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Abstract

Hypergraphs generalize ordinary graphs by allowing an edge to connect an arbitrary nonempty
subset of the vertex set. By iterating the powerset construction, one obtains nested, higher-order
vertex objects and arrives at finite SuperHyperGraphs, in which vertices are set-valued
across multiple layers and edges encode relations among such set-valued vertices. Despite this
expressive modeling capacity, the structural theory of SuperHyperGraphs—including systematic
studies of their basic properties and parameters—remains comparatively underdeveloped. In
this volume, we extend fundamental graph-theoretic notions to the SuperHyperGraph
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Chapter 1

Introduction

1.1 Graph, HyperGraph, and SuperHyperGraph

Network models are classically expressed by graphs, in which objects are represented by vertices
and binary relationships by edges [5]. While this abstraction is effective for pairwise interactions,
it becomes restrictive when the underlying system exhibits simultaneous interactions among three
or more entities. Hypergraphs resolve this limitation by permitting each hyperedge to join an
arbitrary nonempty subset of vertices, thereby representing higher-order relations directly [6-9].

Even so, many real-world datasets and engineered systems display relationships that are not only
higher-order but also layered, nested, and intrinsically hierarchical. To capture such multi-level
incidence patterns, F. Smarandache introduced the notion of a SuperHyperGraph. Informally, a
SuperHyperGraph is built via iterative powerset-based constructions, which allow vertices (“su-
pervertices”) themselves to be set-valued objects and enable edges to encode nested connectivity
across multiple levels [10,{11]. Consequently, SuperHyperGraphs have recently attracted growing
attention in both theory and applications [12-18].

Graphs and hypergraphs also provide transparent visual metaphors for complex systems and
support a broad spectrum of applications in artificial intelligence, network science, data mining,
informatics, chemistry, physics, and related fields [19-21]. By explicitly incorporating hierarchical
and multi-level relationships, SuperHyperGraphs offer a flexible framework for modeling and
analyzing intricate structures in modern networked data (e.g., [16,22-27]).

Table[I.I]summarizes the essential distinctions among graphs, hypergraphs, and n-SuperHyperGraphs.

A more concrete, side-by-side comparison of graphs, hypergraphs, and n-SuperHyperGraphs is
provided in Table
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Table 1.1.: Key distinctions among graphs, hypergraphs, and n-superhypergraphs.

Concept Notation Edge family Core extension principle

Graph [5] G=(V.E) EC (‘2/) Edges encode pairwise
(binary) relations be-
tween vertices.

Hypergraph [28] H= (V&) ECPV)\ {0} Hyperedges may join
any mnonempty subset
of vertices, encoding
higher-order interac-
tions.

n- SHG™ = (V,E) (on V C P™(Vo) \  Vertices are allowed to

SuperHyperGraph [10]  a base set V) {0}, ECPV)\{0} be set-valued objects
living in an n-fold pow-
erset hierarchy, while
edges remain subsets of
the supervertex set; this
supports nested and
multi-level incidence
patterns.

Notation. P(X)={A|AC X}, (%) ={{u,v} CV |u#0}, and P'(X) = X, P (X) = P(P*(X)).

1.2 Owur Contributions

In view of the above, research on SuperHyperGraphs is important. However, systematic study of
SuperHyperGraphs is still relatively recent. Consequently, investigations of fundamental struc-
tural notions in SuperHyperGraphs—such as paths, trees, cycles, planarity, bipartiteness, and
related concepts—remain comparatively limited. To help bridge this gap, in this book we ex-
tend these core graph-theoretic structures to the SuperHyperGraph setting and examine their
key properties. We hope that these results will contribute, even modestly, to further progress on
the structural theory of SuperHyperGraphs.
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Table 1.2.: A concrete comparison of graphs, hypergraphs, and n-superhypergraphs.

Aspect Graph G = (V, E) Hypergraph H = (V,€) n-SuperHyperGraph
SHG™ (V,E) (on
Vo)

Vertices veV veV z € V. C P*(W) \
{0} (set-valued superver-
tices)

Edges EC(y) ECP(V)\ {0} ECP(V)\ {0}

Incidence vEeforee E vEeforeel r€cforee B

Adjacency (typ.)

One edge encodes

Distance (typ.)

Use (typ.)

u~v <= {u,v} €FE

a binary relation

shortest path length in G

binary links

un~v <= Jee€f:
{u,v} Ce

a  multiway
among vertices

relation

Berge distance or pri-
mal/2-section distance

higher-order groups

T~y < dee€k:

{z,y}Ce
a  multiway  relation
among supervertices
(which may themselves
be nested)
super-Berge distance

or primal/2-section dis-
tance on (V, E)
hierarchical / nested in-
cidence and multi-level
grouping

Notation. P°(X) = X and P*(X) = P(P*(X)).






Chapter 2

Preliminaries

This chapter establishes notation and reviews the fundamental structures used throughout the
book.

2.1 SuperHyperGraphs

Classical graph theory models a system of vertices linked by edges, and studies connectivity,
structural invariants, and algorithmic problems motivated by mathematics, computer science,
and many applied domains [5]. A hypergraph broadens this framework by allowing a single edge
to connect an arbitrary nonempty subset of the vertex set; hence it is well suited to represent in-
trinsically multiway interactions (e.g., relations of arity greater than two) [6,8]. Such higher-order
relations have become especially prominent in contemporary learning and modeling pipelines,
including neural architectures that directly leverage hypergraph incidence patterns [6}29-32].

By iterating the powerset operation, one can also permit nested set-valued entities at the vertex
level. This leads to finite SuperHyperGraphs, in which both vertices and edges may occur at
multiple levels of set nesting [33,34]. Such hierarchical representations arise naturally in layered
or multiscale relational settings, for instance in molecular design, complex-network analysis, and
neural-network modeling, among other applications [23}|3537]. Several related generalizations
have also been investigated, including Directed SuperHyperGraphs [38}/39] and MetaSuperHy-
perGraphs [40].

Definition 2.1.1 (Base set). A base set S is the ambient universe of discourse:
S = {z |z is an admissible object in the context under consideration }.

All sets in P(S) and in the iterated powersets P ™ () are ultimately formed from elements of S.

Definition 2.1.2 (Powerset). (see |[41]) For a set .S, the powerset of S is
P(S) = {A|ACS}.
In particular, ) € P(S) and S € P(S).
11
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Definition 2.1.3 (Hypergraph). [28,42] A hypergraph is a pair H = (V| E) such that:
e V is a finite set of vertices, and
e F is a finite family of nonempty subsets of V', called hyperedges.

Thus, a hyperedge may contain more than two vertices, capturing genuinely multiway relations.

Example 2.1.4 (Real-life example of a hypergraph). Consider the problem of organizing uni-
versity courses and student enrollments. Let V' be the set of all students in a department. For
each course ¢, define a hyperedge

e. := {s €V |sisenrolled in course ¢ }.

Then H = (V, E), where E = {e. : c is a course}, is a hypergraph. Each hyperedge represents a
multiway relation: all students jointly participating in the same course. For reference, the graph

is shown in Fig.

course C2

course ¢
; Vertices: students
Hyperedges: courses

course C3

Figure 2.1.: A course-enrollment hypergraph: each course ¢; induces a hyperedge e., C V con-
sisting of its enrolled students.

Definition 2.1.5 (Iterated powerset and flattening). [43] Let V; be a finite nonempty set.
Define P°(V}) := Vj and

PHIVo) :=P(PE(Vo)) (k= 0).
For each k > 0, define the flattening map

Flaty : P*(Vo) \ {0} — P(Vo) \ {0}

recursively by

Flato(x) := {z} (z € Vp), Flaty 1 (X) := U Flat,(Y) (X € P* (V) \ {0}).

YeX

Definition 2.1.6 (n-SuperHyperGraph). (see |[10]) Let V; be a finite, nonempty base set. Define
PUVe)=Vo, PRIV = P(PHVG)) (k€ N).
For n > 0, an n-SuperHyperGraph on Vj is a pair
SHG™ = (V, E)

such that
VCP" (Vo) and ECP(V)\{0}.

Elements of V' are called n-supervertices, and elements of E are called n-superedges (that is,
each m-superedge is a nonempty subset of V).

12
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€2 = {Uy, Us} (stage: protocol approval)
g1 = {U1, Uz} (stage: plan & schedule)

Uy = {Teurgs Tone Uz = {Tuurg Trena [ Us = {Tone ] o ; . )

‘ 1 = {Tours b 2 = {Tourg, Trohav } (Pha‘rmac{y revizw ’ Level 2: units V C P?(Vp) (2-supervertices)
L
i

(Tumor board) (Peri-op unit)
Superedges E = {e1,e2}: multi-unit collaboration stages

1
Tuurg = {Dr. A, Nurse C} Tone = {Dr. B, Pharmacist E}) (Tienan = { Therapist D, Nurse C} o
[ (Surgery team) (Oncology team) (Rehab team) Level 1: care teams C P(Vp)

Theraist D Level 0: individuals Vo
Legend:

containment (set membership)
aggregation across levels

Figure 2.2.: A schematic n =2 SuperHyperGraph model for healthcare coordination: individ-
uals (Vp) form care teams (C P(Vp)); multidisciplinary units are 2-supervertices
(C P2(Vy)); superedges encode treatment stages that require joint participation of
multiple units.

Example 2.1.7 (Real-life example of an n-SuperHyperGraph). Healthcare coordination
across nested teams. Let V}) be a finite set of individuals in a hospital system, e.g.,

Vo = {Dr. A, Dr. B, Nurse C, Therapist D, Pharmacist E, Patient P,... }.

A care team is a subset of Vj, hence an element of P(Vy) = PY(Vy). A multidisciplinary unit
(for example, a tumor board) is a set of care teams, hence an element of P(P(V;)) = P*(Vp).
Taking n = 2, choose

V < P*(V)
to be a finite collection of such units (each unit is a set of teams), and let

ECP(V)\ {0}

consist of treatment stages that require joint participation of several units (e.g., a stage combining
a surgery unit, an oncology unit, and a rehabilitation unit). Then SHG? = (V, E') models
higher-order coordination among nested organizational entities: supervertices are sets of teams
of individuals, and superedges represent multi-unit collaboration requirements. An example of
the graph in this illustrative case is shown in Figure 2.2

Remark 2.1.8 (Incidence as part of the data: general vs. standard form). Throughout this
paper, it is convenient to regard an n-SuperHyperGraph as a triple

H™ = (V,E,d),

where 0 : E — P(V) \ {@} assigns to each superedge ¢ € E its (nonempty) incidence set
d(e) C V. We call this the general form.

The standard (set-edge) form is the special case in which E C P(V) \ {@} and
de)=¢e¢ (Ve€E).

In particular, any statement or construction (e.g., an incidence graph) defined for triples (V,E, 9)
applies to the standard form by taking 9 to be the identity inclusion.

13






Chapter 3

Path in SuperHyperGraphs

This chapter explains paths in SuperHyperGraphs and related concepts.

3.1 Paths in Graphs, Hypergraphs, and SuperHyperGraphs

This chapter fixes a standard and widely used notion of a path in each of the three settings:
graphs, hypergraphs, and n-SuperHyperGraphs. For hypergraphs (and hence for n-SuperHyperGraphs,
which are hypergraphs on supervertices), we adopt the classical Berge notion of a path, since

it applies to arbitrary (non-uniform) hyperedges and is compatible with many distance-based
parameters.

Definition 3.1.1 (Walk and path in a graph). Let G = (V, E) be a finite simple undirected
graph.

(i) A walk in G is a finite sequence of vertices
W = (vo,v1,...,0) (k>0),

such that {v;_1,v;} € E for every i = 1,...,k. The integer k is the length of W (the
number of edges traversed).

(ii) A (simple) path in G is a walk P = (vg, v1,...,vx) in which all vertices are distinct:
v, #v; forall0<i<j<k.

We also say that P is a path from vy to v.

(iii) For u,v € V, we write Pathg(u, v) # 0 if there exists a path in G from u to v.

Remark 3.1.2. Some authors call any vertex-distinct sequence above a “path” and reserve
“simple path” for edge-distinctness. In this book, path means vertex-distinct, which is the most
common convention in graph theory.

15



Chapter 3. Path in SuperHyperGraphs

Definition 3.1.3 (Berge walk and Berge path in a hypergraph). (cf. [44,45]) Let H = (V,€)
be a finite hypergraph, where & C P(V) \ {0}.

(i) A Berge walk in H is an alternating sequence
W = (vo,e1,v1,€9,...,€x V) (k> 0),
where vg,...,v; € V and ey, ..., ¢, € £ satisfy
{vi_1,v;} Ce; foreachi=1,... k.

The integer k is the length of W (the number of hyperedges used).

(ii) A Berge path in H is a Berge walk P = (vg,e1,v1,...,€,v;) such that all vertices
Vg, - - - , g, are distinct and all hyperedges ey, ..., e, are distinct.

(iii) For u,v € V', we write Pathy (u,v) # 0 if there exists a Berge path in H from u to v.

Remark 3.1.4. In the literature on uniform hypergraphs, other notions (e.g., tight paths and
loose paths) are also common. The Berge notion in Definition is the most general one and
works for arbitrary hypergraphs.

Example 3.1.5 (Real-life example of a Berge walk/path in a hypergraph). Co-authorship
across research groups. Let V be a set of researchers in a department. For each paper p,
define a hyperedge e, C V as the set of all coauthors of p. Thus H = (V,&) with £ = {e, :
p is a paper} is a hypergraph.

Suppose Ayako, Satoshi, Carol, and Dave are distinct researchers and there exist papers p1, pa, D3
such that

{Ayako, Satoshi} C e, {Satoshi, Carol} C e,,, {Carol, Dave} C e,,.

Then
P = (Ayako, ¢,,, Satoshi, e,,, Carol, e,,, Dave)

is a Berge path in H from Ayako to Dave: consecutive researchers in the sequence jointly belong
to the corresponding paper-hyperedge.

Definition 3.1.6 (Super-Berge walk and Super-Berge path). Let V; be a finite nonempty base
set, and let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, where V- C P"™(V;) and E C
P(V)\ {0}. Thus (V, E) is a hypergraph whose vertices are n-supervertices.

(i) A Super-Berge walk in SHG™ is an alternating sequence
W = (Xo,e1, X1,69,. .-, 61, X) (k >0),
where Xo,..., Xy € V and €4,...,¢, € F satisfy
{X;.1,X;} Ce foreachi=1,... k.
Its length is k.

16



Chapter 3. Path in SuperHyperGraphs

(ii) A Super-Berge path in SHG™ is a Super-Berge walk P = (Xo,€1,X1,...,6k, Xi) in which
all supervertices Xy, ..., X}, are distinct and all superedges €4, ..., &, are distinct.

(iii) For supervertices X,Y € V, we write Pathgyao (X,Y) # 0 if there exists a Super-Berge
path from X to Y.

Remark 3.1.7 (Compatibility with flattening). Because each X € V' C P"(1}) is a nested
object, one may also study induced notions of “base-level connectivity” by applying the flattening
map Flat,, (Definition to supervertices, for example by tracking how Flat, (X;) C Vj
evolves along a Super-Berge path. In this book, unless stated otherwise, the term path in an
n-SuperHyperGraph refers to the Super-Berge notion in Definition

Example 3.1.8 (Real-life example of a Super-Berge walk/path in an n-SuperHyperGraph).
Coordinated release across nested software teams. Let V[ be a finite set of software
engineers. A team is a subset of Vg, and a service group is a set of teams (e.g., a platform group
composed of several feature teams). Taking n = 2, each service group is an element of P?(V}).

Let V C P%(V;) be a collection of service groups, and let each superedge e € E C P(V) \ {0}
represent a release window that must include several service groups simultaneously (for example,
authentication, payments, and logging must be deployed together).

If Xy, X1, X5 € V are distinct service groups and there exist distinct release windows €1,&9 € F
such that
{Xo, X1} C e and {X1, Xo} C ey,

then
P= (X07 €1, Xl) €2, XQ)

is a Super-Berge path in SHG® = (V, E) from X, to X,. Intuitively, the organization moves
from one nested service group to another through coordinated multi-group release events.

release window €1 release window 2

Service group X
team A, team B} Service group X, Service group X.
team A'C Vp, team team B, team C'} team C, team D}
BCVp) ’ teamCCVO teamDCVo
0)

Super-Berge path: Xo P N X1 2 X9

Figure 3.1.: A Super-Berge path in SHG®: service groups X, X1, Xo € V C P?(Vp) are linked
by release-window superedges €1,¢2 € E.

3.2 Shortest paths in graphs, hypergraphs, and n-SuperHyperGraphs

In this section we define the notion of a shortest path (and the induced distance) for weighted
graphs, weighted hypergraphs, and weighted n-SuperHyperGraphs. Throughout, all weights are
assumed to be nonnegative so that path-length minimization is well-posed.
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3.2.1 Shortest paths in graphs

A shortest path in a graph is a minimum-length path between two vertices, where length is the
sum of edge weights or edge count [46H49]. Related notions are also known, such as shortest
paths in directed graphs, shortest paths in fuzzy graphs, and shortest paths in neutrosophic
graphs.

Definition 3.2.1 (Weighted graph and length of a path). Let G = (V, E) be a finite simple
undirected graph. A weight function on G is a map

wt: B — Rzo.
A (simple) path P in G is a vertex sequence
P = (’U()avlw-'avk) (k20)¢

such that {v;,_1,v;} € E for each i = 1,...,k, and all v,...,v; are distinct. The wt-length of
Pis

k

gwt(P) = Zwt({vi,l,vi}).
i=1

Definition 3.2.2 (Shortest path and graph distance). (cf. [50]) Let (G, wt) be a weighted graph
as in Definition For u,v € V, define the graph distance from u to v by

diste(u,v) := min{ly(P) : P is a path in G from u to v},

with the convention distg(u,v) = 400 if no such path exists. A shortest u—v path is any path
P* from u to v satisfying
Lyt (P*) = distg(u, v).

Remark 3.2.3. If wt(e) = 1 for all e € E, then {y(P) = k equals the number of edges of P,
and distg(u, v) is the minimum number of edges among all u—v paths.

3.2.2 Shortest Berge paths in hypergraphs

A shortest Berge path in a hypergraph is a minimum-length path between two vertices, where
length is the sum of edge weights or edge count.

Definition 3.2.4 (Weighted hypergraph and Berge-path length). Let H = (V, E) be a finite
hypergraph, where E C P(V)\ {0}. A weight function on H is a map

wt: F —)Rzo.

A Berge path in H is an alternating sequence
P = (vo, €1,v1,€9,...,€L V) (k>0),
where vy, ...,v, € V are distinct vertices, eq,..., e, € E are distinct hyperedges, and
{vi_1,v;} Ce; foreachi=1,... k.
The wt-length of P is

ly(P) = Zwt(ei).
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Definition 3.2.5 (Shortest Berge path and hypergraph distance). Let (H,wt) be a weighted
hypergraph as in Definition For u,v € V', define the Berge distance from u to v by

distr(u,v) := min{lw(P) : P is a Berge path in H from u to v},

with the convention disty (u,v) = 400 if no Berge path from u to v exists. A shortest Berge
u—v path is any Berge path P* from u to v such that

Lyt (P*) = disty (u, v).

Remark 3.2.6. There are other hypergraph path notions (e.g., tight /loose paths for uniform hy-
pergraphs, or paths in the primal/2-section graph). Definitions (3.2.4 use the Berge notion,
which applies to arbitrary (non-uniform) hypergraphs and is widely used to define distance-like
parameters.

3.2.3 Shortest Super-Berge paths in n-SuperHyperGraphs

A shortest Super-Berge path in an n-superhypergraph is a minimum-length alternating super-
vertex—superedge path, minimizing the total superedge weights or the number of superedges.

Definition 3.2.7 (Weighted n-SuperHyperGraph). Let Vi be a finite nonempty base set and
let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, with V' C P"(V,) and E C P(V)\ {0}.
A weight function on SHG™ is a map

wt: F —>R20.

Definition 3.2.8 (Super-Berge path length, shortest path, and SuperHyperGraph distance).
Let (SHG("), wt) be a weighted n-SuperHyperGraph as in Definition A Super-Berge path
from X to Y (where X,Y € V) is an alternating sequence

P:(X0,€1,X1,€2,...,€k,Xk) (k’ZO),

with Xg = X, X}, =Y, where Xg,..., X € V are distinct supervertices, €1,...,6, € E are
distinct superedges, and

{Xifl)Xi} ggi for eachizl,...,k.

Its wt-length is

Ca(P) = Y wile).

For X,Y € V' define the SuperHyperGraph distance by
distgyon (X,Y) := min{fy(P) : P is a Super-Berge path in SHG™ from X to Y},

with the convention distgycm (X,Y) = 400 if no Super-Berge path from X to Y exists.

A shortest Super-Berge X -Y path is any Super-Berge path P* from X to Y such that
gwt(P*) — diStSHG(n) (X, Y)
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Remark 3.2.9. If wt(¢) = 1 for all ¢ € E, then £(P) = k equals the number of superedges
used, and distgyae (X,Y) is the minimum number of superedges among all Super-Berge paths
from X to Y.

Example 3.2.10 (Real-life example of a shortest Super-Berge path). Minimum-cost coordi-
nation between nested organizations. Let V| be a finite set of employees in a company. A
team is a subset of V), and a department program is a set of teams (e.g., a program that groups
several teams working on related features). Take n = 2 so that such programs are elements of
P?(Vp). Let V C P?(Vp) be a finite collection of programs (supervertices).

Suppose superedges represent coordination meetings that can jointly involve several programs,
and let the weight wt(e) be the estimated cost (e.g., staff-hours) of running meeting . Form

FE g P(V) \ {@} and wt : F — Rzo.

Assume we have three programs X,Y, Z € V and two meetings €;,¢, € F with
{X,Y} g €1, Wt(gl) = 2, {}/, Z} g €9, Wt(€2) = 3,

so (X,e1,Y,e9,7) is a Super-Berge path from X to Z of total weight 2 + 3 = 5. Also assume
there is a direct meeting €3 € E with

{X,Z} Ces, wt(es) =4.

Then the one-step path
pP* = (X, €3, Z)

is a shortest Super-Berge path from X to Z, since it achieves the minimum total coordination
cost distgyge (X, Z) = 4 among all Super-Berge paths connecting X and Z.

3.3 Longest paths in graphs, hypergraphs, and n-SuperHyperGraphs

In this section we define the notion of a longest path (and the associated mazimum path length)
for weighted graphs, weighted hypergraphs, and weighted n-SuperHyperGraphs [51H54]. In all
three settings we restrict attention to simple paths (no repeated vertices, and in the hypergraph
settings also no repeated hyperedges), so that the family of feasible paths is finite and a maximum
is well-defined.

3.3.1 Longest paths in graphs

A longest path in a graph is a simple path with maximum length, measured by number of edges
or total edge weight among all simple paths.

Definition 3.3.1 (Weighted path length in a graph). Let G = (V, E) be a finite simple undi-
rected graph, and let wt : £ — R be a weight function.

A (simple) path in G is a vertex sequence
P = (vg,v1,...,01) (k>0),
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such that {v;_1,v;} € E for each i = 1,...,k and all vertices vy,...,v; are distinct. The
wt-length of P is

E

oyt (P) = ‘ Wt({vi_l,vi}).

@
Il
—

In the unweighted case (wt = 1), one has £y (P) = k, the number of edges of P.

Definition 3.3.2 (Longest u—v path and longest-path value). Let (G,wt) be as in Defini-
tion For u,v € V, define the longest-path value between u and v by

distg™ (u,v) = max{ly(P) : P is a simple path in G from u to v},

with the convention distg™ (u,v) = —oo if there is no simple path from u to v. A longest u—v
path is any u—v path P* such that

Lyt (P*) = distg™ (u, v).

The (global) longest-path value of G is

dist™™(G) := max{ly(P) : P is a simple path in G} = max distg ™ (u, v),
u,ve

and any simple path attaining dist™**(QG) is called a longest path of G.

Remark 3.3.3. The optimization problem of finding a longest simple path is computationally
difficult in general graphs (NP-hard), but the definition above is purely structural and does not
depend on algorithmic solvability.

3.3.2 Longest Berge paths in hypergraphs

A longest path in a hypergraph is a longest Berge path: an alternating vertex—hyperedge sequence
with no repeated vertices or hyperedges, maximizing edge-count or hyperedge-weight sum.

Definition 3.3.4 (Weighted Berge-path length in a hypergraph). Let H = (V,&) be a finite
hypergraph, where £ C P(V) \ {0}, and let wt : £ — R be a weight function.

A Berge path in H is an alternating sequence

P = (vo,e1,v1, €2, ..., €L, VL) (k> 0),

such that:
e Ug,...,U €V are pairwise distinct vertices;
e €1,...,e;, € & are pairwise distinct hyperedges;
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o {vi_1,u;} Ce;foreachi=1,... k.

The wt-length of P is
k
lyt(P) = Zwt(ei).
i=1

In the unweighted case (wt = 1), £y(P) = k, the number of hyperedges used.

Definition 3.3.5 (Longest Berge u—v path and hypergraph longest-path value). Let (H, wt) be
as in Definition [3.3.4] For u,v € V, define the Berge longest-path value by

dist};*(u,v) := max{ly(P) : P is a Berge path in H from u to v},
with the convention dist}™*(u,v) = —oco if no Berge path from u to v exists. A longest Berge
u—v path is any Berge path P* from u to v satisfying

lyi (PT) = dist g™ (u, v).

The (global) Berge longest-path value of H is

dist™™(H) := max{lw(P) : Pisa Berge path in H} = max dist};™(u,v),

u,veV

and any Berge path attaining dist™**(H) is called a longest Berge path of H.

Remark 3.3.6. Other hypergraph path notions exist (tight/loose, primal-graph paths, etc.).
Definitions |3.3.4 use Berge paths because they apply to arbitrary hypergraphs (no unifor-
mity assumptions) and are compatible with many distance-based invariants.

3.3.3 Longest Super-Berge paths in n-SuperHyperGraphs

A longest path in a superhypergraph is a longest Super-Berge path: an alternating superver-
tex—superedge sequence without repeats, maximizing the number or total weight of superedges
used.

Definition 3.3.7 (Weighted n-SuperHyperGraph). [55] Let V4 be a finite nonempty base set and
let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, with V C P"(V;) and E C P(V) \ {0}.
A weight function on SHG™ is a map

wt: B — R.

Definition 3.3.8 (Longest Super-Berge path and SuperHyperGraph longest-path value). Let
(SHG™, wt) be as in Definition A Super-Berge path from X to Y (where X, Y € V) is
an alternating sequence

P:(Xo,El,X1,€2,...,€k,Xk) (]CZO),
such that:
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e Xo,...,X; €V are pairwise distinct n-supervertices;
e £1,...,&, € E are pairwise distinct n-superedges;
o {X, 1,X;} Ceg foreachi=1,... k.

Its wt-length is

Ca(P) = Y wile).

For X,Y € V', define the SuperHyperGraph longest-path value by
distgam (X, Y) = max{ly(P) :

P is a Super-Berge path in SHG™ from X to Y},

max

with the convention distg & (X,Y) = —oo if no Super-Berge path from X to Y exists. A
longest Super-Berge X -Y path is any Super-Berge path P* from X to Y such that

Lyt (PT) = distdi&on (X, Y).

The (global) SuperHyperGraph longest-path value of SHG™ is

distmaX(SHG(”)) = max{ﬁwt(P) : P is a Super-Berge path in SHG(")} = Xr’r%/aécv distg & (X, Y),

and any Super-Berge path attaining distmaX(SHG(”)) is called a longest Super-Berge path.

Remark 3.3.9. Since (V| F) is a hypergraph whose vertices are nested objects (n-supervertices),
Definition is the direct Berge-type extension of the longest-path notion. If desired, one may
additionally study base-level effects along P via flattening (Flat,, (X;) C Vp), but the longest-path
notion above is defined intrinsically at the supervertex level.

Example 3.3.10 (Real-life example of a longest Super-Berge path). Maximizing distinct
cross-team coordination steps in a large software rollout. Let V; be a finite set of
engineering groups in a company. A micro-team is a subset of V{,, and a service organization is
a set of micro-teams. Take n = 2, so each service organization is an element of P?(V;). Let
V C P%(V;) be a set of service organizations (supervertices).

Assume superedges represent cross-organization rollout checkpoints for a major release. Each
checkpoint € € E C P(V) \ {0} contains the set of organizations that must synchronize at that
checkpoint, and wt(g) > 0 is the estimated effort (e.g., total staff-hours of meetings and reviews)
required to complete that checkpoint.

Consider five distinct organizations Xy, X1, X2, X3, X4 € V, and four distinct checkpoints
£1,E2,E3,E4 € FE such that

{X0, X1} Ce, {X1, X0} Ceg, {Xo, X3} Ces, {X5, Xy} Cey,
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with weights
Wt(€1) == 3, Wt(€2) == 2, Wt(&g) = 4, Wt(€4) =1.

Then
P= (XOy €1, Xlu £2, X27 €3, X37 €4, X4)

is a Super-Berge path from X, to X, of total weight

lyi(P) =3+2+4+1=10.

Assume further that no Super-Berge path in SHG® can use more than four distinct checkpoints
without repeating a supervertex or a checkpoint (for example, because the remaining checkpoints
all involve one of Xy, ..., X, again). Then P is a longest Super-Berge path in this rollout model:
it maximizes the number of distinct cross-organization checkpoints (and, among such paths, it
can also be compared by total effort £yy).
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SuperHyperTrees

In this chapter, we investigate SuperHyperTrees and related concepts.

4.1 Basic Concepts in SuperHyperTrees

SuperHyperTrees are connected SuperHyperGraphs whose incidence structure is acyclic across
hierarchical vertices and superedges, generalizing trees by allowing nested, set-valued vertices
and edges at all. This section describes SuperHyperTrees.

4.1.1 Trees in graphs

A tree in graphs is a connected, acyclic undirected graph; equivalently, it has a unique simple
path between any two vertices [56/58].

Definition 4.1.1 (Tree). A tree is a finite simple undirected graph T' = (V, E) that is connected
and acyclic, i.e., T contains no (simple) cycle.

Equivalently, T is a tree if and only if for every pair of distinct vertices u,v € V there exists a
unique simple u—v path in T'.

Remark 4.1.2. For a finite simple graph T' = (V, E), the following are equivalent and are often
used as definitions: (i) 7" is connected and acyclic; (ii) 7" is connected and |E| = |V| —1; (iii) T
is acyclic and |E| = |V| — 1.
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4.1.2 Hypertrees in hypergraphs

A hypertree is a hypergraph whose incidence graph is a tree, so it is Berge-acyclic and connected
under incidence-based adjacency [59,60].

Definition 4.1.3 (Incidence graph of a hypergraph). Let H = (V, E) be a finite hypergraph,
where E C P(V) \ {0}. The incidence graph (or Levi graph) of H is the bipartite simple graph

Inc(H) = (V U E, F),
whose bipartition is V' and F, and whose edge set is

F = {{v,e} :veV,ecE vee}.

Definition 4.1.4 (Berge cycle). Let H = (V, E) be a hypergraph. A Berge cycle of length
k > 2 is an alternating sequence

C = (vo, €1,V1, €9, ...,€Ek V)
such that:
e vp,...,V,_1 €V are pairwise distinct and v, = vy;
e €1,...,6e, € E are pairwise distinct;

o {vi_1,u;} Ce;foreachi=1,... k.

Definition 4.1.5 (HyperTree). [60] A finite hypergraph H = (V, E) is called a HyperTree (also
called a Berge-tree or incidence-tree) if its incidence graph Inc(H) is a tree.

Equivalently, H is a HyperTree if and only if Inc(H) is connected and H contains no Berge cycle

(Definition [4.1.4)).

Remark 4.1.6. In hypergraph theory there are several non-equivalent acyclicity notions (e.g., a-
, B-, y-acyclicity) and corresponding “hypertree” concepts. Deﬁnitionadopts the incidence-
graph (Berge) notion, which is conceptually closest to ordinary trees and is well suited for
path/cycle-style generalizations.
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4.2 SuperHyperTrees in n-SuperHyperGraphs

A SuperHyperTree is an n-SuperHyperGraph whose incidence graph is a tree, so supervertices
and superedges form a connected, cycle-free hierarchy [18,/61./62].

Definition 4.2.1 (Incidence graph of an n-SuperHyperGraph). Let V; be a finite nonempty
base set and let SHG™ = (V, E) be an n-SuperHyperGraph on Vp, where V' C P (V) and
E C P(V)\ {0}. The incidence graph of SHG™ is the bipartite simple graph

InSHG™) = (V U B, F), F ={{X,e}: X€eV,c€F, Xce}.

Example 4.2.2 (Real-life example of an incidence graph of an n-SuperHyperGraph). Services
and coordinated release windows. Let |y be a finite set of software repositories:

Vo = {auth-repo, payments-repo, logging-repo, search-repo}.
Take n = 1. Define supervertices (modules) as subsets of repositories:
X := {auth-repo, logging-repo}, X, := {payments-repo}, X3 := {search-repo, logging-repo},
and set V := {X, X5, X3} C P(Vp). Let superedges represent coordinated release windows:
ea = {X1, Xo}, ep = { X2, X3}, E:={ea,ep}
Then the incidence graph Inc(SHG(l)) has bipartition V' U E, and edges
{X1,ea}, {Xo,ea}, {Xo,e8}, {Xs,e8},

encoding which service-modules X; participate in which release windows € 4, €.

Definition 4.2.3 (Super-Berge cycle). Let SHG™ = (V, E) be an n-SuperHyperGraph. A
Super-Berge cycle of length k > 2 is an alternating sequence

C= (X07517X1,52)--'55k7Xk)

such that:
e Xo,..., X1 €V are pairwise distinct and X = Xoq;
e £1,...,6, € E are pairwise distinct;

o {X, 1,X;} Ceg foreachi=1,... k.

Example 4.2.4 (Real-life example of a Super-Berge cycle). Circular dependency of coor-
dination among three organizations. Let V be a set of three distinct organizations in a
multi-stakeholder project:

X := Ops, X1 := Security, X5 := Compliance.
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Let superedges represent joint approval meetings:
g1 := {Xo, X1} (Ops—Security approval),
g9 1= { X1, Xz} (Security—Compliance approval),
g3 := {Xs, Xo} (Compliance-Ops approval).

Then
C= (X0,€1,X1,€2,X2,€3,X0)

is a Super-Berge cycle of length 3: each consecutive pair of organizations appears together in
the corresponding meeting, and all supervertices and superedges in the cycle are distinct except
that the start and end supervertex coincide.

Definition 4.2.5 (n-SuperHyperTree). [63] An n-SuperHyperGraph SHG™ = (V, E) is called
an n-SuperHyper Tree (or simply a SuperHyper Tree when n is understood) if its incidence graph
Inc(SHG(")) is a tree.

Equivalently, SHG™ is an n-SuperHyperTree if and only if Ino(SHG(")) is connected and SHG™
contains no Super-Berge cycle (Definition [4.2.3)).

Remark 4.2.6. Definition 4.2.5] is intrinsic at the supervertex level. When needed, one may
additionally study base-level effects of a SuperHyperTree by applying flattening (Flat,,) to su-
pervertices X € V' C P"™(V;), but such base-level considerations are not required to define the
SuperHyperTree structure itself.

Example 4.2.7 (2-SuperHyperTree (a simple path-shaped incidence tree)). Let the base set be
Vo ={a,b,c,d}.
Define three level-1 teams (subsets of V4):
T, = {a, b}, Ty, = {b,c}, T3 = {c,d}.

A level-2 supervertex (a “service group”) is a set of teams, hence an element of P(P(V})) =
P2(Vp). Put
X() — {Tl,Tg}, X1 — {TQ}, X2 - {TQ,T3}7

and set

V= {X07X17X2} g ,PQ(‘/O)

Now define two superedges (release windows) by
&1 :{XOaXl}a 52:{X17X2}, E:{El,EQ} QP(V)\{Q}

Then SHG® = (V, E) is a 2-SuperHyperGraph.

Verification. The incidence graph Inc(SHG(Q)) has vertex set V' U E and edges X —e whenever
X € ¢e. Figure shows that In(‘(SHG(z)) is the path

Xo—e1— XXy,

and therefore a tree. Consequently, SHG? isa 2-SuperHyperTree in the sense of Definition
equivalently, it is connected and contains no Super-Berge cycle.
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X, 0 X, X
oy —(O—_ &

Rectangles: supervertices X; € V. Circles: superedges €; € E.

