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Abstract

Graph theory studies networks of vertices and edges and their associated structural and algo-
rithmic properties [1]. To model real-world settings in which relationships are imprecise, a fuzzy
graph enriches a graph by assigning to each vertex and edge a membership degree in [0, 1]. Build-
ing on this idea, neutrosophic and quadripartitioned neutrosophic graphs incorporate multiple
components to represent truth, indeterminacy, and falsity (and their refinements), thereby pro-
viding greater expressive power than the fuzzy model. Plithogenic graphs further broaden this
landscape by offering a flexible framework for managing uncertainty through attribute values
and degrees of contradiction. Beyond ordinary graphs, a hypergraph allows each edge to connect
an arbitrary nonempty subset of the vertex set. Iterating the powerset construction yields
nested higher-order vertex objects and leads to finite SuperHyperGraphs, whose vertices and
edges may themselves be set-valued across multiple layers. In this book, we examine the
relationships among a wide range of graph, hypergraph, and superhypergraph classes including
plithogenic models and we discuss additional related structures within this ecosystem. The
present volume is a sequel to [2]. It is also a substantially revised and expanded version of
[3]; accordingly, some overlap with [3] should be expected.

Keywords: Neutrosophic graph, Plithogenic graphs, Quadripartitioned Neutrosophic graph, Fuzzy
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Chapter 1

Introduction

1.1 Graph Theory

Graph theory is a central branch of mathematics devoted to the study of networks composed
of vertices and edges, with particular attention to paths, recurring structural patterns, and
fundamental invariants [1]. Over many decades it has developed into a mature discipline and
has supported a wide range of applications across numerous fields [4-6]. In particular, in recent
years it has played a major role in Al, notably through graph neural networks and related learning
paradigms (e.g. [7THL1]).

Within graph theory, many families of graphs, structural notions, and algorithmic methodologies
have been explored. Representative directions include investigations focused on tree-like struc-
ture |12l/13], path-based structure [14], and models related to linear layouts |15/16]. These lines of
research are typically driven by concrete objectives. A recurring theme is that restricting atten-
tion to well-behaved graph classes, rather than arbitrary graphs, often makes it possible to design
substantially faster algorithms, highlighting a practical advantage of class-based analysis [17].

1.2 HyperGraph and SuperHyperGraph

Classical graphs can be inadequate for describing complex networks in which three or more enti-
ties interact simultaneously. Hypergraphs overcome this limitation by allowing each hyperedge to
connect an arbitrary nonempty subset of vertices, thereby capturing higher-order interactions [8].
Despite their expressive power, hypergraphs may still be insufficient for modeling layered, nested,
and intrinsically hierarchical relationships that occur in many real-world systems. To address
this gap, F. Smarandache introduced the notion of a SuperHyperGraph [18|19]. A SuperHyper-
Graph uses iterative powerset-based constructions to encode nested connectivity patterns and
multilevel relations [18,20,21], and it has received substantial attention in recent years [22-27].

Table highlights the main distinctions among graphs, hypergraphs, and superhypergraphs.
Throughout this book, n denotes a natural number unless stated otherwise (cf. |2]). For further
details on SuperHyperGraphs, please refer, as needed, to the literature such as [2].



Chapter 1. Introduction

Table 1.1: Salient differences among graphs, hypergraphs, and superhypergraphs.

Concept Notation Edge Type FExtension Mechanism
Graph [1] G=(V,E) E C {{u,v} |u,v €V, u#v} Standard edges encode

relations between ex-
actly two vertices.

Hypergraph [28] H=(V,E) ECPW)\ {0} Hyperedges may join
any nonempty subset
of vertices.

Superhypergraph [18] SHG™ = (V,,V,E) V C P"(V,), E C P(V) An n-fold powerset
construction is used to
capture nested struc-
ture.

Notation. P(X)={AC X} and P*(X) = X, P*""(X) = P(P*(X)).

1.3 Fuzzy, Neutrosophic, Quadripartitioned Neutrosophic, and Plithogenic
Graphs

Many real-world systems involve uncertainty, both in numerical parameters and in the relation-
ships among concepts. Motivated by this, several uncertainty-aware graph formalisms have been
introduced and actively studied, including fuzzy graphs, neutrosophic graphs, quadripartitioned
neutrosophic graphs, and plithogenic graphs.

A fuzzy graph assigns to each vertex and each edge a membership degree in [0, 1], expressing the
extent to which that object belongs to the modeled structure [2930]. Equivalently, a fuzzy graph
may be viewed as a graph-theoretic representation of a fuzzy set(cf. [31,32]). In applications,
fuzzy graphs have been used to model imprecise or uncertain relations in settings such as social
networks, decision-making, and transportation systems [29,130]. Their broad applicability has
led to sustained research activity.

Within fuzzy graph theory, many refinements and extensions have been proposed, either to en-
large the original framework or to better align the model with application requirements. Typical
examples include Intuitionistic Fuzzy Graphs [33], Bipolar Fuzzy Graphs [34], Fuzzy Planar
Graphs [35], Irregular Bipolar Fuzzy Graphs [36], General Fuzzy Graphs [37,38], and Complex
Hesitant Fuzzy Graphs [39]. Studying such classes is helpful for identifying shared structural
features, developing tailored algorithms, and transferring theoretical results to concrete problem
settings.

More generally, a large collection of graph models has been developed to represent uncertainty
and subtle conceptual relationships. These include, among others, fuzzy graphs [29}30], vague
graphs [40H42|, plithogenic graphs [43-H46], probabilistic graphs [47-49], vague hypergraphs [50],,
N-graphs [51], N-hypergraphs [52], Markov graphs [53], soft graphs (soft sets) [54,/55], hypersoft
graphs [5657], and rough graphs (rough sets) [58,59]. Among these frameworks, the present book
focuses primarily on neutrosophic graphs and quadripartitioned neutrosophic graphs [60H62],
each of which has been developed with distinct motivations.

In recent years, neutrosophic graphs [60}63] and neutrosophic hypergraphs [64,65] have attracted
growing attention within neutrosophic set theory [66,67]. The term “neutrosophic” refers to an
extension of classical and fuzzy logic in which truth, indeterminacy, and falsity are modeled as
separate components. As a generalization of fuzzy graphs [29,[30], neutrosophic graphs have been

8



Chapter 1. Introduction

studied actively due to their flexibility and their wide range of potential applications, paralleling
the appeal of fuzzy graphs. A variety of related neutrosophic graph and hypergraph classes has
also been introduced, including Bipolar Neutrosophic Graphs [65,68-71], Neutrosophic Incidence
Graphs |72H75], single-valued neutrosophic signed graphs [76], Strong Neutrosophic Graphs |77],
m-polar neutrosophic graphs [78-80], Complex Neutrosophic Hypergraphs [64], and Bipolar
Neutrosophic Hypergraphs [65].

Plithogenic graphs extend uncertainty-aware graph frameworks by describing each vertex and
edge through attribute values together with the corresponding degrees of appurtenance, and by
incorporating a contradiction (or dissimilarity) function that quantifies incompatibility between
distinct attribute values [3[81H83]. This can be regarded as a graph-theoretic counterpart of
the notion of a Plithogenic Set [43},[84,/85]. This additional layer supports context-dependent
aggregation of heterogeneous and potentially conflicting evaluations on networks, thereby refining
classical fuzzy-, intuitionistic fuzzy-, and neutrosophic-graph paradigms (e.g. [3[8689]). For
convenience, Table summarizes, in a unified notation, the canonical information assigned to
vertices and edges in several representative graph extensions.

Table 1.2: Representative graph extensions and the canonical information stored on vertices
and/or edges.

Graph Type Canonical data attached to vertices/edges

Fuzzy Graph Vertex membership o : V' — [0, 1] and edge mem-
bership p @ E — [0,1] (typically with p(uv) <
o(u) A o(v)).

Intuitionistic Fuzzy Graph Vertex degrees (pa,va) : V. — [0,1]? and edge
degrees (up,vp): E — [0,1]* with u + v < 1; the
residual represents hesitation.

Neutrosophic Graph Vertex triple (T, Ia, F4) : V — [0,1]® and edge
triple (T, I, F) : E — [0,1]3 (truth, indetermi-
nacy, falsity).

Quadripartitioned Neutrosophic Graph ~ Vertex quadruple (T, C,U,F) : V. — [0,1]* and
edge quadruple (T,C,U,F) : E — [0,1]*, typi-
cally encoding truth, contradiction, unknown, and
falsity.

Pentapartitioned Neutrosophic Graph  Vertex quintuple (T, C,U, F,S) : V' — [0,1]® and
edge quintuple (T,C,U, F,S) : E — [0,1)®, i.e.,
a five-component refinement of neutrosophic infor-
mation.

Plithogenic Graph Vertex structure PM = (M, ¥, M, adf, aCf) and
edge structure PN = (N, m, N,,, bdf, bCf), where
adf : M x M, — [0,1]* and bdf : N x N,,, — [0, 1]°
encode s-dimensional appurtenance, while aCf and
bCf are symmetric contradiction maps in [0, 1]*.

Concepts such as Uncertain Graphs and Functorial Graphs have also been studied in recent years
as unified frameworks for treating these notions, including Plithogenic Graphs, in an integrated
manner. Given the breadth and rapid growth of the literature in fuzzy mathematics, it is
unsurprising that closely related notions may be introduced independently in different venues
and at different times. Nevertheless, unifying overlapping concepts is important and, in our
view, will materially support further progress in the area. Moreover, both for theoretical work
and for applications, it is valuable to compare a wide range of uncertainty-aware graph classes
in order to choose the most appropriate framework for a given problem.

9
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1.4 Owur Contribution

In view of the above, a systematic study of graph models designed to handle uncertainty is highly
relevant. Research on quadripartitioned neutrosophic graphs remains at an early stage and is
far less widely known than the corresponding developments for fuzzy graphs, intuitionistic fuzzy
graphs, and neutrosophic graphs. In this book, we introduce and study new graph classes aligned
with intuitionistic fuzzy graphs and quadripartitioned neutrosophic graphs, namely General Intu-
itionistic Fuzzy Graphs, General Quadripartitioned Neutrosophic Graphs, and Quadripartitioned
Neutrosophic Hypergraphs. We also consider Pentapartitioned Neutrosophic Graphs, formulated
to handle five uncertainty parameters. Finally, we examine whether most of the graph models
mentioned above can be realized as special cases within the broader framework of plithogenic
graphs.

Our main conclusion is summarized in the theorem below. In addition, we analyze the inclusion
relationships among the relevant graph classes. Moreover, without loss of generality, the same
results hold in the settings of hypergraphs and superhypergraphs as well.

Theorem 1.4.1. Within the graph classes under consideration, the following statements hold.

o An empty graph and a null graph can be represented as 2-valued graphs and 3-valued graphs,
respectively.

o FEvery edge-fuzzy graph can be converted into a 2-valued graph by thresholding edge mem-
bership values.

e Fuvery fuzzy graph can be converted into a 3-valued graph by mapping vertex and edge
membership values to {—1,0,1}.

e FBvery Intuitionistic Fuzzy Graph can be reduced to a Fuzzy Graph by setting the non-
membership function v to 0 for all vertices.

e Fvery Neutrosophic Graph can be reduced to an Intuitionistic Fuzzy Graph by setting the
indeterminacy component to 0.

e FEvery Pentapartitioned Neutrosophic Graph is a generalization of the Quadripartitioned
Neutrosophic Graph.

e Plithogenic graphs generalize fuzzy graphs, intuitionistic fuzzy graphs, neutrosophic graphs,
quadripartitioned neutrosophic graphs, and extended pentapartitioned neutrosophic graphs.

e Every general plithogenic graph can be transformed into a General Quadripartitioned Neu-
trosophic Graph, a General Fuzzy Graph, a General Intuitionistic Fuzzy Graph, a Four-
Valued Fuzzy Graph, an Ambiguous Graph, a Picture Fuzzy Graph, a Hesitant Fuzzy Graph,
an Intuitionistic Hesitant Fuzzy Graph, a Fuzzy Graph, an Intuitionistic Fuzzy Graph, a
Neutrosophic Graph, a Quadripartitioned Neutrosophic Graph, a Pentapartitioned Neu-
trosophic Graph, a Quadripartitioned Neutrosophic Graph, an Extended Pentapartitioned
Neutrosophic Graph, and a Spherical Fuzzy Graph.

10



Chapter 1. Introduction

o FEwvery Uncertain Graph can be transformed into a Plithogenic graph.

Furthermore, to clarify the relationships among these graph classes, we prove several additional
theorems for individual classes as byproducts and also investigate illustrative application exam-
ples.

In addition to being a sequel to [2] and a substantially revised and expanded version of [3],
this volume differs from [3] mainly in that it incorporates an extended discussion of Super-
HyperGraphs and replaces the discussion of Turiyam Neutrosophic Graphs with a discussion
of Quadripartitioned Neutrosophic Graphs. We have also improved the proofs and the stated
definitions as much as possible.

11






Chapter 2

Preliminaries

This chapter summarizes the basic definitions, notation, and conventions used throughout the
book. In particular, we review core notions for graphs and hypergraphs, together with several
uncertainty-aware generalizations, including fuzzy graphs, intuitionistic fuzzy graphs, neutro-
sophic graphs (and hypergraphs), Quadripartitioned neutrosophic graphs (and hypergraphs),
plithogenic graphs, and single-valued neutrosophic graphs. We also record several standard
properties associated with these frameworks and, when appropriate, briefly mention represen-
tative application contexts. Since our discussion occasionally invokes elementary ideas from set
theory in addition to graph theory, the reader may consult standard references on set theory as
needed [90].

2.1 Empty Graph and Null graph

We now recall the notions of empty and null graphs.

Definition 2.1.1 (Empty graph and null graph). (cf. [91,92]) An empty graph is a graph
G = (V, E) with E = (), i.e., it has vertices but no edges. A null graph is the graph G = (V, E)
with V' = () and E = (), i.e., it has neither vertices nor edges.

We also record two basic operations that are frequently used in graph algorithms (e.g. [93/195]):
vertex addition and edge addition.

Definition 2.1.2 (Graph vertex addition). Let G = (V, F) be a graph. Vertex addition produces
a graph G’ = (V', E’) by adjoining a new vertex vney and leaving the edge set unchanged:

V' =V U{tpew}, E =E.

Definition 2.1.3 (Graph edge addition). Let G = (V, E) be a graph. Edge addition produces
a graph G’ = (V', E') by adjoining a new edge e,cw = (u,v) between existing vertices u,v € V:

V=V, E =FEU{enew
13
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Proposition 2.1.4. Applying vertex addition to a null graph yields an empty graph.

Proof. A null graph is G = (V, E) with V = () and E = (. After adding a single vertex vpey,
we obtain V' = {v,ey } while the edge set remains E’ = (). Thus the resulting graph has at least
one vertex and no edges, which is precisely an empty graph. O

Proposition 2.1.5. Applying edge addition to an empty graph produces a (nonempty) graph.

Proof. An empty graph is a graph G = (V, E) with |[V| > 1 and E = (). Choose u,v € V and

add the edge enow = (u,v). Then the vertex set remains V' = V| while the new edge set is
E' = EU{enew} = {€new} # 0. Hence the resulting graph has vertices and at least one edge,
and therefore is a graph in the usual sense. O

2.2 2-Valued Graph and 3-Valued Graph

In this subsection we outline the notions of 2-valued and 3-valued graphs. In classical graph
theory, the presence of a vertex or an edge is typically treated as a binary decision: it either
exists (coded by 1) or it does not (coded by 0). This viewpoint is closely related to the notion
of a crisp graph that is often used as the non-fuzzy baseline in fuzzy graph theory [96-99].

Definition 2.2.1 (2-valued representation). Let G = (V, F) be a graph. A 2-valued description
of G may be given by functions

fv:V—={0,1}, fe: E —{0,1},

interpreted as follows:

o for each vertex v € V,

1 if v is present,
if v is absent;

o for each edge e € F,

Fale) 1 if e is present,
[ =
L 0 if e is absent.

In many uncertainty-aware settings, one generalizes this binary viewpoint by assigning richer
functions (e.g., membership degrees or multi-parameter values) to vertices and edges; this is a
standard mechanism for encoding imprecision or additional semantic states.

Proposition 2.2.2. Both an empty graph and a null graph admit a 2-valued representation.
14
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Proof. Empty graph. Let G = (V,E) with |[V| > 1 and E = (. Define fy : V. — {0,1} by
fv(v) =1forallv € V (all listed vertices are present). Since there are no edges, fx is vacuously
represented by fr(e) =0 for all e € E = ().

Null graph. In a null graph we have V = () and F = (). Then there are no vertices or edges to
evaluate, and the functions fy and fr have empty domains. This still fits the 2-valued scheme
(trivially), hence the null graph is also representable in this framework. O

Next we consider a rough 3-valued analogue (cf. [100H102]), where vertices and edges may take
one of three states.

Definition 2.2.3 (3-valued representation). Let G = (V| F) be a graph. A 3-valued description
of G may be given by functions

fvr:V—={-1,0,1}, fe:E—{-1,0,1},
with the interpretation that, for vertices v € V and edges e € F,

1 if v is in a positive state (present),
fv(w) =<0 if v is neutral,

—1 if v is in a negative state (absent or unfavorable),

1 if e is in a positive state (present),
fe(e) =4 0 if e is neutral,
—1 if e is in a negative state (absent or unfavorable).

Theorem 2.2.4. A 3-valued graph generalizes a 2-valued graph.

Proof. A 2-valued graph is obtained by restricting the codomain of the 3-valued functions to the
subset {0,1} C {—1,0,1} (i.e., by disallowing the value —1). Hence every 2-valued representa-
tion is a special case of a 3-valued representation. O

2.3 Hypergraph and SuperHyperGraph Concepts

A hypergraph generalizes an ordinary (binary) graph by allowing an edge to connect any finite
number of vertices. This additional expressive power is useful for representing genuinely multiway
relations that arise in a variety of applications, including computer science and the life sciences
[103-106]. Related notions, such as directed hypergraphs [107-111], are also well known. We
recall the basic definition and a few standard constructions.

Definition 2.3.1 (Hypergraph [28]). A hypergraph is a pair H = (V(H), E(H)) such that:

o V(H) is a nonempty finite set (the vertices), and

15
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o E(H) is a finite family of nonempty subsets of V(H) (the hyperedges).

Thus, a hyperedge e € E(H ) may have cardinality |e] > 1, and in particular |e| need not equal
2.

Example 2.3.2. Let V(H) = {A,B,C, D, E} and let
E(H) = {61,6276’3}, €1 — {A,_D}7 €y — {.D,.E}7 €3 — {A,B,C}

Then H = (V(H), E(H)) is a hypergraph in which e; and ey are 2-element hyperedges, while
e3 is a 3-element hyperedge.

Theorem 2.3.3 (Graphs as 2-uniform hypergraphs). Every finite simple undirected graph G =
(V,E) can be represented as a hypergraph H = (V(H), E(H)) in which every hyperedge has
cardinality 2.

Proof. Let G = (V, E) be a finite simple undirected graph, so £ C (‘2/) Define a hypergraph
H = (V(H),E(H)) by setting V(H) := V and

E(H) = {{u,v} CV: {u,v} € E}.

Then each e € F(H) is a nonempty subset of V' (H) of size 2, hence H is a hypergraph. Moreover,
the correspondence {u,v} € E <> {u,v} € E(H) preserves adjacency, so H encodes exactly the
same incidence structure as G. O

Definition 2.3.4 (Induced subhypergraph [28]). Let H = (V(H), E(H)) be a hypergraph and
let X C V(H). The induced subhypergraph of H on X is

H[X] = (X, {enX: ecEH), enX #0}).

We also write

H\X = H[V(H)\X]
for the hypergraph obtained by deleting the vertex set X.

Example 2.3.5 (Induced subhypergraph). Let H = (V (H), E(H)) be the hypergraph with
V(H)={A,B,C,D, E}, E(H)={{A,D},{D,E}{A,B,C}}.
Take the vertex subset X = {A,C, D} C V(H). Then each hyperedge intersects X as follows:
{A,D}nX ={A, D}, {D,E}n X ={D}, {A,B,C}nNX ={A,C}.
Hence the induced subhypergraph is
HIX] = (X, {{4,D},{D}.{A,C}}),

whose vertex set is {A, C, D} and whose hyperedges are exactly the nonempty intersections of
the original hyperedges with X.
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2.4 SuperHyperGraphs

If one iterates the powerset construction further, then vertices themselves may be nested set-
valued objects. This leads to finite SuperHyperGraphs, whose vertex set and edge set can both live
at multiple “levels” of set nesting [10,112]. These hierarchical representations appear naturally
in settings where relations are layered or multiscale, for example in molecular design, complex-
network analysis, and neural-network modeling, among other applications |11,[24,113-117]. Re-
lated variants have also been studied, including Directed SuperHyperGraphs [21,118H120] and
MetaSuperHyperGraphs [121].

2.4.1 n-SuperHyperGraphs

In this book, unless stated otherwise, the term SuperHyperGraph refers to an n-SuperHyperGraph
for some index n. Throughout, the parameter n appearing in P "(-) and in an n-SuperHyperGraph
is always a nonnegative integer.

Definition 2.4.1 (Base set). A base set Vj is the underlying universe of discourse from which
all higher-level objects are built. In particular, every element of the powerset P(V;) and of
the iterated powersets P"(V;) is ultimately constructed from elements of V, by repeated set
formation.

Definition 2.4.2 (Iterated powerset and flattening [122]). Let V, be a finite nonempty set.
Define P°(V;) := Vj and, for k > 0,

P (Vo) = P(P*(Vh)).
For each k > 0, the flattening map
Flaty : P*(Vo) \ {0} — P (Vo) \ {0}

is defined recursively by

Flato(x) := {z} (z € V), Flaty,1(X) := U Flat,(Y) (X € PFHH(Vp) \ {0}).

YeX

Thus Flat, sends a nonempty k-level set-object to the (nonempty) set of base elements of Vg
that occur anywhere inside it.

Definition 2.4.3 (n-SuperHyperGraph [18]). Let V be a finite nonempty base set and let
n € Ng. An n-SuperHyperGraph on Vj is a pair

SHG™ = (V, E)

such that
VCP™(Vy) and ECPV)\{0}.

The elements of V' are called n-supervertices, and the elements of E are called n-superedges.
Equivalently, each n-superedge e € F is a nonempty subset of the n-supervertex set V.
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Example 2.4.4 (Nested teams and cross-team initiatives as a 2-SuperHyperGraph). Let Vg
be the set of individual employees in a company. For n = 2, a 2-supervertex is an element of
P2(Vy), i.e., a set of teams, where each team is a subset of employees.

o A team is a subset T' C V; (e.g., the “Database” team).

e A department can be represented as a set of teams, i.e., a 2-supervertex
D - {T17T27 R )Tk?} S PQ(‘/O)u

where each T; C Vj.

Let V be a collection of departments (each a set of teams), so V' C P2(V;). A 2-superedge
e€ ECP(V)\ {0} can represent a cross-department initiative (e.g., a company-wide security
program) that involves multiple departments simultaneously:

€= {DEngineering7 DIT7 DCompliance} - V.

Thus (V, E) is a 2-SuperHyperGraph modeling hierarchical organization (employees — teams
— departments) together with multiway relations among higher-level units (cross-department
projects).

Example 2.4.5 (Multi-level medical cohorts and shared-care pathways as a 1-SuperHyperGraph).
Let Vj be the set of patients in a hospital network. For n = 1, a 1-supervertex is a subset of
patients, i.e., an element of P(V}).

o A l-supervertex C € V' C P(V}) can represent a cohort, such as

Claiabetes = {patients diagnosed with diabetes} C Vj, Clardio = {patients under cardiology care} C Vj.

o A l-superedge e € E C P(V)\ {0} can represent a shared-care pathway that jointly targets
several cohorts, for example an integrated chronic-care program:

€= {Cdiabetesa Ccardioa C’1renal} - V.

Hence (V, E) is a 1-SuperHyperGraph in which supervertices are patient cohorts and superedges
capture multiway coordination among cohorts in clinical pathways, resource planning, or population-
health interventions.

2.4.2 (m,n)-SuperHyperGraph

An (m, n)-SuperHyperGraph is a higher-order network model in which each vertex is an (m,n)-
superhyperfunction on a fixed base set, and each hyperedge collects several such functions to
encode multiway relationships (e.g., shared constraints or contextual couplings) [123]. More
generally, an (h, k)-ary (m,n)-SuperHyperGraph replaces single functions by (h, k)-ary super-
hyperfunctions [2]. In this book, we primarily work with n-SuperHyperGraphs.
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Notation 2.4.6. Let S be a nonempty set. Define the iterated powersets recursively by
Po(S) := S, Pri1(S) :=P(Pm(S)) (m € Ny),
so that P1(S) = P(S), P2(S) = P(P(S)), and so on. For a set X and h € N, we also write
X=X x-xX
h copies

for the h-fold Cartesian power.

Definition 2.4.7 ((m,n)-superhyperfunction). [123/124] Let m,n € N and let S # (. An
(m, n)-superhyperfunction on S is a map

[ Pu(S) — P.(9).
Equivalently, f € Hom(P,,(S), P.(S)).

Definition 2.4.8 ((m,n)-SuperHyperGraph). [2] Fix m,n € N and a nonempty base set S.
Let

Smn(S) == { f: Pu(S) = PulS) }-
An (m,n)-SuperHyperGraph is a pair

SHG™™ = (V, &),

where V' C §,, ,,(5) is a nonempty vertex set (so each vertex is a concrete (m, n)-superhyperfunction),
and

D£ECPV)\{0}
is a nonempty family of nonempty hyperedges. Thus each E € &£ is a finite nonempty set of
vertices, interpreted as a higher-order interaction among the corresponding superhyperfunctions.

Example 2.4.9 (Multi-level access-control policies as a (m,n)-SuperHyperGraph). Let S be
the set of all atomic permissions in an organization (e.g., read-db, write-db, deploy, etc.).
Consider m = 1 and n = 1. Then P;(S) = P(S) is the set of all permission bundles.

A vertex f € §1,1(95), i.e. a function
fP(S) = P(S),

can model a concrete policy transformation that maps a requested bundle of permissions to an
approved bundle. For example, f may (i) remove prohibited permissions, (ii) add mandatory
monitoring permissions, or (iii) enforce segregation-of-duties constraints.

Let V' C §1.1(S) be a collection of such policy functions, e.g.,

V = {fHRa fEng7 fFinancea fSecurityv s }

A hyperedge E € £ C P(V) \ {0} can represent a multi-policy coupling that must be applied
jointly, such as a compliance workflow requiring simultaneous satisfaction of security, finance,
and legal constraints:

E= {fSecuritya fFinancea fLegal}-

Thus, the (1,1)-SuperHyperGraph (V, £) models higher-order interactions among policy func-
tions, rather than among individuals.

More generally, taking m = 2 allows each input to be a set of bundles (e.g., alternative requested
packages), and taking n = 2 allows each output to be a set of feasible approved packages,
capturing ambiguity and multi-solution policy outcomes.
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Example 2.4.10 (Clinical decision rules mapping cohorts to intervention-sets as a (m,n)-
SuperHyperGraph). Let S be a set of elementary clinical features (e.g., diagnoses, lab flags,
risk factors, symptoms). Fix m = 2 and n = 1. Then P,(S) = P(P(S)) may be interpreted as
a collection of patient profiles, where each profile is a subset of features (an element of P(S5)).

A vertex f € §21(9), i.e. a function
f:P(P(S)) = P(S),

can represent a concrete clinical decision rule that maps a set of profiles (a cohort described
by feature-sets) to a recommended set of interventions encoded as features (e.g., start-med-A,
order-test-B, refer-cardiology). Different vertices correspond to different guideline modules
or specialist rule-sets.

Let V' C §2.1(S) be the family of available rule modules, e.g.,

V= {fDiabeteS7 fCardim fRenala fRespiratorya cee }

A hyperedge E € £ can represent a care pathway coupling in which several rule modules must
be applied together, for instance for multi-morbidity management:

E= {fDiabete57 fCardiO) fRenal}'

Hence the (2, 1)-SuperHyperGraph (V, £) models higher-order interactions among decision rules
(superhyperfunctions), capturing that some clinical pathways arise only from the joint applica-
tion of multiple guideline components.

2.5 Fuzzy Graph

A Fuzzy Graph captures relationships involving uncertainty by assigning membership degrees
to both vertices and edges, enabling flexible and nuanced analysis. It can also be viewed as a
graphical representation of a fuzzy set (cf. [125H129]). Due to its significance, Fuzzy Graphs have
been the subject of extensive research [130-134].

The Fuzzy framework encompasses a wide range of mathematical and logical structures that
have been extensively studied and developed in recent years. The primary concepts include:

1. Fuzzy Set [125,135-13§]

2. Fuzzy Topological Spaces [139,/140]

w

. Fuzzy Logics [141}142)

S

. Fuzzy Algebraic Structures [143]

5. Fuzzy Environment [144}|145]
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6. Fuzzy Geometry [146]

7. Fuzzy Statistics [143]

8. Fuzzy Physics [147]

9. Fuzzy Control [148-150]

10. Fuzzy system [151}/152]

11. Fuzzy Likert [153,/154]

12. Fuzzy Neural Network [155}|156]

13. Fuzzy Machine Learning [157./158]

2.5.1 Basic concepts for fuzzy graphs

In this subsection we recall standard preliminaries for fuzzy graphs. Fuzzy graphs are commonly
formulated relative to an underlying crisp (classical) graph and can be viewed as graphs equipped
with fuzzy sets and fuzzy relations [9699]. We begin with the crisp notion.

Definition 2.5.1 (Crisp (classical) graph). A crisp graph is a pair G* = (V| E), where V is a
nonempty set of vertices and E is a set of edges. In this book we mainly consider finite simple
undirected graphs, so F C (‘2/)

Informally, a fuzzy graph is a crisp graph together with a fuzzy vertex set and a fuzzy relation
on the vertex set. We therefore recall fuzzy relations.

Definition 2.5.2 (Fuzzy relation on a fuzzy set). Let S be a nonempty set. A fuzzy relation on
S is a mapping
S xS —[0,1].

Let 0 : S — [0, 1] be a fuzzy set on S. We say that u is a fuzzy relation on o if, for all z,y € S,
w@,y) < o(z)Ao(y),  where  o(x) Ao(y) :=min{o(z),o(y)}.

Thus p(x,y) represents the strength of the relationship between x and y, and the inequality
ensures that this strength does not exceed the membership degrees of the endpoints.

We now state the classical definition of a fuzzy graph due to Rosenfeld [29] (see also [159]).
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Definition 2.5.3 (Fuzzy graph [29]). A fuzzy graph is a pair G = (o, u) with underlying vertex
set V', where:

e 0:V —0,1] is a fuzzy subset of V' (vertex-membership function), and

o 1:V xV —]0,1] is a fuzzy relation on o, i.e.,
wx,y) < o(@)Noly)  (Vo,yeV).

The underlying crisp graph associated with G is G* = (V*, E*), where
Vi={zeV: o(x) >0}, E* = {{z,y} € (3): p(z,y) >0}

Definition 2.5.4 (Fuzzy subgraph [29]). Let G = (o, ) be a fuzzy graph on V. A fuzzy
subgraph of G is a fuzzy graph H = (o', 1') defined on some subset X C V such that
o' =olx, po= plxxx,

and hence p'(z,y) < o'(x) Ao’(y) for all z,y € X.

Example 2.5.5 (A fuzzy graph). Let V = {v;,vs,v3,v,} and define the vertex-memberships
by
o(v1) =01, o(vy) =03, o(v3) =02, o(vy) =04

Define the edge-membership function v : V' x V' — [0, 1] by specifying its nonzero values
w(vy,ve) =01, p(ve,vs) = 0.1, p(vs,vg) =0.1, p(vg,v1) =0.1, p(vy,vg) = 0.3,
and setting p(x,y) = 0 for all other pairs (x,y). Then for each listed pair (u,v) we have

w(u,v) <min{o(u),o(v)}, e.g.,
p(ve,v4) = 0.3 = min{o(vs),0(vs4)} = min{0.3,0.4}.
Hence G = (o, ) is a fuzzy graph in the sense of Definition m

We next recall two frequently used notions.

Definition 2.5.6 (Complete fuzzy graph [160]). A fuzzy graph G = (o, ) on V is complete if,
for all distinct u,v € V,

p(u,v) = o(u) Ao(v).

Definition 2.5.7 (Strong fuzzy graph [160]). A fuzzy graph G = (o, u) on V is strong if, for
all edges {u,v} € E* of its underlying crisp graph,

p(u,v) = o(u) Ao(v).

Theorem 2.5.8. Fvery complete fuzzy graph is a strong fuzzy graph, but not every strong fuzzy
graph is complete.

Proof. If G is complete, then p(u,v) = o(u) A o(v) holds for all distinct u,v € V, hence in
particular for all {u,v} € E*; thus G is strong.

Conversely, a strong fuzzy graph only requires the equality on pairs {u, v} that appear as edges
of the underlying crisp graph G*. It need not have edges between every pair of vertices (i.e., E*
may be a proper subset of (‘2/)), so a strong fuzzy graph need not be complete. O
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2.5.2 Other graph classes related to fuzzy graphs

We next record several simple transformations that relate fuzzy graphs to classical (crisp) and
discrete-valued graph models. Throughout, let G = (o, ) be a fuzzy graph on a finite vertex
set V in the sense of Definition [2.5.3]

Proposition 2.5.9 (Degenerate reduction to a null fuzzy graph). Every fuzzy graph can be
reduced to the null fuzzy graph by setting all vertex and edge membership values to 0.

Proof. Define o9 : V. — [0,1] and po : V x V. — [0,1] by o¢(v) := 0 for all v € V and
to(xz,y) := 0 for all (z,y) € V x V. Then po(x,y) < oo(z) A og(y) = 0 for all z,y € V, so
Go = (00, i1o) is a fuzzy graph. Its underlying crisp graph has vertex set {v : og(v) > 0} = )
and edge set {{z,y} : po(z,y) > 0} = 0, so it is the null (edgeless, vertexless) graph. O

Proposition 2.5.10 (Reduction to an empty crisp graph). Every fuzzy graph induces an empty
crisp graph on its underlying vertex support by setting all edge-memberships to 0.

Proof. Let V* := {v € V : o(v) > 0} be the underlying vertex support. Define o : V x V —
[0,1] by po(z,y) := 0 for all (x,y), and keep the vertex function unchanged. Then (o, 110) is
a fuzzy graph because po(x,y) = 0 < o(x) A o(y) for all z,y. Its underlying crisp graph has
vertex set V* and no edges, i.e., it is the empty graph on V*. O

Proposition 2.5.11 (Thresholding to a crisp graph). Every fuzzy graph G = (o, p) induces a
crisp graph by taking the positive supports of o and (.

Proof. Define
V*i={veV:o(v) >0}, E* = {{u,v} € (\/2) :p(u,v) > 0}.

Then G* = (V*, E*) is a (finite) crisp graph. This is exactly the underlying crisp graph associ-
ated with G in Definition O

Proposition 2.5.12 (A 3-valued discretization). Fvery fuzzy graph G = (o, ) induces a 3-
valued vertexz/edge labeling by mapping memberships in [0,1] to {—1,0,1}.

). Define maps fy : V —

Proof. Fix a threshold 6 € (0,1) (for concreteness one may take § = %

{-1,0,1} and fz: () — {~1,0,1} by

1, o(v) >4, 1,  w(u,v) >0,
fv(w) =40, ov)=20, fe{u,v}) =<0, plu,v) =0,
-1, o(v) <4, -1, plu,v) <6.

Then (V] fy, fr) is a 3-valued representation of G in which labels distinguish “low”, “borderline”,
and “high” membership. This discretization preserves the ordering information relative to the
threshold @ while replacing continuous memberships by three states. O

Remark 2.5.13. Proposition|2.5.11uses the standard support threshold at 0. Proposition
uses an arbitrary threshold € (often chosen as %) to obtain a coarse ternary encoding.
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Table 2.1: Concise comparison between a (Rosenfeld-type) fuzzy graph and an edge-fuzzy graph.

Aspect

Fuzzy graph (Rosenfeld-type)

Edge-fuzzy graph

Underlying
crisp structure

Data specified

Vertex-edge

constraint
What is
(éfuzzyﬂ

Typical inter-
pretation
Relation be-

tween classes

Typically an underlying crisp graph
G* = (V, E) (explicitly or via edge sup-
port)

(o, ) with o : V'— [0, 1] (vertex mem-
bership) and p : E — [0, 1] (edge mem-
bership)

Imposes  compatibility, commonly
w(uwv) < o(u) Ao(v) for all uv € E (or
equality in strong variants)

Both vertices and edges may carry
graded membership degrees
Presence/importance of a vertex and
strength of a relation are jointly mod-
eled

More structured; can reduce to an edge-
fuzzy graph when o is fixed (e.g., con-
stant) and p is rescaled

Explicit crisp graph G* = (V, E) is

part of the data

(G*, ) with g : E — [0, 1] only (no

vertex membership function)

No vertex-membership exists, hence
no vertex-edge compatibility con-
straint applies

Only edges carry membership de-
grees; vertices remain crisp

Vertices are assumed present; uncer-
tainty /intensity is modeled solely on
relations

Less structured; can be viewed as a
special case of general fuzzy graphs
where only edge degrees are retained

2.5.3 Edge-Fuzzy Graph

In many (Rosenfeld-type) fuzzy graph models, fuzziness is assigned to both vertices and edges. In
some applications, however, one wishes to keep the vertex set crisp and to represent uncertainty
only on edges (or, dually, only on vertices). Such one-sided variants are commonly referred to
as edge-fuzzy graphs and vertex-fuzzy graphs (cf. [161]).

