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Chapter 1

Introduction

1.1 Graphs, HyperGraphs, and SuperHyperGraphs

Classical network structures are commonly modeled by graphs, where objects are represented
by vertices and binary relationships are represented by edges [1]. This framework is highly
effective when interactions occur only between pairs of entities. However, in many settings,
several entities interact simultaneously, and ordinary graphs are no longer sufficient to describe
such relationships adequately. To address this issue, hypergraphs extend the classical notion of
a graph by allowing each hyperedge to connect an arbitrary nonempty collection of vertices,
thereby providing a direct representation of higher-order interactions [2].

Nevertheless, many natural, social, computational, and engineered systems exhibit structures
that are not merely higher-order, but also nested, multi-layered, and hierarchical. To represent
such rich incidence patterns, F. Smarandache introduced the concept of a SuperHyperGraph.
Roughly speaking, a SuperHyperGraph is constructed through iterative powerset operations, so
that vertices may themselves be set-valued objects, often called supervertices, and edges may
express connectivity across multiple structural levels [3,|4]. For this reason, SuperHyperGraphs
have recently received increasing attention in both theoretical investigations and practical mod-
eling studies [5[{10].

Graphs and hypergraphs also serve as intuitive and visually transparent tools for describing
complex systems, and they have been applied widely in artificial intelligence, network science,
data mining, informatics, chemistry, physics, and related disciplines [11-13]. By explicitly incor-
porating hierarchical and multi-level incidence, SuperHyperGraphs provide a broader and more
adaptable framework for the study of complex structured data (e.g., [14-23]).

Table summarizes the main distinctions among graphs, hypergraphs, and superhypergraphs.
Throughout this book, unless explicitly stated otherwise, we use

No := {0,1,2,...}.

The structural parameters n, k,r are taken from Ng, except when a positive value is explicitly
required.

A more explicit side-by-side comparison of graphs, hypergraphs, and n-superhypergraphs is given
in Table [L.2L
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Table 1.1: Main differences among graph, hypergraph, and superhypergraph.

Concept Notation Edge Family Main Structural Fea-
ture
Graph |[1] G=(V,E) E C {{u,v}|u,v €V, u#v}  Each edge represents

a binary relation be-
tween two vertices.
Hypergraph [24] H= (V&) ECPV)\{0} Each hyperedge may
connect any nonempty
subset of vertices, al-
lowing direct modeling
of higher-order inter-
actions.
Superhypergraph [3] SHG™ = (V,,V,E) V CP"™(Vy), ECPV)\{0} An n-fold powerset
construction  allows
the representation of
nested,  hierarchical,
and multi-level inci-
dence structures.

Notation. P(X)={A|AC X}, and P°(X) = X, P*(X) = P(P*(X)).

Table 1.2: A concrete comparison of graphs, hypergraphs, and n-superhypergraphs.

Aspect Graph G = (V, E) Hypergraph H = (V,€) n-SuperHyperGraph
SHG™ = (Vp,V, E)
Vertices veV veV x eV CP™(Vp), so ver-

tices may themselves be
nested objects

Edges Ec(Y) £CPW)\ {0} ECP(V)\ {0)

Incidence veEe veEe T Ee€

Adjacency (typical) {u,v} € FE Jee & :{u,v} Ce JeeFE:{x,y} Ce

Meaning of one pairwise relation multi-entity relation multi-entity relation

edge among supervertices

Distance (typical) shortest-path distance Berge or primal distance  super-Berge or primal-

type distance

Typical use binary connectivity higher-order group struc- nested and hierarchical

ture incidence structure

Notation. P°(X) = X and P*T1(X) = P(P*(X)).

1.2 Hierarchical SuperHyperGraphs and Recursive SuperHyperGraphs

A hierarchical SuperHyperGraph admits vertices taken from multiple iterated-powerset levels and
allows mized-level edges, while also requiring a coherence condition that preserves consistency
between adjacent levels. By contrast, a Recursive HyperGraph is a hypergraph in which a
hyperedge may contain not only ordinary vertices but also lower-level hyperedges as elements,
thereby allowing nested or self-referential incidence up to a prescribed recursion depth [25}26].
An (n, k)-recursive SuperHyperGraph combines level-n supervertices, generated through iterated
powersets, with depth-k recursive superhyperedges that may contain both supervertices and
lower-level edges as components [27]. A concise comparison between SuperHyperGraphs and
Hierarchical SuperHyperGraphs is presented in Table and a concise comparison between
SuperHyperGraphs and Recursive SuperHyperGraphs is given in Table

6
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Table 1.3: Concise comparison between SuperHyperGraphs and Hierarchical SuperHyperGraphs.

Aspect SuperHyperGraph Hierarchical SuperHyperGraph
Notation SHG™ = (V, E) H" = (V, E)
Vertex domain V' C P™(V}) (single fixed level) V. < UV, where U (Vo) =

All supervertices lie in the same iterated-
powerset layer.

Vertex type

Edge family ECPWV)\ {0}

Incidence Incidence is among same-level superver-
pattern tices.

Extra structural  No level-coherence condition is imposed in
condition the basic definition.

Nested higher-order objects at one fixed
depth.

Higher-order incidence at a prescribed
powerset depth.

Main emphasis

Typical use

Ur—o P*(Vp) (multiple nonempty hier-
archical levels)

Supervertices may belong to different lev-
els 0,...,7r.

ECPV)\{0)

Edges may connect mixed-level superver-
tices.

Downward closure / coherence is required:
if X €Vand {(X)>1, then X C V.
Multi-level nested structure with explicit
hierarchical consistency.

Nested, multi-level, and cross-level inci-
dence modeling.

Notation. PO (Vo) = Vo, PED (Vg) = P(PR) (Vo)) \ {0}, U (Vo) = Us_o P* (Vo), and £(z) denotes the

level of z € U, (V).

Table 1.4: Concise comparison between SuperHyperGraphs and Recursive SuperHyperGraphs.

Aspect SuperHyperGraph Recursive SuperHyperGraph

Notation SHG™ = (V, E) RSHG™® = (V, E)

Vertex set VCP™(V) VvV C P (Vo)

Edge family ECPV)\{0} E C 2y \ {0}, with e C VUE for every

Edge contents Each edge is a nonempty subset of V.

Extra No recursive depth parameter.
structure
Interpretation Higher-order  incidence  among n-

supervertices.

Special case Basic model.

eckE

An edge may contain supervertices and
lower-level recursive edges.

Recursion depth is controlled by k, and
recursive edge-membership is acyclic.
Nested/self-referential incidence among n-
supervertices and recursive edges.

For £ = 0, no edge can contain another
edge; hence the model reduces to the ordi-
nary n-SuperHyperGraph case.

Notation. PO(VO) = Vo, PmH(Vo) = P(Pm(Vo)), and 2y, denotes the depth-k powerset universe over V.

1.3 Owur Contributions

The main contributions of this book are as follows.

First, we formulate (n, k)-recursive SuperHyperGraphs by combining n-level supervertices with
recursive superhyperedges of bounded depth. In this formulation, recursive superhyperedges
may contain both supervertices and lower-level recursive superhyperedges, while typed incidence
closure and well-foundedness prevent ill-defined circular recursion.

Second, we introduce several extensions of recursive SuperHyperGraphs, including recursive
fuzzy, single-valued neutrosophic, uncertain, soft, rough, and weighted SuperHyperGraphs. These
variants show how recursive incidence structures can be combined with membership degrees,
neutrosophic information, general uncertainty models, parameterized families, approximation
structures, and numerical weights.
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Third, we develop the framework of Hierarchical SuperHyperGraphs. In this setting, vertices
may belong to different iterated-powerset levels, and superhyperedges may connect mixed-level
supervertices. A coherence condition is imposed to ensure that higher-level selected objects
remain compatible with their immediate constituents.

Fourth, we examine several hierarchical variants, including fuzzy, directed, bidirected, uncertain,
soft, rough, and weighted hierarchical SuperHyperGraphs. We also discuss related structural
notions such as distance, labeling, domination, and tree-like structures.

Finally, we compare Hierarchical and Recursive SuperHyperGraphs with related frameworks such
as Meta-Graphs, Iterated Meta-Graphs, Filtrated Graphs, Iterated MultiGraphs, and Neural
Graphs. These comparisons clarify the relationship between SuperHyperGraph-based models
and other higher-order or multi-level graph formalisms.

This book is part of a broader series on HyperGraph and SuperHyperGraph theory. For re-
lated background and context, see, as needed, works such as [28-32]. Since the present work is
mainly theoretical, future studies may further develop algorithms, computational experiments,
and concrete applications for the structures introduced here.



Chapter 2

Preliminaries

This chapter fixes the notation and reviews the main structures used throughout the book.

2.1 SuperHyperGraphs

Classical graph theory provides a standard language for describing systems built from wvertices
and edges, together with notions such as connectivity, invariants, and structural properties arising
in mathematics, computer science, and many application domains [1]. When interactions are
not merely pairwise, the classical graph model becomes too restrictive. A hypergraph resolves
this limitation by allowing a single edge to connect any nonempty collection of vertices, thereby
encoding genuinely multiway relations in a direct manner [2,|33]. Such higher-order structures
now play an increasingly important role in modern modeling and learning frameworks, including
neural architectures that explicitly use hypergraph-based incidence information [2}34-37].

A further generalization is obtained by iterating the powerset construction. In this setting, ver-
tices themselves may be set-valued and nested, which leads to the notion of a finite SuperHyper-
Graph. This framework is well suited to the representation of hierarchical, multilevel, or nested
relational systems [38/39]. Such models naturally arise in areas such as multiscale network analy-
sis, molecular representation, and neural-network design [7}/15{40-44]. Related variants have also
been studied, including Directed SuperHyperGraphs [45}46] and MetaSuperHyperGraphs [47].
Unless explicitly stated otherwise, we use

No :={0,1,2,...}.

The parameters n, k,r are assumed to belong to Ny, except when a positive value is explicitly
required.

Definition 2.1.1 (Base set). A base set S is the underlying universe of admissible objects in
the context under consideration:

S = {z | = is admissible in the given setting }.

Consequently, every element of P(S), and more generally of any iterated powerset P™(S), is
ultimately generated from elements of S.
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Definition 2.1.2 (Powerset). (see [48]) For a set S, its powerset is the family of all subsets of
S:
PS)={A|ACS}.

In particular, @ € P(S) and S € P(S).

Definition 2.1.3 (Hypergraph). [24,49] A hypergraph is an ordered pair H = (V, E') such that:
e V is a finite set of vertices, and
e FE is a finite family of nonempty subsets of V', called hyperedges.

Thus, unlike an ordinary graph, a hyperedge may involve more than two vertices, allowing direct
modeling of multiway interactions.

Definition 2.1.4 (Iterated powerset and flattening). [50] Let V) be a finite nonempty set. Set
PO(Vo) = Vo,  P*(Vo) :i=P(PH(V)) (k> 0).
For each k > 0, define the flattening map
Flaty, : P*(Vp) \ {0} — P(Vo) \ {0}

recursively by
Flato(x) := {z} (z € Vp),

and
Flaty 1 (X) := U Flat,(Y) (X € P*(Vp) \ {0}).

YeX

Definition 2.1.5 (Nonempty hierarchical powerset levels). Let V; be a finite nonempty base
set. Define the nonempty hierarchical powerset levels recursively by

PO (Vy) = Va,

and, for £ > 0,
PEI (V) := P(P™ (Vo)) \ {0}

For r € Ny, the hierarchical universe of height r over Vj is defined by
U, (Vo) = [ JP® (V).
k=0

An element of U, (V) is called a hierarchical supervertex.

Definition 2.1.6 (Level of a hierarchical supervertex). Let x € U,.(V;). The level of z is defined
by
{(z) :=min{k € {0,1,...,r}: 2z € P®(V}) }.

When z € P*)(V;) with k > 1, the elements of x are called the immediate constituents of x.

10
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Remark 2.1.7 (Set-theoretic convention). Throughout this book, base elements of V; are
treated as atomic objects with respect to the iterated powerset construction. Under this conven-
tion, the level map ¢ is well-defined. If one works in a setting where base objects may themselves
be sets, the same construction can be made fully formal by replacing the union above with a
tagged disjoint union of the levels.

Definition 2.1.8 (n-SuperHyperGraph). (see [3]) Let V; be a finite nonempty base set. Define
PO(Vo):=Vo, P (V) :=P(P*(V,)) (keN).
For n > 0, an n-SuperHyperGraph on V, is a pair
SHG™ = (V, E)

satisfying
VCP(Ve) and ECPV)\{0}.

The elements of V' are called n-supervertices, while the elements of E are called n-superedges.
Equivalently, each n-superedge is a nonempty subset of V.

Example 2.1.9 (A concrete 2-SuperHyperGraph). Let
Vo = {av b}

Then
P(VE)) = {®7 {CL}, {b}a {aa b}}v

and hence

P*(Vo) = P(P(Vo))-

Define three 2-supervertices by

T1 = {{a’}v{b}}’ T2 = {{avb}}7 T3 = {{a}v{avb}}'

Each of x1, x5, z3 is an element of P?(V}). Now set

V= {x, 2,23}

Next, define the superedge family by

E = {{xla :1;2}7 {x27 x3}7 {xla Lo, f]?g}}
Then every element of F is a nonempty subset of V', so

ECP(V)\{0}.

Therefore,
SHG® = (V, E)

is a 2-SuperHyperGraph on the base set V.

In this example, the elements x, x5, T3 are 2-supervertices, and the sets
{xlaxQ}a {$27$3}7 {xlvaawS}
are 2-superedges.

11
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2.2 Fuzzy, Neutrosophic, and Uncertain Graph

A fuzzy set assigns to each element a membership value in the interval [0, 1], thereby modeling
graded belonging and partial uncertainty [51,(52]. A fuzzy graph extends this idea to network
structures by attaching membership degrees to both vertices and edges, allowing uncertain or
gradual connectivity to be represented within a graph-theoretic setting [53}/54].

Definition 2.2.1 (Fuzzy set). [51] Let Y be a nonempty universe. A fuzzy set 7 on Y is a
function
T:Y —[0,1],

where 7(y) is the membership degree of y € Y.

A fuzzy relation on Y is a fuzzy subset § of Y X Y. Given a fuzzy set 7 on Y, the relation § is
called a fuzzy relation on 7 if

0(y,z) <min{r(y),7(2)}, Vy,zeY.

Definition 2.2.2 (Fuzzy graph). [54] A fuzzy graph on a vertex set V' is a pair G = (o, p),
where:

o 0:V —[0,1] is the vertex membership function, and

o u:V xV —[0,1] is the edge membership function, viewed as a fuzzy relation on o, such
that
wx,y) <o(x)Noly), VzyeV,

where A denotes the minimum operation.

The associated crisp graph G* = (o*, u*) is given by
o"={zeV]o(@@) >0}, pw={(x,y)eVxV|uy >0}

A fuzzy subgraph H = (o', it’) of G is obtained by selecting a subset X C V together with maps
o X —[0,1], p: X x X —[0,1],

such that
W(z,y) <o'(x)no'(y), Va,yeX.

A Single-Valued Neutrosophic Graph enriches the graph model by attaching to each vertex and
edge three degrees: truth, indeterminacy, and falsity [55-58].

Definition 2.2.3 (Single-Valued Neutrosophic Graph). [58] Let G* = (V, E) be a crisp graph,
where V is the vertex set and ¥ C V x V is the edge set. A single-valued neutrosophic graph
(SVNG) on G* is a pair

G = (4, B),

where

12
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A={{(v,Ta(v),14(v),Fa(v)) :v eV}

is the single-valued neutrosophic vertex set, with
TAaIA,FA V= [07 1]5

representing the truth-membership, indeterminacy-membership, and falsity-membership
degrees of vertices, respectively, and satisfying

0 <Ti(v)+Is(v)+ Fa(v)<3 for every v € V;

B = {{uv, Tg(uv), Ig(uv), Fg(uv)) : wv € E}

is the single-valued neutrosophic edge set, with
Tg,15,F5: E — [0,1],
such that for all u,v € V with uv € F,
Ts(uv) < min{Ta(u), T4(v)},

Ig(uv) < min{la(u),la(v)},

and
Fg(uv) > max{Fa(u), Fa(v)}.

If B is symmetric, then G = (A, B) is called an undirected SVNG; otherwise, it is called a
directed SVNG.

Remark 2.2.4 (Conventions for neutrosophic edge compatibility). Different conventions are
used in the literature for compatibility between vertex degrees and edge degrees in neutrosophic
graph models. In some single-valued neutrosophic graph formulations, the falsity degree of an
edge is bounded below by the falsity degrees of its endpoints. In the incidence-based SuperHy-
perGraph formulations used later in this book, however, truth, indeterminacy, and falsity values
may all be treated as incidence-type appurtenance degrees and may therefore be bounded above
by the corresponding degrees of the incident objects. Whenever such a convention is used, it is
specified in the relevant definition.

An Uncertain Set assigns to each element a degree from an uncertainty model, unifying fuzzy, in-
tuitionistic, neutrosophic and plithogenic frameworks [59]. An Uncertain Graph is a graph where
vertices or edges carry degrees in an uncertainty model, subsuming fuzzy, intuitionistic, neutro-
sophic. We first recall the notion of an Uncertain Model, which provides the membership—degree
domain.

Definition 2.2.5 (Uncertain Model). [59] Let U denote the class of all uncertain models. Each
M € U is specified by

o anonempty set Dom (M) C [0, 1]* of admissible degree tuples for some fixed integer k > 1;

13
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» model-specific algebraic or geometric constraints on elements of Dom(M) (for example,
#~+ v <1 in the intuitionistic fuzzy case, or T'+ I + F' < 3 in the neutrosophic case).

Typical examples include:

o Fuzzy model: Dom(M) = [0, 1];

o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]* | p+v < 1};

Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]? |0<T + I+ F < 3};

e Plithogenic model, and many other extensions.

Definition 2.2.6 (Uncertain Set (U-Set)). [59] Let X be a nonempty universe, and let M be
a fixed uncertain model with degree-domain Dom(M) C [0,1]*. An Uncertain Set of type M
(or U-Set for short) on X is a pair

u — (Xa;u]W)a

where
par 2 X — Dom (M)

is called the uncertainty—degree function (or membership map) of U.

For z € X, the value pp(z) € Dom(M) encodes the degree(s) to which = belongs to the
uncertain set, according to the model M.

Remark 2.2.7. Special cases:

o If M is the fuzzy model and Dom(M) = [0,1], then py : X — [0,1] is a usual fuzzy
membership function and U is a fuzzy set.

o If M is neutrosophic, then uy (z) = (T'(z), I(z), F(x)) gives a neutrosophic set.

e Other choices of M recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic sets,
and so on.

As noted in the remark, various generalizations are possible. For reference, Table presents a
catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-domain
Dom(M) C [0,1]% (cf. [60]).

The definitions and related concepts of Uncertain Graphs are presented below.

14
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Table 2.1: A catalogue of uncertainty-set families (U-Sets) by the dimension k of the degree-
domain Dom(M) C [0, 1]* [60].

k note Representative U-Set model(s) whose degree-domain is a subset of [0, 1}’“
1 Fuzzy Set [51,|61]; N-Fuzzy Set [62({64] Shadowed Set [65-67]
2 Intuitionistic Fuzzy Set [68,/69]; Vague Set [70}|71]; Bipolar Fuzzy Set (two-

component description) |72]; Variable Fuzzy Set [73H75|; Paraconsistent Fuzzy
Set [761/77]; Bifuzzy Set [78}[79]

3 Single-Valued Neutrosophic Set [80,[81]; Picture Fuzzy Set [82}83]; Spherical
Fuzzy Set [841185]; Tripolar Fuzzy Set (three-component formalisms) [86H88];
Neutrosophic Vague Set [89,90]

4 Quadripartitioned Neutrosophic Set [91,(92]; Double-Valued Neutrosophic Set
[93,/94); Dual Hesitant Fuzzy Set [9596]; Ambiguous Set [97H99]; Turiyam
Neutrosophic Set [100-103]

5 Pentapartitioned Neutrosophic Set [104H106]; Triple-Valued Neutrosophic Set
[107H109]

6 Hexapartitioned Neutrosophic Set; Quadruple-Valued Neutrosophic Set [108]
110]

7 Heptapartitioned Neutrosophic Set; Quintuple-Valued Neutrosophic Set |108]
1111j112]

8 Octapartitioned Neutrosophic Set [113}[114]

9 Nonapartitioned Neutrosophic Set |113|[114]

n (n>1) Multi-valued (Fuzzy) Sets [115]; MultiFuzzy Set [116]; n-Refined Fuzzy Set
[1171[118)

2n (n>1) n-Refined Intuitionistic Fuzzy Set |118]; Multi-Intuitionistic Fuzzy Set [116]

3n (n>1) n-Refined Neutrosophic Set [118]; Multi-Neutrosophic Set [116,/119)

Reading guide. In the U-Set scheme [59], each model M is specified by a degree-domain Dom (M) C [0,1]*
and a membership map par : X — Dom(M ). The table groups representative families by the ambient dimension
k (i.e., how many numerical components are stored per element).

