Hence the feasible total k-colorings coincide for G and SHG'”, and minimizing k yields y” (SHG(O)) =

V'(G). =
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5.11 Exact coloring

Exact coloring is a proper vertex coloring in which every unordered pair of distinct colors occurs
on exactly one edge of the graph [276-279]. An n-SuperHyperGraph exact coloring is a proper
coloring of supervertices such that every unordered color pair occurs exactly once among adjacent
supervertices in its primal graph.

Definition 5.11.1 (Exact k-coloring of a graph). Let G = (V, E) be a finite simple graph and
let k € N, k > 1. A proper vertex k-coloring ¢ : V' — [k] is called an ezact k-coloring if for
every unordered pair of distinct colors {7,j} C [k] with i < j, there exists ezactly one edge
whose endpoints receive colors ¢ and j, i.e.,

{weB: {pw),e@}={ii}}| =1 (G1<i<j<h).

Example 5.11.2 (Exact coloring of a graph). Let G = (V| E) be the 3-vertex path P; with
V = {vy, 09,03}, E = {v,vy, vyus}.

Define ¢ : V — [3] = {1,2,3} by
e(v)) =1,  pv2) =2, ¢(vs) =3.

Then ¢ is proper. Moreover, the unordered color pairs {1,2} and {2,3} appear on exactly one
edge each:
{1,2} appears only on v, vy, {2,3} appears only on vyvs,

and no other edge exists. Hence ¢ is an exact 3-coloring of G in the sense of Definition [5.11.1

Definition 5.11.3 (Exact k-coloring of an n-SuperHyperGraph). Let SHG™ = (Vo, E,) be an
n-SuperHyperGraph. Let Pr(SHG(")) denote its primal graph (2-section) defined earlier, with
vertex set V,,. A map 1 : V,, — [k] is called an ezact k-coloring of SHG™ if it is a proper vertex
coloring of Pr(SHG(")) and, for every 1 < i < j <k,

{2y € BPeSHG™)) : (@), w(w)} = (0.3} }] = 1

Example 5.11.4 (Exact coloring of an n-SuperHyperGraph). Let n = 1 and consider the
1-SuperHyperGraph SHGW = (V1, Ey) with

‘/1 - {X17X27X3}7 El - {{X17X2}7 {X27X3}}'

Its primal graph Pr(SHG(l)) is the path X; — X, — X3, i.e., Pr(SHG(l)) >~ P,

Define ¢ : V; — [3] by
v(X) =1,  P(X2) =2,  P(X3)=3.

Then 1) is proper on Pr(SHG(l)), and the unordered color pairs {1,2} and {2, 3} occur on exactly
one adjacency each in the primal graph:

{1,2} occurs only on X;Xo, {2,3} occurs only on X, Xj.
Therefore ¢ is an exact 3-coloring of SHG™ in the sense of Definition [5.11.3
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Theorem 5.11.5 (Generalization to graphs). Let G = (V, E) be a finite simple graph.

(i) If G is viewed as the level-0 SuperHyperGraph SHG”) := (V, E), then a map ¢ : V — [k] is
an exact k-coloring of G (Definition|5.11.1)) if and only if it is an exact k-coloring of SHG®
(Definition .

(ii) More generally, let SHG(C?) be any n-SuperHyperGraph embedding of G such that Pr(SHGgl)) =
G. Then G has an exact k-coloring if and only if SHG((?) has an exact k-coloring.

Proof. (i) In the level-0 case, every (super)edge has size 2, hence Pr(SHG(O)) = (. Therefore
the set of edges counted in Definition |5.11.1] coincides with the set of edges counted in Defini-
tion [5.11.3] for each color pair {i,j}. Thus the two notions of exact k-coloring are identical.