Definition 2.5.14 (Edge-fuzzy graph). An edge-fuzzy graph is a pair
G=(Gpn), G =(VE),

where G* is a (finite) crisp graph and p : E' — [0, 1] assigns to each edge e € F' a membership
degree p(e) (interpreted as the strength, reliability, or intensity of the relation represented by

e).

For reference, Table presents a comparison between a (Rosenfeld-type) fuzzy graph and an
edge-fuzzy graph.

Proposition 2.5.15. Let G = (o, p) be a (Rosenfeld-type) fuzzy graph on an underlying crisp
graph G* = (V, E), so that 0 : V. — [0,1], p : E — [0,1], and p(uww) < o(u) A o(v) for all
wv € E. Assume that o is constant, i.e., o(v) = ¢ for allv € V, for some c € [0, 1].

e Ifc=0, then p =0 on E and the induced edge-fuzzy graph is trivial.

e Ifc> 0, then the rescaled mapping

(uv)

w (uv) = . (uv € E)

defines an edge-fuzzy graph (G*, ).
24



Chapter 2. Preliminaries

Proof. If ¢ = 0, then for every uv € E,
p(uww) < ou) Ao(v) =0,

hence p(uv) = 0 and the claim follows.

Assume ¢ > 0. Since p(uv) < ¢ for all wv € E, we have 0 < p(uv)/c < 1. Thus ' : E — [0, 1]
is well-defined, and (G*, i) is an edge-fuzzy graph by Definition [2.5.14] O

Theorem 2.5.16 (Thresholding to a crisp graph). Every edge-fuzzy graph (G*,p) induces a
2-valued (crisp) graph by thresholding the edge memberships.

Proof. Let G* = (V,E) and p : E — [0, 1]. Fix a threshold 7 € [0, 1] and define
E.:={ecE: ule)>1}.

Then G, := (V, E,) is a crisp graph. Equivalently, one may encode this as a 2-valued edge map

fr+ E—{0,1} given by
_ )1 ple) =T,
f-e) = {0, ule) <,

which records whether e is retained in F .. O

More broadly, it is often important to specify where fuzziness is introduced (vertices, edges,
endpoints, weights, or collections of graphs). For instance, |98] organizes fuzzy graph models
into several “types” as follows.

Definition 2.5.17 (Fuzzy graph types [98]). A fuzzy graph GF is said to be of the i-th type
(or of any combination of types) if it exhibits fuzziness in one of the following ways:

(i) GFy = {G1,Gs,...,Gr}, where fuzziness occurs within each constituent graph G;.
(i) GFy ={V, Er}, where the edge set Er is fuzzy.

(i) GF3 = {V,E(tp,hr)}, where V and E are crisp, but edges have fuzzy tails tp and fuzzy
heads hr.

(iv) GFy = {VF, E'}, where the vertex set Vg is fuzzy.

(v) GF5 ={V,E(wr)}, where V and E are crisp, but edges carry fuzzy weights wp.
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2.5.4 N-graphs and general fuzzy graphs

This subsection recalls two widely used extensions of fuzzy graphs: N-graphs and (so-called)
general fuzzy graphs. In the N-structure approach, the membership (degree) values are negative
and typically taken in the interval [—1, 0], rather than [0, 1].

Definition 2.5.18 (N-graph [51]). Let G* = (V, E) be a finite simple (undirected) graph. An
N -graph on G* is an ordered pair

G(N = (Vv Tl)a

where v : V' — [—1,0] is an N-function on vertices and n : E — [—1,0] is an N-relation on
edges, satisfying the compatibility condition

n(uv) > max{v(u),v(v)} (Vuv € E).

Theorem 2.5.19 (Thresholding to a 2-valued N-graph). Every N-graph G = (v,n) induces
a 2-valued N -graph GS\Q,) = (v, n®) by mapping each negative value to —1 and 0 to 0.

Proof. Define v® : V — {~1,0} and n® : E — {—1,0} by

v (v) = { _37 ZEZ; i 8’ n?(ww) = { -1, n(w) < 0j

Let uv € F.

If n®(uv) = 0, then n®(uv) > max{v?(u), v (v)} holds trivially because the right-hand
side is < 0.

If n® (uv) = —1, then n(uv) < 0. By Definition [2.5.18|
n(uv) = max{v(u),v(v)}.

If max{v(u),v(v)} = 0, then the inequality would force n(uv) > 0, contradicting n(uv) < 0.
Hence max{v(u),v(v)} < 0, which implies that at least one of v(u),v(v) is negative, and
therefore

max{v? (u),r@(v)} = —1.

Thus 7® (uv) = =1 > —1 = max{v@ (u), v® (v)}.

In both cases, the N-graph constraint holds for (v®),n®), so GE\QI) is a 2-valued N-graph. [

Definition 2.5.20 (General fuzzy graph [38]). Let V be a nonempty finite set. A general fuzzy
graph on V is a pair
G= (07 :u)’

where 0 : V' — [0, 1] is a fuzzy subset of V and p: V x V — [0, 1] is a fuzzy subset of V' x V.
In contrast to (Rosenfeld-type) fuzzy graphs, no inequality relating p(u,v) to o(u) and o(v) is
imposed in the general setting.
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2.5.5 Related graph class for fuzzy graph

In this subsection, we explain Related graph classes for fuzzy graph. In the field of Fuzzy Graphs,
numerous graph classes have also been proposed. Here, we briefly introduce the related graph
classes for fuzzy graphs.

Notation 2.5.21. In this book, we define the term “Related graph class” as a graph class that
either extends or restricts a corresponding graph class in some way.

Theorem 2.5.22. The following are examples of related graph classes, including but not limited
to:

o Bipolar Fuzzy Graphs [34]

o Fuzzy Planar Graphs [35,[162,165]

o Irregular Bipolar Fuzzy Graphs [30]

o Regular Bipolar Fuzzy Graphs [164]

o Picture Fuzzy Tolerance Graphs [165)]

o Complex Hesitant Fuzzy Graphs [39]

o Strong Intuitionistic Fuzzy Graphs [166]

o Product Fuzzy Graphs [167]

o Partially Total Fuzzy Graphs [168]

o Fuzzy Influence Graphs [169]

o Picture Fuzzy Directed Hypergraphs [170]

o Radio Fuzzy Graphs [171)

o Line Regular Fuzzy Semigraphs [172]

o Fuzzy Incidence Graphs [175]
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e Balanced Picture Fuzzy Graphs
e Oscillating Polar Fuzzy Graphs
e Cayley Fuzzy Graphs @

o Rough Fuzzy Digraphs @/

e T-Spherical Fuzzy Graphs

o Mized Fuzzy Graphs l@/

e FEinstein Fuzzy Graphs

e Fdge-Regular Fuzzy Graphs
o Robust Fuzzy Graphs

o Anti-Product Fuzzy Graphs

e Inverse Fuzzy Graphs

o Inverse Eccentric Fuzzy Graphs
o Cubic Pythagorean Fuzzy Graphs
e Complete Fuzzy Graphs

e Mixed Picture Fuzzy Graphs

e FExtended Total Fuzzy Graphs

e Pseudo Regular Fuzzy Graphs

e Best Fuzzy Graphs

o Intuitionistic Felicitous Fuzzy Graphs

o Middle Fuzzy Graphs
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o Bipolar Fuzzy P-Competition Graphs [196]

o Fuzzy Intersection Graphs [{197199]

o Intuitionistic Fuzzy Soft Expert Graphs [200]

o m-Polar Fuzzy Graphs [201],|202]

o Balanced Interval-Valued Fuzzy Graphs [205]

o Double Layered Fuzzy graph [204)]

o Triple Layered Fuzzy Graph [205]

o Fuzzy Outerplanar Graphs [206,207]

o Inverse fuzzy multigraphs [208]

o Bipolar inverse fuzzy graphs [209]

o Fuzzy zero divisor graphs [210,211]

Considering these fuzzy graph classes enables the identification of shared properties, which can
lead to the development of efficient algorithms, deeper analysis, and practical applications across
various fields.

Proof. Refer to each reference as needed. O

2.5.6 Fuzzy hypergraph and Fuzzy SuperHyperGraph

A fuzzy hypergraph assigns membership degrees in [0, 1] to vertices and/or hyperedges, modeling
uncertain multiway relations among entities. A fuzzy n-SuperHyperGraph is a higher-level net-
work representation in which supervertices and superedges carry membership values for modeling
complex interactions (cf. |18,212]).
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(V, E, ) be a crisp hypergraph.

Definition 2.5.23 (Fuzzy hypergraph). (cf. [30,213]) Let H*

A fuzzy hypergraph on H* is a sextuple
H = (V.E,0; o,u,n),

with maps
o:V —[0,1], w:E—0,1], n:V xE—|[0,1],
such that for allv € V and e € F,
(support) [v € d(e)] < n(v,e) >0, (2.1
(incidence bound) n(v,e) < min{o(v),u(e)}, (2.2)
< min o(u). (2.3)

(edge-vertex bound) p(e)
u€d(e)

Here o is the vertex-membership map, p the edge-membership map, and 1 the incidence-membership
map. The underlying crisp hypergraph is (V, E, 3), recoverable via (2.1)).

Example 2.5.24 (A fuzzy hypergraph). Let V = {a,b,c} and let E = {e;, e2} with incidence

map
d(e1) = {a, b}, 0(es) = {b, c}.

Define vertex- and edge-memberships by
o(a) =0.8, o(b) =0.6, o(c) =0.7,

p(er) = 0.6, u(ez) =0.6.

Then the edge-vertex bound (2.3]) holds since
p(er) = 0.6 <min{o(a),o(b)} = min{0.8,0.6} = 0.6,

p(ez) = 0.6 < min{o(b),o(c)} = min{0.6,0.7} = 0.6

Define the incidence-membership map n: V x E — [0, 1] by
n(a,er) = 0.5, n(b,e;) = 0.6, n(b,ez) = 0.4, n(c,ez) = 0.6,

and set 7)(v, e) = 0 for all other pairs (v, e). Then the support condition (£2.1)) is satisfied because
n(v, e) > 0 holds exactly for v € d(e), and the incidence bound (2.2)) holds since, for example,

n(a,e;) = 0.5 < min{o(a), u(e;)} = min{0.8,0.6} = 0.6,

n(c, ea) = 0.6 < min{o(c), u(e2)} = min{0.7,0.6} = 0.6,
and similarly for the remaining nonzero incidences. Hence H = (V, E,0;0,u,n) is a fuzzy
hypergraph in the sense of Definition [2.5.23

= (V,E) be an n-

Definition 2.5.25 (Fuzzy n-SuperHyperGraph). (cf. [18]) Let SHG™
SuperHyperGraph. A fuzzy n-SuperHyperGraph is a quadruple
(V7 E7 g, /J,),

where 0 : V' — [0,1] and p : E — [0, 1] obey the admissibility constraint
ule) < mein o(v) for every e € E.
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Example 2.5.26 (A fuzzy n-SuperHyperGraph). Let n = 2 and let V = {z,y, z}. Consider
the 2-SuperHyperGraph SHG? = (V, E) with

E = {61762}7 €1 = {957?/}7 €2 = {yvz}'
Define 6 : V' — [0,1] and p: E — [0,1] by

o(x) =09, o(y)=0.5, o(z)=038,

pler) = 0.5, p(ex) =0.5.
Then the admissibility constraint holds:
p(er) = 0.5 < min{o(x),o(y)} = min{0.9,0.5} = 0.5,

p(ez) = 0.5 < min{o(y),o(2)} = min{0.5,0.8} = 0.5.

Therefore (V, E,o,p) is a fuzzy 2-SuperHyperGraph (hence a fuzzy n-SuperHyperGraph for
n = 2) according to the stated definition.

2.5.7 Edge-Fuzzy HyperGraph and Edge-Fuzzy SuperHyperGraph

An edge-fuzzy hypergraph assigns membership degrees to hyperedges only, keeping vertices and
incidences crisp, modeling uncertain multiway relations. An edge-fuzzy superhypergraph assigns
membership degrees to superedges only, with crisp supervertices, modeling fuzzy higher-order
relations among supervertices.

Definition 2.5.27 (Edge-fuzzy hypergraph). Let H* = (V, E, 0) be a (finite) crisp hypergraph,
where V' is the vertex set, E is the hyperedge set, and 0 : E — P*(V) assigns to each hyperedge
e € E its (nonempty) incidence set d(e) C V. An edge-fuzzy hypergraph on H* is a pair

H=(H"p) = (V,E,0;pn),

where p : E — [0,1] assigns to each hyperedge e € E a membership degree p(e). Intuitively,
u(e) quantifies the strength, reliability, or intensity of the multiway relation represented by e,
while the vertices and incidences remain crisp.

Example 2.5.28 (An edge-fuzzy hypergraph). Let V = {a,b,c,d} and let E = {e1, ez, €3}.
Define the incidence map 0 : E — P*(V') by

d(e1) = {a, b, c}, d(eqy) = {b,d}, d(e3) = {a,c,d}.

Thus H* = (V, E, 0) is a crisp hypergraph whose hyperedges represent three multiway relations
among the vertices.

Now define an edge-membership map p : E — [0, 1] by

u(er) = 0.8, p(ez) = 0.3, u(es) = 0.6.

Then
H=(V,E,0;n)

is an edge-fuzzy hypergraph in the sense of Definition [2.5.27} the vertex set and incidences are
crisp, while each hyperedge e; carries a membership degree p(e;) indicating the strength of the
corresponding multiway relation.
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Theorem 2.5.29 (Edge-fuzzy hypergraphs generalize edge-fuzzy graphs). Every edge-fuzzy
graph can be viewed canonically as an edge-fuzzy hypergraph. More precisely, for any edge-fuzzy
graph G = (G*, ug) with G* = (V, Eg), there exists an edge-fuzzy hypergraph H = (H*, py)
such that:

1. H* is a 2-uniform hypergraph on the same vertex set V ;

2. there is a natural bijection between graph-edges and hyperedges preserving membership degrees.

Proof. Let G = (G*, ug) be an edge-fuzzy graph with G* = (V, Eg) and pg : E¢ — [0,1].
Construct a crisp hypergraph
H* = (V,Ey,0)

as follows. Set Ey := {e,, : wv € Eg} (a renamed copy of the edge set), and define
d(euy) == {u,v} (Vuv € Eg).
Then |0(e,)| = 2 for every e,, € Ey, hence H* is 2-uniform. Define uy : Eg — [0,1] by

o (ew) = pa(uv) (Vuv € Eg).

Therefore H = (H*, py) is an edge-fuzzy hypergraph in the sense of Definition [2.5.27

Finally, the correspondence ¢ : Eg — Eg given by p(uv) = e, is a bijection, and by construc-
tion pg(e(uv)) = pe(uw) for all wv € Eg. Hence every edge-fuzzy graph is realized as a special
case (namely, a 2-uniform case) of an edge-fuzzy hypergraph. O

Remark 2.5.30. Conversely, any edge-fuzzy hypergraph H = (V, E, 9; 1) whose hyperedges all
have size 2 (i.e., |0(e)| = 2 for all e € E) canonically induces an edge-fuzzy graph by identifying
each hyperedge with its incident unordered pair.

Definition 2.5.31 (Edge-fuzzy n-SuperHyperGraph). Let SHG™ = (V, E) be an n-SuperHyperGraph
(in the sense of your base definition), so that V is the set of n-supervertices and E C P*(V) is
the set of n-superedges. An edge-fuzzy n-SuperHyperGraph (or edge-fuzzy SuperHyperGraph) on
SHG™ is a triple

H = (‘/7 E?:u’)v

where p @ E — [0, 1] assigns to each superedge e € E a membership degree p(e). No vertex-
membership map is assumed; supervertices are treated as crisp objects, while fuzziness is carried
only by superedges.

Example 2.5.32 (An edge-fuzzy 2-SuperHyperGraph). Let the base set be
Vo =1{1,2,3}.

For n = 2, a 2-supervertex is an element of P%(V,) = P(P(Vy)), i.e., a set of subsets of V.
Define the 2-supervertex set

V = {v1, 02,03} € P*(Vp)
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by
U1 = {{1}7 {172}}7 V2 = {{2}7 {273}}7 U3 = {{1’3}}‘

Define the (crisp) 2-superedge family
E = {61,62} Q V(V)

by
e = {Ul,’Ug}, €y = {’Ul,’UQ,'Ug}-

Thus SHG® = (V, E) is a 2-SuperHyperGraph.

Now assign edge-memberships p : E'— [0, 1] by

uler) =04, p(eg) = 0.8.

Then
H=(V,E, )

is an edge-fuzzy 2-SuperHyperGraph (hence an edge-fuzzy n-SuperHyperGraph for n = 2) in
the sense of Definition [2.5.31} the supervertices vy, vy, v are crisp objects in P2(V}), and only
the superedges ey, e; carry fuzziness via the membership map pu.

Theorem 2.5.33 (Edge-fuzzy superhypergraphs generalize edge-fuzzy hypergraphs). Fvery
edge-fuzzy hypergraph induces an edge-fuzzy 1-SuperHyperGraph (hence an edge-fuzzy Super-
HyperGraph). In particular, edge-fuzzy SuperHyperGraphs generalize edge-fuzzy hypergraphs.

Proof. Let H = (V, E, 0; ) be an edge-fuzzy hypergraph in the sense of Definition |2.5.27] Define
a base set V) := V and form the set of 1-supervertices

Vi={{v}:veVp} C P(V).
For each hyperedge e € F, define the corresponding superedge
e = {{v} eV vedle)} C VL

Let
E':={e: ec E} C P (V%),

and define pf : E* — [0,1] by
@) = ple)  (VeeB)
Then SHGW := (V*#, E*) is a 1-SuperHyperGraph, and
5= (V2B )

is an edge-fuzzy 1-SuperHyperGraph by Definition [2.5.31

Moreover, the singleton embedding ¢ : V' — V¥ given by ¢(v) = {v} induces a bijection between
hyperedges and superedges via e — €, and the membership degrees are preserved by construction:
p#(€) = p(e). Hence H is recovered (up to the canonical identification of v with {v}) as a special
case of an edge-fuzzy SuperHyperGraph. O
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2.5.8 N-HyperGraphs and N-SuperHyperGraphs

In the N-structure framework of [51], the degree values are negative and lie in [—1,0]. Accord-
ingly, the natural compatibility inequality is written with “>” (since larger values are closer to
0 and indicate stronger membership).

Definition 2.5.34 (N-HyperGraph [51]). Let H* = (V, E) be a finite crisp hypergraph, where
V' is a finite nonempty set and E C P*(V) is a finite family of nonempty hyperedges. An
N -hypergraph on H* is a pair

HN = (Vv 77)7

where v : V' — [—1,0] is an N-function on vertices and 1 : E — [—1,0] is an N-relation on
hyperedges, such that
n(e) > maxv(v) (Ve € E).

vee

Example 2.5.35 (N-HyperGraph). Let V = {a, b, ¢,d} and
E ={e1, e} TP (V), ey ={a,b,c}, ey ={bd}.
Define an N-function v : V' — [—1,0] by
v(a) = —0.9, v(b) = —0.2, v(c) = —0.6, v(d) = —0.4,
and define an N-relation n : E — [—1,0] by
n(e;) = —0.2, n(ez) = —0.2.
Then the N-constraint holds:

max v(v) = max{—0.9,-0.2,-0.6} = —0.2 < n(e;) = —0.2,

veer

max v(v) = max{—0.2, —0.4} = —0.2 < 7n(ey) = —0.2.

vees

Hence Hy = (v,n) is an N-hypergraph in the sense of Definition [2.5.34

Definition 2.5.36 (N-n-SuperHyperGraph [51]). Let V; be a finite nonempty base set and let
n € Np. Let SHG™ = (V, E) be a finite n-SuperHyperGraph on Vj, i.e.,

VCP'(Vy), ECPV)\{0}
An N -n-SuperHyperGraph on SHG™ is a pair
SHGY = (v,1),

where v : V' — [—1,0] is an N-function on n-supervertices and 1 : E — [—1,0] is an N-relation
on n-superedges satisfying
n(e) > maxv(v) (Vee E).

vee
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Example 2.5.37 (N-2-SuperHyperGraph). Let Vo = {1,2,3} and n = 2, so P*(V,) =
P(P(Vy)). Define

U1 = {{1}7 {1>2}}7 U2 = {{2}> {2a3}}> U3 = {{173}}7 V= {U17U2>U3} C PZ(VO)v

and
E - {61762} g P(V) \ {m}a €1 = {Ulav2}7 €y = {U177}27U3}'
Define v:V — [-1,0] and n : E — [—1,0] by

v(vy) = —0.7, v(vy) = —0.1, v(vs) = —0.6,
n(e;) = —0.1, n(es) = —0.1.

Then
max v(v) = max{—0.7,-0.1} = —0.1 < n(e;) = —0.1,
max v(v) = max{—0.7,-0.1,-0.6} = —0.1 < n(ey) = —0.1,

so (v,m) defines an N-2-SuperHyperGraph in the sense of Definition [2.5.36

Theorem 2.5.38 (N-HyperGraphs generalize N-graphs). FEvery N-graph can be realized as an
N -hypergraph whose hyperedges all have size 2.

Proof. Let G* = (V,Eg) be a finite simple undirected graph and let Gy = (v,7ng) be an
N-graph, where

v:V —[-1,0], ne : Bqc — [—1,0], Ne(uv) > max{v(u),v(v)} (Yuv € Eg).
Form the 2-uniform hypergraph H* = (V, E) by
E:={{u,v} CV: uwe Eg} CPV).
Define n : E — [—1,0] by transporting 7ng along uv <> {u,v}:
1({u,0}) = 6 (un).
Then for each hyperedge ¢ = {u,v} € E,

n(e) = ne(w) > max{v(u),v(v)} = maxv(z),

rce

so (v,n) satisfies Definition [2.5.34] Hence Gy is encoded as an N-hypergraph. O

Theorem 2.5.39 (N-n-SuperHyperGraphs generalize N-graphs). Every N -graph can be realized
as an N-n-SuperHyperGraph, namely as the case n = 0.

Proof. Let Gnx = (v,n¢) be an N-graph on G* = (V, E¢) as above. Set V; := V and take n = 0,
so P%(V,) = V, and we identify the O-supervertex set with V. Define the 0-SuperHyperGraph
by
SHG® = (V,E), E:={{u,0}CV: we Eg} CP(V)\{0}.
Define n : E — [—1,0] by n({u,v}) := ne(uv) and keep the same v : V' — [—1,0]. Then for
each e = {u,v} € E,
n(e) = ne(uv) > max{v(u),v(v)} = maxv(z),

rEe

so (v,n) satisfies Definition [2.5.36] Thus G is realized as an N-0-SuperHyperGraph. O
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2.5.9 Applications of fuzzy graphs

This subsection briefly outlines representative application areas of fuzzy graphs. Because fuzzy
graphs attach graded membership values to vertices and/or edges, they provide a natural model-
ing language for networks in which relationships are uncertain, imprecise, or context-dependent.
We list several illustrative domains below.

e Neural networks. Neural networks are computational models inspired by biological
nervous systems, consisting of interconnected processing units (neurons) that learn patterns
from data (cf. [214,215]). A number of studies have investigated links between fuzzy graph
formalisms and neural-network modeling, learning, and representation [216-219).

e Decision-making. Graph-based decision-making represents alternatives, criteria, and
dependencies as nodes and edges, enabling structured reasoning about feasible actions and
outcomes (cf. [31,220,221]). Since fuzzy graphs can encode partial preference, uncertainty,
or ambiguous relationships, they are frequently used in decision-support settings, and many
contributions explore this interaction [222-225].

e« COVID-19 and epidemiological networks. COVID-19 is an infectious disease caused
by SARS-CoV-2, transmitted primarily via respiratory droplets and associated with a
wide spectrum of symptoms, from mild illness to severe respiratory distress (cf. [226}227]).
Several papers have applied fuzzy graph techniques to COVID-19 related modeling and
analysis tasks [178,228-230)].

e« Communication networks. Communication networks are interconnected systems that
enable data transfer among devices through wired or wireless links, including Internet,
telephone, and satellite infrastructures (cf. [231]). Fuzzy graphs have been used to represent
uncertain link quality, reliability, and dynamic connectivity in such networks [232-235].

o Social networking services (SNS). Social networking services are online platforms
in which users maintain profiles, share content, and form connections with other users
(cf. [236-238]). Fuzzy graph models are useful for capturing graded social ties, trust, and
influence, and multiple studies investigate these perspectives [161}239,240].

e Fuzzy chemistry: Fuzzy graphs are also used in chemistry, for example in concepts such
as molecular fuzzy graphs [241},242]. Moreover, in chemistry, topological indices have been
studied extensively, and research on topological indices in fuzzy graphs is continuously
being conducted [243H246].

e Fuzzy graph signal processing: Fuzzy graphs are also used in engineering, for instance
in signal processing and image processing applications [247].
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2.6 Intuitionistic fuzzy graphs

An Intuitionistic Fuzzy Graph (IFG) extends fuzzy graphs by incorporating membership, non-
membership, and hesitancy degrees for vertices and edges. An Intuitionistic Fuzzy Graphs have
been the subject of extensive research [33,[248]. To put it simply, it is a graph that represents
the concept of Intuitionistic Fuzzy Sets (cf. [249250]) in graph form.

The Intuitionistic Fuzzy framework encompasses a wide range of mathematical and logical struc-
tures that have been extensively studied and developed in recent years. The primary concepts
include:

1. Intuitionistic Fuzzy Set [251]

2. Intuitionistic Fuzzy Topological Spaces |252}253]

3. Intuitionistic Fuzzy Logics [254]

4. Intuitionistic Fuzzy Algebra [255.256]

5. Intuitionistic Fuzzy Vector [257.258]

6. Intuitionistic Fuzzy Entropy [259,260]

7. Intuitionistic Fuzzy Matroid [261,262]

8. Intuitionistic Fuzzy Control [263.264]

2.6.1 Definition of Intuitionistic Fuzzy Graph

The definition is provided below.

Definition 2.6.1 (Intuitionistic Fuzzy Graph (IFG)). [33] Let G = (V, E) be a classical graph
where V' denotes the set of vertices and E denotes the set of edges. An Intuitionistic Fuzzy
Graph (IFG) on G, denoted G;r = (A, B), is defined as follows:

1. (ma,v4) is an Intuitionistic Fuzzy Set (IFS) on the vertex set V. For each vertex x € V', the
degree of membership p14(x) € [0, 1] and the degree of non-membership v4(z) € [0, 1] satisfy:

pa(r) +vaz) <1

The value 1 — 4 (z) —va(z) represents the hesitancy or uncertainty regarding the membership
of z in the set.
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2. (up,vp) is an Intuitionistic Fuzzy Relation (IFR) on the edge set E. For each edge (z,
the degree of membership pug(z,y) € [0, 1] and the degree of non-membership vg(z,y) € [0,
satisfy:
pe(@,y) +vp(z,y) <1
Additionally, the following constraints must hold for all x,y € V:
ps(z,y) < pa(z) A pay)

vp(2,y) <valz) Voa(y)

In this definition:

o pa(z) and va(x) represent the degree of membership and non-membership of the vertex
x, respectively.

o up(z,y) and vp(x,y) represent the degree of membership and non-membership of the edge
(z,y), respectively.

o Ifvy(z) =0and vg(z,y) =0 forall z € V and (z,y) € E, then the Intuitionistic Fuzzy
Graph reduces to a Fuzzy Graph.

Example 2.6.2 (Intuitionistic Fuzzy Graph). Consider the Intuitionistic Fuzzy Graph

G = (V;E7MA7UA7MB7UB)

, Where
V - {017’0271}371]4}

and the edges
E = {(v1,2), (v1,v4), (02, v3), (3, v4), (2, v4) }

. The membership and non-membership degrees for the vertices are given as:

For the edges, the membership and non-membership degrees are given as follows:
o up(vy,v) =0.1, wvp(vy,ve) =0.4
o up(vi,vg) =0.1, wvp(vy,vy) =0.6

o pp(ve,v3) = 0.1, vp(vy,v3) = 0.4
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o wp(vs,vs) =0.1, wp(vs,vs) =0.6

* MB(U27U4) = 03, UB(’UQ, U4) =0.6

This provides an example of how an Intuitionistic Fuzzy Graph can be structured, representing
uncertainty in both vertex and edge membership using membership and non-membership degrees.

The following types of graphs are known for Intuitionistic Fuzzy Graphs.

Definition 2.6.3 (Strong Intuitionistic Fuzzy Graph). [166] An Intuitionistic Fuzzy Graph
G = (A, B) is called a strong intuitionistic fuzzy graph if for all zy € E:

pe(zy) = min(pa(z), pa(y)) and vp(ry) = max(va(r),va(y))-

Definition 2.6.4 (Complete Intuitionistic Fuzzy Graph). (cf. [265]) An Intuitionistic Fuzzy
Graph G = (A, B) is called complete if for all zy € E:

pp(wy) = min(pa(z), pa(y)) and  vp(zy) = min(va(z), va(y))-

Proposition 2.6.5. Fvery Intuitionistic Fuzzy Graph can be transformed into a Fuzzy Graph
by restricting the non-membership function va to 0 for all vertices.

Proof. To transform Gpr into a fuzzy graph, we set the non-membership functions v4(z) = 0
for all vertices © € V', and vg(z,y) = 0 for all edges (z,y) € E.

With this restriction, the conditions simplify as follows:
pa(x) +va(z) = pa(x) <1 forallz eV,

MB(xvy) +UB(may) = MB(xay) S 1 for all (a:,y) € E.

Thus, Grr reduces to a fuzzy graph Gr = (o, i), where:

e 0:V —[0,1] is the membership function for vertices, corresponding to 4,

o u:E —[0,1] is the membership function for edges, corresponding to iz,

and the constraints:
wlx,y) <o(x)ANo(y) forall (z,y) € E,

are satisfied as in the definition of a fuzzy graph. Therefore, by restricting the non-membership
function v4 to 0, we transform the Intuitionistic Fuzzy Graph into a Fuzzy Graph. O
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2.6.2 Graph class for Intuitionistic Fuzzy Graph

We consider about Graph class for Intuitionistic Fuzzy Graph.

Theorem 2.6.6. The following are examples of related graph classes, including but not limited
to:

o Strong Intuitionistic Fuzzy Graphs [166]

o Perfect intuitionistic fuzzy graphs [260]

o Intuitionistic fuzzy competition graphs [267)]

o Intuitionistic fuzzy threshold graphs [268]

o Balanced Intuitionistic Fuzzy Graphs [269]

o Bipolar Intuitionistic Fuzzy Competition Graphs [270]

o Intuitionistic Felicitous Fuzzy Graphs [195]

o Intuitionistic Fuzzy Soft Expert Graphs [200]

o Intuitionistic fuzzy tolerance graphs [271]

o Intuitionistic fuzzy planar graphs [272]

o FEdge regular intuitionistic fuzzy graph [275]

o m-Neighbourly Irregular Instuitionistic Fuzzy Graphs [274]

o R-edge regular intuitionistic fuzzy graphs [275]

o Perfectly Edge-Regular Intuitionistic Fuzzy Graphs [276]

o Edge Regular Intuitionistic Fuzzy M-Polargraphs [277]

o Intuitionistic fuzzy labeling graphs [278]

o Regular Interval-Valued Intuitionistic Fuzzy Graphs [279]
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o Anti intuitionistic fuzzy graph

o Interval-valued intuitionistic fuzzy graphs

o Intuitionistic fuzzy directed hypergraphs

o Complex intuitionistic fuzzy graphs [28/

o Complez t-Intuitionistic Fuzzy Graph

o Intuitionistic fuzzy incidence graphs

o Intuitionistic fuzzy k-partite hypergraphs

o Irregular Intuitionistic Fuzzy Graphs

o intuitionistic L-fuzzy graph

e Bipolar intuitionistic anti fuzzy graphs

o Intuitionistic anti-fuzzy graphs

e intuitionistic product fuzzy graphs

o intuitionistic k-partitioned fuzzy graph

e intutionistic fuzzy multigraphs

Proof. Refer to each reference as needed. O
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2.6.3 Intuitionistic fuzzy HyperGraph and n-SuperHyperGraph

An intuitionistic fuzzy hypergraph generalizes hypergraphs by equipping each vertex and each
hyperedge with membership and nonmembership degrees under the same Atanassov framework
[298-300]. An intuitionistic superhypergraph is a hierarchical hypergraph in which every n-
supervertex and superedge is equipped with both membership and non-membership degrees
that satisfy Atanassov’s sum and appurtenance constraints. We now give the formal definition
of this structure.

Definition 2.6.7 (Intuitionistic Fuzzy Hypergraph). (cf. [298-300]) Let V' be a nonempty finite
set of wertices. An intuitionistic fuzzy hyperedge on V is an ordered pair

E= (/LEa VE')v

where
ME,VE: V — [0, 1]

such that
0 < pp(v)+vglv) <1, YoeV.

Its support is defined by
supp(E) = {v eV | ug(v) >0 or vp(v) < 1}.
An intuitionistic fuzzy hypergraph is a pair
H = (V,€),

where £ = {F1,..., E,} is a finite family of intuitionistic fuzzy hyperedges on V satisfying the
covering condition

Usupp(Ej) =V
j=1

The elements of V' are called vertices, and each E; € & is called an intuitionistic fuzzy hyperedge.
The order of H is |V, and the number of hyperedges is |£].

Definition 2.6.8 (Intuitionistic fuzzy n-SuperHyperGraph). Let
SHG™ = (V,,V, E)

be an n-SuperHyperGraph on the finite base set Vj, so that V- C POWS" (V) and E C P(V) \
{0}. An intuitionistic fuzzy n-SuperHyperGraph on SHG™ is a sextuple

H= (Va Ea g, Uca H, V)?

where the functions

o:V—10,1, o0°:V—]0,1],
p: B —0,1], v:E —0,1],
satisfy, for allv € V and e € E,
0 < o(w)+ov) <1, 0 < ule)+rv(e) <1, (2.4)
ple) < mino(v), wv(e) < mino®(v). (2.5)

Here o(v) and o¢(v) are the membership and non-membership degrees of the n-supervertex v,
while p(e) and v(e) are the membership and non-membership degrees of the n-superedge e.
Equation is the Atanassov constraint, and enforces consistency of edge-values with
those of their incident supervertices.
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2.6.4 Applications of intuitionistic fuzzy graphs

This subsection briefly highlights representative application areas of intuitionistic fuzzy graphs.
Because intuitionistic fuzzy graphs can encode both membership and non-membership informa-
tion (with an implicit hesitation margin), they are well-suited for networked systems in which
relations and interactions are uncertain, incomplete, or conflicting. We list several illustrative
domains below.

o Intuitionistic fuzzy graphs neural network [301},/302|: Tt is an extension of fuzzy
graph neural networks, and a variety of studies have been conducted.

e« Water supply systems. Water supply systems form large-scale networks for collecting,
treating, and distributing water from sources (e.g., rivers or reservoirs) to residential and
industrial consumers (cf. [303,/304]). Recent studies have investigated how intuitionistic
fuzzy graphs can support modeling, analysis, and decision-making in such infrastructures
under uncertainty [305,306].

e Cellular networks. A cellular network is a wireless communication architecture in which
coverage is partitioned into cells served by base stations, enabling mobile connectivity and
handover between cells (cf. [307]). Intuitionistic fuzzy graph frameworks have been applied
t o capture uncertain link qualities and dynamic interactions in cellular communication
settings [308].

e COVID-19 and epidemiological networks. Several works have applied intuitionis-
tic fuzzy graphs to represent uncertain contacts, transmission risks, and heterogeneous
relationships in COVID-19 related data and decision problems [81}309].

e Social networks: Research has been conducted in this area in a manner similar to fuzzy
graphs [212,310}311].

2.7 Neutrosophic Graph

We present the concept of a neutrosophic graph [60,62}63,[312H314], which builds upon and ex-
pands the theory of fuzzy graphs [315]. Neutrosophic graphs offer a powerful tool for addressing
uncertainty, making them particularly useful in diverse domains such as social networks and in-
dustrial systems. While fuzzy graph theory has already proven its relevance in modern scientific
and technological applications, including operations research, neural networks [219}316], artifi-
cial intelligence [219,316], and decision-making [315], neutrosophic graphs provide an enhanced
framework for more complex scenarios.

The Neutrosophic framework encompasses a wide range of mathematical and logical structures
that have been extensively studied and developed in recent years. The primary concepts include:

1. Neutrosophic Set [317-320]

2. Neutrosophic Offset [321}322]
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3. Neutrosophic Topological Spaces [323,324]

4. Neutrosophic Ring [325}326]

5. Neutrosophic linear equations [327,328]

6. Neutrosophic Probability [329-331]

7. Neutrosophic Logics [320}332,[333]

8. Neutrosophic Algebraic Structures [3341335

9. Neutrosophic Vector [336-338]

10. Neutrosophic Matroid [339,340]

11. NeutroGeometry [341H343]

12. Neutrosophic psychology [344-348]

13. Neutrosophic Likert [349-351]

14. Neutrosophic Statistics [321}352]

15. Neutrosophic Physics [353]

16. Neutrosophic Sociology [354]

17. Neutrosophic Automata [355-357]

A single-valued neutrosophic graph (SVNG) enriches a crisp graph by assigning to every vertex
and every edge three independent degrees-truth, indeterminacy, and falsity-each taking values in
[0,1]. This allows one to model, simultaneously, positive support, uncertainty, and opposition

(cf. (355 360)).

Definition 2.7.1 (Single-Valued Neutrosophic Graph (SVNG)) . | Let G* = (V,E) be a
finite crisp graph (directed or undirected). A single- valued neutrosophzc graph on G* is a pair
G = (A, B) counsisting of:
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e a single-valued neutrosophic vertex set
A:(TA7IA7FA)7 TA7IA7FA:V_>[071])

and

e a single-valued neutrosophic edge relation

B:(TB,IB,FB), TB,IB,FB:E%[O,H.

For v € V, the values T4 (v), I4(v), and F4(v) represent the truth-, indeterminacy-, and falsity-
membership degrees of v. For an edge e € E, the values Tz(e), Ip(e), and F(e) represent the
corresponding degrees of e.

