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Chapter 1

Introduction

1.1 Graph, HyperGraph, and SuperHyperGraph

Network models are classically expressed by graphs, in which objects are represented by vertices
and binary relationships by edges [5]. While this abstraction is effective for pairwise interactions,
it becomes restrictive when the underlying system exhibits simultaneous interactions among three
or more entities. Hypergraphs resolve this limitation by permitting each hyperedge to join an
arbitrary nonempty subset of vertices, thereby representing higher-order relations directly [6].

Even so, many real-world datasets and engineered systems display relationships that are not only
higher-order but also layered, nested, and intrinsically hierarchical. To capture such multi-level
incidence patterns, F. Smarandache introduced the notion of a SuperHyperGraph. Informally, a
SuperHyperGraph is built via iterative powerset-based constructions, which allow vertices (“su-
pervertices”) themselves to be set-valued objects and enable edges to encode nested connectivity
across multiple levels [71/8]. Consequently, SuperHyperGraphs have recently attracted growing
attention in both theory and applications [9-14].

Graphs and hypergraphs also provide transparent visual metaphors for complex systems and
support a broad spectrum of applications in artificial intelligence, network science, data mining,
informatics, chemistry, physics, and related fields [15H17]. By explicitly incorporating hierarchical
and multi-level relationships, SuperHyperGraphs offer a flexible framework for modeling and
analyzing intricate structures in modern networked data (e.g., |18-27]). Table summarizes
the main set-theoretic distinctions among graphs, hypergraphs, and n-SuperHyperGraphs (in
the supervertex model). Unless stated otherwise, n € N> ;.

1.2 Molecular Graphs and Chemical Graphs

Graph-based representations have played a central role in chemical modeling for decades. A
molecular graph encodes a compound by representing atoms as vertices and chemical bonds as
edges, thereby highlighting connectivity and purely topological features of the structure |29,30].
In many contexts, one further restricts attention to chemical graphs, namely molecular graphs
that conform to basic valence considerations; a common abstraction is to require a bounded

5



Chapter 1. Introduction

Table 1.1: Key distinctions among graph, hypergraph, and n-superhypergraph (supervertex

model).

Concept Notation Edge family Core extension
principle

Graph [5] G=(V,E) EC (‘2/) Edges are  2-
element subsets
of V, encoding
binary (pairwise)
incidence.

Hypergraph [28] H=(V,§) ECPV)\ {0} Hyperedges may

join any nonempty
subset of V., en-
abling higher-order
(multiway) inter-
actions.
n-SuperHyperGraph [7]  SHG™ = (Vy,V,E) V CP"(Vy), ECP(V)\{0} Vertices them-

selves are  set-

valued objects
drawn from an
n-fold powerset

hierarchy, so in-
cidence can Dbe
represented across
nested and multi-
level layers.

Notation. P(X)={A|AC X}, P°(X) = X, and P**1(X) = P(P*(X)). Here
(‘2/) = {{u,v} | u,v € V, u# v}. Remark: the superhypergraph row corresponds to the supervertex model
(Model A); a dual nested-edge model (Model B) is recorded separately and related via support/flattening
operators.

maximum vertex degree (often A < 4), reflecting typical bonding patterns in organic chemistry
[31,132].

These ideas also admit higher-order extensions. Hypergraph and superhypergraph models have
been proposed to represent multi-atom interactions and nested, hierarchical substructures that
are difficult to capture with pairwise edges alone. This viewpoint leads to molecular hyper-
graphs [33/134], molecular superhypergraphs [20], chemical hypergraphs [35,36], and chemical
superhypergraphs [37], among other related formalisms. As a reference, we present a concise
comparison of chemical graphs, chemical hypergraphs, and chemical superhypergraphs in Ta-

ble .2

1.3 Topological Indices on Graphs

A topological index is a numerical invariant extracted from a graph—typically from degree in-
formation, distance data, or combinations thereof—designed to summarize structural aspects of
the underlying network. In mathematical chemistry, such indices are widely used as descrip-
tors to relate graph structure to physicochemical properties and to support QSPR/QSAR-type
analyses. Well-studied examples include the Zagreb indices [38,39], the Sombor index [40,/41],
the atom-bond connectivity (ABC) index [42,43], the Randi¢ index [44},45], the hyper-Zagreb
indices [46,|47], and classical distance-based measures such as the Harary and Wiener indices.
A broad literature investigates their extremal behavior, correlations, and applications; see, for
example, [4].



Chapter 1. Introduction

Table 1.2: Chemical graph vs. chemical hypergraph vs. chemical superhypergraph (concise).

Chemical graph

Chemical hypergraph

Chemical superhypergraph

Vertices / nodes

Atoms

Atoms

(plus  molecule-

level units via nesting)

Edges Bonds (pairwise) Hyperedges (multi-atom);
optional directed reac-
tions

Key strength Simple; classical indices Models multiway interac-

apply tions and reactions

Typical constraint

A < 4 (valence)

Degree/incidence

con-

straints on atoms

Nested entities (atoms,
groups, molecules) as su-
pervertices

Superedges among mixed-
level supervertices

Models multiway + hier-
archical nesting in one ob-

ject
Degree constraints across
levels (supervertices

and/or base support)

Table 1.3: Topological indices on graphs, hypergraphs, and superhypergraphs (concise overview).

Graphs Hypergraphs SuperHyperGraphs
Underlying structure Vertices 4  pairwise Vertices + multiway hy-  Supervertices (possibly
edges peredges nested) + superedges
Core ingredients Degrees, distances, spec-  Generalized degrees, Superdegrees, superdis-
tra, matchings hyper-distances, in- tances, pair-incidence
cidence/spectral  con- multiplicities, hierarchi-
structions cal support

How indices are formed

Typical outputs

Examples (families)

Sum/product over
edges, vertices, or pairs

R-valued invariants

Wiener, Harary, Zagreb,
Sombor, ABC, Randi¢

Replace edges by hy-
peredges; aggregate over
pairs inside each hyper-
edge or via incidence
graphs

R-valued invariants
(choice of distance/inci-
dence matters)
Hyper-Wiener, hyper-
Zagreb, hyper-Sombor,
hyper-ABC (via pair
aggregation)

Replace  vertices by
supervertices; aggregate
over pairs inside each
superedge or via flatten-
ing/levels

R-valued invariants; can
be level-aware or base-
support-aware
SuperHyper-Wiener,
superhyper-Zagreb,
superhyper-Sombor,
superhyper-ABC  (via
superedge aggregation)

1.4 Owur Contributions

In view of the above, research on topological indices for graphs and for SuperHyperGraphs
is of considerable importance. As outlined in the table of contents, this book introduces and
formalizes a variety of Chemical SuperHyperGraphs and numerous topological indices on Super-
HyperGraphs. In addition, we briefly investigate a SuperHyperGraph counterpart of spectral
graph theory. We expect that these concepts will provide useful tools for the analysis of complex
real-world networks and hierarchical chemical structures.
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Chapter 2

Preliminaries

This chapter establishes notation and reviews the fundamental structures used throughout the
book.

2.1 SuperHyperGraphs

Classical graph theory models a system of vertices linked by edges, and studies connectivity,
structural invariants, and algorithmic problems motivated by mathematics, computer science,
and many applied domains [5]. A hypergraph broadens this framework by allowing a single edge to
connect an arbitrary nonempty subset of the vertex set; hence it is well suited to represent intrin-
sically multiway interactions (e.g., relations of arity greater than two) [6,/48]. Such higher-order
relations have become especially prominent in contemporary learning and modeling pipelines,
including neural architectures that directly leverage hypergraph incidence patterns [6,34,49-51].

By iterating the powerset operation, one can also permit nested set-valued entities at the vertex
level. This leads to finite SuperHyperGraphs, in which both vertices and edges may occur at
multiple levels of set nesting [52,53]. Such hierarchical representations arise naturally in layered
or multiscale relational settings, for instance in molecular design, complex-network analysis, and
neural-network modeling, among other applications [19,/54-56]. Several related generalizations
have also been investigated, including Directed SuperHyperGraphs [5758] and MetaSuperHyper-
Graphs [59]. Unless stated otherwise, the index n in P™(-) and in the term n-SuperHyperGraph
always denotes a nonnegative integer.

Definition 2.1.1 (Base set). A base set S is the ambient universe of discourse:
S = {z |z is an admissible object in the context under consideration }.

All sets in P(S) and in the iterated powersets P"(S) are ultimately formed from elements of S.

Definition 2.1.2 (Powerset). (see [60]) For a set S, the powerset of S is
P(S) = {A|ACS}.
In particular, ) € P(S) and S € P(S).
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Definition 2.1.3 (Hypergraph). [28,61] A hypergraph is a pair H = (V| E) such that:
e V is a finite set of vertices, and
e F is a finite family of nonempty subsets of V', called hyperedges.

Thus, a hyperedge may contain more than two vertices, capturing genuinely multiway relations.

Example 2.1.4 (Real-life example of a hypergraph). Consider the problem of organizing uni-
versity courses and student enrollments. Let V' be the set of all students in a department. For
each course ¢, define a hyperedge

e. := {s €V |sisenrolled in course ¢ }.

Then H = (V, E), where E = {e, : c is a course}, is a hypergraph. Each hyperedge represents
a multiway relation: all students jointly participating in the same course.

Definition 2.1.5 (Iterated powerset and flattening). [62] Let V; be a finite nonempty set.
Define P°(V}) := V; and
P (Vo) = P(P*(Vo)) (K =0).

For each k£ > 0, define the flattening map
Flaty, : P*(Vp) \ {0} — P(Vp) \ {0}

recursively by

Flato(x) := {z} (z € Vp), Flaty,,(X) := U Flat,(Y) (X € P*1 (V) \ {0}).

YeX

Definition 2.1.6 (n-SuperHyperGraph). (see [7]) Let Vj be a finite, nonempty base set. Define
POV)i=Vo,  PH(V) = P(PHW) (ke N).
For n > 0, an n-SuperHyperGraph on Vj is a pair
SHG™ = (V, E)

such that
VCP*(Vy) and ECP(V)\{0}.

Elements of V' are called n-supervertices, and elements of E are called n-superedges (that is,
each n-superedge is a nonempty subset of V).

Example 2.1.7 (A 1-SuperHyperGraph). Let V; = {1,2,3}. Then P*(V;) = P(V;). Define

the 1-supervertex set
V= {{1},{2}, (3}, {1,2}} € P(W),
and define the 1-superedge family

E = {61762} Q'P(V)\{Q)}, €1 = {{1}7{2}’{172}}7 € = {{2}7{3}}

Then SHGY = (V, E) is a 1-SuperHyperGraph on V;. Here the supervertices are (nonempty)
subsets of Vj, and superedges are nonempty families of such supervertices.

10



Chapter 2. Preliminaries

Example 2.1.8 (A 2-SuperHyperGraph). Let V; = {a,b}. Then
P (Vo) = {0, {a}, {b}. {a,b}},  P*(Vo) = P(P(V)).
Define the 2-supervertex set
v={ {{a}}, {{o}}, {{a}. 001} } € P2(0),

and define the 2-superedge family
E={f}cPWM\{},  f={{{a}}, {03}, {Ha}. {01} }-

Then SHG® = (V, E) is a 2-SuperHyperGraph on V;. In this example, each supervertex is itself
a set of subsets of Vj (i.e., a nonempty element of P?(V})), illustrating the second-level nesting.

f

{Hat}, ({03}, Ha} {63}, EASS

Figure 2.1: A 2-SuperHyperGraph SHG® = (V,E) on V, = {a,b} with one 2-superedge f
containing all 2-supervertices.

Remark 2.1.9 (Two complementary models of SuperHyperGraphs and their correspondence).
Throughout this book, we intentionally work with two closely related formalizations of SuperHy-
perGraphs. They are equivalent after a canonical “support/flattening” translation, and different
chapters adopt whichever model is more convenient for the intended construction (e.g., degree-
based indices versus nested-edge combinatorics).

Model A (supervertex model; Chapter 2 as the default). Fix a nonempty base set V;
and an integer n > 1. Let P°(Vp) := Vi and P*1 (V) := P(P*(Vy)). An n-SuperHyperGraph
in Model A is a pair

Ha=(V,E), VCP'(W), ECPV)\{g},

where the elements of V' are n-supervertices (set-valued vertices), and each e € F is a nonempty
collection of supervertices.

Model B (nested superedge model; used in parts of Chapter 4, e.g. Hosoya-type
constructions). Let V' be a nonempty (base) vertex set. Let P, (V) := P(V)\ {@}. Define it-
eratively PV (V) := P.(V) and P*(kﬂ)(V) =P, (P*(k)(V)). An n-SuperHyperGraph in Model B
is a pair

HB = (V7 ]E)a EC P*(n)(v)’
11



Chapter 2. Preliminaries

whose elements € € E are nested superhyperedges built from V. In this model, “higher-order”
structure resides in the edges rather than in the vertex set.

Support/flattening and the translation between models. For n > 1, define the support
map supp,, : P*(n)(V) — P.(V) recursively by

supp,(S) :=85 (S € PR(V)), supp,,(X) := U supp, ,(Y) (X € P™(V), n>2).

YeX

Then supp,,(¢) is the underlying base-vertex set “mentioned” by the nested object .

(B—A: edge-nesting to supervertices). Given Hg = (V| E), define
Vi=E C P"(V), Es:={e |k}, & :={cteP(Va)\{o}

Thus Hy := (Va, E4) is a Model A SuperHyperGraph whose supervertices are precisely the
nested edges of Model B. If one needs an incidence-like representation on the base set, it is
recovered via supp,,.

(A— B: supervertices to edge-nesting). Conversely, suppose Hy = (V, E) with V' C P™(V}). If
we identify the base vertex set with V[ and restrict to nonempty objects, we may set

E:=V C P™(W),

viewing each n-supervertex as a nested superhyperedge; base-level incidence is again read through
supp,,. Under this identification, “supervertex-based” constructions and “nested-edge-based”
constructions describe the same higher-order objects, but with the higher-order layer assigned
to vertices (Model A) or edges (Model B).

Equivalence conditions and chapter usage. The two models are interchangeable provided
we:

(i) fix a base set (either V; for Model A or V' for Model B) and consistently exclude @ when
required;

(ii) interpret any nested object € by its support supp, (¢) € V when translating incidence,
disjointness, or distance-based notions to the base level;

(iii) state explicitly (when necessary) whether an invariant is computed on the supervertex layer
or on the support layer.

In this book, Chapter 2 (foundations, flattening/support operators, and embeddings from nested
hyperedges) uses Model A as the standard set-theoretic typing formalism, while certain construc-
tions in Chapter 4 (e.g. matchings and Hosoya-type indices for nested superhyperedges) adopt
Model B for convenience. Whenever a definition depends on the chosen representation (for in-
stance, distance-based indices), we will specify the layer (supervertex vs. support) on which the
computation is performed.

12



Chapter 2. Preliminaries

The following definition is recorded for later use, whenever needed.

Definition 2.1.10 (Pair-incidence multiplicity). Let H = (V, &) be a hypergraph. For distinct
u,v € V, define

pa(u,v) = {e€&: {u,v} Cel}l
Let H = (V,E) be a SuperHyperGraph. For distinct A, B € V, define

pa(A,B) == {fe€E: {A,B}C [}

2.2 Relationship between Nested Hyperedges and n-SuperHyperGraphs

As a concept related to SuperHyperGraphs, nested hyperedges are also known. The idea of nested
hyperedges is likewise a highly important notion. In this section, we investigate the relationship
between nested hyperedges and n-SuperHyperGraphs.

Definition 2.2.1 (Nested hyperedges). Let H = (V,€) be a hypergraph. Two distinct hy-
peredges e, f € & are said to be nested if e C f. We say that H is a hypergraph with nested
hyperedges if there exist e, f € £ with e C f. More generally, a nesting chain is a sequence
(eg,e1,...,€;) C & such that

e0Cer & Coeyg

=

Definition 2.2.2 (n-fold singleton lift). Fix a base set V5 and n > 1. Define recursively the
maps
liftg : Vo — P (Vo) = Vo, lifty, i (2) == {lift,(x)} (¢t >0).

Thus lift, (z) € P""!(Vp) is the (n — 1)-times iterated singleton of x. For a subset e C Vj,
define its n-lift by

em = {lift,_1(v):v € e} € PP (VD)) =P (V).

Theorem 2.2.3 (Nested-hyperedge hypergraphs embed into n-SuperHyperGraphs). Let H =
(Vo, &) be a finite hypergraph (possibly with nested hyperedges), and fix n > 2. Define a
supervertex set

Vo= {lift, () v €V} U {8 e € &) © PM(VD).
Define a superhyperedge family E C P(V)\ {0} by

E = {e.: e &}, e, = {e™} U {lift,_,(v) : v € e}.

Then SHG™ := (V, E) is an n-SuperHyperGraph (in the powerset-hierarchy sense), and:

(i) (Incidence recovery) For every v € Vy and e € &,
vee <= lift, 1(v) €™ = lift,1(v) € ..

13
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(ii) (Nestedness preservation) For any e, f € &,
eCf «— &mMcjfm

In particular, if e C f in H, then the corresponding supervertices satisfy e™ C ]/”\(”) n
SHG™.

Proof. By construction, lift,,_;(v) € P" (V) for all v € V;, hence {lift, ;(v) : v € V} C
Pn(Vp). Also, for each e C V;, the set €™ is a subset of P"~1(V;), so &™ € P™(V}). Therefore
VS P (Vo).

Next, for each e € &, the superhyperedge ¢, = {e™}U/{lift,_,(v) : v € e} is a nonempty subset
of V,so E C P(V)\{0}. Hence (V, E) is a well-defined superhypergraph on a powerset-hierarchy
vertex domain, i.e., an n-SuperHyperGraph.

For (i), observe that €™ = {lift, ;(u) : u € e}, so lift, ;(v) € €™ holds exactly when v € e.
Since e € ¢, and all lift,,_; (v) with v € e are included in €, by definition, the final equivalence
follows.

For (ii), suppose e C f. Then every v € e also lies in f, hence lift,_;(v) € f(") whenever
lift,, 1 (v) € €™, so e™ C f. Conversely, if €™ C f(™ then for every v € e we have
lift,, _1 (v) € ™ C f hence v € f by (i), so e C f. O

Remark 2.2.4 (Why the converse fails). The construction in Theorem produces a re-
stricted subclass of n-SuperHyperGraphs: every supervertex representing an original hyperedge
has the special form ™ = {lift,_,(v) : v € e}, i.e., it is a set of (n—1)-fold singletons. A
general n-SuperHyperGraph may contain supervertices that do not have this form, so it need
not arise from any ordinary hypergraph by this embedding.

For example, let Vo = {a, b, c} and n = 2. Consider the 2-level supervertex
X := {{a,b}} € P*(Vb),
whose unique inner set {a, b} is not a singleton. No subset e C Vj satisfies e? = {{v} : v €

e} = X. Thus any 2-SuperHyperGraph that uses X as a supervertex lies outside the image of
the embedding above.

14



Chapter 3

Chemical Graph Class

In this chapter, we briefly review chemical graphs and related concepts.

3.1 Chemical SuperHyperGraphs

Chemical structure and reactivity are naturally multiscale. Atoms combine into bonds; bonds
form functional groups; functional groups assemble into larger motifs and molecules; and, at
an even higher level, molecules participate in assemblies and reaction networks. To model such
nested organization in a single combinatorial object, we use chemical superhypergraphs, which
allow successive layers of set-valued entities and may carry quantitative annotations (e.g., bond
strengths, interaction energies, or reaction rates).

Definition 3.1.1 (Chemical graph). [63] Let A be a set of atom labels (for instance, ele-
ment symbols with optional tags), and let B be a set of bond labels (for instance, single/dou-
ble/triple/aromatic, or a bond order). A chemical graph is a labeled undirected graph

Gchem - (V7 E7 >\V7 )\E)a

where:
o (V,E) is a finite simple undirected graph (unless specified otherwise);
o Ay : V — A assigns an atom label to each vertex (each v € V represents an atom);

e Ap: E — B assigns a bond label to each edge (each e € F represents a chemical bond).

Definition 3.1.2 (Chemical hypergraph). [35,36,/64] A chemical hypergraph describing a chem-
ical system is a multilevel hypergraph

Hchem = (‘/07 ES-; EN7 ED)7
where:

15



Chapter 3. Chemical Graph Class

o Vj is a finite set of atomic nodes (each v € Vj represents an atom);

o Eg CP(Vy)\{0} is a family of simple hyperedges (e.g., bonds or molecular substructures),
so each eg € Fg is a nonempty subset of Vj;

o Ex CP(Es)\ {0} is a family of nesting hyperedges (molecules), where each ey € Ey is
a nonempty subset of Fg indicating which bonds/substructures constitute that molecule;

o Ep C ExxEy isaset of directed hyperedges (reactions), where (ey, en,) € Ep indicates
that the reactant molecule-hyperedge ey, yields the product molecule-hyperedge ey .

Hence H pem represents atoms at level 0, bonds/substructures at level 1, molecules as collections
of level-1 units, and reactions as directed connections between molecule-level objects.

Definition 3.1.3 (Chemical SuperHyperGraph). Fix integers m > 1 and n > 0. A chemical
superhypergraph is an m-level weighted structure

CSH(mm) = (%7 Elv E27 R E’ma Wy, Wa, - .-, wm)a

satisfying:
e Vj is a finite set of atoms.

o E; CP™(Vy)\ {0} is a finite family of first-level chemical units (e.g., bonds, small motifs,
or functional groups), represented as nonempty elements of P™(V}).

o Foreach (¢ =2,...,m, theset E, C P(E,_1)\ {0} is a finite family of ¢-th level aggregates
formed from nonempty collections of (¢ — 1)-th level units (e.g., substructures, molecules,
and higher-order assemblies).

o For each ¢ =1,...,m, the map w, : B, — R>( assigns a nonnegative weight, encoding a
quantitative attribute at level £ (e.g., bond strength, interaction energy, or reaction rate).
The intended meaning of w, depends on the modeling context.

Example 3.1.4 (A chemical hypergraph for a simple reaction). We illustrate Definition
using the hydrogenation
Hy + Cly — 2HCL.

Let the atomic node set be

% == {Hla HQ, Cll, Clg},

where Hy, Hy are the two hydrogen atoms and Cly, Cly are the two chlorine atoms.

Level-1 simple hyperedges (bonds). Let

_ @
Es = {GHQ, €Clz> €HCD CHCI S

16



Chapter 3. Chemical Graph Class

where

em, = {Hy, Hy},  ecy, = {Cl,Cl}, el ={H,,ClL},  €Cl = {H,, Cl,}.

Level-2 nesting hyperedges (molecules). Let
1 2
Ey = { Mu,, Mci,, Migly, Mygly } € P(Es) \ {0},

with
1 1 2 2
My, = {en,}, May, = {ec,}, MI({(%'l = {e(H%n}a MI({C)l = {ei-lél .

Directed hyperedges (reaction). Let
Ep = { (Mu, U Mcy,, M, U MP(IZC)?I) } € En x Ey.

Then Hepem = (Vo, Es, En, Ep) is a chemical hypergraph encoding atoms, bonds, molecules,
and the directed reaction.

Example 3.1.5 (A small chemical SuperHyperGraph with weights). We illustrate Definition
with m =2 and n =0 (so P°(V,) = Vi), using a toy molecule with three atoms and two bonds.

Let
‘/0 = {O) Hlu H2}

(think of a water-like structure with one oxygen and two hydrogens).

Level 1: first-level units (bonds). Let
By ={b,by} SP (V) \ {0} =P(Vo)\ {0}, b ={0,Hi}, b ={0, H.}.
Define a bond-strength weight w, : £1 — R by

w1 (bl) = 100, wl(bg) = 0.95.

Level 2: aggregates (the molecule). Let
E,={M} CP(E)\ {0}, M = {b1, b, }.
Define an aggregate-level weight ws : Es — R>( by
wa (M) = wy(by) + wi(by) = 1.95,

interpretable, for instance, as a simplified total interaction energy.

Therefore,

CSH(ZO) - (‘/07 El7 E27 Wi, w2)

is a chemical SuperHyperGraph with explicit level-wise weights.