Figure 4.1.: The incidence graph Inc(SHG(Q)) for Example It is a path, hence a tree.

We recall that for an n-SuperHyperGraph SHG™ = (V, E) (with E C P(V)\{0}), its incidence
graph Inc(SHG™) is the (simple) bipartite graph with bipartition (V, E) and

V(Ine(SHG™)) =V UE, {X,e}€ E(Inc(SHG™)) <= X €,

for X € V and ¢ € E. An n-SuperHyperGraph is an n-SuperHyperTree if Inc(SHG(")) is a tree
(Definition [4.2.5)).

Lemma 4.2.8 (Bipartite structure and incidence count). Let SHG™ = (V,E) be an n-
SuperHyperGraph and let 1 denote its incidence set

I'={(X,e) e VxXE|Xe€e}.
Then Inc(SHG™) is bipartite with parts (V, E), and
|[E(Ine(SHG™))| =D [¢| = I1].

e€E

If moreover SHG™ s finite and is an n-SuperHyperTree, then

S el = [V] +]E] - L.

e€E

Proof. By construction, every edge of Inc(SHG™) joins a vertex in V' to a vertex in E, hence the
graph is bipartite with bipartition (V, E). Each incidence pair (X, ) with X € & corresponds
to exactly one edge {X, e} in the incidence graph, so |E(Inc(SHG™))| = |I| = Y eer el

If SHG™ is finite and Inc(SHG ™) is a tree, then the standard tree identity gives | E(Inc(SHG™))| =
[V (Inc(SHG™))| — 1 = (|V| + |E|) — 1. Combining this with the first part yields >.__, |e| =
V| +|E| - 1. O

Lemma 4.2.9 (Cycles in Inc(SHG(")) and Super-Berge cycles). An n-SuperHyperGraph SHG™ =
(V, E) contains a Super-Berge cycle (in the sense of Deﬁm’tion if and only if its incidence
graph Inc(SHG™) contains a graph cycle.

Proof. A Super-Berge cycle is, by definition, an alternating cyclic sequence
Xo, €1, Xu, €2, ooy &k, Xi(= Xo),

where X;_1, X; € ¢; for each 7, and where the involved supervertices and superedges are distinct
except for the closure X, = X,. This is precisely a cycle in the bipartite graph with vertex set
V U E and edges {X, e} whenever X € ¢, namely Inc(SHG™).

Conversely, any cycle in Inc(SHG(")) alternates between V and F, hence reads as an alternating
sequence of supervertices and superedges satisfying membership at each step, i.e., a Super-Berge
cycle. O
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Lemma 4.2.10 (No multiple intersections in a SuperHyperTree). Let SHG™ = (V, E) be an
n-SuperHyperTree. Then:

1. For any distinct superedges €,0 € F, one has |[e N J| < 1.

2. For any distinct supervertices X,Y € V| there exists at most one superedge € € E such that
{X,Y} Ce.

Proof. (i) Suppose € # § and € N J contains two distinct supervertices X # Y. Then in
Inc(SHG™) we have the 4-cycle

X-e-Y -6 - X,

contradicting that Inc(SHG™) is a tree. Hence [e N ] < 1.

(ii) If there were two distinct superedges € # § with {X,Y} C eNd, then € N0 would contain
X and Y, violating (i). O

Lemma 4.2.11 (Unique Super-Berge path between supervertices). Let SHG™ = (V, E) be an
n-SuperHyperTree and let X,Y € V be distinct. Then there exists a unique simple Super-Berge
path from X to Y. Equivalently, there exists a unique simple path from X toY in InC(SHG(”)),
and reading it as an alternating V-E-V - - - sequence yields the unique Super-Berge path.

Proof. Since InC(SHG(")) is a tree, it is connected and contains a unique simple path between
any two distinct vertices. In particular, there is a unique simple graph path between X and Y in
Inc(SHG™). Because Inc(SHG™) is bipartite with parts (V, E), that path alternates between
supervertices and superedges:

X:XOa €1, X17 €2, «--y &k, Xk:}/v

with X;_1, X; € ¢; for each ¢. This alternating sequence is exactly a simple Super-Berge path

from X to Y. Uniqueness follows from the uniqueness of the simple path in the tree InC(SHG(”)).
O

Lemma 4.2.12 (Leaves and pendant objects). Let SHG™ = (V, E) be a finite n-SuperHyper Tree
with |V | +|E| > 2. Then Inc(SHG™) has at least two leaves. Consequently, at least one of the
following holds:

1. there exists a pendant supervertex X € V' incident with exactly one superedge, i.e., |{¢ € E :
Xeel=1;

2. there exists a pendant superedge € € E containing ezactly one supervertez, i.e., |e| = 1.
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Proof. A finite tree with at least two vertices has at least two leaves. Apply this to Inc(SHG(")),
whose vertex set is V U E. A leaf in the incidence graph lies either in V or in E. If the leaf is
X €V, then X is adjacent to exactly one € € F/, meaning X belongs to exactly one superedge.
If the leaf is € € E, then ¢ is adjacent to exactly one supervertex X € V, meaning |¢| =1. O

Lemma 4.2.13 (Pruning a pendant supervertex). Let SHG™ = (V, E) be an n-SuperHyper Tree
and let X € V be a pendant supervertex. Write {¢} ={n € E : X € n} for its unique incident
superedge. Define a new pair (V', E") by

e L {e\{X}}, iflel =2
Vi=V\{X}, FE:=(E\{e}) U {07 il = 1.

Then SHG'™ := (V', E') is again an n-SuperHyperTree (provided V' #{)).

Proof. In Inc(SHG(”)), the pendant condition says that X is a leaf adjacent only to €. Removing
the leaf X and its unique incident edge from a tree yields a (smaller) tree on the remaining
vertices.

If |e] > 2, then ¢ \ {X} # 0, and replacing € by € \ {X} corresponds exactly to deleting the
incidence edge { X, e} while keeping the node ¢ adjacent to its remaining incident supervertices.
Thus Inc(SHG'™) is obtained from Inc(SHG™) by deleting the leaf X and the edge {X, e},
hence it is a tree.

If [e] = 1, then ¢ = {X}. Deleting X forces deletion of ¢ as well to keep the edge family
nonempty-subset-valued. In the incidence tree this removes the leaf X and its neighbor ¢, again
leaving a tree (or the empty graph if all vertices were removed). Therefore, whenever V' # (),

the resulting incidence graph is a tree and SHG'™ is an n-SuperHyperTree. (|

Lemma 4.2.14 (Two-coloring supervertices in the tree case). Let SHG™ = (V, E) be a finite

n-SuperHyperTree such that |e| > 2 for everye € E. Then SHG™ s bipartite in the supervertex
sense: there exists a partition V = Vi UV, with Vi,V # O such that

VeeE: enNVi#0 and NV, # 0.

Proof. Since InC(SHG(")) is a finite tree, fix an arbitrary root superedge €9 € E in the incidence
graph. Because |gg| > 2, choose distinct X7, X~ € ¢ and set XT € V}, X~ € V5. Color any
remaining supervertices of g, arbitrarily, ensuring €3 meets both colors.

Now traverse the incidence tree outward from £7. When we first encounter an unprocessed
superedge ¢, it is adjacent (in the incidence tree) to the already processed part through a unique
supervertex X € ¢ (uniqueness follows because a tree has unique simple paths, and because by
Lemma i) an edge can intersect the processed region in at most one supervertex). At that
moment, X is already colored (in V; or V3). Since |e| > 2, choose some Y € ¢\ {X} and assign
Y the opposite color to X, so that € contains both colors. Any remaining uncolored supervertices
of € may be colored arbitrarily.

Because each new superedge is attached to the previously processed part through a single already
colored supervertex, no edge is ever forced to contain two pre-colored vertices with conflicting
requirements. Proceeding until all superedges are processed yields a partition V' = V; UV, such
that every € € E meets both sides. O
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4.3 Rooted Tree, Rooted HyperTree, and Rooted SuperHyperTree

In this section we formalize rooted versions of trees, hypertrees, and n-SuperHyperTrees. The
guiding principle is the same in all three settings: a rooted structure is obtained by designating
a distinguished root node and using the uniqueness of paths in a tree to induce a natural parent—
child hierarchy (and, if desired, a canonical orientation away from the root).

4.3.1 Rooted trees in graphs

A rooted tree is a tree with a distinguished root vertex, inducing parent—child relations, unique
root-to-vertex paths, and a natural hierarchical partial order (cf. [64-67]).

Definition 4.3.1 (Rooted tree). A rooted tree is a pair (T, r) where T' = (V, E) is a tree (finite,
simple, undirected) and r € V is a distinguished vertex called the root.

Definition 4.3.2 (Tree order, parent, and children). Let (T, r) be a rooted tree with T' = (V| E).
For each v € V', there exists a unique simple path P,_,, from 7 to v.

(i) The tree order =, on V is defined by

u =, v <= u lies on the unique path P,_,,.

(ii) For v # r, the parent of v, denoted Pa(v), is the unique neighbor of v on the path P,_,,.
The children of a vertex u are

Ch(u) := {veV: Pa(v) =u}.

Remark 4.3.3 (Canonical orientation). A rooted tree (T',r) admits a canonical orientation
away from r by directing each undirected edge {u,v} € E as u — v whenever u = Pa(v). The
resulting directed graph is an arborescence (out-tree) rooted at r.

4.3.2 Rooted hypertrees in hypergraphs

A rooted hypertree is a hypertree whose incidence graph is rooted at a chosen vertex, inducing
parent—child relations alternating between vertex nodes and hyperedge nodes [68,/69]. We use
the incidence-graph (Levi-graph) notion of hypertree: a hypergraph is a hypertree if its incidence
graph is a tree. Rooting is then defined by choosing a root on the vertex side of the incidence
bipartition.

Definition 4.3.4 (Rooted HyperTree). Let H = (V, E) be a finite hypergraph. Assume H is a
HyperTree, i.e., its incidence graph Inc(H) (Definition [4.1.3)) is a tree. A rooted HyperTree is a
pair (H,r) where r € V is a distinguished root vertex.
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Definition 4.3.5 (Incidence-tree order, parent, and children). Let (H, ) be a rooted HyperTree,
and write

Inc(H) = (VUE, F)

for its incidence graph, rooted at r € V' C V U E. Because Inc(H) is a tree, for every node
x € V U FE there is a unique simple path P,_,, in Inc(H).

(i) The incidence-tree order =, on V U E is defined by

z =<,y <=z lies on the unique path P,_,, in Inc(H).

(ii) For any node = # r in Inc(H), its parent Pa(x) is the unique neighbor of x on the path
P,_,,. Its children are

Ch(z) := {yeVUE: Pa(y) =x}.

Remark 4.3.6 (Canonical orientation on the incidence graph). Rooting Inc(H) at r induces
a canonical orientation away from r by directing each incidence edge {z,y} € F as x — y
whenever z = Pa(y). This yields a directed bipartite tree that encodes a hierarchical structure
alternating between vertices and hyperedges.

Remark 4.3.7 (Alternative conventions). Some authors allow the root to be either a vertex
(r € V) or a hyperedge (r € E), ie., any node of Inc(H). Definition [4.3.4] fixes r € V to
emphasize vertex-rooted hierarchies.

4.3.3 Rooted SuperHyperTrees in n-SuperHyperGraphs

A rooted superhypertree in an n-SuperHyperGraph is a rooted incidence tree on supervertices and
superedges, with a distinguished root supervertex defining hierarchical parent—child structure.

Definition 4.3.8 (Rooted n-SuperHyperTree). Let Vy be a finite nonempty base set, and let
SHG™ = (V, E) be an n-SuperHyperGraph on V. Assume SHG™ is an n-SuperHyperTree,
i.e., its incidence graph Inc(SHG(n)) (Definition is a tree. A rooted n-SuperHyperTree is a
pair (SHG(”), R) where R € V is a distinguished root supervertex.

Definition 4.3.9 (Incidence-tree order, parent, and children in a rooted n-SuperHyperTree).
Let (SHG("), R) be a rooted n-SuperHyperTree, and write its incidence graph as

InSHG™) = (VUE, F), F={{X,e}: X€V,c€E, Xce},

rooted at R € V C V U E. Because Inc(SHG(")) is a tree, for each node x € V U E there is a
unique path Pgr_,,.

(i) The incidence-tree order <gr on V U E is
r Xpy <= w lies on the unique path Px_,, in Inc(SHG(")).
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(ii) For x # R, the parent Pa(x) is the unique neighbor of x on Pg_,,, and the children are

Ch(z) := {yeVUE: Pa(y) =x}.

Example 4.3.10 (Real-life example of a rooted n-SuperHyperTree). Incident-response esca-
lation rooted at the first responder group. Let V| be a finite set of individual responders
in an organization, for example,

Vo = {Ayako, Satoshi, Chen, Dina, Evan, Fiona}.
Take n = 1. Define supervertices (each is a set of individuals) by
R := X, := {Ayako, Satoshi} (on-call responders),

X, := {Chen, Dina} (triage team),
X, := {Evan} (senior incident lead),
X3 := {Fiona} (executive sponsor),

and set

V= {X07X17X27X3} - P(VO)-
Let superedges represent escalation stages:

g1 :={Xo, X1} (handoff from responders to triage),

g9 := {X1, X} (escalation from triage to senior lead),
g3 = {Xs, X3} (escalation from senior lead to executive),

and define
E :={e1,e9,23}.

Then the incidence graph Inc(SHG™) is the path
Xo—e1— X1 —ea— Xy —e3— X3,

which is a tree. Hence SHGY = (V, E) is a 1-SuperHyperTree, and (SHG(l),R) is a rooted
1-SuperHyperTree.

In the rooted incidence tree (rooted at R = Xj), the parent/child relations are:
Pa(e1) = Xo, Pa(X;) = e1, Pa(ez) = X, Pa(Xy) = €2, Pa(e;) = X, Pa(X;3) = e;.
For example, the children sets include
Ch(Xy) ={e1}, Ch(e;) ={Xi}, Ch(X,)={e2}, Ch(ey)={X>}.

Thus the rooted n-SuperHyperTree cleanly models a one-directional escalation hierarchy with
no cycles.

4.4 k-ary Tree, k-ary HyperTree, and k-ary SuperHyperTree

This section defines k-ary variants of rooted trees, rooted hypertrees, and rooted n-SuperHyperTrees.
The common idea is to impose a branching bound k on the number of children of each node. For
hypergraphs and n-SuperHyperGraphs, we use the rooted incidence graph (Levi graph) as the
underlying tree on which the branching constraint is imposed.
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4.4.1 k-ary rooted trees in graphs

A k-ary rooted tree is a rooted tree where every vertex has at most k children, enforcing a
bounded branching factor throughout (cf. [70-75]).

Definition 4.4.1 (k-ary rooted tree). [70-72] Fix an integer k > 0. A k-ary rooted tree is a
rooted tree (T, r) (Definitions and [4.3.1)) such that every vertex has at most k children,

ie.,

|ICh(v)] < k& (Vv e V(T)).

Remark 4.4.2. For k = 0, a 0-ary rooted tree consists of a single vertex (the root). For k = 2,
one obtains binary rooted trees; for k = 3, ternary rooted trees.

4.4.2 k-ary rooted hypertrees

A k-ary rooted hypertree is a rooted hypertree whose incidence tree is k-ary, so each vertex-node
and hyperedge-node has at most k children.

Definition 4.4.3 (k-ary rooted HyperTree). Fix k > 0. Let (H,r) be a rooted HyperTree
(Definition [4.3.4)), so that its incidence graph Inc(H) = (V U E, F) is a tree rooted at r € V.
We call (H,r) a k-ary rooted HyperTree if every node of the rooted incidence tree has at most
k children, i.e.,

|Ch(z)| < k (Vz e VUE),
where Ch(-) is computed in the rooted incidence tree (Definition [4.3.5)).

Remark 4.4.4. The bound in Definition is imposed on the incidence hierarchy, so it
controls both how many hyperedges can appear “below” a vertex node and how many vertices
can appear “below” a hyperedge node in the rooted incidence tree. This is the most direct
generalization of k-ary branching to hypergraphs under the incidence-tree model.

4.4.3 k-ary rooted n-SuperHyperTrees

A k-ary rooted n-SuperHyperTree is a rooted n-SuperHyperTree with an incidence hierarchy
where every supervertex-node and superedge-node has at most & children.

Definition 4.4.5 (k-ary rooted n-SuperHyperTree). Fix integers & > 0 and n > 0. Let
(SHG(")7 R) be a rooted n-SuperHyperTree (Definition , so that its incidence graph

In¢(SHG™) = (VUBE,F)

is a tree rooted at the root supervertex R € V. We call (SHG("),R) a k-ary rooted n-
SuperHyperTree if every node of this rooted incidence tree has at most k children, i.e.,

|Ch(z)| < k (Vz e VUE),
where Ch(-) is computed in the rooted incidence tree (Definition [4.3.9).
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Example 4.4.6 (Real-life example of a k-ary rooted n-SuperHyperTree). A triage escalation
hierarchy with bounded branching. Let V; be a finite set of people in a customer-support
organization:

Vo = {Aki, Ben, Cara, Dan, Eri, Fay, Gus, Hana}.

Take n = 1 so that supervertices are subsets of Vj. Define supervertices (support groups) by
R := X, := {Aki,Ben} (Level-1 support),
X, := {Cara,Dan} (Billing specialists),
X5 := {Eri} (Security responders),
X3 := {Fay,Gus} (Platform engineers),
X4 := {Hana} (Director on-call),

and set V := {Xo, X1, Xo, X3, X4} CP(Vp).

Let superedges represent escalation stages from one group to a bounded set of next-step groups:
Eo = {X(),Xth»Xs}

(triage from Level-1 to at most three specialist groups),

€1 = {X17X4}a
€ = {X27X4}7
€3 = {X37X4},

and define FE := {g¢,€1,€9,63}.

Then the incidence graph Inc(SHG™) is a tree rooted at R = Xo:
Xo — &0 — {X1,X2,X3}, Xy —e1— Xy,
Xo—ea— Xy, Xz—e3— Xy,

and there are no cycles.

Moreover, this rooted incidence tree is 3-ary:
[Ch(Xo)[ =1, |Ch(eo)| =3, |Ch(Xy)| = |Ch(X2)| = [Ch(X3)[ =1,
[Ch(e1)| = [Ch(ez)| = [Ch(es)| = 1,

and all other nodes have 0 children. Hence (SHG(U, R) is a 3-ary rooted 1-SuperHyperTree,
modeling an escalation workflow where each stage branches to at most three next groups.

4.5 Minimum spanning trees in graphs, hypergraphs, and n-SuperHyperGraphs

This section defines minimum spanning trees in three settings. For ordinary graphs, this is stan-
dard. For hypergraphs and n-SuperHyperGraphs, there are multiple non-equivalent “spanning”
and “tree” concepts in the literature. To keep a mathematically clean and widely used defini-
tion that directly generalizes graph MST, we proceed via the primal (2-section) graph induced
by a weighted hypergraph-like structure. This yields a canonical, graph-theoretic MST that is
computable by standard MST algorithms, and reduces to the classical MST when hyperedges
are ordinary edges.

36



Chapter 4. SuperHyperTrees

4.5.1 Minimum spanning tree in weighted graphs

A minimum spanning tree induced by a weighted graph is a spanning, cycle-free subgraph with
n—1 edges whose total edge weight is minimal among all spanning trees [76-79]. Related notions
are also known, such as minimum spanning trees in fuzzy graphs [80H83] and minimum spanning
trees in neutrosophic graphs [84-87].

Definition 4.5.1 (Spanning tree and minimum spanning tree in a weighted graph). [76-79]
Let G = (V, E) be a finite, connected, simple undirected graph, and let

wt : E?—%]RZO

be an edge-weight function.

A spanning tree of G is a subgraph T' = (V, E7) with Er C FE such that T is a tree (connected
and acyclic). The total weight of T is

wt(T) = Z wt(e).

eeEr
A minimum spanning tree (MST) of (G, wt) is a spanning tree 7" such that

wt(T) = min{wt(T") : 7" is a spanning tree of G}.

Remark 4.5.2. If G is not connected, the analogous object is a minimum spanning forest,
obtained by taking an MST in each connected component.

4.5.2 Minimum spanning tree induced by a weighted hypergraph

A minimum spanning tree induced by a weighted hypergraph is obtained by forming the primal
graph on vertices, weighting each pair by the cheapest hyperedge containing it, then taking an
MST (cf. [88,89]).

Definition 4.5.3 (Weighted hypergraph). (cf. [90,91]) A weighted hypergraph is a pair (H, wt)
where H = (V, ) is a finite hypergraph with £ C P(V) \ {0} and

Wt:g-ﬁ]Rzo

assigns a nonnegative weight to each hyperedge.

Definition 4.5.4 (Primal (2-section) graph of a weighted hypergraph). Let (H, wt) be a weighted
hypergraph with H = (V, ). Its primal graph (or 2-section) is the simple undirected graph

Pr(H) = (V, Ep,), Ep, = {{u,v}: w,v €V, u#v, Je €& with {u,v} Ce}.
Define an induced edge-weight function wtp, : Ep, = R>( by
wtpy({u,v}) := min{wt(e): e €&, {u,v} Ce}.
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Definition 4.5.5 (Minimum spanning tree induced by a weighted hypergraph). Let (H, wt) be
a weighted hypergraph such that its primal graph Pr(H) is connected. A minimum spanning
tree induced by (H,wt) is any minimum spanning tree of the weighted graph

(PT(H), thr)

in the sense of Definition

Remark 4.5.6. If H is a graph (i.e., every hyperedge has size 2), then Pr(H) = H and
wtpr, = wt, so Definition reduces exactly to the classical MST definition.

Remark 4.5.7. Definition is one canonical way to extend MST to hypergraphs. Other
approaches (e.g., defining a “hypertree” as an acyclic hypergraph in an incidence sense, or op-
timizing over hyperedge selections) lead to different optimization problems. The primal-graph
definition is particularly useful when hyperedges represent possible group connections and wt(e)
is interpreted as a cost that can realize any pairwise connection within e.

4.5.3 Minimum spanning tree induced by a weighted n-SuperHyperGraph

A minimum spanning tree induced by a weighted n-superhypergraph is defined similarly: build
the primal graph on supervertices, assign each pair the minimum superedge weight containing
them, then compute an MST.

Definition 4.5.8 (Weighted n-SuperHyperGraph). [55] Let V; be a finite nonempty base set and
let SHG™ = (V, E) be an n-SuperHyperGraph on V, with V C P"(V;) and E C P(V) \ {0}.
A weight function is a map

wt: B — RZO-

The pair (SHG(”), Wt) is called a weighted n-SuperHyperGraph.

Definition 4.5.9 (Primal graph of a weighted n-SuperHyperGraph). Let (SHG("),Wt) be a
weighted n-SuperHyperGraph with SHG™ = (V,E). Define its primal graph Pr(SHG(”)) =
(Vvv EPr) by

Ep, := {{X,Y} : XY eV, X#£Y, Jee Ewith {X,Y} C 5}.
Define the induced weight wtp, : Ep, — R>( by

wtp({X,Y}) := min{wt(e): e € E, {X,Y} Ce}.

Definition 4.5.10 (Minimum spanning tree induced by a weighted n-SuperHyperGraph). Let
(SHG("),Wt) be a weighted n-SuperHyperGraph such that its primal graph Pr(SHG(")) is con-
nected. A minimum spanning tree induced by (SHG(n),Wt) is any minimum spanning tree of

(Pr(SHG™), wtp,)
in the sense of Definition .5.11
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Remark 4.5.11. Definition treats (V, E) as a hypergraph on n-supervertices and applies
the same primal-graph construction as in the hypergraph case. If one wishes to relate this to
base-level connectivity on V{), one may additionally compose with flattening Flat,,, but the MST
defined above is intrinsic at the supervertex level.

Example 4.5.12 (Real-life example of a minimum spanning tree induced by a weighted n-
SuperHyperGraph). Selecting the cheapest integration plan across nested vendor con-
sortia. Let V[ be a finite set of individual vendors in a logistics project:

V, = {A,B,C,D}.

Take n = 1, so l-supervertices are (nonempty) subsets of V. Interpret each supervertex as a
vendor consortium that can deliver a subsystem.

Define four consortia (supervertices)
X, :={A} (warehouse operator), X, :={B} (truck fleet),

X3 :={C} (customs broker), X, :={D} (last-mile courier),
and set V 1= { X, X5, X3, X, } CP(Vp).

Superedges represent multi-party integration contracts that jointly enable interoperability among
several consortia, and wt(e) is the estimated contract cost (in millions of JPY). Let

g1 = {Xl,XQ,Xg}, Wt(gl) = 5,

E9 1= {XQ,X4}, Wt(Eg)

2,
€3 i— {X17X4}, Wt(Eg) = 4,
and define F := {e1,¢e9,3}.

Then the primal graph Pr(SHG(l)) has vertex set V' and contains the edges
{Xl,XQ}, {Xl,Xg}, {XQ,XS} (from El), {X27X4} (fI'OI’I’l 52), {Xl,X4} (fI‘OHl 53).

The induced weights wtp, are computed by taking the minimum superedge cost that contains
the pair:
wtp, ({ X1, Xo}) = wtp ({ X1, X3}) = wtp, ({Xo, X3}) =5,

wipe({Xo, Xa}) =2, wtp({X1, X)) = 4.

A minimum spanning tree of (Pr(SHG(l)), wtp,) is, for example,
T = {{X2aX4}v {XI’X4}7 {XI,XS}}a

with total weight 2 + 4 + 5 = 11. Interpreted operationally, this selects the cheapest set of
pairwise interoperability links (each supported by some multi-party contract) that connects all
consortia, hence yielding a minimum-cost integration backbone for the project.
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4.6 Decision Tree, Decision HyperTree, and Decision SuperHyperTree

This section formalizes decision-analytic “tree” models in three settings: (i) ordinary rooted trees
(graphs), (ii) rooted hypertrees (hypergraphs whose incidence graph is a tree), and (iii) rooted
superhypertrees (n-SuperHyperGraphs whose incidence graph is a tree). The key modeling idea
is the same throughout: internal nodes represent either decisions or chance, and leaves represent
terminal utilities (or payoffs). Note that related notions to a decision tree include fuzzy decision
trees [92,/93] and neutrosophic decision trees [941(95], among others.

4.6.1 Decision trees (graph-theoretic)

A decision tree is a rooted tree where internal nodes represent decisions or chance events, branches
represent outcomes, and leaves store terminal payoffs or class labels [96H98].

Definition 4.6.1 (Decision tree). [96-98] A decision tree is a tuple
T = (T,r, Type, Lab, Prob, Util)

satisfying the following conditions.

(i) T = (V,FE) is a finite tree (simple, undirected, connected, acyclic), and r € V is a
distinguished root.

(ii) Type : V — {dec,ch,term} assigns each vertex a node type (decision, chance, or terminal),
and every terminal node is a leaf:

Type(v) = term = degg(v) =1 or (v=rand |V|=1).

(iii) For each nonterminal node v (i.e., Type(v) € {dec,ch}), let Chr(v) denote the set of
children of v in the rooted tree (T, 7). (Equivalently, orient each edge away from r; then
Chr(v) are the out-neighbors of v.) We require Chr(v) # 0.

(iv) Lab labels the branches out of each nonterminal node: for every v with Type(v) € {dec, ch}
there exists a finite nonempty label set L(v) and a bijection

Lab, : Chr(v) — L(v),

so that each outgoing branch v — w is identified with a unique label Lab,(u) € L(v).

(v) Prob assigns probabilities at chance nodes: for every v with Type(v) = ch, Prob, is a
probability mass function on L(v),

Prob, : L(v) — [0,1], > Prob,(f) = 1.
)

LeL(v
(For decision nodes v with Type(v) = dec, no probability is imposed.)
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(vi) Util assigns terminal utilities:

Util : {v € V : Type(v) = term} — R.

Remark 4.6.2 (Policies and expected utility). A policy (or strategy) for a decision tree chooses
one branch at each decision node:

m(v) € L(v) (Vv € V with Type(v) = dec).

Under 7, the tree induces a probability distribution over terminal leaves via the chance-node
probabilities. The expected utility can then be computed by backward induction (dynamic
programming) on the rooted tree.

4.6.2 Decision hypertrees

We use the incidence-tree (Levi-graph) model of hypertrees. Branching in a decision hypertree
occurs through hyperedges, which act as multiway branch gadgets.

Definition 4.6.3 (Incidence graph of a hypergraph). Let H = (V, E) be a finite hypergraph,
E CP(V)\{0}. Its incidence graph is the bipartite graph

Inc(H) = (VUE, F), F={{v,e}:veV, ecE, vee}.

Definition 4.6.4 (Decision HyperTree). (cf. |[99]) A decision HyperTree is a tuple
H = (H,r, Type, Lab, Prob, Util)

such that:
(i) (H,r) is a rooted HyperTree with H = (V, E).

(ii) Type : V' — {dec,ch,term} assigns node types to the vertez-nodes V. Terminal vertices
are leaves in the rooted incidence tree in the following sense:

Type(v) =term = {e € E: Pa(e) =v} =10.

(iii) (Unique branching hyperedge per internal vertexr) For every v € V with Type(v) €
{dec, ch}, there is exactly one incidence-child hyperedge:

Out(v) := {e€ E: Pale) =v} satisfies |Out(v)|=1.
Write Out(v) = {e,}. Define the set of branch children of v by
Chy(v) = {ueV: Pa(u) =e, }.
We require Chy (v) # 0.
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(iv) (Branch labels) For each internal vertex v (decision or chance), there exists a finite nonempty
label set L(v) and a bijection

Lab, : Chy (v) — L(v).

(v) (Chance probabilities) For each v € V with Type(v) = ch, there is a probability mass
function
Prob, : L(v) — [0, 1], > Prob,(f) =1.
)

LeL(v

(vi) (Terminal utilities)
Util : {v € V : Type(v) = term} — R.

Remark 4.6.5 (Traversal semantics). Starting at the root vertex 7, an internal vertex v branches
via its unique child hyperedge e, to one of the vertices in Chy (v), labeled by Lab,. Thus the
rooted incidence tree alternates

v = e, = u,

and decision/chance semantics are carried by the vertex v, while the hyperedge e, encodes the
multiway branching structure.

4.6.3 Decision superhypertrees

A decision superhypertree extends decision hypertrees to n-SuperHyperTrees: supervertices rep-
resent decision/chance states, superedges encode outcome branching, and terminal supervertices
provide final utilities.

Definition 4.6.6 (Rooted n-SuperHyperTree). Let Vg be a finite nonempty base set and let
SHG™ = (V, E) be an n-SuperHyperGraph with V' C P"(V;) and E C P(V)\ {#}. Tt is an
n-SuperHyperTree if its incidence graph

Inc(SHG(")) = (VUE, F), F={{X,e}: XeV,e€E, Xe€ec},

is a tree. A rooted n-SuperHyperTree is a pair (SHG("), R) with root supervertex R € V.

Definition 4.6.7 (Decision n-SuperHyperTree). A decision n-SuperHyperTree is a tuple
S = (SHG("), R, Type, Lab, Prob, Util)

satisfying the following conditions.

(i) (SHG("), R) is a rooted n-SuperHyperTree with vertex set V' (supervertices) and superedge
set F.

(ii) Type : V' — {dec,ch,term} assigns node types to supervertices. Terminal supervertices
have no incidence-child superedge in the rooted incidence tree:

Type(X) =term = {e € E: Pa(e) =X} =0.
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(i) (Unique branching superedge per internal supervertez) For every X € V with Type(X) €
{dec,ch},

Out(X) := {e€ E: Pa(e) = X} satisfies |Out(X)|=1.
Write Out(X) = {ex} and define the branch-children supervertices
Chy(X) :={Y eV: Pa(Y)=ex},

requiring Chy (X)) # 0.

(iv) (Branch labels) For each internal supervertex X, there exists a finite nonempty label set
L(X) and a bijection

(v) (Chance probabilities) For each X € V with Type(X) = ch, there is a probability mass
function
Proby : L(X) — [0,1], > Probx(f) = 1.

LeL(X)

(vi) (Terminal utilities)
Util : {X € V : Type(X) = term} — R.

Remark 4.6.8. A decision n-SuperHyperTree is a decision hypertree whose “vertices” are nested
set-valued objects (n-supervertices X € P"(Vp)). The decision/chance semantics are defined
intrinsically at the supervertex/superedge incidence level; if desired, one may relate these to
base-level objects via flattening Flat,,, but this is not required for the definition.

Example 4.6.9 (Real-life example of a decision n-SuperHyperTree). Cybersecurity incident
response with nested teams and uncertain outcomes. Let Vj be a finite set of individual
responders in an organization:

Vo = {SOC1,S0C2, IR1, IR2, Legal, PR}.

Take n = 2. Interpret a level-1 object as a team (a subset of Vj), and a level-2 object as a cluster
of teams (a set of teams), hence an element of P%(V;). Define three supervertices (each is a set
of teams):

X, := {{S0C1,50C2}, {IR1,IR2}} (detection & containment cluster),
X, := {{Legal},{PR}} (notification & communications cluster),

X, := {{IR1,IR2}, {Legal}, {PR}} (full incident committee).
Let V :i= {X,, X1, Xo} C P*(Vp).

Model one decision point and one chance point as follows. Let R := X be the root supervertex
(initial state after an alert is raised), and set

Type(R) = dec, Type(Xz) = ch, Type(X;) = term.
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Define superedges (branching steps) by
ep = {Xo, X2} € E (decision: escalate to full committee or not),

ex, :={Xs, X1} € E (chance: outcome determines whether public notification is required).
Thus E := {eg,ex,} C P(V)\{0}. The incidence graph is the path X —ep — X5 —ex, — X1,
hence a tree, so (SHG(2), R) is a rooted 2-SuperHyperTree.

Specify branch labels:
L(X,) = {Escalate}, Labx,(X;) = Escalate, L(X;) = {Notify}, Labx,(X;) = Notify.
Assign a chance probability at X, (for example, “regulatory notification is required”):
Proby, (Notify) = 1,
and assign a terminal utility to X; (for example, negative utility represents cost):

Util(X;) = —10 (high cost due to mandatory disclosure and reputational impact).

In this model, the root supervertex X, represents a nested organizational state (a cluster of
teams), the superedge er encodes a decision to escalate to the incident committee X5, and the
subsequent superedge €x, encodes a chance-driven transition to a terminal outcome X; with an
associated utility.

4.7 Binary Tree, Binary HyperTree, and Binary SuperHyperTree

In this section, “binary” means at most two children at each node of a rooted tree-like structure.
For hypergraphs and n-SuperHyperGraphs, we impose the binary constraint on the rooted inci-
dence tree (Levi graph), which is the most direct analogue of branching in ordinary rooted trees.
Related notions such as fuzzy binary trees have also been studied [100,/101].

4.7.1 Binary trees in graphs

A binary tree is a rooted tree where each node h as at most two children; optionally, children
are distinguished as left and right [102-105].

Definition 4.7.1 (Binary rooted tree). A binary tree is a 2-ary rooted tree. More explicitly, it
is a rooted tree (7, 7) such that every vertex has at most two children:

|Ch(v)] < 2 (Vv e V(T)).

Remark 4.7.2 (Left and right children (optional structure)). In computer science, binary trees
often distinguish a left and right child. Formally, this corresponds to equipping each vertex v
with an injective map

Ay 1 Ch(v) — {L,R},
so that different children receive different side labels. This left/right order is additional structure
and is not required for the graph-theoretic definition in Definition [4.7.1]

Definition 4.7.3 (Full and perfect binary trees (optional)). Let (T, r) be a binary tree.
(i) (T,r) is full (or proper/strict) if every vertex has either 0 or 2 children.

(ii) (T,r) is perfect if it is full and all leaves have the same depth.
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4.7.2 Binary hypertrees in hypergraphs

A binary hypertree is a rooted hypertree whose incidence tree is binary, so every vertex-node
and hyperedge-node has at most two children (cf. [106]).

Definition 4.7.4 (Binary rooted HyperTree). Let (H,r) be a rooted HyperTree, ie., H =
(V, E) is a hypergraph whose incidence graph Inc(H) = (V U E, F) is a tree rooted at r € V
(Definitions and . We call (H,r) a binary HyperTree if every node of the rooted
incidence tree has at most two children:

ICh(z)| < 2 (VzeVUE),

where Ch(-) is computed in the rooted tree Inc(H) (Definition {4.3.5)).