@ A widely cited viewpoint is that neutrosophic sets provide a unifying umbrella covering several earlier multi-
component fuzzy models (and their generalizations); see [120].

(b) Ambiguous sets are commonly presented as subclasses of certain four-component neutrosophic families;
see [911[92,/99].
() Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see [121].

Definition 2.2.8 (Uncertain Graph). Let G = (V, E) be a (finite, undirected, loopless) graph
and let M be an uncertain model with degree-domain Dom(M). An Uncertain Graph of type
M is a triple

gM = (‘/7E7,U’M)7

where
parr V' UE — Dom(M)

assigns to each vertex v € V and each edge e € E an uncertainty degree s (v) or pps(e) in
Dom(M).

Optionally, one may impose model-specific consistency conditions between vertex and edge de-
grees (for instance, pyr(e) bounded in terms of pp(u) and py(v) for e = {u,v} in fuzzy or
intuitionistic fuzzy graph models), but these constraints are encoded in the choice of M and are
not fixed at the level of this general definition.

Remark 2.2.9. Again, particular choices of M recover well-known graph models:

o Fuzzy graph (when M is fuzzy and py : VU E — |0, 1]);

15



Chapter 2. Preliminaries

e Intuitionistic fuzzy graph, neutrosophic graph, plithogenic graph, etc., for the correspond-
ing models M.

As a reference, Table presents a catalogue of uncertainty-graph families (Uncertain Graphs)
organised by the dimension k of the degree-domain Dom (M) C [0, 1]*.

Table 2.2: A catalogue of uncertainty-graph families (Uncertain Graphs) by the dimension k& of
the degree-domain Dom(M) C [0, 1]*.
k Representative uncertainty-graph type(s) Gay = (V, E, pups) with pps : VUE — Dom(M) C

[0, 1]*
1 Fuzzy graph; N-graph; shadowed-graph variants
2 Intuitionistic fuzzy graph [|122]; vague graph |123]; bipolar fuzzy graph [124]; intuitionistic

evidence graph; variable fuzzy graph; paraconsistent fuzzy graph; bifuzzy graph [125]/126]
3 Neutrosophic graph [58]®); hesitant fuzzy graph [127]; tripolar fuzzy graph; three-way fuzzy
graph; picture fuzzy graph [128}/129|; spherical fuzzy graph [84]; inconsistent intuitionistic
fuzzy graph; ternary fuzzy / neutrosophic-fuzzy graph; neutrosophic vague graph
4 Quadripartitioned neutrosophic graph [130,[131]; double-valued neutrosophic graph [93];
dual hesitant fuzzy graph [132]; ambiguous graph(b); local-neutrosophic graph; support-
neutrosophic graph; turiyam neutrosophic graph [133]()
5 Pentapartitioned neutrosophic graph [134]; triple-valued neutrosophic graph
6 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph
7 Heptapartitioned neutrosophic graph [135]; quintuple-valued neutrosophic graph
8
9
n

Octapartitioned neutrosophic graph

Nonapartitioned neutrosophic graph

n-refined fuzzy graph; multi-valued (fuzzy) graphs; multi-fuzzy graphs [136]
2n n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graphs
3n n-refined neutrosophic graph; multi-neutrosophic graphs

(&) Neutrosophic graph models are often treated as broad frameworks that can specialize to many degree-based
graph formalisms under suitable constraints.

(b) Ambiguous-graph models are commonly presented as subclasses of certain quadripartitioned and also double-
valued neutrosophic graph models.

() Turiyam neutrosophic graphs are reported as subclasses of certain quadripartitioned neutrosophic graph
models.

2.3 Soft Graph

Soft graph is a parameterized graph structure assigning to each parameter a subgraph, enabling
flexible modeling of systems whose relations vary across contexts and scenarios [92,137,/138].

Definition 2.3.1 (Soft Graph). Let G* = (V, E) be a simple graph, and let A be a nonempty
set of parameters. A soft graph over G* is a quadruple

G=(G",F,K,A),

where

F:A—PV), K:A—P(E),

such that, for every a € A, the pair

is a subgraph of G*.
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2.4 Rough Graph

A rough graph represents a graph through lower and upper approximation graphs under an
equivalence relation, thereby modeling indiscernibility, vagueness, and boundary uncertainty
structurally formally [139.(140].

Definition 2.4.1 (Rough Graph). Let U = (V,E) be a universe graph, and let R be an
equivalence relation on F, inducing edge equivalence classes [e]r for e € E. For a graph T =

(W, X) with W CV and X C FE, define
R(X)={e€FE:[eJrCX}, RX)={e€eFE:[eJgnX+#o}.

Then the pair B o
(B(T), R(T)) = (W, R(X)), (W, R(X)))

is called the rough graph associated with T'. If X is not a union of R-equivalence classes, then
T is said to be an R-rough graph.

17






Chapter 3

Recursive SuperHyperGraph and Related
Concepts

In this chapter, we present several recursive SuperHyperGraph-related concepts.

3.1 Recursive HyperGraph

A Recursive HyperGraph is a hypergraph in which hyperedges are allowed to contain not only
ordinary vertices but also lower-level hyperedges as elements, thereby supporting nested (self-
referential) incidence up to a bounded recursion depth [25,26]. An (n, k)-recursive SuperHyper-
Graph combines level-n supervertices (via iterated powersets) with depth-k recursive superhy-
peredges that may contain supervertices and lower-level edges as elements |27].

Definition 3.1.1 (Depth-k powerset universe). [25/26] Let S be a nonempty set and let k €
N U {0}. Define a hierarchy of sets (.S;);>0 by

So:i=S, 8= P(U 8;) (i>1),

The depth-k powerset universe over S is

Definition 3.1.2 (k-recursive hypergraph). [25,[26] Let V' be a finite vertex set and let k €
NU{0}. A k-recursive hypergraph is a pair

H=(V,E)

such that
E g 2V7k \ {m}u
where 2y, is the depth-k powerset universe from Definition applied to S = V.

In particular, when k = 0 one has 2y,o = P(V) and therefore E C P(V) \ {0}, so H reduces to
an ordinary hypergraph.
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Chapter 3. Recursive SuperHyperGraph and Related Concepts

Definition 3.1.3 ((n, k)-recursive SuperHyperGraph). Let V; be a finite nonempty base set,
and let n, k € N.

Define the iterated powersets by
P'(Vo)=Vo,  P"H(Vo) =P(P"(V)) (m=0).

An (n, k)-recursive SuperHyperGraph on Vj is a pair
RSHG"™Y = (V, E)

satisfying the following axioms:

(R1) Supervertex set. V is a finite nonempty set such that
VS P (Vo).

The elements of V' are called n-supervertices.

(R2) Recursive superhyperedge family. F is a finite family of nonempty recursive superhyper-
edges such that
E C 2y \ {0},

where 2y, is the depth-k powerset universe from Definition applied to S = V.

(R3) Typed incidence closure. Every element of every recursive superhyperedge is either an
n-supervertex or a recursive superhyperedge:

Ve € E, eCVUE.

(R4) Well-foundedness and depth bound. Define a relation < on E by
f<e <<= fece (f,e € E).
The relation < is required to be acyclic, and every <-chain
eo < ep << e

has length at most k.

Equivalently, there exists a rank map
h:E—{0,1,...,k}

such that
feenE = h(f)<h(e).

Remark 3.1.4. Axiom (R3) ensures that every object occurring inside a recursive superhy-
peredge has an admissible type: it is either a supervertex or another recursive superhyperedge.
Axiom (R4) excludes circular definitions such as e € e or e; € e; € eq, and it also ensures that
recursion is bounded by the prescribed depth k.
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Example 3.1.5 (A concrete (1, 1)-recursive SuperHyperGraph). Let
% = {a7 b’ C}'

Then
P (Vo) = P (Vo).

Define three 1-supervertices by

x :={a}, y := {b}, z :={a,c}.

Set
V= {zy,z}.

Clearly,
V CP(Vy) =P (Vo).

Now define two recursive superhyperedges by

e = {z,y}, ey = {ey, z}.

Since e; C V, one has

e; € P(V).

For k = 1, the depth-1 powerset universe over V is

Because

e, €P(V)CVUPWV) and 2eV CVUPYV),

it follows that
es ={e1,z} CVUPV),

and hence
ey € 2\/71.

Also,
e] € P(V) Q 2\/71.

Therefore, if we set
E = {617 62}7

then
E C2y, )\ {0}

Moreover, the typed incidence closure condition holds. Indeed,
€1 = {HJ, y} - V7

and
es ={e,z} CVUE,

because ¢; € E and z € V.
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The recursive edge-membership relation has the only nontrivial relation
e; < €o,

since e; € ey. Hence the relation < is acyclic, and the longest chain has length 1. Equivalently,
the rank map

h:E — {0,1}, h(er) =0, h(ey) =1,

satisfies

feenE = h(f) < h(e).

Hence

RSHG"Y = (V, E)
is a (1, 1)-recursive SuperHyperGraph.

In this example, e; is an ordinary superhyperedge on the supervertex set V', while e, is genuinely
recursive because it contains the lower-level edge e; as one of its elements.

3.2 Recursive Fuzzy SuperHyperGraphs

A fuzzy n-SuperHyperGraph is a higher-level network representation in which supervertices and
superedges carry membership values for modeling complex interactions (cf. [3[141]).

Definition 3.2.1 (Fuzzy n-SuperHyperGraph). (cf. [3]) Let SHG™ = (V, E) be an n-SuperHyperGraph.
A fuzzy n-SuperHyperGraph is a quadruple

(‘/7 E7 07 ILL)?
where 0 : V — [0,1] and p : E — [0, 1] obey the admissibility constraint

ule) < min o(v) for every e € E.

Definition 3.2.2 ((n, k)-recursive Fuzzy SuperHyperGraph). Let Vj be a finite nonempty base
set, and let n, k € Ny. Let
RSHG"™" = (V, E)

be an (n, k)-recursive SuperHyperGraph in the sense of Definition

A (n, k)-recursive fuzzy SuperHyperGraph is a quadruple
RFSHG"™ = (V, E, o, 1),

where

o:V —10,1], w:E—[0,1],
are membership maps satisfying the recursive fuzzy admissibility condition

ple) <ming(z) (e € E),

where

G:VUE — [0,1]

S(r) e o(x), xze€V,
(@) {u(w), x e k.

is defined by
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Remark 3.2.3. Condition (C3) is the natural recursive extension of the usual fuzzy-hypergraph
constraint “edge membership cannot exceed the membership of any incident endpoint”: if e
contains lower-level edges as elements, then those elements also constrain u(e). Condition (C2)
guarantees that this recursive interpretation is well-founded.

Remark 3.2.4. The typed incidence closure and the well-foundedness of recursive edge mem-
bership are inherited from the underlying (n, k)-recursive SuperHyperGraph. Thus the only
additional datum in the fuzzy version is the membership assignment together with the recursive
admissibility constraint.

Notation 3.2.5 (Typed object universe). For a recursive SuperHyperGraph (V, E), we write
VUE :=(Vx{0})U(E x {1})

for the typed disjoint union of supervertices and recursive superhyperedges. This notation distin-
guishes a supervertex from a recursive superhyperedge even if they are represented by the same
underlying set.

Example 3.2.6 (A concrete (1, 1)-recursive fuzzy SuperHyperGraph). Let
Vo ={a,b,c}.

Then
P (Vo) = P(Vo).

Define three 1-supervertices by

x = {a}, y := {b}, z:={a,c},

and set
Vi={x,y,z}.

Clearly,
VEPWo) =P (V)

Next, define two recursive superhyperedges by

ey :={x,y}, ey :={ey, z}.

Let
E :={e,ex}.

For k = 1, we have

Since e; C V, one has e; € P(V) C 2y;. Also, because e; € P(V) and z € V, it follows that
€y = {61,2} c 2V,1'

Hence

E C 2y, \ {0},
23



Chapter 3. Recursive SuperHyperGraph and Related Concepts

so (V,E) is a (1, 1)-recursive SuperHyperGraph.

Now define the fuzzy vertex-membership map o : V' — [0, 1] by
o(x) =0.9, o(y) =0.7, o(z) =0.8,
and the fuzzy edge-membership map p: E — [0, 1] by

wu(er) = 0.6, u(ez) = 0.5.

We verify the required conditions.

(C1) Typed incidence. For e; = {z,y}, both x and y belong to V. For e; = {ey, 2}, one
element e; belongs to E and the other element z belongs to V. Thus every element of every
recursive superhyperedge lies in V' U E.

(C2) Well-foundedness and depth bound. The only recursive edge-membership relation
among edges is
e; < es,

because e; € ey, while e; ¢ e; and e; ¢ ey, e ¢ ey. Hence the relation < is acyclic. Moreover,
the longest chain has length 1, so the recursion depth is at most 1. Equivalently, the rank map

h:E—{0,1},  h(e))=0, hies)=1,

satisfies

feenE = h(f) < h(e).

(C3) Recursive min-constraint. Define 5 : VU E — [0, 1] by

S 0) — o(u), ueV,
) {M(U),

u € k.

For the edge e; = {x, y},
p(er) = 0.6 < min{5(z),5(y)} = min{o(z), o(y)} = min{0.9,0.7} = 0.7.
For the edge e; = {61, Z};

p(ez) = 0.5 <min{a(e;),0(z)} = min{u(er),o(z)} = min{0.6,0.8} = 0.6.

Therefore,
RFSHG"Y = (V, E, 0, )

is a concrete (1, 1)-recursive fuzzy SuperHyperGraph.

In this example, e; is an ordinary fuzzy superhyperedge on the supervertex set V', while ey is
genuinely recursive because it contains the lower-level edge e; as one of its elements.
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3.3 Recursive Neutrosophic SuperHyperGraphs

A neutrosophic n-superhypergraph assigns truth, indeterminacy, and falsity degrees to n-supervertices
and superhyperedge incidences. The definition of a Neutrosophic n-Superhypergraph is given as
follows [3,142].

Definition 3.3.1 (Single-Valued Neutrosophic Hypergraph). (cf. [143]) Let V' = {vy,...,v,}
be a finite vertex set and let E = {E;}", be a family of nontrivial single-valued neutrosophic
subsets of V' such that

v = Usion(E.
i=1
Each neutrosophic hyperedge E; is given by
E; = {(v,Tg,(v),Ig,(v), Fg,(v) :v € V},
where
Tg,, I, Fp,: V —[0,1] satisfy 0 < Ty, (v)+ Ig (v)+ Fg,(v) < 3 YveV.

Then H = (V, E) is called a single-valued neutrosophic hypergraph.

Definition 3.3.2 (Neutrosophic n-SuperHyperGraph). (cf. [3]) Let V4 be a finite base set, and
define iteratively

P'(Vo) =V,
PE (Vo) = P(PH(W).
An n-SuperHyperGraph is a pair SHG™ = (V, E) such that
VS P"(Vo),
ECPV)\{0}.

Elements of V' are called n-supervertices, and elements of E are called n-superhyperedges (each
e € F is a nonempty subset of V).

A Neutrosophic n-SuperHyperGraph is the tuple
NSHg(n) = (V7 Ea TV7 IVa FVa TEa IEa FE)7

where

o Ty,Iyv,Fy : V — |0, 1] assign to each n-supervertex v its truth-membership Ty (v), inde-
terminacy Iy (v), and falsity Fy (v), with 0 < Ty (v) + Iy (v) + Fy (v) < 3.
o Tp,Ip, Fr: E xV —[0,1] assign to each pair (e,v) an incidence neutrosophic triple
Tr(e,v), Ig(e,v), Fr(e,v)

, with
0 <Tg(e,v)+ Ig(e,v) + Fr(e,v) <3
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These functions satisfy the following incidence consistency conditions:

(support) v ¢ e = Tg(e,v) = Ig(e,v) = Fr(e,v) =0,
(edge-appurtenance) v € e = Tg(e,v) < Ty (v), Ig(e,v) < Iy (v), Fg(e,v) < Fy(v),
Vee E, YveV.

An (n, k)-recursive neutrosophic superhypergraph models n-level nested supervertices and k-
depth recursive superhyperedges with truth/indeterminacy /falsity memberships.

Definition 3.3.3 (Single-valued neutrosophic set on a universe). Let X be a nonempty set. A
single-valued neutrosophic set (SVNS) on X is a triple

A= (Ta,14,Fy), Ta, Ia, Fa: X —[0,1],
such that for every x € X,
0 <Ta(x)+ Ia(z) + Fa(x) < 3.
Its (neutrosophic) support is

supp(A) == {z € X | Tu(z) + Lu(z) + Fa(z) > 0}.

Definition 3.3.4 (Recursive universe over a supervertex set). Let V' be a nonempty finite set
and let k£ € NU{0}. Let (S;);>0 be the hierarchy from Definition

i—1
§=0
Define the depth-k recursive universe over V by

k
uV,k = U Sz

=0

Note that 2y, = P(Uy,x) (Definition [3.1.1]).

Definition 3.3.5 ((n, k)-recursive single-valued Neutrosophic SuperHyperGraph). Fix a finite
nonempty base set V) and integers n, k € NU{0}. An (n, k)-recursive single-valued Neutrosophic
SuperHyperGraph (abbrev. (n, k)-recursive NSHG) on V; is a tuple

RNSHG(”JG) - (V7 E7 TZ/I:L/{:FU7 (TevlevFe)eEE)

satisfying the following axioms.

(i) (Hierarchical supervertices). V is a finite nonempty set with

V CP"(Vo).

(ii) (Recursive universe). Let Uy, be the depth-k recursive universe over V' (Definition (3.3.4)).
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(iii) (Neutrosophic availability on the universe).
Tu, Iu, Fy: Uy — [0,1] satisfy 0 <Ty(x)+ Ly(z) + Fu(z) <3 Vr € Uyy.

(Interpretation: Ty, Iy, Fy, bound how strongly an object € Uy, can participate in higher
relations.)

(iv) (Recursive neutrosophic superhyperedges). E is a finite nonempty family of SVNSs on Uy :
for each e € F,

e=(T., 1., F.) with T, 1., F,:Uyr—[0,1], 0 <T.(v)+1.(z)+F.(x) <3Vx € Uyy.
Moreover, each edge has nonempty support:

supp(e) # 0.

(v) (Appurtenance constraints). For all e € E and all x € Uy,

T.(z) < Ty(z), I.(z) < Iy(x), F.(x) < Fy(z).

(vi) (Vertex coverage; optional but often assumed).

V C | supp(e).

eckE

Remark 3.3.6 (Crisp underlying edge and recursion depth). Given RNSHG™" as in Defini-
tion [3.3.5] each e € E induces a crisp recursive superhyperedge

e :=supp(e) C Uy

Since e # (), one has e € P(Uyy) \ {0} = 2y, \ {0}, i.e., e is admissible as a depth-k recursive
edge.

Example 3.3.7 (A concrete (1, 1)-recursive single-valued Neutrosophic SuperHyperGraph). Let
Vo = {(I, b}

Define two 1-supervertices by
v:={a},  y:={b},
and set
Vi={x,y}.

Then
VCPVy) =P (V).

For k = 1, the depth-1 recursive universe over V is

Z/{V,l = VUP(V) = {IL', Y, Q)v {CC}, {y}? {{L‘,y} }
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Next, define the neutrosophic availability functions
Ty, Iy, Fy : Uyy — [0,1]

by
Tu(u) =09,  Iy(u)=03,  Fy(u)=02 forallueclUy,.

Hence, for every u € Uy 1,

0 < Ty(u) + Iu(u) + Fy(u) = 0.9+ 03 +02=14< 3.

Now define two recursive single-valued neutrosophic superhyperedges
e, =(T.,,1.,,F.,) and ey = (Te,, I.,, F.,)

on Uy, as follows.

For eq, set
(0.7,0.2,0.1), u =z,
(Te, (w), I, (u), Fe, (u)) = ¢ (0.6,0.2,0.2), u=y,
(0,0,0), otherwise.
For e,, set
(0.5,0.2,0.1), u=uy,
(Te,(u), I, (u), Fe,(uw)) = < (0.6,0.1,0.2), w={z,y},
(0,0,0), otherwise.
Let
E :={ej,ex}.

We verify the axioms.

(i) Hierarchical supervertices. Already,

V = {x,y} CP(Vp).

(ii) Recursive universe. The universe Uy, has been specified above.

(iii) Neutrosophic availability on the universe. For every u € Uy,

0 <Ty(u)+ Iy(u) + Fy(u) =1.4 < 3.