17
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e

Level 0: atoms V)

-

2/

-

~

J

><

I

~

-

Level 1: bonds F;

bl - {O7H1}

\b2 = {OaHZ}

J

J

Level 2: aggregate Fo

M = {by, by}
wo(M) = 1.95

Figure 3.1: A small chemical SuperHyperGraph CSH®% = (Vo, E1, By, wy,ws): atoms (Level
0) form bonds (Level 1) with weights w;, and bonds aggregate into a molecule object
(Level 2) with weight w,.

3.2 Chemical SuperHyperTree

A chemical tree is a connected acyclic molecular graph whose vertex degrees model valence and
are bounded by four typically [65-67]. A chemical hypertree is a hypergraph whose incidence
graph is a tree, with maximum vertex degrees constrained by four globally [68]. A chemical
superhypertree is an n-superhypergraph whose incidence graph is a tree and whose supervertex

degrees are at most four.

Definition 3.2.1 (Tree). A graph T' = (V, E) is a tree if it is connected and acyclic. Equiva-
lently, T is connected and |E| = |[V| — 1.

Definition 3.2.2 (Chemical tree). A chemical tree is a tree T" with maximum degree

A(T) < 4.

Definition 3.2.3 (Vertex degree in a hypergraph). For a hypergraph H = (V, E) and v € V,
the (hypergraph) degree is

and the maximum degree is A(H) := max,cy degy (v).

degy(v):=|{e€ E: vee},

Definition 3.2.4 (Incidence graph). Let H = (V, E)) be a hypergraph. Its (bipartite) incidence

graph is

Inc(H):=(VUE, I),

I:={{v,e}:veV, ecE, vee}.

Definition 3.2.5 (HyperTree (Berge-tree / incidence-tree)).
HyperTree (or hypertree in the incidence sense) if Inc(H ) is a (graph-theoretic) tree. Equivalently,

Inc(H) is connected and acyclic.

[69,[70] A hypergraph H is a

Definition 3.2.6 (Chemical HyperTree). A Chemical HyperTree is a HyperTree H with

A(H) < 4.
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Example 3.2.7 (A chemical hypertree). Let
V = {Cv Oa Hla H27 HSa H4}

be a set of atomic nodes (one carbon, one oxygen, and four hydrogens). Define a hyperedge
family
8 - { €1,€2,€3,€4, €5 }7

where
€1 = {C> H1}7 €2 = {07 H2}7 €3 = {Ca H3}7 €4 = {C7 0}7 €5 = {O)H4}

Then the incidence graph Inc(H) has bipartition V U E and edges {v, e;} whenever v € e;. It is
connected and has

5
V| +1]€] =6+5=11 vertices and Z\ei] =(242424+2+2) =10 edges,
i=1
so |[E(Inc(H))| = |V(Inc(H))| — 1 and hence Inc(H) is a tree. Therefore H = (V,&) is a
hypertree.

Moreover, the hypergraph degrees are

SO

A(H) = maxdy(v) =4 < 4.

veV

Thus H is a chemical hypertree.

Remark 3.2.8 (k-uniform hypertrees used in parts of chemical hypergraph theory). A k-uniform
hypergraph satisfies |e| = k for all e € E. One common (and widely used) construction of a
k-uniform hypertree is the so-called k-th power of an ordinary tree: start from a tree T and
“expand” each edge into a k-set by adjoining k — 2 new vertices specific to that edge, yielding a
connected k-uniform hypergraph with incidence graph a tree.

Definition 3.2.9 (Degree in an n-SuperHyperGraph). Let H = (V, E) be an n-SuperHyperGraph.
For €V, define
dogg(D) = |{ €B: T e, A(H) = maxdegg(z).

~ev

Definition 3.2.10 (Incidence graph of an n-SuperHyperGraph). Let H = (V,E). Its incidence
graph is
Inc(H) := (VUE, I), I:={{%g,}: 5€V, €E, g€}

Definition 3.2.11 (SuperHyperTree). [14] An n-SuperHyperGraph H is an n-SuperHyperTree
(or SuperHyperTree when n is fixed) if Inc(H) is a (graph-theoretic) tree.

Definition 3.2.12 (Chemical SuperHyperTree). A Chemical SuperHyperTree is an n-SuperHyperTree
H satisfying
A(H) < 4.
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Chapter 3. Chemical Graph Class

Example 3.2.13 (A chemical SuperHyperTree). Fix n = 1 and let the base set of atoms be
% — {C, O, Hl, H2, H3, H4}
Define the 1-supervertex set (a subset of P(1})) by

V= {{C}, {O}a {Hl}a {H2}7 {HB‘}? {H4}}

Define the superhyperedge family
E= {flv f27 f3a f4a f5 }a

where

fl = {{0}7 {Hl}}a f2 = {{0}7 {H2}}a f3 = {{0}7 {H?)}}a f4 = {{C}v {O}}v f5 = {{O}’ {H4}}
Then H = (V,E) is a 1-SuperHyperGraph.

Incidence graph. The incidence graph Inc(H) has bipartition V U E and an edge {X, f;}
whenever X € f;. Hence

5
IV(Inc(H))| = [V| + [E[ =6 +5=11,  |[E(Inc(H))| =) _|fil=2+2+2+2+2=10.
i=1
Moreover, Inc(H) is connected (every f; is incident to {C} or {O}), so |E| = |V| — 1 implies
that Inc(H) is a tree. Therefore H is a SuperHyperTree.

Maximum superdegree. The superdegrees are
dx({C}) =4,  da({O}) =2,  du({H;})=1(i=1,2,34),

SO

= =4<
A(H) I}(lg%/(dH(X) 4 < 4.

Hence H is a chemical SuperHyperTree.

3.3 Chemical Reaction SuperHyperGraph

Chemical Reaction Graph is a directed graph where vertices are molecules and edges represent
reactant-to-product transformations induced by each chemical reaction [71,/72]. Chemical Reac-
tion SuperHyperGraph is a hierarchical directed structure using iterated powersets; nodes are
nested molecule-sets, and edges encode reactions between higher-order reactant/product super-
vertices.

Definition 3.3.1 (Chemical Reaction HyperGraph). [71H73] Let Vi be a finite set of molecule-
nodes (each node represents one molecule, reactant or product). A Chemical Reaction Hyper-
Graph is a directed hypergraph

R = (‘/17 ED);

where
Ep € (P(V)\{0}) x (P(Vi)\ {0}).

Each element (R, P) € Ep, usually written R — P, is called a reaction hyperedge, where R C V;
is the nonempty reactant set and P C V] is the nonempty product set.
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Definition 3.3.2 (Directed cycle in a reaction hypergraph). Let R = (V4, Ep) be a Chemical
Reaction HyperGraph. A directed cycle is a sequence

v07(R1 — Pl)vvla(RZ — P2)7"'7(Rk — Pk)avk
with k > 1, vg = vy, v; € Vi, and (R; — P;) € Ep such that
vi_1 € Ry and wv; € P (i=1,...,k).

We call R acyclic if it has no directed cycle.

Definition 3.3.3 (Chemical Reaction Graph (graph projection of a reaction hypergraph)). Let
R = (Vi, Ep) be a Chemical Reaction HyperGraph. The Chemical Reaction Graph induced by
R is the directed (simple) graph

G(R) = (N, 4),

whose arc set A C Vi x V] is defined by
(u,v) € A <= 3F(R— P)€ Epsuchthatu€e R, v € P, u##v.

Thus each reaction hyperedge R — P induces all arcs from every reactant u € R to every
product v € P.

Remark 3.3.4 (Singleton reactions recover a directed graph). If every reaction hyperedge sat-
isfies |R| = |P| = 1, then R is essentially a directed graph on Vi, and G(R) is that directed
graph.

Definition 3.3.5 (Chemical Reaction SuperHyperGraph). Let V; be the finite set of molecule-
nodes and fix an integer n > 1. A Chemical Reaction SuperHyperGraph of level n is a directed
n-superhypergraph

CRSH(n) = (V™ ESY),

where

V=PV, EBY C vV x v

Each (R, P’) € Egl) is called an n-superreaction, encoding a transformation from the n-
supervertex R’ (reactants) to the n-supervertex P’ (products).

Remark 3.3.6 (Canonical embedding of reaction hypergraphs into reaction superhypergraphs).
Define the nesting map ¢, : P(V1) \ {0} — P ™ (V1) recursively by

u(S) =5 un(S) = {5} (k=1).
Then each reaction hyperedge (R — P) € Ep can be lifted to the n-superreaction
(ta(R), tn(P)) € VW x VI,

so a Chemical Reaction HyperGraph embeds naturally as a directed sub-superhypergraph of
CRSH(n).
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Example 3.3.7 (A level-2 Chemical Reaction SuperHyperGraph). Consider the reaction
Hs 4 Cl, — 2HCL

Let the molecule-node set be

Vi = {H,, Cl,, HCI}.

Fix n = 2. Then
V® = P2V,) = P(P(Vh)).

Define the (level-2) superreactant and superproduct nodes by
R = {{H.},{CL}} € P(P(Wh)), P := {{HCl}} € P(P(Wh)).

(Here R’ encodes the set of two reactant species, while P’ encodes the product species; multiplic-
ity “2” can be recorded separately if desired, e.g. as a stoichiometric weight on the superreaction.)

Let the directed superreaction set be
E? = {(R,P)} C VO xV®,

Then
CRSH(2) = (V@ EY)

is a level-2 Chemical Reaction SuperHyperGraph in the sense of Definition with a single
2-superreaction (R, P’) representing Hy + Cly — 2 HCL

(. R ‘ ( R
Level 1: molecule nodes V; i Level 2: nodes in P(P(V7))
(1) @::’;f@}z’ — {{Ha), {CL}} |

l (R, P')
(o1
L L J

J
(Stoichiometry “2” may be stored as a weight on (R', P').)
|

Figure 3.2: A level-2 Chemical Reaction SuperHyperGraph CRSH(2) = (V(2),EI(§)) for Hy +
Cly — 2HCI, represented by a single directed 2-superreaction (R, P’).
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Chapter 4

Topological Indices in SuperHyperGraphs

A topological index is a numerical invariant derived from a graph’s structure, summarizing
connectivity, degrees, or distances in order to compare systems quantitatively. In this chapter,
we introduce a range of concepts related to topological indices in SuperHyperGraphs. At present,
substantial room remains for further mathematical analysis in this area. We hope that this
chapter will serve as an encyclopedic reference for researchers and practitioners.

4.1 Sombor Index and Related Concepts

The Sombor index is a degree-based topological index originally defined for graphs by summing,
over edges, the Euclidean norm of the endpoint degree pair; it is commonly used to quantify
structural complexity in (chemical) networks [74H76]. Subsequent work has investigated nu-
merous extensions and applications, including chemical graphs [77,(78], fuzzy graphs [40,79|,
and neutrosophic graphs [41,180]. Several related degree-based indices are also widely studied,
such as modified Sombor indices [81-83], Zagreb-type indices [46,84-87], and the ABC and GA
indices [42,431(88,,89].

4.1.1 Sombor Index of SuperHyperGraphs

For hypergraphs, one natural generalization aggregates squared vertex degrees inside each hy-
peredge and then sums the resulting Euclidean norms over all hyperedges [90]. For superhy-
pergraphs, the same philosophy can be applied at the level of superedges, thereby capturing
degree-driven information in hierarchical, set-valued connectivity patterns.

Definition 4.1.1 (Sombor index of a hypergraph). [90] Let H = (V, E) be a finite hypergraph,
where V' is a nonempty finite vertex set and E C P(V) \ {0} is a finite family of nonempty
subsets of V. For each vertex v € V| the degree of v in H is

dy(v) == {e€ E|veel}|
The Sombor index of H is defined by
SOH) = > [ du(v)*.
ecE veEe

When H is 2-uniform, this reduces to the classical Sombor index of a simple graph.
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Definition 4.1.2 (Degree in an n-SuperHyperGraph). Let SHG™ = (V, E) be an n-SuperHyperGraph.
For each z € V, define the degree of x by

dsugm (z) == [{e€ E|zee}l

Definition 4.1.3 (Sombor index of an n-SuperHyperGraph). |[1,4] Let SHG™ = (V,E) be an
n-SuperHyperGraph and let dgyao (+) be as in Definition The Sombor index of SHG™
is defined by

SO(SHG(n)) = Z ZdSHG(n) (1‘)2 .

eckE Tr€e

Remark 4.1.4. If a hypergraph H = (V, E) is viewed as an 0-SuperHyperGraph by taking
the same vertex set V and the same hyperedge family £ C P(V) \ {0}, then Definition
coincides with Definition [4.1.1]

Example 4.1.5 (Sombor index of a 1-SuperHyperGraph). Let V; = {1,2,3} and consider the
1-SuperHyperGraph SHGY) = (V, E) defined by

V= {{1},{2},{3},{1,2}} CP(Vo),  E ={es, ez},

where
€1 = {{1}7{2}a {172}}7 €2 = {{2}a {3}}

The (super)degrees are

d{1}) =1, d({2}) =2, d({3Y) =1 d({L,2}) =1,

because {2} belongs to both e; and ey, while the other supervertices belong to exactly one
superedge.

Contribution of e;.

\/% = \Jd({1})? +d({2})2 + d({L,2})2 = V2 + 22 + I = V6.

Contribution of e,.

IS d(x)? = \Jd({2})? +d({3))? = VE + 12 = V5.

Therefore, by Definition [£.1.3]
SO(SHG™) = V6 + V5.
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4.1.2 Shifted (general) Sombor index

Shifted (general) Sombor index sums, over edges, the Euclidean norm of endpoint degree-pairs
after shifting each degree by a.

Definition 4.1.6 (Shifted (general) Sombor index). For a real parameter a € R, the shifted
(general) Sombor index is

$0.(@) == Y \/(dw) — ) + (d(v) — a)*.
)

w€eE(G

Remark 4.1.7 (Geometric interpretation). For each edge uv € E(G), the quantity

\/(d(U) —a)? + (d(v) —a)* = |[(d(w),d(v)) - (a,a),

is the Euclidean distance from (d(u),d(v)) to the reference point (a,a) in R?. Hence SO,(G)
aggregates such distances over all edges.

Proposition 4.1.8 (Standard specializations). The following identities hold:

500(G) =SO(G),  SON(G) = Y y/(d(w) = 12+ (dv) - 1?,

wveE(G)

and

S04G) = 3 \(d(w) — d)? + (d(v) — d)>.
)

w€eE(G

Proof. These are immediate from Definition by substituting a = 0, a = 1, and a

=d,
respectively. O

Definition 4.1.9 (Shifted (general) Sombor index of a hypergraph). Let H = (V, &) be a finite
hypergraph, and let dg(v) denote the (hypergraph) degree of v € V. For a real parameter
a € R, the shifted (general) Sombor index of H is defined by

SOL(H) = 3 3 \/(du(w) — a)® + (du(v) — a)?,

ecf u,v€Ee
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u, v} C e.

Definition 4.1.10 (Shifted (general) Sombor index of a SuperHyperGraph). Let H = (V,E)
be a finite SuperHyperGraph, and let dg(X) denote the (super)degree of a supervertex X € V.
For a real parameter a € R, the shifted (general) Sombor index of H is defined by

SOL(H) = > 3 /(du(A) — ) + (da(B) — a)?,

where A < B indicates that the inner sum ranges over unordered distinct pairs {4, B} C f.
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Example 4.1.11 (Shifted Sombor index of a simple SuperHyperGraph). Let H = (V,E) be the
SuperHyperGraph with

V={4,B,C}, E={fi,f2} fi={A,B}, f.={B,C}.
Then the (super)degrees are
du(A) =1,  du(B)=2, du(C)=1

Fix the shift parameter a = 1. Since each superhyperedge has size 2, each inner sum has one
term:

SO (H) = \/(dx(A) — 1) + (du(B) — 1)? + \/(ds(B) — 1) + (ds(C) — 1)2,

Substituting the degrees yields

SOL(H) = /(1 - 12 + 2~ 12+ /@ - 12 + (1 - 12 =vVI+VI=2.

Theorem 4.1.12 (SuperHyperGraph shifted Sombor index generalizes the graph and hyper-
graph cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then for

every a € R,
S0,.(G) = SO,(G).

2. Let H = (V,€) be a finite hypergraph, and let Hy := (V, E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then for every a € R,

$O4(Hy) = SO, (H).

Consequently, Definition |4.1.10| strictly extends the shifted (general) Sombor indices of graphs
and hypergraphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}, so the inner sum in
Definition [4.1.10| contains exactly one term per f, namely

V(e (w) = 0)? + (de(v) — 0)?.

Since G is just G viewed as a SuperHyperGraph, the superdegree equals the usual graph degree:

dg(u) = dg(u) and dg(v) = dg(v). Thus each f = {u, v} contributes v/(dg(u) — a)? + (dg(v) — a)?,
which is exactly the contribution of the edge uv to SO,(G). Summing over all edges yields
S0.(G) = S0,(G).

(2) For Hy = (V, £), the supervertices are the vertices of H and the superedges are the hyper-
edges. Moreover, for every v € V|

dyg,(v) ={e€&|vee}| =dy(v).

Hence, for each e € £, the inner pair-sum in Definition [4.1.10] coincides term-by-term with that
in Definition Summing over all e € £ yields SO, (H,) = SO, (H). O
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4.1.3 p-Sombor Index

The p-Sombor index sums over edges the LP-norm of endpoint degree pairs: (d(u)? + d(v)P) e

[74/91,[92).

Definition 4.1.13 (p-Sombor index). Let p € R\ {0}. The p-Sombor indez of G is

SO,(Q) = > (d(w)? +dw)") "

weE(G)

Remark 4.1.14 (Well-definedness for negative p). If p < 0, then d(u)? and d(v)? require
d(u),d(v) > 0. This holds automatically for endpoints of edges, since uv € E(G) implies
d(u) > 1 and d(v) > 1.

Proposition 4.1.15 (Key special cases). Let G be a finite simple graph. Then:
1. SO5(G) = SO(G).

2. SO4(G) = Z (d(u) + d(v)) = Z d(v)?. In particular, SO1(G) coincides with the
weE(G) veV(G)
first Zagreb index M, (G).

3. S0_4(G) = E d<u)d$)) Consequently, the inverse sum indeg index
wveE(G) (U) + (U)
2d(u)d(v)
ISI(G) = —_—
(@) Z d(u) 4+ d(v)

wweE(G)

satisfies ISI(G) = 2S0_,(G).

Proof. (1) Substituting p = 2 into Definition gives
S0:(G) = 3 (d(w)* +d(v)?)"* = 50(G).

weEE(G)

(2) Forp =1,

S0.(G) = 3 (d(u) +d(v)).

weEE(G)

To show >, cp(d(u) +d(v)) = >, oy d(v)?, observe that each vertex v appears in exactly d(v)
edges, and in each incident edge it contributes d(v) once. Hence the total contribution of v

equals d(v) - d(v) = d(v)?.

(3) For p = —1, Definition [4.1.13| yields

. 1 (d@)+d)\ TN d(u)d(v)
() ) = () = Tw) + (o)’

and the displayed identity follows by summing over E(G). The relation with ISI(G) is then
immediate. 0

27



Chapter 4. Topological Indices in SuperHyperGraphs

Definition 4.1.16 (p-Sombor index of a hypergraph). Let H = (V, ) be a finite hypergraph,
and let dy(v) denote the (hypergraph) degree of v € V. Let p € R\ {0}. The p-Sombor index

of H is defined by
= > X [@uluy +du))",

ecf u,vce
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u,v} C e.

Definition 4.1.17 (p-Sombor index of a SuperHyperGraph). Let H = (V,E) be a finite Super-
HyperGraph, and let dy(X) denote the (super)degree of a supervertex X € V. Let p € R\ {0}.
The p-Sombor index of H is defined by

=3 Y (A +du(B))"”,

feE A BEf

where A < B indicates that the inner sum ranges over unordered distinct pairs {A, B} C f.

Example 4.1.18 (A concrete computation of the p-Sombor index). Let
:(V,E), V:{A,B,C}, E:{f17f2}7

where

f]_ = {A,B}, f2 == {A,B,C}
Fix the total order A < B < C. Then the superdegrees are
dg(A) =2, du(B) = 2, dg(C) =1,
because A and B belong to both f; and f5, whereas C belongs only to f.

Take p = 1. Then each unordered pair {X, Y} contributes
(d(X)! +du(Y)')" = da(X) +du(Y).

Contribution of f;. The only pair in f; = {4, B} is {A, B}, hence
> (du(X) +du(Y)) = du(A) + du(B) =2+ 2 =4.

X.Yef
X<y

Contribution of f,. The unordered pairs in fo = {A, B,C} are {A, B}, {A,C},{B,C}. Thus
Z (du(X)+du(Y)) = (du(A)+du(B))+(du(A)+du(C))+(du(B)+du(C)) = (242)+(2+1)+(2+1) = 10.

X, YeEfo
X<Y

Therefore,

SO, (H) =4 + 10 = 14.

Same superhypergraph with p = 2 (classical Sombor-type). If p = 2, then the pair
contribution becomes +/dg(X)?2 + du(Y)?, and one obtains

SOQ(H):\/22+22+(\/22+22+\/22+12+\/22+12):2\/§+\/§+2\/5:4\/§+2\/5.

f1:{A,B}

f2:{A,B},{A,C},{B,C}
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Theorem 4.1.19 (SuperHyperGraph p-Sombor index generalizes the graph and hypergraph
cases). Let p € R\ {0}. Then:

1. If G = (V, E) is a finite simple undirected graph and G := (V, E) is the associated SuperHy-
perGraph (vertices as supervertices, edges as 2-element superhyperedges), then

S0,(G) = SO, (G).

2. If H = (V,&) is a finite hypergraph and Hy := (V,E) is the associated SuperHyperGraph
(obtained by viewing hyperedges as superhyperedges), then

SO, (Hy) = SO, (H).

Consequently, Definition[{.1.17 strictly extends the p-Sombor indices of graphs and hypergraphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}, so the inner sum in
Definition [4.1.17] contains exactly one term per f, namely

(do(u)? + dg(v)?) "
Because G is just G viewed as a SuperHyperGraph, the superdegree equals the usual graph
degree: dg(u) = dg(u) and dg(v) = dg(v). Thus the contribution of f equals (dg(u)? +

de(v)P)VP, which is precisely the contribution of the edge uv to SO,(G). Summing over all
f € B yields SO, (G) = SO, (G).

(2) For Hy = (V, &), the supervertices are the vertices of H and the superedges are the hyper-
edges. Moreover, for every v € V|

dg,(v) ={e€&|vee}| =duv).

Hence, for each e € £, the inner pair-sum in Definition coincides term-by-term with that
in Definition [4.1.16, Summing over all e € £ yields SO, (H,) = SO, (H). O

4.1.4 Unified View: Sombor-type and (a,p)-Sombor

The (a,p)-Sombor index sums over edges the LP-norm of shifted degrees: (|d(u) — al? + |d(v) —
1/p
al?) .

Definition 4.1.20 (Sombor-type degree descriptor). Let F': R>g X R>g — R>( be a symmetric
function, i.e., F(x,y) = F(y,x). The associated Sombor-type degree indez is

TIp(G) = Z F(d(u),d(v)).



Chapter 4. Topological Indices in SuperHyperGraphs

Remark 4.1.21. Many degree-based topological indices can be written in the Sombor-type form
TIx for a suitable choice of F'. For instance,

F(z,y) =+vVz>+y> = TIp(G)=S0(G),

and

F(z,y)=z+y = TIp(G)=S0.(G)= M (G).

Definition 4.1.22 ((a,p)-Sombor index). Let a € R and let p € R\ {0}. Define

50u,(G) == 3 (la(w) —a + jd(v) —ap) "

weE(G)

Proposition 4.1.23 (Containment of the main variants). Let G be a finite simple graph.
1. SOy 2(G) = SO(G).