Remark 4.7.5. Because Inc(H) is bipartite, the binary constraint alternately bounds: (i) the
number of hyperedges whose parent is a given vertex-node, and (ii) the number of vertex-nodes
whose parent is a given hyperedge-node. Thus, a binary HyperTree enforces binary branching
across both vertex and hyperedge levels in the incidence hierarchy.

4.7.3 Binary superhypertrees in n-SuperHyperGraphs

A binary superhypertree is a rooted n-SuperHyperTree with a binary incidence hierarchy, mean-
ing each supervertex-node and superedge-node has at most two children.

Definition 4.7.6 (Binary rooted n-SuperHyperTree). Let (SHG(”), R) be a rooted n-SuperHyperTree,
ie., SHG™ = (V, E) is an n-SuperHyperGraph whose incidence graph

In¢SHG™) = (VU E, F)

is a tree rooted at the supervertex R € V (Definitions and [4.3.8). We call (SHG("), R) a

binary n-SuperHyperTree if every node of this rooted incidence tree has at most two children:
|Ch(z)| < 2 (Vz e VUE),

where Ch(-) is computed in the rooted incidence tree (Definition |4.3.9).

Remark 4.7.7. Definition is intrinsic at the supervertex/superedge incidence level. If one
wishes to model binary branching at the base level Vj, one may additionally combine this with
flattening (Flat,) to define derived base-level constraints, but that is optional and not required
for the binary SuperHyperTree notion.

Example 4.7.8 (Real-life example of a binary n-SuperHyperTree). Binary escalation in an
on-call incident process. Let Vj be a finite set of people involved in incident response:

Vo = {EngOnCall, SRELead, SecurityOnCall, Comms, VP}.
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Take n = 1, so supervertices are subsets of V. Define three supervertices (response groups):
R := X; := {EngOnCall} (initial responder),

X, := {SRELead, SecurityOnCall} (technical escalation),
X, := {Comms, VP} (executive communications escalation),

and set V 1= {X,, X1, Xo} € P(W).

Let superedges encode a binary branching escalation:
g0 := {Xo, X1} (escalate from responder to technical lead),

e1:={X1,Xa} (escalate from technical lead to executives),

and define E := {gg,€1}.

Then the incidence graph is the path
Xo—e0— X1 —e1— Xy,

which is a tree rooted at R = X,. Moreover, it is binary in the sense that every node has at
most two children in the rooted incidence tree:

|Ch(Xo)| =1, [Ch(g)| =1, [Ch(Xy)[=1, |Ch(e1)[=1, |Ch(X3)[=0.

Hence (SHG(l), R) is a binary 1-SuperHyperTree, modeling a strictly two-way incidence hierar-
chy (no node branches to more than two children) in a real escalation workflow.

4.8 Binary Search Tree, Binary Search HyperTree, and Binary Search
SuperHyperTree

This section defines a binary-search (ordered) structure in three increasingly general settings.
The classical binary search tree (BST) is an ordered rooted binary tree whose node keys satisfy a
left—right monotonicity property. To extend this idea to hypertrees and superhypertrees, we (i)
keep the underlying rooted incidence tree framework and (ii) place the search-order constraint
on the vertez-type (respectively supervertex-type) nodes, while hyperedge/superedge nodes act
as branching gadgets.

4.8.1 Binary search trees (BSTs)

A binary search tree is a rooted binary tree with ordered keys: all keys in the left subtree are
smaller, and all in the right subtree are larger [107-110].

Definition 4.8.1 (Binary search tree). Let (K, <) be a totally ordered set (key domain). A

binary search tree is a tuple
B = (T,r,key, \)

such that:
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(i) (T,r) is a rooted binary tree, i.e., T'= (V, E) is a tree with root r and |Ch(v)| < 2 for all
velV.

(ii) key : V — K assigns a key to each vertex.

(iii) A is a left/right labeling of children: for each v € V', A\, : Ch(v) — {L,R} is injective. If
Ay(u) = L we call u the left child of v; if A\, (u) = R we call u the right child.

(iv) (Binary search property) For every vertex v € V:

(a) if u lies in the left subtree of v (i.e., u =< v in the rooted order with first edge labeled
L), then key(u) < key(v);

(b) if u lies in the right subtree of v, then key(u) > key(v).

Remark 4.8.2 (Handling duplicate keys). Definition uses strict inequalities and therefore
assumes distinct keys. To allow duplicates, one may replace < and > by < and > (or < and
>), which corresponds to choosing a consistent convention for storing ties.

4.8.2 Binary search hypertrees

A binary search hypertree is a rooted hypertree whose incidence tree is binary; vertex keys satisty
BST ordering across vertex subtrees, with hyperedges mediating left /right branching.

Definition 4.8.3 (Rooted binary HyperTree). Let H = (V, E) be a hypergraph and r € V.
Assume (H,r) is a rooted HyperTree, i.e., its incidence graph Inc(H) = (V U E, F) is a tree
rooted at 7, and moreover is binary in the sense that every node of Inc(H) has at most two
children. (See Definition [4.7.4])

Definition 4.8.4 (Binary search HyperTree). Let (K, <) be a totally ordered set. A binary
search HyperTree is a tuple
BH = (H,rkey,\)

satisfying:

(i) (H,r) is a rooted binary HyperTree as in Definition [4.8.3] with incidence tree Inc(H) =
(VUE,F) rooted at r € V.

(ii) key : V' — K assigns a key to each vertex v € V. (Hyperedges e € E are not keyed.)
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(iii) (Unique branching hyperedge per internal vertex) For each vertex v € V that is internal on
the vertex level (i.e., it has a child in the incidence tree), there is exactly one incidence-child
hyperedge:

Out(v) := {e€ E: Pale) =v} satisfies |Out(v)|=1.
Write Out(v) = {e,}, and define its vertex-children via that hyperedge:
Chy(v) = {ueV: Pa(u) =e, }.

Because the incidence tree is binary, |Chy (v)| < 2.

(iv) (Left/right labeling at vertex branching) For each vertex v with |Chy (v)| = 2, fix an
injective labeling
Ay @ Chy (v) = {L,R}.

If |Chy (v)| = 1, the unique child may be labeled either L or R by convention.
(v) (Binary search property on vertex subtrees) For every vertex v € V:

(a) for any vertex u € V lying in the left vertez-subtree of v (i.e., the unique path in Inc(H)
from v to u begins with v — e, — u; where \,(u;) = L), one has key(u) < key(v);

(b) for any vertex u € V lying in the right vertez-subtree of v, one has key(u) > key(v).

Remark 4.8.5. A binary search HyperTree is essentially a BST whose branching is mediated
by hyperedges in the incidence tree: the traversal alternates v — e, — w. The search-order
constraint is imposed only on the vertex nodes V| which are the natural “items” being stored.

4.8.3 Binary search superhypertrees

A binary search superhypertree generalizes this to n-SuperHyperTrees: keyed supervertices obey
BST ordering across supervertex subtrees, while superedges encode the binary branching struc-
ture.

Definition 4.8.6 (Rooted binary n-SuperHyperTree). Let V be a finite nonempty base set
and let SHG™ = (V,E) be an n-SuperHyperGraph. Assume (SHG("),R) is a rooted n-

SuperHyperTree whose incidence graph Inc(SHG(")) = (VU E,F) is a binary rooted tree
(Definition [4.7.6)).

Definition 4.8.7 (Binary search n-SuperHyperTree). Let (K, <) be a totally ordered set. A
binary search n-SuperHyperTree is a tuple

BSH = (SHG"™, R, key, \)
satisfying:
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(i) (SHG("), R) is a rooted binary n-SuperHyperTree as in Definition with supervertex
set V.C P"(V,) and superedge set E C P(V) \ {0}.

(ii) key : V' — K assigns a key to each supervertexr X € V. (Superedges are not keyed.)

(iii) (Unique branching superedge per internal supervertex) For each supervertex X € V that
is internal in the incidence tree,

Out(X) := {e€ E: Pa(e) = X} satisfies |Out(X)|=1.
Write Out(X) = {ex} and define supervertex-children
Chv(X) = {YGV: Pa(Y):Sx},

so that |Chy (X)| < 2 because the incidence tree is binary.

(iv) (Left/right labeling) For each X € V with |Chy (X)| = 2, fix an injective labeling
>\X : Chv(X) — {L, R}

(v) (Binary search property on supervertex subtrees) For every supervertex X € V:

(a) for any supervertex Y € V in the left supervertex-subtree of X, one has key(Y) <
key(X);

(b) for any supervertex Y € V in the right supervertex-subtree of X, one has key(Y) >
key(X).

Here “left/right supervertex-subtree” is defined via the first supervertex-step X — ex —
Y} in the unique incidence-path from X to Y, using the label Ax(Y7).

Remark 4.8.8. A binary search n-SuperHyperTree can be viewed as a BST whose stored objects
are nested set-valued supervertices, and whose branching structure is mediated by superedges in
the incidence tree. If one wishes to define keys from base-level data, one may compose key with
flattening Flat,,, but the ordered-search property in Definition [4.8.7] is formulated intrinsically
at the supervertex level.

Example 4.8.9 (Real-life example of a binary search n-SuperHyperTree). Indexing nested
customer segments for fast compliance lookup. Let V|, be a finite set of customer accounts
in a bank:

Vo = {C001, C002, C003, C004, C005, C006}.

Take n = 1. Interpret each 1-supervertex X C Vj as a customer segment (e.g., accounts sharing
a risk tier or product usage).

Define three segments
R := X, := {C001,C002,C003} (medium-risk segment),
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X, :={C001} (low-risk subsegment), X, :={C002,C003} (high-risk subsegment),
and set V := { Xy, X1, Xo} C P(Vp).

Let the superedge set encode binary branching (a single split of the root segment):
Ep = {Xo,Xl,XQ} € E, FE = {80}.

Then the incidence graph X — g9 — { X, X} is a tree rooted at R = Xy, and ¢y has exactly
two supervertex children X7, X5, hence the rooted incidence hierarchy is binary.

Define a key function key : V' — N by letting key(X) be the mazimum KYC risk score within
segment X (an integer maintained by the compliance team). Suppose

key(X;) =20,  key(Xy) =50,  key(X.) =80,

so that key(X;) < key(Xp) < key(X>).

Label the two children of Xy by
)‘Xo(Xl) - L7 AXO(X2> - R

Then (SH(}(l)7 R, key, )\) satisfies the binary search property: all supervertices in the left subtree
(here just X;) have smaller keys than the root Xy, and all supervertices in the right subtree
(here just X3) have larger keys.

Operationally, this models a searchable compliance index: querying a threshold (e.g., “risk score
< 50”) navigates left, while higher-risk queries navigate right, even though each node represents
a set-valued segment.

4.9 B-tree, B-hypertree, and B-superhypertree

In this section, we examine the relationships among B-trees, B-hypertrees, and B-superhypertrees.

4.9.1 B-trees (multiway search trees)

A B-tree is a balanced multiway search tree whose nodes store multiple sorted keys and maintain
between ¢ and 2¢ children, keeping all leaves at the same depth |[111}{113].

Definition 4.9.1 (B-tree of minimum degree t). Let (K, <) be a totally ordered set and fix an
integer t > 2 (the minimum degree). A B-tree of minimum degree t is a tuple

B = (T,rXk,ord),

where:

(i) T = (V,E) is a finite rooted tree with root » € V' (viewed as an arborescence oriented
away from 7).
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1 assigns to each node v € a finite strictly increasing sequence of keys
(1) k assig h node v € V' a finite strictly i ing seq f key
k('U) = (kl (U) < k‘Q(U) < e <& km(v)(v)) c I(m(q;)7

where m(v) := |k(v)| is the number of keys stored at v.

(iii) ord fixes an ordering of the children: for each internal node v, if Chy(v) denotes the set
of children of v in the rooted tree, then ord, : Chr(v) — {0,1,...,m(v)} is a bijection.
Write the children in ord,-order as

Chr(v) = {co(v),c1(v), ..., Cm@) (V) }, ord,(c;(v)) = i.

(iv) (Search-order (separator) property) For every internal node v and every descendant node
2 in the subtree rooted at ¢;(v), every key occurring anywhere in that descendant subtree
lies in the corresponding interval:

ifi =0, all such keys are < kq(v),
if 1 <i<m(v)—1, allsuch keys satisfy k;(v) < - < k;i11(v),
if i = m(v), all such keys are > ky, () (v).

(Here “keys occurring in the subtree” means keys stored at any node within that subtree.)

(v) (Degree/occupancy constraints)

(a) (Root) Either r is a leaf, or r has at least two children. In all cases,

0 <m(r) <2t—1, and if ris internal, then 2 < |Chz(r)| = m(r) + 1 < 2t.

(b) (Non-root internal nodes) For every internal node v # r,

t—1<m(v) <2t—1, t <|Chy(v)| =m(v) +1 < 2¢.

(vi) (Balanced leaf level) All leaves of T have the same depth (distance in edges from the root).

Remark 4.9.2 (Order m vs. minimum degree t). Many texts parameterize B-trees by the
maximum number of children M (often called the order). In Definition the maximum
number of children is 2¢, so one may set M = 2t.

4.9.2 B-hypertrees (hypergraph-incidence realization)

A B-hypertree is a rooted hypertree whose incidence hierarchy emulates a B-tree: vertex-nodes
store separator keys, and hyperedge branching realizes ordered child subtrees with balanced
depth.
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Definition 4.9.3 (Incidence graph and rooted hypertree). Let H = (V, E) be a finite hyper-
graph with E C P(V) \ {0}. Its incidence graph is the bipartite graph

Inc(H) = (VUE, F), F={{vie}:veV, ecE, vee}.
We say that H is a HyperTree if Inc(H) is a tree. If H is a HyperTree and r € V', then (H,r) is

a rooted HyperTree by rooting Inc(H) at 7, thereby inducing parent/child relations Pa(-), Ch(-)
on the node set V LI E.

Definition 4.9.4 (Vertex-descendant relation in a rooted HyperTree). Let (H,r) be a rooted
HyperTree. For a vertex v € V| define the set of vertexr descendants of v by

Descy (v) := {u €V : v lies on the unique r—u path in Inc(H)}.

Equivalently, u € Descy (v) iff u = v or the unique incidence-path from v to u moves away from
T.

Definition 4.9.5 (B-hypertree of minimum degree t). Let (K, <) be a totally ordered set and
fix t > 2. A B-hypertree of minimum degree t is a tuple

BH = (H,rXk, ord)

satisfying:

(i) (H,r) is a rooted HyperTree in the sense of Definition [4.9.3]

(ii) (Unique branching hyperedge per internal vertexr) For each vertex v € V| define
Out(v) := {e€ E: Pa(e)=v}.

We require that for each internal verter v (i.e., Out(v) # () one has | Out(v)| = 1. Write
Out(v) = {e,} and define the vertez-children of v as

Chy(v) == {ueV: Pa(u) =e, }.

(Thus traversal alternates v — e, — w in Inc(H).)

(iii) k assigns to each vertex v € V a strictly increasing list of keys

k(v) = (k1(v) < -+ <k (v)) € K™, m(v) := [k(v)].

(iv) (Arity compatibility) If v is internal (so e, exists), then
|Chy (v)] = m(v) + 1.
Moreover, ord, : Chy (v) — {0,1,...,m(v)} is a bijection, and we write

Chy (v) = {co(v),c1(v), - -+, ) (V) }, ord,(¢;(v)) = 1.
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(v) (Search-order property on vertex descendants) For every internal vertex v € V' and every
i€{0,1,...,m(v)}, define the i-th branch descendant set

Desc{” (v) := Descy (c;(v)).

Then every vertex u € Descg) (v) satisfies the interval constraint on its stored keys:

ifi =0, all keys in k(u) are < ky(v),
if 1 <i<m(v)—1, allkeysin k(u) satisfy k;(v) < - < ki11(v),
if i = m(v), all keys in k(u) are > k() (v).

(vi) (Degree/occupancy constraints) Let r be the root vertex.

(a) (Root) 0 <m(r) <2t—1, and if r is internal then

2 <|Chy(r)| =m(r)+1 < 2t.

(b) (Non-root internal vertices) For every internal v # r,

t—1<m)<2t—1, t<|Chy(v)]=m(v)+1<2t.

(vii) (Balanced leaf level) All vertez-leaves (vertices v € V' with Out(v) = () have the same
vertex-depth, where the vertex-depth of u € V' is defined as

1
depthy, (u) = 3 distine ) (7, u),

which is an integer because Inc(H) is bipartite and r,u € V.

Remark 4.9.6. A B-hypertree is a B-tree in which each internal vertex v branches through a
unique hyperedge e,, whose incident vertex-children are exactly m(v) + 1 and are ordered to
match the separator keys at v.

4.9.3 B-superhypertrees (supervertex version)

A B-superhypertree extends B-hypertrees to n-SuperHyperTrees: supervertices carry sorted
separator keys, and superedges provide multiway branching while preserving B-tree occupancy
and uniform leaf depth.

Definition 4.9.7 (Rooted n-SuperHyperTree). Let Vj be a finite nonempty base set and let
SHG™ = (V,E) be an n-SuperHyperGraph with V' C P™(V,) and E C P(V) \ {0}. Its
incidence graph is

InSHG™) = (VUE, F), F={{X,e}:XecV,ecE, Xce}.

We say SHG™ is an n-SuperHyperTree if Inc(SHG(")) is a tree. If R € V, then (SHG(”), R) is
a rooted n-SuperHyperTree by rooting Inc(SHG™) at R.
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Definition 4.9.8 (Supervertex descendants). Let (SHG(”), R) be a rooted n-SuperHyperTree.
For X € V, define

Descy (X) := {Y €V : X lies on the unique R-Y path in Inc(SHG™)}.

Definition 4.9.9 (B-superhypertree of minimum degree t). Let (K, <) be a totally ordered set
and fix t > 2. A B-superhypertree of minimum degree t is a tuple

BSH = (SHG™, R, k,ord)

such that:
(i) (SHG("), R) is a rooted n-SuperHyperTree (Definition .

(ii) (Unique branching superedge per internal superverter) For each supervertex X € V| let
Out(X) := {e€ E: Pa(e) = X }.

For each internal supervertex X (i.e., Out(X) # 0) we require |Out(X)| = 1. Write
Out(X) = {ex} and define

Chy(X) :={YeV: Pa(Y)=ex}.

(iii) k assigns each supervertex X € V a strictly increasing key list

k(X) = (k1 (X) < -+ < kpnix) (X)) € K™, m(X) := [k(X)|.

(iv) (Arity compatibility and ordering) If X is internal, then |Chy (X)| = m(X)+1 and ordy :
Chy(X) — {0,1,...,m(X)} is a bijection. Write the ordered children as Chy(X) =
{Co(X), -, Congxy (X))

(v) (Search-order property) For every internal X € V and each i € {0,...,m(X)}, put
Desc{” (X) := Descy (Cy(X)). Then for all Y € Desc\” (X), the keys stored at Y lie in
the appropriate separator interval:

ifi =0, all keys in k(Y') are < k1(X),
if1<i<m(X)-—1, allkeysink(Y) satisfy k;(X) < - < kiy1(X),
if i =m(X), all keys in k(Y') are > Ky, (x)(X).

(vi) (Degree/occupancy constraints)

(a) (Root superverter) 0 < m(R) < 2t — 1, and if R is internal then

2 < |Chy(R)| = m(R) +1 < 2t.

(b) (Non-root internal supervertices) For every internal X # R,
t—1<m(X)<2t—1, t<|Chy(X) =m(X)+1<2t
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(vii) (Balanced leaf level) All supervertex-leaves (supervertices X with Out(X) = )) have the
same supervertex-depth

1
depthv(Y) = § diStInC(SHG(n))(R, Y) S N

Remark 4.9.10. In Definition [£.9.9] the key domain K is abstract. If one wants keys derived
from base-level information, one may define keys via flattening, e.g. by composing a statistic on
Flat, (X) C V, with an embedding into a totally ordered set. This is optional and not required
for the structural definition above.

Example 4.9.11 (Real-life example of a B-superhypertree). Indexing nested product bun-
dles for an e-commerce catalog. Let 1} be a finite set of atomic products:

Vo = {P1 = Laptop, P2 = Mouse, P3 = Keyboard, P4 = Monitor, P5 = Dock}.

Take n = 1, so supervertices are nonempty subsets of Vj; interpret each supervertex as a bundle
of products sold together.

Define the supervertex set
R := X, :={P1,P2,P3,P4,P5} (all bundles in this category),
X; := {P1,P4} (workstation bundle),
X, :={P2,P3,P5} (accessory bundle),
X3 :={P1} (single laptop),
X, := {P4} (single monitor),
X5 :={P2,P3} (input devices),
X :={P5} (single dock),
and set V := { Xy, X1, Xo, X3, Xy, X5, X} € P(Vp).

Let superedges encode multiway branching as in a B-tree node: the root supervertex R = X
branches to two children (m(R) = 1), and each of X;, X, branches to two children (m(X;) =
m(XQ) = 1)
ex, = {Xo, X1, Xa}, ex, = { X1, X3, Xy}, ex, = { X2, X5, X},
and let E := {ex,,ex,,€x,}. The incidence graph is the tree
Xo —ex, — {X1, Xa}, Xy —ex, —{ X3, X}, Xy —ex, — { X5, Xe},

SO (SHG(l), R) is arooted 1-SuperHyperTree with uniform leaf depth 2 (all leaves are X3, X4, X5, X5).

Define a totally ordered key domain K = N and assign separator keys using, for example, bundle
price (in USD). Let each supervertex X store a strictly increasing list k(X) of separator keys:

k(Xo) = (1000),  k(X;) = (1200),  k(X,) = (200),

and interpret the ordering so that bundles priced below 1000 are searched via the child X,, while
bundles at least 1000 are searched via X; (root split). Similarly, within X7, prices below 1200
lead to X3 (laptop only) and above to X, (monitor only), and within X5, prices below 200 lead
to Xg (dock) and above to X5 (input devices).

Thus the supervertices act as multi-key search nodes and the superedges provide multiway branch-
ing with bounded occupancy and balanced depth, giving a concrete B-superhypertree model for
a catalog index over nested bundles.
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Theorem 4.9.12 (B-superhypertrees are SuperHyperTrees). Let t > 2 and let
BSH = (SHG™, R, k, ord)

be a B-superhypertree of minimum degree t in the sense of Definition[{.9.9. Then the underlying
n-SuperHyperGraph SHG™ = (V, E) is an n-SuperHyperTree (in the sense of Definition .
Equivalently, its incidence graph Inc(SHG(n)) s a tree.

Proof. By Definition M(l), the pair (SHG(”), R) is arooted n-SuperHyperTree (Definition|4.9.7).
In particular, the rooted structure is imposed on the incidence graph InC(SHG(")) by choosing a
distinguished root R € V' (and the associated parent /child relations), and Inc(SHG™) is a tree.

Forgetting the extra data R,k,ord does not change the underlying incidence graph. Hence
Inc(SHG(")) remains a tree, and therefore SHG™ is an n-SuperHyperTree. O

4.10 Heap, hyperHeap, and superhyperHeap

This section defines heap-ordered structures in three settings. A heap is a rooted tree equipped
with keys and a parent—child monotonicity constraint (min-heap or max-heap). To extend this
idea to hypergraphs and n-SuperHyperGraphs, we work with rooted hypertrees/superhypertrees
via their incidence trees, and impose the heap-order constraint on the vertex-type (respectively
supervertex-type) nodes, while hyperedge/superedge nodes serve as branching gadgets.

4.10.1 Heaps on rooted trees (graph setting)

A heap is a rooted tree structure with keys that satisfies the heap-order property: each parent’s
key is < (min-heap) or > (max-heap) its children’s keys [114-116].

Definition 4.10.1 (Heap (min-heap / max-heap)). [114-116] Let (K, <) be a totally ordered
set (key domain). A heap is a tuple

H = (T7 r, kGY7 J)a

where:

(i) (T,r) is a finite rooted tree (equivalently, an arborescence oriented away from r), with
vertex set V(T').

(ii) key : V(T') — K assigns a key to each node.
(i) o € {min, max} specifies the heap type, and the following heap-order property holds: for

every non-root vertex v € V(T') with parent Pa(v),

key(Pa(v)) < key(v), if 0 = min (min-heap),
key(Pa(v)) > key(v), if 0 = max (max-heap).
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Remark 4.10.2 (No global sorting). A heap is only partially ordered: the heap-order constraint
is imposed along parent—child relations, and there is no required order between siblings or between
nodes in different subtrees.

Definition 4.10.3 (Binary heap (optional shape constraint)). A binary heap is a heap H =
(T, 7, key,o) (Definition [4.10.1)) whose underlying rooted tree (T',7) is a complete binary tree
(shape constraint).

4.10.2 hyperHeaps on rooted hypertrees (hypergraph setting)

A hyperHeap is a heap-like structure on a rooted hypertree (incidence tree), where keys are
assigned to vertices and the heap-order constraint holds between vertex levels.

Definition 4.10.4 (Rooted HyperTree and incidence tree). Let H = (V, E) be a finite hyper-
graph with £ C P(V)\ {0}. Assume H is a HyperTree, i.e., its incidence graph

Inc(H) = (VUE, F), F={{v,e}:vee},

is a tree. Fix a root vertex r € V and root Inc(H) at r, thereby inducing parent/child relations
Pa(-), Ch(-) on the node set V U E. The pair (H,r) is then called a rooted HyperTree.

Definition 4.10.5 (hyperHeap (min / max)). Let (K, <) be a totally ordered set. A hyperHeap
is a tuple

HH = (H,rkey, o)
satisfying:

(i) (H,r) is a rooted HyperTree as in Definition |4.10.4
(ii) key : V — K assigns keys to vertices (hyperedges are not keyed).

(iii) o € {min, max}, and the heap-order property holds along vertez-to-vertex parent relations
in the rooted incidence tree, as follows.

For each vertex u € V' with u # r, let Pap,c(u) be its parent in Inc(H). Since Inc(H) is
bipartite and r,u € V, Pap,.(u) € E is a hyperedge node; define the vertex parent of u by

Pay(u) = PalnC(PaInC(u)) eV.

(Equivalently, Pay (u) is the unique vertex two incidence-steps above u on the path to the
root.)

Then for every u € V' \ {r},

Remark 4.10.6. A hyperHeap is a heap whose underlying hierarchy is encoded by the incidence
tree of a hypertree. Traversal alternates v — e — wu; the heap-order constraint is imposed only
between successive vertex levels (i.e., across two incidence steps), which is the natural analogue
of parent—child order in ordinary heaps.
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4.10.3 superhyperHeaps on rooted superhypertrees

A superhyperHeap generalizes hyperHeaps to n-SuperHyperTrees: keys are attached to nested
supervertices, and heap-order holds along supervertex levels through the incidence hierarchy.

Definition 4.10.7 (Rooted n-SuperHyperTree). Let V; be a finite nonempty base set and let
SHG™ = (V, E) be an n-SuperHyperGraph with V C P™(V;) and E C P(V) \ {0}. Assume
its incidence graph

InSHG™) = (VUE, F), F={{X,e}:X e},

is a tree, and fix a root supervertex R € V. Rooting this incidence tree at R induces parent/child
relations Pa(-), Ch(-) on V U E. The pair (SHG("), R) is called a rooted n-SuperHyperTree.

Definition 4.10.8 (superhyperHeap (min / max)). Let (K, <) be a totally ordered set. A
superhyperHeap is a tuple

SHH = (SHG™, R, key,o)

such that:
(i) (SHG("), R) is a rooted n-SuperHyperTree as in Definition
(ii) key : V' — K assigns a key to each n-supervertex X € V.

(iii) o € {min, max}, and the heap-order property holds along supervertez-to-supervertexr parent
relations induced by the rooted incidence tree.

For each Y € V' \ {R}, define its supervertex parent Pay(Y) € V by

Pav(Y) = PaInC(Pa‘IIlC(Y))’

where Pap,(-) denotes the parent map in the rooted incidence tree Inc(SHG™).

Then for every Y € V' \ {R},

key(Pay(Y)) < key(Y), if o = min,
key(Pay (Y)) > key(Y), if 0 = max.

Remark 4.10.9. A superhyperHeap is the direct supervertex-level analogue of a hyperHeap.
The keys are attached to nested objects X € V' C P"™(V}), and the heap order is enforced between
successive supervertex generations in the rooted incidence tree. If desired, one may derive keys
from base-level information via flattening Flat,,, but this is optional and not required.
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Example 4.10.10 (Real-life example of a superhyperHeap on a rooted n-SuperHyperTree).
Prioritized patching of nested software components (min-superhyperHeap). Let V;
be a finite set of atomic software modules in a product:

Vo = {Auth, Payments, Search, Logging, Ul}.

Take n = 1, so each supervertex is a nonempty subset of V{, interpreted as a component bundle
(e.g., a service composed of several modules).

Define supervertices (nested bundles) by
R := X, := {Auth, Payments, Search, Logging, Ul}  (entire product bundle),
X := {Auth, Payments} (critical financial core),
X, := {Search, Logging, Ul} (user-facing bundle),
X3 :={Auth} (auth module),
X, := {Payments} (payments module),

X5 := {Search} (search module).

Let V := {X,, X1, Xo, X3, X4, X5} C P(Vp).

Let superedges encode a rooted incidence hierarchy (a tree) describing decomposition and prior-
itization flow:

o = {X07X17X2}7 &1 = {X17X37X4}, &9 1= {Xz,X5}7

and set E := {eg,£1,&5}. Then the incidence graph Inc(SHG™) is a tree rooted at R = X.

Define a key domain K = N and a severity score key function key : V' — N, where smaller scores
indicate higher urgency (thus we use a min-heap). For example, let

key(XO) = 10, key(Xl) = 47 key(XQ) = 7,
key(X3) =1, key(X4) =3, key(X5)=06.

Interpretation: the single module X3 = {Auth} has the most urgent vulnerability (score 1),
followed by {Payments} (score 3), etc.

Because the incidence graph is rooted at X, each non-root supervertex Y has a supervertex
parent Pay (Y) two incidence-steps above it. For instance,

Pay(X;) = Xo, Pay(Xy) = Xo, Pap(X3)=X;, Pay(Xy) =X, Pay(X;) =X,
The assigned keys satisfy the min-heap condition along these supervertex-parent links:
key(Xo) = 10 < key(X;) = 4 (false),
key(Xp) = 10 < key(Xs) = 7 (false).

Hence, to make it a min-superhyperHeap we instead interpret key as priority where larger is
more urgent, or equivalently replace key by key'(X) := 11 — key(X). Using key’,

key'(Xo) =1, key'(X1) =7, key' (X3) = 4, key'(X3) = 10, key'(X4) = 8, key'(X5) = 5,

and then
key'(Xo) < key'(X1), key'(X,) < key'(X3),
key'(X1) < key'(X3), key'(X1) < key'(Xy), key'(X5) < key'(X5),

SO (SHG(I),R, key’, min) is a superhyperHeap. Operationally, this encodes that as one moves
down the hierarchy to finer components, the urgency (priority) does not decrease, supporting
systematic prioritization of nested patch tasks.

59



Chapter 4. SuperHyperTrees

4.11 Fault tree, fault hypertree, and fault superhypertree

Next, we discuss fault trees, fault hypertrees, and fault superhypertrees.

4.11.1 Fault trees

A fault tree is a Boolean-logic model that represents how basic component failures combine
through logic gates (such as AND/OR) to produce a single top-level system failure [117H119).
Related notions such as fuzzy fault trees [120H122] are also known.

Definition 4.11.1 (Gate types and gate semantics). Let B := {0,1}. A gate specification is a
pair (O, ®) consisting of

o aset O of gate types (e.g., AND, OR, XOR, k-of-n, etc.), and

o a semantics map ® assigning to each gate type o € O and each arity £ > 1 a Boolean
function

®(0,k) : B¥ — B.

Typical examples are:

k
O(AND, k)(z1, ..., 2) = \ai,  ®ORK)(@r,...,2x) = \/ @i
=1

Definition 4.11.2 (Fault tree). Fix a gate specification (O, ®) as in Definition [4.11.1 A fault
tree is a tuple
F = (T,r,E,G,out,inp,op)

such that:

(i) T = (N, F) is a finite tree (simple, undirected, connected, acyclic) and r € N is a
distinguished root.

(i) N = & U G is a disjoint partition into event nodes £ and gate nodes G, and the root is
an event node: r € £. Moreover, T is bipartite with respect to this partition (every edge
joins an event node to a gate node).

(iii) out : &€ - GU{ L} assigns to each event node e € £ either a unique output gate out(e) € G
or out(e) = L (meaning: no output gate). We require that

out(e) =L <= eisaleafof T,

and that for every non-leaf event e € £ the node out(e) is the unique neighbor of e that is
farther from the root r in the rooted tree (7', 7).
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(iv) inp : G — P(E) \ {0} assigns to each gate node g € G a nonempty set inp(g) of input
events, defined as the set of event-children of g in the rooted tree (T, 7). Equivalently, if
g has parent event e, (the unique neighbor of g closer to the root), then

inp(g) = Nr(g) N €\ {ey},
and inp(g) #* 0.

(v) op : G — O assigns a gate type to each gate node. If |inp(g)| = k, then g is interpreted
by the Boolean function ®(op(g), k) : B* — B.

Definition 4.11.3 (Boolean evaluation and top event). Let F = (T, r,&,G,out, inp,op) be a
fault tree. The set of basic events is

B := {e€&: out(e) = L},

and the remaining events Z := £ \ B are intermediate events (including possibly the root/top
event).

Given a basic-event assignment « : B — B, the induced event evaluation X, : £ — B is defined
recursively from leaves toward the root by:

(i) If e € B, then X, (e) := z(e).

(i) If e € Z, let g = out(e) be its unique output gate and write inp(g) = {ey,...,ex}. Then

X.(e) = ®(op(9), k) (Xu(er),. .., Xu(er))-

The top event occurs under z if and only if X,(r) = 1.

Remark 4.11.4. Many industrial fault trees allow repeated basic events (common-cause events),
in which case the structure is a rooted directed acyclic graph rather than a strict tree. Defini-

tions [4.11.2H4.11.3| capture the tree (no-sharing) case in a mathematically clean form.

4.11.2 Fault hypertrees

Fault hypertree is a hypergraph-based fault model in which each gate is a hyperedge whose head
is the output event and whose tail is a set of input events, organized hierarchically toward the
top event.

Definition 4.11.5 (Fault hypertree). Fix a gate specification (O, ®) and let B = {0,1}. A fault
hypertree is a tuple
FH = (H,r,Head,op)

satisfying:
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(i) H = (V,E) is a finite hypergraph with £ C P(V) \ {0}, and r € V is a distinguished
root vertex (the top event).

(ii) The incidence graph Inc(H) is a tree, and it is rooted at » € V. (Equivalently, H is a
rooted HyperTree in the incidence-tree sense.)

(iii) Head : E — V assigns to each hyperedge e € E a distinguished head vertex Head(e) € e,
interpreted as the output event of that gate-hyperedge. Define the tail (inputs) by

Tail(e) := e\ {Head(e)}.

We require Tail(e) # () for all e € E.

(iv) (Unique decomposition) For every vertex v € V' that is not a basic event (defined below),
there exists exactly one hyperedge e, € E with Head(e,) = v. The root 7 is allowed to be
basic or non-basic.

(v) (Hierarchical direction) In the rooted incidence tree Inc(H), for every hyperedge e € E
the head Head(e) is closer to the root than every input vertex in Tail(e). (Thus the causal
direction is “from Tail(e) up to Head(e)”.)

(vi) op : E — O assigns a gate type to each hyperedge; if |Tail(e)| = k, then e is interpreted
by ®(op(e), k) : B* — B.

Definition 4.11.6 (Boolean evaluation on a fault hypertree). Let FH = (H,r, Head, op) be a
fault hypertree with H = (V, E), and let B = {0,1}. Define the set of basic events by

B := {veV: fle € E with Head(e) = v},

and let Z := V' \ B be the intermediate events.

Given an assignment x : B — B, define X, : V — B recursively by:

(i) Ifv € B, set X,(v) := x(v).

(ii) If v € Z, let e, be the unique hyperedge with Head(e,) = v, and write Tail(e,) =
{vi,...,vx}. Then

X, (v) == D(op(e,), k) (Xu(v1), ..., Xau(vr)).

The top event occurs under z if and only if X, (r) = 1.

62



Chapter 4. SuperHyperTrees

4.11.3 Fault superhypertrees

Fault superhypertree is an n-SuperHyperGraph-based fault model where the events are nested
supervertices and the gates are superedges, so hierarchical, multi-level failure dependencies are
evaluated by Boolean semantics up to the top super-event.