These data satisfy the endpoint-compatibility inequalities: for every edge xy € FE,

Tp(zy) < min{Ta(2), Ta(y)},  Is(zy) <min{la(z),1a(y)},  Folry) < max{Fa(z), Fa(y)}-

If G* is undirected, one typically assumes that B is symmetric, i.e., Tp(zy) = Tp(yx), Ip(zy) =
Ip(yzx), and Fp(zry) = Fp(yz) whenever both arcs are present; otherwise the SVNG is directed.

Example 2.7.2 (An SVNGon a 4—Cycle). Let V = {’Ul, Va2, U3, U4} andlet £ = {’1)1'02, V2V3, VU3Vy4, ’U4’U1}.
Define the vertex labels by

A(v1) = (0.5,0.1,0.4), A(vy) = (0.6,0.3,0.2),
A(vg) = (0.2,0.3,0.4), A(vy) = (0.4,0.2,0.5),

and the edge labels by

B(vivs) = (0.2,0.1,0.4), B(vavs) = (0.2,0.3,0.4),
B(vsvy) = (0.2,0.2,0.5), B(vqvy) = (0.1,0.1,0.5).

A direct componentwise check shows that the inequalities in Definition hold for each edge
in F; hence G = (A, B) is a single-valued neutrosophic graph.

Proposition 2.7.3 (A canonical reduction from SVNGs to fuzzy graphs). Fvery single-valued
neutrosophic graph induces a (Rosenfeld-type) fuzzy graph.

Proof. Let G = (A, B) be an SVNG on G* = (V, E). Define 0 : V. — [0,1] and p : E — [0, 1]
by

o(x) = Ta(x), w(xy) = max{0, Tp(zy) — Ip(xy) — Fp(zy)} (xy € E).

Then u(xy) € [0, 1] because p(zy) < Tr(zry) < 1 and p(zy) > 0 by definition. Moreover, since
() < To(wy) and

Tp(zy) < min{Tu(x), Ta(y)} = min{o(z),0(y)},

we obtain the fuzzy-graph compatibility condition u(zy) < o(x) A o(y) for all zy € E. Hence
(V,E,o,p) is a fuzzy graph. O
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Proposition 2.7.4 (Projection from SVNGs to intuitionistic fuzzy graphs). Every single-valued
neutrosophic graph induces an intuitionistic fuzzy graph by discarding indeterminacy and pro-
jecting falsity so that the Atanassov constraint holds.

Proof. Let G = (A, B) be an SVNG on G* = (V, E). Define intuitionistic fuzzy vertex functions
(ta,va) and edge functions (up,vg) by

pa(x) :=Ta(x), va(z) :=min{Fa(z), 1 — Ta(z)} (reV),

pp(zy) ==Tp(zy),  vp(zy) =min{Fp(zy), 1 - Tp(zy)}  (2y € E).
Then pa(z)+va(z) < 1forallx € V and pp(zy)+vp(zy) < 1for all zy € E by construction.

Furthermore, the SVNG endpoint constraint gives

pp(wy) = Tp(zy) < min{T4(x), Ta(y)} = min{pa(z), pa(y)}-

Also, vp(zy) < Fp(zy) < max{F4(x), Fa(y)} and va(-) < Fa(-) pointwise, hence

va(xy) < max{va(e),va(y)}.

Therefore (V, E, pia,va, g, Vp) satisfies the usual intuitionistic-fuzzy graph inequalities. Equiv-
alently, this construction may be interpreted as setting indeterminacy to 0 and then enforcing
w+ v <1 via the above projection of the falsity component. O

2.7.1 Graph class related to neutrosophic graph

We describe the graph classes related to neutrosophic graphs. Due to the applicability and
significance of neutrosophic graphs, many related graph classes have been extensively studied.
The definitions are provided below.

Theorem 2.7.5. The following are examples of related Neutrosophic graph classes, including
but not limited to:

o Bipolar Neutrosophic Graphs [3061]

o Interval-Valued Neutrosophic Graphs [362]

o Single-Valued Neutrosophic Graphs [61,365]

o Interval Complex Neutrosophic Graphs [364),365]

o Neutrosophic Hypergraphs [64),365,366,|367]

o Neutrosophic Vague Line Graphs [364]
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e Neutrosophic Vague Graphs

o Single-Valued Neutrosophic Signed Graphs [@V

e Neutrosophic Soft Rough Graphs [@/

o Neutrosophic Incidence Graphs [72,[371

e Fermatean Neutrosophic Graphs

o Heptapartitioned Neutrosophic graphs

o Interval-valued pentapartitioned neutrosophic graphs

o Single-valued pentapartitioned neutrosophic graphs

e pentapartitioned neutrosophic graphs citequek2022new

e t-Neutrosophic Fuzzy graph

e Complex t-Neutrosophic Graph z@/

o Regular neutrosophic graphs @

e (Q-neutrosophic soft graphs

e Balanced Neutrosophic Graphs

e Neutrosophic minimum spanning tree graph

e HyperNeutrosophic Graph ,@

e SuperHyperNeutrosophic Graph [@/

Proof. Refer to each reference as needed. O
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2.7.2 Single-Valued Neutrosophic Hypergraph

A single-valued neutrosophic hypergraph (SVNH) extends a crisp hypergraph by allowing each
hyperedge to carry three membership profiles (truth, indeterminacy, falsity) over the vertex
set, thereby representing multiway relations together with graded support, uncertainty, and
opposition (cf. [363}363,366,367,1383]).

Definition 2.7.6 (Single-Valued Neutrosophic Hypergraph (SVNH)). [363] Let V' = {v1,...,v,}
be a finite set of vertices. A single-valued neutrosophic hyperedge on V' is a triple

E:(TE,IE,FE), TE,IE,FEZV—)[O,l].

For v € V, the values Tg(v), Ig(v), and Fg(v) are interpreted as the truth-, indeterminacy-,
and falsity-membership degrees of v in the hyperedge F, respectively.

The support of E' is the set
supp(E) := {veV: Tg(v) + Ig(v) + Fr(v) > 0}.
A single-valued neutrosophic hypergraph is a pair
H=(V,&),

where & = {Fy,...,E,,} is a finite family of single-valued neutrosophic hyperedges on V (cf.
[363]).

The following notions are standard for SVNHs.

Vertex adjacency. Two vertices u,v € V are adjacent if there exists F € £ such that
u,v € supp(FE).

e Connectivity. The SVNH H is connected if for every pair u,v € V there exists a sequence
U = Xg,T1,...,T, = v such that x;_; and x; are adjacent for each 1.

« Hyperedge adjacency. Two hyperedges E;, E; € £ are adjacent if supp(E;)Nsupp(E;) #

o Order and size. The order of H is |V|, and the size of H is |&|.

o Neutrosophic cardinality (degree) of a hyperedge. For FE € &, define

dp(E) == Y (Te() + 1) + Fgv)) = Y (Tp)+Ip(v) + Fp(v)).

veV vesupp(E)

(Vertices outside the support contribute 0.)

e Rank and anti-rank. The rank and anti-rank of H are

r(H) := maxdy(FE), r(H) :=mindy(E).

EcE - EcE
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e Linearity. The SVNH H is linear if any two distinct hyperedges meet in at most one
vertex, i.e.,

lsupp(El-) N supp(Ej)’ <1 (VE, # E; €€).

Remark. Since Tx(v), Ig(v), Fp(v) € [0,1], one automatically has 0 < Tg(v) + Ig(v) +
Fg(v) < 3forall v € V; thus the usual “membership-sum bound” does not impose an additional
restriction in the single-valued setting.

Example 2.7.7 (An explicit SVNH). Let
V= {’1)1,1)27113,114,1)5, UG}) &= {E17 E27 E37E47 E57 E67 E7}

Each hyperedge Ey, = (Tk,, Ig,, Fr,) is specified by listing its nonzero vertex triples, and setting
(Tg, (v),Ig, (v), Fg, (v)) = (0,0,0) for all other v € V.

Ei: (01,0.3,0.4,0.6), (vs,0.7,0.4,0.4),
Ey: (v1,0.3,0.4,0.6), (vs,0.5,0.7,0.6),
Es: (v2,0.5,0.7,0.6), (vs,0.6,0.4,0.8),
Ey: (v5,0.7,0.4,0.4), (vg,0.4,0.2,0.7),
Es: (5,0.7,0.4,0.4), (vs,0.6,0.7,0.5),
Es : (v5,0.6,0.7,0.5), (v6,0.4,0.2,0.7),
Er: (01,0.6,0.4,0.8), (vg,0.4,0.2,0.7).

For instance, supp(FE;) = {v1,v3} and supp(Fs) = {vs,vs}, hence v; and v3 are adjacent, and
the hyperedges E; and Ej are adjacent because they share the vertex wvs in their supports.
Moreover,

dy(Ey) = (0.340.440.6) + (0.7 + 0.4+ 0.4) = 2.8,

and analogous computations give dy(Fy) for the other hyperedges. Finally, the structure is
linear whenever every pair of distinct supports intersects in at most one vertex (e.g., supp(Es) N

supp(Es) = {vs} and supp(Es) Nsupp(Er) = {vg}).

2.7.3 Single-valued Neutrosophic n-Superhypergraph

A Single-valued Neutrosophic n-Superhypergraph [384] is a concept that generalizes both the
Single-valued Neutrosophic graph [385-387] and the Single-valued Neutrosophic hypergraph [388,
389]. It also extends the notion of a Fuzzy n-Superhypergraph. The formal definition and a
representative example are given below(cf. [390]).

Definition 2.7.8 (Neutrosophic n-Superhypergraph). (cf. [384,390]) Let V; be a finite base set
of vertices, and for each integer &k > 0 define

PO(Vo) = Vo,
Pk+1(‘/0) — P(Pk(%)),
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where P(-) denotes the usual powerset. An n-Superhypergraph is a pair
SHG™ = (V. E), V C P"(), E C P"(Vy).
A Neutrosophic n-Superhypergraph is then the tuple
(V, E, Tv, Iv, Fv, Tg, Ig, Fg),

where

o Ty, Iy, Fy : V — [0,1] assign to each n-supervertex v € V its truth-, indeterminacy-,
and falsity-membership degrees, respectively, subject to

0 S Tv(U)+Iv(U)+Fv(U) S 3,
Vv e V.

o Ty, I, Fp: ExV — [0,1] assign to each n-superedge e € E and vertex v € e its truth-,
indeterminacy-, and falsity-membership degrees, respectively, subject to

0 < Tg(e,v) + Ig(e,v) + Fg(e,v) < 3,
Vee E, Yv € e.

These functions satisfy the edge-appurtenance constraints:
Tr(e,v) < Ty(v),
Ip(e,v) < Iv(v),

Fg(e,v) < Fy(v),
Vee E, Vv Ee.

Example 2.7.9 (A neutrosophic 2-Superhypergraph). Let the base set be
Vo ={1,2,3}, n =2,

so P2(Vy) = P(P(Vy)). Define the 2-supervertex set
V = {v1,v,v3} C P2(Vp)

by
U1 = {{1}7 {17 2}}7 Vg = {{2}7 {273}}7 U3 = {{173}}

Define the 2-superedge family
E == {61762}7 €1 = {vbv?}a €o = {U17v2>v3}'

Thus SHG® = (V, E) is a 2-Superhypergraph in the sense of Definition m

Vertex neutrosophic degrees. Define Ty, Iy, Fy, : V — [0, 1] by
(T, Iy, Fy)(v1) = (0.6,0.3,0.4),
(Ty, Iy, Fy)(vs) = (0.8,0.2,0.5),
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(Tv, Iv, Fv)(vg,) = (04, 04, 06)
Each triple satisfies 0 < Ty (v) + Iy (v) + Fy (v) < 3; for example, 0.6 +0.3 + 0.4 = 1.3 < 3.

Edge—vertex neutrosophic degrees. Define T, Ip, Fp : E XV — [0, 1] by specifying values
only when v € e (and setting the value to 0 otherwise):

(TE; IE, FE)(el, ’Ul) = (05, 02, 03), (TE7 IE; FE)<617 ’UQ) = (077 01, 04),
(TE, IE'> FE)(ez, Ul) = (04, 02, 03),
(Tg, Ig, Fr)(ea,v2) = (0.6,0.2,0.5),
(TE; IE; FE)(GQ, ’U3) = (03, 03, 05)

Each assigned triple satisfies 0 < Tr(e,v)+Ig(e,v)+ Fg(e,v) < 3; for instance, 0.7+0.1+0.4 =
1.2 < 3.

Verification of the edge-appurtenance constraints. For every incidence (e,v) with v € e,
we have componentwise

Tg(e,v) < Ty(v), Ig(e,v) < Iy(v), Fg(e,v) < Fy(v).
For example, for (e, vs),
0.7 <0.8, 0.1 <0.2, 0.4 <0.5,
and similarly for the remaining incidences. Therefore
(V.E,Ty,Iv,Fy,Tg, I, Fg)

is a neutrosophic 2-Superhypergraph in the sense of Definition [2.7.8

2.7.4 Application of neutrosophic graph

We introduce the applications of Neutrosophic Graphs. Neutrosophic Graphs, which can gener-
alize fuzzy graphs, hold potential for a wide range of applications. Below, we present an example
of such applications.

e Decision-making: Several papers have explored the use of Neutrosophic Graphs in Decision-
making [391H394].

e COVID-19: Several papers have explored the use of Neutrosophic Graphs in COVID-19
countermeasures [395]

o Hospital Infrastructure Design: A paper has explored the use of Neutrosophic raphs in
Hospital Infrastructure Design [396].

o Internet Streaming Services: Internet streaming services deliver digital content like video,
music, or live broadcasts to users via the internet in real-time (cf. [397]). The study is
conducted in [398].
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o Natural disaster: A natural disaster is a catastrophic event caused by natural processes,
such as earthquakes, tsunamis, hurricanes, or floods, leading to widespread damage and
loss of life (cf. [399,400]). In the study [401], the potential application of Neutrosophic
Graphs in Japan’s earthquake response is being explored. Additionally, [402] e xamines
response methods for tsunami management in Japan.

e Networks: Several papers have explored the use of Neutrosophic Graphs in mobile network
[403] and wireless networks [404,405].

e Neural networks: A wide range of studies has been conducted in this area, similar to
those on fuzzy graphs [117,406-410].
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Reviews and Results of Graph Classes

The results in this book are presented as follows.

3.1 Classes of general intuitionistic fuzzy graphs

In this section, we investigate graph classes associated with general intuitionistic fuzzy graphs.

3.1.1 General intuitionistic fuzzy graphs

Motivated by the notion of general fuzzy graphs and related “general” uncertainty-graph for-
malisms [37,38], we introduce a corresponding generalization for intuitionistic fuzzy graphs. The
key idea is to keep the Atanassov constraints (membership + non-membership < 1) on vertices
and edges, while not enforcing any fixed endpoint inequality linking edge-values to vertex-values.

Definition 3.1.1 (General intuitionistic fuzzy graph). Let V be a nonempty finite set and let
E CV xV bea (crisp) set of edges. A general intuitionistic fuzzy graph on (V, E) is a quadruple

Gearr = (1A, va, B, VB),

where
pa,va V. —[0,1], ps,vp: E—[0,1],

satisfy the Atanassov bounds
0<pa(w)+rvsv) <1 (MveV), 0<uple)+vple) <1l (Vee€E).

Here 14 and v4 are the membership and non-membership functions on vertices, and pug and vg
are the membership and non-membership functions on edges. Unlike the classical intuitionistic
fuzzy graph, no endpoint-compatibility constraints are imposed in the general setting.
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Definition 3.1.2 (Weak general intuitionistic fuzzy graph). A weak general intuitionistic fuzzy
graph on (V, E) is a general intuitionistic fuzzy graph Gwearr = (pa, va, is, Vp) satisfying the
additional condition

pp(uv) < pa(u) Apa(v)  (Vuv € B),

where A denotes the minimum operation.

Remark 3.1.3. The strict inequality in Definition ensures that the edge-membership is
not determined by (nor equal to) the standard endpoint expression pia(u) A pa(v). Using “#£”
instead of “<” does not yield a meaningful “weak” class, because then classical intuitionistic
fuzzy graphs (which satisfy equality) would fail to be weak. The choice “<” aligns with the
common usage of “weak” in fuzzy graph theory (compare weak fuzzy graphs vs. strong fuzzy
graphs).

Theorem 3.1.4 (Classical = general). Every (classical) intuitionistic fuzzy graph is a general
intuitionistic fuzzy graph.

Proof. Let Gr be a classical intuitionistic fuzzy graph on (V, E). Then its vertex and edge maps
(a,va) and (up, vg) satisfy the Atanassov bounds 0 < pa+va <lonVand0 < pup+vg <1
on F, together with additional endpoint constraints. Since Definition requires only the
Atanassov bounds, G is (a fortiori) a general intuitionistic fuzzy graph. O

Theorem 3.1.5 (Weak general = general). Every weak general intuitionistic fuzzy graph is a
general intuitionistic fuzzy graph.

Proof. This is immediate from the definitions: a weak general intuitionistic fuzzy graph is, by
Definition |3.1.2] a general intuitionistic fuzzy graph with an extra inequality. O

Theorem 3.1.6 (Forgetting non-membership: weak general intuitionistic = weak general
fuzzy). Let Gwarr = (a,Va, bp, Vi) be a weak general intuitionistic fuzzy graph on (V, E).
Define o : V — [0,1] and o : E — [0, 1] by

o(v) = ja(v) WeV),  u(e) = un(e) (e € E)
Then Gywea = (o, 1) is a weak general fuzzy graph (i.e., p(uv) < o(u) A o(v) for alluv € E).

Proof. By Definition for each uv € E we have
pp(uv) < pa(u) Apa(v).
With 0 = s and p = pp, this becomes
p(uv) < o(u) Ao(v),
which is exactly the defining inequality of a weak general fuzzy graph. O

Corollary 3.1.7 (Forgetting non-membership: general intuitionistic = general fuzzy). Fvery
general intuitionistic fuzzy graph induces a general fuzzy graph by ignoring the non-membership
functions.

Proof. Let Ggrr = (la,Va, lip,V5) be a general intuitionistic fuzzy graph. Set o := pus on V
and p:= pp on E. Then (o, u) is a general fuzzy graph in the sense that it consists of a fuzzy
vertex set and a fuzzy edge set with no endpoint constraint. O
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3.1.2 General intuitionistic fuzzy hypergraphs

A general intuitionistic fuzzy hypergraph assigns membership and non-membership degrees to
vertices and hyperedges, satisfying Atanassov bounds, without endpoint constraints.

Definition 3.1.8 (General intuitionistic fuzzy hypergraph). Let H* = (V, E) be a finite crisp
hypergraph, where V' is a finite nonempty set and E C P*(V) is a finite family of nonempty
subsets of V. A general intuitionistic fuzzy hypergraph on H* is a quadruple

Hegrr = (‘/a E; MV,VV,MEWE)»

where
py, vy 2 Vo—[0,1], pe,ve s B —[0,1],

satisfy the Atanassov bounds
0<puy(w)+wr) <1l MeV), 0<pugle)+vele) <1 (Ve€E).

No additional constraints linking pug(e) or vg(e) to the values on the vertices of e are required
at this level of generality.

Theorem 3.1.9 (General intuitionistic fuzzy hypergraphs generalize crisp hypergraphs). FEuv-
ery crisp hypergraph H* = (V, E) can be viewed canonically as a general intuitionistic fuzzy
hypergraph.

Proof. Let H* = (V, E) be a crisp hypergraph. Define constant maps

py(v) =1, vy (v):=0 (Vv e V),

pe(e):=1, wvg(e):=0 (Ve € E).
Then puy +vy =1on V and ug +vg = 1 on E, so the Atanassov bounds hold. Hence Hgrr =
(V, E; uv, Vv, up, Vg ) is a general intuitionistic fuzzy hypergraph in the sense of Definition
This construction preserves the underlying incidence structure because the crisp hyperedges
remain exactly the elements of F. O

3.1.3 General intuitionistic fuzzy n-SuperHyperGraphs

A general intuitionistic fuzzy n-SuperHyperGraph assigns membership and non-membership
degrees to supervertices and superedges, satisfying Atanassov bounds, independently.

Definition 3.1.10 (General intuitionistic fuzzy n-SuperHyperGraph). Let V4 be a finite nonempty
base set and let n € Ny. Let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, i.e.,

V CP™(Vy), ECPV)\{0}.
A general intuitionistic fuzzy n-SuperHyperGraph on SHG™ is a quadruple
SénI)F: (VY’E’ MV?VVHUJE,VE)a

where
Mv,Vle%[O,l], ,UIE,VEiE—>[0,1],

satisfy the Atanassov bounds
0<puy(w)+wrv) <1l MeV), 0<ugle)+vele) <1 (Ve€E).

Again, no additional constraints between superedge degrees and the degrees of contained super-
vertices are imposed in the general model.
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Example 3.1.11 (Healthcare pathways across nested patient cohorts as a general intuitionistic
fuzzy 2-SuperHyperGraph). Let Vj be a finite set of patients in a hospital network. Take n = 2,
so P2(Vy) = P(P(Vg)) consists of sets of cohorts, where each cohort is a subset of patients.

Supervertices (nested cohorts). Each 2-supervertex is a set of cohorts representing a higher-
level clinical category. For instance, define

V1 = { Cdiabetesa C’hypertension }> V2 = { Ccardioa C’stroke-risk }a U3 = { Crenah CYelderly }7
where each C, C V is a patient cohort (e.g., all patients diagnosed with diabetes). Let
V = {vy,v5,v3} C 772(%)-

Superedges (multiway care pathways). Let E C P(V) \ {0} encode multi-department
pathways that jointly target several higher-level categories, e.g.,

€1 = {Uva}a €2 = {Ulav27v3}> E - {61762}'

Here ey represents an integrated chronic-care program requiring coordination across metabolic,
cardiovascular, and renal cohorts.

General intuitionistic fuzzy degrees. Assign membership and non-membership degrees to
supervertices and superedges:

(v, vv)(v1) = (0.7,0.2),  (uy,vv)(v2) = (0.6,0.3), (uv,vv)(vs) = (0.5,0.4),
(up,ve)(er) = (0.4,0.5), (up,ve)(e2) = (0.6,0.3).
These satisfy the Atanassov bounds:
0<074+02<1, 0<0.6+03<1, 0<05+04<T1,
0<04+4+05<1, 0<06+4+03<1.

Therefore

SgI)F = (V7 E; MV)VVquny)
is a general intuitionistic fuzzy 2-SuperHyperGraph in the sense of Definition In this
interpretation, py and vy quantify inclusion and exclusion evidence for high-level cohort cate-
gories, while ug and v quantify support and opposition for multiway care pathways, without
enforcing any fixed coupling between them.

Theorem 3.1.12 (General intuitionistic fuzzy n-SuperHyperGraphs generalize crisp n-SuperHyperGraphs).
FEvery crisp n-SuperHyperGraph SHG™ = (V, E) can be viewed canonically as a general intu-
itionistic fuzzy n-SuperHyperGraph.

Proof. Let SHG™ = (V, E) be a crisp n-SuperHyperGraph. Define constant maps
py(v) =1, vy(v):=0 (Vv e V),
pe(e) =1, vg(e) =0 (Ve € E).

Then the Atanassov bounds hold on V' and on FE, and Sg})F = (V,E;uyv, vy, ug,Vg) is a
general intuitionistic fuzzy n-SuperHyperGraph by Definition [3.1.10, The underlying set-based
superhypergraph structure (V, E') is unchanged. O
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3.2 Graph Classes of Quadripartitioned Neutrosophic Graphs

In this section, we investigate graph classes associated with quadripartitioned neutrosophic
graphs.

3.2.1 Single-Valued Quadripartitioned Neutrosophic Graph

A Single-Valued Quadripartitioned Neutrosophic Graph (SVQPNG) is a quadripartitioned neu-
trosophic graph in which all membership degrees take values in [0, 1]. Equivalently, it is a QPNG
G = (A, B) whose vertex/edge maps range in [0, 1]*.

Definition 3.2.1 (Single-Valued Quadripartitioned Neutrosophic Graph). Let G* = (V, E) be a
finite simple graph. A Single- Valued Quadripartitioned Neutrosophic Graph is a pair G = (A, B)
such that:

e AV = [0,1]% A@v) = (ta(v), ca(v),ua(v), fa(v)),

e B:FE —0,1]*, B(uv) = (tg(uv),cg(uv), ug(uv), fp(uv)),

and the following constraints hold:
0<ts(v)+ca) +us(v)+ falv) <4 (YveV),
0 < tg(uww) + cg(uv) + up(uw) + fe(uww) <4 (Yuww € E),
tp(uv) < min{ty(u),t4(v)},  cp(uv) < min{ca(u),ca(v)},

up(uv) < max{ua(u),us(v)}, fu(uv) < max{fa(u), fa(v)} (Vuv € E).

Example 3.2.2. Let G* be the triangle on V' = {V;, V5, V3} with E = {V;V,, Vo153, Vi V31
Assign the vertex degrees

A(Vy) =(0.3,0.4,0.2,0.5), A(Vy) =(0.2,0.3,0.3,0.4), A(V3) =(0.4,0.4,0.3,0.4),
so that t4 +ca4 +uas + fa < 4 holds at each vertex. Define the edge degrees by
B(V1V,) =(0.2,0.2,0.3,0.4), B(V,V3) =(0.2,0.3,0.3,0.4), B(V1V3) =(0.3,0.4,0.2,0.5).
Then, for instance on V5 V53,
tp(VaV3) = 0.2 <min{0.2,0.4} = 0.2, cp(VoV3) = 0.3 < min{0.3,0.4} = 0.3,
ug(VoV3) = 0.3 < max{0.3,0.3} = 0.3, f(VaV3) = 0.4 < max{0.4,0.4} = 0.4.
The other edges are checked similarly; hence G = (A, B) is a SVQPNG.
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Theorem 3.2.3 (Projection to a single-valued neutrosophic graph). Let G = (A, B) be a
SVQPNG on G* = (V, E). Define a triple-valued structure on 'V and E by

T(v) :=ta(v), I(v) := max{ca(v),ua(v)}, F() := fa(v),
T(uv) = tg(uv), I(uv) := max{cp(uv),up(uv)}, F(uv) := fp(uv).
Then T, 1, F take values in [0,1] and satisfy 0 < T 4+ I + F < 3 on both vertices and edges.
Moreover, for every uv € F,
T(uv) < min{T(u),T(v)}, F(uv) < max{F(u), F(v)},
and
I(uww) < max{I(u),I(v)}.

In particular, this yields a natural (indeterminacy-aggregating) projection of SVQPNGs to a
single-valued neutrosophic-type graph.

Proof. Since ta,ca,ua, fa € [0,1], we have T'(v), I(v), F(v) € [0,1] and hence T'(v) + I(v) +
F(v) < 3; similarly for edges.

For the edge constraints, the truth and falsity inequalities follow immediately from the SVQPNG
axioms: T'(uwv) = tg(uv) < min{ta(u),t4(v)} = min{T(uv),T(v)} and F(uwv) = fp(uv) <
max{ fa(u), fa(v)} = max{F(u), F(v)}.

For indeterminacy, using cg(uv) < min{ca(u),ca(v)} and ug(uv) < max{ua(u),ua(v)},

Since min{ca(u),ca(v)} < ca(u) and min{ca(u), ca(v)} < ca(v), while max{us(u),us(v)}

I(uv) = max{cg (wv), up(uv)} < max(min{cA(u), ca(w)}, max{ua(u), uA(v)}).
, € <
max{I(u),I(v)}, it follows that I(uv) < max{I(u),I(v)}.

<
O

Remark 3.2.4. If your manuscript adopts a stronger neutrosophic edge-constraint for indeter-
minacy such as I(uv) < min{I(u),I(v)}, then a guaranteed reduction is obtained by discarding
the unknown-part and setting I(v) := ca(v), I(uv) := cg(uv). This keeps the min-type con-
straint because cg(uv) < min{ca(u),ca(v)} holds in every SVQPNG.

3.2.2 General Quadripartitioned Neutrosophic Graph

Next, we consider the General Quadripartitioned Neutrosophic Graph. Similar to how a General
Fuzzy Graph is a generalization of a Fuzzy Graph, a General Quadripartitioned Neutrosophic
Graph is a generalization of a Quadripartitioned Neutrosophic Graph. The definition is provided
below.

Definition 3.2.5 (General Quadripartitioned Neutrosophic Graph). Let G* = (V, E) be a
finite simple graph. A General Quadripartitioned Neutrosophic Graph is an assignment of four
membership degrees

t(v), c(v), u(v), f(v) € 0,1] (Vo e V),
te),ele), ule), f(e) € 0,1] (Ve € B),
such that
0<t(w)+ew)+uw)+flv) <4 (MveV), 0 <t(e)+cle)+ule)+fle) <4 (Vee€ E),

with no further constraints relating edge degrees to endpoint degrees.
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Definition 3.2.6 (Weak General Quadripartitioned Neutrosophic Graph). A Weak General
Quadripartitioned Neutrosophic Graph is a general QPNG in which, for every edge uv € E, the
following inequalities hold:

t(uwv) < min{t(u),t(v)}, c(uv) < min{e(u), c(v)},

u(uv) < maxfu(u),u(v)l,  fluv) < max{F(u), f0)}.

Theorem 3.2.7. Every (single-valued) quadripartitioned neutrosophic graph is a weak general
quadripartitioned neutrosophic graph.

Proof. This is immediate because the defining edge inequalities of a QPNG are exactly the
additional conditions required in the weak general case. O

Theorem 3.2.8. Every weak general quadripartitioned neutrosophic graph is a general quadri-
partitioned neutrosophic graph.

Proof. A weak general QPNG satisfies all axioms of a general QPNG, with extra inequalities
relating edges to endpoints; hence it is, in particular, a general QPNG. O

Definition 3.2.9 (Union, c-complement, and |u|-complement (general case)). Let Gy = (o1, f11)
and Gy = (02, ft2) be two general quadripartitioned neutrosophic graphs with underlying crisp
graphs G = (V4, E1) and G5 = (Va, Es). Write o () = (te(2), cx (), ur(x), fr(z)) for vertices
and py(e) = (tn(e), cx(e), ur(e), fr(e)) for edges.

Union. Define G = G, UGy = (01 Uog, uy Upg) on V=V, UV, E = E; U E; by:
(0’1 UO'Q)(.T}) =

o1(x) reVi\Vy,
oa(x) z eV \ W,
(max{t (), t2(x)}, max{ci (), c2(z) }, max{u; (x), uz(x) }, max{ fi(x), fo(z)}) z € Vin,
and similarly for edges:
(1 U pz)(e) =
wi(e) e€ Ey\ Ey,
wa(e) e€ E)\ Ey,
(max{ti(e), t2(e)}, max{ci(e), ca(e) }, max{ui (), ua(e) }, max{ fi(e), fo(€)}) e € EiN Es.

c-complement. Define G¢ = (0, u°) by 0¢ = o and, for each edge e € E,

C(e) _ { (0,0,0,0) if ,u(e) = (O,O,O,O)7
g ] (1 —t(e), 1 —c(e), 1 —ule), 1 — f(e)) otherwise.
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|pt|-complement. For an edge uv € E, set

o(u) @ o(v) == (min{t(u),t(v)}, min{c(u), c(v)}, max{u(u),u(v)}, max{f(u), f(v)})
Then define

0,0,0,0) it j(wv) = (0,0,0,0),
p(uv) = 4 ([(o(w) ® o(v); = t(uw)], |(o(u) @ o(v)). — c(uv)],
[(0(u) @ 0(v)), — u(w)], |(o(u) @ o(v)); — f(uv)|) otherwise,

where the subscripts (+)¢, (), (+)u, (-) f denote the corresponding components.

Theorem 3.2.10. General quadripartitioned neutrosophic graphs are closed under c-complement
and |p|-complement.

Proof. For c-complement, each component 1 — x remains in [0, 1], hence the edge-sum is (1 —
H+1l—-c+1—-u)+(1—-f)=4—(t+c+u+ f) <4, and it is nonnegative.

For |p|-complement, each component is an absolute difference of two numbers in [0, 1], hence
lies in [0, 1]; therefore the sum of four components is at most 4. Vertex degrees are unchanged
in both operations. O

Theorem 3.2.11. Under the union operation defined above, the union of two weak general
quadripartitioned meutrosophic graphs is again a weak general quadripartitioned neutrosophic
graph.

Proof. Let G, G5 be weak general QPNGs and G = GG U G5. Because vertex degrees in G are
defined by componentwise maxima on overlaps, they are componentwise not smaller than the
corresponding degrees in either G; or G. For an edge ww, if it belongs to only one input graph,
the required inequalities follow immediately. If uv € E; N E,, then each edge component in G is
the maximum of two quantities, each of which satisfies the weak general bounds in its own graph;
taking maxima preserves the inequalities t(uv) < min{t(u),t(v)}, c(uwv) < min{c(u),c(v)},

u(uv) < max{u(u),u(v)}, f(uv) < max{f(u), f(v)}. O

3.2.3 Single-Valued Quadripartitioned Neutrosophic Hypergraph

A Single-Valued Quadripartitioned Neutrosophic Hypergraph (SVQNH) generalizes classical hy-
pergraphs by assigning to each vertex-within-a-hyperedge four degrees: truth, contradiction,
unknown, and falsity, each in [0, 1].

Definition 3.2.12 (Single-Valued Quadripartitioned Neutrosophic Hypergraph). A Single- Valued
Quadripartitioned Neutrosophic Hypergraph is a pair H = (V, E) where:

o V={v1,vq,...,v,} is a finite set of vertices.
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e E={F,E,...,E,} is a finite family of quadripartitioned neutrosophic subsets of V.
Concretely, each hyperedge E; is described by four membership functions

tp,, Cr, up,, fr, : V. —[0,1],
often written as
E; = {(v, tg,(v), cp,(v), up,(v), fp.(v)): veV},
such that for every v € V,
0<tg (v)+cg (v)+ug(v)+ fg(v) < 4.

Define the support of a hyperedge E; by
supp(E;) :={v eV : tp,(v) + cp,(v) + ug,(v) > 0}

(Thus, vertices with purely falsity information and no membership evidence are excluded from
the support.)

e Adjacency of vertices: Distinct vertices z,y € V are adjacent if there exists F; € E
with z,y € supp(F;).

e Connectivity: H is connected if every pair of vertices is joined by a finite sequence of
pairwise adjacent vertices.

« Adjacency of hyperedges: E; and E; are adjacent if supp(E;) N supp(E;) # 0.
o Order and size: The order is |V, and the size is |E|.

e« Rank and anti-rank: The rank and anti-rank are defined by
rank(H) = max |supp(E;)], arank(H) = min |supp(E;)|.

(Optionally, one may also define a quadripartitioned weight of E; by 3 conim (te, (v) +
cg, (V) + ug, (v) + fg,(v)), but this is distinct from the combinatorial rank.)

e Linearity: H is linear if

|supp(£;) Nsupp(E;)| <1 (Vi # 7).

Example 3.2.13. Consider H = (V, E) with
V = {v1, vq, v3, V4, V5,06 }, E ={E\, Ey, Es, Ey, Es, Eg},
where each E}, lists only its supported vertices (others may be taken as 0,0, 0, 0):
E, ={(v1,0.3,0.4,0.2,0.3), (v3,0.4,0.3,0.2,0.4) },
E; ={(v1,0.3,0.4,0.2,0.3), (v2,0.5,0.6,0.3,0.2) },
E5 = {(v2,0.5,0.6,0.3,0.2), (v4,0.6,0.4,0.3,0.5) },
(v3,0.4,0.3,0.2,0.4), (v6,0.3,0.4,0.2,0.5) },
(v3,0.4,0.3,0.2,0.4), (v5,0.6,0.5,0.3,0.2) }
( ) ( )
e.g

9

E,={
Es =A{
Es = {(v5,0.6,0.5,0.3,0.2), (vs,0.3,0.4,0.2,0.5) }.

Each listed tuple satisfies 0 <t+c4+u+ f <4 (e.g., in Fy, for vy: 0.3+0.4+0.240.3 =1.2).
Hence this is an SVQNH.
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Theorem 3.2.14 (Coarsening SVQNH to a single-valued neutrosophic hypergraph). Fvery
SVQNH can be transformed into a single-valued neutrosophic hypergraph (SVNH) by collaps-
ing the contradiction and unknown components into a single indeterminacy component.

Proof. Let H = (V, E) be an SVQNH. For each hyperedge E; and vertex v € V', define

tp(v) =tp,(v), i (v) =min{l, cg (v) +up ()},  f5 )= fe.(v).

Then 'y , i, f, : V — [0, 1] define a single-valued neutrosophic subset of V' for each hyperedge,
hence yield a single-valued neutrosophic hypergraph structure on (V, E). O

Corollary 3.2.15. FEwvery linear SVQNH can be transformed into a linear SVNH by the same
construction.

Proof. The construction in Theorem [3.2.14] does not change the supports supp(E;) (since it only
aggregates components pointwise), so linearity is preserved. [

3.2.4 Single-Valued Quadripartitioned Neutrosophic n-SuperHyperGraphs

A single-valued quadripartitioned neutrosophic hypergraph (SVQNH) equips each hyperedge
with four vertexwise degrees (truth, contradiction, unknown, falsity) in [0, 1]. To lift this idea to
hierarchical settings, we replace vertices by n-supervertices (elements of an iterated powerset) and
allow each superedge to carry quadripartitioned neutrosophic information over the supervertex
set.

Definition 3.2.16 (Single-Valued Quadripartitioned Neutrosophic n-SuperHyperGraph). Let
V4 be a finite nonempty base set and let n € Ny. Let V be a nonempty finite set of n-supervertices
with

Vv CP(V).