2. S04 2(G) = SO1(G) (the shifted index with a = 1).

3. S0g,(G) = SO04(G) (the shifted index with a = d).

4. SOg »(G) = SO,(G) for every p # 0.

Proof. Each identity is obtained by direct substitution into Definition When p = 2, the
absolute values are immaterial because (x — a)? = |z — al?. O

Definition 4.1.24 ((a,p)-Sombor index of a hypergraph). Let H = (V&) be a finite hyper-
graph, and let dy(v) denote the (hypergraph) degree of v € V. Let a € R and p € R\ {0}. The
(a, p)-Sombor index of H is defined by

SO, (H) = Z Z <|dH(u) —al + |du(v) - a]”)l/p,

ecf wu,veEe
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u,v} C e.

Definition 4.1.25 ((a,p)-Sombor index of a SuperHyperGraph). Let H = (V,E) be a finite
SuperHyperGraph, and let dy(X) denote the (super)degree of a supervertex X € V. Let a € R
and p € R\ {0}. The (a,p)-Sombor index of H is defined by

1/p
$O0up(H) == > 3 (Ida(A) = al’ + |du(B) —a]’) ",
feE AABEBf
<

where A < B indicates that the inner sum ranges over unordered distinct pairs {4, B} C f.
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Example 4.1.26 (A concrete computation of the (a,p)-Sombor index). Let
H:(V’E)u V:{A,B,C}, E:{fl)f2}7
where
f1 = {A,B}, f2 = {A,B,C}
Fix the total order A < B < C'. Then the superdegrees are

dH(A) =2, dH(B) =2, dH(C) =1,

because A and B belong to both f; and f,, whereas C belongs only to fs.

Choose parameters a = 1 and p = 2. Then for a pair {X, Y} the summand becomes

(1) = 11+ () —117)

Contribution of f;. The only unordered pair in f; = {A, B} is {A, B}, so

S (1) =112+ Jaur) =17) " = (=124 2 —112) " = V2

X, Yef
X<Y

Contribution of f;. The unordered pairs in fo = {4, B,C} are {A,B},{A,C},{B,C}.
Hence

3 (a1 () -17) = Vo (21 —1p) e (2mape) = Ve

X, Yefs
X<Y

Therefore,

SO12(H) = (V2) + (V2 +2) = 2V2 + 2 ~ 4.8284.

Same example with a different exponent. If we keep a = 1 but take p = 1, then each pair
contributes

|dia(X) — 1] + |du(Y) — 1],

and the value becomes
SO, (H) = (|2 - 1]+ ]2 —1])

f1:{A,B}
+(2=1+2=1)+ (2= 1+ 1 =1)) + (2= 1] +[1 = 1)]
f2:{A,B},{A,C}{B,C}

=24+ (24+141)=6.

Theorem 4.1.27 (SuperHyperGraph (a, p)-Sombor index generalizes the graph and hypergraph
cases). Let a € R and p € R\ {0}. Then:
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1. If G = (V,E) is a finite simple undirected graph and G := (V, E) is the associated SuperHy-
perGraph (vertices as supervertices, edges as 2-element superhyperedges), then

SO,.»(G) = S0,,(G).

2. If H = (V,E) is a finite hypergraph and Hy := (V,E) is the associated SuperHyperGraph
(obtained by viewing hyperedges as superhyperedges), then

S04, (Hy) = SO, (H).

Consequently, Definition strictly extends the (a,p)-Sombor indices of graphs and hyper-
graphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}, so the inner sum in
Definition [4.1.25] contains exactly one term per f, namely

(1do(u) — " + g () —a) "

Because G is just G viewed as a SuperHyperGraph, the superdegree equals the usual graph
degree: dg(u) = dg(u) and dg(v) = dg(v). Thus each f = {u,v} contributes

(ldew) — a + lda(w) —a) .

which is precisely the contribution of the edge uv to SO, ,(G). Summing over all f € E yields
SO,.,(G) = S0, ,(G).

(2) For Hy = (V,E), the supervertices are the vertices of H and the superedges are the hyper-
edges. Moreover, for every v € V,

dyg,(v) ={eec&|vee}| =duv).

Hence, for each e € £, the inner pair-sum in Definition [4.1.25| coincides term-by-term with that
in Definition [4.1.24] Summing over all e € £ yields SO, ,(Hy) = SO, ,(H). O

4.1.5 FEuler-Sombor and Cross-term Variants of a SuperHyperGraph

The Euler-Sombor index sums over edges /d(u)? + d(v)2 + d(u)d(v), combining degree norms
with a cross-term [93-97].

Definition 4.1.28 (Euler-Sombor index). The Euler-Sombor index of G is

EUS(G) == 3 y/d(w)? + d(v)? + d(u)d(v).

weEE(G)
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Definition 4.1.29 (Parameterized cross-term Sombor index). For a real parameter A € R,
define

EUSA(G) = > yJd(w)? +d(v)? + Ad(u)d(v).

wveE(G)

Definition 4.1.30 (Euler-Sombor index of a hypergraph). Let H = (V&) be a finite hyper-
graph, and let dy(v) denote the (hypergraph) degree of v € V. The Euler-Sombor index of H
is defined by

BUS(H) = > 37 \/du(w)? + du(v)? + d (u)ds (v).

ecf u,v€Ee
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u, v} C e.

Definition 4.1.31 (Euler-Sombor index of a SuperHyperGraph). Let H = (V,E) be a finite
SuperHyperGraph, and let dg(X) denote the (super)degree of a supervertex X € V. The
Euler-Sombor index of H is defined by

BUS(H) = > 3 \/du(A)? + du(B)? + du(A)ds(B).

feE A Bef

where A < B indicates that the inner sum ranges over unordered distinct pairs {A, B} C f.

Example 4.1.32 (A concrete computation of the Euler-Sombor index). Let
:(VvE)v V:{AaBaC}a E:{f1>f2}7

where

fl = {A,B}, f2 = {A,B,C}
Fix the total order A < B < C. Then the superdegrees are

ds(A) =2,  du(B)=2,  du(C)=1,

because A and B belong to both f; and f5, while C' belongs only to fs.

By Definition [4.1.31} the contribution of f; is the single pair {A, B}:

S du(X)? + d(Y)? + du(X)de(Y) = V22 + 22 122 = V12 =2V3.

XY€f1
X<y

For fo, the unordered pairs are {4, B}, {A,C},{B,C}, hence

S V(X + da(Y)? + dn(X)ds(Y) = VIZHVE T 12 42 1v22 1 12 121 = 2V342V7.

XYEfz
X<y

Therefore,

EUS(H) = (2v/3) + (2v3 + 2V7) = 4V3 4 2V/7 ~ 12.2195.

Theorem 4.1.33 (SuperHyperGraph Euler-Sombor index generalizes the graph and hypergraph
cases).
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1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

EUS(G) = EUS(G).

2. Let H = (V,E) be a finite hypergraph, and let Hy := (V,E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

EUS(H,) = EUS(H).

Consequently, Definition strictly extends the Euler-Sombor indices of graphs and hyper-
graphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}, so the inner sum in
Definition 4.1.31] contains exactly one term per f, namely

Vo(w)? + do(v)? + do(u)dg (v).

Because G is just G viewed as a SuperHyperGraph, the superdegree equals the graph degree:
dg(u) = dg(u) and dg(v) = dg(v). Hence the contribution of f equals

Ve (w)? + da(v)? + do(u)da(v),

which is precisely the contribution of the edge uv to EUS(G). Summing over all f € E yields
EUS(G) = EUS(G).

(2) For Hy = (V,E), the supervertices are the vertices of H and the superedges are the hyper-
edges. Moreover, for every v € V,

dg,(v) =|{e€&|vee}| =dy(v).

Thus, for each e € &, the inner pair-sum in Definition [4.1.31] coincides term-by-term with the
inner pair-sum in Definition 4.1.30} Summing over all e € £ yields EUS(H,) = EUS(H). O

4.1.6 Complex Sombor Index of a SuperHyperGraph

The complex Sombor index sums, over edges, the principal square-root of squared complex
degrees (d + i) of endpoints.

Definition 4.1.34 (Complex Sombor index). Let G = (V, E) be a finite simple undirected
graph, and let dg(v) denote the (usual) degree of a vertex v € V. Fix an auxiliary vertex
attribute (a real-valued weight)

7: V=R

Define the complex degree of v by
5.(v) == dg(v) + it(v) (veV),

where i2 = —1. The complex Sombor index of G (with respect to T) is the complex number
CS0,(G) = 3 \/ 6. (w? +6.(v)?
uvek

where /- denotes the principal branch of the complex square root.
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Remark 4.1.35 (Canonical choice of 7). A natural choice is 7(v) = eg(v) (vertex eccentricity),
yielding a degree-eccentricity complexification:

Cs0.(G) = Y \/(dG(u)+igG(u))2+(dG(v)—i—iEG(v))?.

uwveE

Proposition 4.1.36 (Reduction to the classical Sombor index). If 7 = 0, then CSO.(G)
coincides with the classical Sombor index:

CS00(G) = 3 \Jde(u)? +da(v)? = SO(G).

wveE

Proof. If 7 = 0, then 6, (v) = dg(v) is real and nonnegative for every v € V. Hence, for each

edge uv € E,
VO, (w2 +6,(0)? = \Jda(w)? + de(v)2,

and summing over all edges yields the claim. O

Definition 4.1.37 (Complex Sombor index of a hypergraph). Let H = (V,€) be a finite
hypergraph, and let dy(v) denote the (hypergraph) degree of v € V. Fix an auxiliary vertex
attribute (a real-valued weight)

7: V= Rso.

Define the complex degree of v € V' by
0,(v) == dy(v) + i7(v) (veV),

where i2 = —1. The complex Sombor index of H (with respect to 7) is the complex number
CSO,(H) = 3 3/ 6. (w? +6.(v)
ecE u,vee
u<v

where /- denotes the principal branch of the complex square root and u < v indicates that the
inner sum ranges over unordered distinct pairs {u,v} C e.

Definition 4.1.38 (Complex Sombor index of a SuperHyperGraph). Let H = (V,E) be a finite
SuperHyperGraph, and let dy(X) denote the (super)degree of a supervertex X € V. Fix an
auxiliary supervertex attribute (a real-valued weight)

T7:V—> Rzo.
Define the complex degree of X € V by
0,(X) == dy(X) + i7(X) (X eV),

where i* = —1. The complex Sombor indez of H (with respect to 7) is the complex number
cso,(H) == 3 3 /6.4 (B)?
fek AABEf
<B

where /- denotes the principal branch of the complex square root and A < B indicates that the
inner sum ranges over unordered distinct pairs {A, B} C f.
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Example 4.1.39 (A concrete computation of the complex Sombor index). Let the SuperHy-
perGraph be

H=(V.E), V={ABC}, E={f}, [f={4B,C}
Fix the total order A < B < C. Since each supervertex belongs to exactly one superhyperedge,
dup(A) = dy(B) =du(C) = 1.

Choose an auxiliary attribute 7 : V — R>( by

Hence the complex degrees are
J.(A) =1, 0.(B)=1+1, 5.(C) =1+ 24,
and therefore
(A =1, 6(B?=0+0)*=2i, 0.(C) = (1+2i)*=-3+4i.

Because E = {f} and f = {4, B, C}, Definition [4.1.38 gives

SO, (H) = > /6. (X)2 +6,(Y)? = VIt 2+ V-2 1 4i + V=3 6i,

X,Yef
X<Y

where /- denotes the principal complex square root.

Using the standard principal-square-root formula

\/aeri:\/% +isgn(b)\/r;a, r=+va?+b?,

we obtain the explicit closed forms

m-Mi“ + z‘\/\/i_l,

V=2+44i=\/V5-1+ i\/V5+1,

m:\/i’%@i—” N \/@
Hence

Numerically,

CSO, (H) ~ (4.4136) + (4.3378).

Theorem 4.1.40 (SuperHyperGraph complex Sombor index generalizes the graph and hyper-
graph cases). Fix T on the relevant vertex/supervertez set.
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1. Let G = (V,E) be a finite simple undirected graph and let G := (V, E) be the associated

SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Identify
7 :V = R with the same map on V=1V . Then

€S0, (G) = CSO,(G).

2. Let H = (V, &) be a finite hypergraph and let Hy := (V,E) be the associated Super HyperGraph
(obtained by viewing hyperedges as superhyperedges). Identify T : V — Rso with the same
map onV =V . Then

€S0, (Hy) = CSO, (H).

Consequently, Definition strictly extends the complex Sombor indices of graphs and hy-
pergraphs.

Proof. (1) In G = (V, E) every superhyperedge has size 2, say f = {u,v}. Hence the inner sum
in Definition [4.1.38| contains exactly one term per f, namely

d-(u)? + 6, (v)2.

Moreover, because G is just G viewed as a SuperHyperGraph, the superdegree equals the usual
graph degree: dg(u) = dg(u) and dg(v) = dg(v), and 7 is the same function on V. Therefore
0,(u) = dg(u) + i7(u) and 6,(v) = dg(v) + iT(v) agree with the complex degrees used in the
graph definition of CSO,(G). Thus each f = {u, v} contributes the same summand as the edge
uv in CSO,(G), and summing over all edges yields CSO.(G) = CSO,(G).

(2) For Hy = (V, &), the supervertices are the vertices of H and the superedges are the hyper-
edges. Also, for every v € V,

dyg,(v) ={ec&|vee}| =duv).

With the same 7 on V', we have §,(v) = dy(v) + i7(v) in both settings. Hence, for each e € &,
the inner pair-sum in Definition [4.1.38| coincides term-by-term with that in Definition [4.1.37
and summing over all e € £ yields CSO.(Hy) = CSO,(H). O

4.2 Wiener Index of a SuperHyperGraph

The Wiener index of a graph is the sum of shortest-path distances d(u,v) over all unordered
vertex pairs {u, v} |98H100]. Related notions are also well studied, including the Wiener index
of chemical graphs [101103], the Wiener index of fuzzy graphs [104-106], and the Wiener index
of neutrosophic graphs [804|107}/108].
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4.2.1 Wiener index of a SuperHyperGraph

The Wiener index of a superhypergraph sums shortest distances between base vertices in the
induced superhypergraph metric, extending graphs.

Let G = (V(G), E(G)) be a finite, simple, connected (undirected) graph. For u,v € V(G), let
dg(u,v) denote the usual shortest-path distance (the minimum number of edges in a u-v path).

Definition 4.2.1 (Wiener index of a graph). [98-100] The Wiener index of G is

WG = Y de(uw) = % S de(u,).

{u,w}CV(G) wEV(G) veV (G)

We use the standard (Berge-type) notion of path and distance: a u-v path is an alternating
sequence

(vo, €1, V1, ..., €p,Vp)
with vy = u, v, = v, all v; distinct, all e; distinct, and v,_1,v; € e; for each %; its length is p.
The distance dg(u,v) is the minimum length of a u-v path (and dgy(u,w) = 0). If every vertex
pair is joined by a path, then H is connected.

Definition 4.2.2 (Wiener index of a hypergraph). Let H be a finite connected hypergraph. Its
Wiener index is

1

W(H) := Z dg(u,v) = 3 Z Z dg(u,v),

{u,v}CV (H) w€EV (H) veV (H)

i.e., the sum of distances over all unordered vertex pairs.

To encode nested or hierarchical “vertices,” we adopt a powerset-based universe. Let X be a
nonempty finite base set and let P°(X) := X, P(X) := P(P*(X)). Fix an integer r > 0

and set .

U,(X) = JP'X)\{0}).

=0

Definition 4.2.3 (Superpath, distance, and Wiener index of a superhypergraph). Let H be a
SuperHyperGraph. A superpath from A to B (with A, B € V(H)) is an alternating sequence

(A07f17A17' "?fp’AP)

where Ay = A, A, = B, the A; are distinct supervertices, the f; are distinct superhyperedges,
and A;,_1,A; € f; for each i. Its length is p. If such a superpath exists for every pair of
supervertices, we call H connected.

For connected H, define the distance dy(A, B) as the minimum length of an A-B superpath,
and define the Wiener index by

1
W(H) == >  du(A,B) = 5 > > du(AB).
{A,B}YCV (H) A€V (H) BeV (H)
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4.2.2 Hyper-Wiener index

The hyper-Wiener index is a distance-based topological index summing, over all unordered vertex
pairs, half of d + d* [109H112].

Definition 4.2.4 (Hyper-Wiener index). Let G = (V, E) be a finite simple connected graph.
For u,v € V, let dg(u,v) denote the usual shortest-path distance between v and v. The Wiener

index of G is
W(G) = Z dg(u,v).

{u,v}CV
The hyper-Wiener index of G is defined by
1
WWG) =5 > (dG(u,v) + dG(u,v)2>.
{u,v}CV

Equivalently,
1 1 9

{u,v}CV

Definition 4.2.5 (Hyper-Wiener index of a hypergraph). Let H = (V, &) be a finite connected
hypergraph, and let dg(+,-) be the distance. The hyper- Wiener index of H is defined by

WW(H) = L Z (dH(u,v)+dH(u,v)2).

{uw}CV
Equivalently,
1 2
WW(H) = 133 (du(,v) +da(u.0)?),
ueV veV
since dy(u,u) = 0 and the distance is symmetric.

Definition 4.2.6 ((Recall) Superpath and distance in a SuperHyperGraph). Let H = (V,E) be
a finite SuperHyperGraph (in particular, V is a finite set of supervertices and E C P(V)\ {0} is
a finite family of superhyperedges). A superpath of length p > 1 from A to B is an alternating
sequence
(AOa f17 Ala f27 L} fp’ Ap)u

where Ag = A, A, = B, the supervertices Ay, ..., A, € V are pairwise distinct, the superhyper-
edges fi,..., f, € E are pairwise distinct, and {A4;_1,4;} C fiforalli=1,...,p. f A= B,
we take the length-0 superpath (A).

The superdistance dg (A, B) is the minimum length of a superpath from A to B (and dy(A, A) =
0). We call H connected if dg(A, B) < oo for all A, B € V.

Definition 4.2.7 (Hyper-Wiener index of a SuperHyperGraph). Let H = (V,E) be a finite
connected SuperHyperGraph, and let dy(+,-) be the superdistance from Definition m The
hyper- Wiener index of H is defined by

WWE) = > Y (da(A.B) + da(A.B)?).

{A.B}yCV
Equivalently,
1 2
WW@E) = ;> (du(A, B) + du(A, B)?).

A€V BeV
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Theorem 4.2.8 (SuperHyperGraph hyper-Wiener index generalizes the graph and hypergraph
cases).

1. Let G = (V, E) be a finite simple connected graph and let
G = (V, E)

be the SuperHyperGraph whose supervertex set is V and whose superhyperedge family is the
set of 2-subsets B C (‘2/) Then for all u,v € V,

dg(u,v) = dg(u,v),

and consequently

WW(G) = WW(G).

2. Let H = (V,&) be a finite connected hypergraph and let
H := (V, &)

be the SuperHyperGraph with the same vertex set and the same edge family (viewed as super-
hyperedges). Then for all u,v € V,

dy(u,v) = dy(u,v),

and consequently

WW (H) = WW (H).

In particular, Definition strictly extends both the classical hyper-Wiener index of graphs
and the hyper-Wiener index of hypergraphs (Definition .

Proof. (1) In G, a superpath from u to v is precisely an alternating sequence
(u =1, €1, V1, €2,...,€p, Vp =0)

with e; = {v;_1,v;} € E for each i, i.e., an ordinary (simple) graph path in G. Hence the
minimum possible length over such sequences equals the usual shortest-path distance in G, so
dg(u,v) = dg(u,v) for all u,v € V. Substituting this equality into Definition yields
WW(G) =WW(G).

(2) In H = (V,€), a superpath is exactly a Berge path in the hypergraph H, because the
incidence condition {z;_1,z;} C e; is identical in both settings. Therefore the minimum length
of a u-v superpath equals the minimum length of a u-v Berge path, i.e., dg(u,v) = dy(u,v) for
all u,v € V. Again substituting into Definition gives WW (H) = WW (H). O
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4.2.3 Steiner Wiener index of Graph

The Steiner k-Wiener index sums, over all k-vertex subsets, the minimum size of a connected

subgraph spanning them [99,113-115].
Definition 4.2.9 (Steiner distance). Let G = (V, E) be a connected graph and let S C V with

|S| > 2. The Steiner distance of S in G is
H is a connected subgraph of G and S C V(H) }.

dg(S) := min{ |E(H)|:

Equivalently,
T is a subtree of G and S C V(T) }.

dg(S) = min{ |E(T)| :
In particular, if S = {u,v}, then dg({u,v}) = dg(u,v) coincides with the usual shortest-path

distance.

Definition 4.2.10 (k-th Steiner Wiener index). Let G = (V, E) be a connected graph of order
n and let k be an integer with 2 < k < n. The k-th Steiner Wiener index (also called the Steiner

k-Wiener index) of G is
SWi(G) = > da(S).
SCV
|S=k
W(Q), i.e., it reduces to the ordinary

For k = 2, one has SW»(G) = >, ,jcv da(u,v)
Wiener index. -

Definition 4.2.11 (Steiner distance in a hypergraph). Let H = (V,&) be a finite connected
hypergraph, and let S C V with |S| > 2. For any nonempty F' C &, write
V(F) = e, H[F] = (V(F), F),

ecF

viewed as a subhypergraph of H. We say that H[F is connected if every pair of vertices in V (F')
is joined by a Berge path using only hyperedges from F' (equivalently, the hypergraph distance

in H[F] is finite for all pairs).

The Steiner distance of S in H is
min{ |F|: 0 #F C&, SCV(F), and H[F] is connected }.

du(S) =

V,€) be a finite
< n. The k-th

Definition 4.2.12 (k-th Steiner Wiener index of a hypergraph). Let H = (

connected hypergraph of order n = |V, and let k be an integer with 2 < k

Steiner Wiener index of H is
SWi(H) = Y du(9),

SCV
|S|=k

where dy (S) is the Steiner distance from Definition [4.2.11
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Definition 4.2.13 (Steiner distance in a SuperHyperGraph). Let H = (V,E) be a finite con-
nected SuperHyperGraph, and let S C V with |S| > 2. For any nonempty F C E, write

VE) = (J S HF] = (V(F), F),

feF

viewed as a sub-SuperHyperGraph of H. We say that H[F| is connected if every pair of super-
vertices in V(IF) is joined by a superpath using only superhyperedges from F (equivalently, the
superdistance in HJ[F] is finite for all pairs).

The Steiner distance of S in H is

du(S) = min{|F|: 0 #F CE, S C V(F), and H[F] is connected }.

Definition 4.2.14 (k-th Steiner Wiener index of a SuperHyperGraph). Let H = (V,E) be a
finite connected SuperHyperGraph of order N = |V|, and let k£ be an integer with 2 < k < N.
The k-th Steiner Wiener index of H is

SWi(H) = Y du(S),
SCV
|S|=k

where dy(S) is as in Definition 4.2.13

Theorem 4.2.15 (Steiner Wiener index of SuperHyperGraphs generalizes the graph and hy-
pergraph cases).

1. Let G = (V,E) be a finite simple connected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then for
every S C V with |S| > 2 one has

and hence for every k with 2 < k < |V,

SWi(G) = SWi(G).

2. Let H = (V, &) be a finite connected hypergraph, and let Hy := (V,E) be the SuperHyperGraph
obtained by viewing the hyperedges as superhyperedges. Then for every S C V with |S| > 2
one has

dm, (S) = du(S),
and hence for every k with 2 < k < |V,

SWi(Ho) = SWi(H).

Consequently, Definition[{.2.1]) strictly extends the Steiner Wiener indices of graphs and hyper-
graphs.
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Proof. (1) Fix S C V with |S| > 2. Any nonempty edge set F' C E determines a graph subgraph
G[F] and, simultaneously, a sub-SuperHyperGraph G[F] with the same edge set F' and vertex
set V(F) = J.cp € Because each edge e € E is a 2-set, connectivity of G[F] is equivalent to
connectivity of G[F| (both are characterized by existence of usual paths/superpaths using edges
in F). Moreover, S C V(F) is the same condition in both settings. Therefore the minimization
problems defining dg(S) (previously defined) and dg(S) (Definition [4.2.13) range over the same
family of feasible edge sets F' and use the same objective |F|, so dg(S) = d¢(S). Summing over
all k-subsets S yields SWi(G) = SW(G).