(iv) Recursive neutrosophic superhyperedges. Each of e; and e, is an SVNS on Uy, and
for every u € Uy,
0<T,,(u)+ I, (u) + F.,(u) <3 (1=1,2).
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Moreover, both supports are nonempty:

supp(e1) = {z,y} #0,  supp(e2) = {y, {z,y}} #0.

(v) Appurtenance constraints. For every u € Uy 1,
T.,(u) < Ty(u) = 0.9, I (u) < Iy(u) = 0.3, F, (u) < Fy(u) =0.2 (1=1,2).

7

Hence the required appurtenance conditions hold.

(vi) Vertex coverage. Since

r €supp(e1),  y € supp(er) Usupp(ez),
we obtain
V' C supp(e;) Usupp(ez) = | supp(e).
ecE
Therefore,

RNSHG(ll) - (V7 E7 Tl/hIZ/{vFUa (TevlevF(a)eEE)

is a concrete (1, 1)-recursive single-valued Neutrosophic SuperHyperGraph.

In this example, the edge es is genuinely recursive, because it assigns positive neutrosophic
membership to the object {z,y} € P(V) C Uy ;.

3.4 Recursive Uncertain SuperHyperGraph

We combine the notions of an (n, k)-recursive SuperHyperGraph and an Uncertain Set / Uncer-
tain Graph of type M into a single framework.

Definition 3.4.1 (Typed object universe of a recursive SuperHyperGraph). Let
RSHG"™Y = (V, E)

be an (n, k)-recursive SuperHyperGraph.

Define the typed object universe of RSHG ™) by
VUE = (Vx{0})U(E x {1}).

Its elements are called typed recursive objects. Thus (v, 0) represents a supervertex v € V', while
(e, 1) represents a recursive superhyperedge e € E.

This tagged disjoint union distinguishes vertices from edges even in the case where some vertex
and some edge may coincide as pure sets.
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Definition 3.4.2 (Recursive Uncertain SuperHyperGraph). Fix a finite nonempty base set Vj,
integers n, k € NU {0}, and an uncertain model M with degree-domain Dom(M).

A Recursive Uncertain SuperHyperGraph of type M is a triple
RUSHG"™ = (V, E, uar)

satisfying the following conditions:

(RU1) (Underlying recursive SuperHyperGraph)
(V, E) = RSHG™M
is an (n, k)-recursive SuperHyperGraph; that is,
VCEP*(W),  EC2vi\{0}

(RU2) (Typed incidence closure) every element of every recursive superhyperedge is either a
supervertex or a recursive superhyperedge:

Ve € E, Vx € e, r€Vorzx€kE.

Equivalently,
eCVUE for every e € E.

(RU3) (Well-founded recursion and depth bound) define a binary relation < on E by
f<e <= fece (feck).
We require that < is acyclic and that every <-chain
€ <€ < <e
has length at most k. Equivalently, there exists a rank map
h:E—{0,1,... .k}

such that
feenE = h(f)<h(e) foralle, fekE.

(RU4) (Uncertainty-degree assignment)
par 2 VU E — Dom(M)

is a function assigning to each typed recursive object a degree tuple admissible in the
model M.

We write

ping(v) = pu(v,0)  (veV),
and

pE(e) = (e, 1) (e € B),

for the induced vertex-side and edge-side uncertainty maps.
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Remark 3.4.3. Definition is the natural generalization of:
o the (n, k)-recursive SuperHyperGraph structure on (V, E),

e the recursive typed-incidence and well-foundedness conditions used for recursive fuzzy Su-
perHyperGraphs, and

o the general uncertain-set viewpoint, in which one assigns values in Dom(M) through a
map into the chosen uncertainty model.

Unlike the fuzzy case, no universal order-based admissibility inequality is imposed here, because
a general uncertain model M need not carry a canonical minimum operation or partial order
suitable for such a constraint. If the chosen model M has additional algebraic structure, one
may impose further model-specific compatibility axioms.

Example 3.4.4 (A concrete (1,1)-recursive Uncertain SuperHyperGraph). Let My, be the
fuzzy uncertain model, with degree-domain

Dom(Msg,,) = [0,1].

Take the base set
Vo = {a, b, c}.

Define three 1-supervertices by
x:= {a}, y = {b}, z = {a,c},

and set
V= {z,y,z}.
Then
V CP(V,) =P (Vo).

Next, define two recursive superhyperedges by

€1 = {l',y}, €y 1= {61,2},

and let
FE = {61, 62}.

For k = 1, the depth-1 powerset universe over V is

Since e; C V., one has

e € P(V) Q 2V,1-
Also, because e; € P(V) and z € V, it follows that

es ={e, 2z} CVUPV),
31



Chapter 3. Recursive SuperHyperGraph and Related Concepts

hence
€9 S 2V,1'

Therefore,

E C 2y )\ {0},
so (V, E) is a (1, 1)-recursive SuperHyperGraph.

Now consider the typed object universe

VUE =V x{0})U(Ex{1}) ={(x,0),(y,0), (2,0), (ex, 1), (e2, 1)}

Define the uncertainty-degree assignment
,U,Mfuz VUE — [0, 1]

by
g, (2,0) = 0.9, torg,,, (¥,0) = 0.8, pa,,, (2,0) = 0.7,

and
Mgy, (e1,1) = 0.6, Mg, (62, 1) = 0.5.

Equivalently, the induced vertex-side and edge-side maps are

po (@) =09, . (y) =08,  pu¥. (2)=0.7,

and
“J\E4fuz(€1) = 0.6, Mf@uz(ez) = 0.5.

We verify the axioms.

(RU1) Underlying recursive SuperHyperGraph. As shown above,
VCPYU(Vy), EC2y,\{0}.

Hence (V, E) = RSHG™"Y.

(RU2) Typed incidence closure. For the edge e; = {x,y}, both elements x and y belong to
V. For the edge e; = {ey, 2}, one element e; belongs to E and the other element z belongs to

V. Thus every element of every recursive superhyperedge lies in V U E.

(RU3) Well-founded recursion and depth bound. The only recursive edge-membership

relation among edges is
€1 =< €o,

because e; € eq, while €3 ¢ €1, 1 ¢ e1, and ez ¢ ey. Hence the relation < is acyclic. Moreover,
the longest <-chain has length 1, so the recursion depth is at most 1. Equivalently, the rank

map

h:E —{0,1}, h(er) =0, h(ey) =1,

satisfies

feenNE = h(f) <h(e).
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(RU4) Uncertainty-degree assignment. The map
pa, -V UE —[0,1] = Dom(Msy,)

is well-defined, and each assigned value lies in the admissible degree-domain of the fuzzy uncertain
model.

Therefore,

RUSHGY;) = (V, E, i)

is a concrete (1, 1)-recursive Uncertain SuperHyperGraph of type Mjpy,.

In this example, e; is an ordinary recursive superhyperedge on V', whereas e; is genuinely
recursive because it contains the lower-level edge e; as one of its elements.

Theorem 3.4.5 (Well-definedness of Recursive Uncertain SuperHyperGraphs). Let
RUSHGS = (V. B, juyy)

be a Recursive Uncertain SuperHyperGraph of type M in the sense of Definition|5.4.2 Then the
following statements hold:

(i) the pair (V, E) is a well-defined (n, k)-recursive SuperHyperGraph;

(ii) the typed object universe
VUE = (Vx{0})U(E x{1})
is a well-defined finite set;
(iii) the pair
(VUE, par)
is a well-defined Uncertain Set of type M ;

(iv) therefore RUSHGS\Z’k) is a well-defined mathematical structure.

Proof. We verify the claims one by one.

(i) By (RU1), the pair (V, E) satisfies
VP (W), E C 2y, \ {0},

which is precisely the defining condition of an (n, k)-recursive SuperHyperGraph. Hence (V, E)
is well-defined at the structural level.

Moreover, condition (RU2) ensures that the elements appearing inside recursive superhyper-
edges are of the permitted two types only, namely supervertices or recursive superhyperedges.
Condition (RU3) guarantees that recursive edge-membership is well-founded and bounded by
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depth k, so no ill-founded cyclic recursion occurs. Thus the recursive interpretation of edges is
mathematically sound.

(ii) Since V- C P™(Vp) and Vj is finite, the set V' is finite. Because 2y, is constructed from
finitely many iterated powersets over the finite set V, it is also finite; hence E C 2y, \ {0} is
finite.

Therefore V' x {0} and E x {1} are finite sets. They are also disjoint, because their second
coordinates differ. Consequently,

VUE = (Vx{0})U(E x {1})

is a well-defined finite set.

(iii) By (RU4), the map
par 2 VUE — Dom(M)

is a function. Since Dom(M) is the degree-domain of the uncertain model M, every value
s () belongs to the admissible set Dom(M ). Hence pys is an uncertainty-degree function on
the universe V U E.

By the general definition of an Uncertain Set of type M, any pair
(X,v) with v:X — Dom(M)
is a U-Set of type M. Applying this with X =V U F and v = pu,,, we conclude that
(VUE, pu)
is a well-defined Uncertain Set of type M.

(iv) Combining (i)-(iii), the triple

(V7 E7 Nhf)
consists of a well-defined recursive SuperHyperGraph together with a well-defined uncertainty
assignment on its typed object universe. Therefore

RUSHG(™ = (V. B, 1)
is a well-defined Recursive Uncertain SuperHyperGraph of type M. O

Corollary 3.4.6 (Underlying crisp recursive structure). Ewvery Recursive Uncertain SuperHy-
perGraph

RUSHG;" = (V, E, i)
has a canonical underlying crisp recursive SuperHyperGraph obtained by forgetting the uncertainty-
degree map:

Und (RUSHGE\Z”“)) = (V,E).

Proof. Immediate from Theorem i). O

Remark 3.4.7. Special choices of the uncertain model M recover corresponding recursive fuzzy,
recursive intuitionistic fuzzy, recursive neutrosophic, or other uncertainty-aware recursive Super-
HyperGraphs. In particular, when Dom(M) = [0, 1], one obtains the scalar-valued fuzzy-type
setting; additional fuzzy admissibility inequalities may then be imposed as extra axioms if de-
sired.
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3.5 Recursive Soft SuperHyperGraph

We next introduce a soft-set version of recursive SuperHyperGraphs. The basic idea is that each
parameter selects a recursive substructure of a fixed (n, k)-recursive SuperHyperGraph.

Definition 3.5.1 (Recursive Soft SuperHyperGraph). Fix a finite nonempty base set Vg, integers
n,k € NU{0}, and a nonempty parameter set A.

Let
RSHG"™" = (V, E)

be an (n, k)-recursive SuperHyperGraph, i.e.

VCP"(Vy), EC2y,\ {0}

A Recursive Soft SuperHyperGraph over RSHG™ is a quadruple
RSSHG™® = (RSHG™Y, F, K, A),

where

F:A—PWV)\{0}, K:A— P(E),

such that for every parameter a € A, the following conditions hold:

(RS1) (Parameter-vertex set)

(RS2) (Parameter-edge family)

(RS3) (Recursive closure over the selected vertices) every selected edge is admissible as a depth-k
recursive edge over F'(a):

K(a) € 2p(@), \ {0}

Equivalently, each e € K (a) is a nonempty recursive object built from the selected super-
vertices F'(a) with recursion depth at most k.

For each a € A, the pair
RSHG"® := (F(a), K(a))

is called the parameter section of RSSHG™" at a.

Remark 3.5.2. Condition (RS3) is the soft analogue of the typed-incidence and well-foundedness
requirements used in recursive fuzzy SuperHyperGraphs. Indeed, it guarantees that every pa-
rameter section is itself a legitimate depth-k recursive SuperHyperGraph over the selected vertex
set.
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Example 3.5.3 (A concrete (1, 1)-recursive Soft SuperHyperGraph). Let
%:{a,b,C}, A:{a7/6}

Since

PH(Vo) = P(V),

define three 1-supervertices by

x:= {a}, y = {b}, z:={a,c},

and set
Vi={x,y,z}.

Then
V CP(Vy) =P (Vo).

Next, define two recursive superhyperedges by

€1 = {xvy}a € = {6172}7

and let
E :={e,ex}.

For k = 1, we have

2v1 =P(VUPV)).

Since e; C V, it follows that
e € P(V) Q 21/,1.

Also, because e; € P(V) and z € V, one has

es ={e, 2z} CVUPV),

hence
ey € 2{/,1.
Therefore,
E g 2V,l \ {®}7
SO

RSHG™Y = (V, E)
is a (1, 1)-recursive SuperHyperGraph.

Now define the soft maps
F:A—PV)\{0}, K:A—P(E),

by
F(Oé) = {xayvz}v K(a) = {61762}7

and

FB) =A{zy},  K(B)={ea}

We verify the required conditions.
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For the parameter «:
F(a) ={z,y,2} CV,  K(a)={e, e} CE.

Moreover,
€1 € 2p 1 \ {0}, €2 € 2p@) 1 \ {0},

because e; = {z,y} is built from vertices in F'(a), and
ey = {ey, 2}

is a depth-1 recursive edge over F'(«). Hence

K(a) C 2p@)1 \ {0}

For the parameter 53:

FB)={zy}CV, K@) ={a}CFE.
Since
e1 ={z,y}
is a nonempty recursive edge over F'(3), we have

e1 € 2rp)1 \ {®}7

and therefore

K(B) € 2p(5).1 \ {0}

Thus,
RSSHG™MY = (RSHG™MY F K, A)

is a Recursive Soft SuperHyperGraph.

Its parameter sections are
RSHGS’I) = (F(a)7 K(a)) = ({.’IJ, Y, Z}, {617 62}),

and

RSHGS"Y = (F(8), K(8)) = ({z,y}, {e1})-

In this example, the parameter « selects the full recursive structure, whereas the parameter (8
selects only the smaller non-recursive part generated by the edge e;.

Theorem 3.5.4 (Well-definedness of parameter sections). Let
RSSHG™® = (RSHG™M  F, K, A)

be a Recursive Soft SuperHyperGraph in the sense of Definition[3.5.1. Then, for every a € A,
the parameter section

RSHG"" = (F(a), K (a))
is a well-defined (n, k)-recursive SuperHyperGraph on the same base set V.
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Proof. Fix a € A.

First, by (RS1),
F(a)CV.

Since (V, E) is an (n, k)-recursive SuperHyperGraph, one has
vV CP"(Vo).

Therefore

Fa) € P" (Vo).

Hence the selected parameter-vertex set F'(a) is admissible as an n-supervertex set over V.

Second, by (RS3),
K(a) € 2p@).x \ {0}

Thus every element of K (a) is a nonempty depth-k recursive edge over the selected vertex set

F(a).

Combining these two facts, the pair
(F(a), K(a))
satisfies exactly the defining conditions of an (n, k)-recursive SuperHyperGraph:

F(a) CP"(Vo),  K(a) € 2p@x \ {0}

Hence

RSHG!"* = (F(a), K(a))
is well-defined.

Since a € A was arbitrary, every parameter section is a well-defined (n, k)-recursive SuperHy-
perGraph. O

Corollary 3.5.5 (Well-definedness of the whole soft structure). Let
RSSHG™ = (RSHG™M | F, K, A)

be as in Definition m Then RSSHG™® is q well-defined soft family of (n,k)-recursive
SuperHyperGraphs indexed by the parameter set A.

Proof. By assumption, A is a nonempty set, and ' and K are functions with domains A. By
Theorem for each a € A, the image pair

(F(a), K(a))
is a well-defined (n, k)-recursive SuperHyperGraph. Therefore
ar— (F(a), K(a))

defines a well-defined parameterized family of recursive SuperHyperGraphs. Hence the whole
soft structure is well-defined. O

Remark 3.5.6. The above definition is the natural recursive soft analogue of the usual idea of
a soft graph or soft hypergraph: each parameter a € A selects a substructure. Here the selected
substructure is not merely a subhypergraph, but a recursive SuperHyperGraph whose recursive
depth remains bounded by k.
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3.6 Recursive Rough SuperHyperGraph

We next introduce a rough-set version of recursive SuperHyperGraphs. The idea is to keep a
fixed selected supervertex set W and to approximate a chosen recursive superhyperedge family
X by means of an equivalence relation on the local recursive edge universe over W.

Definition 3.6.1 (Local recursive edge universe over a selected supervertex set). Let
RSHG"™" = (V, E)

be an (n, k)-recursive SuperHyperGraph on the base set V), and let W C V.

Define the local recursive edge universe over W by
BIW] == En 2w\ {0}).

Thus E[W] consists precisely of those recursive superhyperedges of E that are admissible as
depth-k recursive edges over the selected supervertex set W.

Definition 3.6.2 (Recursive Rough SuperHyperGraph). Fix a finite nonempty base set Vj and
integers n,k € NU {0}. Let
U = RSHG™® = (V, E)

be an (n, k)-recursive SuperHyperGraph on V4.

Let W C V, and let
X CEW]=En 2w\ {0}).

Suppose that R is an equivalence relation on the set E[W]. For each e € E[W], write [e]r for
its R-equivalence class.

Define the lower and upper recursive edge approximations of X by

R(X) = {ec EW]:[]a C X}, R(X):={ecEW]:[]axnX#£0}.

Then the pair - o
(B(T), R(T)) = ((W,B(X)), (W,R(X)))

is called the Recursive Rough SuperHyperGraph associated with
T = (W.X)

with respect to the equivalence relation R.

If X is not a union of R-equivalence classes in E[W], then T' = (W, X) is called an R-rough
recursive SuperHyperGraph.

Remark 3.6.3. The definition above is the recursive analogue of the usual rough graph con-
struction. The essential difference is that the approximated objects are not ordinary edges but
recursive superhyperedges, so the ambient universe must be the local recursive edge universe
E[W], not merely the whole edge family E.
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Example 3.6.4 (A concrete Recursive Rough SuperHyperGraph). Let
Vo ={a,b,c}, n=1, k=1.
Define three 1-supervertices by

x :={a}, y := {b}, z:={a,c},

and set
Vi={x,y,z}.
Then
V CP(Vo) =P (Vo).

Next, define two recursive superhyperedges by

€1 = {ﬁ,y}, €y 1= {617Z}7

and let
E :={e,ex}.

For kK =1, one has

Since e; = {z,y} C V, we obtain
e € P(V) Q 2\/71.

Moreover, because e¢; € P(V) and z € V,

es ={e, 2z} CVUPV),

and hence
ey € 2\/71.
Therefore,
E g 2V,l \ {®}7
SO

U =RSHG™"Y = (V, E)
is a (1, 1)-recursive SuperHyperGraph.

Now choose

W={x,y,z} = V.

Then
E[W] =FEnN (2w)1 \ {(Z)}) =F= {61, 62}.

Let
X :={e;} C E[W].

Define an equivalence relation R on E[W] by declaring that e; and e, are equivalent; that is,

[el]R = [62]R = {61, 62}-

We now compute the lower and upper recursive edge approximations of X.
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Since
lelr = {e1,e2} € X, lea]r = {e1,e2} € X,

it follows that
R(X)={e€ EW]:[e]ls C X} =0.

On the other hand,

[edrN X ={ei} #0, o] N X ={er} # 0,

SO

R(X)={ec EW]:[e]aNX #0} = {e1,es}.

Hence the associated Recursive Rough SuperHyperGraph is
(B(T), R(T)) = (W, R(X)), (W, R(X))) = ((W,0), (W, {e1,e2})),

where

T = (W.X) = (W.{er}).

Since X = {e;} is not a union of R-equivalence classes in E[W], the pair T' = (W, X) is an
R-rough recursive SuperHyperGraph.

Thus this gives a concrete example of a Recursive Rough SuperHyperGraph.

Theorem 3.6.5 (Well-definedness of Recursive Rough SuperHyperGraphs). Let
U = RSHG"™M = (V, E)

be an (n, k)-recursive SuperHyperGraph on Vi, let W C V, let X C E[W], and let R be an
equivalence relation on E[W]. Then both

R(T)=(W,R(X)) and  R(T)= (W, R(X))

are well-defined (n, k)-recursive SuperHyperGraphs on V.

Consequently,

(R(T), R(T))
is a well-defined Recursive Rough SuperHyperGraph.

Proof. Since U = (V, E) is an (n, k)-recursive SuperHyperGraph, by definition one has
VEP™ V),  EC2vi\{0}
Because W C V| it follows immediately that
WV CoP"(V),
so W is an admissible n-supervertex set over V.
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Next, by Definition [3.6.1
EW] =En (2wx \ {0}),

hence every element of E[W] belongs to 2y \ {0}. Since R is an equivalence relation on E[W],
each equivalence class [e]p is a subset of E[W].

By definition of lower approximation,

R(X)={ec EW]:[eJr C X},

so clearly

R(X) C EW] < 2w, \ {0}
Similarly, by definition of upper approximation,
R(X)={ec EW]:[e]sNX #0},

and therefore

R(X) C EW] C 2w, \ {0}.