Definition 4.11.7 (Fault n-superhypertree). Fix n > 0 and a gate specification (O, ®), and let
B = {0,1}. A fault n-superhypertree (or fault superhypertree) is a tuple

FSH = (SHG(") , R, Head, op)
satisfying:

(i) SHG™ = (V, E) is an n-SuperHyperGraph on some base set Vg, with V' C P"(V;) and
E CP(V)\ {0}, and R € V is a distinguished root supervertex (top event).

(ii) The incidence graph Inc(SHG™) is a tree rooted at R. (Equivalently, SHG™ is a rooted
n-SuperHyperTree in the incidence-tree sense.)

(iii) Head : £ — V assigns to each superedge ¢ € FE a distinguished head supervertex
Head(e) € €, and we set

Tail(e) := e\ {Head(e)} # 0.

(iv) (Unique decomposition) For every non-basic supervertex X € V (defined below), there
exists exactly one superedge ex € E with Head(ex) = X.

(v) (Hierarchical direction) In the rooted incidence tree, Head(e) is closer to R than every
element of Tail(e).

(vi) op : E — O assigns gate types; if |Tail(¢)| = k, interpret € by ®(op(¢), k) : B* — B.

Definition 4.11.8 (Boolean evaluation on a fault n-superhypertree). Let
FSH = (SHG(”), R, Head, op)
with SHG™ = (V, E), and let B = {0, 1}. Define the basic superevents by
B = {X €V : fe € E with Head(¢) = X},

Z:=V\B.
Given z : B — B, define X, : V — B by:

(i) If X € B, set X, (X) :=z(X).
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(ii) If X € Z, let ex be the unique superedge with Head(ex) = X, and write Tail(ex) =
{Xl, e ,Xk} Then

X.(X) = ®(op(ex), k) (Xu(X1), ..., Xo(Xk)).
The top super-event occurs under z if and only if X,(R) = 1.

Remark 4.11.9 (Probabilistic fault analysis). If basic events are modeled as Bernoulli random

variables (often under an independence assumption), then Definitions |4.11.3} [4.11.6 and [4.11.8

induce a random variable for the top event, and one may compute P[X (R) = 1]. For AND and
OR gates with independent inputs, the usual formulas apply:

B[AND] = [] -

POR] =1 —[](1 - p),

g

where p; are the input-event probabilities.

Example 4.11.10 (Real-life example of a fault n-superhypertree). Multi-level outage analy-
sis for a cloud service with nested subsystems. Let V; be a finite set of atomic components
in a cloud platform:

Vo = {DB, Cache, Auth, API, LoadBalancer}.

Take n = 1, so supervertices are nonempty subsets of Vg, interpreted as subsystems (bundles of
components).

Define three supervertices (events) representing subsystem failure states:
R := X0utage *= {Auth, API, LoadBalancer} (top event: customer-facing outage),

XFrrontEnd := {API, LoadBalancer} (front-end service failure),
X AuthFail := {Auth} (authentication failure).
Let V' := {XOutage; XFrontEndy XAuthFail} c P(‘/O)

Let the gate set be @ = {OR} with the usual Boolean semantics ®(OR, k) = \/*_,. Define two

superedges (gates):
€O0utage = {XOutag67 XFrontEnd> XAuthFail}7

EFrontEnd ‘— {XFrontEmb XAPIa XLB}7
where we introduce two basic superevents

Xapr := {API}, Xrp := {LoadBalancer},

and extend

V=V U{Xap, X}
Set F/ .= {5Outage7 5FrontEnd}'
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Assign heads (outputs) by
Head(eoumge) = XOutagea
Head(EFrontEnd) = XFrontEnda

so the tails (inputs) are

Tail(gomage) = {XFrontEnd7 XAuthFai1}7

Tail(eprontEnd) = {Xapr1, XLB}-
Assign gate types by op(eoutage) = Op(€FrontEnd) = OR.

Then Inc(SHG(l)) is a tree rooted at R = Xoutage:
XOutage — €O0utage — {XFrontEnd7 XAuthFail}a

XFrontEnd — EFrontEnd — {XAP17 XLB}-

The basic superevents are X authrail, Xap1, XLp (they have no outgoing gate-superedge), and
the intermediate superevents include XvrontEnd; X Outage-

Operational meaning: the top event Outage occurs if either FrontEnd fails or Auth fails; and
FrontEnd fails if either API fails or LoadBalancer fails. This is exactly the Boolean evaluation
induced by the fault superhypertree structure.

4.12 Tree-Decomposition

An n-SuperHyperTree is an acyclic n-SuperHyperGraph whose superedges admit a join-tree
representation, meaning that superedges can be arranged as the nodes of a tree so that, for every
supervertex, the collection of incident superedges appears as a connected subtree [18}/61,62]. In
this sense, SuperHyperTrees extend the classical notion of hypertrees [59,60,123].

A tree decomposition encodes a graph by a tree of bags of vertices, requiring that each edge is
contained in some bag and that the bags containing a fixed vertex satisfy a running-intersection
property [124H128]. Treewidth is central because many NP-hard graph problems admit dynamic-
programming algorithms on classes of bounded treewidth, providing both algorithmic leverage

and structural insight. Analogously, a SuperHypertree decomposition represents an n-SuperHyperGraph
by a tree equipped with bags and guards (collections of superedges) that enforce coverage and
connectedness for both supervertices and superedges across the decomposition [61-63}[129]. Su-
perHypertree decompositions are conceptually aligned with tree decompositions [125}/130] and

with hypertree decompositions [604|123].

Definition 4.12.1 (Tree decomposition and treewidth). [131,|132] Let G = (V, E) be a finite
undirected graph. A tree decomposition of G is a pair (T, x) where T = (N, F') is a tree and x
assigns to each node p € N a bag x(p) C V such that:

1. Vertex coverage: for every v € V there exists p € N with v € x(p).

2. Edge coverage: for every edge {u,v} € E there exists p € N with {u,v} C x(p).
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3. Running intersection: for every v € V, the set

N,:={peN|vex()}

induces a connected subtree of T

The width of (T, x) is
width(T, x) := I&%(’X(?)‘ - 1)7

and the treewidth of G is

tw(G) := min{width(T, x) | (T, x) is a tree decomposition of G}.

Definition 4.12.2 (Hypertree decomposition). [60,123,133] Let H = (V, E) be a finite hyper-
graph, where V' = V (H) is the set of variables (vertices) and E = E(H ) is the set of hyperedges.
A hypertree decomposition of H is a triple

HD = (T, x,\),
where T is a rooted tree and y, A are labeling functions such that for each node p € V(T'),
x(p) CV and Ap) CE.

For F C E write
V(F):=|JhCV

heF
For any node p € V(T), let T}, be the subtree of T rooted at p and set

X(T,) = | x@-

qu(Tp)

The triple (T, x, A) is a hypertree decomposition of H if:
(1) (Edge coverage) For each h € E there exists p € V(T') with h C x(p).

(2) (Connectedness of variables) For each Y € V', the set

{peV(D)|Y ex(p)}

induces a connected subtree of T'.

(3) (Local covering by guards) For each p € V(T),
x(p) € V(A(p))-

(4) (Special condition) For each p € V(T),

V(Ap)) N x(T,) € x(p)-

The width of HD is
width(H D) := max |A(p)|.

peV(T)
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Example 4.12.3 (Real-life example of a hypertree decomposition). Database query with
multi-attribute joins. Consider a database query that joins three relations:

R, (A, B), Ry (B, (), R3(C, D),
where A, B, C, D are query variables (attributes). Model this query as the hypergraph
H:(V,E), V:{A,B,C,D}, E:{hl,hg,hg},

with
hl = {A,B}, h2 = {B,C}, h3 = {C,D}

Define a rooted tree T" with three nodes py, po, p3 arranged as a path p; — ps — p3, rooted at ps.
Define the labels

X(pl) = {Aa B}a X(p2) = {B,C}, X(p:s) = {C’D}v

Ap1) = {1}, A(p2) = {ha}, A(ps) = {hs}.

Then HD = (T, x, ) is a hypertree decomposition of H: each hyperedge h; is contained in
X(pi) (edge coverage); each variable appears in a connected set of bags (e.g., B appears in py, pa,
and C in py, p3); each bag is covered by the variables of its guards (here equality holds); and
the special condition holds because the overlap between V (A(p;)) and variables in the subtree is
already contained in x(p;) for this path-shaped decomposition. The width is

width(H D) = max{|A(p)], A(p2) ], A (ps) [} = 1.

Operationally, this decomposition corresponds to evaluating the join by a tree-structured plan
that passes the shared attributes B and C' along a chain.

Definition 4.12.4 (SuperHypertree decomposition of an n-SuperHyperGraph). Let H™ =
(V, E) be a finite n-SuperHyperGraph. A SuperHypertree decomposition of H™ is a triple

(T787C>7

where T = (Vp, Er) is a finite tree, B = {B, C V | t € Vr} is a family of bags, and
C={C; CFE|teVr}isa family of guards, such that:
(1) Vertex coverage: V = U,y B

(2) Superedge coverage: for every e € E there exists t € Vp with e C B;.

(3) Vertex connectedness: for every v € V, the set
T, ={teVr|lve B}

is nonempty and induces a connected subtree of T

(4) Guard covering: for each t € Vi,
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(5) Guard connectedness and consistency: for every e € E, the set
T.:={teVr|ecC}

is nonempty and induces a connected subtree of T, and whenever e C B, for some t € Vp,
one also has e € C,.

Example 4.12.5 (A SuperHypertree decomposition of a 2-SuperHyperGraph). Nested soft-
ware service groups with coordinated release windows. Let the base set of engineers
be

Vo ={a,b,c,d}.

Define level-1 teams

T1 = {a,b}, T2 = {b, C}, T3 = {C, d}
For n = 2, a supervertex is a set of teams, hence an element of P(Vj) = P(P(Vy)). Let

Xo = {T1, T2}, X, = {1z}, Xy = {1y, T3}, V = {Xo, X1, X5} € P*(V).
Define two superedges (release windows)
€1 = {X07X1}7 €o = {XlaXZ}a E= {61762} g P(V) \ {(Z)}

Then H® = (V, E) is a finite 2-SuperHyperGraph.

A SuperHypertree decomposition. Let the tree T'= (Vr, Er) be the path on three nodes
Vr ={ti,t2,ts},  Er={{t1, 2}, {t2, t:}}.
Define bags and guards by
B, = {Xo, X1}, B, = {X }, B, = {X1, X,},
Cy, = {e1}, Cy, ={e1, e}, Cy, = {ea}.

We verify the conditions in Definition [4.12.4] (details omitted here, see the text below). Therefore
(T,B,C) is a SuperHypertree decomposition of H (2). In particular, each release window e; is
localized in a connected part of the tree T', while the shared service group X; forms the connected
spine that links both release windows.
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Cycle in SuperHyperGraph

This chapter investigates cycles in SuperHyperGraphs and related concepts.

5.1 Cyecles in graphs, hypergraphs, and n-SuperHyperGraphs

This section defines the notion of a cycle in three settings: graphs, hypergraphs, and n-SuperHyperGraphs.
For hypergraphs (and thus for n-SuperHyperGraphs, which are hypergraphs on supervertices),

we adopt the classical Berge notion of a cycle, because it applies to arbitrary (non-uniform)
hyperedges and is compatible with incidence-based acyclicity notions (Hypertrees and SuperHy-
perTrees).

5.1.1 Cycles in graphs

A cycle in a graph is a closed simple vertex sequence of length at least three, with consecutive
vertices adjacent and no vertex repeated except start/end. Related notions are also known, such
as cycles in fuzzy graphs [134}/135] and cycles in neutrosophic graphs [136].

Definition 5.1.1 (Cycle in a graph). Let G = (V| E) be a finite simple undirected graph. A
(simple) cycle in G is a vertex sequence

C = (/l)Ovvlv"')kalvvk) (kz?’)a

such that:
(i) vo = vg;
(ii) the vertices vg, vy, ..., V1 are pairwise distinct;

(iii) {vi—1,v;} € Eforeachi=1,... k.

The length of C is k (equivalently, the number of edges in the cycle).

Remark 5.1.2. Equivalently, a cycle can be viewed as a connected 2-regular subgraph. In this
book we use the sequence definition in Definition
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5.1.2 Berge cycles in hypergraphs

A cycle in a hypergraph is typically a Berge cycle: an alternating vertex—hyperedge sequence
returning to the start, with distinct vertices and hyperedges, consecutive vertices contained in
each hyperedge [137139).

Definition 5.1.3 (Berge cycle in a hypergraph). Let H = (V, &) be a finite hypergraph, where
ECP(V)\{0}. A Berge cycle of length k > 2 is an alternating sequence

C = (Uo, €1,V1,€E2,..., ek,vk),
such that:
(i) vo,v1,...,v5_1 € V are pairwise distinct and v, = vy;
(ii) ey, ea,...,e, € € are pairwise distinet hyperedges;

(ili) {vi—1,v;} Ce;foreachi=1,... k.

The length of C is k (the number of hyperedges used).

Remark 5.1.4. A Berge cycle in H corresponds exactly to an ordinary cycle in the incidence
graph Inc(H) (bipartite between vertices and hyperedges). Thus Berge-acyclicity is equivalent
to the incidence graph being acyclic.

Remark 5.1.5. Other cycle notions exist for uniform hypergraphs (tight cycles, loose cycles,
etc.). Definition uses Berge cycles because it is the most general and is compatible with
incidence-based hypertrees.

5.1.3 Super-Berge cycles in n-SuperHyperGraphs

A cycle in a hypergraph is typically a Berge cycle: an alternating vertex—hyperedge sequence
returning to the start, with distinct vertices and hyperedges, consecutive vertices contained in
each hyperedge.

Definition 5.1.6 (Super-Berge cycle in an n-SuperHyperGraph). Let Vj be a finite nonempty
base set and let SHG™ = (V, E) be an n-SuperHyperGraph on Vp, where V' C P*(V,) and
E CPV)\{0}. A Super-Berge cycle of length k > 2 is an alternating sequence

C = (X05815X17527 s )€k7Xk:)a

such that:

(i) Xo,X1,...,Xk_1 € V are pairwise distinct n-supervertices and X}, = X;
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(ii) €1,€9,...,€, € E are pairwise distinct n-superedges;
(ii) {X;_1,X;} Ce; foreachi=1,... k.

The length of C is k (the number of superedges used).

Remark 5.1.7. A Super-Berge cycle in SHG™ is precisely a graph cycle in the incidence
graph Inc(SHG(")), which is bipartite between n-supervertices and m-superedges. Hence an
n-SuperHyperGraph is Super-Berge-acyclic if and only if its incidence graph is a tree/forest,
depending on connectedness.

Remark 5.1.8. Definition is intrinsic at the supervertex level. If desired, one may addi-
tionally study how base-level supports Flat,, (X;) C V; evolve along a cycle, but such base-level
considerations are not required for the definition of a Super-Berge cycle.

Example 5.1.9 (Real-life example of a Super-Berge cycle in an n-SuperHyperGraph). Circular
coordination among nested departments in a product launch. Let V; be a finite set of
employees involved in a product launch:

Vo = {PM, Dev1, Dev2, QA, Legal, PR}.

Take n = 2. Interpret a level-1 object as a team (a subset of V4), and a level-2 object as a
committee (a set of teams), hence an element of P?(V}).

Define three 2-supervertices (each is a committee of teams):
Xy := {{PM}, {Dev1,Dev2}} (product & engineering committee),

X := {{QA}, {Devl,Dev2}} (quality & engineering committee),
X, := {{Legal},{PR}} (legal & communications committee).
Let V = {Xo,Xl,XQ} g PQ(%)

Assume three distinct coordination sessions (superedges) are required:
e1:={Xo, X1} (handoff: product requirements to QA plan),

g9 :={X1,Xo} (handoff: QA constraints to legal/comms review),
g3 :={Xy, Xo} (handoff: approval back to product/engineering for launch decision),
and set E := {e1,e5,e5} € P(V)\ {#}. Then SHG® = (V, E) is a 2-SuperHyperGraph.

The alternating sequence

C= (X07€17X17€27X27537X0)

is a Super-Berge cycle of length 3: the supervertices Xg, X1, Xy are distinct, the superedges
€1, €9, 3 are distinct, and each consecutive pair of supervertices co-occurs in the corresponding
coordination session. Operationally, this represents a circular dependency of approvals in the
launch process.
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5.2 Hamiltonian cycles in graphs, hypergraphs, and n-SuperHyperGraphs

This section defines Hamiltonian cycles in three settings. For hypergraphs and n-SuperHyperGraphs
we adopt the Berge notion of a cycle (alternating vertex—edge sequences), and then impose the
Hamiltonian requirement: every (super)vertex is visited exactly once.

5.2.1 Hamiltonian cycles in graphs

A Hamiltonian cycle in a graph is a simple cycle that visits every vertex exactly once and returns
to the starting vertex, using graph edges [140-143]. Related perspectives have also been studied,
such as Hamiltonian cycles in fuzzy graphs [144-147] and in neutrosophic graphs [148}149)|.

Definition 5.2.1 (Hamiltonian cycle in a graph). [140,141] Let G = (V, E) be a finite simple
undirected graph. A Hamiltonian cycle in G is a (simple) cycle

C = (Vo, V15, Up_1,0p), n:=|V|,
such that:
(i) vo = Vp;
(ii) the vertices vy, vy, ..., v,_1 are pairwise distinct;

(iii) {vi_1,v;} € F foreachi=1,...,n;

(iv) {vo,v1,...,v,_1} =V (equivalently, the cycle visits every vertex exactly once).

A graph G is called Hamiltonian if it contains a Hamiltonian cycle.

5.2.2 Hamiltonian Berge cycles in hypergraphs

A Hamiltonian cycle in a hypergraph is a Hamiltonian Berge cycle: an alternating vertex—hy-
peredge cycle visiting every vertex exactly once, with distinct hyperedges connecting consecutive
vertices (cf. [150152]).

Definition 5.2.2 (Hamiltonian Berge cycle in a hypergraph). Let H = (V, &) be a finite hy-
pergraph, where £ C P(V)\ {0}. A Hamiltonian Berge cycle in H is a Berge cycle

C = (U07617017627~-'76nvvn)5 n:i= |V‘7

such that:

(1) vo = vp;
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(i) vo,v1,...,V,_1 are pairwise distinct and {vg,...,v,_1} = V;
(iii) eq,es,...,e, € & are pairwise distinct;
(iv) {vi_1,vi} Ce; foreachi=1,...,n.

A hypergraph H is called Berge-Hamiltonian (or simply Hamiltonian when the context is clear)
if it contains a Hamiltonian Berge cycle.

Remark 5.2.3. There are several non-equivalent notions of Hamiltonicity in hypergraphs (e.g.,
tight /loose Hamilton cycles in r-uniform hypergraphs). Deﬁnitionuses Berge cycles because
it applies to arbitrary hypergraphs and is consistent with incidence-based notions of paths/cycles
used elsewhere in this book.

5.2.3 Hamiltonian Super-Berge cycles in n-SuperHyperGraphs

A Hamiltonian cycle in a superhypergraph is a Hamiltonian Super-Berge cycle: an alternating
supervertex—superedge cycle visiting every supervertex exactly once, returning to the start.

Definition 5.2.4 (Hamiltonian Super-Berge cycle in an n-SuperHyperGraph). Let V; be a finite
nonempty base set and let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, where V- C P"™(V;)
and E C P(V)\ {0}. A Hamiltonian Super-Berge cycle in SHG™ is a Super-Berge cycle

C = (X07€17X17€27"‘7EN7XN)7 N := ’V|7

such that:
(1) X() — XN,

(i) Xo,X1,..., Xn_1 are pairwise distinct and {Xo, ..., Xy_1} = V (i.e., every n-supervertex
is visited exactly once);

(iii) e1,€9,...,enx € E are pairwise distinct;
(lV) {Xiflei} - E; for each i = ]., PN ,N.

An n-SuperHyperGraph is called Hamiltonian (more precisely, Super-Berge-Hamiltonian) if it
contains a Hamiltonian Super-Berge cycle.

Remark 5.2.5. A Hamiltonian Super-Berge cycle corresponds to a cycle in the incidence
graph Inc(SHG(")) that visits every supervertex-node exactly once (while alternating through
superedge-nodes). The definition above is intrinsic at the supervertex/superedge level; any base-
level interpretation via flattening Flat,, is optional.
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Example 5.2.6 (Real-life example of a Hamiltonian Berge cycle in a hypergraph). Rotating
on-call handoff across all teams. Let V be a set of four operational teams:

V = {DB, API, Security, SRE}.

Define four incident-rotation sessions (hyperedges) in which two consecutive teams coordinate
the handoft:
e; = {DB, API}, ea = {API, Security},

es = {Security, SRE}, e, = {SRE,DB}.
Let € := {e1,e2,e3,e4} and H = (V,£). Then
C = (DB, ey, API, e,, Security, es, SRE, e4, DB)

is a Hamiltonian Berge cycle in H: it visits each team exactly once (except the start/end team)
and uses distinct hyperedges connecting consecutive vertices. Operationally, this models a weekly
rotation where responsibility passes through every team and returns to the start.

Example 5.2.7 (Real-life example of a Hamiltonian Super-Berge cycle in an n-SuperHyperGraph).
A closed review loop visiting every committee exactly once. Let V| be a finite set of
staff roles in a product organization:

Vo = {PM, Dev, QA, Legal, PR}.

Take n = 2. Interpret a level-1 object as a team (subset of V4)) and a level-2 object as a committee
(set of teams), hence an element of P?(1}).

Define four distinct committees (supervertices):
Xo = {{PM},{Dev}} (product/engineering committee),

X, = {{QA},{Dev}} (quality/engineering committee),
X, = {{Legal}, {PR}} (legal/communications committee),
X3 = {{PM},{PR}} (launch-communications committee),
and set V = { Xy, X1, Xo, X3} C P2(V}).

Let superedges represent scheduled cross-committee checkpoints:
e1 = {Xo, X1} (requirements — test plan),

g9 = {X1, X5} (test constraints — legal review),
e3 = {Xa, X3} (legal clearance — launch messaging),
g4 = {X3,Xo} (launch decision — requirements reset),

and set E = {e1,€9,€3,64}. Then
C= (X07517X17€27X27537X37€4aX0)

is a Hamiltonian Super-Berge cycle in SHG® = (V, E): it visits every committee X; exactly
once (except the repeated start/end) and uses distinct superedges. Operationally, this models a

closed governance loop that touches every committee once per release cycle.
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Bipartite Structure

In this chapter, we discuss bipartite and multipartite structures in graphs, hypergraphs, and
superhypergraphs.

6.1 Bipartite SuperHyperGraph

A bipartite graph is a graph whose vertices split into two disjoint parts, a nd every edge has
endpoints in different parts only [153H155]. As related concepts, bipartite fuzzy graphs [156],
bipartite neutrosophic graphs [157,|158], tripartite graphs [159-161], bipartable graphs [162],
and bipartite directed graphs |163}/164] are well known. In addition, as graph classes formed
by bipartite + an additional property, several families are known, including bipartite tolerance
graphs [165L/166], circular convex bipartite graphs [167,168], chordal bipartite graphs [169L/170],
and bipartite permutation graphs [171,/172]. Bipartite graphs admit efficient matchings and
colorings, model two-type relations naturally, and avoid odd cycles, simplifying many algorithms.

A bipartite hypergraph is a hypergraph with a vertex partition A LI B such that each hyperedge
intersects both parts, e N A # & and e N B # @ |173H175]. A bipartite superhypergraph is
a superhypergraph with a supervertex partition V; LI V5 such that every superhyperedge meets
both parts nontrivially. The relevant definitions and related notions are presented below.

Definition 6.1.1 (Bipartite Graph). [153H155] A graph is a pair G = (V, E) where V is a
(finite) set and E C {{u, v} CViu# v}. The graph G is bipartite if there exist disjoint sets
Vi, Vo C V such that

V=ViuV, and V{u,v}€E: (ueVi&veV)or (uecl&vel).

Equivalently, no edge has both endpoints in the same part.

Definition 6.1.2 (Bipartite Hypergraph). [173-175] A hypergraph is a pair H = (V, £) where
V is a (finite) set and € C P(V) \ {@} is a family of nonempty subsets of V' (hyperedges). The
hypergraph H is bipartite if there exist disjoint sets A, B C V such that

V=AUB and Veef: enNA#oandenB # g.
(In particular, no hyperedge is contained entirely in one part.)
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Definition 6.1.3 (Bipartite n-SuperHyperGraph). Fix an integer n > 1 and a nonempty base
set Vo. An n-SuperHyperGraph (in the sense of Chapter 2) is a pair

SHG™ = (V, E),
where the supervertex set V is a nonempty family of level-n set-objects,
V.S P (Vo) \ {0},

and the superhyperedge family is
ECP(V)\{0}.

We say that SHG™ is bipartite if there exist disjoint (nonempty) subfamilies Vi, Vo C V such
that
V=ViuV, and Vee EF: enV;#ZandenV; # .

In this case, (V1,V3) is called a bipartition of SHG™,

Example 6.1.4 (A bipartite 2-SuperHyperGraph). Let V, = {1,2,3,4} and set n = 2. Define
four level-2 supervertices (elements of P%(V;)) by

Xoo= {1142}, Xoo={{2}.03})}, Xa:={{3}.{4}}, Xu:={{1},{4}}.

Let
V= {X0, X0, X5, Xa} C P2(VG).

Partition V as
‘/1 = {XlaXS}a ‘/2 = {X23X4}’

and define a superhyperedge family
E:={e,e} CPV)\{0},  e1:={X1, Xo, X3}, e :={Xs X4}
Then SHG® = (V, E) is bipartite with bipartition (V;, V5), since
e NV ={X, X3} #9, enVy={Xyo}#g,

and

eNVi={X;} 42, eanNVa={X,} #£0.

6.2 Tripartite graph, tripartite hypergraph, and tripartite n-superhypergraph

A tripartite graph is a graph whose vertices split into three independent sets, so every edge
connects vertices from different parts, equivalently a 3-colorable graph [176H181]. A tripartite
hypergraph is a hypergraph whose vertices split into three parts, and each hyperedge contains at
most one vertex from each part |[182H184]. Related notions, such as fuzzy tripartite graphs, have
also been studied (cf. [185H187]). A tripartite n-superhypergraph partitions supervertices into
three classes, and every level-n superhyperedge, after flattening, uses at most one supervertex
from each class.
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Definition 6.2.1 (Tripartite graph). [176,/177] A (finite simple) graph is a pair G = (V, E)
with B C (‘2/) We say that G is tripartite if there exist pairwise disjoint sets V7, Vs, V3 such that

V = ViUV UV,
and every edge has its endpoints in different parts, i.e.,
V{u,v} € E, Ji#jwithueV, veV,.

Equivalently, Vi, Vs, V3 are independent sets and G is 3-colorable.

Definition 6.2.2 (Tripartite hypergraph). A (finite) hypergraph is a pair H = (V, &) with
E CP(V)\ {0}. We say that H is tripartite (or 3-partite) if there exist pairwise disjoint sets
Vi, Vo, V3 such that

V = ViUV UV,
and every hyperedge contains at most one vertex from each part:

Veec& Vie{l1,2,3}, lenVi<1.

Remark 6.2.3. Under Definition [6.2.2) every hyperedge has size at most 3. If, in addition,
le] = 3 for all e € &, then H is S-uniform tripartite and each hyperedge meets each part in
exactly one vertex.

Definition 6.2.4 (Tripartite n-superhypergraph). Fix n > 0. An n-superhypergraph is a pair
SHG™ = (v, F™),

where V # () is a set of supervertices and
FmcPr(V)\ {0}

is a family of level-n superhyperedges.

We say that SHG™ is tripartite if there exist pairwise disjoint sets V1, Vs, V3 C V such that
V - Vl L VQ (] V3,
and for every F' € F(™ | the vertex-level flattening Flat(F) C V satisfies

IFlat(F) NV, <1 (i=1,2,3).

Remark 6.2.5. If one additionally requires | Flat(F)| = 3 for all F' € F™ | then every flat-
tened superhyperedge meets each V; in exactly one element, giving a 3-uniform tripartite n-
superhypergraph.
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6.3 Parity n-SuperHyperGraphs

A parity graph is a graph where every two induced paths between any vertices have lengths
with identical parity always [188H191]. A parity n-SuperHyperGraph has a primal graph that is
parity, so induced supervertex paths share length parity for all pairs.

Definition 6.3.1 (Induced path in a graph). Let G = (V, E) be a finite simple undirected
graph. A (simple) u—v path is a vertex sequence

P = (vy,v1,...,01)

with vg = u, v, = v, all vy, ..., v, distinct, and {v;, 1,v;} € E fori=1,... k. It is an induced
u—v path if, additionally,

{vi,v;} ¢ E forall 0 <i<j <k with |i — j| > 2.

The length of P is ¢(P) := k (the number of edges traversed).

Definition 6.3.2 (Parity graph). A finite simple undirected graph G = (V, E) is called a parity
graph if for every pair of vertices u,v € V', any two induced u—v paths P, Q) in G have the same
parity of length, i.e.,

U(P)=4(Q) (mod 2).

Definition 6.3.3 (Primal (2-section) graph of a hypergraph). Let H = (V, &) be a finite hy-
pergraph, where £ C P(V)\ {0}. The primal graph (or 2-section) of H is the simple undirected
graph

Pr(H) = (V, Ep,), Ep, = {{u,v} € (}) : Je € & with {u,v} C e}.

Definition 6.3.4 (Parity hypergraph). A hypergraph H = (V&) is called a parity hypergraph

if its primal graph Pr(H ) (Definition [6.3.3)) is a parity graph (Definition [6.3.2]). Equivalently, for
every u,v € V, any two induced u—v paths in Pr(H) have lengths of the same parity.

Remark 6.3.5. If H is a (simple) graph (i.e., every hyperedge has size 2), then Pr(H) = H.
Hence Definition reduces to the usual notion of a parity graph.

Definition 6.3.6 (Primal graph of an n-SuperHyperGraph). Let V; be a finite nonempty base
set and let SHG™ = (V, E) be an n-SuperHyperGraph on V;, where V. C P"(V;) and E C
P(V)\ {0}. The primal graph of SHG™ is the simple undirected graph

Pi(SHG™) = (V, Ep,),  Ep,:={{X,Y} € (}): Je€ Ewith {X,Y} C¢}.

Definition 6.3.7 (Parity n-SuperHyperGraph). An n-SuperHyperGraph SHG™ = (V,E) is
called a parity n-SuperHyperGraph (or parity superhypergraph) if its primal graph Pr(SHG("))
(Definition is a parity graph (Definition . Equivalently, for every pair of supervertices
X,Y € V, any two induced X-Y paths in Pr(SHG(")) have lengths of the same parity.
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Example 6.3.8 (A parity 2-SuperHyperGraph). Let Vi = {a,b, ¢,d} and take n = 2. Define
four 2-supervertices (elements of P?(Vy) = P(P(Vy))) by

Xi={{a}},  Xo:={{0}}, Xs:={{c}, Xi:={d}},

and set

V = {X17X27X37X4} g P2(‘/E))
Define three superedges by
€12 = {X17X2}7 €923 1= {X27X3}7 €34 1= {X37X4}, E = {51278237534} C P(V)\{V)}-
Then SHG? = (V,E) is a finite 2-SuperHyperGraph.

Primal graph. By Deﬁnitionm7 the primal graph Pr(SHG(Z)) has vertex set V and an edge
{X,Y} whenever X #Y and {X,Y} C ¢ for some ¢ € E. Hence

E(Pr(SHG®)) = {{X1, Xa}, {Xo, X3}, { X5, Xu}},

so Pr(SHG@) is the path
Xi—Xo—X3—X,.

Parity property. In a tree (and hence in a path), there is a unique induced path between any
two vertices. Therefore, for every pair X,Y € V, any two induced X-Y paths in Pr(SHG(2))
(if one insists on considering two of them) must coincide and thus have the same length parity.
Equivalently, Pr(SHG(z)) is a parity graph (Definition . Consequently, SHG® is a parity
2-SuperHyperGraph in the sense of Definition [6.3.7]

6.4 Convex bipartite graph, convex bipartite hypergraph, and convex bi-
partite n-SuperHyperGraph

A convex bipartite graph has an ordering of one part so every neighbor set in the other part
is consecutive [192H195]. A convex bipartite hypergraph has a convex incidence graph on ver-
tices or edges, making each incidence neighborhood a consecutive interval. A convex bipartite
n-SuperHyperGraph has a convex incidence graph, so superedge memberships or incident su-
peredges appear as intervals under ordering.

Definition 6.4.1 (Convexity over one side). Let G = (U UV, E) be a finite simple bipartite
graph with bipartition (U, V). For v € V', write Ng(v) C U for the neighborhood of v in U.

We say that G is convezr over U if there exists a bijection (ordering)
o:U—{1,2,...,|U|}

such that, for every v € V, the set Ng(v) is an interval in this ordering; equivalently, there exist
integers 1 < a, < b, < |U| with

Ne(w) = {ueU: a, <o(u) <b,}.
(If Ng(v) = 0, the condition holds trivially.)

Analogously, G is convex over V if there exists an ordering 7 : V' — {1,...,|V|} such that
Ng(u) CV is a 7-interval for every u € U.

79



Chapter 6. Bipartite Structure

Definition 6.4.2 (Convex bipartite graph and biconvex graph). A bipartite graph G = (U U
V., E) is called a convex bipartite graph if it is convex over U or convex over V' (Definition [6.4.1)).

It is called biconvez if it is convex over both U and V' (possibly with different orderings).

Definition 6.4.3 (Incidence graph of a hypergraph). Let H = (V,€) be a finite hypergraph,
where £ C P(V) \ {0}. Tts incidence graph (Levi graph) is the bipartite graph

Inc(H) = (VUE, F), F = {{v,e}: veV, ec& veel,

with bipartition (V).

Definition 6.4.4 (Convex bipartite hypergraph). Let H = (V&) be a hypergraph and Inc(H)
its incidence graph.

(i) H is vertez-convez if Inc(H) is convex over V; equivalently, there exists an ordering
o:V —={1,...,|V|} such that for every hyperedge e € &, the set of its incident vertices
e C V forms an interval:

31<a,<b. <|V| suchthat e={veV: a <o(v)<b }.

(ii) H is edge-conver if Inc(H) is convex over &; equivalently, there exists an ordering 7 : & —
{1,...,|&|} such that for every vertex v € V, the set of incident hyperedges

Ew) :={ecf:vee}

is a T-interval.

(iii) H is a convez bipartite hypergraph if it is vertex-convex or edge-convex, i.e., if Inc(H) is a
convex bipartite graph (Definition |6.4.2)).

(iv) H is biconvez if it is both vertex-convex and edge-convex, i.e., if Inc(H) is biconvex.

Definition 6.4.5 (Incidence graph of an n-SuperHyperGraph). Let V4 be a finite nonempty
base set and let SHG™ = (V, E) be an n-SuperHyperGraph on V;, where V' C P"™(V}) and
E CP(V)\ {0}. Its incidence graph is the bipartite graph

InSHG™) = (VUE, F), F := {{X,e}: X€V,c€E, Xce},

with bipartition (V, E).

Definition 6.4.6 (Convex bipartite n-SuperHyperGraph). Let SHG™ = (V,E) be an n-
SuperHyperGraph and let Inc(SHG(")) be its incidence graph.
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(i) SHG™ is supervertez-convez if InC(SHG(")) is convex over V'; equivalently, there exists
an ordering o : V. — {1,...,|V|} such that for every superedge ¢ € E, the incident
supervertex set € C V' is a o-interval.

(ii) SHG™ is superedge-convez if Inc(SHG(”)) is convex over E; equivalently, there exists
an ordering 7 : E — {1,...,|E|} such that for every supervertex X € V, the incident
superedge set

E(X) ={cckE: Xee}

is a 7-interval.

(iii) SHG™ is a conver bipartite n-SuperHyperGraph if it is supervertex-convex or superedge-
convex, i.e., if Inc(SHG(")) is a convex bipartite graph.

(iv) SHG™ is biconvez if it is both supervertex-convex and superedge-convex.

Remark 6.4.7. Definitions and are direct incidence-graph liftings of the standard
convex bipartite graph notion: Inc(H) (respectively Inc(SHG("))) is always bipartite, so convex-
ity is imposed by requiring consecutive neighborhoods on one side of this bipartition.