(2) Fix S C V with |S| > 2 and consider any nonempty F C £. By construction, the sub-
SuperHyperGraph Hj[F] equals the subhypergraph H|[F] as a set system: they have the same
edge family F and the same vertex set V(F) = [J.cpe. A Berge path in H[F] is exactly a
superpath in Hy[F] (the incidence condition {z;_1,x;} C e; is identical), hence H[F]| is connected
if and only if Hy[F] is connected. Again, the feasibility condition S C V(F) and the objective

|F| coincide. Thus the minima defining dy (S) (Definition [4.2.11)) and dg, (S) (Definition [4.2.13)
are equal, i.e., dg, (S) = dg(S). Summing over all k-subsets S yields SWy,(Hy) = SWi(H). O

4.2.4 Complex Wiener index

The complex Wiener index sums complexified pairwise distances d + i|7(u) — 7(v)|, combining
shortest-path length with attribute-difference magnitude.

Definition 4.2.16 (Complex distance induced by a vertex attribute). Let (X, d) be a finite
set equipped with a symmetric distance function d : X x X — Ry with d(z,z) = 0. Fix a
(real-valued) vertex attribute 7 : X — R>(. Define the complex distance by

d(z,y) = dw.y) + ilr(@) =7y (2,5 €X),

where 2 = —1.

Definition 4.2.17 (Complex Wiener index of a graph). Let G = (V, E) be a finite connected
graph with usual distance dg(-,-). Fix 7 : V — Rsq and define d¢ on V by Definition |4.2.16
with d = dg. The complex Wiener index of G (with respect to 7) is the complex number

W, (@) == Y duw) = Y (dG(u,v)+i|T(u)—7‘(v)|>.

{u,v}CV {u,v}CV

Definition 4.2.18 (Complex Wiener index of a hypergraph). Let H = (V, &) be a finite con-
nected hypergraph with the fixed hypergraph distance dy(-,-) (e.g., Berge-type). Fix 7 : V —
R>( and define d‘TC on V by Definition with d = dg. The complex Wiener index of H
(with respect to 7) is

CW,(H) == > duw) = Y (dH(u,v)+uT(u)—T(v)|).

{u,w}CV {u,0}CV
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Definition 4.2.19 (Complex Wiener index of a SuperHyperGraph). Let H = (V,E) be a finite
connected SuperHyperGraph with the fixed superdistance dg(-,-) on V. Fix 7: V — R and
define d% on V by Definition [4.2.16| with d = dy. The complex Wiener index of H (with respect
to ) is

CW,(H) = . d&AB) = Y (dH(A,B)+i|T(A)—T(B)]>.

{A,BYCV {4.B}CV

Proposition 4.2.20 (Reduction to the classical Wiener index). If 7 is constant (in particular,
if T =0), then the complex Wiener index reduces to the usual Wiener index:

CW,.(G)=W(G), CW,(H)=W(H), CW,(H)="W(H).

Proof. If T is constant, then |7(z) — 7(y)| = 0 for all z,y. Hence d(z,y) = d(z,y) in each
setting, and summing over unordered pairs yields the corresponding Wiener index. O

4.3 Hosoya index of a SuperHyperGraph

The Hosoya index of a graph counts all matchings in G, i.e., independent edge-sets, including the
empty matching [116-119]. Related notions such as the Hosoya index of a chemical graph are also
known [120]. The Hosoya index of a superhypergraph counts all pairwise disjoint superhyperedges,
generalizing graph matchings and hence Hosoya index.

Definition 4.3.1 (Matching in a graph). (cf. [121]) Let G = (V, E) be a finite (simple, undi-
rected) graph. A matching in G is a subset M C F such that no two distinct edges in M share
a common endpoint. For s € Zsq, an s-matching is a matching M with |M| = s. We write
m(G; s) for the number of s-matchings of G, and adopt the convention m(G;0) = 1 (the empty
matching).

Definition 4.3.2 (Hosoya index of a graph). [116-119] Let G be a finite graph. The Hosoya
index of G, denoted by Z(G) (or z(G)), is defined as the total number of matchings in G:

LV (&)1/2]
Z(G) = Z m(G; s).

s=0

Equivalently, Z(G) counts all subsets of E(G) whose edges are pairwise vertex-disjoint (including
the empty set).

Definition 4.3.3 (Iterated powerset universe). Let V' be a nonempty finite set (the base-vertex
set). Define recursively

POW) =V,  PEDV):=PPWWV))\ {0} (k>0),

where P(-) is the usual powerset. Elements of P*) (V) may be viewed as objects of depth k built
from V.
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Definition 4.3.4 (Finite SuperHyperGraph). A (finite) SuperHyperGraph is a pair S = (V, )
where V is a finite base-vertex set and £ is a finite set of superhyperedges such that there exists

L > 1 with
L
c Jr®(v
k=1

Thus each F € £ is a nonempty nested set-object ultimately constructed from elements of V.

Definition 4.3.5 (Base-support (flattening) map). Define supp : (J;», P* (V) — P(V) recur-
sively by B

supp(v) :={v} (v€V),  supp(X):= ] supp(z) (X e PH(V), k> 1).

zeX

For a superhyperedge E € &, the set supp(F) C V is the collection of base-vertices that occur
in F after fully “flattening” the nested structure.

Definition 4.3.6 (Supermatching). Let S = (V, &) be a SuperHyperGraph. A supermatching
is a subset M C & such that for any two distinct E, F' € M one has

supp(E) Nsupp(F) = 0.

For s € Zx, an s-supermatching is a supermatching M with |M| = s. Let m(S; s) denote the
number of s-supermatchings of S, and set m(S;0) = 1.

Definition 4.3.7 (Hosoya index of a SuperHyperGraph). Let S = (V) be a finite SuperHy-
perGraph. Its Hosoya index is the total number of supermatchings:

= Zm(S; s).

4.4 Randi¢ index of a SuperHyperGraph

The Randi¢ index of a graph is R(G) = Y, .c B(G) m, measuring branching via inverse

degree products [31,45,122,|123|. The Randic¢ index of a superhypergraph sums analogous inverse
square-roots of endpoint superdegrees over superhyperedges, extending R(G) consistently.

Definition 4.4.1 (General Randi¢ index of a graph). [31,45,/122,123] Let G = (V, E) be a
finite simple undirected graph, and let dg(v) denote the (usual) degree of v € V. For a real
parameter o € R, the general Randié¢ index of G is

Ro(G) == Y (da(u)da(v))”.

uwveE

The classical Randi¢ (connectivity) index is the special case

RO = @ = 3 oy
uwveE
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Definition 4.4.2 ((Recall) r-SuperHyperGraph, incidence, and degree). An r-SuperHyperGraph
is a pair S = (V,€) where V is a finite base vertex set and & C P"(V) is a finite family of
superhyperedges. A base vertex v € V' is incident with a superhyperedge E € £ if v € Flat,.(E).

The (base) degree of v € V in S is

ds(v) == |{E €& :v € Flat, (E)}|

Definition 4.4.3 (General Randi¢ index of a SuperHyperGraph). Let S = (V, &) be an r-
SuperHyperGraph and let o € R. The general Randi¢ index of S is defined by

Ro(S) =Y > (ds(u)ds(v))",

Eef {u,w}CFlat,(E)

where the inner sum ranges over all unordered distinct pairs {u, v} contained in Flat,(E). The
Randié index of S is R(S) := R_1/5(S).

4.5 Zagreb indices of a SuperHyperGraph

The Zagreb indices of a graph are My(G) = 3, cy(q) d(v)? and Ma(G) = 32, cpie) A(w)d(v)
[124-128]. Related notions such as hyper-Zagreb indices [46}47,/129], Zagreb indices in fuzzy
graphs [130}/131], Zagreb indices in Chemical graphs [132H135], and Zagreb indices in neutro-
sophic graphs [1361|137] are also known.

4.5.1 Zagreb indices of a superhypergraph

The Zagreb indices of a superhypergraph analogously sum squared superdegrees and products
over superhyperedges using an appropriate incidence-based degree notion.

Definition 4.5.1 (First and second Zagreb indices of a graph). [124-126] Let G = (V(G), E(G))
be a (simple) graph. For each v € V(G), let dg(v) denote the degree of v. The first Zagreb
index and second Zagreb index of G are defined by

M (G) = Z da(v)?, Ms(G) = Z dg(u) dg(v).

vev(Q) {uv}€B(Q)

Definition 4.5.2 (Degree and pair-incidence multiplicity). Let H = (V,E) be a SuperHyper-
Graph. For X € V, define the degree of X by

du(X) = {e€E: X e}
For distinct X,Y € V, define the pair-incidence multiplicity by
pa(X,Y) = {e€E: {X,Y} Ce}|
(Thus, ug(X,Y) > 1 exactly when X and Y co-occur in at least one superhyperedge.)
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Definition 4.5.3 (First and second Zagreb indices of a SuperHyperGraph). Let H = (V,E) be
a SuperHyperGraph. Define

Mi(H) == Y du(X)’,  My(H) := Y puu(X,Y)du(X)du(Y),

Xev {X,Y}CV

where the second sum ranges over all 2-element subsets {X, Y} of V.

Remark 4.5.4. If H has the property that each unordered pair {X, Y} is contained in at most
one superhyperedge, then pg(X,Y) € {0,1} and

My(H) = > du(X)du(Y),
{X,Y}CV
pa(X,Y)=1

i.e., the sum runs over adjacent pairs.

4.5.2 Hyper-Zagreb indices

Hyper-Zagreb indices are degree-based measures summing, over edges, squared degree sums
(HM1) and squared degree products (HM2) 46,47, 138-141].

Definition 4.5.5 (Hyper-Zagreb indices). Let G = (V(G), E(G)) be a finite simple connected
graph, and let dg(v) denote the (usual) degree of v € V(G).

First hyper-Zagreb index. The first hyper-Zagreb index of G is

HM,(G) = Y (da(u) +ds(v))™.

uveE(G)

Second hyper-Zagreb index (vertex-degree product convention). The second hyper-
Zagreb indez of G (in the vertex-degree product convention) is

HM,(G) = Y (da(u)da(v)™.

wveE(G)

Definition 4.5.6 (Hyper-Zagreb indices of a hypergraph). Let H = (V, &) be a finite hyper-
graph, and let dy(v) denote the (hypergraph) degree of v € V. The first hyper-Zagreb indez of

H is defined by
HM,(H) = Y 3 (du(u) + du(v)’,

ecf u,v€e
u<v

and the second hyper-Zagreb index (vertex-degree product convention) is defined by

HMy(H) = Y S (du(u) du(v))’,

ecf u,vee
u<v

where u < v indicates that each inner sum ranges over unordered distinct pairs {u,v} C e.
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Definition 4.5.7 (Hyper-Zagreb indices of a SuperHyperGraph). Let H = (V,E) be a finite
SuperHyperGraph, and let dg(X) denote the (super)degree of a supervertex X € V. The first
hyper-Zagreb index of H is defined by

HM(H) == ) Y (di(A) + du(B)),
fEE A,Bef

and the second hyper-Zagreb index (vertex-degree product convention) is defined by

HM(H) = 3 3 (du(A) du(B))’,
feE A,Bef

where A < B indicates that each inner sum ranges over unordered distinct pairs {A, B} C f.

Theorem 4.5.8 (SuperHyperGraph hyper-Zagreb indices generalize the graph and hypergraph
cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

HM,(G) = HM{(G),  HM,(G) = HM,(G).

2. Let H = (V&) be a finite hypergraph, and let Hy := (V, E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

HM, (Ho) = HM, (H), HMS, (Ho) = HM, (H).

Consequently, Definition[{.5.7 strictly extends the hyper-Zagreb indices of graphs and hypergraphs.

Proof. (1) In G = (V, E)) each superhyperedge has the form f = {u, v}, so each inner sum in
Definition contains exactly one term per f. Since G is G viewed as a SuperHyperGraph,
the superdegree equals the usual graph degree: dg(u) = dg(u) and dg(v) = dg(v). There-
fore the contribution of f = {u,v} to HM;(G) equals (dg(u) 4+ dg(v))?, and its contribution
to HM3(G) equals (dg(u)dg(v))?, i.e., the corresponding edge contributions in HM; (G) and
HM;(G). Summing over all f € E yields HM; (G) = HM;(G) and HM,(G) = HM,(G).

(2) For Hy = (V, £), the supervertices are the vertices of H and the superedges are exactly the
hyperedges. Moreover, for every v € V|

i, (v) = |{e € E | v e e} =dyv).

Hence, for each e € &, the inner pair-sums defining HM; (Hy) and HMy(Hy) coincide term-by-
term with those defining HM; (H) and HMy(H ), respectively. Summing over all e € £ yields
HM1 (Ho) = HMl(H) and HMQ(H()) = HMQ(H) O
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4.5.3 Augmented Zagreb index (AZI)

The Augmented Zagreb index (AZI) is a degree-based topological descriptor summing, over edges,
the cubed ratio d(u)d(v)/(d(u) + d(v) — 2), used to predict molecular properties [142-145].

Definition 4.5.9 (Augmented Zagreb index of a graph). Let G = (V, E) be a finite simple
graph, and let dg(-) be the usual degree. Assume dg(u) + dg(v) > 2 for every edge uv € E
(equivalently, no edge joins two degree-1 vertices). The augmented Zagreb indez of G is

. dg(u) dg(v) ’
AZIG) = ) (dG(U) T de(v) 2)

uveE

Definition 4.5.10 (Augmented Zagreb index of a hypergraph). Let H = (V,£) be a finite
hypergraph, and let dg(-) be the hypergraph degree. Assume dg(u) + dg(v) > 2 for every pair
{u,v} counted below. Define

dH dH() >3
AZI < .

Definition 4.5.11 (Augmented Zagreb index of a SuperHyperGraph). Let H = (V,E) be a
finite SuperHyperGraph, and let dg(-) be the superdegree. Assume dg(A) + dg(B) > 2 for
every pair {4, B} counted below. Define

An®) = 5 5 (i - )

feE A BEf

Example 4.5.12 (Augmented Zagreb index of a small SuperHyperGraph). Let H = (V,E) be
the finite SuperHyperGraph with

V={A,B,C},  E={fi,f,[s},
where the superedges are
fi={4,B,C},  fr={A B}, fi={AC}.
The superdegrees (incidence counts) are
dg(A) =3,  du(B)=2, du(C)=2,

so that dg(X) 4+ du(Y) > 2 for every pair {X, Y} that appears below.

We compute AZI(H) by summing, for each superedge, over all unordered pairs of distinct super-
vertices contained in it.

Contribution of f; = {A, B,C}. The pairs are {A, B}, {A,C}, and {B,C}:

() - (355) - (5) -=
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( d(A)d(C) )3_ ( 3.2 >3_8
d(A)+d(C)-2) \3+2-2) 7

(d(BC;(f)dd((CC))— 2)3 - <2+222_2>3 = (;)3 =8.

Hence the total from f; equals 8 + 8 + 8 = 24.

Contribution of f, = {4, B}. Ounly the pair {A, B} occurs, contributing 8.
Contribution of f; = {A4,C}. Ouly the pair {A, C'} occurs, contributing 8.

Total. Therefore,

AZIH) =>" > ( +diﬁ([( )) 2>3:24+8+8:40.

fEE X Yef
X<y

4.6 Gutman index of a SuperHyperGraph

The Gutman index of a graph is 3, \cv(q) dao(u)de(v) diste(u,v), combining degrees with
pairwise shortest-path distances [146H149]. The Gutman index of fuzzy graphs [150] among re-
lated topics, have also been widely studied. The Gutman index of a superhypergraph extends this
by using superhypergraph degrees and shortest superincidence distances between supervertices
in pairs.

Definition 4.6.1 (Gutman index of a graph). [146,147] The Gutman indez of G is

Gut(G) = Z degy(u) degy(v) dg(u,v) = Z Z deg,(u) degy (v) da(u, v).

{u,v}CV(G) uEV(G) veEV(Q)

Definition 4.6.2 (Adjacency, degree). Let S = (V,€) be an n-SuperHyperGraph. Distinct
supervertices x,y € V are adjacent if there exists e € € with {z,y} C e. The degree of z € V is

degs(z) = |{e€:xee}.

Definition 4.6.3 (Berge path and distance). A (Berge) path of length p > 1 from x to y in S
is a sequence

(x =g, €1, V1, €2y ..., €, UV =1),
where vy, ...,v, € V are pairwise distinct, ey, ..., e, € £ are pairwise distinct, and {v;_1,v;} C
e; foralli =1,...,p. If such a path exists for every ordered pair of distinct vertices, S is called

connected. For a connected S, the distance Dgs(x,y) is the minimum length of a path from z to
y (and Ds(z,z) = 0).
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Definition 4.6.4 (Gutman index of a SuperHyperGraph). Let S = (V, £) be a finite connected
n-SuperHyperGraph. Its Gutman index is

Gut(S) = Z degs(z) degs(y) Ds(z,y) = ZZdegS ) degs(y) Ds(z,y).

{z,y}CV IGV yeV

Example 4.6.5 (Gutman index of a small 1-SuperHyperGraph). Let Vo = {1,2,3,4} and
consider the 1-SuperHyperGraph

S=V,8E), V={AB,C,D} CP(W),
with 1-supervertices
A={1,2}, B={2,3}, C=1{3,4}, D ={1,4},
and superedges
E ={ey,eq,e3}, e1 ={A,B,C}, ey={A, D}, e3={C,D}.

This S is connected.

Degrees. By definition, degg(X) = [{e € £ : X € e}/, hence

degS(A) = 27 degS(B) = ]-7 degs(c) = 27 degS(D) 2.

Distances. Let Ds(X,Y) be the shortest-path distance in the 2-section graph of S, where
distinct supervertices are adjacent if they occur together in some superedge. Then the adjacencies

are AB, AC, BC' (from e;), AD (from e;), and C'D (from e3), so

Ds(A, B) = Ds(A,C) = Ds(A, D) = Ds(B,C) = Ds(C,D) =1,  Ds(B,D) =

Gutman index. Therefore,

Gut(S) = Z degs(X) degs(Y) Ds(X,Y)

{X,Yy}cv
—(2-1)-14(2-2)-14+((2-2)-1+(1-2)-14(1-2)-2+(2-2)-1
—24+4+4+2+4+4 = 20.

Hence the Gutman index of S equals 20.

4.7 Atom-Bond Connectivity (ABC) index

The Atom-Bond Connectivity (ABC) index sums, over edges, square roots of (d(u) + d(v) —
2)/(d(u)d(v)), correlating with molecular properties [151-154].

o1



Chapter 4. Topological Indices in SuperHyperGraphs

Definition 4.7.1 (Atom-Bond Connectivity (ABC) index). [152] Let G = (V(G), E(G)) be a
finite simple undirected graph, and let dg(v) denote the (usual) degree of a vertex v € V(G).
The atom-bond connectivity index (ABC index) of G is defined by

u) + dg(v) — 2
ABC(G) := .
WGZE:(G dg(u) de(v)

Remark 4.7.2. In the original introduction of the ABC index, some authors included an addi-
tional constant factor \/ﬁ; the current standard convention is to omit this factor.

Definition 4.7.3 (Atom-Bond Connectivity (ABC) index of a hypergraph). Let H = (V, &) be
a finite hypergraph, and for each vertex v € V let

dg(v) == {e€&|veel
be its (hypergraph) degree. The atom-bond connectivity (ABC) index of H is defined by
+ dg(v) —2
ABC(H )
=2 2 2 dp (0]

ecf u,v€e
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u,v} C e.

Definition 4.7.4 (Atom-Bond Connectivity (ABC) index of a SuperHyperGraph). Let H =
(V,E) be a finite SuperHyperGraph, and for each supervertex X € V let

da(X) = {f€E[X € [}

be its (super)degree. The atom-bond connectivity (ABC) index of H is defined by

dH 2
ABC(H) := > D +> dﬁf(B)> ’

feE A Bef

where A < B indicates that the inner sum ranges over unordered distinct pairs {A, B} C f.

Example 4.7.5 (ABC index of a small SuperHyperGraph). Let H = (V,E) be the finite Su-
perHyperGraph with

V={A,B,C},  E={fi,f[s},
where the superedges are
fi={A,B,C},  f={A,B},  [fs={AC}.
The (super)degrees are incidence counts:
du(A)=[{f €E: Ae f}| =3, du(B)=2, du(C)=2.
We compute ABC(H) using Definition [4.7.4]
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Contribution of f; = {A, B,C}. The unordered pairs are {4, B},{A,C},{B,C}:

d(A)+d(B)—2 [3+2-2 [3 1
i =V =

- 3.2 Ve~
d(A)+d(C) -2  [3¥2-2 1
\/ d(Adydcc) 3.2 2

dB)+dC)-2  [242-2 2 1
d(B)d(C) 2.2 V4 /2
Hence the total from f; is 3 - % = %

Contribution of f; = {4, B}. Only the pair {A, B} occurs, contributing %

Contribution of f3; = {A,C}. Ouly the pair {A, C'} occurs, contributing %

Total. Therefore,

B dg(X)+dg(Y)—2 3 1 1 5
WA =2 2 Tamar) vatvat e e

Theorem 4.7.6 (SuperHyperGraph ABC index generalizes the graph and hypergraph cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

ABC(G) = ABC(G).

2. Let H = (V&) be a finite hypergraph, and let Hy := (V, E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

ABC(H,) = ABC(H).

Consequently, Definition strictly extends the atom-bond connectivity indices of graphs and
hypergraphs.

Proof. (1) In G = (V, E) each superhyperedge is a 2-set f = {u,v}. Hence the inner sum in
Definition contains exactly one term per f, namely

\/d@,(u) +dg(v) — 2
d@(u) d([;,(v) ’
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Because G is just G viewed as a SuperHyperGraph, the superdegree equals the usual graph
degree: dg(u) = dg(u) and dg(v) = dg(v). Therefore each f = {u, v} contributes

\/dG(u) +da(v) — 2
dg(u)da(v)

which is exactly the contribution of the edge uv to ABC(G). Summing over all f € E yields
ABC(G) = ABC(G).

(2) For Hy = (V, ), the supervertices are the vertices of H and the superedges are exactly the
hyperedges. Moreover, for every v € V,

dg,(v) ={e€&|vee}| =du(v).

Thus, for each e € &, the inner pair-sum in Definition [4.7.4] coincides term-by-term with the
inner pair-sum in Definition Summing over all e € £ yields ABC(H,) = ABC(H). O

4.8 Estrada index

Estrada index sums exponentials of adjacency eigenvalues, equivalently trace of matrix exponen-
tial, measuring weighted closed-walk counts and network centrality [155-H159].