Thus both pairs
(W,R(X)) and  (W,R(X))

satisfy the defining conditions of an (n, k)-recursive SuperHyperGraph: their vertex set W is
contained in P"(V}), and their edge families are contained in 2y, \ {0}.

Hence

R(T) = (W,R(X)) and R(T)= (W,R(X))
are both well-defined (n, k)-recursive SuperHyperGraphs. Therefore the pair
(B(T), R(T))

is a well-defined Recursive Rough SuperHyperGraph. O

Corollary 3.6.6. Under the assumptions of Theorem|[3.6.5, if X is not a union of R-equivalence
classes in E[W], then T = (W, X)) is an R-rough recursive SuperHyperGraph.

Proof. This follows directly from Definition together with the well-definedness established
in Theorem [3.6.5] O

Remark 3.6.7. When k£ = 0, one has
2W,0 — P(W),

so the recursive construction reduces to the ordinary rough hypergraph-type situation on the
selected supervertex set W. Thus Recursive Rough SuperHyperGraphs genuinely extend the
non-recursive case.
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3.7 Recursive Weighted SuperHyperGraph

We next introduce a weighted version of recursive SuperHyperGraphs. The underlying recursive
combinatorial structure is retained, while nonnegative weights are assigned to supervertices and
recursive superhyperedges.

Definition 3.7.1 ((n, k)-recursive Weighted SuperHyperGraph). Fix a finite nonempty base
(ground) set V; and integers n,k € NU {0}. Let

RSHG"™Y = (V, E)

be an (n, k)-recursive SuperHyperGraph in the sense of Definition

A (n, k)-recursive Weighted SuperHyperGraph is a quadruple
RWSHG"™" = (V, E, wy,wg),

where
’UJVIV—>R20, ’UJEZE—>RZO,

satisfy the following additional conditions.

(W1) Edge-closure (typed incidence). Every element of every recursive superhyperedge is
either a supervertex or a recursive superhyperedge:

Vee E,Vxe€e, x€VorxekFE.

Equivalently,
eCVUFE forall e € E.

(W2) Well-foundedness and depth bound. Define a binary relation < on E by
f<e << [fee (f,e € E).
We require that < is acyclic and that every chain
ep <€ << e
has length at most k. Equivalently, since F is finite, there exists a rank/height map
h:E—{0,1,...,k}

such that
feenE = h(f)<h(e) foralle, f € E.

(W3) Vertex-weight map. The map
Wy V — RZO
assigns a nonnegative weight to each recursive supervertex.
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(W4) Edge-weight map. The map
wg: F— RZO

assigns a nonnegative weight to each recursive superhyperedge.

The quantities

wy (V) := Z wy (v), wp(E) = ZwE(e),

veV eckE

and
w(RWSHG(”’k)) = wy (V) + wp(E)

are called, respectively, the total vertex weight, the total edge weight, and the total weight of
RWSHG ™",

Remark 3.7.2. The weighted setting does not require an admissibility inequality such as the
fuzzy condition p(e) < min,e.o(v). In the weighted case, the recursive structure is carried
entirely by the pair (V| E), while the functions wy and wg provide quantitative data on vertices
and edges.

Example 3.7.3 (A concrete (1, 1)-recursive Weighted SuperHyperGraph). Let
Vo = {a, b, c}.
Define three 1-supervertices by
x = {a}, y := {b}, z:={a,c},

and set
Vi={x,y,z}.

Then
V CP(Vy) =P (Vo).

Next, define two recursive superhyperedges by

€1 = {‘Tvy}v €2 = {61,2},

and let
FE = {61,62}.

For k = 1, the depth-1 powerset universe over V is

Since e; = {z,y} C V, one has
e € P(V) Q 2V,1'

Also, because e; € P(V) and z € V, it follows that
es = {e1, 2} CVUPV),
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and hence
€9 S 2V,1'

Therefore,
E C 2y, )\ {0},

so (V,E) is a (1,1)-recursive SuperHyperGraph.

Now define the vertex-weight map
Wy V — RZO

by
wy (z) = 1.2, wy (y) = 0.8, wy(z) = 1.5,

and define the edge-weight map
wg B — RZO

by
wE(el) = 20, U)E(eg) =2.7.

We verify the required conditions.

(W1) Edge-closure (typed incidence). For the edge e; = {z,y}, both elements = and y
belong to V. For the edge e; = {e1, 2z}, one element e; belongs to E and the other element z
belongs to V. Hence every element of every recursive superhyperedge lies in V U E.

(W2) Well-foundedness and depth bound. The only recursive edge-membership relation
among edges is
e1 < eéq,

because e; € ey, while ey & €1, €1 ¢ e, and ey ¢ e5. Thus < is acyclic, and the longest chain
has length 1. Equivalently, the rank map

h:E—{0,1}, h(e))=0, hes)=1,

satisfies

feenE = h(f) < h(e).

(W3)—(W4) Weight maps. By construction,
’ll)v:V-)RZO and U)EIE—>RZO

are well-defined maps assigning nonnegative weights to all recursive supervertices and recursive
superhyperedges.

Therefore,
RWSHG"Y = (V, E, wy, wg)

is a concrete (1, 1)-recursive Weighted SuperHyperGraph.

Its total vertex weight is
wy (V) =wy(z) + wy(y) + wy(z) =12+ 0.8+ 1.5 = 3.5,
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its total edge weight is

and its total weight is

w(RWSHG(l’l)) = wy (V) + wp(E) = 3.5+ 4.7 = 8.2,

In this example, e; is an ordinary recursive superhyperedge on V', whereas ey is genuinely
recursive because it contains the lower-level edge e; as one of its elements.

Theorem 3.7.4 (Well-definedness of Recursive Weighted SuperHyperGraphs). Let
RWSHG ™" = (V, E, wy, w)

be an (n, k)-recursive Weighted SuperHyperGraph in the sense of Definition m Then:
(i) the pair (V, E) is a well-defined (n, k)-recursive SuperHyperGraph;
(ii) the recursive incidence interpretation is well-founded and bounded by depth at most k;

(iii) the maps
wv:V—HRZO and ’lUEZE—)RZ()

are well-defined;

(iv) the totals

are well-defined nonnegative real numbers.

Proof. We verify the assertions one by one.

(i) By the definition of an (n, k)-recursive SuperHyperGraph,
vV CP"(Vy), E C 2y, )\ {0}.

Hence (V, F) already satisfies the defining structural conditions of a recursive SuperHyperGraph.
Therefore the pair (V, E) is well-defined.

(ii) By (W1), every element appearing inside any recursive superhyperedge belongs either to
V or to E. Thus the incidence relation has the intended two-sorted interpretation: superedges
may contain supervertices and lower-level recursive superhyperedges, but no inadmissible object
types.

By (W2), the relation
f<e <<= fee (f,e € E)
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is acyclic, and every —<-chain has length at most k. Equivalently, there exists a rank map
h:E —{0,1,...,k} with
feenE = h(f) < h(e).

Hence recursive containment among edges is well-founded and has bounded depth. Therefore
the recursive incidence interpretation is mathematically sound.

(iii) By (W3) and (W4), wy and wg are functions with domains V' and E, respectively, and
codomain Rsg. Thus they are well-defined maps assigning a unique nonnegative real number to
each recursive supervertex and each recursive superhyperedge.

(iv) Since V- C P™(V;) and V, is finite, the set V is finite. Because 2y is constructed by
finitely many powerset operations starting from the finite set V', the set 2y is finite; hence
E C 2y, \ {0} is finite as well.

Therefore

Z wy (v) and ZwE(e)

veV ecE

are finite sums of nonnegative real numbers, so both belong to R>( and are well-defined. Their
sum

w(RWSHG<””“>) = wy (V) + wg(E)

is therefore also a well-defined nonnegative real number.

This proves all four assertions. O

Corollary 3.7.5 (Underlying crisp recursive structure). Fvery (n, k)-recursive Weighted Super-
HyperGraph
RWSHG"™" = (V, B, wy, wg)

has a canonical underlying crisp recursive SuperHyperGraph obtained by forgetting the weight
maps:

Und(RWSHG(”’k)) = (V,E).

Proof. Immediate from Theorem i). O
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Chapter 4

Hierarchical SuperHyperGraph and Re-
lated Concepts

In this chapter, we examine Hierarchical SuperHyperGraphs and related concepts.

4.1 Hierarchical Undirected SuperHyperGraphs

A hierarchical SuperHyperGraph allows vertices drawn from several iterated-powerset levels and
permits mized-level edges, while imposing a coherence requirement that guarantees level-to-level
consistency.

Definition 4.1.1 (Hierarchical SuperHyperGraph of height 7). Let V; be a finite nonempty
base set, and let r € Ny. Let U,.(V;) be the hierarchical universe from Definition and let ¢
be the level map from Definition

A hierarchical SuperHyperGraph of height v on Vj is a pair
H" = (V,E)

satisfying the following axioms:

(H1) Hierarchical supervertex set. V is a finite nonempty set such that

V CU(Vp).

(H2) Coherence / downward closure. Whenever X € V and ¢(X) > 1, every immediate
constituent of X also belongs to V. Equivalently,

XCV.
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(H3) Mized-level superhyperedge family. E is a finite family of nonempty subsets of V', that is,
ECP(V)\{0}.

The elements of E are called hierarchical superhyperedges. A hierarchical superhyperedge
may contain supervertices from different levels.

Theorem 4.1.2 (Well-definedness of hierarchical SuperHyperGraphs). Let
H™) = (V, E)

satisfy Definition[{.1.1. Then every edge e € E is a well-defined finite nonempty set of admissible
hierarchical supervertices, and the pair (V, E) forms a coherent mized-level incidence structure
over Vj.

Proof. Since V' C U,.(V}), every element of V' is an admissible hierarchical supervertex of level
at most r. Since E C P(V) \ {0}, every edge e € FE is a nonempty subset of V', hence a
finite nonempty collection of admissible hierarchical supervertices. The downward-closure axiom
guarantees that whenever a selected supervertex has immediate constituents, those constituents
are also present in V. Therefore the incidence structure is well-defined and coherent across
levels. O

Example 4.1.3 (A concrete hierarchical SuperHyperGraph of height 2). Let
Vo = {a, b}, r=2.

Then
73(0)(%) =W= {avb}7

PO (Vo) = P(Vo) \ {0} = {{a}, {b}.{a, b}},

and

PI(V5) = PP (V) \ {0},

Define the following hierarchical supervertices:

xo = {a}, x3 = {b}, x4 = {a,b},

and
w5 = {{a}, {a, b} }.
Then
z0,0 € POV, mawgmi € POVD), a5 € PA(V).
Now set
V.= {.’L'o, X1,X2,X3,Ty, .%'5}.
Clearly,

V C Uy (Vo) = PO (Vo) UPH (Vo) UPP (V).
50



Chapter 4. Hierarchical SuperHyperGraph and Related Concepts

Next, define the edge family by

E = {{x(h x2}7 {x27 Ty, 1135}, {xlv fIfg}, {x(Ja Tyg, ‘T5}}
Each element of F is a nonempty subset of V', so

E CPV)\{0}.

We now verify the downward-closure condition. Since

zy ={a} ={xo},  ws={b}={m}, @ ={a,b}={xo, 1},

their immediate constituents are all contained in V. Also,

Ty = {{a}7 {avb}} - {1‘2,1'4},

and both x5 and x4 belong to V. Hence, whenever X € V has level at least 1, all immediate
constituents of X are again elements of V.

Therefore,
H® = (V, E)

is a hierarchical SuperHyperGraph of height 2.

Its layers are
‘/0 = {x07x1} - {a7b}7
Vi = {2, 25,24} = {{a}, {b},{a, b}}»
and

Va = {as) = {{{a}. {a.0}} }.

This example is genuinely hierarchical, since it contains vertices from three different levels and
edges such as

{.’Bg, Ly, 1'5}7

which connects level-1 and level-2 vertices in a single hierarchical superhyperedge.

4.2 Fuzzy Hierarchical SuperHyperGraphs

Fuzzy Hierarchical SuperHyperGraphs model multi-level, nested, set-valued vertices and cross-
level hyperedges, assigning membership grades to vertices and edges, capturing uncertainty while
preserving hierarchical closure.

Definition 4.2.1 (Hierarchical universe and level). Let V; be a finite nonempty base set and
let r € N. Define the iterated powersets by

PVo)=Vo,  PHVG) == P(PE(V)) (k2 0),

and the hierarchical universe of height r by

T

U (Vo) = |J (P )\ {0}).

k=0
For x € U, (Vy), define its level by
{(z) == min{k €{0,1,...,7}: z € P*(Vp) }.
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Definition 4.2.2 (Fuzzy Hierarchical SuperHyperGraph of height 7). Let Vj be a finite nonempty
base set and fix r € N. A fuzzy hierarchical superhypergraph of height r on Vj is a quadruple

IFH<T> = (‘/a E7 Hv, :U’E)

satisfying the following axioms:

(FH1) (Hierarchical supervertex set) V is a finite nonempty set with
vV C U.(W),

whose elements are called hierarchical supervertices.

(FH2) (Downward closure / coherence) If X € V and ¢(X) > 1, then every immediate
constituent of X is also a supervertex, i.e.,

X CVW.

(Equivalently, V' is downward closed under the membership relation across levels.)

(FH3) (Superhyperedge family) F is a finite family of nonempty subsets of V:
E C P(V)\{0}.
Elements of E are called hierarchical superhyperedges; they may join mixed-level super-
vertices.
(FH4) (Fuzziness) puy : V — [0,1] and pg : E — [0,1] are membership maps (vertex- and

edge-memberships), subject to the standard consistency condition

pee) < minpy(z) (e € E).

We write Vi, := {x € V : {(x) = k} for the k-th layer (0 < k <r).

Example 4.2.3 (A concrete fuzzy hierarchical SuperHyperGraph of height 2). Let
Vo = {a,b}, r=2.

Then
Us(Vo) = PO (Vo) UPW (Vo) UPP (W),
where
PO(Vp) = {a,b},
PU (Vo) = P(Vo) \ {0} = {{a}, {b}, {a, b} },
and

P (Vo) = P(PY (Vo)) \ {0}

Define the following hierarchical supervertices:
T = a, Ty := b,
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xo = {a}, x3 := {b}, x4 = {a,b},

and
L5 := {{a’}7 {a7 b}}
Set
V = {xy,z1, 22,23, T4, 25}.
Then

V CUy(V).

Moreover, the downward-closure condition holds, because

Ty = {20}, T3 = {21}, Ty = {20, T1}, r5 = {12, 24},

and all immediate constituents xy, x1, 2, T4 belong to V.

Now define the hierarchical superhyperedge family by

E = {ely €2, 63}7

where
€1 1= {370;332}, €2 = {372,37479U5}7 €3 1= {3717$3,9U5}-

Clearly, each e; is a nonempty subset of V', so

E CP(V)\{0}.

Next, define the fuzzy vertex-membership map
wy 2V —[0,1]

by
MV(’IO) = 097 :U’V(J:l) = 08)

py (x2) = 0.7, wy(z3) = 0.6, py (xq) = 0.75, wy (zs) = 0.5.

Define the fuzzy edge-membership map
pe : E—10,1]

by
ME(el) = 065, ,UE(GQ) = 045, [LE(€3) = 0.40.

We verify the consistency condition.

For
€1 = {130,552},
we have
min{uv(:co), /,Lv(l‘g)} == mln{09, 07} == 07,
SO
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For
€ = {$2,$4,$5},
we have
min{ gy (22), v (z4), pv(x5)} = min{0.7,0.75,0.5} = 0.5,
SO
pue(es) = 0.45 < 0.5.
For
€3 = {$17$3,$5}7
we have
min{py (z1), pv (x3), pv(x5)} = min{0.8,0.6,0.5} = 0.5,
SO
pe(es) = 0.40 <0.5.
Therefore,

]IA:H<2> = (V7 E, Hv, ,U’E)
is a fuzzy hierarchical SuperHyperGraph of height 2.

Its layers are
‘/E) — {CC07$1}, ‘/1 — {56271'3,354}, ‘/2 - {1'5}

This example is genuinely hierarchical and fuzzy, since it contains vertices from different levels
and assigns compatible membership degrees to both vertices and mixed-level superhyperedges.

4.3 Hierarchical Directed SuperHyperGraphs

A hierarchical directed SuperHyperGraph of height r uses supervertices from powerset levels r,
enforces downward closure, and allows directed superedges between mixed-level supervertices.

Definition 4.3.1 (Hierarchical directed SuperHyperGraph of height 7). Let V, be a finite,
nonempty base set. For k > 0 define iterated powersets

P(Vo) :=Vo,  PH(V) :=P(P"(V0)),

and fix an integer > 0. Set the hierarchical universe

T

U (V) == [J(PH(v) \ 10}).

k=0
For x € U, (Vp) define its level
{(z) == min{k €{0,1,....r}: 2 € P*(Vp) }.

A hierarchical directed SuperHyperGraph of height v on Vj is a quadruple
H" = (V,E,0-,0%)
such that:
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(HD1) (Hierarchical vertex set) V' is a finite nonempty set with

V CU.(Vy).

(HD2) (Directed cross-level superedges) F is a finite nonempty set of directed superedge iden-
tifiers and

07,07 E—PV)\ {0}

are tail/head incidence maps. A directed superedge e may join supervertices of different
levels.

(HD3) (Coherence / downward closure) If X € V and ¢(X) > 1, then

XCV.

Remark 4.3.2 (Underlying directed hypergraph). Forgetting the level function and viewing
vertices simply as elements of a set, any Hﬁp = (V,E,07,0%) is a directed hypergraph in
incidence form (tails/heads are nonempty subsets of V).

Example 4.3.3 (A concrete hierarchical directed SuperHyperGraph of height 2). Let
Vo = {a, b}, r=2.

Then
Us(Vo) = (PP (Vo) \ {0}) U (P (Vo) \ {0}) U (P*(Vo) \ {0}).

Define the following hierarchical supervertices:

x9 = {a}, x3 = {b}, x4 :={a,b},

and
x5 := {{a}, {a,b}}.
Set
V i={xo, 21, 2, T3, T4, T5}.
Then
zo, 71 € P°(Vp), To, 13,24 € P (V) \ {0}, x5 € P*(Vp) \ {0},
SO
V. C U (Vo).
Now let
E :={ej, es,e3}

be a set of directed superedge identifiers. Define the tail and head maps
07,07 E—P(V)\ {0}
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by
9™ (e1) = {wo, z2}, 0" (e1) = {za},
9™ (e2) = {zs}, 0 (ex) = {z1, x5},
and

0~ (e3) = {za, 24}, 9% (es) = {5}

Each tail and head is a nonempty subset of V', so the incidence maps are well-defined.

We next verify the coherence condition. Since

o ={x0}, ws={w1}, x4={x0, 21},

and
T = {$2,$4}7

every immediate constituent of every vertex of level at least 1 also belongs to V. Hence the
downward-closure condition holds.

Therefore,

H? = (V,E,07,0%)
is a hierarchical directed SuperHyperGraph of height 2.

In this example, the directed superedge es is genuinely hierarchical, since it goes from the level-1
vertices xo and x4 to the level-2 vertex xs. Thus the structure contains directed cross-level
incidence.

4.4 Hierarchical BiDirected SuperHyperGraphs

Hierarchical bidirected superhypergraphs are multi-level bidirected superhypergraphs linked by
parent maps, preserving edge projections and balanced incidence signs.

Definition 4.4.1 (Hierarchical bidirected n-SuperHyperGraph). Let S be a nonempty base set
and let n > 1 be an integer. Define the iterated powersets by

PY(S) =S, PH(S) == P(P*(9)) (k>0),
and write P*(X) := P(X) \ {0} for the nonempty powerset.

A hierarchical bidirected n-SuperHyperGraph of height L € Ny is a tuple
iz = (Vi B o)ty (m0)Es ).

satisfying the following axioms.

(H1) (Bidirected structure at each level) For every level £ € {0,1,..., L},
Ve C P"(S) is nonempty, E, CP(Vy),
and 7, : V, x E; — {—1,0, 1} satisfies

T(v,e) =0 <= v ¢ e, Zn(v,e) =0 (Vee€ E)).

vee
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(H2) (Vertex refinement / hierarchy) For every ¢ € {1,..., L}, m, : V; — V;_; is a surjection (the
parent map) such that

vCm(v) (Vv eV, u= U v (Yue V).

veT, Y (u)

Thus, each coarse n-supervertex is the union of its finer children.

(H3) (Edge compatibility across adjacent levels) For every ¢ € {1,...,L} and every e € E,, the
projected set
me(e) = {m(v) |[veEe} C Vg

belongs to F,_1, and the incidence signs are consistent:

Te(v, €) = Te_1(me(v), me(e)) (Vv €V, e € Ey).

Example 4.4.2 (A concrete hierarchical bidirected 1-SuperHyperGraph of height 1). Let
S ={a,b,c,d}, n=1, L=1.