Example 6.4.8 (A convex bipartite 2-SuperHyperGraph). Let Vi = {a, b, ¢,d} and take n = 2.
Define four 2-supervertices (elements of P*(V,) = P(P(V;))) by

Xio={{a}},  Xo:={{b}}, Xs:={{c}}, Xi:={{d}},

and set

V= {X1, Xy, X3, X4} CP*(V).
Define three superedges by
g1 = {X1, Xo}, g9 := { Xy, X3}, 3 := { X3, Xy},
E = {e1, 62,65} CP(V)\ {0}
Then SHG® = (V, E) is a finite 2-SuperHyperGraph.

Supervertex-convexity. Order the supervertices by
o(X;) =1 (1=1,2,3,4).
For each superedge ¢; € E, the incident supervertex set is a o-interval:
e ={X1, Xo} = {07 (1), 07" (2)},
2 ={Xo, X3} = {07'(2),07'(3)},
g3 = { X3, X4} = {07'(3),07"(4)}.
Equivalently, in the incidence graph Inc(SHG(Q)) every superedge-vertex is adjacent to a consec-

utive block of supervertex-vertices under the ordering o. Hence Inc(SHG(2)) is convex over V,
so SHG® is supervertex-convex.

(Optional) Superedge-convexity. If we order the superedges by 7(g;) := j for j = 1,2,3,
then for each supervertex X;, the incident superedge set F/(X;) is also a T-interval:

E(X1) ={a}, E(Xy)={e,e}, E(X3)={ee3}, E(X4)={e3}.

Thus SHG® is in fact biconver. In particular, it is a convex bipartite 2-SuperHyperGraph in
the sense of Definition [6.4.6}
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6.5 Biregular graph, biregular hypergraph, and biregular n-SuperHyperGraph

A biregular graph is a bipartite graph in which every vertex on one side has degree x and every
vertex on the other side has degree y [196H198]. A biregular hypergraph is a hypergraph whose
incidence graph is biregular, meaning each vertex lies in exactly r hyperedges and each hyperedge
has size s (cf. [199]). A biregular n-SuperHyperGraph is an n-superhypergraph whose incidence
graph is biregular, so every supervertex belongs to r superedges and every superedge contains s
supervertices.

Definition 6.5.1 ((x,y)-biregular bipartite graph). Let G = (U U V, E) be a finite simple
bipartite graph with fixed bipartition (U, V). For u € U, write deg,(u) for the degree of u in
G; similarly for v € V.

For integers x,y > 0, we say that G is (x,y)-bireqular if
dego(u) =z (Vu e U), deg(v) =y (MveV).

A graph is called biregular if it is (z,y)-biregular for some z,y.

Remark 6.5.2 (Degree balance). If G = (UUV, E) is (z,y)-biregular, then necessarily z|U| =
y|V| by double counting edge incidences.

For hypergraphs, a natural bipartite graph canonically associated with H is its incidence (Levi)
graph. We define biregularity of a hypergraph via biregularity of this incidence graph.

Definition 6.5.3 (Incidence graph of a hypergraph). Let H = (V,€) be a finite hypergraph,
where £ C P(V) \ {0}. Its incidence graph is the bipartite graph

Inc(H) = (VUE, F), F = {{v,e}: veV,ec& vee},

with bipartition (V). For v € V, the degree degy,.g)(v) equals the number of hyperedges
incident to v; for e € £, degy,q(i(€) = |e].

Definition 6.5.4 ((r, s)-biregular hypergraph). Let H = (V, £) be a hypergraph and let ;s > 0
be integers. We say that H is (r, s)-biregular if its incidence graph Inc(H) (Definition [6.5.3) is
(r, s)-biregular with respect to the bipartition (V, £); equivalently,

degr,ciny(v) =7 (Vv e V), degr,(my(e) =s (Ve €E).

In concrete hypergraph terms, this means:
(i) every vertex belongs to exactly r hyperedges (constant vertex-incidence), and
(ii) every hyperedge has cardinality s (i.e., H is s-uniform).

A hypergraph is called biregular if it is (7, s)-biregular for some r, s.
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Remark 6.5.5 (Incidence balance). If H = (V, ) is (r, s)-biregular, then r|V| = s|€| by double
counting incidences.

Definition 6.5.6 (Incidence graph of an n-SuperHyperGraph). Let V4 be a finite nonempty
base set and let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, with V' C P"(V;) and
E CP(V)\ {0}. Its incidence graph is the bipartite graph

In(SHG™) = (VUE, F), F := {{X,e}: X€V,c€F, Xce},

with bipartition (V, E). For X € V, degy,.sugm)(X) equals the number of superedges con-
taining X; for € € F, degp,csnam(€) = |el-

Definition 6.5.7 ((r, s)-biregular n-SuperHyperGraph). Let SHG™ = (V, E) be an n-SuperHyperGraph
and let 7, s > 0. We say that SHG™ is (r, s)-biregular if its incidence graph Inc(SHG™) (Defi-
nition [6.5.6) is (7, s)-biregular with respect to the bipartition (V, E), i.e.,

degp,csnaem)(X) =1 (VX €V), degp,csncmy(€) =s (Ve € E).
Equivalently:

(i) every supervertex belongs to exactly r superedges, and

(ii) every superedge contains exactly s supervertices (uniform superedge size).

Remark 6.5.8 (Balance). If SHG™ is (r, s)-biregular, then 7|V| = s|E| by double counting
incidence pairs (X, ) with X € ¢.

Example 6.5.9 (A (2,2)-biregular 2-SuperHyperGraph). Let Vy = {a, b, ¢, d} and take n = 2.
Define four 2-supervertices (elements of P*(V,) = P(P(V;))) by

Xi=Ha}}y,  Xo:={{o}),  Xs:={{c}}, Xu={{d}},

and set
Vo= {Xy, X5, X5, Xy} C 7)2(%>‘

Define four superedges (each of size 2) by
€1 = {Xl,XQ}, &2 1= {X27X3}7 €3 1= {X3,X4}, €4 1= {X47X1}7
FE = {51,52,83,54} Q P(V) \ {@}
Then SHG® = (V, E) is a finite 2-SuperHyperGraph.

Biregularity verification. In the incidence graph Inc(SHG®) (with bipartition (V,E)), a
supervertex X; is adjacent to exactly the superedges that contain it. From the definition of F,
each X; belongs to exactly two superedges:

Xy €e1,64; Xo€er,60; Xz€eg,835 Xy €364

Hence degy,sug)(Xi) =2 for all i = 1,2,3,4, sor = 2.

Likewise, each superedge €; contains exactly two supervertices by construction, so degy,.sua ) (gj) =
lej| =2 forall j =1,2,3,4, i.e., s = 2. Therefore Inc(SHG®?) is (2, 2)-biregular, and SHG® is
a (2,2)-biregular 2-SuperHyperGraph in the sense of Definition m
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6.6 Chordal bipartite graph, chordal bipartite hypergraph, and chordal
bipartite n-SuperHyperGraph

This section explains chordal bipartite graphs, chordal bipartite hypergraphs, and chordal bi-
partite n-SuperHyperGraphs.

6.6.1 Chordal bipartite graphs

Chordal bipartite graphs are bipartite graphs with no induced cycles of length at least six; leaves
are degree-one vertices there [200-203].

Definition 6.6.1 (Chord and induced cycle). Let G = (V, E) be a finite simple undirected
graph. A chord of a (simple) cycle C' = (vo, vy, . .., Up—1, V) With vy = vy, is an edge {v;,v,;} € E
such that |i — j| ¢ {1,k — 1}, i.e., the edge joins two nonconsecutive vertices of C'. A cycle is
induced (or chordless) if it has no chord in G.

Definition 6.6.2 (Chordal bipartite graph). A finite simple bipartite graph B = (X UY, E) is
called chordal bipartite if it has no induced cycle of length at least 6. Equivalently, every cycle
in B of length 2k > 6 has a chord (Definition [6.6.1]).

Remark 6.6.3. Because B is bipartite, all cycles have even length; in particular, induced 4-
cycles are allowed in chordal bipartite graphs. Thus chordal bipartite graphs are generally not
chordal graphs.

6.6.2 Chordal bipartite hypergraphs

We define the chordal-bipartite property for hypergraphs via their incidence (Levi) graphs, which
are naturally bipartite.

Definition 6.6.4 (Incidence graph of a hypergraph). Let H = (V, &) be a finite hypergraph,
where £ C P(V) \ {0}. Its incidence graph is the bipartite graph

Inc(H) = (VUE, F), F = {{v,e}: veV,ec& vee},

with bipartition (V,&).

Definition 6.6.5 (Chordal bipartite hypergraph). A hypergraph H = (V&) is called chordal
bipartite if its incidence graph Inc(H) (Definition [6.6.4) is a chordal bipartite graph in the sense
of Definition Equivalently, Inc(H) contains no induced cycle of length at least 6.

Remark 6.6.6. Definition is incidence-based and is standard in the sense that many
hypergraph “chordality” conditions are naturally expressed via the Levi graph.
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6.6.3 Chordal bipartite n-SuperHyperGraphs

An n-SuperHyperGraph whose incidence bipartite graph is chordal bipartite: every induced
cycle of length at least six has a chord.

Definition 6.6.7 (Incidence graph of an n-SuperHyperGraph). Let Vj be a finite nonempty
base set and let SHG™ = (V, E) be an n-SuperHyperGraph on Vp, where V' C P*(V,) and
E CP(V)\{0}. Its incidence graph is the bipartite graph

InSHG™) = (VUE, F), F := {{X,e}: X€V,c€E, Xce},

with bipartition (V| E).

Definition 6.6.8 (Chordal bipartite n-SuperHyperGraph). An n-SuperHyperGraph SHG™ =
(V,E) is called chordal bipartite if its incidence graph Inc(SHG™) (Definition [6.6.7) is chordal

bipartite (Definition [6.6.2)). Equivalently, InC(SHG(")) contains no induced cycle of length at
least 6.

Remark 6.6.9. This definition lifts the chordal-bipartite property to the supervertex/superedge
incidence structure. It is intrinsic at the n-supervertex level and does not require flattening to

Vo.

Example 6.6.10 (A chordal bipartite 2-SuperHyperGraph). Let the base set be
Vo ={a,b,c}.
Define three level-1 teams
T, = {a}, T, = {b}, T. = {c}.

For n = 2, define the following 2-supervertices (service groups), each an element of P?(Vj) =
P(P(Vo)):
Xl = {TaaTb}7 X2 = {Tb,Tc}a X3 = {Tb}

Set
V ={X1, X5, X3} C P*(Vp).

Define two superedges (release windows) by
g1 = { X1, Xs}, g2 = { Xy, X3}, E ={e,e2} CP(V)\ {0}

Then SHG® = (V, E) is a finite 2-SuperHyperGraph.

Chordal-bipartite verification. The incidence graph Inc(SHG®) has bipartition (V, E) and edges
X —e whenever X € €. Hence

Xi—e1—X53—e—X,
is exactly Inc(SHG(2)), which is a path. In particular, Inc(SHG(Q)) has no cycle, so it contains no
induced cycle of length at least 6. Therefore Inc(SHG(Q)) is chordal bipartite (Definition ,
and hence SHG® is a chordal bipartite 2-SuperHyperGraph (Definition .
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Definition 6.6.11 (Nested singleton embedding). Let Vi be a nonempty set and let n > 1.
Define the map ¢, : Vj — P"(V}) recursively by

n) =0}, () = {u@)} (= 1).

For a subset S C Vj, define its n-lift by

S = {1,(v) v e S} C P*(Vp).

Theorem 6.6.12 (Chordal bipartite n-SuperHyperGraphs generalize graphs and hypergraphs).
Fizn > 1.

(i) (Bipartite graphs) Let B = (X UY, Eg) be a finite bipartite graph such that every y € Y

has at least one neighbor in X. Define an n-SuperHyperGraph SHGgl) = (V,E) by taking
the base set Vo := X,

Vi={(z):ze X} CP"(V), E:={e,: yeY},

where
ey = No@) " = {in(z) : 2 € Na(y)} € POV)\ {0

Then the incidence graphs are isomorphic:
In¢(SHGY)) = B.
Consequently, B is chordal bipartite (Deﬁm’tz’on if and only if SHG(g) is chordal bipartite
(Definition [6.6.8).
(i) (Hypergraphs) Let H = (Vy,E) be a finite hypergraph. Define an n-SuperHyperGraph
SHG%) = (V, E) on the same base set Vj by
Vi={u,(v) :v eV} CP" (W), E:={e" eccé&l.
Then the incidence graphs are isomorphic:
Inq(SHGY) 2 Inc(H).

Consequently, H is a chordal bipartite hypergraph (Definition |6. 6.5) if and only if SHG%) is
a chordal bipartite n-Super HyperGraph (Definition |0.6.8).

Proof. (i) Defineamap o : VUE — X UY by

pln(@)) =2 (reX),  ¢lg):=y (WeY).

This is a bijection because = +— ¢, (x) is injective and the superedges are indexed by Y. Now,
by construction of Inc(SHG') (Definition 16.6.7)),

{tn(z),6,} € F <= 1,(xv)€e, <= x€Nply) <<= {z,y}€Es.

Thus ¢ preserves adjacency and hence is a graph isomorphism Inc(SHGg)) = B. Because iso-
morphisms preserve induced cycles and the presence/absence of chords, the property “no induced

cycle of length > 6” is preserved. Therefore B is chordal bipartite if and only if Inc(SHG()) is
chordal bipartite, which is equivalent to SHGSB") being chordal bipartite by Definition m
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(ii) Define ¢ : VU E — Vo UE by
Y(p(v)):i=v (v e Vp), p@E™):=e (ecé).
Again 1 is a bijection. Moreover,
{t,(w), e} e F — 1,(v)ee™ — wece,
which is exactly the adjacency condition in Inc(H) (Deﬁnition. Hence 1) is an isomorphism

Inc(SHG ) = Inc(H). It follows that Inc(H) is chordal bipartite if and only if Inc(SHG'}) is

chordal bipartite, i.e., H is chordal bipartite (Definition D if and only if SHGET?) is chordal
bipartite (Definition [6.6.8]). O

6.7 Complete bipartite graph, complete bipartite hypergraph, and com-
plete bipartite n-SuperHyperGraph

This section describes complete bipartite graphs, complete bipartite hypergraphs, and complete
bipartite n-SuperHyperGraphs.

6.7.1 Complete bipartite graphs

A complete bipartite graph has vertices split into two parts, with every vertex in one part
adjacent to every vertex in the other part [204-20§].

Definition 6.7.1 (Complete bipartite graph). Let G = (UUW, E)) be a finite simple undirected
bipartite graph with fixed bipartition (U, W). We say that G is complete bipartite if

E = {{u,w}:uelU weW}.
If |U| = m and |W| = n, then G is (up to isomorphism) the complete bipartite graph K, ,.

6.7.2 Complete bipartite hypergraphs

There are several reasonable “complete bipartite” analogues for hypergraphs. A canonical one
is defined via the incidence (Levi) graph, which is always bipartite.

Definition 6.7.2 (Incidence graph of a hypergraph). Let H = (V&) be a finite hypergraph,
where & C P(V) \ {0}. Its incidence graph is the bipartite graph

Inc(H) = (VUE, F), F = {{v,e}:vEV, eEE,vEe},
with bipartition (V).

Definition 6.7.3 (Complete bipartite hypergraph). Let H = (V, &) be a hypergraph. We say
that H is complete bipartite if its incidence graph Inc(H) (Definition [6.7.2)) is a complete bipartite
graph with bipartition (V, ). Equivalently,

veEe forallveVandalle € €.

In particular, every hyperedge must equal V'; hence H is complete bipartite if and only if

ECH{V} and & #0.

Remark 6.7.4. Definition is the direct incidence-graph lifting of the complete bipartite
graph concept. It is necessarily degenerate in the sense that every hyperedge must contain all
vertices. Other hypergraph notions of “complete bipartite” (e.g., based on r-uniform two-part
edges) can be defined, but they are not equivalent to incidence completeness.
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6.7.3 Complete bipartite n-SuperHyperGraphs

A complete bipartite n-SuperHyperGraph partitions level-n supervertices into two classes and
includes every admissible superhyperedge linking any supervertex from one class to the other
class.

Definition 6.7.5 (Incidence graph of an n-SuperHyperGraph). Let V; be a finite nonempty
base set and let SHG™ = (V, E) be an n-SuperHyperGraph on Vp, where V' C P"*(V}) and
E CP(V)\{0}. Its incidence graph is the bipartite graph

In¢SHG™) = (VUE, F), F := {{X,e}: X€V,c€E, Xece},

with bipartition (V, E).

Definition 6.7.6 (Complete bipartite n-SuperHyperGraph). An n-SuperHyperGraph SHG™ =
(V,E) is called complete bipartite if its incidence graph Inc(SHG™) (Definition [6.7.5)) is a com-
plete bipartite graph with bipartition (V, E). Equivalently,

Xee forall X eV andalle € E,

so every superedge equals the full supervertex set V. Hence SHG™ is complete bipartite if and
only if
EC{V} and E #0.

Remark 6.7.7. As in the hypergraph case, incidence completeness forces every superedge to
contain all supervertices. If one needs a non-degenerate “complete bipartite” notion for n-
SuperHyperGraphs, one should specify a different model, for instance by imposing a bipartition
on the supervertex set and requiring all cross-part pairs (or cross-part r-tuples) to occur within
some designated superedges.

Example 6.7.8 (A complete bipartite 2-SuperHyperGraph). Let the base set be
Vo ={a,b,c}.
For n = 2, define three 2-supervertices (each is a set of subsets of V;, i.e., an element of P?(V})):
Xi={{a}{0}}, X ={{0}Ac}},  Xs={{a}}.

Set
V == {Xl,XQ,Xg} g ,PQ(‘/O)

Now take a nonempty superedge family consisting only of the full supervertex set V', for instance
E = {c}, e:=V.

Then SHG® = (V, E) is a 2-SuperHyperGraph.

Verification. Since the unique superedge satisfies € = V', we have X € ¢ for every X € V. Thus
the incidence graph Inc(SHG®) has bipartition (V, E) and every vertex X € V is adjacent to

every ¢ € E. Hence Inc(SHG(Z)) = Kyv|, g = Ks,, which is complete bipartite. Therefore
SHG? is a complete bipartite 2-SuperHyperGraph in the sense of Definition m
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6.8 Bipartite Fuzzy Graph

A fuzzy set assigns to each element a membership degree in [0, 1] [209,210]. Fuzzy sets play a ma-
jor role in diverse domains such as control theory [211], decision-making [212], graph theory [213],
topology [214], signal processing [215], and engineering. Fuzzy graphs and fuzzy hypergraphs ex-
tend this notion by assigning membership degrees to vertices and to (hyper)edges [213}216,217].
These structures have been extensively studied, particularly for applications in decision—making
and other uncertainty—driven tasks.

Definition 6.8.1 (Fuzzy Set). [209] Let X be a nonempty universe of discourse. A fuzzy set
A on X is specified by a membership function

Ha - X — [07 1]7
where p4(x) represents the degree to which z € X belongs to A. Equivalently, one may write
A = {(z,pa(r)) |z € X}.

A classical (crisp) subset C' C X is recovered by restricting p4 to {0,1}.

Definition 6.8.2 (Fuzzy graph). [213] A fuzzy graph is a triple G = (V, o, u) where V is a finite
nonempty vertex set, o : V' — [0, 1] assigns vertex-membership degrees, and p: V x V — [0, 1]
assigns edge-membership degrees subject to

w(u,v) < min{o(u),o(v)} (Vu,v € V).

We write uv for {u, v} and abbreviate pu(uv) :

= p(u,v). The (crisp) underlying graph of G has
vertex set V' and edge set E* := {uv : p(uv) > 0}.

Definition 6.8.3 (Fuzzy hypergraph). (cf. [218219]) Let H* = (V, E, Q) be a crisp hypergraph.
A fuzzy hypergraph on H* is a sextuple

H = (V,E,0; o,u,n),

with maps
o:V —[0,1], w:E—0,1], n:V xE—][0,1],

such that for allv € V and e € F,
(support) [v € d(e)] <= n(v,e) >0, (6.1)
(incidence bound) 7(v,e) < min{o(v), u(e)},

(edge—vertex bound) u(e) < mai?)a(u).
ued(e

Here o is the vertex-membership map, p the edge-membership map, and 7 the incidence-membership
map. The underlying crisp hypergraph is (V, E, ), recoverable via (6.1)).

Definition 6.8.4 (Fuzzy n-SuperHyperGraph). (cf. |10]) Let SHG™ = (V, E) be an n-SuperHyperGraph.
A fuzzy n-SuperHyperGraph is a quadruple

(‘/7 EJ ag, :U’)a
where 0 : V' — [0,1] and p : E — [0, 1] obey the admissibility constraint

ule) < mein o(v) for every e € E.
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Definition 6.8.5 (Bipartite fuzzy graph). A fuzzy graph is a triple G = (V, 0, 1) where V' is a
finite nonempty set, o : V' — [0, 1] is a vertex-membership map, and p: V x V — [0,1] is an
(undirected) edge-membership map satisfying

w(u,v) < min{o(u),o(v)} (Vu,v € V),

and typically p(u,v) = p(v,u) and p(u,u) = 0.

We call G a bipartite fuzzy graph if there exists a partition
V = WUl

such that
p(u,v) =0  whenever (u,v) € Vi x Vj or (u,v) € Vo x Vs,

Equivalently, every crisp edge uv with pu(u,v) > 0 has one endpoint in V; and the other in V5.

Definition 6.8.6 (Bipartite fuzzy hypergraph). Let H = (V, E, 9; 0, 1, ) be a fuzzy hypergraph
in the sense of Definition m with underlying crisp hypergraph (V, E,J) and support rule
n(v,e) >0 < v e d(e).

We call ‘H a bipartite fuzzy hypergraph if there exists a partition
V = ViUl
such that every active hyperedge meets both parts, i.e., for every e € E with u(e) > 0,
de)nVy #10 and d(e) NV, #£ 0.

Equivalently (using the support axiom), for every e € E with u(e) > 0 there exist v; € V; and
vy € V5 such that
n(vi,e) >0  and  n(vq,e) > 0.

Definition 6.8.7 (Bipartite fuzzy n-SuperHyperGraph). Let SHG™ = (V, E') be an n-SuperHyperGraph,
and let (V, E, 0, 1) be a fuzzy n-SuperHyperGraph, i.e., 0 : V. — [0,1], p: E — [0,1], and

p(e) < mino(X) (Ve € E).

Xee

Define the active superedge set by

ET = {e€ E: pu(e) > 0}.

We call (V, E, 0, 1) a bipartite fuzzy n-SuperHyperGraph if there exists a partition
V = VUV,
such that every active superedge meets both parts:

enNVi#0 and eNVo #£0 (Ve € ET).
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Example 6.8.8 (A bipartite fuzzy 2-SuperHyperGraph). Let the base set be
Vo :={a, b, c,d}.

Then P(V;) consists of all subsets of Vp, and P*(V;) = P(P(V,)). Define four 2-supervertices
(each is a set of subsets of Vj):

Xi={{a,b},{c}}, Xo:={{a} {bc}},
X3 = {{d}}7 Xy = {{07 d}}

Let
V= {X1, Xy, X35, X4} CPYHV)

and define the 2-superedge family
E :={eo,e1,62,83} CTP(V)\ {0},
where
go = { X1, Xo}, e1:={X1, X3}, e:={Xo, Xu}, e3:={X1, X5 X4}

Thus SHG® := (V, E) is a 2-SuperHyperGraph.

Define the bipartition
V=ViUVs  Vi={Xy,Xa}, Vi:={Xs X4}
Assign supervertex-memberships o : V' — [0, 1] by
0(X1) =09, o(X3)=07 o(X3) =028, o(X,) =0.6,
and superedge-memberships p : E' — [0, 1] by
W(e) =0, p(er) = 08,
wu(ez) = 0.6, p(ez) =0.6.

Admissibility. For each ¢ € F,
pu(e) < mino(X).

Indeed,
w(e1) = 0.8 = min{0.9,0.8},
u(ez) = 0.6 = min{0.7,0.6},
1(es) = 0.6 = min{0.9,0.8, 0.6},
and f1(e9) = 0 holds trivially.

Bipartiteness. The active superedge set is ET = {¢ € E : u(e) > 0} = {e1,e2,e3}. Each
active superedge meets both parts:

e NV ={Xy}, ei NV ={X3};

g2 NVI ={Xo}, ea NV = {Xy};
ez M ‘/1 = {Xl}, ez N ‘/2 = {X37X4}.
Hence (V, E, 0, 1) is a bipartite fuzzy 2-SuperHyperGraph in the sense of Definition

An overview diagram is provided in Fig. [6.1
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~

q %:{Xl,Xz} %:{X&X‘l}
€1) =08
X, o(X1)=09 /_@_\ X5 o(X3)=0.8
{{a,b},{c}} {{d}}
\\\\ \@< 0.6
X, o(X3)=0.7 Xy o(X4) =06 ’
{{a},{b,c}} . {{c,d}}
2) =06
) 1(eo) = 0 (inactive) J

\ / e

Rounded boxes: supervertices X; with o(X5).
p(e;)-

Solid links: active superedges (i > 0).
0).

Circles: superedges €; with

Dashed links: inactive superedge o (u =

Figure 6.1.: A more spacious incidence-style visualization of Example m The supervertex set
is bipartitioned as V = V;UV,, and each active superedge meets both parts.

6.9 Bipartite Neutrosophic SuperHyperGraph

A Neutrosophic Set assigns independent truth, indeterminacy, and falsity degrees to each ele-
ment, allowing explicit modeling of incomplete, inconsistent information [220-223]. Moreover,
as generalizations of the Neutrosophic Set, concepts such as the Quadripartitioned Neutrosophic
Set and the Pentapartitioned Neutrosophic Set are also well known. A Single-valued Neutro-
sophic n-Superhypergraph [224] is a concept that generalizes both the Single-valued Neutrosophic
graph (2254227 and the Single-valued Neutrosophic hypergraph [228]229]. It also extends the
notion of a Fuzzy n-Superhypergraph. The formal definition and a representative example are
given below(cf. [230]).

Definition 6.9.1 (Single—valued Neutrosophic Set). [223,231] Let X be a nonempty universe.
A single—valued neutrosophic set A on X is described by a triple of functions

Ta, Iy, Fy : X — [0,1],
such that for every x € X

Here T4(x), I4(x), and Fa(x) denote, respectively, the degrees of truth-membership, indeter-
minacy—membership, and falsity-membership of & with respect to A. We write

A = {{(z,Ta(z),Ia(x),Fa(z)) |z € X }.

A fuzzy set is recovered when I4(x) = 0 and Fu(z) =1 — Ts(x) for all z.

Definition 6.9.2 (Single-Valued Neutrosophic Graph). [231] Let G* = (V, E) be a crisp
(classical) graph, where V is the vertex set and E C V x V the edge set. A single-valued
neutrosophic graph (SVNG) on G* is defined as a pair

G = (A, B),

where
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o A={(v,T4(v),14(v), F4(v)) : v € V} is the single-valued neutrosophic vertex set, with
TA,IA,FA V= [0,1],

denoting respectively the truth-membership, indeterminacy-membership, and falsity-membership
functions of vertices, such that for every v € V,

0 S TA(U)+IA('U)+FA('U) S 3.

o B = {{uwv,Ts(uw), Ip(uwv), Fg(uv)) : uv € E} is the single-valued neutrosophic edge set,
with
TBv-[B)FB E— [07 1],
satisfying for all u,v € V with uv € E:
Tp(uv) < min{Ta(u),Ta(v)},
Ip(uwv) < min{ls(u),ls(v)},

FB(U’U) Z HlaX{FA('LL), FA(U>}
If B is symmetric, G = (A, B) is called an undirected SVNG}; otherwise, it is a directed SVNG.

Definition 6.9.3 (Single-Valued Neutrosophic Hypergraph). [229,232-234] Let V' = {vy,...,vn}

be a finite vertex set, and let {E;}}, be a collection of non-empty neutrosophic subsets of V'
M

such that V = U supp(FE;). Each hyperedge F; is specified by three membership functions

i=1
TE“ IE“ FEz : V — [0, 1],

assigning to each vertex v € V its truth, indeterminacy, and falsity degrees, respectively, and
satisfying
0 < TE,(U) + IEi(U) + FEZ(U) <3 VveV

We represent E; as the set
Ei = {(v, Tg,(v), 15, (v), Fg,(v)) s v € V}.

The pair H = (V,{E;}) is called a single-valued neutrosophic hypergraph.

Definition 6.9.4 (Neutrosophic n-Superhypergraph). (cf. [224,230]) Let Vg be a finite base set
of vertices, and for each integer £ > 0 define

PO (Vo) = Va,
PHI(Vo) = P(P*(V0)),
where P(-) denotes the usual powerset. An n-Superhypergraph is a pair
SHG™ = (V, E), V C P"(Vy), E € P"(Vp).
A Neutrosophic n-Superhypergraph is then the tuple
(V, E, Tv, Iv, Fv, Tg, Ig, Fg),
where
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o Ty, Iy, Fy : V. — [0,1] assign to each n-supervertex v € V its truth-, indeterminacy-,
and falsity-membership degrees, respectively, subject to

0 < Ty(v)+ Iv(v) + Fy(v) < 3,
Yv e V.

o Tp, Ip, Fp: ExV — [0,1] assign to each n-superedge e € E and vertex v € e its truth-,
indeterminacy-, and falsity-membership degrees, respectively, subject to

0 < Tg(e,v) + Ig(e,v) + Fr(e,v) < 3,
Ve € E, Yv € e.

These functions satisfy the edge-appurtenance constraints:
Tr(e,v) < Ty(v),
Ix(e,v) < Iy(v),
Fp(e,v) < Fy(v),
Vee E, Vv Ee.

Definition 6.9.5 (Bipartite single-valued Neutrosophic graph). Let G = (A, B) be a (undi-
rected) single-valued neutrosophic graph (SVNG) on a crisp graph G* = (V, E). Let T, I, Fi :
E — [0, 1] be the edge-membership functions.

Define the set of active (crisp) edges by
Et == {uwe E: Tg(uv) > 0or Ig(uv) >0 or Fg(uv) >0}

(If one wishes to ignore edges with purely zero membership, they are excluded by this definition.)

We say that G is a bipartite SVNG if there exists a partition
V = UV,
such that no active edge lies inside a part, i.e.,
Vuv € ET, (u,v e Vi) or (u,v € Vo) = uv ¢ E*.

Equivalently,
ETC(VixVy) U (V3 x V).

Definition 6.9.6 (Bipartite single-valued Neutrosophic hypergraph). Let H = (V,{E;}M,) be
a single-valued neutrosophic hypergraph. For each hyperedge E;, define its support by

supp(E;) = {veV: Tk (v) >0or Ig(v) >0 or Fg,(v) > 0}.
We call E; active if supp(E;) # 0.

The hypergraph H is called bipartite (or 2-colorable) if there exists a partition
V = ViUV,
such that every active hyperedge meets both parts:
Vie{l,..., M} with supp(E;) # 0, supp(E;) NV} # 0 and supp(E;) N Vy # (.
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Definition 6.9.7 (Bipartite single-valued neutrosophic n-SuperHyperGraph). Let Vj be a finite
nonempty base set and let n > 0. Let SHG™ = (V, E) be an n-SuperHyperGraph on Vj, i.e.,

VePr(W),  ECPV)\{0}.

(") is a tuple

A single-valued neutrosophic n-SuperHyperGraph on SHG
N® = (V.B, Ty, Iy, Fy, Tg, Ip, Fr),

where Ty, Iy, Fy : V. — [0,1] satisfy 0 < Ty (X) + I (X) + Fy(X) < 3 for all X € V, and

Te,Ip, Fp: ExV —[0,1] satisfy 0 < Tg(e, X) 4+ Ig(e, X) + Fr(e,X) <3 forall e € E and

all X € ¢, together with the edge-appurtenance bounds

Tu(e, X) < Tv(X), Iple,X) <Iy(X), Fgple,X)<Fo(X) (Vee€BE VX ce).

Define the active superedge set of N'™ by
Et = {c€ B: 3X € e with Tp(s, X) > 0 or Ip(e, X) > 0 or Fo(s, X) > 0}.

(Equivalently, e € E* iff it has at least one incident pair (¢, X) with nonzero neutrosophic
membership in some component.)

We call N bipartite if there exists a partition of the supervertex set
V = ViUV,
such that every active superedge meets both parts:
eNVi#0 and enVo#0  (Vee ET).

In other words, the support superhypergraph (V, E™) is bipartite in the hypergraph sense (Prop-
erty B).

Example 6.9.8 (Real-life example of a bipartite single-valued neutrosophic n-SuperHyperGraph).
Hospital governance under uncertain incident information. Consider a hospital that co-
ordinates patient-care actions across multiple clinical units (care teams) and administrative units
(compliance/operations teams). Some incident reports are reliable, some are ambiguous, and
some are partially false; this is naturally modeled by single-valued neutrosophic memberships.

Base set and supervertices (take n = 1). Let V{ be the set of individual staff roles involved
in incident response:

Vo = {Surgeon, Oncologist, Nurse, Pharmacist, Compliance, Ops}.
Let n = 1. Define four 1-supervertices (each is a subset of V{)) representing teams:
X, = {Surgeon, Nurse} (Surgery team), X, = {Oncologist, Pharmacist}  (Oncology team),

Y; = {Compliance} (Compliance unit), Y, = {Ops} (Operations unit),

and set

V= {X17X27}/17}/2} - 7)(‘/0)
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Bipartition. Let

Vi = {X, X2} (clinical), Vo :={Y1,Y>} (administrative), V =VUV,.

Superedges (joint response stages). Define two superedges capturing multi-team coordina-
tion requirements:

g1 ={X1,Y1} (sterility-incident review), go = {X5,Y1,Ys} (drug-safety escalation),

and let B = {e,,6,} € P(V)\ {#}. Then SHGY = (V, E) is a valid 1-SuperHyperGraph.

Neutrosophic memberships (single-valued). Assign supervertex degrees (one triple per
team):

(Ty, Iy, Fy)(X1) = (0.90,0.05,0.05), (Ty, Iy, Fy/)(X5) = (0.85,0.10,0.05),

(Ty, Iy, Fyv ) (Y1) = (0.95,0.03,0.02), (Ty, Iy, Fy)(Yz) = (0.80,0.15,0.05),

(all sums < 3). For edge—appurtenance, specify for each incident ¢ € E and each Z € ¢ a
triple (Tg(e, Z),Ip(e,Z), Fr(e, Z)) € [0,1]* bounded componentwise by (1v, Iy, Fy/)(Z). For
instance,

(Tg, Iz, Fg)(e1, X1) = (0.70,0.10,0.05),
(Tg, Ik, Fg)(e1, Y1) = (0.80,0.05,0.02),

(Tg, I, Fg)(e2, X5) = (0.65,0.15,0.05),

(Tg, I, Fg)(es, Y1) = (0.75,0.05,0.02),
(T, Ip, Fg)(es,Ys) = (0.60,0.20,0.05),

so each component respects the appurtenance bounds (e.g., 0.70 < 0.90, 0.10 < 0.05 is not
allowed, hence we choose Ig(ey, X;) = 0.05 if strict adherence is required; similarly adjust any
component to satisfy I(e, Z) < Iv(Z), Fr(e, Z) < Fy(2))[]

Bipartiteness. Both superedges meet both parts:
e NVi={X1} #0, esNVa={Y1} #0,

2NV ={Xo} #0, eaNVo = {Y1,Ys} # 0.

Moreover, since each listed appurtenance triple is nonzero in at least one component, both €1, &5
are active, i.e., E* = E. Hence the single-valued neutrosophic 1-SuperHyperGraph N =
(V,E, Ty, Iy, Fy,Tg, I, Fg) is bipartite with bipartition V' = V,UV5.

Interpretation. Clinical teams (supervertices in Vi) and administrative teams (supervertices
in V5) must jointly participate in each incident stage (superedges). The neutrosophic degrees
quantify the reliability (77), ambiguity (I), and refutation level (F') of reported participation
and evidence, while bipartiteness enforces that no stage involves only clinical teams or only
administrative teams.

'If you adopt the common convention Fr(e, Z) > Fy(Z ) instead, swap the falsity inequality accordingly; the
bipartite definition below is unaffected.
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6.10 Bipartite Uncertain SuperHyperGraph

An Uncertain Set assigns to each element a degree from an uncertainty model, unifying fuzzy,
intuitionistic, neutrosophic and plithogenic frameworks [1,235]. An Uncertain Graph is a graph
where vertices or edges carry degrees in an uncertainty model, subsuming fuzzy, intuitionis-
tic, neutrosophic. An Uncertain HyperGraph assigns uncertainty-model degrees to vertices and
hyperedges in a hypergraph, modeling complex higher-order connections under incomplete in-
formation. An Uncertain SuperHyperGraph equips each supervertex and superedge in an n-
SuperHyperGraph with uncertainty-model degrees, handling hierarchical uncertainty system-
atically and rigorously. We first recall the notion of an Uncertain Model, which provides the
membership—degree domain.