A single-valued quadripartitioned neutrosophic n-SuperHyperGraph (SVQN-nSHG) on V) is a
pair
HG = (V,€),

where & = {Ey, ..., E,,} is a finite family of quadripartitioned neutrosophic subsets of V. Con-
cretely, each superedge E; € £ is specified by four membership maps

Tg, Cg,, Ug,, Fg,:V —10,1],
often written as
E, = {(v, Tg, (v), Cg,(v), Ug,(v), Fg,(v)): v € V},
such that for every v € V,
0 < Tg, (v)+ Cg,(v) + Ug,(v) + Fg,(v) < 4.
The support of a superedge FE; is defined by
supp(E;) :={v eV : Tg (v)+ Cg,(v) + Ug,(v) > 0}.

(Thus a supervertex with purely falsity information and no positive/unknown evidence is ex-
cluded from the support.)
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Example 3.2.17 (Supply-chain risk tiers and cross-tier constraints as an SVQN-2SHG). Let
Vo be a finite set of atomic suppliers (individual firms) in a supply network. Take n = 2, so
a 2-supervertex is an element of P2?(V,) = P(P(Vy)), i.e., a set of supplier groups, where each
supplier group is a subset of Vj.

Supervertices (tiers as sets of groups). Define three 2-supervertices representing high-level
risk tiers:

V1 = {Gcriticala Gsingle—source}a Vg = {Gregulateda Ghigh—lead—time}7 U3 = {Gcommoditya Gmulti—source}7

where each G4 C Vj is a group of suppliers (e.g., Gitical 1S the set of suppliers providing critical
components). Let

V = {vi,v2,v3} C P*(Vp).

Superedges (multiway constraints among tiers). Let £ = {Ej, Ey}, where each E; is a
quadripartitioned neutrosophic subset of V. Intuitively, a superedge represents a cross-tier policy
or constraint bundle involving several tiers simultaneously, such as “export-control compliance”
or “multi-tier continuity planning”.

Quadripartitioned degrees on supervertices within each superedge. Define E; by the
nonzero assignments

(Tg,,Cg,,Ug,, Fg,)(v1) = (0.8,0.1,0.1,0.2),

(TE1 s CE17 UE17 FEl)(’UQ) = (06, 02, 02, 03),
and set (Tg,,Cg,,Ug,, Fr,)(vs) = (0,0,0,0). Define 5 by

(Te,,Cg,,Ug,, Fg,)(v1) = (0.5,0.2,0.1,0.4),

(TE27 CEQ, UE2, FE2)(UQ) = (04, 01, 03, 03),
(Tp,,Cr,,Us,, Fp,)(vs) = (0.3,0.1,0.2,0.2).

Each tuple lies in [0, 1]* and satisfies the total bound 0 < T+ C + U+ F <4, e.g., 0.8 4+0.1+
01402=12<4and0.3+01+024+02=08<4.

Supports. By Definition [3.2.16] the supports are
supp(E1) = {v1,v2} (since T4+ C + U > 0 for vy, v, and equals 0 for v3),

SUPP(EQ) = {U17U2a Us}'

Therefore

HE = (V,€)

is a single-valued quadripartitioned neutrosophic 2-SuperHyperGraph in the sense of Defini-
tion [3:2.16] In this interpretation, each superedge encodes a cross-tier policy whose relevance
(truth), internal inconsistency (contradiction), unresolved information (unknown), and opposi-
tion (falsity) are assessed separately for each tier.

Theorem 3.2.18 (SVQN-nSHGs generalize SVQNHs). Fvery single-valued quadripartitioned
neutrosophic hypergraph (SVQNH) is a special case of a single-valued quadripartitioned neutro-
sophic n-SuperHyperGraph, namely the case n = 0.
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Proof. Let H = (V, E) be an SVQNH in the sense of Definition |3.2.12] Set the base set V :=V
and take n = 0. Then P°(V;) = Vi, so we may identify the O-supervertex set with V. Define

VO .=v CcPY (W), E:=E.

Each hyperedge E; € F in the SVQNH is already given by four maps tg,,cg,, ug,, frg, : V. —
[0, 1] satisfying

0 <tg(v)+cg (v) +ug,(v) + fp,(v) <4 (Vv e V).
Define the corresponding SVQN-0SHG superedge data by

TE =

i

tE“ CE', ‘= CE;, U'E7 ‘= UE,;, F‘E7 = fE7

Then H((QO) = (VO &) satisfies Definition [3.2.16, and by construction it carries exactly the same
vertexwise quadripartitioned degrees as the original SVQNH. Hence every SVQNH is realized as
an SVQN-nSHG with n = 0. O

Remark 3.2.19. Conversely, any SVQN-OSHG (i.e., with n = 0 and V' C V}) is precisely
a single-valued quadripartitioned neutrosophic hypergraph on the vertex set V by the same
identification. Thus Theorem [3.2.18| captures an equivalence at level n = 0.

3.3 Graph Classes of Single-Valued Pentapartitioned Neutrosophic Graphs

In this section, we discuss graph classes associated with single-valued pentapartitioned neutro-
sophic graphs.

3.3.1 Single-Valued Pentapartitioned Neutrosophic Graph

A single-valued pentapartitioned neutrosophic graph models five components of uncertainty: truth
(T), contradiction (C'), ignorance (R), unknown (U), and falsity (F), each taking values in [0, 1].

Definition 3.3.1 (Single-Valued Pentapartitioned Neutrosophic Graph). Let G* = (V, E) be a
finite simple undirected graph, where V' is a finite vertex set and E C {{u,v} : u,v € V, u # v}
is the edge set.

A single-valued pentapartitioned neutrosophic graph (SVPNG) on G* is a pair
G=(P,Q),

where:

e P is a pentapartitioned neutrosophic vertex set on V,
P ={(v,Tp(v),Cp(v), Rp(v),Up(v), Fp(v)) : v € V'},
with Tp,Cp, Rp,Up, Fp : V — |0, 1] satisfying
0 <Tp(v)+Cp(v) + Rp(v) + Up(v) + Fp(v) <5 Vv eV).
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e () is a pentapartitioned neutrosophic edge set on F,

Q= {(67TQ(6)7CQ(6)7RQ(6)7 UQ(e)vFQ(e)) tec E}7
with T, Cg, Rg,Uqg, Fg : E — [0, 1] such that for every edge e = {u,v} € E,
Tq(e) < min{Tp(u), Tr(v)},
Co(e) < min{Cp(u),Cp(v)},
Rq(e) = max{Rp(u), Rp(v)},
Uq(e) = max{Up(u), Up(v)},
Fg(e) > max{Fp(u), Fp(v)},
0 < Tq(e) + Cqle) + Rqle) + Ug(e) + Fo(e) < 5.

Theorem 3.3.2 (SVPNG contains a four-component special case). Let G = (P,Q) be an
SVPNG on G* = (V, E). Assume that

Rp(v) =0 (VwveV), Ro(e) =0 (Yee E),

and in addition

Tp(v) + Cp(v) + Up(v) + Fp(v) <4 (YveV),
To(e)+ Cqe) + Ugle) + Fple) <4 (Ve € E).
Then the induced four-tuple labeling
(v, Tp(v), Cp(v), Up(v), Fp(v)) and
(e, Tole), Cqle), Ugle), Fqle))

defines a single-valued quadripartitioned neutrosophic graph structure on G*.

Proof. Under the stated assumptions, all four components lie in [0, 1] and the vertex/edge sums
are bounded by 4. The edge constraints in Definition |3.3.1|remain valid after suppressing the R-
component (since R is identically 0 here), hence the four-component constraints hold on G*. [

Theorem 3.3.3 (Edge truth bound). In an SVPNG G = (P, Q), for any edge e = {u,v} € E
one has

To(e) < min{Tp(u), Tp(v)}.
Proof. This is exactly the first inequality in Definition [3.3.1 O

Theorem 3.3.4 (Total uncertainty is bounded by 5). In an SVPNG G = (P,Q), the total
membership sum of any vertex or edge does not exceed 5:

Tp(v) + Cp(’l)) + RP(U) + Up(’l)) + Fp('l)) <5 (V’U S V),
To(e) + Cqle) + Ro(e) + Ug(e) + Fp(e) <5 (Ve € E).

Proof. This follows directly from the defining constraints in Definition [3.3.1 O
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3.3.2 Single-Valued Pentapartitioned Neutrosophic Hypergraphs and n-SuperHyperGraphs

We now extend the single-valued pentapartitioned neutrosophic graph model (SVPNG, Defini-
tion from graphs to hypergraphs and further to n-SuperHyperGraphs. As in the graph
case, each object carries five components of uncertainty: truth (1), contradiction (C'), ignorance
(R), unknown (U), and falsity (F'), all valued in [0, 1].

Definition 3.3.5 (Single-Valued Pentapartitioned Neutrosophic Hypergraph). Let H* = (V, E)
be a finite crisp hypergraph, where V' is a finite nonempty vertex set and E C P*(V) is a finite
family of nonempty hyperedges.

A single-valued pentapartitioned neutrosophic hypergraph (SVPNH) on H* is a pair
H = (P,Q),

where:

e P is a pentapartitioned neutrosophic vertex set on V', specified by maps
Tp,Cp,Rp,Up, Fp : V — [0, 1]
satisfying, for every v € V,
0 <Tp(v)+Cp(v)+ Rp(v) + Up(v) + Fp(v) < 5.

e () is a pentapartitioned neutrosophic hyperedge set on FE, specified by maps
To,Cq, R, Ug, Fo : E — [0,1]
satisfying, for every hyperedge e € F,
0 < Tq(e) + Cqle) + Role) + Ug(e) + Fole) <5,
together with the endpoint-consistency constraints

To(e) < min Tp(v), Cole) < min Cp(v),

Rg(e) > max Rp(v), Ug(e) > max Up(v), Fg(e) > max Fp(v).

vee vee vee

Theorem 3.3.6 (SVPNH generalizes crisp hypergraphs). Every crisp hypergraph H* = (V, E)
can be viewed as a single-valued pentapartitioned neutrosophic hypergraph.

Proof. Let H* = (V, E) be a crisp hypergraph. Define vertex maps by

Tp(v) =1, Cp(v) =0, Rp(v) =0, Up(v) =0, Fp(v) =0 MveV),
and hyperedge maps by

To(e) =1, Cgle) =0, Rgle) =0, Ug(e) =0, Fy(e) =0 (Ve € E).

Then all values lie in [0, 1], the vertex and hyperedge sums are < 5, and the consistency inequal-
ities hold because

To(e) =1 <minl, Co(e) =0 <min0, Rg(e) =Ugle) = Fg(e) = 0 > max0.

vEe vee veEe

Hence (P, Q) defines an SVPNH structure on the underlying crisp hypergraph. O
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Definition 3.3.7 (Single-Valued Pentapartitioned Neutrosophic n-SuperHyperGraph). Let Vg
be a finite nonempty base set and let n € Ny. Let SHG™ = (V, E) be a crisp n-SuperHyperGraph
on Vj, i.e.,

VePr(W),  ECPV)\{0}

A single-valued pentapartitioned neutrosophic n-SuperHyperGraph (SVPN-nSHG) on SHG™ is
a pair

HyY = (P,Q),

where:

e P is a pentapartitioned neutrosophic vertex set on the n-supervertex set V, i.e.,

Tp,Cp,Rp,Up, Fp:V = [0,1], 0 <Tp(v)+Cp(v)+Rp(v)+Up(v)+Fp(v) <5 (Yo € V);

e () is a pentapartitioned neutrosophic superedge set on E, i.e.,
Tq,Cq,Rq,Ug, Fo : E—[0,1],  0<Tg(e)+Cq(e)+Rq(e)+Uq(e)+Fq(e) <5 (Ve € E),
and for every superedge e € F,

To(e) < minTp(v), Co(e) < min Cp(v),

veEe veEe

Rg(e) > max Rp(v), Ug(e) > maxUp(v), Fg(e) > max Fp(v).

vee vee vEe

Theorem 3.3.8 (SVPN-nSHGs generalize crisp n-SuperHyperGraphs). Every crisp n-SuperHyperGraph
SHG™ = (V, E) can be viewed canonically as an SVPN-nSHG.

Proof. Let SHG™ = (V, E) be a crisp n-SuperHyperGraph. Define the vertex maps and su-
peredge maps exactly as in the proof of Theorem namely set T'=1and C = R=U =
F = 0 on all supervertices and superedges. Then the Atanassov-style bounds (sum < 5) and the
min/max consistency inequalities hold trivially. Thus the resulting structure is an SVPN-nSHG
on the same underlying (V, E). O

Theorem 3.3.9 (SVPN hypergraphs generalize SVPN graphs). Every single-valued pentaparti-
tioned neutrosophic graph (SVPNG) is a special case of a single-valued pentapartitioned neutro-
sophic hypergraph (SVPNH).

Proof. Let G = (P,(Q) be an SVPNG on a finite simple undirected graph G* = (V, E) in the
sense of Definition so Eq C (‘2/) Construct a hypergraph H* = (V| E) by identifying each
graph edge {u,v} € Fg with the 2-element hyperedge e, := {u, v}, and set

E:={ey: {u,v} € Eg} CP(V).
Define vertex maps on V' by reusing the SVPNG vertex maps:
(Tp,Cp,Rp,Up,Fp) on V.
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Define hyperedge maps on E by transporting the SVPNG edge maps along the identification
{u, v} <> eyt

To(ew) :=To({{u,v}), ..., Folew) := Fo({u,v}).
Then all bounds and inequalities in Definition hold, because for a 2-element hyperedge

euws = {u,v} one has
min Tp(x) = min{Tr(u), Tr(v)},

TEEy

max Rp(z) = max{Rp(u), Rp(v)},

rEeyy

and similarly for the other components. Hence the given SVPNG is realized as an SVPNH whose
hyperedges all have size 2. O

Remark 3.3.10. Combining Theorem with n = 0 in Definition |3.3.7] one also obtains
an embedding of SVPNG into the n = 0 case of SVPN-nSHGs (viewing graphs as 2-uniform
hypergraphs).

3.4 Refined Graph for uncertainty

In recent years, refined sets have been introduced to handle various types of uncertainty [411H415].
Refined sets adopt the concept of splitting values. By splitting truth values, they generalize fuzzy
sets, intuitionistic fuzzy sets, and neutrosophic sets. Based on these sets, we define the Refined
Graph as follows.

3.4.1 Refined Fuzzy Graph

A refined fuzzy graph assigns each vertex and edge multiple membership subdegrees in [0, 1],
aggregating them to represent nuanced uncertainty.

Definition 3.4.1 (Refined Fuzzy Graph). A Refined Fuzzy Graph (RFG) is an extension of a
classical fuzzy graph where each vertex and edge is assigned a refined fuzzy value, represented
by a Refined Fuzzy Set (RFS).

Let G = (V, E) be a simple graph, where V' is the set of vertices and E C V x V is the set of
edges. The RFG assigns refined fuzzy sets to both vertices and edges, defined as follows:

e RFS for Vertices:
For each vertex v € V, a Refined Fuzzy Set (RFS) is assigned:

My = (Tl(v)a T2(U)> s ,Tp(’U)),

where p > 2 and T;(v) € [0,1] for all j = 1,2,...,p. Here, T;(v) represents the sub-
membership degree of vertex v, and the sum of these values is allowed to be adjusted based
on the number of values p:

Tj(v) < p.
=1

This allows for greater flexibility in modeling the membership degrees of vertices.
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e« RFS for Edges:
For each edge e = (u,v) € E, a Refined Fuzzy Set (RFS) is assigned:

He = (Tl(e)7 T2(€)7 RS Tp(e))7
where p > 2 and Tj(e) € [0,1] for all j = 1,2,...,p. Here, Tj(e) represents the sub-

membership degree of edge e, and the sum of these values is similarly allowed to be adjusted:

Tj(e) < p.
j=1

Example 3.4.2 (A refined fuzzy graph). Let G = (V, E) be the 3-vertex path with
V = {v1,v2, 03}, E = {v1vs, vous}.

Fix p = 3 (three refined sub-membership components).

Vertex refined memberships. Assign to each vertex v € V a refined fuzzy value
My = (Tl(v)a TQ(U)>T3(U)) € [07 1]3

by
Lo, = (0.7,0.2,0.5),  pp, = (0.6,0.6,0.4),  p,, = (0.3,0.5,0.2).

Each component lies in [0, 1], and the required bound 2?21 T;(v) < 3 holds for every vertex,
eg.,07+024+05=14<3.

Edge refined memberships. Assign to each edge e € E a refined fuzzy value
He = (Tl(e)ﬁTQ(e)?Tl%(e)) € [07 1]3

by
Movyvy = (05302a03); Hyovs = (02,04,01)

Again, each component lies in [0, 1], and Z?Zl T;(e) < 3 holds for every edge, e.g., 0.5+ 0.2 +
0.3=1.0<3.

Therefore, with these vertex- and edge-level refined fuzzy assignments, G becomes a refined fuzzy
graph in the sense of the given definition.

Theorem 3.4.3. If for every vertex v € V and edge e € E in a Refined Fuzzy Graph (RFG),
all refined membership degrees T;(v) and Tj(e) are equal and sum to 1, then the RFG reduces to
a classical fuzzy graph.

Proof. In a classical fuzzy graph, each vertex v and edge e has a single membership degree
u(v) € 0,1] and pu(e) € [0, 1]

In the RFG, each vertex v has refined membership degrees:

Hoy = (Tl(v)vT2(v)a s 7Tp(v))v
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where T}(v) € [0,1] and 3°7_, T;(v) = 1.

Assuming all Tj(v) are equal, we have:

1
Tj(v)ziv VJ:1,2, y P
p
Thus:
1
ZTj(v):px -=1
i=1 p
Define the classical membership degree as:
p
p(v) = Ti(v) =1
j=1

Similarly for edges:

ule) = S Ty(e) = 1.

j=1

Therefore, the RFG reduces to a classical fuzzy graph where each vertex and edge has a mem-
bership degree of 1. O

3.4.2 Refined Intuitionistic Fuzzy Graph

A refined intuitionistic fuzzy graph assigns to vertices and edges multiple membership and non-
membership subdegrees, with total membership plus non-membership bounded.

Definition 3.4.4 (Refined Intuitionistic Fuzzy Graph). A Refined Intuitionistic Fuzzy Graph
(RIFG) extends a classical intuitionistic fuzzy graph by assigning refined membership and non-
membership values to both vertices and edges. Each vertex and edge in the graph is associated
with a Refined Intuitionistic Fuzzy Set (RIFS), defined as follows:

o RIFS for Vertices:
For each vertex v € V, the Refined Intuitionistic Fuzzy Set (RIFS) is given by:

(:U’vv Vv) = ((Tl(v)ﬂTQ(v)7 T Tp(v)); (Fl(v)a FQ(”)? RS FS(U))) )

where p > 1, s > 1, and T;(v), Fj(v) € [0,1] forall j =1,2,...,pand [ = 1,2,...,s. The
sum of membership values >7_, T} (v) and non-membership values 3, F;(v) is adjusted
based on the number of truth and falsity values:

S

> Ti(w) + D Fi(v) <p+s.

j=1 1=
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e RIFS for Edges:
For each edge e = (u,v) € E, a Refined Intuitionistic Fuzzy Set (RIFS) is given by:

(Nem Ve) = ((T1(6)7T2(6)7 s 7Tp(e)); (F1(6)7F2(€)7 RS FS(e))) )

where the same conditions apply as for the vertices, and the sum is similarly adjusted:

Zif}(e)+§sjﬂ(e)§p+s.

Theorem 3.4.5. If the sum of the refined membership degrees and non-membership degrees for
each vertex and edge in a Refined Intuitionistic Fuzzy Graph (RIFG) is 1, and there is only one
refined value for each, then the RIFG reduces to a classical intuitionistic fuzzy graph.

Proof. In RIFG, for each vertex v, we have:

po = (T1(v), v = (Fi(v)),

with Tl(U),Fl(’U) € [O, 1] and Tl(’U) + Fl(U) =1.
Similarly for edges.

This aligns with the definition of a classical intuitionistic fuzzy graph, where each vertex and edge
has a membership degree 1(v) and a non-membership degree v(v) such that u(v)+v(v) =1. O

3.4.3 Refined Neutrosophic Graph

A refined neutrosophic graph assigns to each vertex and edge multiple truth, indeterminacy, and
falsity subdegrees, totaling at most r + s + ¢.

Definition 3.4.6 (Refined Neutrosophic Graph). (cf. [416]) Let G = (V, E)) be a simple graph,
where V' is the set of vertices and F C V x V is the set of edges. A Refined Neutrosophic Graph
assigns neutrosophic values to both vertices and edges, where each vertex and each edge has:

e A membership degree split into r values p1, o, - - -, tr,
e An indeterminacy degree split into s values 01,09, ..., 0,,
e A non-membership degree split into t values vy, vo, ..., v,
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such that for each vertex or edge x, the following condition holds:

0< Zui(x) +> o)+ _vi(x) <,

=1 =1

wheren =r + s+ t.

For each vertex v € V| a neutrosophic n-valued refined set (g, 0,,V,) is assigned, where

o = (1 (V), .y (), 0y = (01(V),...,04)), v, = (1(v),...,1(v)).

Similarly, for each edge e = (u,v) € E, a neutrosophic n-valued refined set (fi,o.,v.) is
assigned, where

e = (12(0), o, 1), 02 = (01(€),..,u(e)), ve = (14(e),...,(e)).

Example 3.4.7 (A refined neutrosophic graph). Let G = (V, E) be the 3-vertex path with
V= {v, v, 03}, E = {vivy, vyvs}.

Fix (r,s,t) = (2,1,2),son=r+ s+t =>5.

Vertex labels. Assign to each vertex v € V' a refined neutrosophic value

po = (1 (v), p2(v)), 0w =(01(v)), v = (11(v),12(v))
as follows:
(vy) : (0.6,0.2; 0.4; 0.1,0.3), (vg) : (0.5,0.4; 0.3; 0.2,0.1), (vs3): (0.3,0.2; 0.6; 0.4,0.1).
Each component lies in [0, 1], and the total bound holds for every vertex, e.g. for vy,

06+4+02+04+014+03=1.6<5.

Edge labels. Assign to each edge e € E a refined neutrosophic value

pe = (pa(e) pa(e)), o= (01(e)),  ve = (n(e),2(e))

by
(v1v9) = (0.2,0.3; 0.2; 0.4,0.1), (vous) = (0.1,0.2; 0.3; 0.3,0.2).

Again, each component lies in [0, 1], and the total bound holds for each edge, e.g. for vvs,

024+03+02+04+01=12<5.

Therefore, with (r, s,t) = (2,1,2) and the above vertex/edge assignments, G' becomes a refined
neutrosophic graph in the sense of the definition.

Theorem 3.4.8. In a Refined Neutrosophic Graph, the total of the refined membership, inde-
terminacy, and non-membership degrees for any verter or edge does not exceed n =r + s +t.
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Proof. By definition, for each vertex or edge x:

t

03 pule) + me) +3 vi(z) <.

=1

This ensures that the combined degrees do not exceed the total number of refined components
n. O

Theorem 3.4.9. Ifr = s =t =1 in a Refined Neutrosophic Graph, it reduces to a classical
neutrosophic graph.

Proof. With r = s =t =1, each vertex and edge has single degrees:

and the condition becomes:
0 <pu(z)+o(x)+rv(z) <3

After normalizing by dividing each degree by 3, we obtain degrees in [0, 1], matching the classical
neutrosophic graph definition. O

3.4.4 Refined quadripartitioned neutrosophic graph

A refined quadripartitioned neutrosophic graph assigns each vertex and edge multiple truth,
contradiction, unknown, and falsity subdegrees within [0, 1].

Definition 3.4.10 (Refined quadripartitioned neutrosophic graph). Let G* = (V, E) be a finite
simple undirected graph. Fix integers r,s,q,t > 1 and set N :=r +s+q+t.

A Refined (single-valued) Quadripartitioned Neutrosophic Graph is a structure
Gy = (V,E; T,C,U,F; Tp,Cp,Ug, Fg),
where for each vertex v € V we assign vectors
Tw) = (T1(v),..., T, (v)), C(v)=(Ci(v),...,Csv)),
Uw) = (Ui(v),...,Uy(v)), F)=(Fi(v),...,Fi(v)),
and for each edge {u,v} € E we assign vectors
Tp(u,v) = (Tpa(u,v),....,Te,(u,v)), ..., Fg(u,v) = (Fri(u,v),..., Fg(u,v)),
such that:
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(a) (Range and total bound on vertices) for every v € V|

s q t

T;(v), C;(v), Ug(v), Fy(v) € [0,1], 0< Zﬂ(v) + ZCj(’U) + Z U (v) + ZFZ(’U) < N.

=1 k=1 =1

(b) (Range and total bound on edges) for every {u,v} € E,
TE,z’(ua U)v CE,j ('LL, ’U), UE,k(U/7 U)v FEJ(UH ’U) S [07 1]7
and

r S q t
0< ZTE,i(u, v) + Z Cg,j(u,v) + Z Ugk(u,v) + ZFE,Z(u, v) < N.
k=1 =1

i=1 =1

(c) (Refined edge-vertex constraints; componentwise) for every {u,v} € E,
Tgi(u,v) < min{Ti(u), Ti(v)} (1 <i<r),
Cg,j(u,v) <min{Cj(u), C;(v)} (1 <j<s),
Ugr(u,v) <max{Uy(u),Ux(v)} (1<k<gq),

Fgo(u,v) <max{F,(u), F;(v)} (1<£<1).

Theorem 3.4.11. In a refined quadripartitioned neutrosophic graph, the total refined degree (T,
C, U, F combined) of any vertezx or edge does not exceed N =1+ s+ q +t.

Proof. This is immediate from Definition [3.4.10|(a) for vertices and Definition|3.4.10(b) for edges.
O

Theorem 3.4.12. If r = s = ¢ = t = 1 in Definition |3.4.10}, then Gg’l’l’l) reduces to a

(single-valued) quadripartitioned neutrosophic graph in the usual sense.

Proof. If r = s = q =t = 1, then each vertex has four scalar degrees T} (v), Cy(v), U;(v), Fi(v)
and each edge has four scalar degrees T 1(u,v),Cpg1(u,v),Ugi(u,v), Fr1(u,v). The total
bounds become 0 < T7 + Cy + U; + F; < 4, and the componentwise edge-vertex constraints
become exactly the standard min/max constraints for QPNG. 0
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3.4.5 Refined Single-Valued Pentapartitioned Neutrosophic Graph

A refined single-valued quadripartitioned neutrosophic graph assigns each vertex and edge truth,
contradiction, unknown, and falsity subdegrees in [0, 1] separately. A refined single-valued pen-
tapartitioned neutrosophic graph assigns each vertex and edge five neutrosophic component
subdegrees in [0, 1] separately consistently throughout.

Definition 3.4.13 (Refined SVPN-graph). Let G* = (V, E) be a finite simple undirected graph.
Fix integers 7,s,p,q,t > 1 and set N :=r+s+p+q+t.

A Refined Single-Valued Pentapartitioned Neutrosophic Graph (refined SVPN-graph) is a struc-
ture

Gysrel) = (V,E; TP,CP,RP,UP,FP; TQ,CQ,RQ,UQ, FQ),

where, for each vertex v € V', we assign vectors
TP(v) = (TP (v),...,TP.(v)), CP(v)=(CPi(v),...,CPsv)),

RP(v) = (RP;(v),...,RP,(v)),
UP(v) = (UP(v),...,UP,(v)),
FP(v) = (FPi(v),...,FP(v)),

and for each edge {u,v} € E we assign vectors
TQ(u,v) = (TQ:1(u,v),...,TQ.(u,v)), ...,

FQ(u,v) = (FQi(u,v),..., FQ(u,v)),
such that:

(a) (Range and total bound on vertices) for every v € V,
TP;(v),CP;(v), RPy(v),UPy(v), FP,,(v) € [0,1],

and

0< iTPZ-(U) + icpj(v) + zp:RPk(v) + iUPg(v) + zt: FP,(v) < N.

(b) (Range and total bound on edges) for every {u,v} € F,

TQ;(u,v),CQ;(u,v), RQx(u,v), UQu(u,v), FQ(u,v) € [0,1],

and

0< ZTQi(u,v) + iC’Qj(u, v) + ZRQk(u,v) + ZUQ@(U,’U) + Z FQ,,(u,v) < N.
; j=1 k=1 =1 m=1

(0]
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(c) (Refined SVPN edge constraints; componentwise) for every {u,v} € E,
TQ;(u,v) < min{TP;(u

), TP(v)} (1<i<r),
Q;(u,v) < min{CP;(u), CP;(v)}
) R

(1<j<s),

RQk(%U) max{RP}(u), RP;(v)} (1 <k <p),

UQi(u,v) > max{UP,(u),UP,(v)} (1<¢<gq),
FQ,.(u,v) > max{FP,,(u), FP,(v)} (1<m<t).

Theorem 3.4.14. In a refined SVPN-graph, the total refined degree (T, C, R, U, F combined)
of any vertex or edge does not exceed N =r+s+p-+q+t.

Proof. This is immediate from Definition [3.4.13|(a) and (b). O

Theorem 3.4.15. Ifr = s = p =g =t = 1 in Definition then @g’l’l’l’l) reduces to a
classical SVPN-graph (single-valued pentapartitioned neutrosophic graph).

Proof. If r = s = p = ¢ =t = 1, then each vertex has five scalar degrees T P,, CP,, RP,,UP,, F'P,
and each edge has five scalar degrees T'Q)1,CQq, RQ1,UQ1, FQ1. The total bounds become
0<TP,+CP,+RP,+UP, + FP, <5, and the edge constraints become exactly the standard
SVPN inequalities. O

Restricted refined model. Hereafter, when needed, we may assume the balanced refinement
r=8= p = q = t = C

for a fixed constant ¢ > 1.

3.5 Iterative Refined Neutrosophic Graph

An Iterative Refined Neutrosophic graph assigns each vertex and edge a leaf-indexed vector of
refined truth/indeterminacy /falsity subdegrees.

Definition 3.5.1 (Iterated refinement profile). An iterated refinement profile is a pair P = (T, 1)
consisting of:

o a finite rooted tree 7 (edges oriented away from the root), and

o a type map 7 : Leaf(7) — {T,I,F} assigning to each leaf one of the three neutrosophic
types: truth, indeterminacy, or falsity.
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Write
L := Leaf(T), Ly :=7YT), Ly:=7"'1), Lp:=1YF),

so that L = Ly U Ly U Ly. We call |L| the (iterated) refinement dimension of P.

Definition 3.5.2 (Iterative Refined Neutrosophic value). Let P = (7, 7) be an iterated refine-

ment profile with leaf set L. An Iterative Refined Neutrosophic value of type P is a vector
v=(v)rer € [0,1]".

Optionally (and typically in the single-valued numerical setting), one may impose the total bound

0< Y v <L

AEL

Definition 3.5.3 (Iterative Refined Neutrosophic Set (IRNS)). Let X be a nonempty universe
and let P = (7,7) be an iterated refinement profile with leaf set L. An Iterative Refined
Neutrosophic set of type P on X is a mapping

Ap: X — |0, l]L, x+— Ap(x) = (Ax(Z))rer,

where each coordinate function Ay : X — [0, 1] represents the refined degree attached to the
leaf A. If the total bound in Definition [3.5.2]is required, then we additionally assume

0 <> Az) < |L]  (VzeX).

A€EL

Definition 3.5.4 (Iterative Refined Neutrosophic Graph (IRNG)). Let G = (V, E) be a finite
simple undirected graph and let P = (7, 7) be an iterated refinement profile with leaf set L. An
Iterative Refined Neutrosophic graph of type P is a triple

G’P’: (V>E7 APaBP)y
where
Ap: V = [0,1]5, Bp: E—[0,1]"
assign to each vertex and each edge an Iterative Refined Neutrosophic value of type P. If one
adopts the single-valued total bound, then we assume
0< > A <L (WweV), 0< > Bie) <L (Ve€E),
AEL AeL

where A, (v) (resp. By(e)) denotes the A-coordinate of Ap(v) (resp. Bp(e)).

Example 3.5.5 (Online marketplace trust under multi-source evidence as an IRNG). Consider
an online marketplace in which users (buyers and sellers) interact. Let G = (V, E') be a simple
undirected graph whose vertices are user accounts and whose edges represent recent transactions:

V = {accounts}, E = {{u,v} : uwand v completed a transaction}.

We model the reliability of users and transactions using an Iterative Refined Neutrosophic graph.

Refinement profile. Let P = (7, 7) be a depth-2 refinement profile whose leaf set is
L=LyULjU Ly,

with
Le = (A

fraud J *

Le= DEAGLY L= AL

rev’ new’ “‘mixed S’
Here the type map 7 labels the first two leaves as truth-like, the next two as indeterminacy-like,
and the last as falsity-like. Intuitively:
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T .- . .
)\Ee\z aggregates positive evidence from reviews,

)‘517;1)1\; aggregates positive evidence from delivery confirmations,

)\Elle)w represents uncertainty due to new accounts with little history,

)\(I)

mixe

4 represents uncertainty due to mixed or contradictory signals,

)\Ei)ud represents negative evidence from fraud reports.

Vertex labels. For each user u € V, assign a leaf-indexed vector Ap(u) = (Ax(u))rer € [0,1]5.
For example, for three accounts vy, v, v3 € V', one may set

Ap(v) = (0.8,0.7,0.1,0.1,0.0),

Ap(vs) = (0.4,0.3,0.3,0.2,0.1),
Ap(vs) = (0.2,0.1,0.5,0.3,0.2),

where the coordinates are ordered as

()\(T) )\(T) AW /\(1) )\(F)

rev? deliv? new’ mixed’ fraud ) .

Each coordinate lies in [0, 1], and the optional total bound holds, e.g.,

0840.7+0.1+0140.0=17<|L| =5.

Edge labels. For each transaction edge e = {u,v} € E, assign a leaf-indexed vector Bp(e) =
(Bx(€))aer € [0,1]F. For example, if e;p = {vi, vy} and eg3 = {vq,v3} are transaction edges,
set

Bples) = (0.6,0.7,0.1,0.1,0.0),  Bp(ess) = (0.3,0.2,0.3,0.2,0.1),

again satisfying the optional total bound, e.g., 0.6 + 0.7+ 0.1 4+ 0.1 4+ 0.0 = 1.5 < 5.

Therefore, (V, E; Ap, Bp) is an Iterative Refined Neutrosophic graph of type P in the sense
of Definition In this application, truth-like leaves represent distinct sources of positive
evidence, indeterminacy-like leaves represent different kinds of uncertainty, and falsity-like leaves
represent negative evidence, all tracked simultaneously for users and transactions.

Remark 3.5.6 (Optional endpoint constraints). Deﬁnition is intentionally model-agnostic.

If desired, one can impose additional componentwise endpoint-consistency conditions by type: for

e = {u,v} € E, truth-like and indeterminacy-like coordinates may be bounded by min{ A, (u), Ax(v)},
while falsity-like coordinates may be bounded by max{A,(u), A\(v)}. Such constraints are op-
tional and are not required for the generalization theorem below.

Theorem 3.5.7 (IRNG generalizes refined neutrosophic graphs). FEwvery refined neutrosophic
graph (in the sense of v truth-subdegrees, s indeterminacy-subdegrees, and t falsity-subdegrees)
can be viewed as an Iterative Refined Neutrosophic graph.
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Proof. Let G = (V, E) be a refined neutrosophic graph with parameters r,s,t > 1. Thus for
each vertex or edge x € V U E one has refined coordinates

pi(z), ..., ue(x) €10,1], o1(z),...,04(z) €[0,1], vi(z),...,v(x) €10,1],
satisfying the total bound

T s t
0 < Z,ul(x) + ZO’j(.%’) + Zuk(x) < n, n:=r-+s+t.
i=1 j=1

k=1

Construct an iterated refinement profile P = (7, 7) as follows: take T to be a depth-1 rooted
tree whose leaf set is

L:{Tl,...7TT} |_| {Il,...,IS} |_| {Fl,...,Ft},

and define 7(T;) =T, 7(I;) = I, and 7(F;) = F.

Define Ap : V — [0, 1] by setting, for each v € V,

Arp,(v) == p;(v) (1 <i<r), A, (v) :==0;(v) (1 <j<s), Af, (v) == v(v) (1 <k <t).

J

Similarly define Bp : E — [0, 1]" by, for each e € E,

Br(e) == pi(e).  By(e) =oy(e).  Bu,(e) = mile).

Then Ap(v) and Bp(e) are vectors in [0, 1]%, and the refined total bound implies

0 <> Aw) < [Ll, 0< D> Bile) < L,

AEL AEL

because |L| = r+ s+t = n and the sums over L are exactly the sums of the refined components.

Therefore Gp = (V, E; Ap, Bp) satisfies Definition so it is an Iterative Refined Neutro-
sophic graph of type P. By construction, it reproduces the original refined neutrosophic data,
hence every refined neutrosophic graph is realized as a special case of an IRNG. 0

3.6 Iterative Refined Neutrosophic Hypergraphs and n-SuperHyperGraphs

We extend the notion of an Iterative Refined Neutrosophic graph to hypergraphs and to n-
SuperHyperGraphs by replacing edges with hyperedges and superedges, while keeping the same
leaf-indexed refinement mechanism.

Definition 3.6.1 (Iterative Refined Neutrosophic Hypergraph (IRNH)). Let H* = (V, E) be
a finite crisp hypergraph, where V' is a finite nonempty vertex set and £ C P*(V) is a finite

family of nonempty hyperedges. Let P = (7,7) be an iterated refinement profile with leaf set
L = Leaf(T) (Definition [3.5.1)).

An [terative Refined Neutrosophic hypergraph of type P is a pair
Hp = (H*; APaBP)v
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where
Ap:V —=[0,1]%,  Bp:E—[0,1)"

assign to each vertex and each hyperedge an Iterative Refined Neutrosophic value of type P.