Since n = 1, we have

Define the coarse-level vertex set by

Vo = {{a, b}, {c, d}}

Let
uy := {a,b}, ug = {c,d}.

Now define the finer-level vertex set by
Vi = {{a}. (0}, {c}. {a}}.

Write
vy = {a}, vg = {b}, vs = {c}, vy = {d}.

Clearly,
Vo C PYS), Vi C PY(S).

Next, define the edge families
EO = {60}, El = {61762}7

where
eg = {u1,us}, e = {v1,v3}, ey 1= {v2, V4 }.

Each edge is a nonempty subset of the corresponding vertex set, so

Define the bidirected incidence maps
TO:‘/OXEO*){iLO’l}a Tl:‘/IXEIH{iLOa]-}a
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by
To(u1,e9) =1, To(ug, €9) = —1,

and 7o(v, e) = 0 for all other pairs (v,e) € V x Ej.

At level 1, define
7'1(1)1,6’1) = 1, 7'1(1)3,61) = *].,

7'1(1)2762) =1, 7'1(7)4762) =-1,

and set 71 (v, e) = 0 for all remaining pairs (v,e) € V; x Ej.

Then, for each edge, the sign sum is balanced:

Z To(v,e0) =1+ (—1) =0,

vEeg
d onve)=1+4(-1)=0, > 7i(v,es) =1+ (-1)=0.
vee vEesy
Now define the parent map
V=W
by
7T1(U1) = Uy, 7r1(v2) = Uy, 7T1(US) = U2, 7T1(U4) = U2.

This is surjective. Moreover,
v Cur, V2 Cur, vz C U, v © ug,

and
Uy = v Uvy = U v, Uy = V3 Uy = U V.

vGﬂfl(ul) ’UGT{';I(UQ)

Hence the vertex-refinement condition holds.

Finally, check edge compatibility across the two levels. For the edge e; = {v1,v3},
mi(er) = {mi(v1), m(v3)} = {us,uz2} = eg € E.
Similarly, for e; = {vy,v4},
mi(ea) = {m1(ve), 1 (vy)} = {ur,us} = eg € Ey.
Moreover, the incidence signs are preserved:
T1(v1,e1) =1 = 19(uq, €0), T1(v3,e1) = —1 = 79(u2, €p),

and likewise
T1(U2,€2) =1= 7'0(“1760)7 7'1(7)4,62) =-1= To(U2,€0)~

Therefore,
Hisor = ((Ves Bey7)}o, (1))
is a hierarchical bidirected 1-SuperHyperGraph of height 1.

In this example, the coarse edge e is refined into two finer edges, e; and ey, while the bidirected
incidence signs remain consistent under the parent projection.
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4.5 Hierarchical Uncertain SuperHyperGraph

We next introduce a model-independent uncertainty extension of hierarchical SuperHyperGraphs.

Definition 4.5.1 (Hierarchical Uncertain SuperHyperGraph of height r). Let V; be a finite
nonempty base set, let » € Ny, and let M be a fixed uncertain model with degree-domain
Dom(M).

A Hierarchical Uncertain SuperHyperGraph of height v on Vg (of type M) is a quadruple
UH%? = (V7 E7 v, ME)

satisfying the following axioms:

(UH1) (Hierarchical supervertex set) V' is a finite nonempty set such that
vV C U (Vo),

where

r

U(ve) == [J(PH(v) \ 0}).

k=0

The elements of V' are called hierarchical supervertices.

(UH2) (Downward closure / coherence) Whenever X € V has level at least 1, all of its immediate
constituents also belong to V'; that is,

XCVW.

(UH3) (Hierarchical superhyperedge family) E is a finite family of nonempty subsets of V:
ECPV)\{0}.

The elements of I/ are called hierarchical superhyperedges. In particular, one edge may
join supervertices belonging to different levels.

(UH4) (Uncertainty-degree assignment on vertices)
py : V. — Dom(M)

is a function assigning to each hierarchical supervertex an admissible uncertainty degree
of type M.

(UH5) (Uncertainty-degree assignment on edges)
pg : E— Dom(M)

is a function assigning to each hierarchical superhyperedge an admissible uncertainty de-
gree of type M.
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For each k € {0,...,r}, the k-th layer is defined by
Vi = {zxeV l(z)=Fk},

where

lz) == min{k €{0,1,...,r}:x € P*(Vp) }.

We call (V, E) the underlying crisp hierarchical SuperHyperGraph of IU]HI;?.

Remark 4.5.2. Definition is the natural hierarchical analogue of the general uncertain-set
viewpoint. Unlike the fuzzy case, no universal inequality such as

(e) < min py ()

ree

is imposed here, because a general uncertain model M need not carry a canonical order or
minimum operation. If the chosen uncertain model has additional algebraic structure, one may
impose further model-specific compatibility conditions.

Definition 4.5.3 (Typed uncertainty map). Let
UHE\? =V, E, pv, ug)
be a Hierarchical Uncertain SuperHyperGraph of height r. Define the typed disjoint union
VUE = (Vx{0})U(E x{1}),
and define the typed uncertainty map
p:VUE — Dom(M)

by
x = (v,0) € V x {0},

z=(e,1) € Ex{1}.

=)
&

I
—
= T
& <
o=

Theorem 4.5.4 (Well-definedness of Hierarchical Uncertain SuperHyperGraphs). Let
UH;? = (‘/7 E7 Hv, ME)

be a Hierarchical Uncertain SuperHyperGraph of height r in the sense of Definition[4.5.1 Then:

(i) the pair
HO = (V, B)

is a well-defined hierarchical SuperHyperGraph of height r;

(ii) the maps
py : V. — Dom(M) and  pp: E — Dom(M)

are well-defined uncertainty-degree assignments;
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(iii) the typed disjoint union
VUE=(Vx{0})U(E x{1})

is a well-defined finite set;

(iv) the typed uncertainty map
i:VUE — Dom(M)

from Definition[{.5.3 is a well-defined function.

Hence UH%? is a well-defined mathematical structure.

Proof. We verify each assertion.

(i) By (UH1), V is a finite nonempty subset of U,.(V;). By (UH3), E is a finite family of
nonempty subsets of V', that is,
B CPWV)\ {0},

By (UH2), whenever X € V has level at least 1, all immediate constituents of X belong to
V. Therefore (V, E) satisfies exactly the axioms of a hierarchical SuperHyperGraph of height r.
Hence

H" = (V, E)

is well-defined.

(ii) By (UH4) and (UH5), py and pp are functions with codomain Dom(M). Thus every
hierarchical supervertex and every hierarchical superhyperedge is assigned a unique admissible
uncertainty degree of type M. Hence both maps are well-defined.

(iii) Since V and E are finite sets, the Cartesian products V' x {0} and E x {1} are finite.
Moreover,

(Vo fop n(E x{1}) =0,

because their second coordinates differ. Therefore
VUE=(Vx{0})U(E x{1})

is a well-defined finite set.

(iv) Let z € V U E. Since V U E is a disjoint union, either x = (v,0) for a unique v € V,
or z = (e, 1) for a unique e € E, but not both. Hence the case distinction in Definition m
assigns exactly one value fi(x) € Dom(M) to each x € V U E. Therefore

i:VUE — Dom(M)

is a well-defined function.

Combining (i)—(iv), we conclude that
UH}, = (V. E, v, i)
is a well-defined Hierarchical Uncertain SuperHyperGraph of height 7. O
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Corollary 4.5.5 (Underlying crisp hierarchical structure). Fvery Hierarchical Uncertain Super-
HyperGraph
UH;? = (‘/7 E7 Hv, ME)

has a canonical underlying crisp hierarchical SuperHyperGraph obtained by forgetting the uncertainty-
degree maps:

Und(UH{)) := (V, E).

Proof. Immediate from Theorem i). O

4.6 Hierarchical Soft SuperHyperGraph

Parameter-dependent hierarchical superhypergraph where each parameter selects a downward-
closed multi-level supervertex set together with compatible superhyperedges, yielding a family
of structured subconfigurations within one framework.

Definition 4.6.1 (Hierarchical Soft SuperHyperGraph of height 7). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height 7 on the base set V|, in the sense of the Definition,
and let A be a nonempty set of parameters.

A hierarchical soft SuperHyperGraph of height r over H™ is a quadruple
S = (H" F K, A),

where

F:A—PV)\{0}, K:A— P(E),

such that, for every a € A, the following conditions hold:

(HS1) (Hierarchical parameter-vertex set)

F(a)CV.

(HS2) (Downward closure) whenever X € F(a) and ¢(X) > 1, all immediate constituents of X
also belong to F'(a), i.e.,
X C F(a).

(HS3) (Parameter-edge set)
K(a)C{e€ E:eC Fla)}.

Equivalently, every edge selected by the parameter a is a hierarchical superhyperedge
whose incident vertices all belong to F'(a).
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For each a € A, the pair

is called the parameter section of S at a.

Theorem 4.6.2 (Well-definedness of parameter sections). Let
S = (H" F K, A)

be a hierarchical soft SuperHyperGraph of height r as in Definition |4.6.1. Then, for every
parameter a € A, the parameter section

HY) = (F(a), K(a))

a

is a well-defined hierarchical SuperHyperGraph of height v on V.

Proof. Fix a € A.

First, by (HS1), one has
F(a) €V CU.(Vo),

and F(a) # () by the codomain of F. Hence F(a) is a finite, nonempty set of admissible
hierarchical supervertices.

Second, by (HS3), every edge e € K (a) satisfies
eck and e C F(a).

Since E C P(V) \ {0}, each such e is a nonempty subset of F'(a). Therefore

K(a) € P(F(a)) \ {0}.

Third, by (HS2), whenever X € F(a) has level at least 1, all immediate constituents of X also
lie in F'(a). Thus the required coherence/downward-closure condition is satisfied.

Hence the pair (F (a) ) satisfies all axioms of a hierarchical SuperHyperGraph of height r
on V;. Therefore H <T is Well defined. O

a

4.7 Hierarchical Rough SuperHyperGraph

A hierarchical rough superhypergraph approximates multi-level superhyperedge structure through
lower and upper hierarchical subconfigurations, capturing granularity, indiscernibility, uncer-
tainty, and approximation within nested relational systems faithfully.
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Definition 4.7.1 (Hierarchical partition). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height » on V. A partition
MI={By:A€A}

of V is called a hierarchical partition if every block B) is nonempty and downward closed, i.e.,
whenever X € B, and ¢(X) > 1, all immediate constituents of X also belong to Bj:

X C B,.

Definition 4.7.2 (Lower and upper hierarchical approximations). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r, let II be a hierarchical partition of V', and let
X C V be a nonempty, downward-closed set.

Define the lower and upper vertex approximations of X by

OX) = (f{Bel:BCc X}, I(X):=|}{Bel:BNX#0}.

Define the induced lower and upper edge families by

Iy(X) == {eec F:e CII(X) }, Mg(X) = {eeE:e CIU(X) }.

Definition 4.7.3 (Hierarchical Rough SuperHyperGraph of height ). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r on Vj, let II be a hierarchical partition of V', and
let X C V be a nonempty, downward-closed set such that

(X) # 0.

The pair

with
HY (X) = (LX), Lp(X)),  Hy (X) = ([(X), Tg(X))

is called the hierarchical rough SuperHyperGraph of height r associated with X (with respect to
the hierarchical partition II).

The structures o
HY(X)  and  Hy'(X)

are called, respectively, the lower hierarchical approzimation SuperHyperGraph and the upper
hierarchical approrimation SuperHyperGraph.
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Theorem 4.7.4 (Well-definedness of lower and upper approximations). Let
R (X) = (B (X),Hy (X))
be a hierarchical rough SuperHyperGraph of height v as in Definition[[.7.3 Then both
Hi (X) = (I(X), (X))
and i B -
Hyy' (X) = (I(X), (X))
are well-defined hierarchical SuperHyperGraphs of height r on Vj.

Proof. Since II is a partition of V', every block B € II satisfies B C V C U,.(V;). Hence

I(X)CV CU Vo), T(X)CVCUVy).

Moreover, I1(X) # @ by assumption, and II[(X) # 0 because X # () and each element of X
belongs to some block intersecting X.

Next, both II(X) and TI(X) are downward closed. Indeed, they are unions of downward-closed
blocks of the hierarchical partition II. Therefore, whenever Y belongs to one of these vertex sets
and £(Y) > 1, all immediate constituents of ¥ remain in the same block, hence in the same
union.

Now consider the lower edge family. By definition,

O(X)={ecE:eCI(X)}.
Thus every e € II1;(X) is an element of F, hence a nonempty subset of V'; moreover e C I1(X).
Therefore

I(X) € P(I(X)) \ {0}

Similarly,

x(X) C P(INX)) \ {0}

Consequently, each of the pairs

(H(X)v HE (X>) and (ﬁ(X)a ﬁE (X))
satisfies the axioms of a hierarchical SuperHyperGraph of height r» on V{: the vertex set is a
finite nonempty subset of U,.(V}), the edge family consists of nonempty subsets of that vertex
set, and the downward-closure condition holds.

Hence both lower and upper approximation structures are well-defined hierarchical SuperHyper-
Graphs. O

Remark 4.7.5. The partition-based formulation above is equivalent in spirit to a rough-set
construction induced by an equivalence relation on the hierarchical vertex set, with the advantage
that downward closure is preserved transparently at the level of approximation blocks.

65



Chapter 4. Hierarchical SuperHyperGraph and Related Concepts

4.8 Hierarchical Weighted SuperHyperGraph

A hierarchical weighted superhypergraph assigns numerical weights to multi-level supervertices
and superhyperedges, enabling quantitative analysis of nested, cross-level relational structures
within one coherent mathematical framework.

Definition 4.8.1 (Weighted Hierarchical SuperHyperGraph of height r). Let V; be a finite
nonempty base set, and fix r € Ny. Let U,.(V}) be the hierarchical universe from Deﬁnitionm
and let £ be the level map from Definition A weighted hierarchical SuperHyperGraph of

height 7 on Vj is a quadruple
W = (V. E,wy, wg)

satisfying the following axioms:

(WH1) (Hierarchical supervertex set). V is a finite nonempty set such that
V < U (Vo).

The elements of V' are called hierarchical supervertices.

(WH2) (Cross-level superhyperedge family). E is a finite family of nonempty subsets of V', that
is,

ECPV)\{0}.

The elements of E are called hierarchical superhyperedges. In particular, one edge may
contain supervertices from different levels.

(WH3) (Coherence / downward closure). Whenever X € V has level at least 1, all of its immediate
constituents are also vertices:

X CVW.

(WH4) (Weight maps). The maps
UJV:V—>R20, ’U}EIE—>RZO

assign, respectively, a nonnegative vertexr weight to each hierarchical supervertex and a
nonnegative edge weight to each hierarchical superhyperedge.

For each k € {0,...,r}, the k-th layer is defined by
Vi = {xzeV l(zx)=k}.
The total vertex weight, total edge weight, and total weight of W) are defined by

wy (V) = Z wy (z), wg(E) = ZwE(e), w(W) = wy (V) +wg(E).
zeV eckE
Similarly, the total weight of the k-th layer is

wy (Vi) = Zwv(:):).

zeVy
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Remark 4.8.2. The weighted model above is a direct extension of a hierarchical SuperHyper-
Graph: the hierarchical structure is carried by the pair (V| E), while the maps wy and wg
provide quantitative information on vertices and edges. Unlike the fuzzy case, no additional
admissibility inequality is required in the basic weighted setting.

Theorem 4.8.3 (Well-definedness of Weighted Hierarchical SuperHyperGraphs). Let
W<T> = (V7 E7 Wy, wE)

be a weighted hierarchical SuperHyperGraph of height r on Vi in the sense of Definition [{.8.1}
Then:

(i) the pair
HY = (V, B)

is a well-defined hierarchical SuperHyperGraph of height r on Vy;

(ii) the weight maps
wV:V%Rzo, ’U)EZE—)RZO

are well-defined functions on the vertex set and edge family, respectively;

(iii) all finite sums appearing in the definitions of
wy (V), we(E), wW"), w, (Vi) (0<k<7)

are well-defined real numbers.

Proof. We verify each statement in turn.

(i) By (WHL1), the set V' is a finite nonempty subset of U,.(Vy). By (WH2), the family F consists
of nonempty subsets of V', that is,

E CPV)\{0}.

By (WH3), whenever X € V and ¢(X) > 1, all immediate constituents of X also belong to
V. Therefore the pair (V, F) satisfies exactly the axioms of a hierarchical SuperHyperGraph of

height r. Hence
H" = (V,E)

is well-defined.

(ii) By (WH4), wy assigns to each element x € V' a unique value wy (z) € R, and wg assigns
to each element e € F a unique value wg(e) € Rso. Hence wy and wg are well-defined functions
with the indicated domains and codomains.

(iii) Since V is finite by (WH1) and E is finite by (WH2), the sums

Z wy () and ZwE(e)

zeV ecE

are finite sums of nonnegative real numbers, and therefore are well-defined elements of Rx.
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For each k € {0,...,r}, the layer
Vi={zeV:lx)=k}

is a subset of the finite set V', hence itself finite. Therefore

> wy(x)

zeVy

is also a well-defined nonnegative real number.

Finally, since both wy (V') and wg(E) are well-defined real numbers, their sum
w(W) = wy (V) + wp(E)

is again a well-defined real number.

Thus all three assertions hold. O

Corollary 4.8.4. Every weighted hierarchical SuperHyperGraph of height r has an underlying
crisp hierarchical SuperHyperGraph obtained by forgetting the weight maps:

und@w“Q::(V:Ey
Proof. This follows immediately from Theorem i). O

4.9 Hierarchical SuperHyperGraph Distance

In view of Table two natural distance notions for hierarchical SuperHyperGraphs are the
super-Berge distance and the primal distance. Both are defined on the vertex set of a hierarchical
SuperHyperGraph and remain meaningful even when edges join mixed-level supervertices.

Definition 4.9.1 (Incidence graph of a Hierarchical SuperHyperGraph). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height r. Its incidence graph is the bipartite graph
Inc(H") == (VUE, I),

where
I := {{z,e} CVUE|z€V, ecE, zce}.

Thus the vertices of Inc(]HI<T>) are of two types: hierarchical supervertices x € V' and superhy-
peredges e € E, and x is adjacent to e precisely when = € e.
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Definition 4.9.2 (Super-Berge walk, path, and distance). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r, and let u,v € V.

A super-Berge walk from u to v is a finite alternating sequence

U = T, €1, L1, €2, -+ Emy Ty = U
such that
Ti1,T; € € (1<i<m),
where xg,...,2,, € V and eq,...,¢e,, € F.
A super-Berge path is a super-Berge walk in which the vertices xg, . .., x,, are pairwise distinct
and the edges ey, ..., e, are pairwise distinct.

The length of the above walk/path is m, namely the number of superhyperedges used.

The super-Berge distance between u and v is defined by

min{ m € Ny | there exists a super-Berge path of length m from u to v}, if such a path ex
distgp(u,v) =

00, otherwise.

Theorem 4.9.3 (Well-definedness of the super-Berge distance). Let
H" = (V, E)
be a hierarchical SuperHyperGraph of height r. Then the function
distsp : V x V — Ny U {oo}

given in Definition [{.9.9 is well-defined. More precisely, for all u,v € V,
distsp(u,v) = 3 distpnemo) (u, v),

where the right-hand side denotes the ordinary graph distance in the incidence graph, with value
oo when u and v lie in different connected components.

Proof. Fix u,v € V. By the Definition, the set V is finite and
ECPV)\{0},
so every edge e € F is a nonempty subset of V. Therefore the set
I={{z,e} CVUE:z€e}
is well-defined, and Inc(H(") = (V U E, I) is a finite bipartite graph.
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Now consider an arbitrary super-Berge walk
U = T, €1, T1, €2y « -y Em, Ty = V.
By the defining property x;_1,; € e;, one has
{zi1,e;} €I and  {e,z;} el (1 <i<m).

Hence
U = Ty, €1, T1, €2y «e vy €y Tyyy =V

is an ordinary walk in the incidence graph of length 2m. Conversely, every walk in the incidence
graph that starts at © € V and ends at v € V must alternate between V-vertices and E-vertices,
and therefore has even length 2m; reading off the alternating sequence yields a super-Berge walk
of length m in H(".

Thus, super-Berge walks between u and v are in bijective correspondence with ordinary walks in
Inc(H<’">) between u and v, with the graph-theoretic length exactly twice the super-Berge length.
Since the incidence graph is finite, its ordinary graph distance

diStInc(H<T)) (’LL, ’U)

is well-defined in Ny U {oo}. Because any u-to-v walk in the incidence graph has even length,
the quantity

5 distInC(H<r>)(u, ’U)

also belongs to No U {oo}.

Therefore distsp(u,v) is well-defined, and the stated identity follows. O

Definition 4.9.4 (Primal graph and primal distance). Let
H" = (V, E)

be a hierarchical SuperHyperGraph of height r.