(i) Let f : V(G) — V(SHG(C?)) be an isomorphism G = Pr(SHG(C?)). Given a coloring ¢ :
V(G) — [k], define ¢ := @ o f~! on V(SHG(C?)). Because f preserves adjacency, o is proper
on G if and only if v is proper on Pr(SHG(g)). Moreover, for each i < 7, the map f induces a
bijection between

{uv € B(G) : {p(u),p(v)} = {i,j}} and {wy € B(Pr(SHGE)) : {v(x),¢(y)} = {i.j} },

so the cardinalities are equal. Hence the “equals 1”7 condition holds for ¢ if and only if it holds
for @, proving the claim. O

5.12 Hierarchical coloring

Hierarchical coloring assigns colors across multiple levels of a hierarchical graph so intra-level
conflicts and inter-level parent—child constraints are simultaneously satisfied.

Definition 5.12.1 (Layered view and descendant operators). Let SHG™ = (Va, E) be an
n-SuperHyperGraph built over iterated powerset levels. Assume that the vertex set is stratified
into levels

‘/07 ‘/17 sy VTH Wlth‘/;g/])k(‘/z—l) (1§Z§n)7

so that each X € V; is a nonempty set of (i — 1)-level objects.

For 1 <4 < n, define the one-step flattening map
Flat;, : V; — P (Vi_1), Flat;(X) := X,
and for 0 < j < i < n define the (i]j)-descendant set recursively by

YGFlati(X)

Thus, Flat; ;(X) C V; is the set of all level-j objects contained in X by iterated membership.
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Example 5.12.2 (Layered structure and descendant sets). Let n = 2 and start from the base
level

Vo = {a, b, c}.
Define the level-1 supervertices
Vi={A4,B,C} with A={a,b}, B={bc}, C={a,c}
Define the level-2 supervertices
Vo ={X,Y} with X ={A, B}, Y ={B,C}.

Then Flato(X) = X = {A,B} C V; and Flaty(Y) = Y = {B,C} C Vi. Moreover, the
descendant sets satisfy

Flatzu (X) = {A, B}, Fla,tgio(X) = Flat1¢0(A) U Flatuo(B) = {CL, b} U {b, C} = {CL, b, C},
and similarly
Flaty)1(Y) = {B,C}, Flaty o(Y) = {b,c} U{a,c} = {a,b,c}.

Hence Flat; ; correctly collects all level-j objects contained in a higher-level supervertex by
iterated membership.

Definition 5.12.3 (Hierarchical c-coloring of an n-SuperHyperGraph). Let SHG™ be as in
Definition [5.12.1} and fix ¢ € N with color set C = [c] = {1,2,...,c}.

A hierarchical c-coloring of SHG™ is a family of maps

\I}:(w()uwl’"'?wn)a wl‘/l—>c7

satisfying the following intra-level and inter-level constraints:

(H1) Intra-level non-monochromaticity. For each level i € {0,1,...,n} and every hyper-
edge e € E; (where Ey = E(G) in the base graph case),

{vi(x) :xee}| > 2.

(Equivalently, no edge/superedge at level 4 is monochromatic.)

(H2) Parent—child separation across levels. For each i € {1,2,...,n}, each X € V;, and
each Y € Flat;(X) C V;_y,
bi(X) # i (Y).

(H3) Cross-level projection constraint (optional but often useful). For each i €
{1,2,...,n} and each e € E;, the projected descendant set one level down,

Proj,_,(e) := U Flat;(X) C Vi_4,
Xee
is not monochromatic under ;_1, i.e.,

{¢ira(Y) : Y € Proj_y(e)}] > 2.

(When included, this enforces that a non-monochromatic constraint at level ¢ also induces a
non-monochromatic constraint on the immediate constituents.)

The least ¢ for which a hierarchical c-coloring exists (with (H1)+(H2), and optionally (H3)) is
called the hierarchical chromatic number and is denoted by Xhier(SHG(")).
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Remark 5.12.4. If n = 0, then there is only one level Vj, the inter-level constraint (H2) is
void, and (H1) reduces to the usual (graph) proper coloring condition because every edge has
size 2. Thus hierarchical coloring extends standard graph coloring by allowing a single coherent
coloring framework across all powerset levels.