Definition 4.8.1 (Estrada index). [155-157] Let G = (V, E) be a finite simple (undirected)
graph on n vertices, and let A(G) = (a;j)1<i j<n be its adjacency matrix. Let A1,..., A, be the
eigenvalues of A(G) (counted with algebraic multiplicity). The Estrada index of G is defined by

FE(G) = zn:eki.
i=1

Equivalently, using the matrix exponential,

BE@) — @) — 32 SACH)

k=0

Remark 4.8.2 (Spectral moments and closed walks). For each integer & > 0, the k-th spectral
moment of G is

Mi(G) = > _AF = u(A(G)").
i=1
Moreover, tr(A(G)*) equals the number of closed walks of length k in G. Hence
= M,(G)
EEG) =) o

k=0

Definition 4.8.3 (Adjacency matrix of a hypergraph (clique-expansion, normalized)). Let H =
(V,€) be a finite hypergraph with |V| = n. Define the symmetric n X n matrix A(H) =

(auv)u,vev by

1
yy = 0 (uwev), Qup 1= Z =1

ecé
{uw}Ce

(u # v).
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Definition 4.8.4 (Estrada index of a hypergraph). Let H = (V,£) be a finite hypergraph and
let A(H) be as in Definition Let A\{(H),..., \,(H) be the eigenvalues of A(H) (counted
with algebraic multiplicity). The Estrada index of H is

EE(H) = Ze*"(m = tr(e?D)).
i=1

Definition 4.8.5 (Adjacency matrix of a SuperHyperGraph (clique-expansion, normalized)).
Let H = (V,E) be a finite SuperHyperGraph with |V| = N. Define the symmetric N x N
matrix A(H) = (axy)xnyV by

axx = 0 (X S V), axy = Z ’f‘l_ 1 (X 75 Y)
feE

{(x.,yicsr

Definition 4.8.6 (Estrada index of a SuperHyperGraph). Let H = (V,
perGraph and let A(H) be as in Definition Let A\ (H), ..., An(
A(H). The FEstrada index of H is

E) be a finite SuperHy-
) be the eigenvalues of

N
EE(H) := Ze’\"(H) = ta(e?™@).
i=1

Example 4.8.7 (A minimal nontrivial example). Consider the SuperHyperGraph H = (V,E)
with
V={A,B,C}, E={f}, [f={A4B,C}

Since | f| = 3, Deﬁnitionm gives, for distinct X,Y €V,
1 1 1

axy = Z = =5 axx = 0.
2 Q-1 Ifl-1" 2
{X,Y}cy
Hence 0 % . 1
A = (3 0 1) =5 (h-h),
2 2z 0

where J; is the 3 x 3 all-ones matrix. It follows that the eigenvalues of A(H) are

Theorem 4.8.8 (SuperHyperGraph Estrada index generalizes the graph and hypergraph cases).
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1. Let G = (V, E) be a finite simple (undirected) graph and let G := (V, E) be the SuperHyper-
Graph obtained by viewing each edge {u,v} € E as a 2-element superhyperedge. Then

A(G) = A(G), and hence ~ EE(G) = EE(G).

2. Let H = (V,&) be a finite hypergraph and let Hy := (V,E) be the SuperHyperGraph obtained
by viewing each hyperedge e € € as a superhyperedge. Then

A(Hy) = A(H), and hence  EE(Hy) = EE(H).

Consequently, the Estrada index of SuperHyperGraphs in Deﬁm’tion strictly extends (i) the
classical Estrada index of graphs and (ii) the Estrada index of hypergraphs in Definition |4.8.4}

Proof. (1) Fix distinct u,v € V. In G = (V, E), every superhyperedge has size 2, so for u # v

we have
1 =1, if{u,v} €E,
.y, (G) = g {21 if {u, v}

= fl-1 0, otherwise,
{uwvics
which equals the (u,v)-entry of the usual adjacency matrix A(G). Also a,,(G) = 0 = a,.(G).
Hence A(G) = A(G) entrywise, and therefore

EE(G) = ti(e*®) = tr(e*?) = EE(G).

(2) Fix distinct u,v € V. By construction, Hy = (V, £) has the same edge family as H, hence
for u # v,

1
auv(HO) - Z |f|7_1 - auv(H); auu(HO> =0= auu(H)
fe€

{uvics
Thus A(Hy) = A(H) entrywise, and consequently

EE(Hy) = ti(e?™)) = ti(e*™)) = EE(H).

4.9 Szeged index

Szeged index sums, over edges, products of counts of vertices closer to each endpoint than the
other, generalizing Wiener index |160-163]. We extend this concept using the SuperHyperGraph
framework.

Definition 4.9.1 (Szeged index). [160,161] Let G = (V, E') be a finite simple connected graph,
and let dg(+,-) denote the usual shortest-path distance in G. For an edge e = uv € E, define
the vertex sets

Ny(e) = {z eV |ds(z,u) <dg(z,v)}, N,(e) == {z eV |dg(z,v) <dg(x,u)},
and set
nu(e) = ‘Nu(e”a nv(e) = |Nv(€)‘
The Szeged index of G is
Sz(G) = Z Ny (uv) ny, (uv).

wvek
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Remark 4.9.2 (Equidistant vertices and the revised Szeged index). For e = uv € E, the set of
vertices equidistant from u and v is

No(e) == {z €V |dg(z,u) = dg(x,v) }.

The classical Szeged index ignores Ny(e) (it uses strict inequalities above). A commonly used
variant is the revised Szeged index

Sz*(G) = Z (nu(uv) + %]No(uv)\) (nv(uv) + %|N0(uv)|).

uveE

Definition 4.9.3 (Szeged index of a hypergraph). Let H = (V, ) be a finite connected hyper-
graph, and let dg(-,) denote the hypergraph distance already fixed (Berge-type).

For a hyperedge e € £ and a vertex u € e, define

Ny(e) == {z eV |duy(z,u) < venc;l\i?u} di(z,v) }, n,(e) = |Ny(e)l|.

The Szeged index of H is defined by

Sz(H) := Z Z Ny (e) ny(e),

ec€ u,vEe
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u,v} C e.

Definition 4.9.4 (Szeged index of a SuperHyperGraph). Let H = (V,E) be a finite connected
SuperHyperGraph, and let dg(-,) denote the superdistance already fixed.

For a superhyperedge f € E and a supervertex A € f, define
N = { X eV ]|dy(X,A4) < in dy(X,B = |N .
A(f) { ’ H( ) ) Ber?i?A} H( ’ )}7 IXA(f) | A(f)’
The Szeged index of H is defined by

Sz(H) := Z Z xa(f) %s(f),

feE A,Bef
A<B

where A < B indicates that the inner sum ranges over unordered distinct pairs {4, B} C f.

Example 4.9.5 (Szeged index of a simple SuperHyperGraph). Let H = (V,E) be the Super-
HyperGraph with

V:{A,B,C}, ]E:{f17f2}7 flz{AvB}a f2:{B7C}
This is the path A-B-C viewed as a SuperHyperGraph, hence the superdistance is
du(A,B) =dy(B,C) =1, duy(A,C) = 2.

Bdge f, = {A, B}. Since f, \ {A} = {B} and f, \ {B} = {4},
Na(fi) = {X € V: du(X, 4) < da(X, B)} = {A}, wa(f) =1,
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Np(fi) ={X € V:du(X,B) <du(X,A)} ={B,C}, xgp(fi)=2.
Thus the contribution of fi to Sz(H) is X 4(f1)xp(f1) =1-2=2.

Edge f, = {B,C}. Similarly,
Np(f2) ={X € V:dy(X,B) <du(X,C)} ={A,B}, xp(f:)=2,

Nc(fg) = {X cV: dH(X, C) < dH(X, B)} = {C}, D(C'(fg) =1.
Hence the contribution of fy is X g(fo)Xc(fe) =21 = 2.

Therefore,
Sz(H) =2+ 2 = 4.

Theorem 4.9.6 (SuperHyperGraph Szeged index generalizes the graph and hypergraph cases).

1. Let G = (V,E) be a finite simple connected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

Sz(G) = Sz(G).

2. Let H = (V, &) be a finite connected hypergraph, and let Hy := (V, E) be the SuperHyperGraph
obtained by viewing hyperedges as superhyperedges. Then

Sz(Hy) = Sz(H).

Consequently, Definition strictly extends both the classical Szeged index of graphs and the
Szeged index of hypergraphs (Definition .

Proof. (1) In G = (V, E), every superhyperedge f € E has the form f = {u,v} with u # v.
Fix such an edge f = {u,v}. Because f \ {u} = {v}, the defining inequality in Definition [4.9.4]
becomes
dg(z,u) < Bneli{rq}} dg(xz,B) <= dg(z,u) < dg(z,v).

By the previously established identification dg(-,-) = dg(-,+) (for graph-as-SuperHyperGraph),
we obtain N, (f) = N,(uv) and hence x,(f) = n,(uv), and similarly x,(f) = n,(uv). More-
over, the inner sum over unordered pairs in f = {u, v} contains exactly one term, so the contri-
bution of f to Sz(G) equals n,(uv) n,(uv). Summing over all f € E yields Sz(G) = Sz(G).

(2) Consider Hy = (V,&). Here the supervertices are exactly the vertices of H, and the su-
perdistance equals the hypergraph distance: dy, = dy (as previously fixed for the hypergraph-
as-SuperHyperGraph embedding). Fix e € £ and u € e. Then Definition m gives

Ny(e) ={z eV : dy (z,u) < m\i?}dHo(x,v) F={zeV:dy(x,u) < m\i?}dH(x,v) } = Nu(e),
veEe u vee\{u

and hence x,(e) = n,(e) for all u € e. Therefore, for each e € £, the inner pair-sum in Sz(H)
equals the inner pair-sum in Sz(H), and summing over e € £ yields Sz(H,) = Sz(H). O
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4.10 Padmakar-Ivan (PI) index

Padmakar—Tvan (PI) index sums, over edges, counts of other edges closer to one endpoint than the
other, excluding ties |164167]. We extend this concept using the SuperHyperGraph framework.

Definition 4.10.1 (Padmakar-Ivan (PI) index). [164-167] Let G = (V, E) be a finite simple
connected graph, and let dg(+,-) denote the usual shortest-path distance in G.

Distance from a vertex to an edge. For a vertex x € V and an edge f = ab € E, define

dg(z, f) = min{dg(z,a), dg(x,b) }.

Edge partition induced by an edge e = uv. For e = uv € E, define
Eue) == {f€E|de(u, f) <da(v,f)},  Eue) = {fe€E]|ds(v,f)<da(u,[)},

and set

neu(e) = ‘Eu(e)|v nev<e) = ’Ev(6)|‘
(Edges f with dg(u, f) = dg(v, f) are equidistant from u and v and are not counted by either
Neu(€) or ne,(€).)

PI index. The Padmakar-Ivan index of G is
PIG) = > (neu(e) + ne(e)).

e=uveE

Remark 4.10.2 (Equivalent form via equidistant edges). For e = uv € E, let
Eo(e) == {feElda(u,f) =da(v, [)},  nele) = [Eo(e)].
Then F is the disjoint union FE,(e) U E,(e) U Ey(e), so
New(€) + Ney(€) = |E| — neo(e), and hence PI(G) = Z(|E! — neo(e)).

eckE

Definition 4.10.3 (Distance from a vertex to a hyperedge). Let H = (V, £) be a finite connected
hypergraph, and let dg(-,-) be the fixed hypergraph distance on V. For a vertex z € V and a
hyperedge e € &, define

dy(xz,e) = I;lelil du(x,y).

Definition 4.10.4 (Padmakar-Ivan index of a hypergraph). Let H = (V, £) be a finite connected
hypergraph. For a hyperedge e € £ and for u € e, define

Eule) = {fe¢ \ du(u,f) < min dy(v,f)},  nale) = |Su(e)]
vee\{u}
The Padmakar-Tvan (PI) index of H is defined by

PI(H) = Y Y (neule) + neo(e)),

ec€E u,v€e
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u, v} C e.
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Definition 4.10.5 (Distance from a supervertex to a superhyperedge). Let H = (V,E) be
a finite connected SuperHyperGraph, and let dy(-,-) be the fixed superdistance on V. For a
supervertex X € V and a superhyperedge f € E, define

du(X, f) = glé?dH(X,Y)-

Definition 4.10.6 (Padmakar-Ivan index of a SuperHyperGraph). Let H = (V,E) be a finite
connected SuperHyperGraph. For a superhyperedge f € E and for A € f, define

Ea(f) = {9€E | da(Ag) < min du(B.g)}.  wal) = [Ea(f)]

The Padmakar-Tvan (PI) index of H is defined by

PIH) = Y > (xealf) + xes(f)),

fEE A,Bef
A<B

where A < B indicates that the inner sum ranges over unordered distinct pairs {4, B} C f.

Example 4.10.7 (Padmakar-Ivan index of a simple SuperHyperGraph). Let H = (V,E) be the
SuperHyperGraph with

V={A,B,C}, E={fi,fo }, f={4,B}, f.={B,C}.
This is the path A-B-C viewed as a SuperHyperGraph, so the superdistances are
du(A, B) =dy(B,C) =1, du(A,C) = 2.
For a supervertex X and a superhyperedge f, recall

du(X, f) = mindg(X,Y).

Step 1: edge f1 = {A, B}. We compute E4(f;) and Eg(f1).

For g = fi, we have dg(A, fi1) = 0 and dg(B, f1) = 0, so 0 < 0 is false; thus f; ¢ E4(f1) and
1 ¢ Es(f1).

For g = f5, we have
d]H[(A7 f2) = min{dH(A7 B)adH(A’ C)} = mln{l’Z} = 1’

du(B, f2) = min{dy(B, B),dy(B,C)} = min{0,1} = 0.

Hence dy(A, fo) < du(B, f2) is 1 < 0, false, while dy(B, fo) < du(A, f3) is 0 < 1, true.
Therefore,

Ea(fi) =0, xea(fi)=0, Ep(fi) = {f2}, xen(f1)=1.
Thus the contribution of f; to PI(H) is x.a(f1) + Xen(f1) =0+ 1= 1.

Step 2: edge f, = {B,C'}. Similarly, for ¢ = f; we compute
d]HI(B) fl) = Oa dH(C7 fl) = min{dH(C’ A),dH(Ca B)} = min{2, ]-} =L
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Hence dy(B, f1) < du(C, f1) is 0 < 1, true, and dg(C, f1) < du(B, f1) is 1 < 0, false. Also
g = fo is equidistant (0 < O fails) for both endpoints. Therefore,

Ep(f2) ={f1}, xeB(f2) =1, Ec(f2) =0, xeo(f2) =0.
So the contribution of f3 is X.5(f2) + Xec(f2) =1+0=1.

Conclusion. Summing contributions over f; and fs yields

PI(H)=1+1=2.

Theorem 4.10.8 (SuperHyperGraph PI index generalizes the graph and hypergraph cases).

1. Let G = (V,E) be a finite simple connected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

PI(G) = PI(G).

2. Let H = (V, &) be a finite connected hypergraph, and let Hy := (V, &) be the SuperHyperGraph
obtained by viewing hyperedges as superhyperedges. Then

PI(H,) = PI(H).

Consequently, Definition [{.10.6 strictly extends the Padmakar-Ivan indices of graphs and hyper-
graphs.

Proof. (1) In G = (V, E) every superhyperedge has size 2, say f = {u,v}. Fix u € f and
consider any g € E. By Definition [4.10.5

dg(u, g) = mindg(u, ).
xreg

Since g = {a,b} is an ordinary edge and dg(-,-) = dg(,-) for the graph-as-SuperHyperGraph
embedding, we have

dG(ua g) = min{dG’(u7 CL), dG(uv b)} = dG(uv g)a
which is exactly the vertex-to-edge distance used in the classical PI index. Moreover, because
f\{u} = {v}, the defining inequality in E,(f) becomes
dg(u,g) < BIIglgl} dg(B,g) <= dg(u,g9) <dg(v,g),
so E,(f) = E,(uww) and hence X, (f) = ne,(uv) (and similarly for v). Finally, for a 2-edge

f = {u,v} the inner pair-sum in Definition 4.10.6| has exactly one term, so the contribution of
f equals n., (uv) + ne, (uv). Summing over all f € E yields PI(G) = PI(G).

(2) Consider Hy = (V, ). Here the supervertices are precisely the vertices of H, the superdis-
tance equals the hypergraph distance (dg, = dy), and the superedge family equals £. Fixe € £,
u € e, and f € £. By Definition 4.10.5

dHo (’LL, f) = mi? dHo (U, l‘) = mi? dH(ua :E) = dH(ua f)a
rE rEe
which coincides with Definition [4.10.3] Therefore,

f EEu(e) — dHo(”?f) < veril\igi}dHO(vjf) — dH(uaf) < veril\i?u}dH(vjf) — f S gu(e)7

so E,(e) = &.(e) and hence X, (e) = ne.(e) for all u € e. Consequently, for each e € &
the inner pair-sum defining PI(Hj) equals that defining PI(H), and summing over e € £ yields
PI(H,) = PI(H). 0
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4.11 Harmonic index

Harmonic index sums, over edges, 2 divided by endpoint degree sum, emphasizing low-degree
connections and graph branching in complex networks |168-171]. We extend this concept using
the SuperHyperGraph framework.

Definition 4.11.1 (Harmonic index). [168-171] Let G = (V, E) be a finite simple undirected
graph, and let dg(v) denote the (usual) degree of a vertex v € V. The harmonic index of G is

defined by
Z de(u) + dG

Lo do(w) +do(v)”

Remark 4.11.2 (Harmonic polynomial). A commonly used generating polynomial associated
with the harmonic index is

Z T G (u)+da(v)— 1

uwveE

1
= 2/ H(G,z)dx
0

Definition 4.11.3 (Harmonic index of a hypergraph). Let H = (V, ) be a finite hypergraph,
and let dg(v) denote the (hypergraph) degree of v € V. The harmonic index of H is defined by

S Y

ec& u,vEe
u<v

It satisfies

where u < v indicates that the inner sum ranges over unordered distinct pairs {u,v} C e.

Definition 4.11.4 (Harmonic index of a SuperHyperGraph). Let H = (V,E) be a finite Super-
HyperGraph, and let di(X) denote the (super)degree of a supervertex X € V. The harmonic

index of H is defined by
Z Z )+ dH( )’

fEE A Bef
A<B

where A < B indicates that the inner sum ranges over unordered distinct pairs {A, B} C f.

Example 4.11.5 (Harmonic index of a simple SuperHyperGraph). Let H = (V,E) be the
SuperHyperGraph with

V:{A>B7C}a ]E:{fbf2}a le{A7B}a f?Z{B7C}
Thus H is the path A-B-C viewed as a SuperHyperGraph. The (super)degrees are
dg(A) =1, du(B) =2, dy(C) = 1.
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For f; = {A, B} the inner sum has one term, giving

2 2 2

du(A) +dw(B) 1+2 3

For fy = {B,C} we similarly obtain

2 2 2
duy(B) +dug(C)  2+1 3
Therefore,
2 2 4
HH)=-+-=-
(H) 3+3 3

Theorem 4.11.6 (SuperHyperGraph harmonic index generalizes the graph and hypergraph
cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

2. Let H = (V&) be a finite hypergraph, and let Hy := (V, E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

H(Hy) = H(H).

Consequently, Definition[{.12.5 strictly extends the harmonic indices of graphs and hypergraphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}, so the inner sum in
Definition [4.12.5] contains exactly one term per f, namely

2
dg(u) + dg(v)’

Because G is just GG viewed as a SuperHyperGraph, the superdegree equals the graph degree:
dg(u) = dg(u) and dg(v) = dg(v). Hence the contribution of f equals m, which is
precisely the contribution of the edge uv to H(G). Summing over all f € FE yields H(G) =
H(G).

(2) For Hy = (V, ), the supervertices are the vertices of H and the superedges are the hyper-
edges. Moreover, for every v € V,

d,(v) = |{e € E|vee}| =dyv)

Thus, for each e € £, the inner pair-sum in Definition [4.12.5] coincides term-by-term with that
in Definition [4.12.4] Summing over all e € £ gives H(H,) = H(H). O
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4.12 Albertson (irregularity) index

Albertson irregularity index sums absolute degree differences across edges, quantifying how far
a graph deviates from regularity in a network [172H174]. We extend this concept using the
SuperHyperGraph framework.

Definition 4.12.1 (Albertson (irregularity) index). [172H174] Let G = (V, E) be a finite simple
undirected graph, and let deg(v) denote the (usual) degree of a vertex v € V. For an edge
e =uv € E, define its imbalance by

imb(e) := |degg(u) — degq(v)].

The Albertson index (also called the irreqularity of G) is

Alb(G) := Z |degg; (u) — degq(v)).

uveE
Remark 4.12.2. A graph G is regular if and only if Alb(G) = 0.

Remark 4.12.3 (p-Albertson index (a common generalization)). For a real parameter p > 1,
one often defines the p-Albertson index by

1/p
Ap(G) = <Z|degc(U)—degc(v)|p> :

uwvel

which reduces to the classical Albertson index when p = 1.

Definition 4.12.4 (Harmonic index of a hypergraph). Let H = (V, &) be a finite hypergraph.
For each vertex v € V, let

dg(v) = {ee&|veel}
be its (hypergraph) degree. The harmonic index of H is defined by

S Y

ecf u,vEe
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u, v} C e.

Definition 4.12.5 (Harmonic index of a SuperHyperGraph). Let H = (V,E) be a finite Super-
HyperGraph. For each supervertex X € V, let

da(X) = {f€E[X € [}
be its (super)degree. The harmonic index of H is defined by

feE A BEf

where A < B indicates that the inner sum ranges over unordered distinct pairs {4, B} C f.
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Example 4.12.6 (Harmonic index of a 3-uniform SuperHyperGraph). Let H = (V,E) be the
SuperHyperGraph with

V:{A73707D}a E:{f17f2}a le{A7B7C}a fQZ{B,C,D}
Then the (super)degrees are

dg(A) =1, du(B)=2, du(C)=2, du(D)=1.

Contribution of f; = {A, B,C}. The unordered pairs in f; are {4, B}, {A,C}, and {B, C},

hence

> 2 2,2 2 2. 21 1
(5 da(X) +da(Y) 142 142 242737327 6
XY

Contribution of f, = {B,C, D}. The unordered pairs in f, are {B,C}, {B, D}, and {C, D},

hence

Z 2 2 n 2 . 2 _1+g+g_g
X$Y€f2dH(X)+dH(Y) 242 241 2+1 2 3 3 6
X<y
Therefore,
11 11 11
HH)= —+—=—
6 6 3

Theorem 4.12.7 (SuperHyperGraph harmonic index generalizes the graph and hypergraph
cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

H(G) = H(G).

2. Let H = (V,E) be a finite hypergraph, and let Hy := (V,E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

H(Hy) = H(H).

Consequently, Definition[].12.5 strictly extends the harmonic indices of graphs and hypergraphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}. For such f, the inner
sum in Definition [4.12.5| contains exactly one term, namely

2
dg(u) + dg(v)
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Because G is just G viewed as a SuperHyperGraph, the superdegree equals the usual graph
degree: dg(u) = dg(u) and dg(v) = dg(v). Hence the contribution of f is m. Summing
over all f € E yields H(G) = H(G).

(2) Consider Hy = (V, E). Here the supervertices are precisely the vertices of H, the superedges
are exactly the hyperedges, and for every vertex v € V the superdegree equals the hypergraph
degree:

dyg,(v) ={ec&|vee}| =duv).

Thus, for each e € £, the inner pair-sum in Definition [4.12.5] coincides with the inner pair-sum
in Definition [4.12.4] Summing over all e € & gives H(H,) = H(H). O

4.13 Sum-connectivity index

Sum-connectivity index sums, over all edges, the inverse square root of endpoint degree sums,
measuring branching and connectivity overall structure [175-179]. We extend this concept using
the SuperHyperGraph framework.

Definition 4.13.1 (Sum-connectivity index). [175-177] Let G = (V, E) be a finite simple undi-
rected graph, and let dg(v) denote the (usual) degree of a vertex v € V. The sum-connectivity
index of G (also denoted by R*(G) in the literature) is defined by

X(G) = RYG) == Y (do(u) +da(v))

uwveE(G)

—1/2

Definition 4.13.2 (Sum-connectivity index of a hypergraph). Let H = (V, &) be a finite hy-
pergraph, and for each vertex v € V let

dg(v) == {e€&|veel

be its (hypergraph) degree. The sum-connectivity index of H is defined by

XH) =3 (dulu) + du(v) "7,

ecE u,v€e
u<v

where u < v indicates that the inner sum ranges over unordered distinct pairs {u, v} C e.

Definition 4.13.3 (Sum-connectivity index of a SuperHyperGraph). Let H = (V,E) be a finite
SuperHyperGraph, and for each supervertex X € V let

du(X) = {feE[X € [}

be its (super)degree. The sum-connectivity index of H is defined by

XE) =Y (du(A) +du(B)) ",
feE A,Bef

where A < B indicates that the inner sum ranges over unordered distinct pairs {4, B} C f.
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Example 4.13.4 (Sum-connectivity index of a small SuperHyperGraph). Let H = (V,E) be
the finite SuperHyperGraph with

V:{A,B,C}, ]E:{fluf27f3}7

where the superedges are
fi={A,B,C},  fr={AB}, [fs={AC}.
The (super)degrees are incidence counts:
dg(A)=H{fe€E:Ac f}|=3, du(B)=2  du(C)=2.