Optionally (single-valued numerical setting), one may impose the total bounds

0< Y A <L  (WweV), 0< Y Bie) <Ll (Ve€E),

AEL AEL

where A, (v) and B)(e) denote the A-coordinates of Ap(v) and Bp(e), respectively.

Remark 3.6.2 (Optional incidence/containment constraints). Definition is intention-
ally model-agnostic. If desired, one may impose additional componentwise constraints relating
Bp(e) to {Ap(v) : v € e}, for example by bounding truth-/indeterminacy-like coordinates by
min,e. Ay (v) and falsity-like coordinates by max,c. Ax(v). Such conditions are optional and
not required below.

Example 3.6.3 (Disaster-response task forces as an IRNH). Consider a municipal disaster-
response setting. Let V' be a finite set of agencies/units (e.g., Fire, Police, Hospital, Power
Company, Water Utility, Logistics Team). A hyperedge represents a multi-agency task force
assembled for a specific mission (e.g., evacuation, medical triage, infrastructure repair). Thus a
crisp hypergraph

H = (V.E), ECP(V),

models multiway collaboration.

To capture uncertainty in assessments, fix an iterated refinement profile P = (7, 7) with leaf set
L=LyU LU Ly,

where we interpret truth-like leaves as positive evidence, indeterminacy-like leaves as unknown /un-
stable information, and falsity-like leaves as negative evidence. For instance, choose

Le = DA L= 000 M Le = (A0,

cap’ “avail J» comm’ “‘weather

where the labels suggest: capability evidence, availability evidence, communication uncertainty,
weather uncertainty, and operational risk evidence.

Crisp hypergraph instance. Let V = {f,p, h} represent Fire (f), Police (p), and Hospital
(h), and let

E = {e, s}, et ={f,p,h}, er={f h}.
Here e; models a joint evacuation-and-triage task force, while e; models a medical-evacuation
subteam.

Iterated refined neutrosophic degrees. Assign vertex labels Ap : V' — [0, 1] and hyperedge

labels Bp : E — [0,1]F by (coordinate order /\gfj, )\g;il, A s )\‘(Qather, )\EQ{)

Ap(f)=1(0.8,0.7,0.1,0.1,0.0), Ap(p)=(0.7,0.6,0.2,0.1,0.1), Ap(h)=(0.9,0.5,0.2,0.1,0.1),
Bp(e;) =(0.7,0.5,0.2,0.1,0.1), Bp(ey) = (0.6,0.4,0.2,0.2,0.1).

All coordinates lie in [0, 1], and the optional total bound holds, e.g., 0.7+0.54+0.24+0.1+0.1 =
1.6 <|L| =5.

Therefore Hp = (H*; Ap, Bp) is an iterative refined neutrosophic hypergraph of type P in the
sense of Definition B.6.1]

80



Chapter 3. Reviews and Results of Graph Classes

Theorem 3.6.4 (IRNH generalizes crisp hypergraphs). Every finite crisp hypergraph can be
viewed canonically as an Iterative Refined Neutrosophic hypergraph.

Proof. Let H* = (V, E) be a crisp hypergraph. Choose a depth-1 rooted tree 7 with three
leaves

L ::{ATaAlaAF}7
and define 7(Ar) = T, 7(A\1) = I, 7(Ap) = F. Define

Ap:V —=[0,1]%,  Bp:E—[0,1)"
by setting, for every v € V and e € F,
Ay () =1, A\@) =0, A\@) =0,
B,,(e) =1, Byl(e)=0, By(e)=0.
Then Ap(v), Bp(e) € [0,1]F and
> A\w)=1<|LI=3, > Bi(e)=1<3,

AEL AEL

so the optional total bounds hold. Hence Hp = (H*; Ap, Bp) is an IRNH in the sense of
Definition The underlying incidence structure (V, E) is unchanged, so the crisp hypergraph
is recovered by forgetting the labels. O

Definition 3.6.5 (Iterative Refined Neutrosophic n-SuperHyperGraph). Let V4 be a finite
nonempty base set and let n € Ny. Let SHG™ = (V,E) be a crisp n-SuperHyperGraph
on Vj, i.e.,

VCP*(Vo), ECPV)\{0}.
Let P = (T, 7) be an iterated refinement profile with leaf set L.

An [terative Refined Neutrosophic n-SuperHyperGraph of type P is a pair
Sp = (SHG™; Ap, Bp),
where
Ap: V —[0,1]5, Bp: E —[0,1]"

assign a leaf-indexed Iterative Refined Neutrosophic value to each n-supervertex and each n-
superedge. Optionally, one may impose the total bounds

0< > A <L (WweV), 0< > Bie) <L (Ve€E).

AEL AEL

Example 3.6.6 (Nested project portfolios and cross-portfolio governance as an IRN-2SHG).
Consider a large organization managing many projects. Let Vj be the set of atomic projects. A
team portfolio is a subset of projects, hence an element of P(V;). A division portfolio is a set of
team portfolios, hence an element of P2(Vj).

Fix n = 2 and let V' C P2(V}) be a finite family of division portfolios (the 2-supervertices). A
superedge e € E C P(V) \ {0} represents a cross-division governance constraint (e.g., shared
compliance requirements, shared resource caps, or joint roadmap dependencies).
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Concrete instance. Let Vy = {p1, p2, p3, ps} be four projects and define 2-supervertices

v = {{ppr}: {P3}}7 Vg = {{Pz;p4}}, V3 = {{Pl}, {p4}},

soV = {Ul,’l)g,’l)g} Q P2(‘/0) Let

E = {61}, e = {U1,U27U3}>

encoding a governance rule that simultaneously constrains three division portfolios.

Iterated refinement profile and labels. Use the same leaf set L as in Example and
interpret leaves as: capability evidence (budget/skills), availability evidence (capacity), commu-
nication uncertainty (coordination), weather uncertainty (external volatility), and risk evidence
(compliance failure). Assign

Ap(vy) = (0.7,0.6,0.2,0.1,0.1),

Ap(vs) = (0.5,0.5,0.3,0.1,0.2),
Ap(vs) = (0.6,0.4,0.2,0.2,0.1),

and
Bp(ey) = (0.5,0.4,0.3,0.1,0.2).

Again all coordinates lie in [0, 1] and satisfy the optional total bound.

Hence

S = (SHG®; Ap, Bp)

is an iterative refined neutrosophic 2-SuperHyperGraph of type P in the sense of Deﬁnitionm
In this application, the supervertices are nested portfolio objects and the superedge captures a
multiway governance interaction, while the leaf-indexed refinement records multiple sources of
evidence and uncertainty simultaneously.

Theorem 3.6.7 (IRN-nSHGs generalize crisp n-SuperHyperGraphs). Every crisp n-SuperHyperGraph
can be viewed canonically as an Iterative Refined Neutrosophic n-SuperHyperGraph.

Proof. Let SHG™ = (V, E) be a crisp n-SuperHyperGraph. Choose the same depth-1 profile
P with three leaves L = {Ar, A1, Ap} as in the proof of Theorem Define Ap : V — [0, 1]F
and Bp : E — [0, 1] by assigning (1,0, 0) (in the (Ar, A1, Ap) coordinates) to every supervertex
and superedge. Then all values lie in [0, 1], and the optional total bounds hold exactly as before.
Hence 87(;”) = (SHG("); Ap, Bp) is an IRN-nSHG. Forgetting labels recovers the original crisp
n-SuperHyperGraph. O

Theorem 3.6.8 (IRNH generalizes IRNG). Every Iterative Refined Neutrosophic graph (IRNG)
can be realized as an Iterative Refined Neutrosophic hypergraph (IRNH) whose hyperedges all
have size 2.
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Proof. Let Gp = (V, E; Ap, Bp) be an IRNG of type P (Definition , where E C (‘2/)
Define a crisp 2-uniform hypergraph

H* = (V,Ey), Ey = {{u,v} CV: {u,v} € E}.
Define A% : V — [0,1]* by A% := Ap. Define BY : Ey — [0,1]" by
BE({u,0}) = Bp(w)  ({u,0} € Bn),

where uv denotes the corresponding edge of the original graph. Since Bp takes values in [0, 1]*
and satisfies the optional total bound (if assumed), the same holds for BX. Therefore

Hp := (H*; A% BE)

is an IRNH of type P (Definition [3.6.1)), and by construction it encodes exactly the same leaf-
indexed vertex and edge data. Thus Gp is realized as a 2-uniform special case of an IRNH. O
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Chapter 4

Result:Property of Plithogenic graphs

In this chapter, we explore the properties of Plithogenic graphs. Specifically, we define Plithogenic
graphs and General Plithogenic graphs, and then examine their relationships.

4.1 Plithogenic graphs

Recently, plithogenic graphs have been proposed as graphical counterparts of plithogenic sets and
as a unified framework that can specialize to many uncertainty-aware graph models (fuzzy, in-
tuitionistic fuzzy, neutrosophic, quadripartitioned neutrosophic, pentapartitioned neutrosophic,
etc.) [381,417].

Definition 4.1.1 (Plithogenic set). [43,418] Let S be a universal set and let P C S. A
plithogenic set is a tuple
PS = (P,v, P, pdf, pCF),

where v is an attribute, P, is the set of possible values of v,
pdf: P x P, — [0,1]° (degree of appurtenance function; DAF),

pCF : P, x P, —[0,1]" (degree of contradiction function; DCF),
and pCF satisfies (for all a,b € P,):

pCF(a,a) =0, pCF(a,b) = pCF(b,a).

Tables present examples of sets that can be generalized by the Plithogenic Set framework
(cf. [419]). Various concepts for handling uncertainty are being continuously defined and studied
in the scientific community.

Definition 4.1.2 (Plithogenic graph). [3,81] Let G* = (V, E) be a crisp (simple) graph with
finite vertex set V and edge set E C {{u,v}:u,v € V, u # v}.

A plithogenic graph on G* is a pair
PG = (PM,PN),

where PM = (M, ¢, My, adf, aCf) is a plithogenic vertex structure and PN = (N, m, N,,, bdf, bCf)
is a plithogenic edge structure, with:
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Table 4.1: A catalogue of Plithogenic Set families by number of components s.

s t Representative type(s) ‘
1 0 Fuzzy Set M 125]; N-Set [420]; Shadowed Set [421(1423]
2 0 Intuitionistic Fuzzy Set \!| Vague Set [50,/426[; Bipolar Fuzzy Set [427];

Intuitionistic Evidence Set [428{430]; Variable Fuzzy Set [431H433]; Paracon-
sistent Fuzzy Set [434,[435]; Bifuzzy Set

3 0 Neutrosophic Set® \ ; Hesitant Fuzzy Set ; Tripolar Fuzzy
Set ; Three-way Fuzzy Set ; Picture Fuzzy Set ;

Spherical Fuzzy Set [131}/446]; Inconsistent Intuitionistic Fuzzy Set [447}/448];
Ternary Fuzzy Set [60,/449]; Neutrosophic Fuzzy Set [450L[451]; (Kleene three-

valued logic ;) Neutrosophic Vague Set \

4 0 Quadripartitioned Neutrosophic Set [455}}456]; Double-Valued Neutrosophic
Set ; Dual hesitant fuzzy sets \ ; Ambiguous Set(®) ;
Local-Neutrosophic Set ; Support Neutrosophic Set [465]; (Belnap four-
valued logic ;) Turiyam Neutrosophic Set(®) \ \

5 0 Pentapartitioned Neutrosophic Set ; Triple-valued Neutrosophic Set
|475-477)

6 0 Hexapartitioned Neutrosophic Set; Quadruple-Valued Neutrosophic Set
478

7 0 Heptapartitioned Neutrosophic Set; Quintuple-Valued Neutrosophic Set

8 0 Octapartitioned Neutrosophic Set |\

9 0 Nonapartitioned Neutrosophic Set \\

n 0 n-Refined Fuzzy Set ; (n-valued (Lukasiewicz) logic ;) Multi-
valued (Fuzzy) Sets ; MultiFuzzy Set

2n 0 n-Refined Intuitionistic Fuzzy Set ; Multi-Intuitionistic Fuzzy Set

3n 0 n-Refined Neutrosophic Set \\ Multi-Neutrosophic Set

1 1 Plithogenic Fuzzy Set \

1

2 Plithogenic Intuitionistic Fuzzy Set \\

3 1 Plithogenic Neutrosophic Set \ \
@) Tt is widely recognized that the neutrosophic set generalizes the intuitionistic fuzzy set, the inconsistent
intuitionistic fuzzy set (including picture fuzzy and ternary fuzzy sets), the Pythagorean fuzzy set, the spherical
fuzzy set, and the g-rung orthopair fuzzy set; similarly, neutrosophication generalizes regret theory, grey system
theory, and three-way decision theory .
(®) Ambiguous Sets are known to form a subclass of Quadripartitioned Neutrosophic Sets as well as of
Double-Valued Neutrosophic Sets .
() Turiyam Neutrosophic Sets are known to constitute a subclass of the existing Quadripartitioned Neutrosophic

Sets [493].

e MCV,NCE;
o M, (resp. N,,,) is the domain of attribute values for vertices (resp. edges);
o adf: M x M, — [0,1]* and aCf : M, x M, — [0, 1]%
e bdf: N x N,, — [0,1]* and bCf: N,, x N,,, — [0, 1]*;
and the following constraints hold:
1. Edge appurtenance constraint: for all zy = {z,y} € N and for all (a,b) € M, x M,
(compatible with N,,),
bdf(xy, (a,b)) < min{adf(z,a),adf(y,b)},

where the inequality is interpreted componentwise in [0, 1]°.
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2. Reflexivity and symmetry of contradiction: aCf(a,a) = 0, aCf(a, b) = aCf(b, a) for all
a,b € My, and similarly for bCf on N,,.

Tables and 77 present representative examples of graph families that can be unified and
generalized within the Plithogenic Graph framework (cf. [419]). More broadly, the scientific
community continues to develop and refine a wide spectrum of uncertainty-aware graph models.

Table 4.2: A catalogue of Plithogenic graph families by number of components s.

s t Representative type(s)
1 0 Fuzzy graph; N-graph; shadowed-graph variants
2 0 Intuitionistic fuzzy graph [494]; vague graph [495]; bipolar fuzzy graph [34];

intuitionistic evidence graph; variable fuzzy graph; paraconsistent fuzzy graph;
bifuzzy graph [4961/497]

3 0 Neutrosophic graph [61]®); hesitant fuzzy graph [498]; tripolar fuzzy graph;
three-way fuzzy graph; picture fuzzy graph [|174}/499]; spherical fuzzy graph
[131]; inconsistent intuitionistic fuzzy graph; ternary fuzzy / neutrosophic-fuzzy
graph; neutrosophic vague graph

4 0 Quadripartitioned neutrosophic graph [500L/501]; double-valued neutrosophic
graph [457); dual hesitant fuzzy graph [502]; ambiguous graph®; local-
neutrosophic graph; support-neutrosophic graph; turiyam neutrosophic graph

[503] ©)
5 0 Pentapartitioned neutrosophic graph [365]; triple-valued neutrosophic graph
6 0 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph
7 0 Heptapartitioned neutrosophic graph [504]; quintuple-valued neutrosophic
graph
8 0 Octapartitioned Neutrosophic Graph
9 0 Nonapartitioned Neutrosophic Graph
n 0 n-refined fuzzy graph; multi-valued (fuzzy) graphs; multi-fuzzy graphs [505]
2n 0 n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graphs
3n 0 n-refined neutrosophic graph; multi-neutrosophic graphs
1 1 Plithogenic Fuzzy Graph [418}/487,48§]
2 1 Plithogenic Intuitionistic Fuzzy Graph [87]

3 1 Plithogenic Neutrosophic Graph [489-491]

@) It is widely recognized that neutrosophic graphs generalize several earlier uncertainty-aware graph models,
including intuitionistic fuzzy graphs and various inconsistent intuitionistic variants; moreover, neutrosophication
provides a broad unifying methodology across multiple uncertainty theories (cf. [492]).

(®) Ambiguous graphs are commonly treated as a subclass of quadripartitioned neutrosophic graphs and also of
double-valued neutrosophic graphs (see, e.g., [455,4564{463]).
() Turiyam neutrosophic graphs are known to constitute a subclass of quadripartitioned neutrosophic graphs

(cf. [493)).

Theorem 4.1.3 (From a plithogenic graph to a QPNG). Assume PG = (PM,PN) is a
plithogenic graph on G* = (V, E) with parameters s = 4 and t = 1. Assume further that the
vertez-attribute domain and edge-attribute domain are singletons, M, = {{y} and N,, = {mq},

and that the contradiction functions are identically 0 (i.e., no attribute-value contradiction is
modeled).

Define a quadripartitioned neutrosophic vertez-label A on V' and edge-label B on E by:
(ta(v), ca(v), ua(v), fa(v)) == adf(v, b)) € [0,1]* (Vv € V),
(tz(e),ca(e),up(e), fz(e)) := bdf(e,my) € [0, 1]* (Ve e E).

Then G = (A, B,V, E) is a quadripartitioned neutrosophic graph (QPNG).
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Proof. Each component of adf(v, £) and bdf(e, my) lies in [0, 1] by definition, hence
0 <ta(v) +ca(v) +ualv)+ falv) <4, 0 <tg(e)+cple) +uple) + fule) < 4.
Let e = {z,y} € E. By the edge appurtenance constraint (componentwise),
bdf(e, mg) < min{adf(x, {y),adf(y, {)}.
Reading components gives:

tp(e) <minfta(z),ta(y)}, cple) <minfea(w),ca(y)},

and also
up(e) < min{ua(x), ua(y)} < max{ua(@), ua(y)}, fele) <min{fa(z), fa(y)} < max{fa(z), fa(y)}.
Therefore the defining inequalities of a QPNG are satisfied. O

Theorem 4.1.4 (From a plithogenic graph to a PPNG). Assume PG = (PM,PN) is a
plithogenic graph on G* = (V, E) with parameters s =5 and t = 1, and assume M, = {{y} and
N,, = {mq} are singletons.

Write

adf(va 60) = (:U’l (U)v N2(v)7 M3(U)’ /14(1)), :U’S(’U)) € [07 ”5’

bdf(ea mO) = (/’Ll(e)v M2<e)7 M3(e)7 :U'4(€)7 /L5(6>) S [07 1]5'
Define a pentapartitioned neutrosophic labeling by
ta(v) = p(v), ca(v) =1-ps(v), ga(v) =1-p3(v), wa(v) =1—pa(v), fa(v)=1-ps(v),
and similarly on edges e € E:
tp(e) = ple), cple) =1-pale), gnle) =1-ps(e), up(e) =1-pale), fple)=1-pus(e).
Then G = (A, B, V, E) satisfies the standard pentapartitioned neutrosophic graph inequalities:
tp(e) <min{ta(z),ta(y)}, cp(e) > max{ca(z),ca(y)}, gp(e) > max{ga(x),ga(y)},

up(e) > max{ua(z),ua(y)t,  fole) = max{fa(z), fa(y)},
for every edge e = {x,y}, and hence yields a pentapartitioned neutrosophic graph (PPNG).

Proof. All vertex and edge components lie in [0, 1] since each u;(-) € [0, 1]. Hence the component-
sum condition 0 < t+ ¢+ g+ u+ f < 5 holds automatically.

Let e = {z,y} € E. By the plithogenic edge appurtenance constraint (componentwise),
wi(e) < min{u;(x), 1wi(y)} (1=1,2,3,4,5).

For ¢+ =1, this is exactly

tp(e) = pa(e) < min{p (), pa(y)} = min{ta(z),ta(y)}-

For i € {2,3,4,5}, taking complements reverses the inequality:
1—pi(e) = 1 —min{pui(2), mi(y)} = max{l —p;(x),1 — pi(y)}-

Thus
cp(e) > max{ca(x),ca(y)}, gp(e) = max{ga(x),ga(y)},
up(e) > max{ua(z),ua(y)}, fele) > max{fa(x), fa(y)}.
Therefore the pentapartitioned neutrosophic edge inequalities are satisfied. O]
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4.2 Other Graph class related to Plithogenic graphs

These Plithogenic graphs are highly manageable, and the following generalizations are also pos-
sible. In this subsection, we will explore their relationships with those graph classes.

4.2.1 General Plithogenic Graph

First, we consider the General Plithogenic Graph, which is a relaxed version of the Plithogenic
Graph. Simply put, this definition is designed to allow for modifications to each graph by
incorporating conditions that are suitable for each specific graph, enabling their application in
a more flexible manner.

Definition 4.2.1 (General Plithogenic Graph). [45/469,506] A General Plithogenic Graph
GC? is an extension of the classical Plithogenic Graph that allows for a more flexible and
independent treatment of vertices and edges. It is defined as follows:

Let G = (V, E) be a classical graph, where V is a finite set of vertices, and E C V x V is a set
of edges.

A General Plithogenic Graph G¢” = (PM, PN) consists of:

1. General Plithogenic Vertex Set PM:
PM = (M,l, Ml,adf,aC f)

where:

e M CV: Set of vertices.

e [: Attribute associated with the vertices.

e MI: Range of possible attribute values.

e adf : M x Ml — [0,1]*: Degree of Appurtenance Function (DAF) for vertices.

o aCf: Ml x Ml — [0,1]": Degree of Contradiction Function (DCF) for vertices.

2. General Plithogenic Edge Set PN:
PN = (N, m, Nm, bdf,bC'f)

where:

e N C E: Set of edges.
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m: Attribute associated with the edges.

o« Nm: Range of possible attribute values.

bdf : N x Nm — [0, 1]°: Degree of Appurtenance Function (DAF) for edges.

bC'f: Nm x Nm — [0,1]": Degree of Contradiction Function (DCF) for edges.

The General Plithogenic Graph G* only needs to satisfy the following Reflexivity and Sym-
metry properties of the Contradiction Functions:

e Reflexivity and Symmetry of Contradiction Functions:

aCf(a,a) =0, Ya € Ml
aCf(a,b) =aCf(b,a), Va,be Ml
bCf(a,a) =0, Va € Nm
bCf(a,b) =bCf(b,a), Va,be Nm

Theorem 4.2.2. Plithogenic Graph is General Plithogenic Graph.

Proof. Obviously holds. O

We consider transforming this graph into various other graphs. As mentioned earlier, this defi-
nition is intended to facilitate modifications to each graph by incorporating conditions tailored
to each specific graph, allowing for more flexible application.

4.2.2 Relations to spherical fuzzy graphs

As a representative example, we briefly mention spherical fuzzy graphs (SFGs) [131]. Within
fuzzy graph theory, spherical fuzzy graphs have attracted considerable attention, and many
variants and properties have been studied [177}/507H510].

Theorem 4.2.3 (Related graph classes for spherical fuzzy graphs). Eramples of graph classes
related to spherical fuzzy graphs include (but are not limited to) the following:

o T-spherical fuzzy graphs [177],

o spherical fuzzy labelling graphs [511],

o spherical fuzzy digraphs [512],
90



Chapter 4. Result:Property of Plithogenic graphs

o T-spherical fuzzy Hamacher graphs (513,
o regular spherical fuzzy graphs [514),

o spherical fuzzy cycle graphs [515)],

o spherical fuzzy tree graphs [515/,

o pseudo-reqular spherical fuzzy graphs [516],

o spherical neutrosophic graphs [517].

Proof. This theorem is a literature catalogue; see the cited references for the corresponding
definitions and results. O

We next recall the standard definition of an SFG [131].

Definition 4.2.4 (Spherical fuzzy graph [131]). Let V' be a nonempty finite set. A spherical
fuzzy graph (SFG) on V' is a pair G = (M, N), where:

e M is a spherical fuzzy set on V, specified by three maps

anr, Y, Bu 2V —[0,1],

called the degrees of truthness, abstinence, and falseness, respectively; and

e N is a spherical fuzzy relation on V' x V', specified by three maps
AN, YN, /BN VXV = [071]7

interpreted as the truthness, abstinence, and falseness degrees of (ordered) pairs.

These data satisfy, for all a,b € V,

an(a,b) <min{ay(a), ay(b)},
Y (a,b) < min{yar(a), yar(b)},
Bn(a,b) < max{Bu(a),Bu(b)},

together with the spherical constraint
0 < an(a,b)* +vn(a,b)* + By(a,b)® < 1.
Here M is called the spherical fuzzy vertex set and N the spherical fuzzy edge set of G.
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Example 4.2.5 (A spherical fuzzy graph). Let V = {v;, v2,v3} and consider the crisp edge set
E = {vjvy, vaus}.
Define the spherical fuzzy vertex degrees (auns, Yar, ) 1 V — [0,1]® by
(anrsyars Bar)(v1) = (0.8,0.3,0.2),

(anr, yars Bar) (v2) = (0.6,0.4,0.3),
(cars Yars Bar) (vs) = (0.5,0.2,0.4).

Define the spherical fuzzy edge degrees (an,vn,8y) : V x V — [0,1]® by specifying nonzero
values only on the edges (and setting all other pairs to (0,0,0)):

(aN7 YN BN)(Ulv UQ) = (067 037 03)a (aNa N, 6N)(,U27 U3) = (047 0'27 04)

Verification of the vertex—edge bounds. For v;v, we have
ay(v1,v2) = 0.6 < min{0.8,0.6} = 0.6, v (v1,v2) = 0.3 < min{0.3,0.4} = 0.3,
Bn(v1,v9) = 0.3 < max{0.2,0.3} = 0.3.
For vyv3 we have
ay(vg,v3) = 0.4 < min{0.6,0.5} = 0.5, Y (v2,v3) = 0.2 < min{0.4,0.2} = 0.2,

By (v2,v3) = 0.4 < max{0.3,0.4} = 0.4.

Verification of the spherical constraint. For v vs,
an(vi,v2)? + yn (v1,02)? + By (v1,v2)* = 0.6° + 0.3* + 0.3° = 0.54 < 1,

and for vyv3,
0.424+0.224+0.4>2=0.36 < 1.

Therefore G = (M, N) with the above («,~, #) data is a spherical fuzzy graph in the sense of
Definition (with underlying crisp support E).

Theorem 4.2.6 (From general plithogenic graphs to spherical fuzzy graphs). Let G¢F =
(PM,PN) be a general plithogenic graph whose DAFs are 3-dimensional, i.e. s = 3 (and
whose DCF dimension is t = 1). Assume that the vertez-DAF and edge-DAF values satisfy the
spherical bounds: for every vertex v € M and every edge e € N,

0<a;(v)? +as(v)? +as(v)? <1, 0<bi(e)” +bale)* +bs(e)? <1,

where adf(v,-) = (a1(v),az(v),as3(v)) and bdf(e,-) = (bi(e),ba(e),bs(e)). If, moreover, the
plithogenic edge appurtenance constraint holds componentwise in these three coordinates, then
GCT induces a spherical fuzzy graph.
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Proof. Fix compatible attribute values so that each vertex and edge is assigned a single 3-tuple
by the DAFs. Define the spherical fuzzy vertex degrees on V' by

ay(v) :=a1(v), ) =axv),  Pu(v) :=as(v) (veV),
setting these values to 0 for v ¢ M if M C V. Define the spherical fuzzy edge degrees on E by
aN(e) = bl(e)7 ’YN(E) = b2(€)a

Bn(e) := bs(e) (e€ E),
setting them to 0 for e ¢ N if N C E. The assumed spherical bounds imply

0 < anr(v)* + 7w (v)* + Bur(v)* < 1,

0 < an(e)” +yn(e)” + Bnle)* <1,
so the spherical constraint in Definition is satisfied (in particular for edges).

Finally, the plithogenic edge appurtenance constraint (specialized to the chosen attribute values)
yields, componentwise,

ay (uwv) < min{an(u), ay(v)},
TN (’LL’U) < min{fyM(u)v ’YM(U)}W
B (uv) < max{Bu(u), Bu(v)},

for each edge uv € N (and trivially for uv ¢ N under the zero-extension). Therefore G = (M, N)
with the above («, 7, ) data is a spherical fuzzy graph. O

Remark 4.2.7. The condition ¢t = 1 (a single-valued contradiction function) is not used in the
construction of the spherical fuzzy degrees; rather, the key requirement is that the DAF values
are 3-dimensional and satisfy the spherical bounds. If one wishes to obtain a spherical fuzzy
graph from an arbitrary general plithogenic graph, one may first apply a normalization mapping
[0,1]* — [0,1]? that enforces z% + 23 + x2 < 1.

4.2.3 Relation for General graphs

General (Intuitionistic) fuzzy graphs, weak General (Intuitionistic) fuzzy graphs, General quadri-
partitioned Neutrosophic graphs, and weak General Quadripartitioned Neutrosophic graphs can
all be generalized using Plithogenic graphs. The following properties hold.

Theorem 4.2.8. A Plithogenic graph with s =1 and t = 1 satisfies all the conditions required
to transform it into general fuzzy graph.

Proof. Obviously holds. O

Theorem 4.2.9. A General Plithogenic Graph with s =1 and t = 1 satisfies all the conditions
required to transform it into weak general fuzzy graph.
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Proof. Obviously holds. O

Theorem 4.2.10. A General Plithogenic Graph with s = 2 andt = 1 satisfies all the conditions
required to transform it into general Intuitionistic fuzzy graph.

Proof. Obviously holds. O

Theorem 4.2.11. A General Plithogenic Graph with s = 2 andt = 1 satisfies all the conditions
required to transform it into weak general Intuitionistic fuzzy graph.

Proof. Obviously holds. O

Theorem 4.2.12. A General Plithogenic Graph with s = 4 andt = 1 satisfies all the conditions
required to transform it into general Quadripartitioned Neutrosophic graph.

Proof. Obviously holds. O

Theorem 4.2.13. A General Plithogenic Graph with s = 4 andt = 1 satisfies all the conditions
required to transform it into weak general quadripartitioned Neutrosophic graph.

Proof. Obviously holds. O

4.2.4 Relation for Pythagorean fuzzy graphs

Next, we consider the Pythagorean fuzzy graph. Pythagorean fuzzy graphs have also been
extensively studied in the field of fuzzy theory [518-522].

Theorem 4.2.14. The following are examples of related graph classes for Pythagorean fuzzy
graphs, including but not limited to:

o Cubic Pythagorean fuzzy graphs [187]

o Complex Pythagorean Dombi fuzzy graphs [525]

o Interval-valued Pythagorean fuzzy graphs [524)]

o Interval-valued complex Pythagorean fuzzy graph [525]
94



Chapter 4. Result:Property of Plithogenic graphs

o Pythagorean Dombi fuzzy graphs [526]

o Pythagorean fuzzy soft graphs [521|]

o Pythagorean neutrosophic fuzzy graphs [527]

o Complex pythagorean fuzzy planar graphs [528]

o Pythagorean neutrosophic Dombi fuzzy graphs [529]
o Complex Pythagorean fuzzy threshold graphs [530]
o Pythagorean Dombi fuzzy soft graphs [531|]

o Pythagorean fuzzy incidence graphs [532,535]

o Pythagorean neutrosophic graphs [470,[534, 535

o Fermatean fuzzy graphs [536-541|

o Fermatean neutrosophic graphs [872,542]

o g-rung orthopair fuzzy graphs [545+545]
Proof. Refer to each reference as needed. O

Definition 4.2.15 (Pythagorean fuzzy graph). [518] A Pythagorean fuzzy graph (PFG) on a
nonempty set V' is a pair G = (P, Q), where:

o P is a Pythagorean fuzzy set (PFS) on V,
e (@ is a Pythagorean fuzzy relation (PFR) on V x V,

satisfying the following conditions for all u,v € V:
Q(uv) < Pu) A P(v),

Q(uwv) > P(u) vV P(v),

where Q : VxV — [0,1] and Q : V xV — [0, 1] represent the membership and non-membership
functions of @), respectively. These functions satisfy the Pythagorean fuzzy condition:

0 < Q*(uv) +@2(uv) <1 Vw € E.
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The following theorem holds.

Theorem 4.2.16. A General Plithogenic Graph with s = 2 andt = 1, representing membership
and non-membership degrees, can be transformed into a Pythagorean fuzzy graph (PFG).

Proof. To prove that a General Plithogenic Graph with s = 2 and ¢ = 1 can be transformed
into a Pythagorean fuzzy graph (PFG), we start by recalling the definition of a PFG. A PFG on
a nonempty set V' is a pair G = (P, Q), where:

o P is a Pythagorean fuzzy set (PFS) on V,
e (@ is a Pythagorean fuzzy relation (PFR) on V x V.

In a General Plithogenic Graph with s = 2, the two uncertainty components p; and py represent
membership and non-membership degrees, respectively. We can map these directly to the PFG
structure by defining;:

Q(uv) = pi(uv) and  Q(uv) = ps(uv),
for each edge uv € E.

The Pythagorean condition requires that:

0 < Q*(w) +©2(uv) <1.

Since p; and p, in the Plithogenic Graph satisfy this condition by definition (i.e., u? + p2 < 1),
they conform to the Pythagorean fuzzy requirements.

Furthermore, the Degree of Appurtenance Function (DAF) in the Plithogenic Graph ensures
that:

p1(wv) < min(pi (w), pa (v)),
which aligns with the requirement that Q(uv) < min(P(u), P(v)) in a PFG. O

4.2.5 Relations to hesitancy fuzzy graphs

We next consider hesitancy fuzzy graphs (often studied under closely related “hesitant /hesitancy”
terminology). As with many uncertainty-aware graph models, hesitancy fuzzy graphs have been
investigated extensively in the literature [498]/546-549]. This can be regarded as a graph-theoretic
counterpart of the notion of a Hesitant Fuzzy Set |438,1439]. The defining feature is that each
vertex (and edge) carries, in addition to membership and non-membership degrees, an explicit
hesitancy (or indeterminacy) component.

Theorem 4.2.17 (Related classes for hesitancy fuzzy graphs). Ezamples of graph classes related
to hesitancy fuzzy graphs include (but are not limited to) the following:
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o complex hesitant fuzzy graphs [39],

o constant hesitancy fuzzy graphs [550],

o bipolar hesitancy fuzzy graphs [551,/552],

o hesitancy fuzzy magic labeling graphs [555),

o dual hesitant fuzzy graphs [554),

o regular hesitancy fuzzy soft graphs [555)],

o hesitant fuzzy hypergraphs [550).

Proof. This theorem is a literature catalogue; see the cited references for the corresponding
definitions and results. O

We now recall a standard definition [546].

Definition 4.2.18 (Hesitancy fuzzy graph [546]). A hesitancy fuzzy graph is a structure

G = (Vva E7 Mlvylaﬁl; ,U’27’727ﬁ2)7

where V' = {vy,...,v,} is a finite vertex set, E C V x V is an edge set, and:

o t1,71,01: V. — [0,1] are, respectively, the membership, non-membership, and hesitancy
degrees on vertices, satisfying for every v € V,

)+ 1)+ B0 =1, equivalently  Bi(v) = 1 — (1 (v) + 1 (v)).

o lo,7Y2, P2 1 V XV — [0,1] are, respectively, the membership, non-membership, and hesi-
tancy degrees on ordered pairs, and for every (v;,v;) € E they satisfy

pa(vi, vy) < mind g (v3), 1 (v;)
Ya (v, v;) < max{y1(vi), 71(vy)},
Ba(vi, v;) < min{Bi(vs), B1(v))},

together with the bound
0 < paa(vi, v5) + Y2 (vis v5) + Ba(vi,v;) < 1.
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Example 4.2.19 (A hesitancy fuzzy graph). Let V = {v;, v, v3} and let the edge set be

E = {(v1,v2), (v2,v3)} CV x V.

Vertex degrees. Define py, 71,8 : V — [0,1] by

(1,71, 1) (v1) = (0.7,0.2,0.1), (1,71, B1)(v2) = (0.5,0.3,0.2), (1,71, B1)(v3) = (0.4,0.1,0.5).

Each vertex satisfies u1(v) + 71 (v) + f1(v) = 1.

Edge degrees. Define fio,7,82 : V x V. — [0,1] by specifying values on E and setting 0
elsewhere:

(#2a72,52)(v1,02) = (0-530-10-1), (Mza%w@z)(v%vs) = (04,0-1»0-2)»

and (o, %2, 52)(z,y) = (0,0,0) for all (z,y) ¢ E.

Verification. For (v, v;) € E,
p2(vy,v9) = 0.5 < min{0.7,0.5} = 0.5, Y2 (v1,v2) = 0.2 < max{0.2,0.3} = 0.3,
Ba(v1,vs) = 0.1 < min{0.1,0.2} = 0.1,  0.5+0.2+0.1=0.8 < L.
For (vy,v3) € E,
2(ve,v3) = 0.4 < min{0.5,0.4} = 0.4, Y2(v2,v3) = 0.1 < max{0.3,0.1} = 0.3,

Ba(ve,v3) = 0.2 < min{0.2,0.5} = 0.2, 04+01+02=07<1.
Hence G = (V, E; 1,71, B1; f2, Y2, B2) is a hesitancy fuzzy graph in the sense of Definition [4.2.18

Theorem 4.2.20 (From general plithogenic graphs to hesitancy fuzzy graphs). Let G¢F =
(PM,PN) be a general plithogenic graph whose DAFs are 3-dimensional (s = 3) and whose
DCF dimension is t = 1. Fiz compatible attribute values so that each vertex v € M is assigned
a single triple

adf(v,-) = (a1(v), as(v), as(v)) € [0, 1]
and each edge e € N is assigned a single triple

bdf(e, -) = (bi(e), ba(e), bs(e)) € [0, 1]
Assume in addition that these triples satisfy the normalization

a;(v) + az(v) +az(v) =1 (Vv e M), 0 <bi(e)+by(e)+b3(e) <1 (VeeN),

and that the plithogenic edge appurtenance constraint holds componentwise in these three coor-
dinates. Then GET induces a hesitancy fuzzy graph in the sense of Definition .