Example 5.12.5 (A hierarchical coloring). Continue with the layered sets from Example [5.12.2
and define a 2-SuperHyperGraph SHG® whose level-2 superedge set is

E, = {{X,Y}}.

(Thus, at level 2 we require X and Y not to be monochromatic.)

Let the color set be C = [3] = {1, 2,3}. Define a family of maps ¥ = (tg, 11, 12) by
¢o(a) = 17 wO(b) = 21 wO(C) = 3>

77[11(14):37 ¢1(B):17 1/)1(0):2»
PYa(X) =2, (YY) =3.

We verify the hierarchical constraints (H1)4(H2) (and also (H3) for this example).

« (H2) Parent—child separation: For A = {a,b} we have ¢1(A) = 3 # 1 = ¢y(a) and
P1(A) = 3 # 2 = 1y(b); similarly for B = {b,c} and C = {a,c}. For X = {A, B} we
have 19(X) = 2 # 3 = ¢1(A) and ¢o(X) =2 # 1 = ¢,(B); for Y = {B,C} we have
P2(Y) =3 # 1 =¢1(B) and (V) =3 # 2 = ¢ (C).

e (H1) Intra-level non-monochromaticity (at level 2): The unique level-2 superedge
{X,Y} uses colors {2, 3}, hence is not monochromatic.

+ (H3) Cross-level projection (optional): Here Proj, ({X,Y}) = Flaty(X)UFlaty(Y) =
{A,B}U{B,C} = {A,B,C}, and {¢1(A),y1(B),¥1(C)} = {3,1,2} has at least two

colors.

Therefore U is a hierarchical 3-coloring of SHG® in the sense of Definition [5.12.3
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Chapter 6

Conclusion

In this book, we defined and investigated several graph classes of Intersection SuperHyperGraphs
and SuperHyperGraph Labeling, SuperHyperGraph Coloring. We hope that future work will
further develop their mathematical properties and advance practical studies, including those
supported by computational experiments. Moreover, we expect that future work will further
develop extensions based on HyperFuzzy sets [150,/151,[280], HyperNeutrosophic sets [281H284],
HyperSoft sets [179,285286], rough sets [287,]288], and Plithogenic sets [180,1811[289).
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Appendix A

Appendix: Complex and n-dimensional
intersection graph

A complex intersection graph is an intersection graph equipped with a fixed complex-valued
evaluation of each represented intersection, encoding magnitude and phase information. An
n-dimensional intersection graph is an intersection graph realized by nonempty subsets of R",
where adjacency holds exactly when the subsets intersect.

Definition A.0.1 (Complex intersection graph). Let U be a nonempty set (the universe). Fix
a complex valuation

Yv:U— C.

A complex intersection graph (with respect to 1) is a complex-weighted simple graph
Gy = (V,E,w), w:E — C,

for which there exists a family of nonempty sets F = {S, },ey with S, C U such that, for all
distinct u,v € V,
{u,0} e E <<= S,NnS,#10,

and the edge-weight is induced from the intersection by

w{u,v}) = Z P(z) € C.

€S, NSy

(If U is infinite, one may replace the finite sum by a complex measure/integral; in this book we
state the finite form for simplicity.) We call (U, v, {S, }vev) a complex intersection representation

of Gw

The underlying (crisp) graph of G, is the ordinary intersection graph of F obtained by forgetting
w.

Remark A.0.2 (How the imaginary part is “introduced”). The imaginary component enters
through 1 and hence through w({u, v}). For instance, if ¢ = 1 then w({u, v}) = [S,NS,| € Z>¢
and one recovers the usual intersection graph together with real intersection-size weights. If ¢
takes nonreal values, then w records both magnitude and phase information about intersections.
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Appendix A. Appendix: Complex and n-dimensional intersection graph

Example A.0.3 (A complex intersection graph). Let
U :={a,b,c,d}, Y(a) =1, () =1, ¥(c) =2, P(d)=1—1.
Let V := {vy, v, v3} and define the set-family F = {S,,,S,,, S, } by
Sy, :={a,b}, Sy, = {b,c}, Sys = {c, d}.