We compute x(H) using Definition [4.13.3

Contribution of f; = {A, B,C}. The unordered pairs are {A, B}, {A,C},{B,C}, hence

1 1
d(A) +d(B))V*=(B3+2)7V = —, d(A) +d(O) ™ =B+2)7V = —,
(@A) +d(B) = 3427V = S (@A) ) =3+ =
1 1
d(B)+d(C) P =(2+2) = —=_.
(d(B) +d(C)) (2+2) i 2
Therefore the total from f; equals
111 2 1
V5 V5 2 5 2

Contribution of f, = {4, B}. Only the pair {A, B} occurs, contributing %

Contribution of f; = {A,C}. Ouly the pair {A, C'} occurs, contributing %

Total. Hence,

feEE X Yef
X<Y

Theorem 4.13.5 (SuperHyperGraph sum-connectivity index generalizes the graph and hyper-
graph cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

X(G) = x(G).

2. Let H = (V&) be a finite hypergraph, and let Hy := (V, &) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

x(Ho) = x(H).
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Consequently, Definition strictly extends the sum-connectivity indices of graphs and hy-
pergraphs.

Proof. (1) In G = (V, E) each superhyperedge has the form f = {u,v}, so the inner sum in
Definition 4.13.3| contains exactly one term per f, namely

(de(u) + dg(v))

Since G is just G viewed as a SuperHyperGraph, the superdegree equals the usual graph degree:
dg(u) = dg(u) and dg(v) = dg(v). Thus each edge contributes (dg(u) + dg(v))~*/?, and
summing over all edges gives x(G) = x(G).

—-1/2

(2) For Hy = (V, &), the supervertices are the vertices of H and the superedges are exactly the
hyperedges. Moreover, for every v € V,

d,(v) = |{e € E|veEe}| =dyv)

Hence, for each e € £, the inner pair-sum in Definition [4.13.3| coincides term-by-term with that
in Definition [4.13.2l Summing over all e € £ yields x(Hy) = x(H). O

4.14 Merrifield-Simmons index

Merrifield-Simmons index counts all independent vertex sets in a graph, including the empty
set; equivalently, the independence polynomial at 1 [180-183]. We extend this concept using the
SuperHyperGraph framework.

Definition 4.14.1 (First geometric-arithmetic index (GA index)). [184] Let G = (V, E) be a
finite simple connected graph, and let dg(u) denote the (usual) degree of a vertex u € V. The
first geometric-arithmetic index of G (often called simply the geometric-arithmetic indez) is

GA(G) = Z 2VdG u) de (v

uwveE + dG( )
Equivalently,
dc ) da(v)
GA4(
@) = 2 o) 1 do@)

weEE 2

Definition 4.14.2 (Merrifield-Simmons index). Let G = (V, E) be a finite simple graph. A set
S C V is called independent if no two distinct vertices of S are adjacent in G. The Merrifield-
Simmons index of G, denoted by (&), is the number of independent vertex sets of G (including
the empty set), i.e

o(G) := |{S CV: Sisindependent in G }|.

Remark 4.14.3 (Independence polynomial viewpoint). Define the independence polynomial

I(G;z) = Zik(G) ¥,

k>0
where i (G) is the number of independent vertex sets of size k. Then o(G) = I(G;1).
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Definition 4.14.4 (Merrifield-Simmons index of a hypergraph). Let H = (V,&) be a finite
hypergraph. A set S C V is called independent in H if it contains no hyperedge, i.e.,

Veel, e¢Ss.

Equivalently, S is independent iff for every e € £ one has |S Ne| < |e|] — 1. The Merrifield-
Simmons index of H is the number of independent vertex sets:

o(H) := |{SCV: Sisindependent in H }|.

Definition 4.14.5 (Merrifield-Simmons index of a SuperHyperGraph). Let H = (V,E) be a
finite SuperHyperGraph. A set S C V is called independent in H if it contains no superhyperedge,
ie.,

VFER, f¢S.

The Merrifield-Simmons index of H is the number of independent supervertex sets:

o(H) := [{SCV: Sisindependent in H}|.

Example 4.14.6 (Merrifield-Simmons index of a small SuperHyperGraph). Let H = (V,E) be
the finite SuperHyperGraph with

V={A,B,C}, E={f}, f={ABC)

Thus H has a single superhyperedge containing all three supervertices.

A set § C V is independent in H if and only if it does not contain the whole superhyperedge f,
ie., f ¢ S. Since f =V, the only subset that violates independence is & = V itself. Therefore
every proper subset of V is independent.

Hence the Merrifield-Simmons index equals the number of all subsets of V minus the one for-
bidden subset:
o(H)=[P(V)|-1=2"—1=2"—1=7.

Equivalently, the independent sets are

0, {A}, {B}, {C}, {4, B}, {A,C}, {B,C}.

Theorem 4.14.7 (SuperHyperGraph Merrifield-Simmons index generalizes the graph and hy-
pergraph cases).

1. Let G = (V, E) be a finite simple graph, and let G := (V, E) be the associated SuperHyper-
Graph (vertices as supervertices, edges as 2-element superhyperedges). Then

2. Let H = (V&) be a finite hypergraph, and let Hy := (V, E) be the SuperHyperGraph obtained
by viewing hyperedges as superhyperedges. Then

o(Hy) = o(H).
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Consequently, Definition strictly extends the Merrifield-Simmons indices of graphs and
hypergraphs.

Proof. (1) A subset & C V is independent in the SuperHyperGraph G = (V, E') (in the sense of
Definition iff it contains no superhyperedge f € E as a subset, i.e., iff there is no edge
{u,v} € E with {u,v} C S. This holds exactly when S contains no adjacent pair of vertices in
G, i.e., when S is an independent vertex set in the ordinary graph-theoretic sense. Hence the
collections of independent sets in G and in G coincide, and therefore o(G) = o(G).

(2) In Hy = (V, &), the supervertex set equals V' and the superhyperedge family equals €. A set
S C V is independent in Hj iff for all e € £ one has e ¢ S, which is precisely the definition of
independence in the hypergraph H given in Definition Hence the families of independent
sets coincide, and therefore o(Hy) = o(H). O

4.15 Total eccentricity index

Total eccentricity index is the sum, over all vertices, of each vertex’s eccentricity: its maximum
shortest-path distance to any vertex |[185H187].

Definition 4.15.1 (Eccentricity and total eccentricity index). [185[{187] Let G = (V(G), E(Q))
be a finite simple connected graph, and let dg(u,v) denote the usual shortest-path distance
between vertices u,v € V(G).

For a vertex v € V(G), the eccentricity of v is
ec(v) = max{dg(v,u) |ue V(QG)}.

The total eccentricity index (or total eccentricity) of G is

¢(G) = Z ea(v).

veV(G)

Remark 4.15.2 (Average eccentricity). The average eccentricity is the arithmetic mean of vertex
eccentricities:

avec(G) = VG| Z eq(v) = VG

veV(G)

Definition 4.15.3 (Eccentricity and total eccentricity index of a hypergraph). Let H = (V. )
be a finite connected hypergraph, and let d (-, ) be the fixed hypergraph distance on V. For a
vertex v € V| the eccentricity of v in H is

eg(v) = max{dy(v,u) |ueV}.

The total eccentricity index of H is

C(H) := ZEH(’U).

veV
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Definition 4.15.4 (Eccentricity and total eccentricity index of a SuperHyperGraph). Let H =
(V,E) be a finite connected SuperHyperGraph, and let dy(+,-) be the fixed superdistance on V.
For a supervertex X € V, the eccentricity of X in H is

en(X) = max{dy(X,Y)|Y € V}.

The total eccentricity index of H is

CH) = > en(X).

Xev

Example 4.15.5 (Total eccentricity index of a small SuperHyperGraph). Let H = (V,E) be
the finite connected SuperHyperGraph with

V = {A,B,C}, E = {61,62}, €1 = {A,B}, €y = {B,C}

Assume the superdistance dy(+, -) is the standard shortest-path distance in the 2-section graph of
H (i.e., two distinct supervertices are adjacent if they appear together in some superhyperedge).
Then the 2-section is the path A — B — C, hence

du(A,B) =1, du(B,C)=1, du(A,C)=2,

and dy(X,X) =0 forall X € V.

Therefore the eccentricities are
en(A) = max{0,1,2} = 2, en(B) = max{1,0,1} =1, en(C) = max{2,1,0} = 2.
Consequently, the total eccentricity index equals

C(H) =) en(X)=2+1+2=5.

Xev

Theorem 4.15.6 (SuperHyperGraph total eccentricity index generalizes the graph and hyper-
graph cases).

1. Let G = (V,E) be a finite simple connected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

((G) = ¢(G).

2. Let H = (V, &) be a finite connected hypergraph, and let Hy := (V, E) be the SuperHyperGraph
obtained by viewing hyperedges as superhyperedges. Then

C(Ho) = C(H)

Consequently, Definition strictly extends the total eccentricity indices of graphs and hy-
pergraphs.
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Proof. (1) For the graph-as-SuperHyperGraph G = (V, E), the superdistance agrees with the
usual graph distance: dg(u,v) = dg(u,v) for all u,v € V (as established earlier for this embed-
ding). Therefore, for each v € V,

eg(v) = max dg(v,u) = max dg(v,u) = eg(v).

Summing over all v € V' yields

(G) = ea(v) = ea(v) =¢(G).

veV veV

(2) For the hypergraph-as-SuperHyperGraph Hy = (V, ), the superdistance agrees with the
hypergraph distance: dg,(u,v) = dy(u,v) for all u,v € V (as established earlier for this
embedding). Hence, for each v € V|

en, (v) = max dy, (v, u) = max dy (v, u) = €4 (v).

Summing over v € V yields ((Hy) = ((H). O

4.16 Harary index of a SuperHyperGraph

Harary index of a graph sums reciprocals of shortest-path distances over all unordered vertex
pairs, emphasizing closeness: nearby vertices contribute more than distant ones [188-191].

Definition 4.16.1 (Harary index of a graph). Let G = (V, E) be a finite connected graph, and
let dg(+,-) denote the usual shortest-path distance on V. The Harary index of G is

Har(G) := Z dg(iv)

{u,v}CV

Definition 4.16.2 (Harary index of a hypergraph). Let H = (V, &) be a finite connected hy-
pergraph, and let dg (-, ) denote the fixed hypergraph distance on V' (e.g., Berge-type distance).
The Harary index of H is

Har(H) := Z dH(lu,U)

{u,v}CV

Definition 4.16.3 (Harary index of a SuperHyperGraph). Let H = (V,E) be a finite connected
SuperHyperGraph, and let dg(-, -) denote the fixed superdistance on V. The Harary index of H
is

1

(ABICV du(A, B)
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Example 4.16.4 (Harary index of a simple SuperHyperGraph). Let H = (V,E) be the Super-
HyperGraph with

V:{A7B7CaD}a E:{f17f2}7 le{AvBac}v f2:{07D}
Thus A, B, C' form a 3-uniform superhyperedge and C' is linked to D by a 2-edge.

Using the standard superdistance (minimum superpath length), the pairwise distances are:
du(A, B) = du(A,C) = du(B,C) = 1,
dy(C,D) =1, duy(A,D) = dy(B,D) = 2.
Therefore, the Harary index is

1 1 1 1 1 1

(A, B)  dn(AC) T ana,D) T auB.0) T du(B.D) T dn(C,D)

Har(H) =

1 1
—14+14+-+14+-+1 =5
1145+

Remark 4.16.5 (Well-definedness). Because GG, H, and H are assumed connected, one has
dg(u,v) > 1, dg(u,v) > 1, and dy(A, B) > 1 for all distinct pairs; hence every summand is
well-defined.

Theorem 4.16.6 (SuperHyperGraph Harary index generalizes the graph and hypergraph cases).

1. Let G = (V, E) be a finite connected graph and let G := (V, E) be the associated SuperHyper-
Graph (vertices as supervertices, edges as 2-element superhyperedges). Then

dg(u,v) = dg(u,v) for allu,v €V, and consequently Har(G) = Har(QG).

2. Let H = (V,&) be a finite connected hypergraph and let Hy := (V,E) be the associated
SuperHyperGraph (obtained by viewing hyperedges as superhyperedges). Then

dy, (u,v) = dg(u,v) for all u,v €V, and consequently Har(Hy) = Har(H ).

In particular, Definition strictly extends the Harary indices of graphs (Definition|4.16.1
and hypergraphs (Definition

Proof. (1) In G = (V, E), a superpath is exactly an ordinary graph path in G (each superhyper-
edge is a 2-set), so the minimal superpath length between u and v equals the usual shortest-path
distance: dg(u,v) = dg(u,v). Substituting into Definition 4.16.3| yields

1
Har(G Z dG w v) Z dolue) = Har(G).

{u,v}CV {u,v}CV

(2) In Hy = (V,€&), a superpath is precisely a Berge path in H (the incidence condition is
identical), hence dy, (u,v) = dg(u,v) for all u,v € V. Therefore,

1
Har(H,) = Z dHU( ) Z m = Har(H).

{u,0}CV {u,0}CV
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4.17 Kirchhoff index of a SuperHyperGraph

Kirchhoff index equals the sum of effective resistances over all vertex pairs, equivalently n times
the Laplacian pseudoinverse trace, measuring global connectivity [192H195].

Definition 4.17.1 (Kirchhoff index of a graph). Let G = (V, E) be a finite connected simple
graph on n = |V| vertices. Let A(G) be its adjacency matrix and D(G) = diag(dg(v))ey its
degree matrix. The (combinatorial) Laplacian is

L(G) == D(G) — AG).

Let L(G)" denote the Moore-Penrose pseudoinverse of L(G). The Kirchhoff index of G is

Ki(G) = ntL(G)") = nz )\i(Ll(G))’

where 0 = A\ (L(G)) < X\o(L(Q))

IA

- < M (L(GQ)) are the eigenvalues of L(G).

Remark 4.17.2 (Equivalent effective-resistance form). For u,v € V, define the effective resis-
tance

Rfff(,U“?,U) = (eu - ev)TL(G)+(eu - ev)a
where e, is the standard basis vector of RV at u. Then Kf(G) = 3=, ,ycv Ré(u, v).

Definition 4.17.3 (Clique-expansion adjacency and Laplacian of a hypergraph). Let H = (V, )
be a finite hypergraph with n = |V/|. Define the symmetric matrix A(H) = (Guy)uvev by

1
Auu = 0 (u (S V), Ay = Z 4|6| —

ecé
{uv}Ce

(u # ).

Let D(H) = diag(0n (u)), ., where

ev’

op(u) = Z Ay

veV

and define the (weighted) Laplacian of H by

Definition 4.17.4 (Kirchhoff index of a hypergraph). Let H = (V, ) be a finite hypergraph on
n = |V vertices such that the Laplacian L(H) (from Definition has a one-dimensional
kernel (equivalently, the weighted graph with adjacency A(H) is connected). Let L(H)™ be the
Moore—Penrose pseudoinverse. The Kirchhoff index of H is

Kf(H) := nt(L(H)") = nz A(Ll(H))

where 0 = A\ (L(H)) < A2(L(H)) < --- < A\ (L(H)) are the eigenvalues of L(H ).
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Definition 4.17.5 (Clique-expansion adjacency and Laplacian of a SuperHyperGraph). Let
H = (V,E) be a finite SuperHyperGraph with N = |V|. Define the symmetric matrix A(H) =

(GAB)A,BGV by

1
asa =0 (AeV), aap = Z -1 (A # B).
fekE
{A.B}Cf
Let D(H) = diag(&H(A))AGV, where
5H(A) = Z aAB,
BeV

and define the (weighted) Laplacian of H by
L(H) := D(H) — A(H).

Definition 4.17.6 (Kirchhoff index of a SuperHyperGraph). Let H = (V,E) be a finite Su-
perHyperGraph on N = |V| supervertices such that the Laplacian L(H) (Definition has
a one-dimensional kernel (equivalently, the weighted graph with adjacency A(H) is connected).
Let L(H)* be the Moore-Penrose pseudoinverse. The Kirchhoff index of H is

Ki(H) = NtL(H)*) = NZMLl(H)),

where 0 = Ay (L(ED) < As(L(H)) < -+ < A(L(H)).

Example 4.17.7 (Kirchhoff index of a minimal nontrivial SuperHyperGraph). Let H = (V,E)
be the SuperHyperGraph with

V={A4,B,C}, E={f}, f=A{A,B,C}.
Using the clique-expansion adjacency from Definition 4.17.5] for X # Y we have

1 1 1
a = = = -, a =0.
AP SiR v Tl M
{X,Y}Cy
Hence
o0 + 1L
Amy= {1 ¢ 1
=40 1
1 19
2 2
The weighted degree of each supervertex is og(A) = ou(B) = ou(C) =1, so
1 -1 _1
. 2 7
D(H) = diag(1,1,1), L(H) = D(H) — A(H) = —% 1 -3
REE
Since A(H) = 3 (J5 — I3), we have
3 1
L(H) 5 I3 — 5 Js,
so the eigenvalues of L(H) are
3
M(LH)) =0, X(L(H)) = As(L(H)) = 5.

Therefore, by Definition with N = |V| = 3,
1 1 2 2
KEH) =3(——+-— ) =3(2+2) =4.
(K <3/2 3/2> <3+3>

(0]
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Theorem 4.17.8 (SuperHyperGraph Kirchhoff index generalizes the graph and hypergraph
cases).

1. Let G = (V, E) be a finite connected simple graph and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

AG) = A(G), L(G) = L(G), and hence Kf(G) = Kf(G).

2. Let H = (V, &) be a finite hypergraph and let Hy := (V, &) be the associated Super HyperGraph
(obtained by viewing hyperedges as superhyperedges). Then

A(Hy) = A(H),  L(Hy) = L(H),  and hence  Kf(H,) = Kf(H).

Consequently, the Kirchhoff index of SuperHyperGraphs in Definition strictly extends the
Kirchhoff indices of graphs and hypergraphs.

Proof. (1) For G = (V, E), every superhyperedge has size 2. Hence, for distinct u,v € V,

(@)= Y {L (w0} € E.

i Ifl—1 )]0, otherwise,
{w,v}Cf

so A(G) = A(G) entrywise and therefore L(G) = D(G) — A(G) = D(G) — A(G) = L(G).
Taking Moore-Penrose pseudoinverses gives L(G)™ = L(G)", whence

KE(C) = [V]n(L(G)*) = [V|n{L(G)") = KKG).

(2) For Hy = (V,€), the superedge family equals £. Thus the defining formula for clique-
expansion adjacency gives, for all u,v € V,

1
auv(HO) - Z ‘f| 1 = au'u(H)7
feg
{uv}Cf

so A(Hy) = A(H) and hence L(H,) = L(H). Therefore L(Hy)" = L(H)* and

Ki(Hy) = [V] 6 L(Ho) ") = [V a(L(H)*) = K(H).

4.18 Balaban index of a SuperHyperGraph

Balaban index normalizes a sum over edges of reciprocal square roots of endpoint transmissions,
measuring global branching via distance-based vertex centralities and cyclomatic correction [196-
199).
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Definition 4.18.1 (Transmission). Let X be a finite set and let d : X x X — R>( be a
symmetric function with d(z,z) = 0. Assume (X, d) is connected in the sense that d(x,y) > 0
for all distinct x,y € X (e.g., d is a graph/hypergraph distance). For x € X, the transmission

of x is
= Zd(x,y).

yeX

Definition 4.18.2 (Balaban index of a graph). [196H199] Let G = (V, E) be a finite connected
simple graph with n = |[V| and m = |E|. Let dg be the usual graph distance and let

= ng(v,u)

ueV
be the transmission of v (Definition [4.18.1)). Define the cyclomatic number

w(G) == m—n+1.
The Balaban index (Balaban J index) of G is

J(G) =
( ) +1uUXE:E \/U)G UJG

Definition 4.18.3 (Balaban index of a hypergraph). Let H = (V, &) be a finite hypergraph on
n = |V| vertices. Let dy be the fixed hypergraph distance on V (e.g., Berge-type distance), and

define transmissions
= Z dg(v,u) (veV).

ueV

For distinct u,v € V| let py(u,v) be the pair-incidence multiplicity (the number of hyperedges
containing {u,v}). Define the pair-incidence edge count

mo(H) = Z prr (u,v),
{uw}CV
and the associated cyclomatic-type parameter
pua(H) := mo(H) —n+ 1.
Assume po(H) > 0 and wy(v) > 0 for all v € V (in particular, the distance structure is
connected). The Balaban index of H is

J(H) =

Z pir (u, v)
'u2( {u v}CV V wH wH

Definition 4.18.4 (Balaban index of a SuperHyperGraph). Let H = (V,E) be a finite Su-
perHyperGraph on N = |V| supervertices. Let dy be the fixed superdistance on V and define
transmissions
= > du(A,B) (A€V).
BeV
For distinct A, B € V, let ug(A, B) be the pair-incidence multiplicity (the number of superhy-
peredges containing { A, B}). Define

mo(H) = > pm(A,B),  pa(H) := my(H) — N +1.
{A,B}CV
Assume po(H) > 0 and wg(A) > 0 for all A € V. The Balaban index of H is
HH (4, B)
J(H) = + — >
{A,Bycv V wi(A) wa(B

7
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Example 4.18.5 (Balaban index of a simple SuperHyperGraph). Let H = (V,E) be the Su-
perHyperGraph with

V:{A7B7C}7 ]E:{f17f2}7 le{A7B}7 f2:{B7C}
Thus H is the path A—B-C' viewed as a SuperHyperGraph. The superdistances are

du(A,B) =du(B,C) =1,  du(A,C)=2.

Step 1: transmissions. By definition,

wy(A) = d(A, A) + d(A, B) + d(A,C) =0+1+2 =3,
wy(B) = d(B, A) + d(B,B) + d(B,C) =1+0+1 =2,
wy(C) = d(C, A) + d(C,B) + d(C,C) =2+ 1+0 = 3.

Step 2: pair-incidence multiplicities. The unordered pairs are {4, B}, {A,C},{B,C}.
Since f; ={A,B} and fo = {B,C},

IU’H(AaB) = 17 MH(Bac) = 17 MH(Av C) =0.
Hence

ma) = 3 m(X,Y) = 1404122, p(H) = my(H) — [V| +1=2-3+1=0,
{X,y}cv

Step 3: Balaban index. Using Definition [4.18.4

J(H) =

m (H) (X, Y)
+1 wy(X) wy(Y)

=
—~
=

{X,Y}CV

)
1\ Vws(A)we(B)  /wu(B)wa(C)
1 4

:2< 3-2+\/ﬁ>:\/6'

-

Theorem 4.18.6 (SuperHyperGraph Balaban index generalizes the graph and hypergraph
cases).

1. Let G = (V, E) be a finite connected simple graph and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Assume
the superdistance on G coincides with the usual graph distance (as fived earlier). Then

my(G) =m,  m(G) = pu(G),  we(v) =we(v) (veV),

and consequently
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2. Let H = (V,&) be a finite hypergraph and let Hy := (V,E) be the associated SuperHyper-
Graph (obtained by viewing hyperedges as superhyperedges). Assume the superdistance on Hy
coincides with the chosen hypergraph distance dg. Then

mo(Ho) = ma(H), p2(Ho) = pa(H), wy, (v) = wy(v) (veV),

and consequently
J(Hy) = J(H).

Hence Definition [{.18.]] strictly extends the Balaban indices of graphs and hypergraphs.

Proof. (1) In G = (V, E) each superhyperedge has size 2, so for distinct u,v € V,

1, {u,v}€E,
0, otherwise.

/‘G(u’ U) = {

Therefore

mo(G)= Y pe(uv)=|E[=m,  u(G)=m-n+1=puG).

{u,0}CV

Moreover, by the assumed equality of distances, dg = dg, hence transmissions coincide: wg(v) =
Yowev do(v,u) = 32 o da(v,u) = we(v). Substituting these identities into Definition [4.18.4)
yields exactly Definition 4.18.2} i.e., J(G) = J(G).