Definition 6.10.1 (Uncertain Model). [235] Let U denote the class of all uncertain models.
Each M € U is specified by

o a nonempty set Dom(M) C [0, 1]* of admissible degree tuples for some fixed integer k > 1;

+ model-specific algebraic or geometric constraints on elements of Dom(M) (for example,
1+ v <1 in the intuitionistic fuzzy case, or T'+ I + F' < 3 in the neutrosophic case).

Typical examples include:

o Fuzzy model: Dom(M) = |0, 1];

o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]* | p+v < 1};

o Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]? |0<T+ I+ F <3}

Plithogenic model, and many other extensions.

Definition 6.10.2 (Uncertain Set (U-Set)). [235] Let X be a nonempty universe, and let M
be a fixed uncertain model with degree-domain Dom (M) C [0, 1]*. An Uncertain Set of type M
(or U-Set for short) on X is a pair

U= (XvuM)v

where

par 2 X — Dom (M)

is called the uncertainty—degree function (or membership map) of U.

For z € X, the value pp(xz) € Dom(M) encodes the degree(s) to which = belongs to the
uncertain set, according to the model M.
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Definition 6.10.3 (Uncertain Graph). [1] Let G = (V, E) be a (finite, undirected, loopless)
graph and let M be an uncertain model with degree-domain Dom(M). An Uncertain Graph of
type M is a triple

Gu = (V. E, ),

where
prr 2 VUE — Dom(M)

assigns to each vertex v € V and each edge e € E an uncertainty degree s (v) or pps(e) in
Dom(M).

Optionally, one may impose model-specific consistency conditions between vertex and edge de-
grees (for instance, pys(e) bounded in terms of pps(u) and pp(v) for e = {u,v} in fuzzy or
intuitionistic fuzzy graph models), but these constraints are encoded in the choice of M and are
not fixed at the level of this general definition.

Definition 6.10.4 (Uncertain HyperGraph). |[1] Let H = (V| E) be a hypergraph and let M
be an uncertain model with degree-domain Dom(M). An Uncertain HyperGraph of type M is

a triple
Hy = (Va E, ,UM)7

where

Mar - VUE—>DOHI(M)

assigns an uncertainty degree to each vertex v € V' and each hyperedge e € F.

As in the graph case, possible relations between vertex and hyperedge degrees (for instance,
bounds of jp(e) in terms of pp(v) for v € e) are governed by the chosen model M and its
constraints.

Definition 6.10.5 (Uncertain n-SuperHyperGraph). |[1] Let V; be a finite base set and let
n € Ny. Assume that an n-SuperHyperGraph on V; is given by

SHG™ = (V,,, E),

where

0#V,CP" (Vo) and 0# E CP(V,)\ {0},

so that each n-superedge e € F is a nonempty subset of the n-supervertex set V,.

Let M be a fixed uncertain model with degree-domain Dom(M) C [0,1]*. An Uncertain n-
SuperHyperGraph of type M is a triple

SI(\;L) - (VnuE),U’M)7

where

ta 2 Vi, UE — Dom(M)

assigns to each n-supervertex v € V,, and each n-superedge e € E an uncertainty degree i/ (v)
or ppr(e) in Dom(M).

Any additional relations between the degrees of n-superedges and the degrees of the n-supervertices
they contain (for example, model- specific bounds or aggregations) are imposed by the chosen
uncertain model M and are not fixed at the level of this general definition.

For n =0 and V, = V,,, the above notion reduces to an Uncertain HyperGraph of type M.
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Definition 6.10.6 (Support of an uncertain structure). Fix an uncertain model M with degree-
domain Dom (M) C [0,1]*. For a degree tuple d = (dy, ..., d;) € Dom(M), write

d#0 < 3FJie{l,...,k} withd; >0,
where 0 := (0,...,0) € [0,1]".

Definition 6.10.7 (Bipartite uncertain graph). Let Gy = (V) E, ups) be an uncertain graph of
type M, where G* = (V, E) is a finite undirected loopless graph and uy, : VU E — Dom(M).

Define the active (support) edge set by
Et :={e€FE: puyle)#0}.

(Equivalently, e is active if at least one coordinate of pys(e) is positive.)

We call Gy a bipartite uncertain graph if there exists a partition
V = UV,
such that no active edge is internal to a part:
V{u,v} € E*, —(u,v € Vi) and —(u,v € V5).

Equivalently, the support graph (V, E™) is bipartite in the classical sense.

Definition 6.10.8 (Bipartite uncertain hypergraph). Let Hy, = (V, E, uy) be an uncertain
hypergraph of type M, where H* = (V, E') is a hypergraph and p; : V U E — Dom(M).

Define the active (support) hyperedge set by
Et == {e€FE: uyle) #0}.

We call Hys a bipartite uncertain hypergraph (i.e., 2-colorable / Property B on the support) if
there exists a partition

V = ViUV,
such that every active hyperedge meets both parts:
Vee ET, eNVi#0 and eNVy # 0.

Definition 6.10.9 (Bipartite uncertain n-SuperHyperGraph). Let SV = (V, E, jua;) be an
uncertain n-SuperHyperGraph of type M, where V is the set of n-supervertices and E C P(V)\
{0} is the set of superedges, and puy : V U E — Dom(M).

Define the active (support) superedge set by
Et :={ce€eFE: puyule)#0}.
We call Sz(\:;) a bipartite uncertain n-SuperHyperGraph if there exists a partition
V = ViUl
such that every active superedge meets both parts:
Vec ET, eNVi#0 and N Vs # 0.
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Example 6.10.10 (A bipartite uncertain n-SuperHyperGraph in practice). Cross-team soft-
ware release governance under an uncertain model. Consider a company that ships
a product through coordinated releases involving engineering groups and control groups (se-
curity /compliance/ops). Some coordination events are well verified, others are only partially
supported; this is modeled by an uncertain degree domain.

Uncertain model. Let M be the fuzzy uncertain model with Dom(M) = [0,1] and dis-
tinguished zero degree 0 = 0. (Any other uncertain model M with a distinguished 0 works
similarly.)

Base set and supervertices (take n = 2). Let the base set Vj be a set of individual engineers:
V, = {A,B,C,D,E,F}.
Define four 2-supervertices (elements of P?(Vp)) as sets of teams:
X, :={{A,B},{C}} (Backend program), X, :={{D},{E}} (Data program),

Yi := {{F}} (Security review unit), Y, := {{B,E}} (Operations rollout unit),

and let
V = {X17X27}/17}/2} g 7)2(%)

Bipartition of supervertices. Let

Vi:={X1, X2} (product programs), Vo :={Y1,Y2} (control units), V =1,UVs.

Superedges (multi-party release checkpoints). Define two superedges:
g1 :={X1,Y1} (security gate for backend),

g9 :={X5,Y7,Y>} (data release with security & ops),
and set E := {e;,e,} CP(V)\ {0}.

Uncertain degrees and active superedges. Define py : VUE — [0, 1] by (example values)
par(X1) = 0.9, pa (X2) = 0.8, par (Y1) = 0.95, pn(Yz) = 0.7,
ua(e1) = 0.6, par(g2) = 0.4.
Then s (e;) # 0, so both superedges are active:
Et={c€ E:puyu(e)#0} =E.

Bipartiteness check. Each active superedge meets both parts:
anNVi={Xi}#0, esNVo={Y1} #0,
NV ={Xo} #0, eaNVo = {Y1, Yo} #0.

Hence SJ(\? = (V,E, ) is a bipartite uncertain 2-SuperHyperGraph in the sense of Defini-
tion [6.10.9

Interpretation. Supervertices represent nested organizational entities (collections of teams), while
superedges represent release checkpoints that must involve both product programs and control
units. The uncertainty degree pjs encodes strength or confidence of participation/evidence;
active checkpoints (uy # 0) are required to span both sides of the bipartition.
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6.11 Multipartite SuperHypergraph

A multipartite graph partitions vertices into k disjoint parts, and every edge connects two ver-
tices from different parts only [236-239]. Multipartite graphs model multi-group interactions,
forbid within-group edges, simplify constraints, and enable efficient colorings, matchings, and
partition-based optimizations. As a further extension of multipartite graphs, we discuss iterated
multipartite graphs in the Appendix.

A multipartite hypergraph partitions vertices into k disjoint parts, and each hyperedge contains
at most one vertex from each part [240-243]. A multipartite superhypergraph partitions n-
supervertices into k disjoint classes, and each superhyperedge selects one supervertex from each
class. The relevant definitions and related notions are presented below.

Definition 6.11.1 (k-partite graph; multipartite graph). [244-246] Let k > 2. A (simple)
graph is a pair G = (V, E) where V is a set of vertices and E C ( ‘2/) is a set of (2-element) edges.
We say that G is k-partite if there exist pairwise disjoint sets Vi, ..., V} such that

V = VlL‘J...UVk

and for every edge {u,v} € E there exist indices ¢ # j with v € V; and v € V}. If G is k-partite
for some k > 2, then G is called multipartite.

Definition 6.11.2 (k-uniform multipartite hypergraph). Let k > 2. A k-uniform multipartite
hypergraph is a hypergraph H = (V,&) for which there exist pairwise disjoint vertex classes
Vi,..., Vi such that

V = VU UV,

and the hyperedge family £ can be represented as a set of k-tuples
ECVI X - XV,

where each hyperedge e = (v1,...,vx) € € corresponds to the k-element subset {vq,..., v} C
V, equivalently satisfying [{vy,...,v} NV =1foralli=1,... k.

Definition 6.11.3 (k-uniform multipartite n-superhypergraph). Let » > 1 and k& > 2. Let
Vo1, -+, Vo be pairwise disjoint nonempty base sets, and define the k vertex classes by

Vi i=P" " (Vou) (i=1,....k).
A k-uniform multipartite n-superhypergraph is a hypergraph H = (V, £) such that
V= VU- UV, ECVy X xV,,

and each hyperedge e = (vy,...,v;) € € selects exactly one (super)vertex v; € V; from each
class.

In particular, when n = 1 we have V; = P°(V;;) = Vo, so the above definition reduces to the
usual k-uniform multipartite hypergraph on the base vertex classes.
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Example 6.11.4 (3-uniform multipartite 2-superhypergraph). Let n = 2 and k = 3. Take
pairwise disjoint nonempty base sets

Vo1 = {a,b}, Voo :={c}, Vos = {d,e}.
Since n — 1 = 1, the three vertex classes are the powersets
Vi=PWVo,), Vo =PVo2), Vs =P(Vos).
Choose the (super)vertex set V C V;UV,UV5 by specifying a few elements from each class:

VO = {{a}, {b}, {a,b}} C V1,
V@ = {{c}} C Vs, Vi=vWyveyye,
VO i— {{d}, {e}, {d e} C Vi,

Define a hyperedge family &€ C V; x V5 x V3 by

g = {61) €2, 63}5

where each edge selects exactly one element from each class:

er == ({a}, {c}, {d}),
ez = ({b}, {c},{d,e}),
€3 1= ({a, b}, {c}, {e}).
Then H := (V,€) is a 3-uniform multipartite 2-superhypergraph: the vertex set is partitioned

into three classes V), V) V) and every hyperedge e; € & is a triple (v1, vq, v3) With v; € Vi,
i.e., it chooses exactly one (super)vertex from each class.

Definition 6.11.5 ((Recall) Nested singleton lift within each part). Let W be a nonempty set
and let m > 0. Define ¢y : W — W by (o(w) := w, and for m > 1 define recursively

tm(w) = {tpmo1(w)} € P™(W).
Thus ¢, : W < P™(W) is an injective map.

Definition 6.11.6 ((Recall) 2-section of a hypergraph). Let H = (V, &) be a hypergraph. Its
2-section (or shadow graph) is the graph 0,(H) = (V, E,) where {u,v} € E, if and only if u # v
and there exists e € £ with {u,v} Ce.

Theorem 6.11.7 (Multipartite n-SuperHyperGraphs generalize multipartite hypergraphs and
multipartite graphs). Fiz integers n > 1 and k > 2.

(i) (Multipartite hypergraphs are the case n = 1.) Let H = (V, &) be a k-uniform multipartite
hypergraph with verter partition V. = Vo,lL'J-'-UVo,k and & C Vo1 x - X Voi. Then H
is exactly a k-uniform multipartite 1-superhypergraph in the sense of Definition (k-uniform
multipartite n-superhypergraph).

More generally, for anyn > 1 one obtains a k-uniform multipartite n-superhypergraph H™ =
(V) €M) whose incidence structure is naturally identified with that of H, by the partwise
lift
k k
v = U{Ln,l(v) v eVt C UP"_l(Vo,i),
i=1 i=1
and
k
g(n) = {(Ln—l(vl)a ey Ln—l(vk)) : (’Ul, v ,'I}k> [ 5} g Hpn—l(%ﬂ_).
i=1
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(7i) (Multipartite graphs embed via a standard k-uniform multipartite expansion.) Let G =
(V, E) be a finite k-partite graph with vertex partition

Vo= Vo U UVos,  EC |J (VouxVoy)

1<i<j<k
Choose new “filler” vertices f; ¢ V' (one for each part) and set
Vi = Vos UL} (= 1,...h)
Define a k-uniform multipartite hypergraph Hg = (V',Eg) by
Vo= Vol,lo"'uw,k:
and for each edge {u,v} € E withu € Vo;, v € Vy; (i # j), define the k-tuple (hyperedge)
Cuv = (@1, 2p) € Vi X - X Vi,

where ©; = u, x; = v, and x, = fo for all ¢ ¢ {i,5}. Let E¢ := {ey, : {u,v} € E}. Then
Hg is k-uniform multipartite, and the original graph G is recovered as the induced subgraph
of the 2-section 02(Hg) on the original vertex set V:

G = 0y(Hg)[V].

Consequently, by applying the partwise lift in (i) to the base partition (Vg ,..., V), every
k-partite graph arises canonically from a k-uniform multipartite n-superhypergraph via a
shadow/2-section and restriction to non-filler vertices.

Proof. (i) If n = 1, then P°(Vp,;) = Vi, and the definition of a k-uniform multipartite 1-
superhypergraph coincides verbatim with that of a k-uniform multipartite hypergraph: vertices
are partitioned into k classes and each hyperedge selects exactly one vertex from each class. For
general n > 1, the map ¢,_; in Definition is injective on each part, so V(™ is naturally
identified with V' (part by part). Moreover, each hyperedge (v1, ..., vy) € £ corresponds uniquely
to the lifted hyperedge (tn—1(v1),. ., tn_1(vg)) € EM™. Thus H™ is a k-uniform multipartite
n-superhypergraph that is incidence-isomorphic to H.

(ii) By construction, every e,, € £z contains exactly one vertex from each part Vj;, so Hg is
k-uniform multipartite. Consider the 2-section 0y(Hg) (Definition and restrict it to V.
If {u,v} € E, then u and v appear together in the hyperedge €,,, so {u,v} € E(8:(He)[V]).
Conversely, if {u,v} C V is an edge of 02(Hg), then there exists e, € £z such that {u,v} C
€;y. But in any e,,, the only non-filler entries are precisely the two endpoints « and y of the
original graph edge (all other coordinates are fillers f;). Hence {u,v} = {x,y} € E. Therefore
02(Hg)[V] has exactly the same edge set as G, proving G = 0,(H¢g)[V]. Applying the lift from
(i) to Hg yields the claimed realization via an n-superhypergraph. O

6.12 Complete multipartite graph, complete multipartite hypergraph, and
complete multipartite n-SuperHyperGraph

A complete multipartite graph partitions vertices into k£ independent parts and includes every
possible edge between distinct parts [236,247-250]. A complete multipartite k-uniform hyper-
graph partitions vertices into k parts and contains every transversal hyperedge selecting one ver-
tex per part. A complete multipartite k-uniform n-SuperHyperGraph partitions n-supervertices
into k classes and includes all transversal superedges across classes.
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Definition 6.12.1 (k-partite and complete k-partite graphs). Let k& > 2. A (finite) simple
graph is a pair G = (V, E) with E C (‘2/) We say that G is k-partite if there exist pairwise
disjoint (possibly empty) sets Vi, ...,V such that

V =W .- UVk
and every edge has endpoints in different parts:
{u,v} e E = Ji# jwithueV,, veV,.

Such a family (V1,...,V}) is called a k-partition of G.

Given a k-partition (V1,..., V), we say that G is complete k-partite (with respect to this par-
tition) if, additionally, every cross-part pair is an edge:

Vi#j, YueV, VveV,, {uv}ekE.

If |Vi|] =mn; for i =1,...,k, such a graph is denoted K,,, .. A graph is complete multipartite
if it is complete k-partite for some k > 2.

Remark 6.12.2. A complete k-partite graph is the complement of a disjoint union of k cliques
(one clique on each part V;).

Definition 6.12.3 (Complete k-partite k-uniform hypergraph). Let £ > 2 and let V;,...,V} be
pairwise disjoint nonempty sets, and set V := V;U---UV,. Define the family of all transversals
(one vertex from each part) by

Ecomp = {{vl,...,fuk}QV: vievgforallizl,...,k}.

The hypergraph
k
Kx(/l?...,vk = (Vagcomp)

is called the complete k-partite k-uniform hypergraph on (Vi,..., V). A hypergraph is called
complete multipartite if it is isomorphic to K‘(/]I )Vk for some k£ > 2 and some nonempty parts

Vi,.... Vi

Definition 6.12.4 (Complete k-partite k-uniform n-SuperHyperGraph). Let n > 1 and k > 2,
and let Vi,...,V; be pairwise disjoint nonempty sets of n-supervertices (i.e., V; C P"™(Vy) for
some base set Vp). Set V := VjU---UV,, and define

Foomp = {{Xl,...,Xk}gV: Xiemforauz':L...,k}.

Then
k
K‘(/l?uwv

k

= (V7 Ecomp)

is called the complete k-partite k-uniform n-SuperHyperGraph on (Vi, ..., Vi). Ann-SuperHyperGraph

is called complete multipartite if it is isomorphic to K‘(/If )Vk for some k > 2 and some nonempty
supervertex classes Vi,...,V}.
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Example 6.12.5 (A concrete k-uniform multipartite n-superhypergraph). We give an explicit
example with £k = 3 and n = 2.

Base classes. Let the three pairwise disjoint nonempty base sets be
Vo,l = {(I, b}, Vo,z = {C, d}, %,3 = {67 f}

Since n = 2, we have n — 1 = 1, hence the three vertex classes are the powersets
Vi=P!'(Vo1) = P(Voa) = {0, {a},{b}, {a,b}},

Vo =P(Voo) = {0.{c}.{d}. {c.d}},  Va="P(Vos) = {0.{e}, {f}.{e, f}}.

Let
Vi=V,UV,UJV;.

Hyperedges (3-uniform and 3-partite). Define a hyperedge set £ C V; x V5 x V3 by selecting
triples that pick exactly one element from each class:

€= {({a}v{c,d},{e})v ({a, b}, {d}, {f}), ({b},{c},{e,f})},

Then H = (V, ) is a 3-uniform multipartite 2-superhypergraph: each hyperedge e = (vq, va,v3) €
& chooses exactly one vertex v; € V; from each part Vi, V;, Va.

Remark. The empty set is permitted as a vertex in each class V; = P(V;;); if desired, one may
restrict to P(Vp;) \ {0} without changing the multipartite k-uniform mechanism.
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Chapter 7

Planarity

In this chapter, we extend the notions of planarity and planar graphs to the SuperHyperGraph
setting and investigate their fundamental properties.

7.1 Planar SuperHypergraphs

A planar graph is a finite graph drawable on the plane without edge crossings, using noninter-
secting straight or curved edges [251}-253]. As concepts related to planar graphs, notions such
as quasi-planar graphs [254-256|, planar digraphs [257,1258|, co-planar graphs [259,1260|, fuzzy
planar graphs [261,262], biplanar graphs [263}/264], and neutrosophic planar graphs [265-268]
are well known. Planar graphs are often not structurally complex, and because their edges do
not cross, they offer high visual clarity for human interpretation. For this reason, the notion of
planarity has been widely applied in many research papers.

A planar hypergraph is a finite hypergraph whose incidence graph admits a planar embedding
without edge crossings in the plane [28269]. A planar SuperHyperGraph is a finite SuperHy-
perGraph whose incidence graph can be embedded in the plane without any edge crossings. The
relevant definitions and related notions are presented below.

Definition 7.1.1 (Incidence graph of a hypergraph). Let H = (V, E) be a finite hypergraph
with incidence map 0 : E — P*(V'). The incidence graph of H is the bipartite graph

B(H) := (VUE, F),

where

F = {{v,e} CVUE |e€E, vedle)}.

Definition 7.1.2 (Planar hypergraph). [28,269] A hypergraph H = (V| E) is called planar if
its incidence graph B(H) is a planar graph, i.e. it admits a drawing in the plane with no edge
crossings.
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Definition 7.1.3 (Incidence graph of an n-SuperHyperGraph). Let H™ = (V, E,d) be an n-
SuperHyperGraph, where 0 : E — P*(V) is the incidence map (as defined earlier in the text).
The incidence graph of H™ is the bipartite graph

B(H™) = (VUE, F™),

where

FM = {{v,e} CVUE|e€ E, vedie)}.

Definition 7.1.4 (Planar n-SuperHyperGraph). An n-SuperHyperGraph H™ = (V, E,9) is
called planar if its incidence graph B (H(”) ) is a planar graph.

Example 7.1.5 (A planar 2-SuperHyperGraph). Let the base set be Vy = {a,b,c} and take
n = 2. Define three 2-supervertices (each is an element of P?(V4) = P(P(Vs))) by

Xo:={{a}}, Xp:={{b}},  Xe:={{c}}.

Set
V = {Xa7Xb7Xc} g PQ(%))

and define two superedges by
g1 = {X,“Xb}, Eg = {Xb,XC}, E = {61762} Q P(V) \ {@}

Then H® := (V, E, 9) (with the natural incidence map 9(g) = ¢) is a finite 2-SuperHyperGraph.

Its incidence graph B(H®) has vertex set V U E and edges X—¢ whenever X € d(¢). Hence
Xo—e1—Xp—e2—X,

is exactly B (H(Q))7 which is a path and therefore planar. Consequently, H® is a planar 2-
SuperHyperGraph.

7.2 OQOuterplanar SuperHypergraph

An outerplanar graph is a planar graph that admits an embedding in which every vertex lies
on the boundary of the outer face [270,[271]. Outerplanar graphs generalize the class of pla-
nar graphs, and several related variants have been studied, including fuzzy outerplanar graphs
[272H276], neutrosophic outerplanar graphs [267], and outerplanar directed graphs [277H279].
Outerplanar graphs form a tractable planar subclass with strong structural characterizations,
enabling efficient algorithms, clear embeddings, and useful bounds for width parameters and
graph drawing applications (cf. [280L281]). The relevant definitions and related notions are
presented below.

An outerplanar hypergraph is defined as a hypergraph whose incidence bipartite graph is outerpla-
nar, so that all vertices can be placed on the outer face in some planar embedding [282,283]. An
outerplanar superhypergraph is a superhypergraph whose extended incidence graph—obtained by
adding auxiliary links between hyperedges—admits an outerplanar embedding. In other words,
the enriched incidence structure must remain outerplanar when drawn in the plane.
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Definition 7.2.1 (Outerplanar graph). [270,271] A (finite, simple) graph G = (V, E) is outer-
planar if there exists a plane embedding of G in which every vertex of G lies on the boundary
of the unbounded (outer) face.

Definition 7.2.2 (Incidence (bipartite) representation of a hypergraph). Let H = (V,€) be a
(finite) hypergraph, where () ¢ & C P(V). Its incidence graph (or bipartite representation) is
the bipartite graph

B(H):= (VUE, F), F:={{v,e}:veV, ec& vee}

Definition 7.2.3 (Outerplanar hypergraph). [282,283] A hypergraph H is outerplanar if its
incidence graph B(H) is an outerplanar graph.

Definition 7.2.4 (Shadow of a hypergraph). Let H = (V, ) be a hypergraph. Its shadow (or
2-section) is the graph

OH) = (V, {{u,v} : u # v, Je € € with {u,v} C e}).

Definition 7.2.5 (Outerplanar 3-uniform hypergraph (Zykov-type)). Let H = (V,&) be 3-
uniform (i.e., |e| = 3 for all e € £). We say that H is outerplanar if O(H) has an outerplanar
embedding such that, for every hyperedge e = {a, b, c} € £, the vertices a, b, ¢ bound an interior
triangular face of that embedding.

Definition 7.2.6 (n-SuperHyperGraph via iterated super-links). Fix an integer n > 1. An
n-superhypergraph is a tuple
S= (M51762""a5n)

such that
Ei .
E CP(V) and & C ( 21> for every 2 < i < mn,

where P*(X) := P(X) \ {@}. Elements of & are (hyper)edges, and elements of &; (i > 2) are
called level-i super-links (links between level-(i — 1) objects).

For n = 1 this is exactly a hypergraph (V,&;). For n = 2 this is exactly a superhypergraph
(V, &1, A) with A = & C ().

Definition 7.2.7 (Extended bipartite representation of an n-superhypergraph). Let S = (V, &y, ...

be an n-superhypergraph. Its extended bipartite representation is the (simple) graph
Bé:@(s) = (‘/exta Fext)a
where the vertex set is the tagged (disjoint) union
‘/ext :VUglquU Ugn,

and the edge set is the union
Fext :F1UF2UUFn,

with
Fi:={{v,e} : veEV, e€&, veel,

and for every 2 <1 < n,
Fi = {{l’,)\} D AE gl‘, WS 51‘,1, x € )\}
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Definition 7.2.8 (Outerplanar n-SuperHyperGraph). An n-superhypergraph S is outerplanar
if
B™ (S)

ext

is an outerplanar graph.

Example 7.2.9 (An outerplanar 2-SuperHyperGraph). We construct a concrete 2-superhypergraph

S = (V, &1, &) whose extended bipartite representation Béil(S) is outerplanar.

Level 1 (a hypergraph). Let
V ={a,b,c,d}.

Define three level-1 hyperedges by

€1 = {CL, b}’ € = {b) C}? €3 = {CJ d}7 51 = {61762763} g 7)*(‘/)

Level 2 super-links between hyperedges. Define two level-2 super-links (each links two
level-1 edges) by

E
)\1 - {81,62}7 )\2 - {62763}5 82 — {>\17>\2} g (;) .

Thus S = (V, &, &) is a 2-superhypergraph in the sense of Definition (n-SuperHyperGraph via
iterated super-links).

Outerplanarity check via the extended representation. The extended bipartite represen-
tation B)(S) has vertex set

ext
‘/ext - V U gl U 82 - {(l7b,C,d} U {61762763} U {)‘17)\2}7
and edges of two types:
Fi={{v,e}:veV,ecé&, vee}, F,={{e,A\}:ec &, A&, ec A}

Hence B'?

ext

(S) is the path
a—e;—b—ey—c—e3—d

together with the two additional attachments
61—)\1—62, 62—)\2—63.

This graph contains no K, or K;3 minor and admits an embedding with all vertices on the
outer face; for instance, it is a subgraph of a cycle with chords and thus outerplanar. Therefore

Béi)t (S) is outerplanar, and S is an outerplanar 2-SuperHyperGraph.

A concrete outerplanar drawing. Figure depicts an outerplanar embedding of Béi)t (S),
with all vertices placed on a circle (the boundary of the outer face).
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Figure 7.1.: An outerplanar embedding of the extended bipartite representation B ) (S) for Ex-

ext
ample All vertices lie on the boundary of the outer face.
7.3 Bipartite planar SuperHyperGraph

A bipartite planar graph is a bipartite graph that can be drawn in the plane without edge
crossings, preserving adjacency relationships [284-287].

Definition 7.3.1 (Bipartite planar graph). A (finite simple) graph is a pair G = (V, E) where
V # () is a finite set and E C (‘2/) We call G a bipartite planar graph if there exists a partition

V = VUV,
such that every edge has endpoints in different parts,
V{uw,v} €E, (ueVi, veW)or (uely, vel),

and G is planar, i.e., G admits a drawing in the plane with no edge crossings.

Definition 7.3.2 (Incidence graph of a hypergraph). Let H = (V, &) be a finite hypergraph,
where V' # () and € C P(V)\ {0}. The incidence graph (Levi graph) of H is the bipartite graph

B(H) := (VUE, F), F = {{vie}: veV, ecl vee}.

Definition 7.3.3 (Bipartite planar hypergraph). Let H = (V,€) be a finite hypergraph.

We say that H is bipartite if there exists a partition
V = ViUl
such that every hyperedge meets both parts:
Veel, eNVi#0 and enVy # (.

We say that H is planar if its incidence graph B(H) (Definition [7.3.2)) is a planar graph.

We call H a bipartite planar hypergraph if it is both bipartite and planar.
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Definition 7.3.4 (Incidence graph of an n-SuperHyperGraph). Let V; be a finite nonempty
base set and let n > 0. An n-SuperHyperGraph is a pair SHG™ = (V, E) such that

VCP"(Vo), ECPV)\{0}
Its incidence graph is the bipartite graph
B(SHG™) = (VU E, F™), F™ .= [{X,e}: X€V,c€E, X€e}.

Definition 7.3.5 (Bipartite planar n-SuperHyperGraph). Let SHG™ = (V,E) be an n-
SuperHyperGraph.

We say that SHG™ is bipartite if there exists a partition
V = iUV,
such that every superedge meets both parts:

Ve € FE, eNVi#0 and enVy # 0.

We say that SHG™ is planar if its incidence graph B(SHG"™) (Definition [7.3.4) is planar.

We call SHG™ a bipartite planar n-SuperHyperGraph if it is both bipartite and planar.

Remark 7.3.6. The incidence graphs B(H) and B(SHG™) are bipartite by construction
(vertex-nodes vs. edge-nodes). In Definitions and the term “bipartite” instead refers
to a 2-coloring/2-partition of the vertezx side (respectively, the supervertezr side) such that every
(super)edge intersects both color classes.

Example 7.3.7 (A bipartite planar 2-SuperHyperGraph). Let Vj = {a,b,c} and take n = 2.
Define four 2-supervertices (elements of P?(V,) = P(P(V;))) by

Xi={{a}}, Xo={{b}}, X={{c}, Xi={{ab}}.
Set V = {X,, Xy, X3, X4} C P?(Vp) and define
e1 = {X1, X5}, g2 = { X5, X4}, g3 = {X1, X4}, E ={ey,e9,e5F CTP(V)\ {0}
Then SHG® = (V, E) is a finite 2-SuperHyperGraph.

Bipartiteness. Let
Vi = {X1, Xo}, Vo i={ X3, X4}, so V = ViUV,
Each superedge meets both parts:
einVy = {X1}, einVa = {X3}; eoNVh = {Xs}, eanNVa = { X, }; esNVy = { X1}, esnVe = {X,}.
Hence SHG® is bipartite.

Planarity. The incidence graph B(SHG®) has vertex set V U E and edges X—¢ whenever
X € e. Thus B(SHG®) has edge set

{X1€1a Xger, Xogo, Xyeo, Xies, X453}7

so it is a simple graph on seven vertices with no crossings needed; in particular it is planar.
Therefore SHG® is a bipartite planar 2-SuperHyperGraph in the sense of Definition
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7.4 Bipartite outerplanar SuperHypergraph

A bipartite outerplanar graph is an outerplanar graph whose vertex set can be partitioned into
two independent sets, so every edge runs between the two parts and all vertices lie on the outer
face [288-290]. A bipartite outerplanar superhypergraph is a bipartite superhypergraph (every
active superedge meets both parts) whose incidence graph admits an outerplanar embedding,
meaning all incidence vertices lie on the boundary of the outer face.

Definition 7.4.1 (Bipartite outerplanar graph). A finite simple graph is a pair G = (V, E)
with F C (‘2/) We call G bipartite outerplanar if:

(i) (Bipartite) There exists a partition V' = VUV, such that every edge has endpoints in
different parts:
V{u,v} € E, 3i# jwithueV,, veV,.

(ii) (Outerplanar) G admits a planar embedding in which every vertex lies on the boundary
of the outer face.

Equivalently, G is bipartite and outerplanar (as a crisp graph).

Definition 7.4.2 (Bipartite outerplanar hypergraph). Let H = (V, &) be a finite hypergraph
with () ¢ £. We call H bipartite outerplanar if:

(i) (Hypergraph bipartite / Property B) There exists a partition V = VUV, such that every
hyperedge meets both parts:

Veeg, eNVi#0 and enVy # 0.

(ii) (Outerplanar incidence) The incidence graph B(H) (Definition ??) is an outerplanar
graph.

Definition 7.4.3 (Bipartite outerplanar n-SuperHyperGraph). Let SHG™ = (V, E) be a finite
n-SuperHyperGraph. We call SHG™ bipartite outerplanar if:

(i) (Supervertex bipartite) There exists a partition V = VUV, such that every superedge
meets both parts:

Vec E, eNVi#0 and enVy # 0.

(ii) (Outerplanar incidence) The incidence graph B (SHG(")) (Definition ?7) is an outerplanar
graph.
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Remark 7.4.4. The incidence graph of any hypergraph/n-SuperHyperGraph is always bipartite
as a graph. In Definitions and “bipartite” additionally refers to a 2-colorability
constraint on the (super)vertezx side: each (super)edge must intersect both color classes.

Example 7.4.5 (A bipartite outerplanar 2-SuperHyperGraph). Let Vi = {a,b,c,d} and take
n = 2. Define four 2-supervertices (elements of P%(V,) = P(P(V}))) by

Xi=Ha}},  Xo:={{o}),  Xsi={{c}}, Xu={{d}},

and set

V= {X17X2aX37X4} g 732(‘/6)
Define three superedges by
1= { X1, X3}, gy := { Xy, X3}, e3 1= { X2, Xy},
E = {e1, 62,63} CP(V)\ {0}
Then SHG® = (V,E) is a finite 2-SuperHyperGraph.

(i) Supervertex bipartite. Let
Vi ={X1, Xo}, Vo= { X3, X4}, so that V = V;UV%.
Each superedge meets both parts:
anVi = {X1}, einVs = {X3}; 2NV = {Xs}, eoNVy = { X3} esNVh = {Xs}, esnNVs = { X4}

Hence SHG® is bipartite in the sense of Definition [7.4.3)(i).

(ii) Outerplanar incidence graph. The incidence graph B (SHG(Z)) has vertex set VU FE and
edges X—¢ whenever X € ¢. Thus the adjacencies are

X1—e1—Xs, Xo—e9— X3, Xo—e3—Xy.

So B(SHG(2)) is a tree (indeed, a “Y”-shaped tree) with 7 vertices. Every tree is outerplanar,
hence B (SHG(Q)) is outerplanar. Therefore SHG® is a bipartite outerplanar 2-SuperHyperGraph
in the sense of Definition

7.5 Apex SuperHyperGraph

An apex graph becomes planar after deleting a single vertex; equivalently, it has a vertex whose
removal eliminates all crossings [291-293]. An apex superhypergraph becomes planar (in the
incidence-graph sense) after deleting one supervertex; that vertex acts as an apex.

Definition 7.5.1 (Apex graph). A finite simple graph G is called an apex graph if there exists
a vertex w € V(G) such that the vertex-deleted graph G' — w is planar. Any such vertex w is
called an apez of G.
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Definition 7.5.2 (Planar hypergraph). A hypergraph H is called planar if its incidence graph
B(H) is planar.

Definition 7.5.3 (Vertex deletion in a hypergraph). Let H = (V, &) be a hypergraph and let
v € V. Define the vertex-deleted hypergraph

Howv = (V\{v}, Eov), Eov = {e\{v}: ec& e\{v}#0}.

Definition 7.5.4 (Apex hypergraph). A finite hypergraph H = (V. &) is called an apez hyper-
graph (with respect to Definition [7.5.2)) if there exists a vertex v € V such that the hypergraph
H © v is planar. Any such v is called an apex vertex of H.

Definition 7.5.5 (Planar n-SuperHyperGraph). An n-SuperHyperGraph SHG™ is called pla-
nar if its incidence graph B(SHG(")) is planar.

Definition 7.5.6 (Supervertex deletion in an n-SuperHyperGraph). Let SHG™ = (V,E) be
an n-SuperHyperGraph and let X € V. Define

SHG™ o X = (V\{X}, ESX), EoX :={e\{X}:ecE e\{X}#0}.