Then
Sv1 N sz = {b} 7é 07 sz N Svs = {C} 7& (Z)’ Svl N Svs = 0.

Hence the underlying (crisp) intersection graph is the path v; — vy — w3, i.e.,
E - {{U17 v?}; {v27 UB}}'

By Definition the complex edge-weights are

wv,w}) = > @) =vd) =i,  w({u,vs})= D v =) =2

TESyy NSy TESyy NSug

Therefore G,, = (V, E,w) is a complex intersection graph (with respect to v), and (U, 1, {S, }vev)
is a complex intersection representation.

Definition A.0.4 (n-dimensional intersection graph). Fix an integer n > 1. A finite simple
graph G = (V, E) is called an n-dimensional intersection graph if there exists a family of
nonempty sets F = {5, }ev with

S, CR" (veV)
such that, for all distinct u,v € V,
{u,v} e E <— S§,NnS,#0.

In this case, {S, },ev is called an n-dimensional intersection representation of G.

Remark A.0.5 (Optional geometric restrictions). One often studies subclasses by restricting
S, (e.g. convex sets, balls, boxes, segments). Definition imposes no restriction beyond
S, € R™ and nonemptiness.

Example A.0.6 (A 2-dimensional intersection graph). Let n = 2 and consider the graph
G = (V, E) with

V= {vy,vq,v3}, E = {{vi, v}, {v2, 03}, {v1, 03} },
i.e., G = K3. Define subsets of R? by
Su = {(0,0)}, S = {(0,0),(1,0)},  Su = {(0,0),(0, 1)}
Then every pairwise intersection is nonempty:
Sy, NSy, = {(0,0)}, Sy, NSy, = {(0,0)}, Sy, NSy, = {(0,0)}.
Thus, for all distinct u,v € V, we have S, NS, # ), and hence
{u,v} e E <= S,NS,#0.

Therefore {5, },ev is a 2-dimensional intersection representation of G in the sense of Defini-
tion and G is a 2-dimensional intersection graph.
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Appendix A. Appendix: Complex and n-dimensional intersection graph

Moreover, by extending the notion of a Complex Intersection Graph, one can define a Quaternion
intersection graph. We present the definition below.

Definition A.0.7 (Quaternion intersection graph). Let U be a nonempty set (the universe).
Fix a quaternion valuation
P U — H,
where H denotes the (real) quaternion algebra. A quaternion intersection graph (with respect
to 1) is a quaternion-weighted simple graph
Gwz(‘/,E,QU), w:E—)]HI,
for which there exists a family of nonempty sets F = {S,},ey with S, C U such that, for all

distinct u,v € V,
{u,v} e F <+<— S,NS, #0,

and the edge-weight is induced from the intersection by
w({u)) = Y ) € B
x€S,NS,

(If U is infinite, one may replace the finite sum by a quaternion-valued measure/integral; we state
the finite form for simplicity.) We call (U, v, {S,}vev) a quaternion intersection representation

Of Gw

The underlying (crisp) graph of G, is the ordinary intersection graph of F obtained by forgetting
w.

Remark A.0.8 (How quaternionic information enters). The “non-real” information is intro-
duced through 1 and hence through the weights w({u,v}). Note that quaternion addition is
commutative, so the finite sum over S, N.S, is unambiguous (independent of any ordering of the
intersection elements), even though quaternion multiplication is noncommutative.