(2) For Hy = (V, ) the superedge family equals &, hence pg,(u,v) = py(u,v) for all distinct
u,v € V. Consequently mo(Hy) = mo(H) and us(Hy) = pe(H). By the assumed equality of
distances, du, = dp, so wy, (v) = wg(v) for all v € V. Substituting into Definition [4.18.4] yields
Definition ie., J(Hy) = J(H). O

4.19 Forgotten index of a SuperHyperGraph

Forgotten index is the sum over all vertices of the cube of their degrees, emphasizing high-degree
vertices and capturing overall branching intensity [200-205].

Definition 4.19.1 (Forgotten index of a graph). [200,201] Let G = (V, E) be a finite simple
undirected graph. For v € V, let dg(v) := [{u € V : {u,v} € E}| be the (usual) degree of v.
The forgotten index (or F-index) of G is

F(G) = ZdG(v)g.

veV

Definition 4.19.2 (Forgotten index of a hypergraph). Let H = (V, ) be a finite hypergraph.
Forv e V,let dy(v) :==|{e € £:v € e}| be the (hypergraph) degree of v. The forgotten index

of H is
F(H) =Y du(v).

veV
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Definition 4.19.3 (Forgotten index of a SuperHyperGraph). Let H = (V,E) be a finite Su-
perHyperGraph. For A € V, let dy(A) := |{ f € E: A € f}| be the (super)degree of A. The

forgotten index of H is
F(H) := ) du(A)*.
AeV

Example 4.19.4 (Forgotten index of a simple SuperHyperGraph). Let H = (V,E) be the
SuperHyperGraph with

V={A,B,C,D}, E={fiffs}, fi={ABC}, f={BCD}, [f={CD}
The (super)degrees are

du(A) =1, du(B) = 2, dy(C) =2, dg(D) = 2.
Therefore, by Definition

FH)= )  da(X)*=1°+2°+2°4+2°=1+8+8+8=25.
Xe{A,B,C,D}

Theorem 4.19.5 (SuperHyperGraph forgotten index generalizes the graph and hypergraph
cases).

1. Let G = (V, E) be a finite simple undirected graph, and let G := (V, E) be the associated
SuperHyperGraph (vertices as supervertices, edges as 2-element superhyperedges). Then

dg(v) =dg(v) (veV), and consequently F(G) = F(G).

2. Let H = (V, &) be a finite hypergraph, and let Hy := (V, E) be the associated Super HyperGraph
(obtained by viewing hyperedges as superhyperedges). Then

dg,(v) =dy(v) (veV), and consequently F(Hy) = F(H).
Hence Definition [{.19.3 strictly extends the forgotten indices of graphs and hypergraphs.

Proof. (1) In G = (V, E), the superedge family equals the edge set E, so
dg(v) ={f e E:ve f}={{uv}eE}=dav).

Substituting into Definition [4.19.3| gives

F(G) =Y ds(v) =3 da(v)* = F(G).

veV veV

(2) In Hy = (V, £), the superedge family equals &, so for each v € V|
dg,(v)=|{fe&:ve f} =dugl).

Hence

F(Ho) =Y du,(v)* = dy(v)’ =F(H).

veV veV
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Spectral SuperHyperGraph

Spectral graph theory studies graphs via the eigenvalues and eigenvectors of associated matrices
(such as the adjacency and Laplacian matrices), thereby linking structural properties to connec-
tivity, expansion, random walks, and dynamical behavior. These ideas are also closely related to
applications in chemistry. In this chapter, we investigate spectral aspects of SuperHyperGraphs.

5.1 Graph Eigenvalues

Graph eigenvalues are the eigenvalues of a graph’s adjacency (or Laplacian) matrix; they form
the spectrum, encoding global structural properties: connectivity, expansion, dynamics, and
symmetry [206-209).

Definition 5.1.1 (Eigenvalues of a matrix). Let A € R"*". A scalar A\ € C is an eigenvalue of
A if there exists a nonzero vector x € C" such that

Ax = \x.

When A is real symmetric (as in the graph matrices below), all eigenvalues are real and one may
take z € R".

Definition 5.1.2 (Adjacency and Laplacian matrices of a graph). Let G = (V, E) be a finite
simple undirected graph with V' = {1,...,n}. The adjacency matriz of G is A(G) = (a;;) €
{0,1}"*™ defined by

Qs = 17 {Zaj}€E7
v 0, otherwise.

Let d; := [{j € V : {i,7} € E}| be the degree of vertex i, and let D(G) := diag(dy, ..., d,).

The (combinatorial) Laplacian matriz and signless Laplacian matriz are
L(G) == D(G) — AG),  Q(G):=D(G) + AG).
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Definition 5.1.3 (Graph eigenvalues and spectra). The adjacency eigenvalues (resp. Laplacian
eigenvalues, signless Laplacian eigenvalues) of G are the eigenvalues of A(G) (resp. L(G), Q(Q)),
counted with algebraic multiplicity. Their multisets are denoted by spec(A(G)), spec(L(G)), and
spec(Q(Q)), respectively. The spectral radius of G is p(G) := maxspec(A(Q)).

Definition 5.1.4 (Tensor—vector products). Let T = (t;,..;,) be a real tensor of order k > 2
and dimension n. For x € R", define T2*~! € R" componentwise by

n

(Txk_l)i o Z tzwzk xwxlk (Z = 1,...,77,).

in,.nip=1

Also write z*~11 € R™ for the vector with entries (z*~1) := zF L

Definition 5.1.5 (H-eigenvalues of a tensor). Let 7 be a real tensor of order £k > 2 and
dimension n, and let Z be the identity tensor (with entries 4;,..,, = 1 if 43 = --- = i and 0
otherwise). A real number A € R is an H-eigenvalue of T if there exists a nonzero vector z € R"
such that

(ML —T)z*"' =0, equivalently TazF~! = AglF=1)

Such an z is called an H-eigenvector associated with A.

Definition 5.1.6 (Adjacency and Laplacian tensors of a k-uniform hypergraph). Let H = (V, E)
be a finite simple k-uniform hypergraph (k > 3) on V = {1,...,n}. Its adjacency tensor is the
order-k, dimension-n tensor A(H) = (a,...;, ) given by

1 .
_ m, {i1,..

Ay gy, -

ik} €EF,
0, otherwise.

Let d; := |{e € E : i € e}| be the degree of vertex i, and let D(H) be the diagonal order-k
tensor whose diagonal entry d;...; equals d;. The Laplacian tensor and signless Laplacian tensor
are

L(H):=D(H)—- A(H), Q(H):=D(H) + A(H).

Definition 5.1.7 (Hypergraph eigenvalues (tensor-based)). For a k-uniform hypergraph H, the
adjacency H-eigenvalues (vesp. Laplacian H-eigenvalues, signless Laplacian H-eigenvalues) are
the H-eigenvalues of A(H) (resp. L(H), Q(H)), counted with multiplicity. Their multisets are
denoted by specy (A(H)), specy (L(H)), and spec (Q(H)), respectively.

Remark 5.1.8 (Consistency with graphs). When k& = 2, the above tensor definitions reduce to
the usual matrix definitions: A(H) becomes the adjacency matrix and £(H) becomes the graph
Laplacian matrix, and Definition becomes Ax = \z.

Definition 5.1.9 (Adjacency tensor of a k-uniform n-SuperHyperGraph). Let H = (V, E) be

a finite k-uniform n-SuperHyperGraph with |V| = N and a fixed labeling V' = {X,..., Xy}

Its adjacency tensor is the order-k, dimension-N symmetric tensor A(H) = (a;,...;, ) defined by
1

= (k — 1)!’

0, otherwise.

190,
Ay iy,

82



Chapter 5. Spectral SuperHyperGraph

For each supervertex X;, its (hyper)degree is d; := |[{¢ € E : X, € ¢}|. Let D(H) be the
diagonal order-k tensor with diagonal entries d;...;, = d;. Define the Laplacian tensor and signless
Laplacian tensor by

L(H) :=D(H) — A(H),  Q(H) := D(H) + A(H).

Definition 5.1.10 (H-eigenvalues of a tensor). Let T be a real tensor of order k£ > 2 and
dimension N. For z € RY, define T2z*~1 € RN by

N
(Ta*™h), = Z biigiy Tig "+ " Ti A= @),

K2
02,0 =1

A scalar A € R is an H-eigenvalue of T if there exists 2 € RY \ {0} such that

Tkt = Azl

Definition 5.1.11 (SuperHyperGraph eigenvalues and spectra). Let H be a finite k-uniform
n-SuperHyperGraph. The adjacency eigenvalues of H are the H-eigenvalues of A(H). Similarly,
the Laplacian eigenvalues and signless Laplacian eigenvalues of H are the H-eigenvalues of £(H)
and Q(H), respectively. We denote these multisets (with multiplicity) by

specy(A(H)), specy(L(H)), specy(Q(H)).

Example 5.1.12 (A 3-uniform 1-SuperHyperGraph with explicit H-spectra). Let V, = {a, b, ¢}
and n = 1. Define the 1-supervertex set

V= {Xl,XQ,X3} with Xl = {a}, X2 = {b}, X3 =5 {C}
Let E = {f} with the unique 3-superedge
f - {X17X27X3}'

Then H = (V,E) is k-uniform with k£ = 3 (every superedge has size 3).

Adjacency tensor. By Definition (with k = 3), the adjacency tensor A(H) = (a;,i,i,)

has entries
(3_11)! = %7 {i17i27i3} = {17273}7
Qjyigis = .
0, otherwise.

Hence, for & = (21,22, 23)" € R?, Definition gives
(AM)2?), = o1, (AM)2?), = 2123, (A(H)z?)
The H-eigenvalue equation (Definition [5.1.10) becomes

3 = T1X2.

ToXg = )\xf, T1%3 = )\xg, T1Xy = )\xg.

If z1x9w3 # 0, multiplying the three equations yields A* = 1, so (for real \) one has A = 1;
then the ratio relations force #; = x5 = 3, so x = (1,1,1)T is an H-eigenvector for A = 1. If
x has at least two zero coordinates (e.g., x = (1,0,0)7), then A(H)x? = 0, so A = 0 is also an
H-eigenvalue. Therefore the (real) H-spectrum is

specy(A(H)) = {1, 0}.
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Laplacian and signless Laplacian tensors. Each supervertex lies in exactly one superedge,
so the degrees are d; = dy = d3 = 1, and D(H) is the diagonal order-3 tensor with diagonal
entries 1. Thus £(H) = D(H) — A(H) and Q(H) = D(H) + A(H) satisfy

(L(H)z?), = 2] — zows, (L(H)2?), =25 — 2z3, (L(H)Z?), = 23 — 2129,

1 2 3

(QH)z?), = 2t + moxs, (QH)z?), = 23 + 123, (QH)2?), = 23 + 2122
For x = (1,1,1)T,
L(H)z*> =0- zPl Q(H)z* =2- z!?,
s0 0 € specy (L(H)) and 2 € specy (Q(H)). For z = (1,0,0)T,
LH)z? =1z Q(H)z? =1 -2,

so 1 is an H-eigenvalue of both £(H) and Q(H). In fact, as above one checks that these are the
only real H-eigenvalues, hence

specy(L(H)) = {0, 1}, specy(Q(H)) = {1, 2}.

Theorem 5.1.13 (Hypergraph eigenvalues are a special case of n-SuperHyperGraph eigenval-
ues). Let H = (Vy,&) be a finite simple k-uniform hypergraph, and let H™ be its canonical
k-uniform n-SuperHyperGraph embedding. Then, after identifying vertices via the bijection
Y= hftn—l:

specy(A(H)) = specH(.A(H("))), specy(L(H)) = specH(ﬁ(H("))), specy(Q(H)) = specH(Q(H(”))).

In particular, adjacency/Laplacian/signless-Laplacian eigenpairs correspond under coordinate
relabeling.

Proof. Fix an ordering Vo = {v1,...,vnx} and label V- = {p(v1),...,p(vn)}. We have

{’Uil,...,Uik}Ego < {QD(UZ'I),...,QO(’UZ',C)}GE.

Comparing Definition with the standard adjacency-tensor definition for k-uniform hyper-
graphs (on the vertex list vy, ..., vy), we see that the tensors A(H) and A(H™) have identical
entries under this identification; hence they are the same tensor up to the chosen labeling. The

same holds for degree tensors D, because degrees are preserved by the edge correspondence, and
therefore also for L =D — A and Q@ =D + A.

Consequently, the polynomial eigen-equation 7%~ = Azl*~1 (Definition [5.1.10)) is identical
for H and H™ after relabeling coordinates, so the eigenvalues (with multiplicity) coincide, and
eigenvectors correspond by the same relabeling. O

Theorem 5.1.14 (Graph eigenvalues are a further special case). Let G = (Vi, Ey) be a finite
simple undirected graph. View G as a 2-uniform hypergraph H = (Vy, &) with & = {{u, v} :
uv € Ep}. Let H™ be its 2-uniform n-SuperHyperGraph embedding. Then the adjacency
H-eigenvalue equation for H™ reduces to the matriz eigenvalue equation for G, and

spec(A(G)) = specy(A(H™)), spec(L(G)) = specH(ﬁ(H("))), spec(Q(G)) = specy(Q(H™)).
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Proof. When k = 2, an order-2 tensor is just an N x N matrix. Moreover, for k = 2, the tensor
eigen-equation Az*~! = Azl*~1 becomes

Ax = M\,

because zF 7! = x and z!*~1 = 2. Thus the H-eigenvalues of A(H™) coincide with the ordinary
matrix eigenvalues of A(G). The same reduction applies to £ and Q, yielding the Laplacian and
signless Laplacian spectra. ]

Remark 5.1.15 (Non-uniform superhypergraphs). If H = (V| E) is not k-uniform (edge sizes
vary), tensor spectra are no longer canonical without an additional choice (uniformization or
operator model). In that setting one often defines eigenvalues via a chosen Laplacian/operator
L :RVI — RVl and the equation L(z) = Az, or via matrix models such as incidence-based op-
erators. The uniform case above is the cleanest setting in which the tensor notion simultaneously
generalizes hypergraph and graph eigenvalues without extra conventions.

5.2 HL-index of Graph

The HL-index (HOMO/LUMO index) of a graph [210+H213| is a spectral descriptor: take the
adjacency eigenvalues near the middle of the spectrum and set

R(G) = max{|Agl, [AL]}-

Definition 5.2.1 (HL-index of a graph). Let G = (V, E) be a finite simple undirected graph
on n := |V| vertices, and let A(G) € R™*" be its adjacency matrix. Let

AL > A2 2,

be the (real) eigenvalues of A(G), listed with algebraic multiplicity. Define the HOMO/LUMO
indices H, L by
, 5+ 1), if n is even,

(?1, "7“), if n is odd.

—
3 w3

(H,L) ::{

The HL-index of G is
R(G) := max{|\g|, [A|}

Definition 5.2.2 (Clique-expansion adjacency matrix of a hypergraph). Let H = (V, &) be
a finite hypergraph with V' = {1,...,n} and € C P(V) \ {0}. Define the symmetric matrix
A(H) = (aij) € Rmxm by

a; =0, Qij = Z le| — 1 (i # 7).

Definition 5.2.3 (HL-index of a hypergraph). Let H = (V,£) be a finite hypergraph with
n := |V/|, and let A(H) be as in Definition Let

ALz A= 2 A,

be the (real) eigenvalues of A(H), listed with algebraic multiplicity. With H, L defined from n
exactly as in Definition the HL-index of the hypergraph H is

R(H) = max{|Anl, [A|}.
85



Chapter 5. Spectral SuperHyperGraph

Theorem 5.2.4 (Graphs are a special case). Let G = (V, E) be a finite simple graph on 'V =
{1,...,n}, and view it as the 2-uniform hypergraph Hg = (V, £) with € .= {{i,5} : {i,j} € E}.
Then A(Hg) = A(G). Consequently,

R(Hg) = R(G).

Proof. Tf i # j, then by Definition

aij(Hg): Z ‘e‘_l.

ecf
{i.j}Ce

In a 2-uniform hypergraph, {7, j} C e holds iff e = {4, j}, and then |e|—1 = 1. Hence a;;(H¢g) =
1 exactly when {i,j} € E, and a;;(Hg) = 0 otherwise; also a;;(Hg) = 0. Therefore A(Hg) is
exactly the adjacency matrix A(G), so their eigenvalues coincide, and thus R(Hg) = R(G) by
Definitions and O

Definition 5.2.5 (Clique-expansion adjacency matrix of a SuperHyperGraph). Let H = (V,E)
be a finite SuperHyperGraph with N := |V|. Fix an ordering V = {X;,..., Xx}. Define the
symmetric matrix A(H) = (a;;) € RV*N by

1 .,
ai; =0,  ayi= Y =1 (i # 7).
fEE
(X0X,}Cr

We call A(H) the (normalized) clique-expansion adjacency matriz of H.

Definition 5.2.6 (HL-indices H, L (HOMO/LUMO positions)). Let N € N and let Ay > Ay >
-+« > Ay be a real sequence. Define indices H,L € {1,..., N} by

(H.I) (%, % + 1), if N is even,
UL (A, ML) i N s odd.

2 2

Definition 5.2.7 (HL-index of a SuperHyperGraph). Let H = (V,E) be a finite SuperHyper-
Graph with N := |V|. Let A(H) be the matrix from Definition and let

be the eigenvalues of A(H), listed with algebraic multiplicity. Let (H, L) be as in Definition
applied to N. The HL-index of H is

R(H) = max{[Apg(H)|, [AL(H)]}.

Remark 5.2.8 (Well-definedness). The matrix A(H) is real symmetric, hence all eigenvalues
are real and the ordering above is valid.
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Example 5.2.9 (HL-index of a small SuperHyperGraph). Let
= (V,E), V={A B,C}, E={f}, f={AB,C}.

Use the normalized clique-expansion adjacency matrix A(H) from Definition [5.2.5) “ Slnce the
unique superhyperedge has size | f| = 3, each distinct pair {X,Y} C f contrlbutes |—1 = 2.

Hence, in the ordering (4, B, C),

A(H) = (Js — I),

NI = O
OO~
[\D\ =

Nl= O

where Js is the 3 x 3 all-ones matrix.

The eigenvalues of J3 — I3 are 2, —1, —1, hence
A (H) =1, Ao(H) = A3(H) = —3.

Here N = 3 is odd, so Definition gives (H,L) = (23%,31) = (2,2). Therefore, by
Definition [5.2.7]

R(H) = max{|A;(H)|, [A2(H)[} = [A2(H)| = %

Theorem 5.2.10 (HL-index of SuperHyperGraphs generalizes the hypergraph HL-index). Let
H = (V,&) be a finite hypergraph with n := |V|. Let Hy = (V,E) be the SuperHyperGraph
obtained by viewing H as a SuperHyperGraph:

V:=V, E:=¢€&.
Let A(H) be the clique-ezpansion adjacency matriz of the hypergraph H, i.e.,

AH) = (by),  byi:=0, b= > =1 (i #7),
{U:UEJ'E}QG
for a fized ordering V.= {vy,...,v,}. Then
A(Hy) = A(H).

Consequently, the eigenvalues (with multiplicity) coincide and
R(Ho) = R(H),

where R(H) denotes the HL-index of the hypergraph defined from A(H) by the same HOMO/LUMO
rule.

Proof. Fix an ordering V' = {vy,...,v,} and identify V = V via X, := v;. For ¢ # j, Defini-

tion yields

1 1
W)= s 3 g n
feE eel
{Xi,X;}1Cf {vi,v;}Ce

and also a;;(Hy) = 0 = b;;(H). Hence A(H,) = A(H) entrywise, so their spectra coincide:
)\k(HO) :)‘k(H) (kzlavn)

The HOMO/LUMO indices (H, L) depend only on n, so the same indices are used for both
objects. Therefore,

R(Ho) = max{|An (Ho)|, [Ar(Ho)|} = max{[Au(H)], [AL(H)[} = R(H).
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5.3 Singular graphs

A singular graph [214,215] is a graph whose adjacency matrix is singular:
det A(G) =0, equivalently 0 € spec(A(G)).

Its nullity is n(G) := dim ker A(G).

Definition 5.3.1 (Singular graph and nullity). Let G = (V, E) be a finite simple undirected
graph on n := |V| vertices, and let A(G) € R™*" be its adjacency matrix. We say that G is
singular if A(G) is singular, i.e.,

det A(G) =0 <= 0 € spec(A(Q)).

The nullity of G is
n(G) = dimker A(G),

equivalently the (algebraic = geometric) multiplicity of the eigenvalue 0 in spec(A(G)). A
nonzero vector x € ker A(G) is called a kernel eigenvector (a 0-eigenvector).

Definition 5.3.2 (Adjacency matrix of a hypergraph). Let H = (V, &) be a finite hypergraph
of order n := |V|, where &€ C P(V) \ {0} and |e|] > 2 for all e € £. Fix an ordering V =
{v1,...,v,}. The adjacency matriz of H is the symmetric matrix A(H) = (a;;) € R"*" defined
by

Qg5 = O, Qi ::’{665: {'Ui,'Uj}ge}’ (Z;é])

Definition 5.3.3 (Singular hypergraph and nullity). Let H = (V, £) be a finite hypergraph and
let A(H) be its adjacency matrix (Definition |5.3.2]). We say that H is singular if

det A(H)=0 <= 0 € spec(A(H)).

The nullity of H is
n(H) = dimker A(H),

equivalently the multiplicity of 0 as an eigenvalue of A(H).

Proposition 5.3.4 (Consistency with graphs). Let G = (V| E) be a finite simple graph and
view it as the 2-uniform hypergraph He = (V, &) with € = {{u,v} : {u,v} € E}. Then
A(Hg) = A(G). In particular,

G is singular <= Hg is singular, and  n(G) =n(Hg).

Proof. For i # j, Definition gives
aij(He) = |{e € € : {vi,v;} C e}l

Since every e € £ has size 2, we have {v;,v;} C e if and only if e = {v;,v,}, so a;;(Hg) = 1
exactly when {v;,v;} € E, and a;;(Hg) = 0 otherwise; also a;;(Hg) = 0. Hence A(Hg) =
A(G), and the statements follow from Definitions and O
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Definition 5.3.5 (Adjacency matrix of a SuperHyperGraph). Let H = (V,E) be a finite Super-
HyperGraph with |V| = N, where E C P(V) \ {#}. Fix an ordering V.= {Xy,..., Xy}. The
adjacency matriz of H is the symmetric matrix A(H) = (a;;) € RV*Y defined by

a;; =0, Qij 1= Hf ck: {Xqu} c f}| (Z7EJ)

Definition 5.3.6 (Singular SuperHyperGraph and nullity). Let H = (V,E) be a finite Super-
HyperGraph and let A(H) be its adjacency matrix (Definition [5.3.5). We say that H is singular
if A(H) is singular, i.e.,

det A(H) =0 <= 0 € spec(A(H)).

The nullity of H is
n(H) := dimker A(H),

equivalently the multiplicity of the eigenvalue 0 in spec(A(H)).

Remark 5.3.7 (Model choice). The adjacency matrix in Definition is the natural pair-
cooccurrence model: it counts how many superhyperedges contain a given unordered pair of
distinct supervertices. Other matrix/tensor representations exist, but this one is the most direct
extension of the standard hypergraph pair-incidence adjacency matrix.

Example 5.3.8 (A singular SuperHyperGraph with nullity 1). Let
H:(V7]E)7 V:{A>B7C}a ]E:{flaf2}a

where
le{A7B}7 ng{B,C}.

Using the pair-cooccurrence adjacency matrix (Definition|5.3.5)), the unordered pairs { A, B} and
{B,C} occur in exactly one superhyperedge each, while {A, C'} occurs in none. Hence, in the

ordering (A, B, C),
010
AmE =1 0 1
010

A direct calculation gives
det A(H) = 0,

so H is singular. In fact, the eigenvalues are
spec(A(H)) = {V2, 0, —v2},
so 0 € spec(A(H)) with multiplicity 1. Therefore the nullity is
n(H) = dim ker A(H) = 1.

One nonzero kernel eigenvector is

1 0
x=101, since  A(H)z= {0
-1 0
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Theorem 5.3.9 (Singular SuperHyperGraphs generalize singular hypergraphs). Let H = (V, )
be a finite hypergraph with |V| = n, and let Hy = (V,E) be the SuperHyperGraph obtained by
viewing H as a SuperHyperGraph:

V:=V, E:=¢€&.
Let A(H) be the hypergraph adjacency matriz
A(H) = (byy),  bi=0, by:=|{ee&: {vi,v;} Ce}| (i#]),
for a fized ordering V.= {vy,...,v,}. Then
A(Hy) = A(H).
Consequently,

H is singular <= Hy is singular, and  n(H) = n(H).