Its primal graph is the simple graph
Pr(H<T>) = (V7 EPr)?

where

Ep, := {{z,y} CV |z #y, Je € E such that {z,y} C e}.

Thus two distinct hierarchical supervertices are adjacent in the primal graph whenever they lie
together in some common hierarchical superhyperedge.

The primal distance between u,v € V is defined by
distp,(u,v) = distpym)(u,v),

that is, the ordinary graph distance between u and v in the primal graph, with value oo when u
and v lie in different connected components. Equivalently,

min{m € Ny | 3zg,21,...,Zm €V, 2y = u, T, = v,
distpy (u,v) = Vie{l,...,m} Je; € E:{x;_1,z;} Ce; }, if such a sequence ex

00, otherwise.
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Theorem 4.9.5 (Well-definedness of the primal distance). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height r. Then the primal graph
P(H") = (V, Ep,)
is a well-defined finite simple graph, and consequently the function
distp, : V x V — Ny U {o0}
from Definition is well-defined.

Proof. Because V is finite and E C P(V) \ {0}, the set
Epe={{z,y} CV |z #y, Jec E:{z,y} Ce}

is a well-defined family of two-element subsets of V. Hence

\%4
EPr g <2>7

so Pr(H) = (V, Ep,) is a simple graph. Since V is finite, the set Ep, is also finite. Therefore
the primal graph is a well-defined finite simple graph.

The ordinary graph distance on any finite simple graph is well-defined as an element of NoU{oc}:
it is the minimum length of a graph path between two vertices when such a path exists, and oo
otherwise. Applying this to the primal graph yields a well-defined function

distp, : V x V — Ny U {o0}.

This is exactly the primal distance of Definition O

Proposition 4.9.6 (Metric property on connected components). Let
H" = (V, E)

be a hierarchical SuperHyperGraph of height r. Then, on every connected component of the
incidence graph, distsg is a metric on the set of hierarchical supervertices contained in that
component. Likewise, on every connected component of the primal graph, distp, is a metric.

Proof. By Theorem[4.9.3] distgp is one-half of the ordinary graph distance in the incidence graph.
Restricting to one connected component removes the value oo, and multiplying a metric by the
positive constant 1/2 preserves the metric axioms. Hence distsp is a metric on the hierarchical
supervertices in that component.

By Theorem distp, is the ordinary graph distance on the primal graph; therefore its
restriction to any connected component is a metric. O

Remark 4.9.7. The super-Berge distance records movement through alternating vertex—edge
incidence, whereas the primal distance records movement only through vertex adjacency induced
by common superhyperedges. In general, these two distances need not coincide.
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4.10 Hierarchical SuperHyperGraph Labeling

In this section, we introduce three natural labeling notions for hierarchical SuperHyperGraphs:
vertex labeling, edge labeling, and total labeling.

Definition 4.10.1 (Canonical finite label set). For each n € Ny, define

{1,2,...,n}, n>1,
[n] = ’
, n = 0.

Definition 4.10.2 (Hierarchical SuperHyperGraph vertex labeling). Let
H" = (V, E)
be a hierarchical SuperHyperGraph of height r on Vj.

A vertez labeling of H™ is a bijection
vV —[|V]].

The pair
(H", Av)

is called a vertez-labeled hierarchical SuperHyperGraph.

For each k € {0,...,r}, the restriction
)\V rvkl Vk — Av(v;g)

is called the layer-k vertex labeling.

Theorem 4.10.3 (Well-definedness of vertex labeling). Let
H" = (V, E)

be a hierarchical SuperHyperGraph of height r. Then a vertex labeling of H) is well-defined.
More precisely, there exists a bijection

Ao Voo [V

Proof. By the Definition, the set V is finite and nonempty. Hence there exists an enumeration
V=A{x,z9,...,2,}, n=1Vl].

Define
Av(x;) =1 (1<i<mn).

This assignment is well-defined because each vertex x € V appears exactly once in the chosen
enumeration, so exactly one label is assigned to it.

The map Ay is injective because distinct vertices receive distinct indices, and it is surjective onto
[n] because every integer ¢ € {1,...,n} is attained as Ay (z;). Therefore Ay is a bijection

Av V= [|V]].
Hence a vertex labeling is well-defined. O
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Definition 4.10.4 (Hierarchical SuperHyperGraph edge labeling). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r on Vj.

An edge labeling of H'" is a bijection
A E— [|E]].

The pair
(HW, )\E)

is called an edge-labeled hierarchical SuperHyperGraph.

Theorem 4.10.5 (Well-definedness of edge labeling). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height . Then an edge labeling of H') is well-defined.
More precisely, there exists a bijection

Mg E — [|E|].

Proof. By the Definition, the family E is finite. If E = (), then |E| =0, so [|E|] = [0] = 0, and
the unique map

)\E®—>@

is a bijection.

Now assume F # (). Since F is finite, there exists an enumeration
E:{elae%'--,em}a m:|E|

Define
Ae(ej) =7 (1<j<m).

This map is well-defined because each edge e € E appears exactly once in the enumeration. It
is injective because distinct edges receive distinct labels, and surjective onto [m] because each

je{l,...,m} is attained. Hence \g is a bijection
Mg E— [|E]].
Therefore an edge labeling is well-defined. O

Definition 4.10.6 (Disjoint union of vertices and edges). Let
H" = (V,E)
be a hierarchical SuperHyperGraph. Define the typed disjoint union of vertices and edges by
VUE = (Vx{0})U(E x {1}).

Its elements are ordered pairs (z,0) with x € V and (e,1) with e € E. This construction
distinguishes vertices from edges even if, as sets, some vertex and some edge happen to have the
same underlying set-theoretic form.
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Definition 4.10.7 (Hierarchical SuperHyperGraph total labeling). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r on Vj.

A total labeling of H'") is a bijection
A VUE — [|V]+|E|],

where V U E is the disjoint union from Definition [4.10.6)

The pair
(Hm, )\T)

is called a totally labeled hierarchical SuperHyperGraph.

The induced vertex-part and edge-part label maps are
N (z) := Ap(z,0) (x eV),

and

AE(e) :== Ar(e, 1) (e € E).

Theorem 4.10.8 (Well-definedness of total labeling). Let
H" = (V, E)

be a hierarchical SuperHyperGraph of height . Then the total labeling of H™ is well-defined.
More precisely:

(i) the disjoint union V U E is a well-defined finite set;

(ii) dts cardinality is

VU E[=[V]+|E];

(iii) consequently, there exists a bijection

Ar: VUE = [|[V] +|E|].

Proof. Since V and E are sets, the Cartesian products V' x {0} and E x {1} are well-defined
sets. Moreover,

V x{0} n Ex {1} =10,
because the second coordinates are different. Hence
VUE = (Vx{0})U(E x{1})
is a well-defined disjoint union.
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By Definition, both V and E are finite. Therefore V' x {0} and E x {1} are finite, and because
they are disjoint,
VUE|=|Vx{0} +I|Ex {1} =|V|+ |E|.

This proves (i) and (ii).

Since V U E is finite, it admits an enumeration
VUFE = {041, Aoy ey a\V\HE\}-

Define

This is well-defined because each element of V LI E occurs exactly once in the enumeration. It
is injective by construction, and surjective onto [|V| + |E|]. Hence Ar is a bijection

Ar:VUE = [|[V]+]B]].

Therefore the total labeling is well-defined. O

Corollary 4.10.9 (Existence of the three basic labelings). Every hierarchical SuperHyperGraph
of height r admits:

(i) a vertex labeling;

(ii) an edge labeling;

(iii) a total labeling.

Proof. Apply Theorems [4.10.3] [4.10.5] and 4.10.8] O

Remark 4.10.10. The total labeling must be defined on V U E, not on the naive union V U E.
Indeed, a hierarchical supervertex is itself a set-valued object, and a hierarchical superhyperedge
is also a set. Thus VN E may be nonempty in a purely set-theoretic sense unless one distinguishes
the two types by tags.

4.11 Hierarchical SuperHyperGraph Domination

In this section, domination is defined on the hierarchical supervertex set through the natural
common-edge adjacency induced by the hierarchical superhyperedge family.
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Definition 4.11.1 (Primal adjacency in a Hierarchical SuperHyperGraph). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r on V{,. For two distinct hierarchical supervertices
x,y € V, we say that x and y are adjacent, and write

r~my,
if there exists a hierarchical superhyperedge e € E such that
{z,y} Ce.

Equivalently, two distinct supervertices are adjacent whenever they belong to a common hierar-
chical superhyperedge.

Definition 4.11.2 (Neighborhoods). Let
H") = (V,E)

be a hierarchical SuperHyperGraph of height r, and let x € V.

The open neighborhood of x is defined by

Ng(z) == {yeV\{z} |z ~uy}.

The closed neighborhood of x is

Nulz] = Nu(z)U{z}.

More generally, for a set D C V', define

Ny[D] := | Nulz].

xzeD

Definition 4.11.3 (Dominating set). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height . A subset D C V is called a dominating set of
H if

Equivalently, D is dominating if for every v € V, either v € D, or there exists some x € D and
some e € E such that

{z,v} Ce.
In this case, we say that D dominates H'™.
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Definition 4.11.4 (Domination number). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height r. Define the family of dominating sets by
DH") == {DCV | Ng[D]=V}.
The domination number of H(") is

AH™) == min{|D| | D € D(H") }.

Theorem 4.11.5 (Well-definedness of Hierarchical SuperHyperGraph domination). Let
H" = (V,E)

be a hierarchical SuperHyperGraph of height r. Then the following statements hold:
(i) for every x € V, the sets Nuy(x) and Ny[z] are well-defined finite subsets of V;
(i) for every D C V, the set Ng[D] is a well-defined subset of V;

(iii) the family

D(H")

of dominating sets is monempty;

(iv) the domination number
7(H<T>)

is a well-defined positive integer satisfying

1 <AHD) <|V).

Proof. Since

H" = (V,E)
is a hierarchical SuperHyperGraph, by definition V' is a finite nonempty set and

ECP(V)\{0}.

(i) Fix « € V. By Definition
Nu(z) ={yeV\{z}|Jec E: {z,y} Ce}.
This is a subset of the finite set V' \ {z}, hence it is itself a well-defined finite set. Therefore
Nyulz] = Ng(z) U {z}
is also a well-defined finite subset of V.
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(ii) Let D C V. Then
Ny[D] = | J Nulz].

xzeD

Each set Ny[z] is a subset of V' by part (i), so their union is again a well-defined subset of V.

(iii) Consider the set V' C V. For each € V/, one has
x € Ny|z]

by definition of closed neighborhood. Hence

V= U {z} C U Nyulz] = Ng[V].

zeV zeV

Since every Ny[z| C V, it follows that

Ny[V] C V.
Therefore

NulV] =V,
so V' is a dominating set. Thus

Ve dH"),

and the family of dominating sets is nonempty.

(iv) Since D (H() # (), the set
{ID|| D eo(H")}

is a nonempty set of positive integers. Moreover, every dominating set D is a subset of the finite
set V', so
1 <|D| < V.

Hence this set of cardinalities is a nonempty finite subset of {1,2,...,|V|}, and therefore pos-
sesses a minimum element. Consequently,

A(H?) = min{ D] | D & D(E") }

is well-defined and satisfies
1 <AH") < V]

This completes the proof. O

Proposition 4.11.6 (Equivalence with domination in the primal graph). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height v, and let
Pi(H") = (V. Epr)
be its primal graph, where
Ep,:={{z,y} CV |z #y, Jec E: {z,y} Ce}.

Then a set D C 'V is a dominating set of H") if and only if it is a dominating set of Pr(Hm).
In particular,
AHT) = A(Pr(H™)).
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Proof. For distinct x,y € V, the condition
T~y

holds if and only if {z,y} € Ep, by definition of the primal graph. Hence the open and closed
neighborhoods of every vertex are the same in H") and in Pr(H(?). Therefore, for every D C V,

NH[D] =V NPr(H<">)[D] =V.

Thus the dominating sets coincide in the two structures, and so their minimum cardinalities are
equal. O

Remark 4.11.7. This domination notion is vertex-based and uses the natural common-edge
adjacency among hierarchical supervertices. Thus, it is the most direct hierarchical analogue of
ordinary graph domination.

4.12 Hierarchical SuperHyperTrees

In order to define a tree structure for hierarchical SuperHyperGraphs, we use the natural primal
graph associated with common-edge adjacency.

Definition 4.12.1 (Primal graph of a Hierarchical SuperHyperGraph). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height r on Vy. Its primal graph is the graph
Pi(H") = (V, Ep,),

where
Ep, = {{x,y} CV |z+#vy, Je € E such that {z,y} C 6}-

Thus two distinct hierarchical supervertices are adjacent in Pr(H() precisely when they belong
to a common hierarchical superhyperedge.

Definition 4.12.2 (Hierarchical SuperHyperTree). Let
H" = (V, E)
be a hierarchical SuperHyperGraph of height 7. We say that H™ is a Hierarchical SuperHyper-
Tree if its primal graph
PI‘(H<T>)

is a tree.
Equivalently, H( is a Hierarchical SuperHyperTree if the following two conditions hold:
(T1) Pr(H) is connected;

(T2) Pr(H) is acyclic.

79



Chapter 4. Hierarchical SuperHyperGraph and Related Concepts

Remark 4.12.3. This definition uses the natural primal-type adjacency already induced by
the hierarchical superhyperedge family. Hence a Hierarchical SuperHyperTree is a hierarchical
SuperHyperGraph whose vertex-adjacency structure is tree-like in the ordinary graph-theoretic
sense.

Theorem 4.12.4 (Well-definedness of the primal graph). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height r. Then
PAH) = (V, Epr)

is a well-defined finite simple graph.

Proof. Since H") is a hierarchical SuperHyperGraph, its vertex set V is finite and nonempty,
and its edge family satisfies

E CPV)\{0}.

Hence every hierarchical superhyperedge is a nonempty subset of V.

Now define
Bpp={{z,y} SV |o#y, Fee E:{r,y} Cel.

By construction, each element of Ep, is a two-element subset of V. Therefore

%
EPr g <2>

In particular, no loop {z,z} can occur, and no multiple edges arise, because Ep, is a set of
unordered pairs. Thus

Py(H") = (V, Ep,)

is a simple graph.

Since V is finite, the set (‘2/) is finite; hence its subset Fp, is also finite. Consequently,
PI(H<T>)

is a finite simple graph. This proves the claim. O

Theorem 4.12.5 (Well-definedness of Hierarchical SuperHyperTrees). Let
H" = (V,E)
be a hierarchical SuperHyperGraph of height r. Then the statement
“H'") is a Hierarchical SuperHyperTree”
is well-defined.

More precisely,
H™ is a Hierarchical SuperHyperTree

if and only if its primal graph
PI“(H<T))

is a connected acyclic finite simple graph.
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Proof. By Theorem [£.12.4]
PI“(H<T>)

is a well-defined finite simple graph. For finite simple graphs, the notions of connectedness,
acyclicity, and tree are standard and well-defined.

Therefore it is meaningful to ask whether
PI(H<T>)

is a tree. By Definition [4.12.2] this is exactly the condition for H" to be a Hierarchical Super-
HyperTree.

Finally, by the standard characterization of trees in finite graph theory, a finite simple graph
is a tree if and only if it is connected and acyclic. Applying this characterization to Pr(H("),

we obtain the stated equivalence. Hence the notion of Hierarchical SuperHyperTree is well-
defined. O

Proposition 4.12.6 (Equivalent edge-count characterization). Let
H" = (V, E)
be a hierarchical SuperHyperGraph of height v, and let
Pi(H") = (V, Ep,)
be its primal graph. Then H") is a Hierarchical SuperHyperTree if and only if

Py(H") is connected ~ and  |Ep,| = |V| - 1.

Proof. Because Pr(H™) is a finite simple graph by Theorem [4.12.4] the standard characterization
of finite trees applies: a finite simple graph is a tree if and only if it is connected and has exactly
one fewer edge than vertices. Thus

PI(H<">) is a tree

if and only if
Pr(Hm) is connected and |Ep,| = |V]— 1.

Using Definition 4.12.2} this is equivalent to saying that H'" is a Hierarchical SuperHyperTree.
O

Remark 4.12.7. The tree property is imposed on the induced vertex-adjacency structure, not
directly on the hierarchical superhyperedge family itself. Thus different hierarchical superhyper-
edge families may determine the same Hierarchical SuperHyperTree whenever they induce the
same primal graph.
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Chapter 5

Revisiting Graph Classes Closely Related
to SuperHyperGraphs

In addition to Hierarchical SuperHyperGraphs and Recursive SuperHyperGraphs, several other
graph classes closely related to SuperHyperGraphs have also been studied. This chapter examines
those related concepts and provides comparisons with them.

5.1 Meta-Graph and Iterated Meta-Graph

A meta-graph has graphs as vertices; edges represent labeled relations between those graphs,
satisfying relation-defined incidence constraints (cf. [144-148]). A meta-graph is also called a
graph of graphs. An iterated meta-graph repeats the construction: vertices are meta-graphs of
lower depth, with lifted relations linking them recursively [144]. A similar concept known as the
composite graph has also been studied [149-152]. Concepts such as graph clustering can likewise
be regarded as operations for constructing a metagraph [153H156].

Definition 5.1.1 (Meta-Graph (Metagraph; graph of graphs)). [144] Fix a nonempty universe
G of finite graphs (undirected and loopless by default), and fix a nonempty family R of binary
relations on G, i.e.

R CP(GxG).
A Meta-Graph (or metagraph) over (G, R) is a directed, R-labeled multigraph
M= (V,E,s,t,7)

such that
V Cg, s,t: B —=V, AN E—>R,

and the following incidence constraint holds:
Vee E: (s(e),t(e)) € A(e).

Elements of V' are called meta-vertices (each meta-vertex is itself a graph in G), and each e € E
is a meta-edge labeled by the relation A(e). If R = {R} is a singleton, the label map may be
omitted; if each R € R is symmetric, one may view M as an undirected labeled multigraph.
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Definition 5.1.2 (Iterated Meta-Graph (depth t)). [144] Fix (G,R) as in Definition
Define recursively, for t € Ny, a universe of level-t objects G and a family of level-t relations
R® as follows:

G .=g, RO =R,

Assume G and R™® are defined. Let G**+Y be the class of all finite metagraphs over (G, R®)
(i.e. all tuples M = (V(M), E(M), s, tar, Ayr) satisfying Definition with G, R replaced
by g(t)jR(t))_
For each relation R € R™, define its lift RT C G+ x G+ by

(M, M,) e R" <= 3FJzecV (M), Iy V(M,) such that (z,y) € R.

Set
RED .= {RT|ReRW}.

An [Iterated Meta-Graph of depth t is then a metagraph
M® = (V(t), E® ® 0 )\(t))
over (GM,RM), i.e.
v® cg®, 2O E® 5 RO, Ve € E® . (s(t)(e),t(t)(e)) e \® (e).

In particular, depth O iterated meta-graphs are ordinary metagraphs, and depth ¢ > 1 iterated
meta-graphs have vertices that are themselves metagraphs, recursively, up to ¢ levels.

A concise comparison between Iterated Meta-Graphs and n-SuperHyperGraphs is presented in

Table

5.2 n-Filtrated Graph

An n-Filtrated Graph is a graph equipped with n filtration levels, where vertices and edges
appear progressively across nested layers.

Definition 5.2.1 (n-Filtrated Graph). Let V, be a finite nonempty set and let n € Ny. An
n-Filtrated Graph over Vj is a quadruple

FG™ = (V,E,d,)\),

where
e V C Vj is a finite set of vertices;
e I is a finite set of edge identifiers;

e« 0:F— (‘2/) is an incidence map;
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Table 5.1: A concise comparison between Iterated Meta-Graphs and n-SuperHyperGraphs.

Aspect

Tterated Meta-Graph

n-SuperHyperGraph

Basic form
Underlying idea

Base setting
Vertex type
Edge type

Incidence

Directionality
Hierarchy
mechanism

Typical use

M@ = (V(t),E(t), FIONION )\(t))

A recursively defined graph-of-graphs
structure.

Starts from a universe of graphs and bi-
nary relations.

Vertices are graphs or lower-depth meta-
graphs.

Directed labeled edges with source and
target maps.

Determined by

OO ORI 720

together with a relation label A(*).
Directed in the basic form.

Obtained recursively from lower-depth
meta-graphs.

Modeling relations among graphs or re-
cursively linked graph systems.

SHG™ = (V, E)

A higher-order graph built by iterating
the powerset construction.

Starts from a finite nonempty base set
.

Vertices are nested set-valued objects in
P (Vo).

Nonempty subsets of the supervertex
set.

Determined by set-membership:

X € €.