Proof. Define vertex degrees on V' by
() :=a1(v), (V) :=ax(v),  fi(v):=asv) (veV),

setting (p1,71,581) = (0,0,0) for vertices not in M if M C V. Then the assumed normalization
yields pi(v) + v (v) + 8 ( )=1forallve M.
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Define edge degrees on V' x V by

pa(e) :=bi(e),  ale) :=bale),  Bale) :=bs(e) (e € E),

again extending by zeros outside N if N C E. The assumed bound 0 < by(e) +ba(e) +bs(e) < 1
implies
0 < pa(e) +12(e) + Ba(e) <1 (Ve e E).

Finally, the plithogenic edge appurtenance constraint specialized to the chosen attribute values
yields, componentwise, that for each edge e = {u,v} € N,

bi(e) < min{a;(u),a;(v)}, ba(e) < min{az(u),asz(v)}, bs(e) < min{asz(u),az(v)}.

Thus
pa(e) < minfp (u), pn(v)},  Pae) < min{Bi(u), fi(v)}-
Morelover{)tsiyce v2(e) = ba(e) < min{az(u), az(v)} < max{as(u),as(v)} = max{y(u),y1(v)},
72(€) < max{yi(u),71(v)}-

Therefore all inequalities in Definition 4.2.18 hold for edges in N (and trivially for edges outside
N by the zero-extension). Hence the constructed data form a hesitancy fuzzy graph. O

Remark 4.2.21. Theorem uses an explicit normalization on vertex DAF triples to match
the defining constraint p; + 1 + 1 = 1 in Definition 4.2.18] If one starts from arbitrary
DAF triples in [0, 1], a normalization map (1, z2, 23) + (21,22, 23)/(21 + T2 + x3) (When the
denominator is nonzero) yields the required condition.

4.2.6 Double-Valued Neutrosophic Set and Graph

A DVNS assigns truth, falsity, and two indeterminacy degrees (truth-leaning, falsity-leaning) in
[0, 1] to each element to model nuanced uncertainty [458,557-560]. A DVNG labels vertices and
edges with DVNS quadruples, enforcing endpoint bounds on truth/indeterminacy and maximal
falsity consistency throughout graph.

Definition 4.2.22 (Double-Valued Neutrosophic Set (DVNS)). Let X be a nonempty universe.
A double-valued neutrosophic set (DVNS) A on X is specified by four functions

Ty, 15, I, Fy: X —[0,1],

and is written as

A= {(z, Ta(z), I}(z), I (z), Fa(z)): = € X}.

Here Ty(x) is the truth-membership degree, Fs(x) is the falsity-membership degree, and I (x)
(resp. I (z)) is the indeterminacy degree leaning toward truth (resp. falsity). For each x € X
the single-valued constraint holds:

0 < Ta(x)+ Ii(x) + I5(2) + Fa(z) < 4.
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Definition 4.2.23 (Double-Valued Neutrosophic Graph (DVNG)). Let G* = (V, E) be a finite
simple undirected graph, where E C (‘2/) A double-valued neutrosophic graph (DVNG) on G*
is a pair

G = (4,B),

where:

e AisaDVNSon V), ie.,
Ty, 15, I, Fy:V —[0,1], 0<Ta(v) +I5(0) + I () + Fs(v) <4 (YweV).

e B is a DVNS-type relation on F, i.e.,

Tg, I, I, Fp: E—[0,1], 0<Tg(e)+I5(e) +15(e)+ Fg(e) <4 (Ve € E).

Moreover, A and B are required to satisfy the following endpoint-consistency conditions for every
edge uv € E:

Tp(uv) < min{T4(u), Ta(v)}, I5(uv) < min{I75 (u), I5(v)},
I5 (uwv) < min{I} (u), I (v)}, Fg(uv) > max{Fa(u), Fa(v)}.

Example 4.2.24 (A double-valued neutrosophic graph). Let G* = (V, E) be the 3-vertex path
with
V: {017/0271)3}7 E: {{U17U2}7{027v3}}'

Vertex DVNS data. Define T, I, I, F4: V —[0,1] by
(Ta, 15,15, Fa)(v1) = (0.7,0.2,0.1,0.3), (v2) = (0.5,0.3,0.2,0.4), (v3) = (0.6,0.1,0.2,0.2).
Each vertex satisfies the bound 0 < Ty + 14 + 15+ F4 <4, e.g.,0.7+0.2+0.1+0.3 =13 < 4.

Edge DVNS-type data. Define T, 15, I5, Fp : E — [0,1] by
(T, I5, I, Fp)(vivs) = (0.5,0.2,0.1,0.5), (T, I5, 15, Fp)(vyvs) = (0.4,0.1,0.2,0.4),

where v;v; denotes the edge {v;,v;}. Each edge satisfies 0 < Tp + I} + I, + Fp < 4, e.g.,
054+02+0.1405=13<4.

Verification of endpoint-consistency. For viv, € F,
Tp(viv2) = 0.5 <min{0.7,0.5} = 0.5, I} (v1v;) = 0.2 < min{0.2,0.3} = 0.2,
If (v1v5) = 0.1 < min{0.1,0.2} = 0.1, Fg(v1v9) = 0.5 > max{0.3,0.4} = 0.4.
For vyvs € F,
T (vyv3) = 0.4 <min{0.5,0.6} = 0.5, I (vav3) = 0.1 < min{0.3,0.1} = 0.1,
If (vav3) = 0.2 < min{0.2,0.2} = 0.2, Fg(vqvs) = 0.4 > max{0.4,0.2} = 0.4.

Hence G = (A, B) with the above data is a double-valued neutrosophic graph in the sense of
the definition.
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Theorem 4.2.25 (General Plithogenic graphs subsume double-valued neutrosophic graphs).
Every double-valued neutrosophic graph (DVNG) can be represented as a special case of a general
plithogenic graph. More precisely, given a DVNG GPV = (A, B) on a crisp graph G* = (V, E),
one can construct a general plithogenic graph G = (PM, PN) on the same underlying graph
such that the DVNG vertezx- and edge-membership quadruples are recovered from the corresponding
plithogenic degrees of appurtenance (DAFs).

Proof. Let GPV = (A, B) be a DVNG on G* = (V, E). Thus A assigns to each vertex v € V a
quadruple

(Ta(v), Ii(v), Ii(v), Fa(v)) € [0,1]%,
and B assigns to each edge e € E a quadruple

(Ts(e), Ig(e), I5(e), Fis(e)) € [0,1]",

together with the DVNG endpoint-consistency constraints.

We now build a general plithogenic graph G¢F = (PM, PN) realizing these data.

Step 1: vertex-side plithogenic structure. Set M := V. Choose a single vertex-attribute
symbol [ (any label suffices), and let the attribute-value domain be

Ml := {T, 17, 1" F}.

Fix the number of components to be s := 4 (so that DAF values lie in [0,1]*) and take ¢ := 1
(any t > 1 works). Define the vertex DAF

adf : M x Ml — [0,1]*

by assigning, for each v € V and each a € MI,

(TA(U)ﬂ IZ;(U)’ Ii(”)? FA(U))) a=T,
(Ta(v), IX(v), If(v), Fa(v)), a=T",
adf (v,a) =
e (Ta(v), IX(v), If(v), Fa(v)), a=T",
(TA(U)v IZ;(U ’ I/I-lr(v)’ FA(U))’ a=F

(That is, we store the entire DVNS quadruple in the DAF value; the attribute-value tag a merely
indexes the same quadruple. This is permitted in the general plithogenic setting, which does not
impose coupling constraints between vertices and edges.)

Define the vertex DCF
aC'f : Ml x Ml — [0,1]'
by
aCf(x,y):=0 (Vz,y € Ml).
Then aC'f is reflexive and symmetric: aC f(a,a) = 0 and aC f(a,b) = aCf(b,a) for all a,b €
MiI.

Step 2: edge-side plithogenic structure. Set N := FE. Choose a single edge-attribute
symbol m, and let
Nm = {T, 1", 1", F}.
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Define the edge DAF
bdf : N x Nm — [0,1]*

by assigning, for each e € E and each b € Nm,
bdf(ea b) = (TB(6)7 Ig(e)7 Ig(e)a FB(e))

Define the edge DCF
bCf : Nm x Nm — [0,1]*

again by bC f(z,y) := 0 for all z,y € Nm, which is reflexive and symmetric.

Step 3: assemble G“F. With the above choices, define
PM := (M,l, Ml,adf,aCf), PN := (N, m, Nm,bdf,bC'f),

and set G¢F := (PM, PN). By construction, G¢F satisfies the only required axioms in the
stated definition of a general plithogenic graph, namely reflexivity and symmetry of the contra-
diction functions.

Step 4: recovery of the DVNG data. For each vertex v € V, the DVNS quadruple
(Ta(v), I5(v), 15 (v), Fa(v)) is read off from adf (v, T) (equivalently, from adf(v,a) for any a €
MI). Similarly, for each edge e € E, the DVNS-type edge quadruple (T (e), I5(e), If (€), Fp(e))
is read off from bdf (e, T) (or any b € Nm).

Finally, the DVNG endpoint-consistency constraints are properties of the original DVNG labels
(A, B) and remain true for the recovered labels, since we have preserved them exactly in the DAF
encoding. Therefore the DVNG is realized as a special case of a general plithogenic graph. [

4.2.7 Triple-Valued Neutrosophic Set and Graph

A TVNS assigns truth, falsity, and three indeterminacy degrees (truth-leaning, neutral, falsity-
leaning) in [0, 1] per element [475H477]. Related concepts include the quadruple-valued neu-
trosophic set [476] and the quintuple-valued neutrosophic set [476},480./561], among others. A
TVNG labels vertices and edges with TVNS quintuple degrees, ensuring endpoint-consistency
bounds on truth/indeterminacy and maximal falsity.

Definition 4.2.26 (Triple-Valued Neutrosophic Set (TVNS)). [475|476] Let X be a nonempty
universe. A triple-valued neutrosophic set (TVNS) A on X is specified by five functions

Ta, 15, IV, 15, Fy: X —[0,1],
and is written as
A= {(‘Tv TA(‘T)v Ig(x)7 Ijﬁlv(x)7 Ig(x)v FA(x)) tTe X}

Here I} () is indeterminacy leaning toward truth, I'{ (z) is indeterminacy leaning toward falsity,
and IY (z) is neutral indeterminacy (neither leaning toward truth nor falsity). For each x € X
the single-valued constraint holds:

0 < Ta(x) + I3 (2) + I (z) + I§ () + Fa(z) < 5.
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Definition 4.2.27 (Triple-Valued Neutrosophic Graph (TVNG)). Let G* = (V, E) be a finite
simple undirected graph, where F C (‘2/) A triple-valued neutrosophic graph (TVNG) on G* is
a pair

G = (4, B),

where:

e« Aisa TVNSon V|, ie.,

Ta, I4, IV, I, Fa: V= [0,1], 0<Ta(v)+I150)+I5 (0)+I5(0)+Fa(v) <5 (Yo e V).

e B is a TVNS-type relation on F, i.e.,

Ty, 15, IN, I, Fg: E—[0,1], 0<Tg(e)+I;(e)+I5(e)+I5(e)+Fp(e) <5 (Ve € E).

Moreover, A and B are required to satisfy the following endpoint-consistency conditions for every
edge uv € E:

Tp(uv) < min{Ta(u), Ta(v)},  Ip(ww) < min{l}(u), I3 (v)},
I (ww) < min{IY (u), I} (v)},  Tz(uww) < min{I} (u), I} (v)},
v) >m

Fg(u ax{Fa(u), Fa(v)}.

Example 4.2.28 (A triple-valued neutrosophic graph). Let G* = (V, E') be the 3-vertex path
with
V: {Ulav27v3}7 E: {{’Ul,'l)g},{'UQ,’U:g}}.

Vertex TVNS data. Define T, [5, I, I, F4:V — [0,1] b
(T, 1%, 1Y T, Fa)(v1) = (0.7,0.2,0.1,0.1,0.3),

(T, 1%, 1Y T, Fa)(vs) = (0.5,0.3,0.2,0.1,0.4),
(T, I3, I, I, Fa)(vs) = (0.6,0.1,0.2,0.2,0.2).

Each vertex satisfies the bound 0 < Ty + I3 + I + I + Fa < 5; for instance, 0.7+ 0.2+ 0.1+
0.1+03=14<5.

Edge TVNS-type data. Define T, [%,IY, 15, Fz : E — [0,1] b
(T, I}, 15, 15, Fg)(viv5) = (0.5,0.2,0.1,0.1,0.5),

(T, I}, 15, 15, Fg)(vovs) = (0.4,0.1,0.2,0.1,0.4),

where v;v; denotes the edge {v;,v;}. Each edge satisfies 0 < T + IT+ 1Y + IE + Fp < 5; for
example, 0.5+ 0.2+0.14+0.14+05=14<5.

Verification of endpoint-consistency. For v,v, € F,
Tg(v1v2) = 0.5 < min{0.7,0.5} = 0.5, IE(v1v5) = 0.2 < min{0.2,0.3} = 0.2,
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I} (v1v2) = 0.1 <min{0.1,0.2} = 0.1, I (v1v5) = 0.1 < min{0.1,0.1} = 0.1,
Fgp(vivy) = 0.5 > max{0.3,0.4} = 0.4.
For VU3 € E,
Tp(vov3) = 0.4 <min{0.5,0.6} = 0.5, I} (vyv3) = 0.1 < min{0.3,0.1} = 0.1,
I (vov3) = 0.2 < min{0.2,0.2} = 0.2,  If(vyv3) = 0.1 < min{0.1,0.2} = 0.1,
FB(U2U3) =04 > max{0.4, 02} =0.4.

Hence G = (A, B) with the above data is a triple-valued neutrosophic graph in the sense of the
definition.

Theorem 4.2.29 (General Plithogenic graphs subsume triple-valued neutrosophic graphs). Fu-
ery triple-valued neutrosophic graph (TVNG) can be realized as a special case of a general
plithogenic graph. More precisely, given a TVNG GV = (A, B) on a crisp graph G* = (V, E),
one can construct a general plithogenic graph GSF = (PM, PN) on the same underlying graph
such that the vertex- and edge-labellings of the TVING are recovered from the corresponding
plithogenic degrees of appurtenance (DAFs).

Proof. Let GTV = (A, B) be a TVNG on G* = (V, E). Thus A assigns to each vertex v € V a
quintuple
(TA(U)v IZ;(U)’ IX(”)? Ig(v)’ FA(U)) € [0’ 1]5’

and B assigns to each edge e € E a quintuple
(Tw(e), I5(e), Ig (e), I5(e), Fr(e)) € [0,1]7,

together with the endpoint-consistency constraints of Definition (TVNG).

We now build a general plithogenic graph GY* = (PM, PN) encoding exactly these data.

Step 1: vertex-side plithogenic structure. Set M := V. Choose a single vertex-attribute
symbol [. Let the attribute-value domain be

Ml := {T, 1", 1V, 1" F}.

Fix s := 5 (so that vertex DAF values lie in [0, 1]°) and take any ¢ > 1 (for concreteness, ¢ := 1).
Define the vertex DAF
adf : M x Ml — [0,1]°

by storing the entire TVNS quintuple:
adf (v,a) = (Ta(v), I4(v), I} (v), I§(v), Fa(v)) (Vv eV, Vae Ml).

Define the vertex DCF
aCf: Ml x Ml — [0,1]

as the identically zero function:
aCf(z,y):=0 (Vx,y € MI).

Then aC f(a,a) = 0 and aCf(a,b) = aCf(b,a) for all a,b € MI, so the required reflexivity
and symmetry hold.
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Step 2: edge-side plithogenic structure. Set N := FE. Choose a single edge-attribute
symbol m and let
Nm = {T, 1", IV 1", F}.

Define the edge DAF
bdf : N x Nm — [0,1)°

by
bdf (e,b) = (Ts(e), If(e), Iy (e), I (e), Fg(e)) (Vee E, Vbe Nm).

Define the edge DCF
bCf : Nm x Nm — [0,1]°

by bC f(z,y) := 0 for all x,y € Nm, which again is reflexive and symmetric.

Step 3: assemble G“?. Define
PM = (M,l, Ml,adf,aCf), PN := (N,m, Nm,bdf,bC'f),

and set GYF := (PM, PN). By construction, GY” satisfies the axioms in the definition of a
general plithogenic graph, namely reflexivity and symmetry of aC'f and bC'f.

Step 4: recovery of the TVNG data and preservation of constraints. For each vertex
v € V, the TVNS quintuple is recovered by reading

(TA(U)7IZ;<'U)ﬂ IAV(U%IX(U)» FA(U)) = adf(v,T)

(and similarly from adf(v,a) for any a € MI). For each edge e € E, the edge quintuple is
recovered from

(Ts(e), I5(e), I5 (€), I (e), Fiz(e)) = bdf (e, T)
(and similarly from bdf (e, b) for any b € Nm).

Since these recovered values coincide eractly with the original TVNG labels, all endpoint-
consistency inequalities of the TVNG (for every uv € F),

Ty(uv) < min{Ta(w), Ta(v)},  I5(uv) < min{I5(w), I5(0)}, I3 (uv) < min{I} (u), I} (v)},

I5 (uwv) < min{If (u), I§(v)}, Fg(uv) > max{Fa(u), Fa(v)},

remain valid after embedding. Therefore the given TVNG is represented as a special case of the
general plithogenic graph G¢7. O

4.2.8 Relation for Intuitionistic Hesitant Fuzzy Graphs

Next, we consider the Intuitionistic Hesitant Fuzzy Graph, a newly proposed class of graphs in
recent years. It is known to be a generalized class of Hesitant Fuzzy Graphs. The definition is
provided below [562,563].

Definition 4.2.30 (Intuitionistic Hesitancy Fuzzy Graph). [562] An Intuitionistic Hesitancy
Fuzzy Graph is G = (V, E, 0, 1), where:
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o V is the vertex set.

o Ai,01,p1:V — [0,1] represent the degree of membership (MS), non-membership (NMS),
and hesitancy of v € V| respectively, satisfying:

0< M (v) 481 (0) + pr(v) < 1

o Ao, 02,02 : VXV — [0,1] represent the degree of membership (MS), non-membership
(NMS), and hesitancy of x = (u,v) € V x V, respectively, satisfying:

Ao(z) < min{\; (u), \;(v)}
d2(x) < max{d;(u),d;(v)}
p2(z) < min{p (u), p1(v)}

and

Theorem 4.2.31. A General Plithogenic Graph with s = 3 andt = 1, representing membership
and non-membership degrees, can be transformed into a Intuitionistic Hesitancy Fuzzy Graphs.

Proof. Tt can be proven in the same way as the previous theorem. O

4.2.9 Relations to picture fuzzy graphs

We next consider picture fuzzy graphs (PFGs), which extend fuzzy graphs by recording three
degrees for each vertex and edge, typically interpreted as positive membership, neutral mem-
bership, and negative membership. Picture fuzzy graphs have been studied extensively, and a
range of applications has also been explored [564,/565]. These can be regarded as graph-theoretic
counterparts of the notion of a Picture Fuzzy Set [445,566L567).

Theorem 4.2.32 (Related classes for picture fuzzy graphs). Ezamples of graph classes related
to picture fuzzy graphs include (but are not limited to) the following:

o picture Dombi fuzzy graphs [568],

o picture fuzzy line graphs [569],

picture fuzzy planar graphs [570],

o picture fuzzy tolerance graphs [165],

o picture fuzzy @-tolerance competition graphs [571)],
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o interval-valued picture fuzzy graphs [572],

o picture fuzzy incidence graphs [5753],

o picture fuzzy threshold graphs [165],

o picture fuzzy soft graphs (225,

o Cayley picture fuzzy graphs [574)],

o m-polar picture fuzzy graphs [575],

o interval-valued picture (S,T)-fuzzy graphs [576],

o q-rung picture fuzzy graphs [577],

o mized picture fuzzy graphs [189],

o picture fuzzy directed hypergraphs (170,

o picture fuzzy cubic graphs [57§],

o picture fuzzy digraphs (512,

o balanced picture fuzzy graphs (579).

Proof. This theorem is a literature catalogue; see the cited references for the corresponding
definitions and results. O

We recall a standard definition below [562].

Definition 4.2.33 (Picture fuzzy graph [562]). Let G* = (V, E) be a (finite) graph. A picture
fuzzy graph on G* is a pair G = (A, B), where

A = (pua,na,va) is a picture fuzzy set on V, B = (up,np,vp) Iis a picture fuzzy set on E,
with maps pia,ma,va : V — [0,1] and pp,np,vp : E — [0, 1] satisfying, for each edge uv € E,

pp(uv) < min{pa(u), pa(v)},
ng(uv) < min{na(u),na(v)},

vp(uv) > max{va(u),va(v)}.
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Theorem 4.2.34 (From general plithogenic graphs to picture fuzzy graphs). Let G¢F =
(PM,PN) be a general plithogenic graph whose DAFs are 2-dimensional (s = 2) and whose
DCF dimension is t = 1. Fiz compatible attribute values so that each vertex v € M is assigned
a single pair

adf(v,-) = (a1 (v),as(v)) € [0, 1]?

and each edge e € N is assigned a single pair
bdf(e,-) = (b1 (e), ba(e)) € [0, 1]°.
Assume the normalization
a;(v) +asx(v) <1 (Yve M), bi(e) +ba(e) <1 (VYee€ N),

and assume that the plithogenic edge appurtenance constraint holds componentwise in these two
coordinates. Then GYT induces a picture fuzzy graph in the sense of Definition |4.2.35,

Proof. Define vertex degrees on V' by
pa(v) == ai(v), na(v) := az(v), va(v) =1 —a1(v) — as(v) (veV),

setting (a,na,va) = (0,0,1) for v ¢ M if M C V. The assumed bound a,(v) 4+ az(v) < 1
guarantees v4(v) € [0, 1].

Similarly, define edge degrees on E by
ppe) :==bi(e),  mple):=bsle),  vple):=1=bi(e) —b(e) (e€ E),

setting (up,np,vp) = (0,0,1) for e ¢ N if N C E. Again b;(e) + ba(e) < 1 ensures vp(e) €
[0,1].

Let uv € N. By the componentwise plithogenic edge appurtenance constraint,
by (uv) < min{a, (u), a;(v)}, ba(uv) < min{as(u),as(v)}.

Thus pp(w) < min{pa(u), pa(v)} and g (uv) < min{na(u),na(v)}.

Moreover, the above inequalities imply

by (uv)+by(uv) < min{a;(u), a;(v)}+min{az(u),az(v)} < min{a;(u)+as(u), ai(v)+asz(v)}.
Therefore,

vp(uv) = 1 —=by(uv) — by(uwv) > 1—min{a;(u) + az(u), a1 (v) + az(v)} = max{va(u),va(v)},

which is exactly the third inequality in Definition [4.2.33] Hence G = (A, B) is a picture fuzzy
graph. O

Remark 4.2.35. The normalization a; + a; < 1 (and similarly for b; + by < 1) is needed to
ensure that the induced third component v = 1 — p— 7 lies in [0, 1]. If one starts from arbitrary
pairs in [0, 1]2, one may enforce the bound by a rescaling (z,xs) — (1, 22)/ max{1,z; + x5}
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4.2.10 Relations to vague graphs

Vague graphs provide a graph-theoretic realization of vague sets and have been investigated in
a variety of directions [40}41, 50,580} 581]. From a modeling viewpoint, they are particularly
close to intuitionistic fuzzy graphs, since both frameworks encode a pair of degrees that can be
interpreted as evidence “for” and “against” membership, together with an induced hesitation
interval.

Theorem 4.2.36 (Related classes for vague graphs). Ezamples of graph classes related to vague
graphs include (but are not limited to) the following:

o edge-irregular product vague graphs [582],

o wvague incidence graphs [583],

o complex vague graphs [584)],

o irreqular vague graphs [585],

o neutrosophic vague graphs [586],

o neutrosophic vague line graphs [587],

o cubic vague graphs [588],

o wague influence graphs [589),

o neutrosophic vague incidence graphs [587],

o neutrosophic bipolar vague incidence graphs [590],

 neutrosophic vague soft graphs [55].

Proof. This theorem is a literature catalogue; see the cited references for the corresponding
definitions and results. O

We recall the definition of a vague graph for completeness.

109



Chapter 4. Result:Property of Plithogenic graphs

Definition 4.2.37 (Vague graph). [50] Let G* = (V, E) be a finite simple undirected graph.
A wague graph on G* is a pair G = (A, B), where

A = (ta, fa) is a vague set on V, B = (tp, fp) is a vague set on F,

that is,
tA?fA:V_>[O71]7 tBafB:E_>[O71]7

such that for allv € V and e € F,
OStA('l))—f—fA('U) S 1, O§t3(6)+f3(e) S 1.
Moreover, the vertex- and edge-data satisfy the endpoint-consistency conditions: for every edge
w € F|
tp(w) < min{ta(u),ta()},  fo(uw) = max{fau), fa(0)}.
Equivalently, each vertex v and edge uv carries the vague value intervals

Va() = [ta(v), 1= fa(v)],  Vi(w) = [tp(uw), 1 = fe(uw)],

so that an edge cannot have stronger “true evidence” than its endpoints, while its “false evidence”
dominates that of at least one endpoint.

Theorem 4.2.38 (From general plithogenic graphs to vague graphs). Let GEF = (PM, PN)
be a general plithogenic graph whose DAFs are 2-dimensional (s = 2) and whose DCF dimension
is t = 1. Fix compatible attribute values so that each vertex v € M is assigned a single pair

adf(v,-) = (a1 (v), az(v)) € [0,1]?
and each edge e € N is assigned a single pair
bdf(e, ) = (by(e), ba(e)) € [0, 1]%.

Assume that the plithogenic edge appurtenance constraint holds componentwise in these two
coordinates. Then GYF induces a vague graph on the same underlying crisp graph.

Proof. Define the vague vertex functions t4, f4 : V' — [0, 1] by
ta(v) :== ai(v), fa(v) :== az(v) (veV),

setting (ta, fa) = (0,0) for v ¢ M if M C V. Similarly, define the vague edge functions
tp, fp: E—[0,1] by

ts(e) == bi(e), fB(e) := ba(e) (e € E),
setting (tg, fz) = (0,0) for e ¢ N if N C E. These maps clearly take values in [0, 1].

Let wv € N. The componentwise plithogenic edge appurtenance constraint yields
by (uv) < min{a,(u), a;(v)}, ba(uv) < min{as(u),as(v)}.
Hence
tp(uv) < min{ta(u),ta(v)} and fp(uv) = by(uv) < min{fa(w), fa(v)} < max{fa(u), fa(v)}.
Thus the ¢-inequality in Definition [£.2.37 holds, and the required f-inequality also holds. Finally,
since ta, fa,tp, fg € [0, 1], the bounds
0 <ta(v)+ fa(v) <2, 0<tgp(e)+ frle) <2

are automatic; if one wishes to enforce the stricter classical vague-set condition t4(v)+ fa(v) <1
and tp(e)+fp(e) < 1, it suffices to assume (or normalize) the DAF pairs so that a; (v)+az(v) <1
for vertices and by(e) + ba(e) < 1 for edges. Therefore the constructed pair (A, B) is a vague
graph on G*. O
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4.2.11 Relations to multi-fuzzy graphs

We next discuss multi-fuzzy graphs, which extend fuzzy graphs by attaching a vector of mem-
bership degrees to each vertex and edge, in the spirit of multi-fuzzy sets [591-593]. Closely
related directions include n-dimensional fuzzy sets [594], multidimensional fuzzy sets [595H597],
and probabilistic hesitant fuzzy sets [598H600]. We record a standard definition and then relate
it to general plithogenic graphs.

Definition 4.2.39 (Multi-fuzzy graph). Let G* = (V, E) be a finite simple undirected graph
and fix an integer k > 1. A k-dimensional multi-fuzzy graph on G* is a pair

GM = (o, 1),
where
o:V —[0,1]%, p:E—[0,1]%,
are the verter and edge multi-membership maps. Writing o(v) = (o1(v), ..., 0 (v) and p(uv) =
(p1(uv), ..., ux(uv)), one typically imposes the componentwise endpoint constraints

pi(uv) < min{o;(u),o;(v)} Vuwv e E, V1 <i<k),

so that each coordinate behaves like a fuzzy graph membership degree.

Remark 4.2.40. Some authors define multi-fuzzy graphs purely by specifying the vector-valued
memberships on vertices and edges, without requiring endpoint constraints; the above formula-
tion includes the common “Rosenfeld-type” compatibility condition coordinatewise.

Theorem 4.2.41 (From general plithogenic graphs to multi-fuzzy graphs). Let G¢ = (PM, PN)
be a general plithogenic graph whose DAFs are k-dimensional (s = k) and whose DCF dimension
ist = 1. Fix compatible attribute values so that each vertex v € M is assigned a single vector

adf(v,-) = a(v) € [0,1]*
and each edge e € N is assigned a single vector
bdf(e, ) = b(e) € [0, 1]*.

Assume that the plithogenic edge appurtenance constraint holds componentwise in these k co-
ordinates. Then GET induces a k-dimensional multi-fuzzy graph on the same underlying crisp
graph.

Proof. Define o : V — [0,1]% and p : E — [0,1]* by
ow):=aw) (vevV), ule) :=ble) (e€ FE),

extending by o(v) =0 for v ¢ M and p(e) =0fore ¢ Nif M CV or N C E. Clearly o and
w take values in [0, 1]".

Let e = uv € N. The plithogenic edge appurtenance constraint specialized to the chosen
attribute values yields
b(uv) < min{a(u),a(v)},
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where the minimum and inequality are interpreted componentwise in [0, 1]%. Hence, for each
coordinate 1 <17 < k,

wi(uww) < min{o;(u), o;(v)}.
Therefore (o, pt) satisfies Definition |4.2.39} so it is a k-dimensional multi-fuzzy graph.

Finally, the assumption ¢ = 1 (single-valued contradiction functions) plays no role in the vector-
valued membership construction; it merely indicates that contradiction is scalar-valued and does
not obstruct the mapping. O

Remark 4.2.42. If one adopts the constraint-free variant of multi-fuzzy graphs, then Theo-
rem holds without assuming the plithogenic edge appurtenance inequality. Conversely, if
one wishes to ensure endpoint constraints for all edges in E (not only those in N), one may take
N = F or extend b by zero on E \ N, as done above.

4.2.12 Relations to intuitionistic multi-fuzzy graphs

We now consider intuitionistic multi-fuzzy graphs, which extend intuitionistic fuzzy graphs by
attaching, to each vertex and edge, a family of intuitionistic degrees indexed by a fixed dimension
k (cf. intuitionistic multi-fuzzy sets) [601-603|. Intuitively, each index i € {1,...,k} provides a
separate membership /non-membership assessment, together with an induced hesitation margin.

Definition 4.2.43 (Intuitionistic multi-fuzzy graph). Let G* = (V, E) be a finite simple (undi-
rected) graph and fix an integer k > 1. An intuitionistic k-multi-fuzzy graph on G* is a pair

Gl = (A, B),

where:

o A= (ua, VA) is an intuitionistic k-multi-fuzzy vertex assignment, i.e.,
pasva: V= [0,15 pa(v) = (pan (), pan(v), va(v) = (Var(v),. .. vanv)),
such that for every v € V and every 1 < i < k,
0< prai(v) +va(v) <1

e B = (up,vp) is an intuitionistic k-multi-fuzzy edge assignment, i.e.,
ppvp: E—= 0,107 ppe) = (upale),...,npi(e), vule)=pile),...,vple)),
such that for every e € E and every 1 <i < k,
0<ugpile)+uvp,le) <1

For each level 4, the induced hesitation (indeterminacy) degrees are
Tai(v) :=1—pa;(v) —va,(v) (veV), mpi(e) :=1—upi(e) —vp(e) (e€ E).

Optionally (in the Rosenfeld/Atanassov-style setting), one may impose the componentwise end-
point constraints: for every edge uv € E and every 1 <1 < k,

ppi(uv) < min{pai(u), pai(v)}, vpi(ww) < max{va(u),vai(v)}
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Remark 4.2.44. Some authors work with the unconstrained version (only the per-level Atanassov
bounds p + v < 1), while others additionally require endpoint constraints; Definition [4.2.43
records both by treating the latter as optional.

Theorem 4.2.45 (From general plithogenic graphs to intuitionistic multi-fuzzy graphs). Let
GY? = (PM, PN) be a general plithogenic graph whose DAFs are 2k-dimensional (s = 2k) and
whose DCF dimension is t = 1. Fix compatible attribute values so that each vertex v € M is
assigned a single vector

adf(v, ) = (a1(v), ..., az.(v)) € [0,1]*
and each edge e € N 1is assigned a single vector
bdf(e, ) = (bi(e), ..., ba(e)) € [0,1]%%.
Assume the per-level Atanassov bounds
agi1(v) +ag(v) <1 (Mve M, 1<i<k), bai_1(e) +byi(e) <1 (Vee N, 1<i<k),

and assume that the plithogenic edge appurtenance constraint holds componentwise in these 2k
coordinates. Then GST induces an intuitionistic k-multi-fuzzy graph on the same underlying
crisp graph.

Proof. Define vertex maps pia,v4 : V — [0,1]* by, for 1 < i <k,
pai(v) == agi_1(v), vai(v) = ag(v) (veV),

extending by (pa,v4) = (0,0) on V' \ M if M C V. The assumed bounds as;_1(v) + ag;(v) <1
imply 0 < p14,(v) +va:(v) <1 for all v and 7.

Similarly, define edge maps up,vp : E — [0,1]* by
wp.i(e) :=bay_1(e), vp.i(e) := by(e) (e € E),

extending by zeros on E'\ N if N C E. Then 0 < ug;(e) + vp,(e) <1 holds for all e and 7 by
the assumed bounds.

This defines an intuitionistic k-multi-fuzzy graph Gﬁ’j@, r» = (A, B) in the sense of Deﬁnition
If one additionally adopts the optional endpoint constraints, they follow componentwise from the
plithogenic edge appurtenance constraint exactly as in the multi-fuzzy case (applied separately
to the p- and v-coordinates at each level 7). O

Remark 4.2.46. The scalar DCF condition ¢ = 1 is not essential for the construction; the key
point is that the DAF dimension s = 2k provides k pairs of coordinates that can be interpreted

as (ki Vi)
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4.3 Plithogenic SuperHyperGraph

Plithogenic hypergraph generalizes plithogenic graphs, assigning plithogenic memberships to hy-
peredges connecting arbitrary vertex subsets under contradictory attributes and uncertainties
simultaneously [604]. Plithogenic SuperHyperGraph equips multi-level supervertices and su-
peredges with plithogenic attribute degrees, capturing hierarchical contradictions across nested
interaction structures faithfully everywhere [18}|115L/605]606].

Definition 4.3.1 (Plithogenic Hypergraph). (cf. [604]) Let V' be a finite set of vertices and
E CP(V) a family of hyperedges. A plithogenic vertex system is a tuple

PM = (V, ¢, M,,adf, aCf),

where

e [ is a vertex-attribute,

e M, is the finite set of possible attribute values,

o adf: V x M, — [0, 1]° is the degree-of-appurtenance function,

o aCf: M, x M, — [0, 1]" is the degree-of-contradiction function,

satisfying aCf(a, a) = 0 and symmetry. Similarly, a plithogenic hyperedge system is
PN = (E,m, N,,,bdf, bCf),

with

m an edge-attribute,

N, its value set,

bdf : E x N,, — [0, 1]° the edge-appurtenance function,
e bCf: N, X N,, — [0,1]" the edge-contradiction function,

satisfying analogous reflexivity and symmetry. The tuple
H = (PM, PN)

is called a plithogenic hypergraph if for every e = {x,y,...} € E and every attribute-value
combination (a,b,...) € M, x N, the following hold:

bdf(e, (a,b,...)) < min{adf(z,a), adf(y,b),... },
bCf(e, 8) < min{aCf(a), aCf(3)}.
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Example 4.3.2 (A plithogenic hypergraph). Let V = {a, b, ¢} and let the hyperedge family be
E ={e;,ea} CP(V), er ={a,b,c}, ey ={b,c}.

Fix s =1 and t = 1. Let the vertex-attribute be ¢ =“risk” with value set

M, ={L,H} (Low/High).
Define the vertex appurtenance map adf : V' x M, — [0, 1] by
adf(a, H) = 0.8, adf(a,L) = 0.2, adf(b, H) = 0.6, adf(b,L) = 0.4, adf(c, H) = 0.3, adf(c,L) = 0.7.
Let the vertex contradiction map aCf : M, x M, — [0,1] be

aCf(L,L) = aCf(H,H) = 0, aCf(L,H) = aCf(H,L) = 0.9,

which is reflexive and symmetric.

For hyperedges, let the edge-attribute be m =“severity” with value set
N,, = {S1,S2}.
Define bdf : E x N,, — [0, 1] by
bdf(e;,S1) = 0.2, bdf(e;,S;) = 0.5, bdf(ez,S;) = 0.3, bdf(ez,Sz) = 0.4.
Let bCf: N,,, x N,,, — [0, 1] be given by
bCf(S;,S;1) = bCf(S,, S2) = 0, bCf(S1,S,) = bCf(S,,S1) = 0.6,

again reflexive and symmetric.

Finally, choose a single attribute-value combination for each hyperedge, e.g. (H,H, L) for e; and
(H,L) for eq, and check the plithogenic appurtenance constraint:

bdf(es, ;) = 0.2 < min{adf(a, H), adf(b, H), adf(c, L)} = min{0.8,0.6,0.7} = 0.6,

bdf(es, S1) = 0.3 < min{adf(b, H), adf(c,L)} = min{0.6,0.7} = 0.6.

Thus H = (PM,PN) with the above data is a plithogenic hypergraph in the sense of the
definition.

Definition 4.3.3 (Plithogenic n-SuperHyperGraph). [18] Let V4 be a finite base set and let
n € Ny. Consider an n-SuperHyperGraph over V| in the sense of Definition 77, that is,

SHG™ = (V, E,d),

where
o VCP"(V}) is a finite set of n-supervertices;
o F' is a finite set of (super)edge identifiers;
e« 0: E — P(V) is the incidence map, so that for each e € E, the set d(e) C V is the

nonempty incidence set of e.
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Fix the same dimensions s,? € N as above.