Proof. Fix an ordering V' = {vy,...,v,} and identify V = V via X; := v;. For i # j, by
Definition [5.3.5

a;(Ho) = |{feE: {X;,X;} Cf} =|{ec&: {vi,v} Ce}|=by(H).

Also a;;(Hy) =0 = b;;(H). Hence A(Hy) = A(H) entrywise. Therefore det A(H,) = det A(H ),
the spectra coincide, and the nullities dim ker A(Hy) = dim ker A(H) coincide as well, proving
the claims. O

5.4 Graph Energy

The energy of a graph G [216(21§] is the sum of absolute values of its adjacency eigenvalues:

£G) = Yo MA@

The energy of fuzzy graphs, neutrosophic graphs, and hypergraphs has also been studied in the
literature [219-223].

Definition 5.4.1 (Graph energy). Let G = (V, E) be a finite simple undirected graph with
|[V| =n, and let A(G) € R"*" be its adjacency matrix. Let

)\17A27"'7>\n

be the (real) eigenvalues of A(G), counted with algebraic multiplicity. The energy of G is

E(G) = Zw.

Remark 5.4.2 (Matrix viewpoint). For any real matrix M, the energy (also called the trace
norm) is defined by

E(M) = Z si(M),
where s;(M) are the singular values of M. If M is real symmetric, then s;(M) = |\;(M)], hence
E(M) =73, |N(M)]. In particular, £(G) = E(A(G)).
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Definition 5.4.3 (Hypergraph adjacency matrix). Let H = (V, &) be a finite (simple) hyper-
graph with V' = {vy,...,v,} and € C P(V) \ {0}, where |e| > 2 for all e € £. Its adjacency
matriz is the symmetric matrix A(H) = (a;;) € R"*" defined by

a;; =0, aij = [{e€&: {v,v;} Ce}| (i#7).

Definition 5.4.4 (Adjacency energy of a hypergraph). [224] Let H be a hypergraph on n
vertices and let A(H ) be its adjacency matrix (Definition|5.4.3]). Let A1, ..., A, be the eigenvalues
of A(H), counted with algebraic multiplicity. The (adjacency) energy of H is

n

EH) = Y I\l = [lA@E)]..

i=1

Proposition 5.4.5 (Graphs as a special case). Let G = (V, E) be a finite simple graph on
V = A{v,...,u.}, and view it as the 2-uniform hypergraph Hg = (V,&) with € := {{u,v} :
{u,v} € E}. Then A(Hg) = A(G). Consequently,

E(He) = E(Q).

Proof. For i # j,
aij(Hg) = |{€ S E: {'Ul',’l)j} g €}|

Since every e € & has size 2, the condition {v;,v;} C e holds if and only if e = {v;,v;},
hence a;j(Hg) = 1 exactly when {v;,v;} € E, and 0 otherwise; also a;;(Hg) = 0. Thus
A(Hg) = A(G), so the eigenvalues (with multiplicity) coincide, and therefore the energies
coincide. O

Definition 5.4.6 (Adjacency matrix of a SuperHyperGraph). Let H = (V,E) be a finite Su-
perHyperGraph with E C P(V) \ {0} and |V| = N. Fix an ordering V = {X,..., Xy }. The
adjacency matriz of H is the symmetric matrix A(H) = (a;;) € RV*Y defined by

a;; =0, a;j={f€B: {X;,X;} Cf} (i#)).

Definition 5.4.7 (Energy of a SuperHyperGraph). Let H be a finite SuperHyperGraph and
let A(H) be as in Definition Let A1,..., Ay be the eigenvalues of A(H), counted with
algebraic multiplicity. The (adjacency) energy of H is

N

EME) = Y [Nl = [A®)].,

i=1

where || - ||, denotes the trace norm (sum of singular values).

Remark 5.4.8. Since A(H) is real symmetric, its singular values equal |\;|, so E(H) = >, |\
is well-defined and real.
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Example 5.4.9 (Energy of a small SuperHyperGraph). Let
H=WE), V={4B,C}, E={f}, f={4B,C}hL

Using the pair-cooccurrence adjacency matrix (Definition [5.4.6)), each unordered pair {A, B}, {A,C},{B,C}
is contained in exactly one superhyperedge f. Hence, with the ordering (A, B, C),

which is the adjacency matrix of K3. Its eigenvalues are
A1:2, )\2:)\3:—1.

Therefore, by Definition [5.4.7]

3
EE) =) N[=[2+]-1+]|-1 =4

i=1

Theorem 5.4.10 (SuperHyperGraph energy generalizes hypergraph energy). Let H = (V,€)
be a finite hypergraph with |V| = n, and let Hy = (V,E) be the SuperHyperGraph obtained by
viewing H as a SuperHyperGraph, i.e.,
V:=V, E:=¢&.
Let A(H) be the hypergraph adjacency matriz defined by
A(H):(b”), b“ = O, bl] = |{€€82 {'l)u’l)j}Q@}‘ (’L?éj),
for a fized ordering V.= {vy,...,v,}. Then

A(Hy) = A(H), and hence  E(Hy) = E(H).

Consequently, Deﬁm’tz’onm strictly extends the (adjacency) energy of hypergraphs.

Proof. Fix an ordering V' = {vy,...,v,} and identify V. = V via X; := v;. For i # j, by
Definition we have

a;(Ho) = |{feE: {Xi, X;} Cf} =|{ee&: {vi,v} Ce}|=by(H),

and also a;(Hyg) = 0 = b;(H). Hence A(Hy) = A(H) entrywise, so the eigenvalues (with
multiplicity) coincide. Therefore,

() = >N (AT = DA (AGH)| = £(8),

as claimed. OJ
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5.5 Periodic graph

A periodic graph [225-227] is one that repeats under a fixed shift (e.g., time-layer translation),
or, in the quantum-walk sense, admits 7 # 0 with

exp(1T A(G)) diagonal (equivalently each vertex returns up to phase).

Definition 5.5.1 (Dynamic/periodic graph induced by a static graph). Let Gy = (Vg, Eo,T)
be a finite directed graph with vertex set Vo = {1,...,n}, edge set Ey C Vj x V;, and an integer
transit-time function T : Eq — 7Z, written T'(u, v) = t,,. The dynamic (periodic) graph induced
by Gy is the (locally finite) infinite directed graph G = (V*°, E*°) defined by

Ve = {vP:veV,, pel}, E> = {(u", v"*"): (u,v) € Ey, pEZ}.
Equivalently, G™ satisfies the periodicity property
(uP,v?) € B> <= (ult vit) € B>,

i.e., shifting all time-indices by 41 preserves adjacency.

Remark 5.5.2 (Period ¢). More generally, one may say that an infinite graph G = (V*>°, E>)
with Vo = {vP : v € Vi, p € Z} is periodic with period q € N if

(uP,v") € E® < (uPt? vt e B>,

Definition 5.5.3 (Continuous-time quantum walk on a graph). Let X be a finite simple undi-
rected graph on n vertices with adjacency matrix A € R"*™. Define the unitary matrix-valued
function

H(t) := exp(itA) (t eR),

where ¢ = v/—1.

Definition 5.5.4 (Periodicity (quantum-walk sense)). Let X and H (t) be as in Definition[5.5.3]

(i) X is periodic with respect to a vector z € C™ \ {0} if there exist 7 € R and v € C with
|7| = 1 such that
H(1)z =~z.

(ii) X is periodic at a verter w if it is periodic with respect to the standard basis vector e,;
equivalently, there exists 7 € R such that

|H(T)uu = 1.

(iii) X is periodic if there exists 7 € R such that H(7) is diagonal (equivalently, each vertex is
periodic, possibly with different phases).
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Definition 5.5.5 (Dynamic/periodic hypergraph (time-expansion model)). Let Hy = (V, &)
be a finite (undirected) hypergraph. Fix an offset signature ¢ that assigns an integer 6, . € Z to
each incidence v € e. Define the infinite vertex set

Ve = {vP:veVy, pel}.
For each e € & and p € Z, define the time-shifted hyperedge
eP = {vPte: pece} C V™

Set
E® ={el: ec&, pel}.

Then H>™ := (V>°,E%) is called a dynamic (periodic) hypergraph induced by (H,,d). It is
periodic (of period 1) in the sense that shifting all time-indices by +1 maps £ to itself. If
dye = 0 for all v € e, then each hyperedge lies within a single time-layer p.

Definition 5.5.6 (Periodic hypergraph in a quantum-walk sense). Let H = (V, &) be a finite
hypergraph on |V| = n vertices, and fix a symmetric matrix representation M (H) € R™*" (e.g.,
a chosen adjacency or Laplacian matrix model). Define

Ug(t) := explit M(H)) (t € R).
We say that H is periodic at vertex u if there exists 7 € R such that
|UH(7—)u,u} = 1,

and H is periodic if there exists 7 € R such that Uy (7) is diagonal.

Definition 5.5.7 (Dynamic/periodic SuperHyperGraph (time-expansion model)). Let Hy, =
(Vo,Ep) be a finite (undirected) SuperHyperGraph, where Eq C P (V) \ {0}. Fix an offset
signature 0 assigning an integer dx s € Z to each incidence X € f with X € V; and f € E,.

Define the infinite supervertex set
Ve = {X?: X eV, peZ}.
For each f € Ey and p € Z, define the time-shifted superhyperedge
fro= {XPxs . Xef} C V™,

Set
E* = {f?: f€Ey, peZ}, H*>® = (V*®,E™).

We call H* the dynamic (periodic) SuperHyperGraph induced by (Hy, 9).

Definition 5.5.8 (Period ¢ (shift periodicity)). Let H>* = (V°°,E>) be as in Definition
For ¢ € N, define the shift map S, : V> — V> by

S, (XP) = XPHa,
We say that H*> is periodic with period q if S, is an automorphism, i.e.,
fEeEE® «— S,(f) e E™, S,(f) = {S,(Y):Y e f}
Equivalently, shifting all time-indices by +¢q preserves the superedge family.
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Definition 5.5.9 (Periodic SuperHyperGraph (quantum-walk /operator sense)). Let H = (V,E)
be a finite SuperHyperGraph with |V| = N. Fix a symmetric matrix representation M (H) €
RM*N (e.g., a clique-expansion adjacency or Laplacian model). Define the unitary matrix-valued
function

Uu(t) == exp(it M(H))  (t€R).

We say that H is periodic at a supervertex X € V if there exists 7 € R\ {0} such that
|UH(7—)X,X’ =1,

and H is periodic if there exists 7 € R\ {0} such that Ug(7) is diagonal (equivalently, each
supervertex returns to itself up to a phase).

Example 5.5.10 (A periodic SuperHyperGraph in the quantum-walk sense). Let
H:(V,E), V:{Xl,Xz}, E:{{Xl,XQ}}

Choose the symmetric operator model M (H) to be the (clique-expansion) adjacency matrix

M(H) = A(H) = <‘1) é) .

Since A(H)? = I,, the matrix exponential admits the closed form

i1sint  cost

Un(t) = exp(itA(H)) = cos(t) I + isin(t) A(H) = (

Un(m) = <_01 _01> =1,

which is diagonal. Hence H is periodic in the sense of Definition Moreover, |UH(7T) X1,X1 | =
|Un(7)x,,x,| = 1, so H is periodic at each supervertex. (Indeed, U (2m) = I, so 2 is a full
return time.)

cost isin t)

At time 7 = m we obtain

Theorem 5.5.11 (Periodic hypergraphs are a special case of periodic SuperHyperGraphs). Let
Hy = (Vy,&) be a finite (undirected) hypergraph.

(i) (Time-expansion model). View Hy as the SuperHyperGraph Hy = (Vo,Eq) by setting
Vo := W, Ey := &.

Fiz any offset signature 9, . € 7Z for incidences v € e. Then the dynamic hypergraph
H™> induced by (Hy,0) (Definition of dynamic/periodic hypergraph) coincides (as a set

system) with the dynamic SuperHyperGraph H*> induced by (Hy,d) (Definition . In
particular, H™ is periodic of period q iff H™ is periodic of period q (Definition .

(ii) (Quantum-walk/operator model). Let M (H) be the chosen symmetric matriz repre-
sentation for hypergraphs (e.g., the clique-expansion adjacency matriz), and define M (H)
by the same formula on V=V and E =E. Then M(H) = M(H), hence

Un(t) = exp(it M (H)) = exp(it M (H)) = Ug(t).

Therefore, H is periodic (or periodic at a vertex) in the hypergraph sense iff H is periodic (or
periodic at the corresponding supervertex) in the SuperHyperGraph sense (Deﬁm’tion.
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Consequently, the notion of periodic SuperHyperGraph strictly generalizes the notion of periodic
hypergraph under either standard periodicity model above.

Proof. (i) By construction, V> = {v? : v € Vi, p € Z} = V. For each e € & and p € Z, the
time-shifted edge in the hypergraph model is e? = {vP*%< : v € e}. In the SuperHyperGraph
model, the corresponding time-shifted superedge is e? = {X pHoxe » X € e}, which is identical
after identifying X with v. Hence E>® = £*° and H* = H°. The period-q condition is therefore
the same statement in both languages: the shift map S, (v”) = vP9 preserves the edge family.

(ii) Under the identification V. = V and E = &, the matrix model is defined by the same
entrywise formula, so M(H) = M(H). Taking matrix exponentials yields Ug(t) = Ug(t) for
all t. Thus the periodicity conditions (diagonality at some 7, or return at a specified vertex)
coincide. O

96



Chapter 6

Proposed Concepts for Topological Indices

With respect to the structure of topological indices, we consider whether it is possible to inves-
tigate notions such as the topological index of a hierarchical superhypergraph and the topological
hyperindez of a graph.

6.1 Topological Index of Hierarchical SuperHyperGraph

A hierarchical superhypergraph is a superhypergraph whose vertices live across multiple powerset
levels, with edges allowed to join mixed-level supervertices, while maintaining downward-closure
coherence.

Definition 6.1.1 (Hierarchical SuperHyperGraph of height r). Let V; be a finite, nonempty
base set. For k > 0 define iterated powersets

P(Vo) :=Vo,  P*H(V) == P(P"(V0)),

and fix an integer r > 0. Set the hierarchical universe

L;J( (Vo) \ {0}).

For x € U, (V}), define its level
{(z) := min{k €{0,1,...,7}:x € P*(Vp) }.
A hierarchical superhypergraph of height r on Vj is a pair
H" = (V,E)

such that

(H1) (Hierarchical vertex set) V is a finite nonempty set with
V CU. (V).
Elements of V' are called hierarchical supervertices.
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(H2) (Cross-level edges) E is a finite family of nonempty subsets of V:
ECPV)\ {0},

Elements of E are called hierarchical superhyperedges. In particular, a superhyperedge may
contain supervertices of different levels.

(H3) (Coherence / downward closure) If X € V and £(X) > 1, then
XCWw

Equivalently, whenever a higher-level supervertex is present, all its immediate constituents
are also present as supervertices.

For each k € {0, ...,r} we define the k-th layer by

Vi = {zeV: lz)=Fk}, so that V:Uk—ovk'

Definition 6.1.2 (Hierarchical topologization). Fix a height r > 0. A hierarchical topologization
is an assignment

T ;. {hierarchical superhypergraphs of height r} — {topologies}

such that for each hierarchical superhypergraph H" = (V, E), the object T (H™) is a topology
on the underlying hierarchical supervertex set V', and the assignment is isomorphism-covariant:
if o : H — H'™ is an isomorphism of hierarchical superhypergraphs (a bijection ¢ : V' — V’
preserving superhyperedges), then

TOED) = {p(U) | U € T H") ).

Equivalently, ¢ : (V, T (H™)) — (V', T (H'™)) is a homeomorphism.

Definition 6.1.3 (Topological invariant functional). A functional
®: {(X,7):7 atopology on X} — R

is called a topological invariant if ®(X,7) = ®(Y, o) whenever (X, 7) and (Y, o) are homeomor-
phic.

Definition 6.1.4 (Topological index of a hierarchical SuperHyperGraph). Fix a height » > 0,
a hierarchical topologization T, and a topological invariant ®. For a hierarchical superhyper-
graph H") = (V, E), its topological index (with respect to ® and () is

HTIg o (H™) = cI)(V’ z(r) (H(H))‘

Theorem 6.1.5 (Isomorphism invariance). Under the assumptions of Definition HTIp <
is an invariant of hierarchical superhypergraphs: if H™ = H'") | then

HTlg 5 (H™) = HTIp oo (H'T).
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Proof. Let ¢ : H™ — H'®™ be an isomorphism. By isomorphism-covariance of T (Defini-
tion , ¢ is a homeomorphism between the induced topological spaces on the hierarchical
supervertex sets. Since ® is a topological invariant (Definition [6.1.3)), the values coincide, giving
the claim. O

Definition 6.1.6 (Support (flattening) of a hierarchical supervertex). Let H™ = (V, E) be a
hierarchical superhypergraph on a base set V;. Define the support map Supp : V- — P(V;) \ {0}
recursively by

Supp(z) := {z} (z€Vy), Supp(X) := |J Supp(y) (X €V \Vp).

yeX

Definition 6.1.7 (Hierarchical incidence degree). Let H(") = (V| E) be a hierarchical superhy-
pergraph. For v € Vj, define its hierarchical incidence degree by

dine(v) := |{e € E: 3X € e with v € Supp(X) }|.

(Thus, a base vertex v is counted once per hierarchical superhyperedge that contains at least
one supervertex whose support contains v.)

Definition 6.1.8 (Sombor index of a hierarchical SuperHyperGraph). Let H™ = (V, E) be a
hierarchical superhypergraph, and let dj,.(-) be as in Definition Define the Sombor index
of H™ by

HSO(Hm) = Z Z \/dinc(Supp(X))z—i—dmC(Supp(Y))2

ecE X,Yee
X<Y

Here, for a nonempty subset S C Vj, we use the shorthand
dinc(S) = Z dinc(v)a
vES

and X <Y indicates that the inner sum ranges over unordered distinct pairs {X,Y} C e.

6.2 Topological HyperIndex and SuperHyperIndex of Graph
6.2.1 Basic Framework

Topological HyperIndex is a set-valued graph invariant: it maps each graph, via an induced
topology, to a nonempty set of topological-invariant values. Its significance is that it models
uncertainty, parameter ranges, or multiple admissible constructions without collapsing results to
a single number. Topological SuperHyperIndex is a higher-order set-valued invariant: it maps
each graph to an iterated nonempty powerset of invariant values, reflecting layered constructions.
Its significance is that it encodes multi-level or hierarchical uncertainty and enables structured
aggregation and comparison across different topological layers.

Definition 6.2.1 (Nonempty iterated powerset). Let S be a nonempty set and write P, (S) :=
P(S)\ {0}. Define recursively

PLS) =8, PITHS) =P(PIS) \ {0} (m =0).
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Definition 6.2.2 (Hyper-valued and superhyper-valued topological invariants). Let S be a
nonempty set. A map

®: {(X,7):7 atopology on X} — P, (S5)

is called a hyper-valued topological invariant if ®(X,7) = ®(Y,0) whenever (X, 7) and (Y, 0)
are homeomorphic.

More generally, for m > 1, a map
e {(X, 1)} — P(S)

is called a superhyper-valued topological invariant if it is constant on homeomorphism classes.

Definition 6.2.3 (Topological HyperIndex of a graph). Fix n > 0 and assume we are given
an isomorphism-covariant n-level topologization G' — T (G) on the underlying set P, (V(Q)).
Let ® be a hyper-valued topological invariant with codomain P (.5).

For a graph G = (V, E), the topological hyperindex is defined by
TopHIy z (G) = ®(P.(V), T(G)) € P(S).

Definition 6.2.4 (Topological SuperHyperIndex of a graph). Fix n > 0 and m > 1. Let
T(") bhe an isomorphism-covariant n-level topologization, and let ®(™) be a superhyper-valued
topological invariant with codomain P"(S5).

For a graph G = (V, E), the topological superhyperindez is defined by
TOpSHIg?%)’T(n)(G) = (P(m) (Pn(v)7 T(n)(G)) € Pf(s)

Theorem 6.2.5 (Graph-isomorphism invariance). Let n > 0 and assume T™) is isomorphism-
covariant.

1. If @ is a hyper-valued topological invariant, then TopHlg <) is a graph invariant.

(m)

2. If &™) s a superhyper-valued topological invariant, then TopSHI () <n

, 48 a graph invariant.

Proof. Let ¢ : G — G’ be a graph isomorphism. By isomorphism-covariance of ™ the induced
bijection ™ : P, (V(G)) = P.(V(G")) is a homeomorphism between

(Pu(V(G)),T™(G)) and (P, (V(G)), T"(G).

Since @ (resp. @(m)) is constant on homeomorphism classes, the corresponding values agree,
yielding TopHIg <) (G) = TopHIg ) (G') (resp. the analogous equality for TopSHI). O

Theorem 6.2.6 (Reduction to the classical (single-valued) topological index). Assume that a
hyper-valued invariant ® is singleton-valued, i.e., |®(X,7)| = 1 for all (X, 7). Define the
associated real-valued invariant ®(X, ) as the unique element of ®(X, 7). Then

TopHlg z (G) = { B(P.(V(G)),T™(G)) },

so TopHI collapses to the usual single-valued topological index.

Proof. Immediate from the definition of singleton-valuedness. O
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6.2.2 Sombor HyperIndex and SuperHyperIndex

The Sombor HyperIndex maps a graph to the set {SO,(G) : a € A}, capturing multiple shifted
Sombor values simultaneously. The Sombor SuperHyperIndex maps a graph to an iterated family
of such sets over admissible parameter-sets, encoding hierarchical uncertainty about shifts.

Definition 6.2.7 (Sombor HyperIndex of a graph). Let G = (V, E) be a finite simple undirected
graph, and let dg(v) denote the (usual) degree of v € V. Fix a nonempty parameter set A C R.
The Sombor Hyperindex of G with respect to A is the nonempty subset of R> given by

SOHIL(G) = { 804(G) \ aeAl,

where SO, (G) is the shifted (general) Sombor index

Definition 6.2.8 (Sombor SuperHyperIndex of a graph). Let G = (V, E) be a finite simple
undirected graph, and let dg(v) be the vertex degree. Fix integers m > 1 and nonempty
parameter sets Aq, ..., A,, € R. Define recursively

SOSHI{)(G) := SOHIL4,(G),  SOSHIT™), (G) := {sosmﬁfj 2L (G) | Ave Ay }

,,,,,

provided Ay, is a nonempty family of nonempty subsets of R for each k. More explicitly, if
Ak+1 Q P(R) \ {@}, then
SOSHIY™Y ,  (G) € PFR)\ {0}

s Akl

We call SOSHI;WI) 4 (G) the Sombor SuperHyperIndez of G (of depth m).

7777 m

Remark 6.2.9 (A clean two-level specification). A common choice is to take A; C R (possible
shifts) and A, C P(R) \ {0} (admissible shift-sets). Then

SOSHI? , (G) = { SOHI(G) ] Be A, } - { {S0.(G):a € BY ] B e A, }

which is an element of P(P(R)) \ {0} and captures “uncertainty about the uncertainty” (a
hierarchy of admissible parameter-sets).

Proposition 6.2.10 (Reduction to a single Sombor index). If A = {ag} is a singleton, then
SOHI4(G) = {SO,,(G)}, i.e., the hyperindex collapses to one value.

Proof. Immediate from Definition [6.2.7] O
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Chapter 7

Conclusion

In this book, we introduced and formalized a variety of Chemical SuperHyperGraphs and nu-
merous topological indices on SuperHyperGraphs. In future work, we expect further progress
on extensions developed within uncertainty-aware frameworks, including Fuzzy Graphs [228|
229], Intuitionistic Fuzzy Graphs [230,1231], Neutrosophic Graphs [232-236], and Plithogenic
Graphs [2,[237].
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