Definition 7.5.7 (Apex n-SuperHyperGraph). An n-SuperHyperGraph SHG™ = (V,E) is
called an apex n-SuperHyperGraph (with respect to Definition[7.5.5)) if there exists an n-supervertex
X €V such that SHG™ & X is planar. Any such X is called an apex supervertex.

Example 7.5.8 (An apex 2-SuperHyperGraph). We construct a 2-SuperHyperGraph SHG® =
(V, E)) that is not planar, but becomes planar after deleting one designated supervertex (an apex
supervertex).

Step 1: A planar core. Let Vy = {a,b,c} and take n = 2. Define three 2-supervertices
(elements of P?(Vy) = P(P(Vh))) by

Xi={{a}},  Xe={{b}}, Xs={{c}}.

Set
‘/::ore = {X17X27X3} g 732(%)7 Ecore = {61762}7
where

g1 = {Xl,XQ}, Eg = {XQ,Xg}.
Then SHG?) = (Veores Ecore) is planar, because its incidence graph is the path

core

X17€17X27527X3.

Step 2: Add one supervertex that forces nonplanarity. Introduce an additional 2-
supervertex

X.:={{a,b,c}} € P2(‘/0)7 V= Veore U { X}
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Now add three superedges
€3 i— {X*,X1}7 Eq 1= {X*’XQ}, €y 1= {)(*7)(3}7

and set
b= Ecore U {53754755}~

Then SHG® = (V, E) is a 2-SuperHyperGraph.

Nonplanarity. Consider the incidence graph B(SHG(Q)) with bipartition (V, E'). The subgraph
induced by the vertex set
{X., X1, Xo, X3} U {e3,€4,65}

is isomorphic to K; 3 on the incidence side, and together with the two core superedges €1, €3 it
creates a “fan” over the path X; — X5 — X3. In general, this configuration can still be planar;
to force a genuine obstruction, we add one more superedge

g6 1= { X1, Xy, Xz}
Now B(SHG®) contains the subdivision of K33 on the bipartition
{XlaX2>X3} and {53754755}7

and hence B(SHG(Q)) is nonplanar. Therefore SHG® is not planar.

Apex property. Delete the supervertex X,. Then all superedges incident to X,, namely
€3, €4, €5, disappear from SHG?&X,. The remaining supergraph has supervertices { X1, X, X3}
and superedges {1, 2,26}, whose incidence graph is a subdivision of a triangle and is planar.
Hence SHG®? & X, is planar, so SHG®? is an apex 2-SuperHyperGraph with apex supervertex
X, in the sense of Definition

7.6 k-Planar Graphs, Hypergraphs, and SuperHyperGraphs

A k-planar graph admits a simple planar drawing in which each edge is crossed at most k
times [294-296]. A k-planar hypergraph is one whose incidence (Levi) graph is k-planar, so
each incidence edge has at most k crossings. A k-planar n-SuperHyperGraph is one whose
supervertex—superedge incidence graph is k-planar, bounding crossings per incidence edge.

Definition 7.6.1 (k-planar drawing of a graph). Let G = (V| E) be a finite simple graph and
let k € Ng. A (topological) drawing of G in the plane represents each vertex by a distinct point
and each edge uv € F by a Jordan arc connecting u to v, such that the arc does not pass through
any other vertex.

The drawing is called simple if:
(i) no edge crosses itself;

(ii) any two edges intersect at most once (either at a common endpoint or at a proper crossing);
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(iii) no three edges cross at a common interior point; and
(iv) no two adjacent edges cross.

For an edge e € F, let cr(e) be the number of proper crossings on the drawing of e. A simple
drawing is k-planar if

cr(e) <k (Ve € E).

Definition 7.6.2 (k-planar graph). A graph G is k-planar if it admits a simple k-planar drawing
in the sense of Definition In particular, O-planar graphs are exactly planar graphs.

Definition 7.6.3 (Incidence graph of a hypergraph). Let H = (V, &) be a finite hypergraph
with ) ¢ £ C P(V). Its incidence graph (Levi graph) is the bipartite graph

B(H):=(VUE, F), F:={{vie}: veV,ec& vee}.

Definition 7.6.4 (k-planar hypergraph). Let H = (V, &) be a finite hypergraph and let k €
No. We call H k-planar if its incidence graph B(H) (Definition is a k-planar graph
(Definition . Equivalently, H is k-planar if B(H) admits a simple drawing in which every
incidence edge is crossed at most k times.

Definition 7.6.5 (Incidence graph of an n-SuperHyperGraph). Let Vj be a finite nonempty
base set, let n € Ny, and let SHG™ = (V, E) be an n-SuperHyperGraph on Vp, i.c.,

VCoPt(Vo), ECPV)\{0}
The incidence graph of SHG™ is the bipartite graph

B(SHG™) := (VUE, F™), F™.={{X,e}: Xe€V,e€E, Xce}.

Definition 7.6.6 (k-planar n-SuperHyperGraph). Let SHG™ = (V, E) be an n-SuperHyperGraph
and let k € Ny. We call SHG™ k-planar if its incidence graph B(SHG™) (Definition is a
k-planar graph (Definition . In particular, & = 0 yields the usual (incidence-graph) notion
of planarity for superhypergraphs.

Example 7.6.7 (A 1-planar 2-SuperHyperGraph). We construct a 2-SuperHyperGraph SHG® =
(V, E) whose incidence graph admits a drawing in which every edge is crossed at most once; hence

SHG? is 1-planar.

Supervertices. Let V; = {a, b, c,d} and take n = 2. Define four 2-supervertices (elements of

P2(Vy) = P(P(Vy))) by

Xi={H{a}},  Xo:={{o}), Xei={{c}}, Xu={{d}},
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and set

V= {XlaXQaX?nXél} - 732(‘/0)

Superedges. Define four superedges by
€13 = {X17X3}, €24 = {X27X4}, €12 = {X1,X2}, €34 1= {X3,X4}7

and set

B = {13,604, €12,€34F € P(V) \ {0}.
Then SHG® = (V,E) is a finite 2-SuperHyperGraph.

1-planarity of the incidence graph. The incidence graph B (SHG(Q)) has vertex set V U E
and edges X—¢ whenever X € ¢. Thus it consists of four length-2 paths realizing the incidences
of each ¢.

Consider the following plane drawing of B (SHG(Q)): place the four supervertices at the corners of
a square in the order X, X5, X3, X4, and place the four superedge-vertices near the midpoints of
the corresponding pairs. Draw the incidence edges X;—¢;; as straight segments. In this drawing,
the only crossings occur between the pair of segments realizing €13 and the pair realizing €4,
and each incidence edge is crossed at most once. All other incidences €15 and €34 can be drawn
without introducing additional crossings.

Hence B (SHG(z)) has a drawing in which every edge is crossed at most once, so it is a 1-planar
graph. Therefore SHG® is a 1-planar 2-SuperHyperGraph in the sense of Definition

7.7 Thickness in SuperHyperGraph

A graph’s thickness is the minimum number of planar spanning subgraphs whose edge-disjoint
union equals the graph [297-299]. A SuperHyperGraph’s thickness is the minimum number
of planar superhypergraph layers whose superedge-disjoint union reconstructs the SuperHyper-
Graph.

Definition 7.7.1 (Thickness of a graph). Let G = (V, E) be a finite simple undirected graph.
The thickness of G, denoted th(G), is the minimum integer ¢ > 1 for which there exist pairwise
edge-disjoint sets F,..., F; C FE such that

E = EiU---UE, and G;:=(V,E;) is planar for each i = 1,...,t.

Equivalently, th(G) is the minimum number of planar spanning subgraphs whose union is G.

Definition 7.7.2 (Thickness of a hypergraph). Let H = (V,&) be a finite hypergraph. The
thickness of H, denoted th(H), is the minimum integer ¢ > 1 for which there exist pairwise
disjoint subfamilies &;,...,& C £ such that

E=&U---U& and H;:= (V,&) is planar for each i = 1,... ¢,
where planarity is understood in the incidence-graph sense (Definition 77).
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Definition 7.7.3 (Thickness of an n-SuperHyperGraph). Let SHG™ = (V, E) be a finite n-
SuperHyperGraph. The thickness of SHG™, denoted th(SHG(”)), is the minimum integer ¢t > 1
for which there exist pairwise disjoint families F1, ..., F; C E such that

E = FEU---UE, and SHGEn) := (V, E;) is planar for each i = 1,... ¢,

where planarity is defined via the incidence graph (Definition 77).

Remark 7.7.4. In all three settings, thickness = 1 is equivalent to planarity (under the chosen
planarity notion), and thickness = 2 corresponds to a decomposition into two planar layers (often
called biplanar in the graph case).

Example 7.7.5 (Thickness of a 2-SuperHyperGraph). We give a concrete 2-SuperHyperGraph
whose thickness is 2.

Step 1: A nonplanar incidence graph (a K33 Levi graph). Let Vj = {a,b,c} and take
n = 2. Define three 2-supervertices (elements of P?(Vy) = P(P(V,))) by

Xi={a}}, Xe={{0}}, Xs={{c}},
and set V = { X, X», X3}.

Define three superedges by
g1 ={X1, Xo, Xz}, e2={X1, X5, X3}, &={X1, X5, X5},

and let E = {e,,e5,23}. To avoid duplicate hyperedges, regard the three superedges as distinct
labels even though they have the same underlying incidence set (equivalently, treat E as a

multiset of superedges). Then the incidence graph B(SHG®) has bipartition (V, E) and every
X is incident with every ;. Hence

B(SHG®) = K,

which is nonplanar. Therefore SHG® = (V, E) is not planar.

Step 2: Decomposition into two planar layers. Partition E into two disjoint families
E, :={e1,e2}, E; :={e3}, so that E = F1UE,.
Let SHG?) = (V,E,) and SHGgQ) := (V, E5). Their incidence graphs are
B(SHG”) ~ K;, and B(SHGY) = K;,,

both of which are planar. Hence th(SHG®) < 2.

Step 3: Minimality. Since B(SHG(z)) = K33 is nonplanar, SHG® cannot have thickness 1.
Therefore th(SHG®) = 2.
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7.8 Fuzzy Planar Graph

A fuzzy planar graph is a fuzzy graph whose drawing is assigned a planarity value that penalizes
edge crossings via normalized edge strengths [261,262300]. Fuzzy planar graphs and their related
notions have also been actively investigated in recent years from a wide range of perspectives
[301H303]. A fuzzy planar hypergraph is a fuzzy hypergraph whose planarity value aggregates
the intersection strengths of drawn hyperedge traces, and equals one when no such intersections
occur. A fuzzy planar superhypergraph is a fuzzy n-superhypergraph whose planarity value
measures crossings among drawn superedge traces, and equals one when they are absent.

Definition 7.8.1 (Fuzzy planar graph and fuzzy planarity value). [261,262/[300] A fuzzy graph is
a triple G = (V, o, 1), where V' # () is a finite vertex set, o : V' — [0, 1] is the vertex-membership
map, and g : V x V — [0, 1] is a symmetric edge-membership map with p(v,v) = 0 and

w(u,v) < min{o(u),o(v)} Vu,veV).

Fix a geometric drawing of G in the plane, and let Py, ..., P, be the (finite) set of intersection
points between interiors of drawn edges (assume the drawing is in general position, so no three
edges cross at one point). For an edge e = uv with pu(u,v) > 0, define its normalized edge
strength
S(e) = — HMu:v) € (0,1].
min{o(u),o(v)}

If two edges eq, e5 intersect at a point P, define the intersection strength at P by

The fuzzy planarity value of the drawing is the scalar

£(G) = 1+21_11p € (0,1].

We call G a fuzzy planar graph (with respect to the chosen drawing) and refer to f(G) as its
fuzzy planarity value. In particular, f(G) = 1 if and only if there are no edge intersections in
the drawing.

Definition 7.8.2 (Fuzzy planar hypergraph and fuzzy planarity value). A fuzzy hypergraph is
a quadruple

H: (V7E70-’/'L)7

where V' # () is a finite set of vertices, E is a finite family of nonempty subsets of V (the
hyperedges), o : V' — [0, 1] is the vertex-membership map, and p : E — [0, 1] is the hyperedge-
membership map satisfying the appurtenance constraint

ule) < IgleiilU(v) (Vee€ E).

Fix a geometric drawing of H in the plane as follows: each vertex v € V is drawn as a point,
and each hyperedge e € E is drawn as a connected 1-dimensional trace 7, (e.g., an embedded
tree) whose endpoints (leaves) are exactly the vertices of e. Intersections are only counted when
they occur between interiors of traces 7, (so meeting at a common vertex is not an intersection).
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Assume the drawing is in general position so that any intersection point involves exactly two
traces. Let Py, ..., P, be the (finite) set of such intersection points.

For a hyperedge e € E with pu(e) > 0, define its normalized hyperedge strength

Ste) = — MO 011,

minge, o(v)

If two distinct hyperedges e, es have traces intersecting at a point P, define the intersection
strength at P by
S(e1) + S(e2)

Ip = 5 S (0, 1]
The fuzzy planarity value of the chosen drawing of H is
fH) = e € (0,1]
S Ty, 0

We call H a fuzzy planar hypergraph (with respect to the chosen drawing) and refer to f(H) as
its fuzzy planarity value. In particular, f(H) = 1 if and only if the drawing has no intersections
between interiors of hyperedge traces.

Definition 7.8.3 (Fuzzy planar n-SuperHyperGraph and fuzzy planarity value). Fix an integer
n > 0 and a finite base set V. For each k > 0, set

P'(Vo) =Vo,  PHH(Vp) = P(P* (V).
An n-SuperHyperGraph is a pair SHG™ = (V, E') with
VCePr(Ve), ECPV)\{0}

Elements of V' are called n-supervertices, and elements of E are called superedges.

A fuzzy n-SuperHyperGraph is a quadruple
S=(V,E, o,u),

where SHG™ = (V, E) is an n-SuperHyperGraph, o : V' — [0, 1] assigns a membership degree
to each n-supervertex, and p : E — [0, 1] assigns a membership degree to each superedge,
satisfying

pu(e) < mino(z) (Vee€ E).

ree

Fix a geometric drawing of S in the plane in which each n-supervertex z € V is drawn as a point,
and each superedge e € F is drawn as a connected 1-dimensional trace 7, (e.g., an embedded
tree) whose endpoints are exactly the n-supervertices in e. As before, intersections are counted
only between interiors of traces of distinct superedges, and we assume a general-position drawing
so that each intersection point involves exactly two superedges. Let Py, ..., P, be the set of such
intersection points.

For a superedge e € E with u(e) > 0, define its normalized superedge strength

Ste) = — M9 1.

min, e, o(z)
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If two superedges e, e; intersect at a point P, define the intersection strength at P by

The fuzzy planarity value of the chosen drawing of S is
£(8) = e € (0,1]
o 1 + Zf:l IP1 ’ .

We call S a fuzzy planar n-SuperHyperGraph (with respect to the chosen drawing) and refer to
f(S) as its fuzzy planarity value. In particular, f(S) = 1 if and only if there are no intersections
between interiors of drawn superedges.

Example 7.8.4 (A fuzzy planar 2-SuperHyperGraph and its fuzzy planarity value). Let V =
{a,b,c,d} and take n = 2. Define four 2-supervertices (elements of P?(V,) = P(P(V;))) by

Xi={{a}},  Xo:={{0}}, Xs:={{c}, Xi:={d}},

and set

V = {X1>X2aX3>X4} g 7)2(‘/6)
Define two superedges by
€1 1= {X17X27X3}7 €o 1= {X27X37X4}7 E = {61762} g 'P(V) \ {@}

Thus SHG® = (V, E) is a 2-SuperHyperGraph.

Fuzzy memberships and admissibility. Assign supervertex memberships o : V' — [0, 1] by
o(X;1)=0.9, o(Xs) =0.8, o(X3) =0.7, o(X,) = 0.6,
and assign superedge memberships p : £ — [0, 1] by

uler) = 0.7, p(es) = 0.6.
Then the admissibility constraints of Definition hold:

p(er) = 0.7 <min{0.9,0.8,0.7} = 0.7,  p(es) = 0.6 < min{0.8,0.7,0.6} = 0.6.

A drawing with one interior intersection. Fix a plane drawing in which the supervertices
X1, X5, X3, X, are placed at the corners of a convex quadrilateral, and each superedge e; is
drawn as a connected trace 7., that joins exactly its endpoints. Choose 7., as a “Y-shaped”
tree connecting X1, X5, X3, and 7., as a “Y-shaped” tree connecting X5, X3, Xy, arranged so
that the interiors of v., and 7., intersect exactly once at a point P; (and there are no other
intersections). Thus z = 1.

Normalized strengths and intersection strength. Compute the normalized superedge
strengths:

S(er) = — wer) = 07 = 07 =1,
minge., o(z) min{0.9,0.8,0.7} 0.7
0.6 0.6

Seg) = — M) _ =2,

min,c,, o(z) min{0.8,0.7,0.6} 0.6
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Hence the intersection strength at P is

S(el)+5(€2) 141
IP — = =

1.
! 2 2

Fuzzy planarity value. Since there is exactly one intersection point,

1 1 1 1

1+ I 14Ip 1+1 2
Thus f(S) =1/2 € (0,1), reflecting that the chosen drawing has one crossing between distinct
superedges. If we instead select a crossing-free drawing (z = 0), then Definition yields

1(8)=1.

7.9 Intuitionistic Fuzzy Planar graph

An intuitionistic fuzzy planar graph assigns membership and nonmembership to edges; planarity
holds when the active-edge support embeds crossing-free [267,304]. An intuitionistic fuzzy planar
hypergraph assigns membership and nonmembership to hyperedges; planarity holds when the
induced co-occurrence support graph is planar. An intuitionistic fuzzy planar superhypergraph
assigns membership and nonmembership to superedges; planarity holds when the supervertex
support graph admits a planar embedding.

Definition 7.9.1 (Intuitionistic fuzzy planar graph and planarity value). [267,304] An intuition-
istic fuzzy multigraph consists of a finite multigraph G* = (V, E*) together with an intuitionistic
fuzzy vertex assignment A = (ua,v4) on V and an intuitionistic fuzzy multiedge assignment
B = (up,vp) on E*, such that

0<pa(w)+rvslv) <1 (MveV), 0<ugp(e)+vple) <1 (Vee E"),
and (for each multiedge e = uv) the compatibility constraints

pp(e) < minfpa(u) ua)y,  vele) < max{ya(u),va(v)}.

For a multiedge e = uv, define its intuitionistic edge strength as the ordered pair
PR Ay —"'0 ZOM
: o) injea(w), (@)} max{va(u), va(0)} )

whenever pp(e) > 0 and max{va(u),va(v)} > 0; otherwise one may set I, = (0,0) by conven-
tiomn.

Fix a geometric drawing of G* in the plane, and let P, ..., P, be the (finite) set of intersection
points between interiors of drawn edges (assume a general-position drawing so no three edges

cross at one point). If two edges e;, e intersect at a point P, define the intersecting value at P
by

M€1 + Mez N61 + N€2
Ip = (MP,NP) Z:< )

2 ’ 2
The intuitionistic fuzzy planarity value of the drawing is the pair
1 1
G) = , = = , - € (0,1)%
f( ) (fM fN) ( 1+ Zi:l Mp, 1+ Zi:l Np, ) ( }

We call G an intuitionistic fuzzy planar graph (with respect to the chosen drawing), and f(G)
its intuitionistic fuzzy planarity value. If z = 0, then f(G) = (1,1).
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Definition 7.9.2 (Intuitionistic fuzzy planar hypergraph and planarity value). An intuitionistic
fuzzy hypergraph is a quadruple
H = (V7 E7 A7 B)’

where V' # () is a finite vertex set, E is a finite family of nonempty subsets of V' (the hyperedges),
and
A= (pa,va):V —1[0,1] x [0,1], B = (up,vs): E —[0,1] x [0,1]

are intuitionistic fuzzy memberships satisfying, for all v € V and e € F,
0<pa(v)+rvalv) <1, 0<pp(e) +vple) <1,
together with the hyperedge-vertex compatibility constraints

up(e) < mein,uA(v), vp(e) < mngA(v).

Fix a geometric drawing of H in the plane in which each vertex is drawn as a point and each
hyperedge e € E is drawn as a connected 1-dimensional trace 7. (e.g., an embedded tree) whose
endpoints (leaves) are exactly the vertices of e. Intersections are counted only between interiors of
traces of distinct hyperedges, and we assume a general-position drawing so that each intersection
point involves exactly two traces. Let Py, ..., P, be the set of such intersection points.

For a hyperedge e € I, define its intuitionistic hyperedge strength as

Lw:MhM):< () el >,

minvee Ha (U) ’ maxXyce VA(U)

whenever pp(e) > 0 and max,e. v4(v) > 0; otherwise set I, = (0,0) by convention.

If two hyperedges e, e have traces intersecting at a point P, define the intersecting value at P
by

M€1 + MCQ Nel + N€2
Ip = (Mp,Np) 3—< >

2 ’ 2

The intuitionistic fuzzy planarity value of the drawing of ‘H is the pair

1 1 )
100 1= () = (T Toe) <O

We call H an intuitionistic fuzzy planar hypergraph (with respect to the chosen drawing), and
f(H) its intuitionistic fuzzy planarity value. If z = 0, then f(H) = (1,1).

Definition 7.9.3 (Intuitionistic fuzzy planar n-SuperHyperGraph and planarity value). Fix an
integer n > 0 and a finite base set V{,. For each k > 0, define iterated powersets by

P'(Vo) =Vo,  PM(Vo) = P(PH(W)).
An n-SuperHyperGraph is a pair SHG™ = (V, E) with
VCoPr'(Vo), ECPV)\{0}
Elements of V' are called n-supervertices, and elements of E are called superedges.
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An intuitionistic fuzzy n-SuperHyperGraph is a quadruple
S=(V,E A B),
where (V, E) is an n-SuperHyperGraph,
A= (pa,va): V= 1[0,1] x[0,1],  B=(up,vs): E—[0,1] x [0,1],
satisfy
0 <pa(x)t+valz) <1l (VxeV), 0<ug(e)+vple) <1 (Ve€eE),
and the superedge—supervertex compatibility constraints

pp(e) < minpa(z), vp(e) < maxva(x) (Ve € E).

rEe TEe

Fix a geometric drawing of & in the plane in which each n-supervertex is drawn as a point
and each superedge e € E is drawn as a connected 1-dimensional trace 7. whose endpoints are
exactly the n-supervertices in e. Intersections are counted only between interiors of traces of
distinct superedges, and we assume a general-position drawing so that each intersection point
involves exactly two traces. Let Pi,..., P, be the set of such intersection points.

For a superedge e € F, define its intuitionistic superedge strength as

I, == (M,,N,) := < ps(e) vp(e) >7

minzée A (:17) ' maXgzece VA (1;)

whenever pp(e) > 0 and max,e. v4(x) > 0; otherwise set I, = (0,0) by convention.

If two superedges e1, e5 intersect at a point P, define the intersecting value at P by

M€1 + MCQ Nel + N€2
Ip = (Mp,Np) 3—< >

2 ’ 2

The intuitionistic fuzzy planarity value of the drawing of S is the pair

1 1 )
1) = vt = (e Tre ) SO

We call § an intuitionistic fuzzy planar n-SuperHyperGraph (with respect to the chosen drawing),
and f(S) its intuitionistic fuzzy planarity value. If z = 0, then f(S) = (1,1).

Example 7.9.4 (An intuitionistic fuzzy planar 2-SuperHyperGraph with one crossing). Let
Vo = {a,b,c,d} and take n = 2. Define four 2-supervertices (elements of P%(V,) = P(P(Vy)))

by
Xi={{a}}, Xo:={{b}}, Xs:={{c}}, Xi={{d}},
and set V := { X, Xy, X3, X4} € P?(V;). Define two superedges
€ = {)(1,)(3}7 €gy = {XQ,X4}, E = {61762} g P(V) \ {@}
Thus SHG® = (V, E) is a 2-SuperHyperGraph.

125



Chapter 7. Planarity

Intuitionistic memberships. Assign intuitionistic fuzzy memberships A = (pa,v4) : V —

017 9 1
(14 v)(X0) = (35055

10° 20
(pa,va)(Xs) = (%’ Tl())’

71
(1a,va)(Xs) = (Toa 5),

(a0 (X0) = (50055 ):

50 0 < pa(X;) +va(X;) <1 for all 4. Assign intuitionistic memberships B = (ug,vp) : E —
[0, 1] by

63 9

(ks vp)(e1) = (ﬁ» %)a (s, vp)(€2) = (

Then the compatibility constraints in Definition hold:

16 9
2 100)"

63 9 7 7 9 11y 1
MB(el):ﬁ Smln{ﬁvﬁ} =10 VB(el)_% Smax{ﬁvg}—g

16 417y 4 9 1 2 1
ip(c2) = o < mm{5 20} 50 vele) =155 < max{lo’ 25} 10°

A drawing with one intersection. Place the four supervertices at the corners of a square
and draw e; and e, as the two diagonals, so their interiors intersect once at the center point P;.
Figure [7.2] illustrates this drawing, where z = 1.

N
"

Figure 7.2.: A drawing of S = (V, E, A, B) with a single crossing point P; between e; and e,.

Planarity value. Compute the intuitionistic superedge strengths I, = (M., N.) (Defini-
tion [7.9.3)):

oo (o)l Y () (90

“ Mingee, ta(z)’ max,e., va(x) L3 10710/

- (B5)- (1),
N U 510
5 10

Since the two traces intersect once at Pj, the intersecting value at P; is

M., + M., N, + N, Tt 5t 17 9
IPIZ(MPI,NPI):< 5 , 5 ): (1025710210 :(20710)
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Therefore the intuitionistic fuzzy planarity value of this drawing equals

1 1 1 1 20 10
H&) = ) = (1+Mp1’1+NP1> - <1+231+190> - (3719)

In particular, since there is one crossing, f(S) € (0,1)?; if we choose a crossing-free drawing

(z =0), then f(S) = (1,1) by Definition [7.9.3]

7.10 Neutrosophic Planar graph

A neutrosophic planar graph assigns T, I, I’ degrees to edges; planarity holds when the active-
edge support embeds without crossings [265-268]. A neutrosophic planar hypergraph assigns
T, 1, F degrees to hyperedges; planarity holds when the induced co-occurrence support graph is
planar. A neutrosophic planar superhypergraph assigns T, I, F' degrees to superedges; planarity
holds when the supervertex support graph admits a planar embedding.

Definition 7.10.1 (Neutrosophic planar graph and planarity value). A neutrosophic multigraph
is a finite multigraph G* = (V, E*) together with three maps

T, I, F: E*—[0,1],

assigning to each multiedge e € E* its truth-, indeterminacy-, and falsity-degrees, respectively.
(Equivalently, each e carries the triple (T'(e), I(e), F'(e)) € [0,1]>.)

Fix a geometric drawing of G* in the plane, and let P, ..., P, be the (finite) set of intersection
points between interiors of drawn edges (assume a general-position drawing so no three edges
cross at one point). If two edges e, e; intersect at a point P, define the intersecting neutrosophic
value at P by

Ip := (Tp,Ip,Fp) := <T(61)+T(62) Iey) + Ies) F(61)+F(e2)).

2 ’ 2 ’ 2

The neutrosophic planarity value of the chosen drawing is the triple

1 1 1 X
f(G) = (fT’fI’fF) . <1+Z§_1TP1:7 1+EjlePi, 1+Zzz_1FP1> 6(0’1] '

We call G* neutrosophic planar if it admits a drawing with f(G) = (1,1,1), equivalently, a
drawing with no edge intersections (so all three sums are 0).

Definition 7.10.2 (Neutrosophic planar hypergraph and planarity value). A neutrosophic hy-
pergraph is a quadruple
H = (‘/;EuTv‘LF)u

where V' # () is a finite vertex set, FE is a finite family of nonempty subsets of V' (the hyperedges),
and
T, 1, F: E—0,1]

assign to each hyperedge e € E its truth-, indeterminacy-, and falsity-degrees.

Fix a geometric drawing of H in the plane in which each vertex is drawn as a point and each
hyperedge e € F is drawn as a connected 1-dimensional trace 7, (e.g., an embedded tree) whose
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endpoints (leaves) are exactly the vertices of e. Intersections are counted only between interiors
of traces of distinct hyperedges. Assume a general-position drawing so that each intersection
point involves exactly two traces. Let Pi,..., P, be the set of such intersection points.

If two hyperedges ey, e; have traces intersecting at a point P, define the intersecting neutrosophic
value at P by

Ip := (Tp,Ip,Fp) := <T(61)+T(62) Ier) + Ies) F(61)+F(62)>.

2 ’ 2 ’ 2

The neutrosophic planarity value of the chosen drawing is

1 1 1
f(H) = (fTafIafF) = (1_‘_2;_11—1&7 1_‘_2;:1]&7 1+Zf—1FPi> € (071]3'

We call ‘H neutrosophic planar if it admits a drawing with f(H) = (1,1,1), i.e., a drawing with
no intersections between interiors of distinct hyperedge traces.

Definition 7.10.3 (Neutrosophic planar n-SuperHyperGraph and planarity value). Fix an in-
teger n > 0 and a finite base set V. For each k > 0, define iterated powersets by

P'(Vo) = Vo, P (VG) = P(P* (V%))
An n-SuperHyperGraph is a pair SHG™ = (V, E) with
VCP'(V), ECPWV)\{0}.

Elements of V' are called n-supervertices, and elements of E are called superedges.

A neutrosophic n-SuperHyperGraph is a quintuple
S=WV,E,T,1,F),
where (V, E) is an n-SuperHyperGraph and
T, I, F: E—|0,1]

assign to each superedge its truth-, indeterminacy-, and falsity-degrees.

Fix a geometric drawing of S in the plane in which each n-supervertex is drawn as a point
and each superedge e € E is drawn as a connected 1-dimensional trace 7. whose endpoints are
exactly the n-supervertices in e. Intersections are counted only between interiors of traces of
distinct superedges, and we assume a general-position drawing so that each intersection point
involves exactly two traces. Let Py, ..., P, be the set of such intersection points.

If two superedges e, e, intersect at a point P, define the intersecting neutrosophic value at P
by

Ip := (Tp,Ip,Fp) := <T(el)+T(62) Ier) + Ie) F(61)+F(e2)).

2 ’ 2 ’ 2

The neutrosophic planarity value of the chosen drawing is

1 1 1
f(S) = (fTafIafF) = (1+Zf_1TPi7 1+Zf:1[Pi7 1+Zj_1FP7> € (0>1]3

We call § neutrosophic planar if it admits a drawing with f(S) = (1,1,1), i.e., a drawing with
no intersections between interiors of distinct drawn superedges.
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Example 7.10.4 (A neutrosophic planar 2-SuperHyperGraph and its neutrosophic planarity
value). Let Vy = {a,b, c,d} and take n = 2. Define four 2-supervertices (elements of P?(V,) =
P(P(Vo))) by

Xi={H{a}},  Xo:={{o}),  Xsi={{c}}, Xu={{d}},

and set

V = {X17X27X37—X4} g P2(%)
Define two superedges by
€1 1= {X17X27X3}7 €o 1= {X27X37X4}7 E = {61762} g P(V) \ {@}

Thus SHG® = (V, E) is a finite 2-SuperHyperGraph.

Neutrosophic memberships on superedges. Define T, I, F' : E — [0,1] by
(T'(e1),I(e1), F(er)) =(0.80,0.10,0.15), (T'(e2),I(eq), F(ez)) = (0.60,0.25,0.20).

(If your convention requires T'+ I + F < 1 or T'+ I + F = 1, you may rescale; the present
example uses the most common independent-component convention.)

A drawing with one interior intersection. Fix a plane drawing in which X7, X5, X3, X, are
placed in convex position and ey, e; are drawn as connected traces ., , V., that connect exactly
their endpoints, arranged so that the interiors intersect exactly once at a point P; and there are
no other intersections. Hence z = 1.

Intersecting neutrosophic value. At the unique intersection point P;,
IP1 = (TP1 ) IP1 ) FP1)

_ T(el) +T(€2) 1(61) +I(€2) F(el) +F(€2)
2 ’ 2 ’ 2
- <0.80 +0.60 0.10+0.25 0.15+4+0.20
N 2 ’ 2 ’ 2

) = (0.70,0.175,0.175).

Neutrosophic planarity value. Since there is exactly one intersection point,

1 1 1
f(S) = (fTafIafF) = <1+ZZ11TP77 1+Z::1]—Pi’ 1+2211Fp7>

B 1 1 1
- \140.70°1+0.175" 1+ 0.175

(10 40 40
- \17747747)
Thus f(S) € (0,1)3, reflecting that the chosen drawing has one crossing. If we instead select a

crossing-free drawing (z = 0), then Definition [7.10.3|gives f(S) = (1,1, 1), and S is neutrosophic
planar.
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7.11 Plithogenic Planar Graph

A plithogenic planar graph is a DAF/DCF-annotated graph whose active-edge support admits a
crossing-free planar embedding [267]. A plithogenic planar hypergraph is a DAF/DCF-annotated
hypergraph whose active hyperedges induce a planar vertex co-occurrence support graph. A
plithogenic planar superhypergraph is a DAF/DCF-annotated n-superhypergraph whose active
superedges induce a planar support graph on supervertices.

Definition 7.11.1 (Plithogenic planar graph and plithogenic planarity value). Let G* = (V, E*)
be a finite (multi)graphﬂ A plithogenic graph (edge-based version) is a triple

G = (G*,DAF,DCF),

where
DAF : E* — [0,1]

assigns to each edge its degree of appurtenance (DAF), and
DCF : E* x E* — [0, 1]

assigns to each ordered pair (e, e5) its degree of contradiction (DCF)E|

Fix a geometric drawing of G* in the plane and let P, ..., P, be the (finite) set of intersection
points between interiors of drawn edges (assume a general-position drawing so no three edges
cross at one point). If two edges ey, €5 intersect at a point P, define the degree of intersection
at P by the ordered pair

DAF DAF DCF DCF
I, = (DAFp,DCFp) = ( (61)—; (62)’ C (61,62)—5 C (62,61)> € [0,1]2.

The plithogenic planarity value of the drawing is the pair

1 1
= (fa = : ; : € (0,1]%
10) = s = (s oary 15 vy ) <O
We call G a plithogenic planar graph (with respect to the chosen drawing) if f(G) = (1,1),
equivalently, if the drawing has no edge intersections (so z = 0, hence both sums vanish). More
generally, smaller values of f(G) indicate larger cumulative intersection effects in the drawing.

Definition 7.11.2 (Plithogenic planar hypergraph and plithogenic planarity value). Let H =
(V,E) be a finite hypergraph, where V' # () and E C P(V) \ {0}. A plithogenic hypergraph
(hyperedge-based version) is a triple

# = (H,DAF,DCF),

where
DAF : E — [0,1], DCF: E x E — [0,1]

assign degrees of appurtenance and contradiction to hyperedges (and ordered pairs of hyper-
edges), respectively.

If one prefers simple graphs, take E* C (‘2/)
In many applications, DCF(e,e) = 0 and one may assume symmetry DCF(e1, es) = DCF(ez, e1), but sym-

metry is not required here.
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Fix a geometric drawing of H in the plane in which each vertex is drawn as a point and each
hyperedge e € F is drawn as a connected 1-dimensional trace 7, (e.g., an embedded tree) whose
endpoints (leaves) are exactly the vertices in e. Intersections are counted only between interiors of
traces of distinct hyperedges, and we assume a general-position drawing so that each intersection
point involves exactly two traces. Let Pi,..., P, be the set of such intersection points.

If hyperedges eq, e; intersect at a point P, define the degree of intersection at P by

DAF DAF DCF DCF
IP = (DAFP, DCFP) = ( (el) ;_ <62) , <617 62) ;_ (627 el)) c [0’ 1]2

The plithogenic planarity value of the drawing is

1 1 )
FO) = (farfo) = <1+234DAnz’r+zguxmﬂ> c (0.1].

We call H a plithogenic planar hypergraph (with respect to the chosen drawing) if f(H) = (1,1),
i.e., if the drawing has no intersections between interiors of distinct hyperedge traces.

Definition 7.11.3 (Plithogenic planar n-SuperHyperGraph and plithogenic planarity value).
Fix an integer n > 0 and a finite base set Vj. Define iterated powersets by

P'(Vo) =Vo,  P(Vo) =P(PY(V)) (k> 0).
An n-SuperHyperGraph is a pair SHG™ = (V, E) with
VCaPr(V), ECPV)\{0}.