A plithogenic vertex system on V is a tuple
PM™ = (V,£, My, adf™ aCF),

where
e [ is a vertex attribute;
e M, is a nonempty finite set of possible attribute values for vertices;

e adf™ : V x M, — [0,1]° is the (vertex) degree-of-appurtenance function; for v € V and
a € M,, adf™ (v, a) encodes the (possibly vector-valued) membership degree of v having
attribute value a;

o aCF : M, x M, — [0,1]" is the (vertex) degree-of-contradiction function, satisfying

aCF(a,a) =0, aCF(a,b) = aCF(b,a) for all a,b € M,.

A plithogenic superedge system on E is a tuple
PN™ = (E,m, N, bdf"™, bCF),

where
e m is a superedge attribute;
e N,, is a nonempty finite set of possible attribute values for superedges;

e bdf™ : E x N,, — [0,1]* is the (superedge) degree-of-appurtenance function; for e € E
and u € N,,, bdf(")(e, u) encodes the membership degree of e having attribute value u;

e bCF: N,, x N,,, — [0,1]" is the (superedge) degree—of-contradiction function, satisfying

bCF (u,u) =0, bCF (u,v) = bCF(v,u) for all u,v € N,,.

For each n-superedge e € E we assume a prescribed plithogenic aggregation rule
Be: MY — N,
which assigns to every family of vertex—attribute values
a = (a)vea(e) € M
a superedge-attribute value S.(a) € N,,.
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The triple
Plith-SHG'™ := (SHG"™, PM™ PN™)

is called a Plithogenic n-SuperHyperGraph if, for every e € E and every family o = (o )vea(e) €

M ea(e)7 the following plithogenic appurtenance—compatibility condition holds, componentwise in

[0, 1]*:

bdf™ (e, Be(a)) < mal{l )adf(n)(’”?av)‘
ved(e

Here the minimum is taken pointwise in R®, that is, for each coordinate j € {1,..., s},

bdf™ (e, Be(ar)), < min adf™ (v, a,)

I T wed(e) i’

We call Plith-SHG™ a Plithogenic n-SuperHyperGraph. Forn =1 and V C V;), E corresponding
to nonempty subsets of V), this construction reduces to a Plithogenic hypergraph, while for n = 0
and |E| = 1 it recovers a single plithogenic set on the vertex universe.

Example 4.3.4 (A plithogenic 2-SuperHyperGraph). Let the base set be
Vo =11,2,3}, n =2,
so P%(Vy) = P(P(V;)). Define three 2-supervertices by
vo={11{1,2}},  we={{21{2,3}}, ws={{1,3}},
and set V = {v1,va,v3} C P%(Vp).

Let E = {e;,ex} be a set of superedge identifiers with incidence map
8(61) = {U1,U2}7 0(62) = {U17U2,U3}-

Fix s=1and t = 1.

Vertex system. Let the vertex attribute be £ =“priority” with value set M, = {A, B}. Define
adf® : V x M, — [0,1] by

adf® (v, A) = 0.7, adf®(vy, A) = 0.5, adf'? (vs, A) = 0.4,

adf® (v, B) = 0.3, adf?(vy, B) = 0.6, adf®(vs, B) = 0.8.
Let aCF : M, x M, — [0,1] be

aCF(A, A) =aCF(B,B) =0,  aCF(4, B) = aCF(B, A) = 0.4.

Superedge system. Let the superedge attribute be m =“mode” with value set N,, = {X,Y}.
Define bdf'? : E x N,, — [0,1] by

bdf® (e;, X) = 0.5, bdf?(e;,Y) = 0.2,

bdf? (ey, X) = 0.3, bdf?(ey,Y) = 0.4,
and let bCF(X, X) = bCF(Y,Y) = 0 and bCF(X,Y) = bCF(Y, X) = 0.6.
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Aggregation rules and compatibility check. Define aggregation rules S, and f., by
B (A, A) =X,  B(B,AA) =Y.
Then the plithogenic appurtenance—compatibility holds: for e; with o, = v, = A,
bdf® (ey, Be, (A, A)) = bdf® (e, X) = 0.5
< min{adf®® (v;, A), adf'® (vy, A)} = min{0.7,0.5} = 0.5,
and for ey with (a,,, @, o, ) = (B, A, A),
bdf® (es, Be, (B, A, A)) = bdf'? (e, Y) = 0.4

< min{adf® (v, B), adf® (vy, A), adf® (v, A)} = min{0.3,0.5,0.4} = 0.3.

To enforce the inequality for this second case, choose S.,(B,A,A) = X instead (so that
bdf? (ey, X) = 0.3), yielding

0.3 < min{0.3,0.5,0.4} = 0.3.

Hence, with this choice, Plith-SHG® satisfies the compatibility condition and is a plithogenic
2-SuperHyperGraph.

4.4 Restricted Refined Plithogenic graphs

As noted earlier, refined versions of uncertainty models for sets and graphs have been developed
actively in recent years (cf. [414,415,607,/608]). In this section we introduce a restricted refined
variant of plithogenic graphs, in which each uncertainty component is split into r subcomponents
in a uniform way.

Definition 4.4.1 (Restricted refined plithogenic graph (RRPG)). Let G* = (V, E) be a finite
(crisp) graph, where V is the vertex set and £ C V x V is the edge set. Fix integers s > 1
(number of uncertainty components), ¢ > 1 (dimension of contradiction information), and r > 1
(refinement depth).

A restricted refined plithogenic graph is a pair
RRPG = (RPM,RPN),

where:

1. the restricted refined plithogenic vertex structure is
RPM = (M, ¢, My, adf,,aCf,.),
with M C V, an attribute symbol £, an attribute-value domain M,, and maps

adf, : M x M, — [0,1]**", aCf, : M, x M, — [0,1]"";

2. the restricted refined plithogenic edge structure is
RPN = (N,m, N,,,bdf,, bCf,),
with NV C F, an attribute symbol m, an attribute-value domain N,,,, and maps
bdf, : N x N,, — [0,1]**", bCf, : N,, X N,,, — [0,1]""".
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For clarity, we write

adfr(’uaa) = (aiyj(vva))lﬁiﬁs € [07 1]S><Ta bdfr(eab) = (bi,j(evb))lﬁiﬁs € [07 1]s><ra

1553 1553

and interpret 7 as the component index and j as the refinement (split) index.
The following axioms are required:

(A1) Edge appurtenance constraint (refined, componentwise). For every edge zy € N
and every compatible choice of attribute values (a,b) € M, x M, (as in the base plithogenic
model),

bdf,(zy, (a,b)) < min{adf,(x,a),adf,(y,b)},

where the minimum and inequality are taken componentwise in [0, 1]°*"; equivalently, for all

1<i<sand1 <5<,

biyj (xy, (av b)) < min{ai,j (l‘, a)> Qi (y7 b)}

(A2) Reflexivity and symmetry of refined contradiction. For all a,b € M,,
aCf,(a,a) = 0, aCf,(a,b) = aCf,.(b, a),
and for all ¢,d € N,,,
bCf, (¢, c) = 0, bCf, (¢, d) = bCf,.(d, c),

where 0 denotes the zero element of [0, 1]**".

Theorem 4.4.2 (Reduction to classical plithogenic graphs when r = 1). If r = 1, then a
restricted refined plithogenic graph reduces to a classical plithogenic graph.

Proof. Assume r = 1. Then [0,1]**" = [0,1]**' = [0,1]* and [0,1]"*" = [0,1]"*! = [0, 1]".
Hence the maps in Definition become

adf; : M x M, — [0,1]°, aCf, : M, x M, — [0,1]",
bdf, i N x Ny, — [0,1]°,  bCf, : Nyw x Ny — [0, 1],

which are exactly the degrees of appurtenance and contradiction of the classical plithogenic
graph model. The refined axioms (A1l)-(A2) reduce to their classical counterparts, because
“componentwise in s X 1” is the same as “componentwise in s”. Therefore the RRPG structure
coincides with a classical plithogenic graph. O

Theorem 4.4.3 (Reductions to restricted refined uncertainty-graph families). With appropriate
parameter choices, the restricted refined plithogenic graph model specializes to the corresponding
restricted refined fuzzy-, intuitionistic fuzzy-, neutrosophic-, quadripartitioned neutrosophic-, or

pentapartitioned neutrosophic-graph families. In particular, taking t = 1 and choosing s €
{1,2,3,4,5} yields:

e s =1: restricted refined fuzzy graphs;
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e 5 = 2: restricted refined intuitionistic fuzzy graphs;

e s = 3: restricted refined neutrosophic graphs;

e 5 =4: restricted refined quadripartitioned neutrosophic graphs;

e s =9: restricted refined pentapartitioned neutrosophic graphs,

each with refinement depth r > 1.

Proof. Fix t = 1 and interpret the s components of adf, and bdf,. as the corresponding uncer-
tainty coordinates (truth-like, indeterminacy-like, falsity-like, etc.), each split into r refined sub-
components. Under this identification, the RRPG edge appurtenance constraint (A1) becomes
exactly the componentwise endpoint constraint that defines the corresponding restricted refined
graph family, while (A2) is compatible with the usual (single-valued) symmetry requirement for
contradiction/dissimilarity information. Therefore the RRPG model contains these restricted
refined uncertainty-graph classes as special cases under the stated parameter choices. ]

4.5 Restricted Refined Plithogenic Hypergraphs and n-SuperHyperGraphs

This section lifts the restricted refined plithogenic graph (RRPG) model (Definition from
graphs to hypergraphs and then to n-SuperHyperGraphs. The guiding principle is unchanged:
degrees of appurtenance and contradiction are refined by splitting each of the s uncertainty
components into r subcomponents.

Definition 4.5.1 (Restricted refined plithogenic hypergraph (RRPH)). Let H* = (V, E) be a
finite crisp hypergraph, where V' is a finite nonempty vertex set and E C P*(V) is a finite family
of nonempty hyperedges. Fix integers s > 1,¢ > 1, and r > 1.

A restricted refined plithogenic hypergraph is a pair
RRPH = (RPMyg,RPNg),

where:

1. the restricted refined plithogenic vertex structure is
RPMy = (V,£,V,,adf,,aCf,),
with an attribute symbol £, an attribute-value domain V,, and maps
adf, : V x V, — [0,1]**", aCf,. : Vi x Vy — [0, 1]
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2. the restricted refined plithogenic hyperedge structure is
RPNy = (E,m, E,,,bdf,,bCf,),
with an attribute symbol m, an attribute-value domain F,,, and maps

bdf, : E x E,, — [0,1]*",  bCf, : B, x E,, — [0,1]"*".

Write adf,.(v,a) = (a;;(v, a))

axioms are:

The required

xS, 1) > 09, ) >

(H1) Hyperedge appurtenance constraint (refined, componentwise). For every hyperedge
e € E and every admissible attribute choice (a,),e. (compatible with E,,),

bdf, (e, (aU)UEe) < mein adf, (v, a,),

where the minimum and inequality are taken componentwise in [0, 1]5*"; equivalently, for all

1<i<sand1<j<r,
bi,j (67 (av)UEe) < Iilégai’j(flj’av)'

(When |e| = 2 and e = {, y}, this reduces to the graph constraint (A1) in Definition [1.4.1])

(H2) Reflexivity and symmetry of refined contradiction. For all a,b € V,,
aCf,.(a,a) =0, aCf,(a,b) = aCf, (b, a),
and for all ¢,d € F,,,
bCf,.(c,c) =0, bCf, (¢, d) = bCft,(d, c),

where 0 denotes the zero element of [0, 1]**".

Example 4.5.2 (A restricted refined plithogenic hypergraph (RRPH)). Let V' = {a,b, c} and
let
E ={e1, e} CTP(V), er ={a,b,c}, ex={b,c}.

Fixs=2,t=1,and r = 2.

Vertex structure. Let the vertex attribute be ¢ =“status” with value set
Ve = {L,H}.

Define adf, : V' x V, — [0, 1]**2 by

et = (03 g5)0 wanm = (g5 1) s = (g5 05).
and assign arbitrary values to the remaining pairs (v,a) € V x V; (they will not be used below).
Let the refined contradiction map aCf, : V, x V; — [0, 1]**? be
aCf,.(L,L) = aCf,.(H,H) = (0,0), aCf,.(L,H) = aCf,.(H,L) = (0.6,0.6).
This is reflexive and symmetric.
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Hyperedge structure. Let the hyperedge attribute be m =“mode” with value set
E, ={X,Y}.
Define bdf, : £ x E,, — [0,1]**? by

04 0.3 0.3 0.2
bdfr(el’x):<o.2 0.1)’ bdfT(e%X):(m 0.1)’

and define bCf, : E,,, x E,, — [0,1]'*? by
bCE (X, X) = bCE(Y,Y) = (0,0),  bCE,(X,Y) = bCf, (Y, X) = (0.4,0.4),

again reflexive and symmetric.

Verification of the refined hyperedge appurtenance constraint. Choose the admissible
attribute assignment (a,)yee, given by

(a/ru Ay, ac) - (H7 H7 L)7

and take the corresponding hyperedge attribute to be X. Then

min adf, (v, a,) = min 0.7 0.6 0.5 04 04 03\] (04 0.3
vEer s 0.3 0.2)’\0.2 0.1/°\0.6 0.5 —\02 01)°

where the minimum is taken componentwise. Hence

04 03
b (€1, X) = <0.2 0.1)

so (H1) holds for this admissible choice. A similar (and simpler) check holds for e, using (ay, a.) =
(H,L) and the same hyperedge attribute X, since

_[(05 04) (04 03\] _ (04 03)_ (03 02|
mm{(oz 0.1>’<0.6 0.5)}_(0.2 0.1>2<0.1 o,1>—bdfr<627X)~

Therefore (RPMj, RPNy;) defines an RRPH on H* = (V, E) in the sense of Definition [4.5.1]

< minadf, (v, a,),

veEer

Theorem 4.5.3 (RRPH generalizes crisp hypergraphs). Every crisp hypergraph H* = (V, E)
can be viewed canonically as a restricted refined plithogenic hypergraph.

Proof. Let H* = (V, E) be a crisp hypergraph and fix s,¢,7 > 1. Choose any attribute-value
domains V; and F,, and define constant refined functions by

adf.(v,a) := 1., (Vv € V,VaeV,), bdf,(e,b) := 1.y, (Ve € E,Vbe E,,),

where 1, denotes the all-ones element of [0, 1]**". Define aCf,. and bCf,. to be identically 0 on
Vi x Vy and E,,, x E,,, respectively. Then (H2) holds trivially, and (H1) holds because for any
hyperedge e,

1o, = bdf.(e,:) < %16121 1w, = minadf,.(v,-).

vee

Thus (RPMpg, RPNg) defines an RRPH on the same underlying hypergraph (V| E). O

Theorem 4.5.4 (RRPH generalizes RRPG). FEvery restricted refined plithogenic graph RRPG
can be realized as a special case of a restricted refined plithogenic hypergraph in which all hyper-
edges have size 2.
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G* = (V,Eg) as in Definition [4.4.1 so Eg C (%) (in the undirected simple case). Form a
2-uniform hypergraph H* = (V, E) by taking F = {{u,v} : {u,v} € Eg}. Reuse the same
refined vertex structure on V. For each graph edge {u, v}, view it as the hyperedge e = {u, v};
then the hyperedge constraint (H1) reduces to (Al). Hence the RRPG data define an RRPH
with 2-element hyperedges. O

Proof. Let RRPG = (RPM,RPN) be a restricted refined plithogenic graph on a crisp graph
B

Definition 4.5.5 (Restricted refined plithogenic n-SuperHyperGraph (RRP-nSHG)). Let V; be
a finite nonempty base set and let n € Ny. Let SHG™ = (V, E) be a crisp n-SuperHyperGraph
on Vg, i.e.,

VCP Vo),  ECPV)\{0}

Fix integers s,t,7 > 1.

A restricted refined plithogenic n-SuperHyperGraph is a pair
RRP-SHG™ = (RPM™ ,RPN™),

where:

1. RPM™ = (V,£,V,,adf,, aCt, ) is a restricted refined plithogenic structure on the n-supervertex
set V', with
adf, : V x V, — [0, 1]°*", aCt, : V, x V, — [0, 1]

2. RPN™ = (E,m, E,,,bdf,,bCf,) is a restricted refined plithogenic structure on the n-
superedge set F/, with

bdf, : E x E,, — [0,1]*,  bCf, : E,, x E,, — [0,1]"".

The axioms are the direct superhypergraph analogues of Definition

(S1) Superedge appurtenance constraint (refined, componentwise). For every superedge
e € E and every admissible attribute assignment (a,),ce,

bdf, (e, (av)vee) < mein adf,. (v, a,)

(componentwise in [0, 1]°*").

(S2) Reflexivity and symmetry of refined contradiction. aCf, and bCf, are reflexive and
symmetric (componentwise) exactly as in (H2).

Example 4.5.6 (A restricted refined plithogenic 2-SuperHyperGraph (RRP-2SHG)). Let the
base set be
%:{1a2a3}7 n =2,

so P2(Vy) = P(P(Vy)). Define three 2-supervertices
vr = {{1},{1,2}}, vy = {{2},{2,3}}, vz = {{1,3}}, V = {vi, 09,03} C PZ(VO)
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Let the superedge family be
E - {61762} g P(V) \ {(D}a €1 = {UlaUQ}a €y = {U17U21U3}'
Fixs=1,t=1,and r = 2.

Supervertex structure. Let the attribute be ¢ =“priority” with V, = {A, B} and define
adf, : V x V, = [0,1]'*2 by

adf, (v, A) = (0.7,0.6), adf, (va, A) = (0.5,0.4), adf, (vs, A) = (0.4,0.3),
adf, (vy, B) = (0.3,0.2), adf,(vs, B) = (0.6,0.5), adf,(vs, B) = (0.8,0.7).
Let aCf,.(A, A) = aCf,.(B, B) = (0,0) and aCf,(A, B) = aCf,.(B, A) = (0.4,0.4).

Superedge structure. Let m =“mode” with F,, = {X,Y} and define bdf, : E x E,, —
[O, 1]1><2 by
bdf, (e1, X) = (0.5,0.4),  bdf,(es, X) = (0.3,0.3),

and let bCF, (X, X) = bCf,(Y,Y) = (0,0) and bCf,(X,Y) = bCf,(Y, X) = (0.6,0.6).

Verification of the refined superedge constraint. For e; = {v;,v2} choose (a,,,a,,) =

(A, A). Then
min adf, (v, a,) = min{(0.7,0.6), (0.5,0.4)} = (0.5,0.4) = bdf,(e;, X).

veey
For e; = {vy, v2,v3} choose (ay,, @y, ay,) = (B, A, A). Then
min adf, (v, a,) = min{(0.3,0.2), (0.5,0.4), (0.4,0.3)} = (0.3,0.2).

vEes

To satisfy (S1) with equality, set bdf,.(es, X) = (0.3,0.2) (instead of (0.3,0.3)). With this
adjustment,

bdf, (es, X) = (0.3,0.2) < (0.3,0.2) = néinadfr(vjav).

Therefore, after this consistent choice, (RPM® RPN®) defines an RRP-2SHG in the sense
of Definition

Theorem 4.5.7 (RRP-nSHGs generalize crisp n-SuperHyperGraphs). Every crisp n-SuperHyper Graph
SHG™ = (V, E) can be viewed canonically as a restricted refined plithogenic n-SuperHyperGraph.

Proof. The proof is identical to Theorem replacing the vertex set V' by the n-supervertex
set V' C P™(Vp) and hyperedges by superedges e € E C P(V)\ {0}. Assign constant 1, to all
refined appurtenance maps and 0 to all refined contradiction maps. Then the refined superedge
constraint (S1) and symmetry /reflexivity (S2) hold trivially. O

Theorem 4.5.8 (RRP-nSHGs generalize RRPHS). FEuvery restricted refined plithogenic hyper-
graph is a special case of a restricted refined plithogenic n-SuperHyperGraph, namely the case
n = 0.

Proof. Let RRPH be a restricted refined plithogenic hypergraph on a crisp hypergraph (V, E).
Set Vy := V andn = 0,s0 P°(Vy) = V. Identify the O-supervertex set with V and the superedge
set with the hyperedge family E. Under this identification, the axioms in Definition [4.5.5|coincide
with those in Definition [4.5.1] O
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4.6 Plithogenic Graph Types

Following the philosophy of “fuzzy graph types” introduced in [98], we propose an analogous
type classification for plithogenic graphs. From a practical standpoint, it is often essential to
decide where uncertainty should be placed (vertices, edges, endpoints, weights, or collections of
graphs) and what should remain crisp, since different applications and datasets naturally support
different modelling choices.

Definition 4.6.1 (Plithogenic graph type). A plithogenic graph PG is said to be of the i-th
plithogenic type (written “PG is of type PG;”) if it exhibits plithogenic information in the i-th
manner below, or in any combination of these manners:

(i)

(iii)

Type PG, (family-level plithogenicity).
PGl - {G17G27 .. 7GP}7

where each constituent graph G; carries plithogenic vertex/edge structures (possibly with
different attribute sets and contradiction maps).

Type PG, (plithogenic edge set).
PGy = {V, Ep},

where V is crisp and the edge set is plithogenic in the sense that edges are equipped with
attributes together with degrees of appurtenance and contradiction information (i.e., the
plithogenic structure is concentrated on edges).

Type PG; (plithogenic endpoints).
PGs={V, E(tp,hp)},
where V' and E are crisp, but each edge e € E has a plithogenic tail tp(e) and a plithogenic

head hp(e) with respect to chosen attributes (i.e., fuzziness/uncertainty is attached to the
endpoints or directions of edges rather than to vertices/edges globally).

Type PG, (plithogenic vertex set).
PG4 - {Vp, E},

where F is crisp and the vertex set is plithogenic, meaning each vertex carries attributes with
degrees of appurtenance and contradiction information.

Type PGjs (plithogenic edge weights).
PG5 ={V, E(wp)},

where V' and E are crisp, but each edge e € F is endowed with a plithogenic weight wp(e)
that encodes attribute-based degrees of appurtenance and contradiction.
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Remark 4.6.2. Definition is intended as a modelling taxonomy. Depending on the data
and the application domain, one may select the most appropriate type (or combination of types).
By specializing the plithogenic degrees to particular uncertainty models, one obtains correspond-
ing “types” of fuzzy graphs, intuitionistic fuzzy graphs, neutrosophic graphs, quadripartitioned
neutrosophic graphs, and pentapartitioned neutrosophic graphs, in direct analogy with [98].

Example 4.6.3 (Type interpretation via the parameters (s,t)). In a plithogenic graph, the
parameters s and t control the dimension of the degree of appurtenance and the contradiction
information, respectively. When t = 1 and s is chosen as below, one obtains the following
commonly used subclasses (each of which may appear in any of the types PG1-PGs):

o s = 1: Plithogenic fuzzy graphs (PFG), in which the appurtenance degree is scalar-
valued and behaves as a fuzzy-type weight.

o s = 2: Plithogenic intuitionistic fuzzy graphs (PIFG), in which two coordinates may
be interpreted as membership and non-membership degrees.

o s = 3: Plithogenic neutrosophic graphs (PNG), in which three coordinates represent
truth, indeterminacy, and falsity degrees.

e s = 4: Plithogenic quadripartitioned neutrosophic graphs, in which four coordi-
nates encode a quadripartitioned refinement (e.g., truth, contradiction, unknown, falsity).

e s = 5: Plithogenic pentapartitioned neutrosophic graphs, in which five coordinates
encode a pentapartitioned refinement.
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Uncertain Graph and Functorial Graph

5.1 Uncertain Graphs, Hypergraphs, and SuperHyperGraphs

An uncertain set associates with each element a degree taken from a chosen uncertainty model,
thereby providing a unifying umbrella for fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic,
and related frameworks [609,610]. An uncertain graph is a graph in which vertices and/or edges
are equipped with degrees from such a model, encompassing, as special cases, fuzzy, intuitionistic
fuzzy, and neutrosophic graph formalisms. Likewise, an uncertain hypergraph assigns uncertainty-
model degrees to vertices and hyperedges, capturing higher-order interactions when the available
information is incomplete |2]|. Finally, an uncertain n-SuperHyperGraph equips each supervertex
and superedge of an n-SuperHyperGraph with uncertainty-model degrees, enabling a systematic
and rigorous treatment of hierarchical uncertainty [2]. We begin by recalling the notion of an
uncertain model, which specifies the domain of admissible degree-tuples.

Definition 5.1.1 (Uncertain model). [609] Let U denote the class of all uncertain models. Each
M € U is determined by:

o a nonempty set Dom(M) C [0, 1]* of admissible degree tuples for some fixed integer k > 1;
and

« model-specific algebraic or geometric constraints imposed on elements of Dom (M) (for
example, © + v < 1 in the intuitionistic fuzzy setting, or 0 < T'4+ I 4+ F' < 3 in the
neutrosophic setting).

Typical instances include:
o Fuzzy model: Dom(M) = [0, 1];

o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]*: p+v <1}
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o Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]*: 0<T+ 1+ F < 3};

« Plithogenic model, and many further extensions.

Definition 5.1.2 (Uncertain set (U-set)). [609] Let X be a nonempty universe, and fix an
uncertain model M with degree-domain Dom(M) C [0, 1]*. An uncertain set of type M (briefly,
a U-set) on X is a pair

u: (XnuM)a

where
s 2 X — Dom(M)

is the uncertainty-degree function (membership map) of U. For z € X, the value uy(z) €
Dom(M) encodes the degree(s) to which x belongs to U, as prescribed by the model M.

We now state the corresponding graph-theoretic notions.

Definition 5.1.3 (Uncertain graph). Let G = (V| E) be a finite, undirected, loopless graph,
and let M be an uncertain model with degree-domain Dom(M). An uncertain graph of type M
is a triple

gM = (VY’EMU’M)?

where
Mar - VUE — DOIH(M)

assigns an uncertainty degree in Dom(M ) to each vertex v € V and each edge e € E. Optionally,
one may impose model-dependent consistency relations between vertex- and edge-degrees (e.g.,
bounding gy (e) in terms of ppr(u) and pp(v) for e = {u,v} in fuzzy or intuitionistic fuzzy
settings), but such constraints are dictated by the chosen model M and are not fixed at the level
of this general definition.

For convenience, Table lists representative uncertainty-graph families, organized by the di-
mension k of the degree-domain Dom (M) C [0, 1]*.

Definition 5.1.4 (Uncertain hypergraph). [2] Let H = (V, E)) be a hypergraph and let M be
an uncertain model with degree-domain Dom (M ). An uncertain hypergraph of type M is a triple

HM - (‘/:EauM%

where
Mar e VUE — Dom(M)

assigns an uncertainty degree to each vertex v € V and each hyperedge e € F. As in the
graph case, any relations between vertex-degrees and hyperedge-degrees (e.g., bounds of 1y (e)
in terms of p(v) for v € e) are governed by the selected model M and its constraints.
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Table 5.1: A catalogue of uncertainty-graph families (uncertain graphs) by the dimension k of
the degree-domain Dom(M) C [0, 1]*.
k Reprzsentative uncertainty-graph type(s) Gy = (V, E, par) with pps : VUE — Dom(M) C
0,1]
1 Fuzzy graph; N-graph; shadowed-graph variants
2 Intuitionistic fuzzy graph [494]; vague graph [495]; bipolar fuzzy graph |34]; intuitionistic
evidence graph; variable fuzzy graph; paraconsistent fuzzy graph; bifuzzy graph [496,497|
3 Neutrosophic graph [61]®); hesitant fuzzy graph [498]; tripolar fuzzy graph; three-way fuzzy
graph; picture fuzzy graph [1741|499]; spherical fuzzy graph [131]; inconsistent intuitionistic
fuzzy graph; ternary fuzzy / neutrosophic-fuzzy graph; neutrosophic vague graph
4 Quadripartitioned neutrosophic graph [500,[501]; double-valued neutrosophic graph [457];
dual hesitant fuzzy graph [502]; ambiguous graph(®: local-neutrosophic graph; support-
neutrosophic graph; turiyam neutrosophic graph [503](0)
5 Pentapartitioned neutrosophic graph [365]; triple-valued neutrosophic graph
6 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph
7 Heptapartitioned neutrosophic graph [504]; quintuple-valued neutrosophic graph
8
9
n

Octapartitioned neutrosophic graph
Nonapartitioned neutrosophic graph
n-refined fuzzy graph; multi-valued (fuzzy) graphs; multi-fuzzy graphs [505]
2n n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graphs
3n n-refined neutrosophic graph; multi-neutrosophic graphs
(@) Neutrosophic graph models are often treated as broad frameworks that can specialize to many degree-based
graph formalisms under suitable constraints.
() Ambiguous-graph models are commonly presented as subclasses of certain quadripartitioned and also double-
valued neutrosophic graph models.
() Turiyam neutrosophic graphs are reported as subclasses of certain quadripartitioned neutrosophic graph
models.

Definition 5.1.5 (Uncertain n-SuperHyperGraph). [2] Let V, be a finite base set and let
n € Ny. Assume that an n-SuperHyperGraph on V; is given by

where
0#£V,CP™(Vy) and 0 #ECP(V,)\{0},

so that each n-superedge e € F is a nonempty subset of the n-supervertex set V,.

Fix an uncertain model M with degree-domain Dom (M) C [0, 1]*. An uncertain n-SuperHyperGraph
of type M is a triple
837 = (Vi B piar),

where

tn 2 Vi, UE — Dom(M)

assigns an uncertainty degree in Dom (M) to each n-supervertex v € V,, and each n-superedge
ec k.

Any additional relations between superedge-degrees and the degrees of the supervertices they
contain (for example, model-specific bounds or aggregation rules) are determined by the chosen
uncertain model M and are not fixed at the level of this general definition.

For n =0 and Vy = V,,, this notion reduces to an uncertain hypergraph of type M.
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Theorem 5.1.6 (Uncertain graphs generalize plithogenic graphs). Every plithogenic graph can
be encoded as an uncertain graph of a suitable uncertain-model type. More precisely, let PG =
(PM,PN) be a plithogenic graph on a crisp graph G* = (V, E) in the sense of Definition[{.1.9
Then there exist an uncertain model M with degree-domain Dom(M) and an uncertain graph
Gy = (V, E, un) such that the plithogenic vertex and edge data (in particular, the degrees of
appurtenance) are recovered from py by a canonical decoding map. Hence the class of uncertain
graphs subsumes the class of plithogenic graphs.

Proof. Let PG = (PM, PN) be a plithogenic graph on G* = (V, E), where
PM = (M, 0, M,,adf,aCf), PN = (N, m, N, bdf, bCf),

with M C V|, N C E, and where adf : M x M, — [0,1]° and bdf : N x N,,, — [0,1]* are the
vertex and edge degrees of appurtenance, respectively.

Step 1: define the uncertain model. Set
Dom(M) := {0} U ({1} x[0,1]°) C [0,1]°*".

We view an element of Dom(M) either as the distinguished symbol 0 (representing “no data /
not selected”), or as a pair (1,d) with d € [0,1]® (representing a recorded s-tuple of degrees).
No further algebraic constraints are imposed; thus M is a valid uncertain model in the sense of
Definition [5.1.3] (via its specified degree-domain).

Step 2: encode vertices. Define pj; on vertices by

(v) = (1,d,), veM,
HaR0) =9, veV\M,

where d, € [0,1]° is the concatenation of the appurtenance degrees of v across all attribute-
values:

d, = (adf(v,a)) € [0, 1)1l

ac M,

If one prefers to keep the ambient dimension fixed to s, choose and fix a single attribute-value
ag € My and set d, := adf(v,ao) € [0,1]°. Either choice yields a well-defined encoding; below
we adopt the single-value version for notational simplicity:

d, := adf(v, ao) € [0,1]".

Step 3: encode edges. Similarly, define p; on edges by

) (@1,d.), eeN,
Har(e) = {0, ec E\N,

where d, € [0, 1]* is obtained from the edge appurtenance data. Fix a compatible attribute-pair
(ag, bo) in the sense of Definition and set

d, := bdf(e, (ao, bo)) € [0, 1.
Thus pp 2 VU E — Dom(M) is well-defined.
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Step 4: define the uncertain graph and decode the plithogenic data. Let

Then G, is an uncertain graph of type M by Definition To recover the plithogenic degrees,
define a decoding map

70 [0, 1T — 0,1, m(0):=0, w(1,d):=d.

For v € M, we obtain 7(uy(v)) = adf(v,a), and for e € N, we obtain 7(ur(e)) =
bdf(e, (ag, bg)). Hence the (chosen) plithogenic appurtenance data are recovered exactly.

Step 5: interpretation of plithogenic constraints. The uncertain-graph definition does
not force a fixed relation between vertex and edge degrees; such relations may be imposed
as additional model-dependent constraints. In particular, the plithogenic edge appurtenance
constraint

bdf(zy, (ao, by)) < min{adf(z, ao), adf(y, bo)}
(componentwise in [0, 1]%) is preserved under the embedding, since it is a property of the encoded
tuples:
T(par(zy)) < min{m(uar(x)), 7(par(y))}-

Likewise, reflexivity and symmetry of aCf and bCf remain available as auxiliary structure, even
though they are not required by the uncertain-graph axioms.

Therefore, every plithogenic graph gives rise (canonically, after fixing representative attribute-
values) to an uncertain graph whose degree map encodes the plithogenic degrees. This proves
that uncertain graphs generalize plithogenic graphs. O

5.1.1 Refined Uncertain Graph

A refined uncertain graph assigns each vertex and edge refined subcomponent degrees whose ag-
gregation reconstructs an admissible uncertainty-model tuple, enabling finer-grained uncertainty
representation. Throughout, let M be an uncertain model with degree-domain Dom(M) C [0, 1]
(for some k > 1). An uncertain graph of type M on a crisp graph G* = (V| E) is a triple
Gu = (V, E, uyr) with gy : VU E — Dom(M), as in Deﬁnition

Definition 5.1.7 (Refinement signature). Fix k > 1. A refinement signature for k components
is a family

R: (Ll,...,Lk)

of finite nonempty index sets. Put
k
L:=|]L
j=1

(disjoint union). Elements of L; are interpreted as refined subcomponents of the j-th base
component.
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Definition 5.1.8 (Canonical aggregation associated with a refinement signature). Given R =
(Ly,..., L) as in Definition define the aggregation map

AggR : [Oa 1]L — [07 l]k

by .
Aggr(z); = 7 Yooy (1<i<k),
J

AEL;

i.e., the j-th base component is the arithmetic mean of its refined subcomponents.

Definition 5.1.9 (Refined uncertain model). Let M be an uncertain model with Dom(M) C
[0,1]% and let R be a refinement signature for k& components. The refined uncertain model of
type (M, R) has refined degree-domain

Dom(M,R) := {x € [0,1]% : Aggg(z) € Dom(M)}.

(Opt[iona]mlLly, one may also impose the standard bound 0 < 3, ., x\ < |L|; this is automatic for
x € [0,1]%.)

Definition 5.1.10 (Refined uncertain graph (RUG)). Let G* = (V, E) be a finite simple undi-
rected graph. A refined uncertain graph of type (M, R) is a triple

Gur = (Va Ea,UM,’R)v

where

UMR : VUE — DOHI(M,R)

assigns to each vertex and each edge a refined degree vector indexed by L = |_|§:1 L;. Model-
dependent endpoint constraints (analogous to those in fuzzy/intuitionistic/neutrosophic graph
theories) may be added if desired, but are not built into this general definition.

Theorem 5.1.11 (Refined uncertain graphs generalize uncertain graphs). Let Gy = (V) E, )
be an uncertain graph of type M. Then Gy can be viewed canonically as a refined uncertain
graph of type (M, Riyiv), where Riyiy s the trivial refinement signature Ly = {\;} for1 < j <k.

Proof. Let Riviv = ({A1}, ..., {Ax}). Then L = |_|?:1{)\j} has size k, and Aggp s the identity
map on [0, 1]*. Hence

Dom(M, Reiv) = {z € [0,1]" : Aggr, . (x) € Dom(M)} = Dom(M).

Define pipr ryy, : VU E — Dom(M, Riiv) by fiar ree = par- Then (V, E| iy g, ) is a refined
uncertain graph and coincides with the original uncertain graph. O

Theorem 5.1.12 (Refined uncertain graphs generalize refined neutrosophic graphs). FEvery re-
fined neutrosophic graph (with r truth-subdegrees, s indeterminacy-subdegrees, and t falsity-
subdegrees) can be represented as a refined uncertain graph of a suitable type (M, R).
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Proof. Let G = (V, E) be a refined neutrosophic graph with functions
Wiy ey fhpy OlyeneyOgy Viyony iy s VUE —[0,1]

as in the given definition.

Define an uncertain model My by
Dom(My) = {(T,I,F)€[0,1*: 0<T+ I+ F <3}.

(Equivalently, one may take Dom(My) = [0, 1]; the inequality T+ I + F < 3 is automatic.)

Define the refinement signature R = (Lt, Ly, L) by
LT:{T17"'7TT‘}7 LI:{Ib'"aIs}a LF:{Fla"'th}a

sothat L = Ly U Ly U Lg.

Define pipr = : VU E — [0,1]F by, for each z € VU E,

(g = () g, = i), (MMN,R($))I], =0;(x),  (payr(2)p = vi().

4

Since each p;(x),0;(x), vi(z) € [0,1], we have up =(z) € [0,1]%. Moreover, the aggregated

triple
A (a0 (7)) = (1 PGS WSS w(w))

lies in [0, 1], hence in Dom(MYy). Therefore piys = (z) € Dom(My,R) for all z € V U E.

Consequently, Gy v = (V, E, piary, =) is a refined uncertain graph (Definition [5.1.10) whose
refined coordinates reproduce exactly the refined neutrosophic data. O

5.1.2 Iterative Refined Uncertain Graph

An iterative refined uncertain graph assigns each vertex and edge a leaf-indexed refined degree
vector whose aggregated components lie in an uncertain model’s domain.