Usually undirected in the basic form.
Obtained by repeated powersets:

PO(Vo) = Va,

Modeling nested and hierarchical inci-
dence structures.

e M:VUE —{0,1,...,n} is a filtration-level map such that

d(e) = {u,v} = A(e) > max{A(u), A\(v)}

for every e € E.

For each k € {0,1,...,n}, define

Then

Vi ={veV|Av) <k},

Gk = (Vka Elm a’Ek)

is called the k-th filtration layer of FG™.

Ep:={ec E| \e) <k}

For reference, a concise comparison between n-Filtrated Graphs and n-SuperHyperGraphs is
presented in Table

5.3 MultiGraph and Iterated MultiGraph

A multigraph is a graph allowing parallel edges and loops; formally edges are a multiset with
multiplicities between vertices possibly [157-159]. As extensions, concepts such as fuzzy multi-
graphs [160-162], bipartite multigraphs |[163}[164], complete multigraphs [165L{166], neutrosophic
multigraphs [157,/167], soft multigraphs [168], and directed multigraphs [169] are known. An iter-
ated multigraph uses iterated multisets as vertex objects, so vertices themselves can be multisets
nested to depth n recursively.
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Table 5.2: A concise comparison between n-Filtrated Graphs and n-SuperHyperGraphs.

Aspect

n-Filtrated Graph

n-SuperHyperGraph

Basic form
Underlying idea

Base setting
Vertex type
Edge type
Hierarchy
mechanism
Incidence

Typical use

Special case

F =(Go CG1 T+ CGy)

A graph with a finite filtration across
levels.

Built from ordinary graphs G =
(VkaEk)'

Vertices remain ordinary graph vertices.
Edges remain ordinary binary edges.

Hierarchy comes from levelwise filtra-
tion.

Classical graph incidence between two
endpoints.

Modeling layered or progressive graph
growth.

If all levels coincide, it reduces to one
ordinary graph.

SHG™ = (V, E)

A higher-order structure obtained by it-
erating the powerset construction.

Built from a finite nonempty base set V.

Vertices are set-valued

P (V).

Edges are nonempty subsets of the su-
pervertex set.

Hierarchy comes from iterated power-
sets.

Set-membership incidence between su-
pervertices and superedges.

Modeling nested and hierarchical inci-
dence structures.

If n = 0, it reduces to a hypergraph-type
structure on Vj.

objects in

Definition 5.3.1 (Finite multiset and iterated multiset).

X is a function

whose support

m:X—>N0

Let X be a set. A finite multiset on

supp(m) := {xz € X | m(z) > 0}

is finite. We write M(X) for the set of all finite multisets on X.

For n > 0, define the n-fold iterated multiset sets recursively by

MO(X) := X,

M* (X)) := M(M"(X)).

An element of M™(X) is called an n-fold iterated multiset over X.

Definition 5.3.2 (MultiGraph (undirected multigraph)). Let V' be a finite set. Denote by

(‘;) = {{{u,v}} | u,v eV}

the set of unordered pairs with repetition (i.e. 2-element multisets), so that {{v,v}} represents a

loop at v.

A MultiGraph (undirected multigraph) on V' is a pair

G=(V,n),

where (4 : (‘;)m — N is an edge-multiplicity function. For e € (‘Q/)m, the value p(e) is the number

of parallel edges of type e. Equivalently, one may specify a finite multiset £ € M <(‘2/)m) and

write G = (V, E), where p is the multiplicity function associated to E.
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Remark 5.3.3 (Directed variant). A directed multigraph can be defined similarly by a mul-
tiplicity map p : V' x V' — Ny, where p(u,v) counts the number of directed edges from u to
.

Definition 5.3.4 (Tterated MultiGraph of order n). Let X be a nonempty base set and let
n > 0. Set M"(X) as in Definition An [terated MultiGraph of order n over X is an
undirected multigraph whose vertex objects are n-fold iterated multisets over X; concretely, it
is a pair

G™ = (V™ )

such that:

1. Vi ¢ M™(X) is an n-fold iterated multiset, interpreted as a vertex multiset; let
V" = supp(V™) € M*(X)

be the underlying set of distinct vertices.

n) M
2. p (K; )) — Ny is an edge-multiplicity function on unordered pairs (with repetition) of
distinct vertices.

Equivalently, one may specify an edge multiset £ € M ((Z;m) ) and write G™ = (V("), E (”)).

Remark 5.3.5 (Order 0 recovers ordinary multigraphs). When n = 0, we have M°(X) = X,
so an Iterated MultiGraph of order O is just a multigraph whose vertices lie in the base set X
(up to the choice of vertex multiset versus vertex set).

A comparison between Iterated MultiGraphs and n-SuperHyperGraphs is presented in Table[5.3

Table 5.3: A concise comparison between Iterated MultiGraphs and n-SuperHyperGraphs.

Aspect

Tterated MultiGraph

n-SuperHyperGraph

Basic form
Underlying idea

Base setting

Vertex type
Edge type

Incidence
Multiplicity
Higher-order
feature
Typical use

Special case

G = (V) ()

A multigraph with recursively defined
multiset-based vertices.

Built from a base set X using the mul-
tiset operator M.

Vertices are n-fold iterated multisets.
Edges are pairwise and may have multi-
plicity.

Essentially pairwise.

Fundamental in the basic model.
Higher-order structure appears mainly
in the vertex domain.

Modeling repeated pairwise interactions
on recursive vertex objects.

For n = 0, it reduces to an ordinary
multigraph.

SHG™ = (V, E)

A higher-order structure with recur-
sively defined set-based vertices.

Built from a base set Vj using the pow-
erset operator P.

Vertices are elements of P™(Vj).

Edges are nonempty subsets of the su-
pervertex set.

Genuinely multiway.

Not included in the basic model.
Higher-order structure appears in both
vertices and edges.

Modeling nested, hierarchical, and mul-
tiway incidence structures.

For n = 0, it becomes a hypergraph-
type structure on Vj.
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5.4 Neural Graph

In the literature, graph-based neural models are most commonly studied under the frameworks
of graph neural networks and message passing neural networks. Motivated by these perspectives,
we introduce the following mathematical notion of a Neural Graph.

Definition 5.4.1 (Neural Graph). Let
G=(V,E)
be a finite simple graph, where V' # () is the vertex set and
E C {{u,v} |u,v €V, u#v}.

Let do,p,d,q € N. A Neural Graph on G is a tuple
Ng - (G7 x, a, h(O)v (Mévué)é::_()17 )7

where:
(i) z:V — R% is a vertex-feature map;
(ii) a: E — RP is an edge-feature map;
(iii) A® : V — R? is an initial hidden-state map (often obtained from z by an encoder);

(iv) for each layer ¢ € {0,1,...,L — 1},
M, : R x R x R? — R?

is a message function, and
Uy : R x R — R?

is a state-update function;

(v) R is a readout function that maps the final collection of vertex states to an output space
R?) and is permutation-invariant with respect to the ordering of vertices.

These data satisfy the layerwise propagation rule: for each £ =0,1,...,L — 1 and each v € V,
m! = @ MU, b, a{u,v})),

uwENgG(v)
R = U, miY),

where N (v) denotes the neighborhood of v in G, and €D is a permutation-invariant aggregation
operator (for example, summation, mean, or maximum).

The final graph-level representation is defined by
zg=R{MY :veV}) eR
The structure NG is called a Neural Graph.
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Remark 5.4.2. A Neural Graph may be interpreted as a graph equipped with neural states and
learnable local propagation rules. The message functions encode information flow along edges,
the update functions revise vertex states, and the readout function extracts either graph-level or

vertex-level outputs.

Remark 5.4.3. If the edge-feature map a is omitted, then one obtains the simplified form

mq(}é) — @ Mg(h,ff),hq(f)),

uwENg(v)

which is often sufficient in unweighted or unlabeled graph settings.

A concise comparison between Neural Graphs and SuperHyperGraphs is presented in Table

Table 5.4: A concise comparison between Neural Graphs and SuperHyperGraphs.

Aspect

Neural Graph

SuperHyperGraph

Basic form
Underlying base
Vertex type
Edge type

Main purpose
Incidence

Extra data

Higher-order
aspect
Typical output

Ng = (Ga Z,a, h(o)a (Mfauf)v R)

A finite simple graph G = (V, E)
Ordinary graph vertices

Ordinary pairwise edges

Neural representation learning on graphs
Pairwise adjacency

Features, hidden states, message/update
functions, readout

Computation is layered, but the graph
structure is still ordinary

Learned vertex- or graph-level represen-
tations

SHG™ = (V, E)

A finite base set V}

Set-valued supervertices in P " (Vp)
Nonempty subsets of the supervertex set
Higher-order structural modeling
Multiway set-membership incidence

No neural mechanism in the basic defi-
nition

Higher-order structure appears in both
vertices and edges

A mathematical higher-order relational
structure

5.5 Hierarchical and Recursive Iterated Meta-Graphs

In this section, we introduce two extensions of Iterated Meta-Graphs: Hierarchical Iterated Meta-
Graphs and Recursive Iterated Meta-Graphs. Throughout this section, all object universes are
assumed to be set-sized, and all metagraphs considered are finite. This convention avoids set-
theoretic ambiguities and ensures that all recursively defined families below are genuine sets.

Definition 5.5.1 (Level-tagged iterated meta-object universe). Let (G, R) be a base pair as in
Definition and let
(g(i), R(i))izo

be the recursively defined iterated meta-object universes and lifted relation families from Defi-

nition B.1.2

For r € Ny, define the level-tagged iterated meta-object universe of height r by
Ger = | |GY = {(i,X)]0<i<r XegW}
i=0
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The integer 7 is called the level of (i, X) and is denoted by
(i, X) :=1.

For each 0 <4 < r and each relation R € R, define its level-tagged version
Ei - Ggr X Ggr

by
((i,X),(i,Y)) e R, < (X,Y)eR

Thus ]:'Ei only relates objects lying at the same level .

For 1 <4 < r, define the immediate constituent relation
Ci Q GST X GST

by
((—1,X),(i,M) €C; <= MecgG"and X € V(M),

where V(M) denotes the vertex set of the metagraph M. Its inverse relation is denoted by
o= { (6, M), (i = 1,X)) | (G = 1,2, (5, M) € G, .

The canonical hierarchical relation family of height r is

RY ={R|0<i<r, ReRV} U {C,C'|1<i<r}.

Definition 5.5.2 (Hierarchical Iterated Meta-Graph). Let (G, R) be a base pair as in Defini-
tion and let » € No. A Hierarchical Iterated Meta-Graph of height v over (G,R) is a
tuple

HIMG™ = (W, F, s,t,\)

satisfying the following conditions.

(i) Hierarchical meta-vertex set.

W C Ge,

is a finite set. Its elements are called hierarchical iterated meta-vertices.

(ii) Hierarchical meta-edge set. F' is a finite set whose elements are called hierarchical iterated
meta-edges.

(iii) Source and target maps. There are maps

s,t: FF— W.

(iv) Relation-label map. There is a map
A F— Rgr.
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(v) Typed incidence constraint. For every f € F,

(s(f),t(f)) € AS)-

(vi) Downward hierarchical coherence. If (i, M) € W and ¢ > 1, then every immediate con-
stituent of M is also present one level below; that is,

XeVM) = (—-1,X)eW

Theorem 5.5.3 (Well-definedness of Hierarchical Iterated Meta-Graphs). Let (G, R) be a set-
sized base pair, and let r € Ng. Then the notion of a Hierarchical Iterated Meta-Graph of height
r in Definition |5.5.2 is well-defined.

More precisely:
(i) the universe G<, is a well-defined level-tagged set;
(i) the relation family Rgr is a well-defined family of binary relations on G<,;

(iii) the incidence condition
(s(f),t(f)) € A(f)

is meaningful for every f € F';

(iv) the downward coherence condition is meaningful and finite.

Proof. Since (G, R) is set-sized, the recursively constructed families G and R are set-sized
for every finite ¢. Hence the finite disjoint union

is a well-defined set. The use of level tags is essential: even if the same underlying object could
be represented at different levels, the tagged objects (7, X) and (j, X) are distinct whenever

i j.

For each R € R, the relation El is defined as a subset of G<, X G<,. Therefore él is a well-
defined binary relation on G<,. Moreover, for 1 < ¢ < r, every M € G is, by construction,
a finite metagraph over (G0~ RE~Y). Hence its vertex set V(M) is well-defined, and so the
constituent relation

C={((i-1,X),0GM)[XeV(M)}

is also a well-defined binary relation on G<,. The same is true for its inverse C;'. Thus Rgr is
a well-defined family of binary relations on G,

Now let
HIMG™ = (W, F, s,t,\)
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satisfy Definition Since s,t: F'— W and W C G,, both s(f) and ¢(f) are elements of
G, for every f € F. Since A(f) € RY, is a binary relation on G<,, the statement

(s(f),t(f)) € A(f)

has a definite truth value. Thus the typed incidence constraint is meaningful.

Finally, if (i, M) € W with i > 1, then M € G is a finite metagraph, and hence V(M) is a
finite set. Therefore the condition

XeVM)=(i—-1,X)eW

is a finite, well-defined condition. Consequently, every clause in Definition is meaningful
and set-theoretically legitimate. Hence the definition is well-defined. O

Corollary 5.5.4 (Level-zero case). For r = 0, a Hierarchical Iterated Meta-Graph of height O
is precisely a Meta-Graph over (G, R), after identifying each tagged object (0, X) with X.

Proof. If r = 0, then
GSO = {0} X g

and

R, ={Ry|RER}.

There are no constituent relations C;, because there is no positive level. Hence Definition |5.5.2
reduces to the usual definition of a directed R-labeled metagraph, up to the harmless level tag

Definition 5.5.5 (Recursive Iterated Meta-Graph). Let (G, R) be a base pair as in Defini-
tion Let t, k € Ng.

A Recursive Iterated Meta-Graph of iterated depth t and recursive depth k over (G, R) is a tuple
RIMG(t’k) = (VV, (Ej)?=07 (Sjvtjv )\j)f:o)

constructed as follows.

First, choose a finite set

W cg®.
The elements of W are called top-level iterated meta-vertices. Put
Oy :=W.
Define the initial support map
Supp, : Oy — P(W) \ {0}

by
Supp,(x) := {z} (x e W).
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Assume that, for some 0 < j < k, the finite object set O; and the support map
Supp, : O; — P(W) \ {0}
have already been defined. For each relation R € R, define its j-th recursive support lift

R[]] - Oj X Oj

(a,b) e RY «— Fze Supp,(a), Jy € Supp;(b) such that (z,y) € R.

Choose a finite set E;, disjoint from O;, whose elements are called recursive meta-edges of rank
j. Choose maps

Sj,tj IEj—>Oj, )‘]EJ —>R(t)

such that the following incidence condition holds for every e € E;:

(sj(e),ti(e)) € Aj(e)Vh.

If 5 < k, define
Oj+1 = Oj L Ej,

and extend the support map to
Suppj+1 2001 — P(W)\ {0}

by
Supp;,1(a) :=Supp;(a)  (a € O;),
and
Suppj+1(e) := Supp; (sj(e)) U Supp; (tj(e)) (e € Ej).

The total recursive meta-edge set is
k
E:=||E;
j=0

An element of E); is said to have recursive rank j.

Theorem 5.5.6 (Well-definedness of Recursive Iterated Meta-Graphs). Let (G, R) be a set-sized

base pair, and let t,k € Ng. Then the notion of a Recursive Iterated Meta-Graph RIMG®H) in
Definition|5.5.5 is well-defined.

Moreover, the recursive dependency relation among meta-edges is well-founded: if

e <e

means that €' is used as the source or target of e, then every <-chain has length at most k.
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Proof. Since (G, R) is set-sized, the iterated universe G® and the relation family R® are well-
defined. Thus any finite subset
W C g(t)

is a well-defined set. Hence

OO = W
is well-defined, and the support map
Suppy(z) = {z}
is a well-defined map from Oy to P(W) \ {0}.

Assume inductively that O; and
Supp; : O; = P(W) \ {0}
are well-defined. For each R € R, the lifted relation
RV = {(a,b) € 0; x O, | Tz € Supp,(a), Jy € Supp;(b), (z,y) € R}

is a well-defined subset of O; x O;. Therefore, for each e € E;, the condition

(sj(e),t;(e)) € A;(e)l)

has a definite truth value, because s;(e),t;(e) € O, and \;(e)V is a binary relation on 0.

If 7 < k, the next object set
Oj1=O; U E;

is a well-defined finite disjoint union. The extended support map is also well-defined: for old
objects a € Oj, it keeps the already defined support Suppj(a); for a new edge e € F;, it assigns

Supp; (s;(€)) U Supp,(¢;(e)).

Both sets in this union are nonempty subsets of W, so their union is again a nonempty subset
of W. Hence
Supp; ;1 Ojp1 — PW)\ {0}

is well-defined.

By finite induction on j = 0, 1,..., k, all object sets, support maps, lifted relations, source maps,
target maps, and label maps appearing in Definition [5.5.5| are well-defined.

It remains to verify well-foundedness. A rank-j edge e € E; may use only objects of O; as its

source and target. Since
Oj :WUE()LluEJ,1

for j > 1, any recursive edge appearing as a source or target of e must have rank strictly smaller
than j. Therefore, along every dependency chain

eo =< e <= e,
the ranks strictly increase from left to right. Since the allowed ranks are only
0,1,... k,

one must have m < k. Thus no directed dependency cycle can occur, and the recursive depen-
dency relation is well-founded with depth bounded by k. O
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Corollary 5.5.7 (Rank-zero case). For k = 0, a Recursive Iterated Meta-Graph RIMG®? s
an ordinary Iterated Meta-Graph of depth t on the vertex set W C G,

Proof. If k = 0, then the only recursive meta-edge set is Fy, and
Oy =W.
For every R € R™®, the lifted relation R satisfies
(a,b) € R® <« (a,b) €R
for all a,b € W, because Supp,(a) = {a} and Supp,(b) = {b}. Therefore the incidence condition

(s0(e), tole)) € Ag(e)!”

is exactly the ordinary metagraph incidence condition over (G, R®). Hence RIMG®? is
precisely an Iterated Meta-Graph of depth t. O

Remark 5.5.8 (Difference between the two extensions). A Hierarchical Iterated Meta-Graph
allows vertices from several iterated levels

0,1,...,r

to coexist in one labeled metagraph, together with explicit constituent relations between adjacent
levels. By contrast, a Recursive Iterated Meta-Graph fixes one iterated level t for its top-level
meta-vertices, but allows higher-rank meta-edges to use lower-rank meta-edges as source or
target objects. Thus the former is a mixed-level extension, while the latter is a well-founded
recursive-edge extension.

A comparison between Hierarchical Iterated Meta-Graphs and Hierarchical SuperHyperGraphs
is presented in Table [5.5)

Table 5.5: Concise comparison between Hierarchical Iterated Meta-Graphs and Hierarchical Su-

perHyperGraphs.
Aspect Hierarchical Iterated Meta-Graph Hierarchical SuperHyperGraph
Basic objects Iterated meta-objects G, Iterated powerset objects Pi(Vo)‘
Vertex domain Vertices may lie in several meta-levels 0, ..., r. Supervertices may lie in several powerset levels
0,...,7.
Edge type Relation-labeled directed meta-edges. Hyperedges joining nonempty subsets of superver-
tices.
Hierarchy Level tags and constituent relations link adjacent Downward closure links supervertices with lower
meta-levels. constituents.
Incidence Incidence is controlled by admissible meta- Incidence is set-based and higher-order.
relations.
Typical use Multi-level relations among graph-like objects. Hierarchical higher-order incidence structures.

A comparison between Recursive Iterated Meta-Graphs and Recursive SuperHyperGraphs is
presented in Table [5.6)
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Table 5.6: Concise comparison between Recursive Iterated Meta-Graphs and Recursive Super-

HyperGraphs.

Aspect Recursive Iterated Meta-Graph Recursive SuperHyperGraph

Basic objects Meta-vertices are taken from an iterated level G, Supervertices are taken from P™(Vp).

Recursion Lower-rank meta-edges may become later objects.  Lower recursive edges may occur inside higher
edges.

Edge type Directed, relation-labeled recursive meta-edges. Recursive superhyperedges with finite higher-order
incidence.

Depth parameter k bounds edge-as-object recursion. k bounds recursive edge nesting.

Incidence Source and target are recursive meta-objects. Edge elements may be vertices or lower edges.

Special case k = 0 gives an Iterated Meta-Graph. k = 0 gives an n-SuperHyperGraph.

5.6 Hierarchical and Recursive Filtrated Graphs

In this section, we introduce two extensions of filtrated graphs: Hierarchical Filtrated Graphs
and Recursive Filtrated Graphs. The first one adds an explicit hierarchy among vertices, while
the second one allows edges of higher recursive rank to use lower-rank edges as endpoint-like
objects. In both cases, the filtration map is required to be compatible with incidence.