Example A.0.9 (A quaternion intersection graph). Let
U:={a,b,c},
and fix the valuation ¢ : U — H by
Pla) =1+1i,  9(b)=j,  P(c) =2k,

where i,j,k € H satisfy 2 = > =k = ijk = —1. Let V := {v1,v2,v5} and define the set-family
’F - {SU1 ’ SUQ; Sva} by

Sy, :={a,b}, Sy, = {b,c}, Sy, = {a,c}.
Then all pairwise intersections are nonempty:
Sy, NS, = {b}, Sy, NSy, = {a}, Sy, NSy, = {c}.
Hence the underlying (crisp) graph is the triangle K3 on {vy, v, v3}, ie.,
E = {{’Ul,’UQ}, {v1,v3}, {Ug,vg}}.
By Definition [A.0.7, the quaternion edge-weights are

{UlﬂUQ} E w _j7 U)({Ul,’l)g}) = Z w(x) = w(a) =1+ i7

z€{b} z€{a}
w({va,v3}) = Y W(x = 2%k
ze{c}

Therefore G, = (V, E,w) is a quaternion intersection graph with a concrete quaternion inter-
section representation (U, ¥, {S,}vev)-

123






Appendix B

Appendix: Multilist coloring of a graph

Multilist coloring selects, at each vertex, one permissible color-list from several options, then
properly colors using chosen lists.

Definition B.0.1 (MultiList assignment and Multilist coloring of a graph). Let G = (V| E) be
a finite simple graph, and let C be a (finite or infinite) set of colors.

A MultiList assignment on G is a map
L:V — P(P(C)\{0}) \ {0},

such that for each vertex v € V| the value £(v) is a nonempty family of nonempty color-sets.
Each set S € L(v) is interpreted as a feasible list that may be chosen at v.

A wvertex-choice function for L is a map
©:V —P(C)\ {0} suchthat O(v) e L(v) (VveV).

Given such a choice function ©, an (£, ©)-coloring of G is a proper vertex-coloring ¢ : V' — C
satisfying
o(v) € B(v) (MveV).

A Multilist coloring of G with respect to L is a proper coloring ¢ : V' — C for which there
exists at least one vertex-choice function © such that ¢ is an (£, ©)-coloring. Equivalently, ¢ is
a Multilist coloring for L iff

YoeV 35, € L(v) with ¢(v) € S,.

For k € N, we say that G is k-multi-choosable if for every MultiList assignment L satisfying
min{|S|: S € L(v)} > k (Mv e V),
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Appendix B. Appendix: Multilist coloring of a graph

there exists a Multilist coloring of G with respect to L. The multilist chromatic number of G is

chy(G) := min{k € N: G is k-multi-choosable }.

More generally, for a function f : V' — N, the graph G is f-multi-choosable if for every MultiList
assignment £ with

min{|S|: S € L(v)} > f(v) (Vv e V),
there exists a Multilist coloring of G with respect to L.

Theorem B.0.2 (Multilist coloring generalizes list coloring). Let G = (V, E) be a finite simple
graph.

(i) Every list assignment L : V — P(C) \ {0} induces a MultiList assignment Ly, defined by
Lp(v) == {L(v)} (Vv e V),

and the L-colorings of G are exactly the Multilist colorings with respect to L.

(i) For every k € N, if G is k-multi-choosable, then G is k-choosable. In particular, ch(G) <

Proof. (i) Define L, (v) = {L(v)}. A coloring ¢ : V' — C is a Multilist coloring for £, iff for
each v there exists S, € L, (v) with ¢(v) € S,. But L, (v) has the unique element L(v), hence
this condition is equivalent to ¢(v) € L(v) for all v, i.e. ¢ is an L-coloring. Properness is the
same in both notions, so the sets of colorings coincide.

(ii) Let G be k-multi-choosable and let L be any list assignment with |L(v)| > k for all v.
Consider the induced MultiList assignment £y (v) = {L(v)}. Then

min{|S|: S € L.(v)} =|L(v)| >k (Vv e V).

By k-multi-choosability, G has a Multilist coloring for £, which is an L-coloring by (i). There-
fore G is k-choosable. The inequality ch(G) < chy(G) follows by taking minima over k. O
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