Definition 5.1.13 (Iterative refinement profile). Let M be an uncertain model with degree-
domain Dom(M) C [0, 1]*. An iterative refinement profile for M is a pair P = (T, 7) consisting
of:

o a finite rooted tree 7 (edges oriented away from the root), and

o a labeling map 7 : Leaf(7) — {1,2,...,k} assigning to each leaf the index of the base
component it refines.

Let L := Leaf(7T) and L; := 7 '(j) for 1 < j < k; then (L4,..., Lj) is a refinement signature.
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Definition 5.1.14 (Iterative refined uncertain model). Let M and P = (7,7) be as in Def-
inition 5.1.13| and let Rp = (L4,...,Ly) be the induced refinement signature. The iterative
refined uncertain model of type (M, P) has degree-domain

Dom(M,P) := Dom(M,Rp) = {x €[0,1]" : Aggg,.(z) € Dom(M)}.

Definition 5.1.15 (Iterative refined uncertain graph (IRUG)). Let G* = (V, E) be a finite
simple undirected graph and let P = (7, 7) be an iterative refinement profile for M with leaf
set L. An iterative refined uncertain graph of type (M,P) is a triple

Oup = (Va E, MM,P),

where

Unr,p - VUE — Dom(M,'P)

assigns to each vertex and each edge a leaf-indexed refined degree vector.

Example 5.1.16 (An iterative refined uncertain graph). Let the base uncertain model be the
intuitionistic fuzzy model

Dom(M) = {(u,v) € [0,1*: p+v <1},
so k =2.

Step 1: choose an iterative refinement profile. Let 7 be a rooted tree of depth 1 with
three leaves

L — {)\1,/\2,)\3}.
Define 7w : L — {1,2} by

m(A) =1, (X)) =1, m(A3) = 2.

Thus L; = {1, A2} refines the first base component (membership) and L, = {A3} refines the
second base component (non-membership). With the standard aggregation (arithmetic mean),

Ager, (z) = (522, @y,)  (z€[0,1]"),
the refined degree-domain becomes

Dom(M,P) = {x €0, 1" : % + ), < 1}.

Step 2: choose a crisp graph. Let G* = (V| E) be the path on three vertices:

V= {’017112,?)3}7 E = {’0102, ’0203}-

Step 3: assign leaf-indexed refined degrees. Define uy p : V U E — Dom(M,P) by the
following leaf-vectors:

Vertices:

,lLM"p(Ul) = (08,06,01), ,LLM’p(UQ) = (04,02,03), /LM’p(’Ug) = (05,03,02),
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where the coordinates correspond to (A1, Az, Az).

FEdges:
,U,MJD('Ul’UQ) = (03, 01, 04), /,L]y[ﬂ)(’l)g’l)g) = (02, 02, 02)

Verification. For each x € V U E, the aggregated pair
Agng (MM.,P(Q«")) = (%7 l‘As)

lies in Dom(M ) because the inequality % + x5, <1 holds. For instance,

Agg(parp(vr)) = (%,0.1) = (0.7,0.1), 0.7+0.1=08<1,

and

Agg(pasp(vivn)) = (%,0.4) = (0.2,0.4), 0.2+0.4=06< 1.
Hence iy p(z) € Dom(M, P) for all x € V U E. Therefore

Gup =V, E, ump)
is an iterative refined uncertain graph of type (M, P) in the sense of Definition [5.1.15

Theorem 5.1.17 (Iterative refined uncertain graphs generalize iterative refined neutrosophic
graphs). Ewvery iterative (iterated) refined neutrosophic graph with a leaf-indexed refinement
profile can be represented as an iterative refined uncertain graph of a suitable type (M, P).

Proof. Let G = (V, E) be an Iterative Refined Neutrosophic graph given by a refinement profile
Px = (T,7), where 7 : Leaf(T) — {T,L,F}. Write L = Leaf(7) and let the vertex/edge labels
be

Ap, 1V —[0,1]F, Bp, : E—[0,1].

Define the uncertain model My as in Theorem [5.1.12] with Dom(My) C [0, 1]3. Convert 7 into
a leaf-labeling 7 : L — {1,2, 3} by the identification

1, 7(\) =T,
m(A) =<2, 7(\) =1,
3, 7(\)=F.

Let P = (T, m) be the resulting iterative refinement profile for My (Definition [5.1.13)).

Now define pupp : VUE — [0,1]F by

pap(0) = Apy () (WEV),  panple) i= Bpye) (c€ E).

For any z € V U E, the aggregated triple Aggy (MMN,p(:U)) is obtained by averaging the leaf
values over the truth-, indeterminacy-, and falsity-labeled leaves. Since all leaf coordinates lie
in [0, 1], each average lies in [0, 1], and the sum of the three averages is at most 3. Hence the
aggregated triple lies in Dom(MYy), so par.»(z) € Dom(My, P).

Therefore Gy, p = (V, B, ptary, p) is an iterative refined uncertain graph (Definition [5.1.15)) that
reproduces the given iterative refined neutrosophic labels. O]
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Theorem 5.1.18 (Iterative refined uncertain graphs also generalize uncertain graphs). Fvery
uncertain graph of type M can be viewed as an iterative refined uncertain graph of type (M, Py ),
where Piriv 18 the depth-1 tree whose leaf set has exactly one leaf per base component.

Proof. Let T be a rooted tree of depth 1 with exactly k leaves Aj,..., Ay. Define m(\;) = j
for 1 < j < k. Then Pyiv = (7, m) induces the trivial refinement signature L; = {\;}, so
AggRva is the identity on [0,1]* and Dom(M, Piiy) = Dom(M). Given an uncertain graph
Gu = (V,E,pm), set pyp,.. = - Then (V) E, parp,,,.) is an iterative refined uncertain
graph and coincides with Gy;. O

5.1.3 Iterative Refined Uncertain Hypergraphs and n-SuperHyperGraphs

This subsection extends iterative refined uncertain graphs (Definition [5.1.15)) to hypergraphs and
to n-SuperHyperGraphs. The guiding idea is unchanged: vertices and edge-like objects carry
leaf-indexed refined degree vectors whose componentwise aggregations lie in the base uncertain
model.

Definition 5.1.19 (Iterative refined uncertain hypergraph (IRUH)). Let H* = (V,E) be a
finite crisp hypergraph, where V' is a finite nonempty set and E C P*(V) is a finite family of
nonempty hyperedges. Let M be an uncertain model with degree-domain Dom (M) C [0, 1]*,
and let P = (7,7) be an iterative refinement profile for M with leaf set L = Leaf(7) (Def-
inition . Recall that the induced iterative refined uncertain model has degree-domain
Dom(M,P) (Definition [5.1.14)).

An iterative refined uncertain hypergraph of type (M,P) is a triple
Hupr = (V. E, prp),

where
Unr,p - VUE — DOHI(M,P)

assigns to each vertex v € V' and each hyperedge e € F a leaf-indexed refined degree vector.

Example 5.1.20 (An iterative refined uncertain hypergraph (IRUH)). Let the base uncertain
model be the intuitionistic fuzzy model

Dom(M) = {(p,v) € [0,1]: p+v <1},

so k = 2.

Step 1: choose an iterative refinement profile. Let 7 be a rooted tree of depth 1 with
four leaves

L - {)\17 A27)\37)‘4}-
Define 7 : L — {1,2} by
7T()\1) = 1, ﬂ'()\g) = ]., 7T()\3) = ]., 7T()\4) = 2.
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Thus Ly = {\1, A2, A3} refines the first base component (membership) and Ly = {A,} refines the
second base component (non-membership). With the standard aggregation (arithmetic mean),

Aggr, (v) = (202 0, ) (2 € [0,1)%),

the refined degree-domain is

Dom(M,P) = {w € [0,1]": 252t 4y <1,

Step 2: choose a crisp hypergraph. Let V = {a,b,c,d} and let
E ={e1, e} TP (V), er ={a,b,c}, ey ={bd}.

Thus H* = (V, E) is a finite crisp hypergraph.

Step 3: assign leaf-indexed refined degrees. Define uy p : V U E — Dom(M,P) by the
following leaf-vectors (in the coordinate order (A1, Aa, Az, Ay)):

Vertices:

piarp(a) = (0.9,0.6,0.6,0.1), pap(b) = (0.5,0.4,0.3,0.2),
piarp(c) = (0.4,0.2,0.4,0.3), parp(d) = (0.6,0.3,0.3,0.2).

Hyperedges:

papler) = (0.3,0.3,0.2,04),  pap(es) = (0.2,0.1,0.2,0.3).

Verification. For each x € V U F, compute

Aggﬂp (Mzw,vv(x)) — (%’ $A4> e [07 1]2_
The defining inequality holds, hence the aggregate lies in Dom(M). For example,
Agg(parp(a)) = (w,o.l) =(0.7,0.1), 0.7+0.1=08<1,

and

Agg(parp(er)) = (M 0.4) - (%, 0.4) ~ (0.267,0.4), 0.267+0.4 < 1.

3
Therefore iy p(z) € Dom(M,P) for all x € V U E, and
Hur = (V. E, pim,p)

is an iterative refined uncertain hypergraph of type (M, P) in the sense of Definition [5.1.19

Theorem 5.1.21 (IRUH generalizes crisp hypergraphs). Every finite crisp hypergraph can be
viewed canonically as an iterative refined uncertain hypergraph of a suitable type (M, P).
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Proof. Let H* = (V, E) be a crisp hypergraph. Choose any uncertain model M with nonempty
degree-domain Dom(M) C [0,1]* and fix a point dy € Dom(M). Let Pyiy = (T,7) be the
depth-1 profile with leaves Ay, ..., Ay and m();) = j. Then Dom(M, Pyiy) = Dom(M). Define
Ur P @ VUE — Dom(M) by pmp,. () := do for all z € VU E. Hence Huyp,,, =
(V,E, prr p,,.. ) is an IRUH, and forgetting the degrees recovers the original crisp hypergraph. [

Definition 5.1.22 (Iterative refined uncertain n-SuperHyperGraph (IRU-nSHG)). Let Vj be a
finite nonempty base set, let n € Ny, and let SHG"™ = (V, E) be a crisp n-SuperHyperGraph
on Vj, i.e.,

VPV, ECPV)\{0}.

Let M be an uncertain model with degree-domain Dom(M) C [0, 1]¥ and let P = (7, 7) be an
iterative refinement profile for M with leaf set L.

An iterative refined uncertain n-SuperHyperGraph of type (M, P) is a triple

S](\Z)P = (V') E: MM,'P)?
where
Ha,p ot VUE — DOH](M,P)

assigns to each n-supervertex v € V and each n-superedge e € E a leaf-indexed refined degree
vector.

Theorem 5.1.23 (IRU-nSHGs generalize crisp n-SuperHyperGraphs). Every crisp n-SuperHyperGraph
can be viewed canonically as an iterative refined uncertain n-SuperHyperGraph of a suitable type

(M, P).

Proof. Let SHG™ = (V, E) be a crisp n-SuperHyperGraph. Choose any uncertain model M
with nonempty Dom(M) and fix dy € Dom(M). Take the trivial profile Py, as in Theo-
rem so that Dom(M, Piiv) = Dom(M). Define pupyp,,,, : VUE — Dom(M) by
Ur Py (T) = dg for all z € V U E. Then (V, E, uy p,,..) is an IRU-nSHG, and forgetting the
degrees recovers the original crisp superhypergraph. O

Theorem 5.1.24 (IRUH generalizes iterative refined uncertain graphs). Every iterative refined
uncertain graph of type (M, P) is a special case of an iterative refined uncertain hypergraph of
the same type, namely the case where all hyperedges have size 2.

Proof. Let Gyp = (V,Eg, i p) be an iterative refined uncertain graph on a finite simple
graph, so Eg C (‘2/) Form the 2-uniform hypergraph H* = (V, F') with

E = {{u,v} : {u,v} € Eg} CP(V).
Define Hasp = (V, E, piy p) by setting

pap (V) = pap(0) (veV),  pyp({u,v}) = pur({u,v})  (u,v} € E).

Then p)y,p : VUE — Dom(M,P) is well-defined and preserves all degrees. Hence Gy p is
realized as the 2-uniform special case of the hypergraph Hu; p. O
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5.1.4 Uncertain Graph Types

In analogy with the “graph type” viewpoint and with the plithogenic-type taxonomy introduced
earlier, we now define uncertain graph types. The guiding principle is the same: in applications,
it is often crucial to decide where uncertainty is introduced (vertices, edges, endpoints, weights,
or even collections of graphs), while keeping the remaining structure crisp.

Definition 5.1.25 (Uncertain graph type). Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*. An uncertain graph of type M is said to be of the i-th uncertain graph
type (denoted UG,(M)) if it exhibits uncertainty degrees in the i-th manner below, or in any
combination of these manners:

(i) Type UG:(M) (family-level uncertainty).

a finite family of uncertain graphs of type M, where each G = (V;, E;, 1) is an uncertain
graph of type M.

(i) Type UG2(M) (uncertain edge set).
UG?(M) = (V7 E, ME)?

where G* = (V, E) is a crisp graph and pug : E — Dom(M) assigns uncertainty degrees to
edges only (vertices are kept crisp).

(iii) Type UG3(M) (uncertain endpoints / incidence-based uncertainty).
UGy (M) = (V, B, u5;%),
where G* = (V, E) is crisp and
phd vV x E — Dom(M)

assigns degrees to incidences (endpoints), i.e., to pairs (v,e) with v incident to e. This
type captures models in which uncertainty is attached to edge endpoints (e.g. heads/tails,
signed /bidirected endpoints, or role-dependent attachments).

(iv) Type UG4(M) (uncertain vertex set).
UG4(M) = (‘/7 E7 /’LV)v

where G* = (V, E) is crisp and puy : V' — Dom(M) assigns uncertainty degrees to vertices
only (edges are kept crisp).

(v) Type UG5(M) (uncertain edge weights).
UGS(M) = (V7 E? ’LU]\/[),

where G* = (V, E) is crisp and wy, : E — Dom(M) assigns uncertainty degrees interpreted
specifically as edge-weights (cost, reliability, intensity, etc.).
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When more than one of (i)—(v) is present simultaneously (e.g. degrees on both vertices and
edges), we say the uncertain graph is of the corresponding combined uncertain type.

Remark 5.1.26. Type UG3(M) is formulated incidence-wise to transparently accommodate
directed, bidirected, and multi-role edge models by encoding uncertainty at endpoints. If one

prefers to remain within ordinary graphs without explicit incidences, one may specialize UG3(M)
end

to directed graphs by restricting to ordered pairs (u,v) € E C V x V and reading u$;° as a
degree assignment to ordered endpoints.

Theorem 5.1.27 (Uncertain graph types generalize plithogenic graph types). Every plithogenic
graph type PG, (Definition can be realized as an uncertain graph type UG;(M) for a
suitable uncertain model M and an appropriate choice of degree map(s). In particular, uncertain
graph types strictly subsume plithogenic graph types.

Proof. Let PG be a plithogenic graph on a crisp graph G* = (V, E), written
PG = (PM,PN), PM = (M, ¢, M,, adf, aCf), PN = (N, m, N,,, bdf, bCf),

as in Definition We construct an uncertain model MT and encode the plithogenic degrees
into uncertainty degrees.

Step 1: choose the uncertain model. Define the degree-domain
Dom(M") := [0,1]%,

with no additional constraints. This is a valid uncertain model in the sense of Definition (Un-
certain model).

Step 2: define uncertain degrees from plithogenic appurtenance. Fix compatible at-
tribute values so that each vertex v € M is assigned a single s-tuple adf(v,-) € [0,1]° and
each edge e € N is assigned a single s-tuple bdf(e, ) € [0,1]* (as in the standard specialization
arguments used earlier).

o (Vertez uncertainty) Define py : V' — Dom(MT) by

py (v) =

adf(v,-), ve M,
0, veV\M,

where 0 is the zero vector in [0, 1]°.

 (Edge uncertainty) Define pp : E — Dom(MT) by

(e) = bdf(e,-), e € N,
HEXE =9, ec E\N.
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If one wishes to include endpoint uncertainty (type UG3), define u$id(v, e) by assigning to an

incidence (v, €) the relevant endpoint tuple derived from the plithogenic data (e.g. by restricting
the edge-DAF to the coordinate(s) associated with v).

Step 3: match types. We now show that each plithogenic type PG; embeds into the corre-
sponding uncertain type UG;(MT).

(i) If PG is of type PGy = {Gy,...,Gp} (a family of plithogenic graphs), apply the above
encoding to each (G;, obtaining uncertain graphs Q](\% The family {gﬁ}l, ceey g](;;)} is precisely

type UG, (MT).

(i) If PG is of type PGy = {V, Ep} (plithogenic edges on a crisp vertex set), take the uncertain
degree map to be iy : E — Dom (M) and keep vertices crisp. This is exactly type UGo(MT).

(iii) If PG is of type PG3 = {V,E(tp,hp)} (plithogenic tails/heads on a crisp graph), encode
the tail/head information as endpoint degrees on incidences. This yields type UG3(MT).

(iv) If PG is of type PG, = {Vp, E} (plithogenic vertices on a crisp edge set), use py : V. —
Dom(MT) and keep edges crisp, yielding type UG4(MT).

(v) If PG is of type PG5 = {V, E(wp)} (plithogenic weights on crisp edges), interpret pp as the
weight map wy; : E — Dom(MT), yielding type UG5 (MT).

Thus, for each i € {1,...,5}, every instance of PG; can be represented as an instance of
UG;(M?") for a suitable uncertain model. Therefore uncertain graph types generalize plithogenic
graph types. O

Remark 5.1.28. The embedding above uses only the plithogenic degrees of appurtenance (DAF)
as uncertainty degrees. The contradiction functions aCf and bCf can also be encoded in an
uncertain framework by enlarging the degree-domain (e.g. Dom(M) C [0, 1]°*") or by treating
them as auxiliary data attached to vertices/edges.

5.2 Functorial Graphs, Hypergraphs, and SuperHyperGraphs

A functorial set is a functor that assigns to each object of a category a set, and transports
elements along morphisms in a structure-preserving manner [609]. A functorial graph assigns to
every object a graph and to every morphism a graph homomorphism, with identities and com-
positions preserved. Similarly, a functorial hypergraph associates to each object a hypergraph
and sends morphisms to hypergraph homomorphisms, again respecting the categorical laws. A
functorial superhypergraph assigns to each object a superhypergraph and maps morphisms to
homomorphisms that preserve supervertices, superedges, and the underlying hierarchical struc-
ture.
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Definition 5.2.1 (Functorial set). [609] Let C be a category and let
F:C — Set

be a covariant functor. We call F' a functorial set on C.

For each object X € Ob(C), the set F'(X) is interpreted as the collection of “F-sets over X7,
and every element s € F'(X) is an individual F-set based at X.

Each morphism f : X — Y in C induces a pushforward
F(f): F(X) — F(Y), s F(f)(s),
and the functoriality axioms

Fldx) =idrx),  Flgo f) = F(g)o F(f)

hold for all composable morphisms X i> Y4 2.

Example 5.2.2 (Functorial set: the powerset functor). Let C = Set be the category of (small)
sets and functions. Define the covariant functor

P : Set — Set

by
PX):={A]|ACX}, P :=[flA]={f(a)|a€e A} (ACX),

for every function f : X — Y. Then P(idx) = idp(x) and P(go f) = P(g) o P(f), so P is a
functorial set on Set.

Definition 5.2.3 (Functorial graph). Let Graph denote the category whose objects are finite,
simple, undirected graphs G = (V, F) with

E C {{u,v} | u,v €V, u#v},

and whose morphisms ¢ : G — G’ are graph homomorphisms, i.e. vertex maps ¢ : V. — V'
satisfying
{u,v} € E = {p(u),p(v)} € E.

Let C be a category. A functorial graph on C is a covariant functor
G : C — Graph.
Equivalently, to each object X € Ob(C) it assigns a graph
G(X) = (Vx, Ex),
and to each morphism f : X — Y it assigns a graph homomorphism
G(f) : G(X) — G(Y),

such that
G(idx) =idgx),  Glgo f) =G(g) o G(f)
for all composable f,g in C.
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Example 5.2.4 (Functorial graph: the complete-graph functor). Let C = Set. Define a covariant
functor
K: Set — Graph

by assigning to each set X the complete graph on X,
K(X) = (X, {{2,2'} C X 5 2 #a')),
and to each function f: X — Y the vertex map
K(f)=f: X =Y.

If {z, 2’} is an edge of K(X), then  # 2/, hence either f(x) # f(z') (so {f(z), f(z')} is an edge
in K(Y)) or f(z) = f(2) (in which case the image is a loop-free degenerate pair that can be
ignored in Graph); in particular, when restricting to injective morphisms in C, K(f) is a genuine
graph homomorphism. Moreover, K(idx) = idk(x) and K(go f) = K(g) oK(f). Thus K provides
a concrete example of a functorial graph on C.

Definition 5.2.5 (Functorial hypergraph). Let HGraph denote the category whose objects are
finite hypergraphs H = (V, E) with

ECPV)\{0},

and whose morphisms ¢ : H — H’ are hypergraph homomorphisms, i.e. vertex maps ¢ : V. — V'
such that
Vee E: yle] € F,

where 1]e] := {¥(v) | v € e} is the image of the hyperedge e. Let C be a category. A functorial
hypergraph on C is a covariant functor

H:C — HGraph.
Equivalently, for each object X € Ob(C) it assigns a hypergraph
H(X) = (Vx, Ex),
and for each morphism f : X — Y it assigns a hypergraph homomorphism
H(f) : H(X) — H(Y),

such that
H(idx) =idnx),  H(go f) = H(g) o H(f)
for all composable f, g in C.

Example 5.2.6 (Functorial hypergraph: image of a family under set maps). Let C = Set. Fix
a finite nonempty index set A and define a covariant functor

Hy : Set — HGraph
as follows. For each set X, let
HA(X) = (X, EX), Ex:={ACX: A#0, Al <[Al},

i.e., the hyperedges are all nonempty subsets of X of size at most |A|. For a function f : X — Y,
define Hy(f) : X — Y to be the same underlying map. If e € Ex, then f[e] C Y is nonempty
and has size at most |e| < |A], hence fle] € Ey. Therefore Hy(f) is a hypergraph homomor-
phism. Functoriality is immediate because H acts by the identity on arrows: Hp (idy) = idy A(X)

and Hx(g o f) = Ha(g) o HA(f).
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Definition 5.2.7 (Functorial SuperHyperGraph). Fix an integer n > 1. Let SHGraph,, denote
the category whose objects are finite level-n SuperHyperGraphs. Concretely, an object is a triple

SH = (V,, V, E),

where:

e Vj is a finite base set;

o« VCP"(Vp) is a nonempty set of n-supervertices; and

o ECP(V)\ {0} is a nonempty family of n-superedges, each superedge being a nonempty
subset of V.

Thus the supervertices lie in the n-th iterated powerset of V), whereas superedges are ordinary
(nonempty) subsets of the supervertex set V.

A morphism

®: (Vy,V,E) — (Vy,V',E")

in SHGraph,, is a superhypergraph homomorphism, namely a base map ¢, : Vo — V| such that
the induced map on the n-th iterated powerset,

on =P" (o) : P"(Vo) — P"(V5),

satisfies
(V) C V' and @,le] :={pn(v) |vEe} € E' foralle € E.

Let C be a category. A functorial SuperHyperGraph of level n on C is a covariant functor
SH : C — SHGraph,,.
For each object X € Ob(C), the value
SH(X) = (V5", Vx, Ex)
is a level-n SuperHyperGraph, and for each morphism f : X — Y the arrow
SH(f) : SH(X) — SH(Y)
is a superhypergraph homomorphism as above, satisfying the functoriality identities
SH(idx) = idsh(x), SH(g o f) = SH(g) o SH(f)

for all composable f,g in C.

In particular, when n = 0 and V' = V;, a functorial SuperHyperGraph reduces to a functorial
hypergraph.

144



Chapter 5. Uncertain Graph and Functorial Graph

Example 5.2.8 (Functorial SuperHyperGraph: a singleton-lift to level n). Fix n > 1 and let
C = Setg;, be the category of finite sets and functions. Define a covariant functor

SH™ : Setg;, —» SHGraph,,
by sending a finite set X to the level-n SuperHyperGraph
SH™M(X) := (X, Vx, Ex), Vx:={P"'({z}):2€X} € P"(X),

and

Ex :=P(Vx)\ {0}.

Thus the supervertices are the canonical “n-level singletons” inside P™(X), and every nonempty
subset of Vx is taken as a superedge.

For a function f : X — Y, define SH(")( f) to be the superhypergraph homomorphism induced
by the base map ¢q := f, i.e.,

SH™(f) = ®; with @, =P"(f): P*(X)— P"(Y).
Then ¢, (Vx) C Vy because

PP ({2}) =P ({F(@))),

and for any superedge e € Ex we have ¢,le] € Ey since Ey contains all nonempty subsets of
Vy. Functoriality follows from the functoriality of P ™:

SH™ (idx) = idspon (x)» SH™ (g o f) = SH™ (g) o SH™(f).
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Chapter 6

Additional Results: A unified framework
for (multi)directed graphs, hypergraphs,
and n-SuperHyperGraphs

This chapter introduces a single incidence-based object that can model, within one definition,
graphs, hypergraphs, n-SuperHyperGraphs, directed variants, bidirected variants, and multidi-
rected (multi-edge) variants. The unification mechanism is to represent every edge-like object
by its incidences (vertex-edge attachments), each incidence carrying an explicit role (direc-
tion/type), and each edge carrying an optional multiplicity.

6.1 Role-incidence (n, R)-SuperHyperMultigraph

A role-incidence (n, R)-SuperHyperMultigraph models hierarchical n-level supervertices and (su-
per)edges via typed incidences, where each incidence carries a role in R and edges may have
multiplicity.

Definition 6.1.1 (Role-incidence (n, R)-SuperHyperMultigraph). Fix an integer n € Ny and a
finite nonempty set R of incidence roles. Let Vj be a finite base set, and define iterated powersets
by

P (Vo) :=Vo,  PFI (V) :=P(P*(Vo)) (k=>0).

A role-incidence (n, R)-SuperHyperMultigraph is an octuple
6 = (‘/07 V7 E7 I: S, tv 107 /1)7

where:
e V is a finite set of n-supervertices with V.C P"(V});
o F is a finite set of (super)edges;

e [ is a finite set of incidences;
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e s:1 — F is the incidence-to-edge map and ¢ : I — V is the incidence-to-vertex map;
e p: I — Ris the role map assigning a role to each incidence;

o K : E — Nis a multiplicity map (with x(e) = 1 meaning “single” and k(e) > 1 meaning
“multi”).

For each edge e € E, define its incidence fiber and its role-wise supports by
I.:=s"(e) C I, supp,(e) :={t(i):i €L, pi)=r}CV (reR).
We require that every edge has at least one incidence:
I.#0 (Ve e E).

The (undirected) support of e is

supp(e) := U supp,(e) = {t(i):i € I.} C V.

reR

Example 6.1.2 (A role-incidence (0, {tail, head})-SuperHyperMultigraph). Let n = 0 and let
the base set be
Vo ={a,b,c}.

Then P°(Vy) = Vi. Set V :=V, and choose the role set
R = {tail, head}.

Edges and multiplicities. Let E' = {e;, €2, e3} and define multiplicities
k(ey) =1, k(es) = 2, k(es) = 1.

Intuitively, es represents two parallel directed connections of the same “type” (captured by
k(ez) = 2).

Incidences. Let the incidence set be
I = {iy,ia,13,14,15,106}.
Define the incidence-to-edge map s : I — E by
s(iy) = s(ia) = €1, s(iz) = s(i4) = ea, s(i5) = s(ig) = e3,
so that each edge has exactly two incidences. Define the incidence-to-vertex map ¢t : I — V by
t(iy) = a, t(iz) = b; t(iz) = b, t(iy) = ¢ t(is) = a, t(ig) = c.

Finally define the role map p: I — R by

p(iy) = tail, p(iz) = head;

p(iz) = tail, p(iy) = head,;
p(is) = tail, p(ig) = head.
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Supports. For each edge e € F, the incidence fiber I, = s7*(e) is nonempty, and the role-wise
supports are:

Supptail(el) = {a’}7 Supphead(el) = {b}7
Supptail(€2) = {b}7 supphead(eQ) = {C}7

SUPPyai(€3) = {a}, supppe.ales) = {c}.

Thus & = (Vo,V, E, I,s,t,p, k) is a role-incidence (0, R)-SuperHyperMultigraph in the sense
of Definition it is, concretely, a directed multigraph on {a, b, c} with multiplicity on the
b — ¢ connection.

Remark 6.1.3 (How standard graph notions appear as special cases). By choosing n, the role
set R, and simple constraints on the incidence fibers I,, Definition recovers many familiar
structures.

1. (Undirected) graph. Take n = 0, V = 1}, and R = {e}. Impose: (i) k = 1; (ii) for each
e € E, the support has size | supp(e)| = 2; and (iii) ¢|;, is injective (no repeated endpoints).
Then each edge joins exactly two distinct vertices.

2. Hypergraph. Take n = 0, V = V;, and R = {e}, with k = 1. Allow |supp(e)| > 1 (and
still often take t|;, injective to model set-based hyperedges). Then each edge is a hyperedge
incident with a nonempty set of vertices.

3. n-SuperHyperGraph. Take n > 1, V. C P"(Vj), R = {e}, and k = 1. If one further
requires t|7, injective for all e, then each e corresponds to the subset supp(e) C V, recovering
the usual set-based view “E C P*(V)".

4. Directed graph. Take n =0, V =V}, and R = {tail, head}. Impose x = 1 and

| suppeai(e)] = [supppeaa(e)| =1 (Ve € E),

so each edge has a unique tail and a unique head.

5. Directed hypergraph / directed superhypergraph. Take R = {tail, head} and allow
| suppian(€)] = 1 and |supppe.q(€)| = 1. With n = 0 this is a directed hypergraph; with
n > 1 it is a directed n-SuperHyperGraph.

6. Bidirected (Super)HyperGraph. Take R = {+, —} (local endpoint orientations). Impose
| supp(e)| = 2 for each e and allow the two incidences to carry roles independently (e.g., both
+, both —, or one of each). With n = 0 this yields bidirected graphs; with n > 1 it yields
bidirected SuperHyperGraphs.

7. Multidirected (Super)HyperGraph. Parallel edges are captured either by allowing dis-
tinct edges with the same incidence pattern, or by using k(e) > 1. For example, taking
R = {tail,head} and requiring one tail and one head per edge gives a multidirected graph
(or, for n > 1, a multidirected SuperHyperGraph) in which k(e) records multiplicity.
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Theorem 6.1.4 (Universality of the role-incidence formalism). Every finite structure listed below
can be represented (canonically) as a special case of a role-incidence (n, R)-Super HyperMultigraph

in the sense of Definition|6.1.1]:

graph, hypergraph, n-SuperHyperGraph, directed variants, bidirected variants, multidirected variants.

Proof. We sketch the canonical encodings; in each case one specifies n, R, and the incidence set

I.

(1) Hypergraph (including graphs). Given a hypergraph H = (V, Ey) with Ey C P*(V),
set n=0,Vy =V, R={e}, and kK = 1. Let E be a renamed copy of EFy, and define

I:={(v,e):ec E, vee}, s(v,e) ==, t(v,e) :=w, p(v,e) :=e.

Then supp(e) = e for each e, so the incidence object recovers the hypergraph. If additionally
le| = 2 for all e, it recovers an undirected graph.

(2) Directed graph / directed hypergraph. Take R = {tail, head}. For a directed graph
with arcs (u,v), define each edge e to have exactly two incidences, one with role tail attached
to u and one with role head attached to v. For a directed hypergraph with hyperarcs (7', H)

(tail/head sets), let incidences connect every u € T with role tail and every v € H with role
head.

(3) n-SuperHyperGraph and directed/bidirected /multidirected variants. Choose n >
1 and view supervertices as elements of P™(V;). Then apply the same incidence constructions as
in (1) and (2), but with (i) € V' C P"(V}). Bidirectedness is obtained by choosing R = {+, —}
and allowing independent endpoint roles. Multidirectedness is encoded by either multiple edges
with the same incidence pattern or by x(e) > 1.

In all cases, the resulting data satisfy the axioms of Definition by construction, and the
original structure is recovered from the supports supp,.(€) together with the chosen constraints
(e.g. arity-2, one tail/one head, etc.). O

6.2 A unified framework for uncertain and (multi)directed uncertain Su-
perHyperGraphs

We now incorporate uncertainty degrees in a model-agnostic way, so that uncertain graphs, un-
certain hypergraphs, uncertain n-SuperHyperGraphs, and their directed /bidirected /multidirected
counterparts become instances of a single definition.

Definition 6.2.1 (Uncertain model (degree domain)). An wuncertain model M consists of a
nonempty degree-domain Dom(M) C [0,1]* (for some k > 1), together with model-specific
admissibility constraints on Dom(M) (e.g. p+ v < 1 in the intuitionistic fuzzy case).
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Definition 6.2.2 (Uncertain role-incidence (n, R)-SuperHyperMultigraph of type M). Let M
be an uncertain model with degree-domain Dom(M). An wuncertain role-incidence (n, R)-
SuperHyperMultigraph of type M is a pair

Gy = (8, un),

where & = (V, V, E, I, 5,1, p, k) is a role-incidence (n, R)-SuperHyperMultigraph (Definition6.1.1])
and
Mar - VUEUI—>DOI’I1(M)

is a degree assignment. (If one wishes to model uncertainty only on vertices and edges, one may
fix pps on I to a constant value in Dom(M).)

Any additional consistency relations between vertex-, edge-, and incidence-degrees (e.g. fuzzy/in-
tuitionistic/neutrosophic bounds of edge degrees in terms of endpoint degrees) are treated as
model-dependent axioms and are not imposed at the level of this general definition.

Remark 6.2.3 (Recovery of standard uncertain families). By combining Remark with
Definition [6.2.2] one obtains:

o Uncertain graph: take n = 0, R = {e}, impose arity-2 constraints on edges, and use
py on VUE.

o Uncertain hypergraph: take n = 0, R = {e} and allow larger supports.
o Uncertain n-SuperHyperGraph: take n > 1, R = {e}.

+ Directed / bidirected / multidirected uncertain variants: choose R (e.g. {tail, head}
or {+, —}), impose the corresponding structural constraints, and allow x to encode multi-
plicity when needed.

In particular, a multidirected uncertain n-SuperHyperGraph is obtained by taking R = {tail, head},
allowing x(e) > 1, and assigning degrees 5, to supervertices and superedges (and optionally
incidences).

Example 6.2.4 (A role-incidence (0, {tail, head})-SuperHyperMultigraph). Let n = 0 and let
the base set be
Vo = {a, b, c}.

Then P°(Vy) = Vi. Set V := V}, and choose the role set

R = {tail, head}.

Edges and multiplicities. Let E' = {e;, €2, e3} and define multiplicities
k(er) =1, k(ey) =2, k(e3) = 1.
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Intuitively, ey represents two parallel directed connections of the same “type” (captured by
k(ex) = 2).

Incidences. Let the incidence set be
I = {iy,i2,13,14,15,%6}.
Define the incidence-to-edge map s : I — E by
s(ir) = s(iz) = er,  s(is) = s(ia) = 3, s(i5) = s(ic) = e,
so that each edge has exactly two incidences. Define the incidence-to-vertex map ¢t : I — V by
t(ih) = a, t(iz) = b; t(iz) = b, t(iy) = ¢ t(is) = a, t(ig) = c.

Finally define the role map p: I — R by

p(i1) = tail, p(iz) = head,;

p(iz) = tail, p(iy) = head,;
p(is) = tail, p(ig) = head.

Supports. For each edge e € F, the incidence fiber I, = s7*(e) is nonempty, and the role-wise
supports are:
suppyaii(€1) = {a}, supppeaa(er) = {b},
Supptail(€2) = {b}7 Supphead(€2) = {C},
suppyaii(es) = {a}, supppeaq(es) = {c}.
Thus & = (Vo,V, E,I,s,t,p,k) is a role-incidence (0, R)-SuperHyperMultigraph in the sense

of Definition it is, concretely, a directed multigraph on {a, b, ¢} with multiplicity on the
b — ¢ connection.

Theorem 6.2.5 (Universality for uncertain directed/bidirected /multidirected superhyperstruc-
tures). Every finite uncertain graph, uncertain hypergraph, uncertain n-SuperHyperGraph, and
their directed/bidirected/multidirected variants can be represented as an uncertain role-incidence
(n, R)-SuperHyperMultigraph of a suitable type M (Definition .

Proof. Take the corresponding crisp structure and encode it as & using Theorem If the
original uncertain object assigns degrees in Dom (M) to its vertices and edges (and possibly to
incidences), define p; on VU E'U I by the same assignments (and, if incidences are not present
in the original model, set uy; constant on I). Then (&, 1) satisfies Definition All addi-
tional axioms specific to the chosen uncertainty theory (fuzzy, intuitionistic fuzzy, neutrosophic,
plithogenic, etc.) can be imposed as extra constraints on ), without changing the underlying
unified representation. O
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Chapter 7

Conclusions

In this book, we introduced and investigated new graph classes related to intuitionistic fuzzy
graphs and quadripartitioned neutrosophic graphs, namely General Intuitionistic Fuzzy Graphs,
General Quadripartitioned Neutrosophic Graphs, and Quadripartitioned Neutrosophic Hyper-
graphs. We also examined the concept of Pentapartitioned Neutrosophic Graphs. In addition,
we explored how these graph types may be accommodated and further generalized within the
broader framework of Plithogenic Graphs.

Looking ahead, we expect further progress on algorithmic aspects of these graph models, deeper
investigations of their mathematical structures, and continued development of applications, in-
cluding studies related to graph neural networks and other learning paradigms.
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