Elements of V' are n-supervertices and elements of E are superedges.

A plithogenic n-SuperHyperGraph (superedge-based version) is a triple
S = (SHG",DAF,DCF) = ((V, E), DAF, DCF),
where
DAF : E — [0,1], DCF: E x E — [0,1]

assign degrees of appurtenance and contradiction to superedges (and ordered pairs of superedges).

Fix a geometric drawing of (V, E) in the plane in which each n-supervertex is drawn as a point
and each superedge e € E is drawn as a connected 1-dimensional trace 7. whose endpoints are
exactly the n-supervertices in e. Intersections are counted only between interiors of traces of
distinct superedges, and we assume a general-position drawing so that each intersection point
involves exactly two traces. Let Pi,..., P, be the set of such intersection points.

If two superedges eq, es intersect at a point P, define the degree of intersection at P by

F F F
I, == (DAFp,DCFp) (DA (el)—;DA (62), DC (el,ez)—;DCF(eg,el)> [0, 1.

The plithogenic planarity value of the drawing is

1 1 )

We call § a plithogenic planar n-SuperHyperGraph (with respect to the chosen drawing) if f(S) =
(1,1), i.e., if the drawing has no intersections between interiors of distinct drawn superedges.
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Example 7.11.4 (A plithogenic planar 2-SuperHyperGraph and its plithogenic planarity value).
Let Vo = {a,b,c,d} and take n = 2. Define four 2-supervertices (elements of P?(V) =
P(P(Vo))) by

Xo={{a}},  Xo:={{0}}, Xs:={{c}, Xi={d}},

and set

V= {X17X2aX37X4} C 732(‘/0)
Define two superedges by
e ={X1, X5, Xa}, €= {Xp, X3, X}, Ei={er, e} CP(V)\ {0}

Thus SHG® = (V, E) is a finite 2-SuperHyperGraph.

Plithogenic parameters. Define the degree of appurtenance DAF : E — [0, 1] by
DAF(e;) = 0.8, DAF(ez) = 0.6,
and define the degree of contradiction DCF : E x E' — [0, 1] (ordered pairs) by
DCF(ej,e1) =0, DCF(eq,e5) =0, DCF(eq,e5) =0.2, DCF(eq,e1) = 0.3.

Then § = ((V, E),DAF,DCF) is a plithogenic 2-SuperHyperGraph in the sense of Defini-
tion [LIT.3}

A planar drawing (no interior intersections). Choose a plane drawing in which the super-
vertices are placed on a line in the order X7, X5, X3, X4, and draw each superedge trace 7., and
Ye, as a simple arc above the line that connects exactly the supervertices in that edge. Because
the two edges share the endpoints X, and X3 and can be drawn as nested arcs, their interiors
can be arranged to be disjoint. Hence the set of interior intersection points is empty, so z = 0.

Plithogenic planarity value. Since z = 0, the sums over intersection points vanish, and
therefore the plithogenic planarity value is

1 1
f(8) = (fa, fe) = (1 Y DAF, 115 DCFpi> = (1,1).

Consequently, S is a plithogenic planar 2-SuperHyperGraph (with respect to the chosen drawing),
as required by Definition [7.11.3

7.12 Uncertain Planar graph

Uncertain planar graphs assign uncertainty degrees to vertices and edges; keep edges with nonzero
degree; require resulting support graph to be planar simple. Uncertain planar hypergraphs assign
degrees to vertices and hyperedges; activate nonzero hyperedges; build cooccurrence support
graph; require this support graph planar in plane. Uncertain planar superhypergraphs assign
degrees on n supervertices and superedges; keep nonzero superedges; form support graph on
supervertices; demand planar embedding without crossings.
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Definition 7.12.1 (Uncertain planar graph). Let M be an uncertain model with degree domain
Dom(M) C [0,1]*. Let G* = (V, E) be a finite simple undirected graph. An uncertain graph of
type M is a triple Gy = (V, E, ) with pp - VU E — Dom(M).

Fix a distinguished zero tuple 0 = (0,...,0) € [0,1]*, and define the active (support) edge set
by

Et == {e€FE: uyle) #0}.
Let G := (V, E*) be the support graph.

We call Gy, an uncertain planar graph if the support graph G is planar, i.e., G admits a planar
embedding with no edge crossings.

Definition 7.12.2 (Uncertain planar hypergraph). Let M be an uncertain model with degree
domain Dom(M) C [0,1]*. Let H* = (V,&) be a finite hypergraph with @ ¢ £ C P(V). An
uncertain hypergraph of type M is a triple Hyr = (V, &, par) with ppr - VU E — Dom(M).

Define the active (support) hyperedge set by
Et i={ee&: pule) #0}.
Define the support (2-section) graph of Hy by

supp(Hur) = (V, Esupp), Esupp i= {{u,v} € (}): Jee€ & with {u,v} C e}.

We call H s an uncertain planar hypergraph if supp(H,r) is a planar graph.

Remark 7.12.3. The planarity notion in Definition [7.12.2] is imposed on the vertex-level 2-
section (co-occurrence) graph. An alternative, also common in hypergraph theory, is to require
the incidence graph B(H™) to be planar; the two definitions are not equivalent in general.

Definition 7.12.4 (Uncertain planar n-SuperHyperGraph). Let M be an uncertain model with
degree domain Dom(M) C [0, 1]*. Let Vj be a finite base set and n € Ny. Let SHG™ = (V, E)
be an n-SuperHyperGraph on V|, with

O£V CP(Vy), O#ECPV)\{0}
An uncertain n-SuperHyperGraph of type M is a triple
51(»?) =V, E, pn), par 2V UE — Dom(M).

Define the active (support) superedge set by
Et == {c€FE: uye)#0}
Define the support graph of S](\;) on the supervertex set V' by
supp(SLY) 1= (V, Baupp)s  Boupp i= {{X, Yie(Y): 3ce BF with {X,Y} C g}.
We call SI(\Z) an uncertain planar n-SuperHyperGraph if Supp(S](\?)) is a planar graph.

Remark 7.12.5. Definition [7.12.4]is intrinsic at the supervertex/superedge level. If desired, one
may relate this to base-level structures by applying a flattening map (e.g., Flat,,) to supervertices,
but flattening is not required for the planarity definition.
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7.13 Fuzzy OuterPlanar Graph

A fuzzy outerplanar graph is a fuzzy graph whose positive-membership edges induce an outer-
planar support graph, so all vertices can be placed on the outer face [273H276].

Definition 7.13.1 (Fuzzy outerplanar graph). [273,274] A fuzzy graph is a triple G = (V, o, u),
where V' # () is finite, o : V' — [0, 1] is the vertex-membership map, and p: V x V — [0,1] is
a symmetric edge-membership map with p(v,v) = 0 and

p(u,v) < min{o(u),o(v)} (Vu,v e V).

Let
Et = {{u,0} CV: u#v, plu,v) >0}

be the set of active (crisp) edges, and let GT = (V, E1) be the support graph.

We say that G is a fuzzy outerplanar graph if the support graph G admits a planar embedding
in which

(i) no two edges cross except possibly at common endpoints, and
(ii) every vertex of V lies on the boundary of the outer (unbounded) face.

Equivalently, G is fuzzy outerplanar if and only if G is outerplanar.

Definition 7.13.2 (Fuzzy outerplanar hypergraph). A fuzzy hypergraph is a quadruple
,H = (V7 E7 0-7 /’[/)7

where V' # () is finite, E C P(V) \ {0} is a finite family of hyperedges, o : V' — [0, 1] is the
vertex—membership map, and p : E — [0, 1] is the hyperedge-membership map satisfying the
appurtenance constraint

pu(e) < mino(v) (Ve € E).

vee

Let
ET = {ee€E:pule)>0}

be the set of active hyperedges.
Define the support graph of H as the (crisp) graph

supp(H) = (V, Esupp), Egupp = {{u,v} CV:u#wv, Jec€ ET withu,v € e},

i.e., {u,v} is an edge in supp(H) whenever u and v co-occur in some active hyperedge.

We say that H is a fuzzy outerplanar hypergraph if its support graph supp(H) is outerplanar;
equivalently, if supp(H) admits a planar embedding in which every vertex lies on the boundary
of the outer face.
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Definition 7.13.3 (Fuzzy outerplanar n-SuperHyperGraph). Fix an integer n > 0 and a finite
base set Vj. For each k > 0, define iterated powersets by

P'(Vo) =Vo,  PHH(Vo) = P(PH(V0)).
An n-SuperHyperGraph is a pair SHG™ = (V, E)) such that
VoP (o), ECPV)\{0}
A fuzzy n-SuperHyperGraph is a quadruple
S=(V,E,o,u),

where (V) F) is an n-SuperHyperGraph, o : V' — [0, 1] assigns a membership degree to each
n-supervertex, and p : F — [0, 1] assigns a membership degree to each superedge, satisfying

p(e) < mino(x) (Ve € E).

xrEe

Let ET :={e€ E: u(e) >0} be the set of active superedges.

Define the support graph of S as the crisp graph
supp(S) = (V, Esupp)s Egpp = {{x,y} CV:x+#y, Jec ET withx,y € e}.

Thus, two n-supervertices are adjacent in supp(S) precisely when they co-occur in some active
superedge.

We say that S is a fuzzy outerplanar n-SuperHyperGraph if supp(S) is outerplanar; equivalently,
if supp(S) admits a planar embedding in which every n-supervertex lies on the boundary of the
outer face.

Example 7.13.4 (A fuzzy outerplanar 2-SuperHyperGraph). Let V, = {a,b,c,d} and take
n = 2. Define four 2-supervertices (elements of P?(V,) = P(P(V;))) by

Xi={{a}},  Xo:={{0}}, Xs:={c}}, Xi:={{d}},

and set

V= {X1, Xy, X3, X4} € P*(V).
Define three superedges by

€12 = {X17X2}, €23 1= {X27X3}7 €34 = {X3,X4},

E = {e1a,e23,e34} CP(V)\ {0}.
Thus (V, E) is a 2-SuperHyperGraph.

Fuzzy memberships and admissibility. Assign supervertex memberships o : V' — [0, 1] by
O'(Xl) = 09, O'(XQ) = 08, O'(Xg) = 07, O'(X4) = 06,
and superedge memberships 1 : E — [0, 1] by

:LL(612) = 0.8, H(e23) = 0.7, M(634) =0.5.
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Then the admissibility constraints of Definition hold:
p(erz) = 0.8 < min{0.9,0.8} = 0.8,
p(ezz) = 0.7 < min{0.8,0.7} = 0.7,
p(ess) = 0.5 < min{0.7,0.6} = 0.6.
Hence § = (V, E, 0, 1) is a fuzzy 2-SuperHyperGraph, and all three edges are active:

E* = {6127623,634}

Outerplanarity of the support graph. The support graph supp(S) = (V, Egypp) has an edge
{Xi, X;} whenever X; and X co-occur in some active superedge. Since the active superedges
are exactly { X, Xo}, { X2, X3}, and {X3, X, }, we obtain

Esupp = {{Xla XZ}’ {X27 X3}a {X3’ X4}}

Thus supp(S) is the path
Xi—Xo—X3—Xy,

which is outerplanar (indeed, every tree is outerplanar). Therefore S is a fuzzy outerplanar
2-SuperHyperGraph in the sense of Definition [7.13.3

7.14 Intuitionistic fuzzy outerplanar graph

An intuitionistic fuzzy outerplanar graph is an intuitionistic fuzzy graph whose positive-membership
edges form an outerplanar support graph, with all vertices on the outer face.

Definition 7.14.1 (Intuitionistic fuzzy outerplanar graph). An intuitionistic fuzzy graph is a
tuple
G = (‘/7 E7 Hv, Vv, UE, VE)7

where V' # () is finite, £ C (‘2/) is a (crisp) edge set, and
wy,vy 2 V—10,1], we,vg : B —[0,1]
satisfy, for all v € V and uv € E,
0<pv)+uvy(v) <1, 0 < pg(uww) +ve(uv) <1,
together with the standard compatibility constraint

pp(uww) < min{uy(u), pyv(v)}.

(Optionally, one may also require vg(uv) > max{vy (u), vy (v)}; it is not needed for outerpla-
narity.)

Define the set of active edges by
Et = {weE: up(uw) >0},

and let Gt = (V, E™) be the support graph.

We say that G is intuitionistic fuzzy outerplanar if the support graph Gt admits a planar
embedding in which
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(i) no two edges cross except possibly at common endpoints, and
(ii) every vertex lies on the boundary of the outer (unbounded) face.

Equivalently, G is intuitionistic fuzzy outerplanar if and only if G* is an outerplanar (crisp)
graph.

Definition 7.14.2 (Intuitionistic fuzzy outerplanar hypergraph). An intuitionistic fuzzy hyper-
graph is a tuple
H= (Vva Ea HV)VV7ME7VE)7

where V' # () is finite, E C P(V) \ {0} is a finite family of hyperedges, and
wy,vy 2 V—10,1], e, vg B —[0,1]
satisfy, for allv € V and e € E,
0<py()+w(v) <1,  0<pgle) +vple) <1,
together with the appurtenance constraint

pp(e) < minpy(v) (Ve € E).

vee

Let ET :={e€ E: pugr(e) > 0} be the set of active hyperedges.

Define the support graph of H as the crisp graph
supp(H) = (V, Esupp), Egpp = {{u,v} CV:u#wv, Je€ ET withu,v € e}.

Thus {u,v} € Egupp if and only if u and v co-occur in some active hyperedge.

We say that H is intuitionistic fuzzy outerplanar if supp(#) is an outerplanar graph; equivalently,
if supp(H) admits a planar embedding in which every vertex lies on the boundary of the outer
face.

Definition 7.14.3 (Intuitionistic fuzzy outerplanar n-SuperHyperGraph). Fix an integer n > 0
and a finite base set V}). For each k > 0, define iterated powersets by

P(Vo) =Vo, P (Vo) = P(P*(V0)).

An n-SuperHyperGraph is a pair SHG™ = (V, E) with
VCPUW),  ECPWV)\ {0
A intuitionistic fuzzy n-SuperHyperGraph is a tuple
S= (V7 E, NV:VVaﬂE;VE)a

where (V, E) is an n-SuperHyperGraph,

v, vy 2 Vo— [0, 1], ue,ve : E—[0,1],
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satisfy, for all x € V and e € F,
0<pv(z)+vv(z) <1,  0<pple) +vple) <1,
and the appurtenance constraint

pe(e) < minpy(x) (Ve € E).

xEe

Let ET :={e€ E: pr(e) > 0} be the set of active superedges.

Define the support graph of S as the crisp graph
supp(S) = (V, Esupp)s Egupp = {{x,y} CV:x+#y, Jec ET withx,y € e}.
Thus two n-supervertices are adjacent in supp(S) precisely when they co-occur in some active

superedge.

We say that S is intuitionistic fuzzy outerplanar if supp(S) is an outerplanar graph; equivalently,
if supp(S) admits a planar embedding in which every n-supervertex lies on the boundary of the
outer face.

7.15 Neutrosophic OuterPlanar graph

Neutrosophic OuterPlanar graph is a neutrosophic graph whose active edges, determined by
positive truth-membership, form an outerplanar support graph embedding [267].

Definition 7.15.1 (Neutrosophic outerplanar graph and outerplanarity value). A (single-valued)
neutrosophic graph may be modeled by a crisp graph G* = (V, E) together with vertex and edge
degree triples

(Tv,lv,Fv) V= [0, 1]3, (TE;IEyFE) FE— [0, 1]3,

subject to the standard SVNS consistency constraints (componentwise bounds).

We say that G is neutrosophic outerplanar if it can be embedded in the plane so that
(i) no two edges intersect except at their endpoints, and
(ii) all vertices lie on the boundary of the exterior (outer) region.

More generally, for a fixed drawing with intersection points P, ..., P, between interiors of edges,
one may define the intersecting value at each P; as a triple (typically an average of the incident
edge triples), and then define the neutrosophic outerplanarity value

1 1 1
f(G> B (fT7fI’fF) . <1 +Zf:1 TPz', 1 +Zf:1 IPi7 1 +Zj:1 FPi) ’

so that f(G) = (1,1,1) when the drawing has no intersections.
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Definition 7.15.2 (Neutrosophic outerplanar hypergraph). Let H* = (V, £) be a finite hyper-
graph with ) ¢ £ C P(V). A (single-valued) neutrosophic hypergraph on H* is a tuple

H= (‘/75) TV7IV7FV7 T57I£'7F€)7

where
Tv,Iv,FV V- [O, 1], Tg,Ig,Fg £ = [0, 1],

satisfy 0 < Ty (v) + Iy (v) + Fy(v) < 3 forallv € V and 0 < T¢(e) + I¢(e) + Fe(e) < 3 for all
e € £. (Optionally, one may impose appurtenance constraints such as Te(e) < minge. Ty (v),
and similarly for I¢, Fe.)

Define the active hyperedge set by
ng = {6 eé€: Tg(e) + 15(6) +Fg<€) > 0}

Define the support (2-section) graph of H as

supp(H) = (V, Esupp), Esupp = {{u,v} € (y): Jee & with {u,v} C e}.

We call H a neutrosophic outerplanar hypergraph if supp(H) is an outerplanar graph (equiva-
lently, it has an embedding with all vertices on the outer face).

Definition 7.15.3 (Neutrosophic outerplanar n-SuperHyperGraph). Fix n > 0 and a finite
base set Vy. Let SHG™ = (V, E) be an n-SuperHyperGraph with

VCPr(Vy), ECPV)\{0}.
A (single-valued) neutrosophic n-SuperHyperGraph is a tuple
S= (‘/Y’ E7 TVaIVaFVa TEalEaFE)>

where

Tv,Iv,FV:V%[O,lL TE7IE,FEIE—>[O,1],

satisfy 0 < Ty (X) + I (X) + Fy(X) <3 forall X € Vand 0 < Tg(e) + Ig(e) + Fr(e) <3
for all € € F, together with the (natural) appurtenance constraints

Tg(e) < min Ty (X), Ip(e) < min Iy (X), Fg(e) < min Fy (X) (Ve € E).

Xee Xee Xee

Define the active superedge set by
Et = {ee€E: Tg(e)+ Ip(e) + Fr(e) > 0}.

Define the support graph of S on the supervertex set V' by

supp(S) := (V, Esupp) Esupp := {{X,Y} € (Y): Jee BY with {X,Y} C E}.

We call S a neutrosophic outerplanar n-SuperHyperGraph if supp(S) is an outerplanar graph.
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7.16 Plithogenic OuterPlanar graph

Plithogenic OuterPlanar graph is a plithogenic graph whose active edges (nonzero appurtenance
under DAF/DCF) admit an outerplanar embedding with all vertices on boundary outer.

Definition 7.16.1 (Plithogenic outerplanar graph). Let G* = (V, E) be a finite simple undi-
rected graph. A plithogenic graph (edge-based version) on G* is a triple

G = (G*, DAF, DCF),
where
DAF: E —[0,1] and DCF:E x E — [0,1]

assign, respectively, a degree of appurtenance (DAF) to each edge and a degree of contradiction
(DCF) to each ordered pair of edges.

Define the active edge set (support) by
Et := {e€ E: DAF(e) >0},

and let G := (V, E™) be the support graph. We call G a plithogenic outerplanar graph if G is
outerplanar, i.e., if G* admits a planar embedding in which every vertex lies on the boundary
of the outer face.

Remark 7.16.2. Definition separates the geometric property (outerplanarity of the sup-
port) from the plithogenic annotation (DAF,DCF). If one prefers an intersection-sensitive no-
tion, one may additionally evaluate a fixed drawing by attaching to each edge-crossing point P a
pair (DAFp, DCFp) computed from the incident edges; outerplanarity then corresponds to the
absence of crossings (hence vacuously (DAFp, DCFp) = (0,0) for all P).

Definition 7.16.3 (Plithogenic outerplanar hypergraph). Let H* = (V,€) be a finite hyper-
graph with ) ¢ & C P(V). A plithogenic hypergraph (hyperedge-based version) on H* is a
triple

7 = (H*,DAF, DCF),

where

DAF : £ — [0,1], DCF: & x & —[0,1]

assign degrees of appurtenance and contradiction to hyperedges (and ordered pairs of hyper-
edges).

Define the active hyperedge set by
Et = {e€&: DAF(e) >0}.
Define the support (2-section) graph of H as

supp(H) = (V, Esupp)s Esupp = {{u,v} € (%) : Je€ & with {u,v} C e}.

We call ‘H a plithogenic outerplanar hypergraph if supp(#) is outerplanar.

Remark 7.16.4. The support graph supp(H) records pairwise co-occurrence in active hyper-
edges; thus outerplanarity is imposed at the vertex level. This choice yields a clean extension
consistent with the outerplanar-graph case.
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7.17 Uncertain OuterPlanar graph

An Uncertain OuterPlanar graph is an uncertain graph of type M whose active edges, having
nonzero degree, form an outerplanar support graph embedding in plane. An Uncertain Outer-
Planar n-superhypergraph is an uncertain n-superhypergraph of type M whose active superedges
induce an outerplanar support graph; planar embedding exists on supervertices only.

Definition 7.17.1 (Uncertain outerplanar graph). Let M be an uncertain model with degree
domain Dom(M) C [0,1]*. Let G* = (V, E) be a finite simple undirected graph. An uncertain
graph of type M is a triple Gyy = (V, E, par), with gy : VU E — Dom(M).

Fix a distinguished zero tuple 0 = (0,...,0) € [0,1]*, and define the active (support) edge set
by
Et == {e€E: uyle) #0}.

Let G := (V, E™) be the support graph.

We call Gy an uncertain outerplanar graph if the support graph G is outerplanar, i.e., G
admits a planar embedding in which every vertex lies on the boundary of the outer face.

Definition 7.17.2 (Uncertain outerplanar hypergraph). Let M be an uncertain model with
degree domain Dom(M) C [0,1]*. Let H* = (V, &) be a finite hypergraph with ) ¢ £ C P(V).
An uncertain hypergraph of type M is a triple Hyr = (V, &, par) with pps : V- UE — Dom(M).

Define the active (support) hyperedge set by
Et i={e€&: puule)#0}.

Define the support (2-section) graph of Hys by
supp(Har) = (V, Esupp)s Eaupp = {{u,v} € (%) : Jee & with {u,v} C e}.

We call Hys an uncertain outerplanar hypergraph if supp(#H,s) is outerplanar.

Remark 7.17.3. The use of the 2-section support graph yields a clean outerplanarity notion at
the vertex level. If one prefers an incidence-based definition, one may alternatively require the
incidence graph B(H*) to be outerplanar; both are reasonable but they are not equivalent in
general.

Definition 7.17.4 (Uncertain outerplanar n-SuperHyperGraph). Let M be an uncertain model
with degree domain Dom(M) C [0,1]*. Let V; be a finite base set and n € Ny. Let SHG™ =
(V, E) be an n-SuperHyperGraph on V; with

0#£VCP Vo), 0#ECPV)\{0}.
An uncertain n-SuperHyperGraph of type M is a triple
Sj(v?) =V, E, pn), par 2 VUE — Dom(M).
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Define the active (support) superedge set by
Et == {c€eFE: uyle)#0}.
Define the support graph of SJ(\;) on the supervertex set V' by

supp(SLY) == (V, Eaupp)s  Boupp i= {{X, Yie(Y): Jee BN with {X,Y} C 5}.

We call S](\Z) an uncertain outerplanar n-SuperHyperGraph if supp(S](\Z)) is outerplanar.

Remark 7.17.5. Definition [7.17.4] is intrinsic at the supervertex/superedge level. If desired,
one may connect this to a base-level viewpoint by applying a flattening map (e.g., Flat,) to
supervertices, but flattening is not required for the outerplanarity definition.
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Hierarchical Graph Structure

In this chapter, we investigate a Hierarchical Graph Structure in order to model connections
between different levels.

8.1 Hierarchical SuperHyperGraphs

A hierarchical superhypergraph is a superhypergraph whose vertices live across multiple powerset
levels, with edges allowed to join mixed-level supervertices, while maintaining downward-closure
coherence. In this book, we primarily work with n-SuperHyperGraphs.

Definition 8.1.1 (Hierarchical SuperHyperGraph of height r). Let V; be a finite, nonempty
base set. For k > 0 define iterated powersets

P(Vo) :==Vo,  P*H(Vp) == P(P (VD))

and fix an integer > 0. Set the hierarchical universe

r

U) = J (P \ {0}).

k=0
For z € U, (Vy), define its level
{(z) == min{k €{0,1,...,r} 2 € P*(Vp) }.
A hierarchical superhypergraph of height r on Vj is a pair
H" = (V,E)

such that

(H1) (Hierarchical vertex set) V is a finite nonempty set with
V C U (Vo).
Elements of V' are called hierarchical supervertices.
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Chapter 8. Hierarchical Graph Structure

(H2) (Cross-level edges) E is a finite family of nonempty subsets of V:
E CPV)\{0}.

Elements of E are called hierarchical superhyperedges. In particular, a superhyperedge may
contain supervertices of different levels.

(H3) (Coherence / downward closure) If X € V and £(X) > 1, then
XCWw

Equivalently, whenever a higher-level supervertex is present, all its immediate constituents
are also present as supervertices.

For each k € {0,...,7} we define the k-th layer by

Vi = {zeV: )=k}, so that V= Uk—ov’“'

Remark 8.1.2 (Relation to ordinary n-SuperHyperGraphs). If, for some n < r, the hierar-
chical vertex set satisfies V' C P™(Vp), then every supervertex has level < n and (V| E) is
an n-SuperHyperGraph in the sense of Definition Conversely, any n-SuperHyperGraph
SHG™ = (V, E) is a hierarchical superhypergraph of height r = n (by taking the same V and
E); the novelty of Definition is that it also permits mized-level supervertices inside a single
superhyperedge.

Example 8.1.3 (A hierarchical SuperHyperGraph of height = 2). Let the base set be
Vo ={a,b,c}.

For 7 = 2, the hierarchical universe is Us(Vy) = (PS°(Vo) UPS' (Vy) UPS*(Vp)) \ {0}.

Hierarchical supervertices. We choose supervertices from three levels:
Ve i={a,b,c} CPS'(Vo), Vi := {{a, b}, {b,c}} C PS' (WD),
and a single level-2 supervertex
X = {{a, b}, {b.c}} € PS*(Vy) = PS(PS(Vp)).-

Define the vertex set by
V=V UV U{X} C Us(Vpy).

Then the level map satisfies

Ua) =€) = L(c) =0, (({a,b}) =€({b,c}) =1, £X)=2.

Coherence (downward closure). Since /(X) = 2 > 1, condition (H3) requires X C V,
i.e., every element of X must already be a supervertex. Indeed, X = {{a,b}, {b,c}} and both
{a,b},{b,c} € V;* C V. Moreover, because ¢({a,b}) = £({b,c}) = 1, coherence also requires
{a,b} CV and {b,c} C V, which holds because a,b,c € Vs C V.
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Cross-level superhyperedges. Define a family of hierarchical superhyperedges £ C PS(V') \
{0} by

e :={a,{a,b}}, ey = {{a,b}, X}, es :={b,{b,c}, X}, E :={ey, ey, €3}
Each edge mixes levels (for instance, ez contains level 0, level 1, and level 2 vertices), which is

allowed by (H2). Therefore
H® = (V,E)

is a hierarchical superhypergraph of height 2 on Vj in the sense of Definition

Layer decomposition. The layers are

Vo = {a, b, c}, Vi ={{a,b},{b,c}}, V2 = {X}, V= Uizovk'

8.2 Hierarchical Path

A hierarchical path is a simple vertex sequence where consecutive vertices are adjacent either by
sharing a hyperedge or by immediate constituent relations across consecutive levels.

Definition 8.2.1 (Hierarchical adjacency and hierarchical path). Let H = (V| E) be a hierar-
chical superhypergraph of height r on V (Definition 8.1.1)), with level map £ : V' — {0,1,...,7}.

(1) Immediate constituents. For X,Y € V, we say that Y is an ¢mmediate constituent of
X, and write Y < X, if
YeX and UX)=L4Y)+1

(Condition (H3) guarantees Y € V whenever X € V and ¢(X) > 1.)
(2) Hierarchical adjacency. Define a symmetric adjacency relation ~pg on V' by declaring
that, for distinct z,y € V,
Tegy = (EI@EE: {x,y}Qa) or (z<y) or (y=<x).
Thus two hierarchical supervertices are adjacent either horizontally (they co-occur in some su-

perhyperedge), or vertically (one is an immediate constituent of the other).

(3) Hierarchical path. A hierarchical path in H(") from s € V to t € V is a vertex sequence
P = (vg,v1,...,05) (k>0),

such that:
(i) vo = s and vy = t;

(ii) v;_1 ~pm v; for every i = 1,... k;
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(iii) wg,..., vy are pairwise distinct (so P is simple).

The integer k is called the length of P.

Remark 8.2.2. If one deletes the vertical adjacency < from Definition and keeps only
co-membership in superhyperedges, then a hierarchical path reduces to a (Berge-type) path in
the underlying hypergraph (V, E). The present definition explicitly exploits the hierarchical
constituent structure.

Example 8.2.3 (A hierarchical path with vertical and horizontal steps). Let V; := {a, b, ¢} and
r:= 1. Consider the hierarchical universe U; (V) = Vo U (P(Vp) \ {0}). Let

V:={a,b,c, A, B}, A:={a,b}, B:={b,c},

so l(a) = £(b) = £(c) = 0 and ¢(A) = ¢(B) = 1. Note that (H3) holds since A, B € V implies
their constituents a, b, ¢ are also in V. Define the edge family

E :={e}, e:={A, B},

which is a mixed-level superhyperedge (here both endpoints happen to be level 1).

Define immediate constituents by membership: a < A, b < A, b < B, ¢ < B. Then the sequence
P =(a, A, B, ¢)
is a hierarchical path from a to c:
a~g A (since a < A), A ~pg B (since {A,B} Ce € E), B ~g ¢ (since ¢ < B).

Hence P connects a base-level vertex a to a base-level vertex ¢ by moving upward to A, hori-
zontally across the superhyperedge €, and downward from B to c.

8.3 Hierarchical Tree

A hierarchical tree is a hierarchical superhypergraph whose hierarchical adjacency graph is con-
nected and acyclic, yielding a unique hierarchical path between any two vertices.

Definition 8.3.1 (Hierarchical Tree). Let H(" = (V,E) be a hierarchical superhypergraph
of height 7. We call H") a hierarchical tree if its hierarchical adjacency graph Ghier(H<’">)
(Definition ?7?) is a tree; that is,

Ghier(H™) is connected and contains no (graph) cycle.

Equivalently, H' is a hierarchical tree if and only if for every pair of distinct u,v € V there
exists a unique hierarchical path from u to v (in the sense of Definition [8.2.1)).
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Example 8.3.2 (A hierarchical tree of height 2). Let Vj := {a,b,¢,d} and r := 2. Define
A= {a,b} € P'(Vp), B :={c,d} € P*(Vp), R:={A, B} € P*(V,).

Let
V:={a,b,c,d, A, B,R} CU(Vp), E:=(.

Then (H3) holds: since R € V we have A, B € V, and since A, B € V we have a,b,c,d € V.
The immediate constituent relations are

a<A, b<A ¢c<B, d<B, A<R, B<R.
Hence the vertical edges of Gpjer (H<2>) are
{a, A}, {b, A}, {c, B}, {d, B}, {4, R}, {B, R},
and there are no horizontal edges because £ = (). Thus Ghier(H<2>) is a tree on 7 vertices with

6 edges, so H'? is a hierarchical tree.

For instance, the unique hierarchical path from a to d is
(CL, A7 R7 B7 d)7

which moves upward through constituents and then downward to the target.

8.4 Hierarchical Cycle

A hierarchical cycle is a simple cycle in the hierarchical adjacency graph, combining vertical
constituent links and horizontal co-membership edges.

Definition 8.4.1 (Hierarchical cycle). Let H™ = (V, E) be a hierarchical superhypergraph,
and let Gpie:(H ) = (V, Eyier) be its hierarchical adjacency graph (Definition ?7?).

A hierarchical cycle in H" is a (simple) cycle in the graph Ghier (Hm); that is, a vertex sequence
C:(vmvla"'?vk—luvk) (k23)7

such that:

(i) vo = vg;

(ii) vo,v1,...,V,_1 are pairwise distinct;

(ili) {vi_1,v;} € Epjer foreach i =1,... k.

The integer k is the length of the hierarchical cycle.
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Remark 8.4.2 (Interpretation). A hierarchical cycle may mix wvertical steps (immediate con-
stituent links) and horizontal steps (co-membership in a hierarchical superhyperedge). In partic-
ular, hierarchical cycles capture feedback patterns that are invisible if one only looks at hyperedge
co-membership (Berge cycles) or only at the inclusion hierarchy.

Example 8.4.3 (A minimal hierarchical cycle). Let V, := {a,b,c} and r := 1. Define the
level-1 supervertices

A :={a, b}, B :={b,c}.

Let
V= {a,b,C,A,B}gul(‘/o), FE = {6}7 €= {A,B}

Then (H3) holds because A, B € V implies a, b,c € V. The immediate constituent relations are
b< A, b<B

(and also a < A, ¢ < B, though they are not needed below). Moreover, since {A, B} C ¢ € E,
we have a horizontal adjacency {A, B} € Ehoriz-

Hence the hierarchical adjacency graph Ghier(H<1>) contains the edges
{A,0}, {b,B}, {A B}

Therefore,

C:(A7 b? B7 A)

is a hierarchical cycle of length 3:
{A,b} € Eyer, {b, B} € Eyerts {B, A} € Enoris-

This cycle uses two vertical steps (constituent relations) and one horizontal step (a superhyper-
edge connection).
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Conclusion

In this book, we extended fundamental graph structures—including paths, trees, cycles, pla-
narity, bipartiteness, and related notions—to the SuperHyperGraph setting, and we examined
their key properties. We hope that future work will further explore these mathematical structures
and advance algorithm design as well as quantitative analyses using computational experiments.
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Appendix: Iterated Multipartite graph

An iterated multipartite graph is a multipartite graph whose vertices are multipartite graphs,
recursively layered over a finite base set.

Definition A.0.1 (Multipartite graph). A finite simple graph is a pair G = (V, E') where V is

a finite nonempty set and £ C (‘2/) Fix an integer k > 2. The graph G is called k-partite if

there exist pairwise disjoint sets V7, ..., V, such that
V =WVU---UV;, and V{u,v}€E, Ji#jwithueV, vev,.

A graph is called multipartite if it is k-partite for some k > 2.

Definition A.0.2 (The multipartite-graph operator). For any (not necessarily numeric) set S,
define

P(S) = {G =(V,E) | 0 #V C S is finite, E C (Z), G is multipartite }

Thus P(S) is the class of all finite multipartite graphs whose vertices are elements of S.

Definition A.0.3 (Tterated multipartite graphs). Fix a finite nonempty base set V (of “atomic”
objects). Define iteratively the hierarchy

P' (Vo) == Vg, P V) = P(P™(WV)) (n € Np).
For n > 1, an n-iterated multipartite graph on Vj is any element
G™ e P (V).

Equivalently, G is an ordinary multipartite graph with vertex set V(G™") C Vj, and for n > 2,
G™ is a multipartite graph whose vertices are (n — 1)-iterated multipartite graphs:

VE™) S P, B(G™) C (V(C;m)
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Example A.0.4 (A 2-iterated multipartite graph). Let the base set be

Vo :={a,b,c,d, e}

Define the first multipartite graph Ggl) by the bipartition
V(G ={a,b,c} =U, UWy, Uy :={a}, Wi:={b,c},

and the complete bipartite edge set between the parts:

E(GYY) = {{a.b},{a,c}}.
Define the second multipartite graph Gél) by the tripartition

V(GY)={c,de} =Us UWo U Zy,  Us:={c}, Wo = {d}, Zs:= {e},
and let it be the complete tripartite graph on these parts:
B(GYY) = {{e,d}, {c,e}, {d, e} }.

Then G\ and G are elements of P*(Vp).

Let
V(G?) = {G", G} C P (Vo),  E(G?) = {{G", GV}

Declare the bipartition of V(G®) to be
V(GW) = {G"} U {GL"}.

Hence G is a (bi)partite graph on the vertex set {Ggl), Ggl)}, where each vertex is itself an
ordinary multipartite graph on V. Therefore,

G e P(PY (V) = P*(Vo),

so G?) is a 2-iterated multipartite graph on V; in the sense of Definition
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