Definition 5.6.1 (Hierarchical Filtrated Graph). Let A be a finite nonempty set, whose elements
are called atomic vertices. Let n,r € Nj.

A Hierarchical n-Filtrated Graph of height r over A is a tuple
HFG™") = (A, V, E, 0, A, 1, Supp)

satisfying the following conditions.

(i) Vertex set. V is a finite set of vertex identifiers, and
ACV.

The elements of A are regarded as level-zero, atomic vertices.
(ii) Edge identifiers. E is a finite set of edge identifiers, disjoint from V.

(iii) Graph incidence. There is an incidence map

0:F — ‘2/ ,

where

V) =ty v uz o),

Thus every edge has exactly two distinct endpoint vertices.

(iv) Filtration map. There is a map
AN VUE —A{0,1,...,n}

such that, whenever
8(6) = {u’ U} )
one has

Ae) > max{A(u), A\(v)}.
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(v) Hierarchy-level map. There is a map
n:V—{0,1,...,7}

such that
n(a) =0 (a € A).

(vi) Support map. There is a map
Supp: V — P(A)\ {0}

satisfying
Supp(a) = {a} (a € A).
For v € V, the set Supp(v) is called the atomic support of v.

(vii) Downward hierarchical coherence. For every non-atomic vertex v € V' \ A, there exists a
nonempty finite set
Ch(v) CV

of children of v such that
n(w) <n(v)  (w € Ch(v)),

and

Supp(v) = U Supp(w).
weCh(v)

For each filtration level k € {0,1,...,n}, define
Vii={veV|Av) <k}, E,:={ec E| Xe) <k}

The k-th filtration layer is
Gk = (Vk, Ek, 8‘Ek)

Theorem 5.6.2 (Well-definedness of Hierarchical Filtrated Graphs). Let
HFG"") = (A,V, E, 9, .7, Supp)

be a Hierarchical n-Filtrated Graph of height v in the sense of Definition |5.6.1. Then each
filtration layer
Gk_(ikaEkya’Ek) (0<k<n)

is a well-defined finite simple graph. Moreover, the hierarchy induced by n, Supp, and Ch is
well-founded and has height at most r.

Proof. First, V and FE are finite sets, and

()

is a well-defined incidence map. Hence every edge identifier e € E/ has a unique unordered pair
of distinct endpoints in V.
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Fix k € {0,1,...,n}. Since
Vi={veV][Av) <k}

and

E,.={ec E| Xe) <k},
both V), and FE), are finite subsets of V and F/, respectively. It remains to check that

8|Ek : Ek — (Zk>

d(e) = {u,v}.

By the filtration compatibility condition,
A(e) > max{A(u), A\(v)}.
Since e € Ej, one has A(e) < k. Therefore
AMu) <k  and Av) < k.

d(e) = {u, v} € (?)

8’Ek : Ek — (Zk>

Gk: = (Vkv Ek7 8|Ek)

is well-defined.

Let e € E,, and write

Thus u, v € Vi, and hence

Consequently,

is a well-defined map. Therefore

is a finite simple graph for every k.

Next, consider the hierarchical part. For every vertex v € V,

Supp(v) € P(A) \ {0},

so each vertex has a nonempty atomic support. If v € A, then

Supp(v) = {v}
by definition. If v € V' \ A, then there exists a nonempty finite child set Ch(v) C V such that

n(w) <n(v)  (we Ch(v)).

Thus every step from a non-atomic vertex to one of its children strictly lowers the integer value
of n. Since

n(V)C{0,1,...,7},
there is no infinite descending chain of children. Hence the hierarchy is well-founded, and every
child chain has length at most r.

Finally, the identity

Supp(v) = |J Supp(w)
weCh(v)

is meaningful because each Supp(w) is a nonempty subset of the finite set A. Hence the hierar-
chical support of every non-atomic vertex is uniquely determined by the supports of lower-level
vertices. Therefore the whole structure is well-defined. O

98



Chapter 5. Revisiting Graph Classes Closely Related to SuperHyperGraphs

Remark 5.6.3. The map A controls the filtration level, whereas the map 7 controls the hierarchy
level. These two maps represent different kinds of levels: A describes when a vertex or edge
appears in the filtration, while 77 describes how high a vertex is in the hierarchical aggregation
of atomic vertices.

Definition 5.6.4 (Recursive Filtrated Graph). Let A be a finite nonempty set of atomic vertices,
and let n, k € N.

A Recursive n-Filtrated Graph of recursive depth k over A is a tuple
RFG™Y = (A, (Oi)izos (Bi)izos (8)izos (\i)izos (Suppi)f:o)

defined as follows.

(i) Initial objects. Set
Oo = A.

The elements of Oy are called rank-zero objects.

(ii) Initial support. Define
Supp, : Op — P(A) \ {0}

by
Suppy(a) :={a}  (a € A).

(iii) Rank-i recursive edges. For each i € {0,1,...,k}, E; is a finite set of edge identifiers,
disjoint from ;. Its elements are called recursive edges of rank 1.

(iv) Rank-i incidence. For each i € {0,1,...,k}, there is an incidence map

O;

Thus a rank-z edge joins two distinct objects already available at rank <.

(v) Rank-i filtration map. For each i € {0,1,...,k}, there is a map
)\iIOiUEi —>{O,1,...,n}

such that, whenever
(91(6) = {xay}7

one has

Ai(e) = max{Ai(z), Ai(y)}.

(vi) Recursive enlargement of the object universe. If 0 < ¢ < k, define
01‘4_1 = Oi L Ei-
Thus rank-:z edges become available as objects at rank 7 + 1.
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(vil) Recursive support extension. If 0 < i < k, define
Supp; 41 ¢ Op1 — P(A) \ {0}

b
' Supp;, () := Supp;(x) (x € O,),
and, for e € E; with
9i(e) = {=,y},
by
Supp; 4 (e) := Supp, (z) U Supp; (y).

(viii) Compatibility of filtration maps across ranks. For 0 < ¢ < k, the map ;1 extends A;
on O;, and assigns to each old edge e € F;, now viewed as an object of O, 1, the same
filtration level:

Aip1(z) = Ni() (x € Oy),

and

Airi(e) = Ai(e) (e € E; COip).

The total recursive edge set is

An element of FE; is said to have recursive rank <.

Theorem 5.6.5 (Well-definedness of Recursive Filtrated Graphs). Let
RFG™Y

be a Recursive n-Filtrated Graph of recursive depth k in the sense of Definition[5.6.4} Then the
following statements hold.

(i) For everyi € {0,1,...,k}, the rank-i structure
Gi* = (0, E;, 0;)

is a well-defined finite simple graph on the object set O;.

(ii) For everyi € {0,1,...,k} and every £ € {0,1,...,n}, the filtration layer
ﬁc = (Oz‘,z,Ei,z, 81“&,@)
defined by
Oiv:={z€O; | \i(z) < ¢}, E,,:={ec E; | \(e) <t}

is a well-defined finite simple graph.

(iii) The recursive dependency relation is well-founded and has depth at most k.
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Proof. We proceed in three steps.

First, for ¢+ = 0, one has

which is finite by assumption. The map

O : Ey — (2‘))

GBQC = (007E0, 80)

is part of the data, so

is a finite simple graph on Q.

Assume now that O; is a finite well-defined set. Since E; is finite and disjoint from O;, the
disjoint union

Oi1 =0 UE;

is also a finite well-defined set. Hence, by induction, every O; is finite and well-defined. Because

each incidence map
O.
87; : El — ‘

Gi* = (0;, E3,0;)

is specified in the definition, every

is a well-defined finite simple graph. This proves (i).

Second, fixi € {O’ 1’ R k} and £ € {Oa 17 s ,TL}. By deﬁnitiom

and

Ei,g = {6 S Ei | )\i(e) < E}

are finite subsets of O; and F;, respectively. It remains to prove that

O;
B B — < 2’é>

0;

is well-defined.

Let e € E; 4, and write
Since e € E; 4, one has

By the filtration compatibility condition,
Ai(e) = max{Ai(z), Ai(y)}-

Therefore
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Thus
€,y € Oi,€7

die) € (%‘)

Ei{c = (Oi,fa Ei,fa az ’E7/)
is a well-defined finite simple graph. This proves (ii).

and consequently

Hence

Third, define a dependency relation < on the total recursive edge set

as follows. For €’ € F; and e € E;, write
e <e
if €’ is used as one of the two endpoint objects of e, that is, if
e € 9;(e).
This can happen only when e’ € O;. Since

Oi:AI_IEOI_IEll_L'-I_IEZ-,l

for ¢ > 1, any recursive edge appearing as an endpoint of a rank-¢ edge must have rank strictly
smaller than ¢. Hence, along any chain

eg <€ <+ =< €y,
the recursive ranks strictly increase from left to right. Since the only available ranks are
0,1,...,k,

one must have
m < k.

Therefore no directed dependency cycle is possible, and the recursive dependency relation is
well-founded with depth at most k. This proves (iii). O

Corollary 5.6.6 (Ordinary filtrated graph as a special case). When k = 0, a Recursive n-
Filtrated Graph of recursive depth 0 is exactly an n-Filtrated Graph on the atomic vertex set

A.

Proof. If k = 0, then the only object set is
Oy = A,
and the only edge set is Fy. The structure consists of
(A, Ey, 0o, No),
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where
A

80 : EO — 9

and
A0ZA|_|E0—>{O,1,...7H}
satisfy
do(e) = A{z,y} = Ao(e) = max{Ao(x), Ao(y)}.

This is precisely the defining data of an n-Filtrated Graph. O

Remark 5.6.7 (Difference between the two extensions). A Hierarchical Filtrated Graph keeps
ordinary graph edges, but equips vertices with a hierarchy through the maps
n:V —={0,...,r} Supp : V = P(A) \ {0}.

and

Thus it models layered aggregation of vertices together with filtration over time or scale.

A Recursive Filtrated Graph, by contrast, allows edges created at lower recursive ranks to become
objects that can later serve as endpoints of higher-rank edges. The filtration map still controls
when each object or edge appears, while recursive rank controls how deeply edges may be reused
as objects.

A comparison between Hierarchical Filtrated Graphs and Hierarchical SuperHyperGraphs is
presented in Table

Table 5.7: Concise comparison between Hierarchical Filtrated Graphs and Hierarchical Super-
HyperGraphs.

Aspect

Hierarchical Filtrated Graph

Hierarchical SuperHyperGraph

Basic objects

Main levels
Vertex structure

Edge structure
Coherence

Typical use

Ordinary vertices equipped with filtration and hi-
erarchy levels.

Filtration level A and hierarchy level 7.

Vertices may represent hierarchical aggregations of
atomic vertices.

Ordinary pairwise graph edges.

Child vertices determine the support of higher-level
vertices.
Time-,
graphs.

scale-, or layer-dependent hierarchical

Supervertices obtained from iterated powerset lev-
els.

Hierarchical powerset level O, ..., r.

Vertices may be nested set-valued objects.

Hyperedges joining nonempty subsets of superver-
tices.

Lower-level constituents must appear consistently.

Higher-order hierarchical incidence structures.

A comparison between Recursive Filtrated Graphs and Recursive SuperHyperGraphs is presented

in Table

5.7 Hierarchical and Recursive Iterated MultiGraphs

In this section, we introduce two extensions of Iterated MultiGraphs: Hierarchical Iterated
MultiGraphs and Recursive Iterated MultiGraphs. The first one allows iterated-multiset vertices
from several levels to coexist in one multigraph. The second one allows edge-tokens created at
lower recursive ranks to become objects that can be used as endpoints at higher recursive ranks.

103



Chapter 5. Revisiting Graph Classes Closely Related to SuperHyperGraphs

Table 5.8: Concise comparison between Recursive Filtrated Graphs and Recursive SuperHyper-

Graphs.
Aspect Recursive Filtrated Graph Recursive SuperHyperGraph
Basic objects Atomic vertices and recursively promoted edge ob- Supervertices from P"(Vp).
jects.

Recursion Edges may become objects at later ranks. Lower recursive edges may appear inside higher
edges.

Edge form Pairwise edges between available objects. Recursive hyperedges with finite higher-order inci-
dence.

Filtration Each object and edge has a filtration level. Filtration is not basic unless added separately.

Depth parameter k bounds edge-as-object promotion. k bounds recursive edge nesting.

Special case k = 0 gives an ordinary filtrated graph. k = 0 gives an n-SuperHyperGraph.

Throughout this section, X denotes a nonempty base set, and M(X) denotes the set of all finite
multisets on X. For n € Ny, the n-fold iterated multiset universe is denoted by

MY (X) := X, M (X)) = M(M™(X)).

For a finite multiset m, its support is denoted by supp(m). For a set S, we write

(g) — [{{a,b}} | asb € S

for the set of unordered pairs with repetition. Thus {{a, a}} represents a loop at a.

Definition 5.7.1 (Level-tagged iterated multiset universe). Let r € Ny. The level-tagged iterated
multiset universe of height r over X is the disjoint union

M, (X) == |[M/(X) ={(i,a) |[0<i<r aeM(X)}
1=0
For z = (i,a) € M, (X), the integer

Uz):=1

is called the level of z.

If i >1and a € M(X) = M(M*1(X)), then a is a finite multiset on M*~*(X). Its immediate
lower-level constituents are the tagged objects

Ch(i,a) :=={ (i —1,b) | b € supp(a) } C M<,(X).

Definition 5.7.2 (Hierarchical Iterated MultiGraph). Let » € Ny. A Hierarchical Iterated
MultiGraph of height r over X is a quadruple

HIMuG" = (X,rv, 1)

satisfying the following conditions.

(i) Hierarchical vertex multiset.

v € MM, (X)).

Its support
W = supp(v) C M, (X)

is called the underlying hierarchical vertex set.
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(ii) Edge-multiplicity function. There is a function

W’ITL
o <2> — Np.

For p € (V;)m, the value p(p) is the number of parallel edges of endpoint type p.

(iii) Downward multiset-coherence. For every vertex z = (i,a) € W with i > 1, every lower-
level constituent of a appears in W with at least the multiplicity required by a. Equiva-
lently,

besuppla) = (GF—1,0)eW

and

v(i—1,b) > a(b) (b € supp(a)).
Here a(b) denotes the multiplicity of b inside the finite multiset a € M(M*~1(X)).

The multiset of edges associated with p is the finite multiset
W m

Eup)=pp) (pe (VD ).

defined by

Thus one may also write
HIMuG" = (W, E,,)

when the base set and the height are clear.

Theorem 5.7.3 (Well-definedness of Hierarchical Tterated MultiGraphs). Let
HIMuG" = (X, 7, v, 1)

be a Hierarchical Iterated MultiGraph in the sense of Definition [5.7.9  Then the following
statements hold.

(i) The level-tagged vertex universe Mc,.(X) is a well-defined set.

(ii) The underlying hierarchical vertex set
W = supp(v)

is finite.

(iii) The edge-multiplicity function

Wm

defines a well-defined finite undirected multigraph, possibly with loops.

105



Chapter 5. Revisiting Graph Classes Closely Related to SuperHyperGraphs

(iv) The downward multiset-coherence condition is meaningful and finite.

Proof. Foreachi € {0,1,...,7}, the iterated multiset universe M*(X) is defined recursively from
X by repeated application of the finite-multiset operator M. Hence each M*(X) is a well-defined
set. Since 7 is finite, the disjoint union

Mgr(X) = |_| Mi(X)

is also a well-defined set. The level tag is important because the same underlying expression
may occur at different iterated levels, while (i, a) and (j,a) are distinct whenever i # j.

Since
v € M(Mc, (X)),

the support
W = supp(v)

is finite by the definition of a finite multiset. Therefore

(Vf) — ({0} [ww e W)

Wm

therefore assigns a definite nonnegative integer multiplicity to each unordered pair with repetition
of vertices in W. Consequently, p determines a finite undirected multigraph on W, with loops
allowed by pairs of the form {{u,u}}.

is finite and well-defined. A function

It remains to check the coherence condition. Let z = (i,a) € W with ¢ > 1. Since
a € M(X)=MM(X)),

the value a(b) is a well-defined nonnegative integer for every b € M1(X), and the support
supp(a) is finite. Hence the conditions

(i—1,b)eW  and  v(i—1,b) > a(b)

are meaningful for each b € supp(a), and only finitely many such b must be checked. Therefore
the downward multiset-coherence condition is well-defined and finite.

Thus every component of HIMuG™ is mathematically meaningful, and the structure is well-
defined. O

Corollary 5.7.4 (Height-zero case). When r = 0, a Hierarchical Iterated MultiGraph of height
0 is an ordinary MultiGraph on a finite multiset of vertices from X, up to the harmless level tag

(07 )
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Proof. If r = 0, then
Mco(X) = {0} x X.

There are no positive-level vertices and hence no downward coherence conditions. Thus Defini-
tion reduces to an undirected multigraph on the finite vertex set

W = supp(v) C {0} x X.

Identifying (0, z) with z, this is exactly an ordinary multigraph. O

Definition 5.7.5 (Recursive Iterated MultiGraph). Let n,k € Nyo. A Recursive Iterated Multi-
Graph of iterated order n and recursive depth k over X is a tuple

RIMuG™* = (X7 n, k, vy, (Oi)fzm (Ni)?:o, (Ei)fzoa (ai)fzo, (SUPPi)§:0>

defined as follows.

(i) Initial iterated vertex multiset.

vy € M(M"(X)).

Set
Wo := supp(rp) € M"(X).

(ii) Initial object set.
OO = Wo.

The elements of Oy are called rank-zero objects.

(iii) Initial support map. Define
Supp, : Oy — M(Wp)

by
Supp,(x) := 6, (x € Wy),

where 0, is the singleton multiset on W, with multiplicity 1 at & and multiplicity O else-
where.

(iv) Rank-i edge multiplicities. For each ¢ € {0,1,...,k}, choose an edge-multiplicity function
AN
i - ( 9 ) — No.

(v) Rank-i edge tokens. For each i € {0,1,...,k}, define the finite set of rank-i edge tokens

by
AN .
p€<2>,1§3§m@%-

Thus parallel edges are represented by distinct tokens with the same endpoint pair p.

E; = {(iapaj)
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(vi) Endpoint map. For e = (i,p,j) € E;, define

Hence

(vil) Recursive enlargement of objects. If 0 < i < k, define
OiJrl = Oi L Ei~

Thus every rank-¢ edge token becomes an object available at rank ¢ + 1.

(viii) Recursive support extension. If 0 < i < k, extend
Supp, : O; = M(W,)

to
Supp;; : Qi1 — M(Wp)

as follows. For old objects, set
Supp;,1(z) := Supp;(z) (2 € O)).
For a new edge token e € F;, write
di(e) = {{a, b}}.

Then define
Supp, ., (e) := Supp;(a) & Supp;, (b),

where W denotes pointwise addition of finite multisets. If a = b, then this formula gives

Supp, ,,(e) = Supp;(a) ¥ Supp,(a),

so loops are treated with the correct multiplicity.

The total recursive edge-token set is

An element of E; is said to have recursive rank 1.

Theorem 5.7.6 (Well-definedness of Recursive Iterated MultiGraphs). Let
RIMuG ™"

be a Recursive Iterated MultiGraph in the sense of Definition[5.7.5. Then the following statements
hold.

(i) For everyi € {0,1,...,k}, the object set O; is finite and well-defined.
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(ii) For everyi € {0,1,...,k},
(O, s)
is a well-defined undirected multigraph, possibly with loops and parallel edges.

(iii) The edge-token set E; and the endpoint map

O’L m

are well-defined for every .

(iv) The recursive support map
Supp, : O; — M(Wy)

is well-defined for every 1.

(v) The recursive dependency relation among edge tokens is well-founded and has depth at most

k.

Proof. First, since
v € M(M" (X)),

its support
Wy = supp(vo)

is finite. Hence

OOZWO

is a finite well-defined set. The initial support map

Supp, (x) =,

is well-defined because d,, € M(W)) for every = € Wj,.
Assume inductively that O; is finite and well-defined. Then

B

is also finite and well-defined. Therefore a function

O’L m
i . — N,
H <2> 0

defines an undirected multigraph on the object set O;, where y;(p) counts the number of parallel
edge tokens of endpoint type p.

Since both (2’)m and all integers p;(p) are finite, the set

O’L m '
p€<2>7léjém@%
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is finite and well-defined. Moreover, for each e = (i,p, j) € E;, the assignment
Oi(e) =p

defines a map

Thus E; and 0; are well-defined.

If ¢ < k, then
Oi1 =0 UE;

is a finite disjoint union of finite sets. Hence O;,; is finite and well-defined. This proves by
induction that every O; is finite and well-defined, and consequently every (O;, p;) is a well-
defined multigraph.

It remains to check the support maps. Suppose that
Supp; : O; = M(W,)
is well-defined. For x € O;, the formula
Supp; 41 (x) = Supp; ()

is meaningful. For e € F;, write
9i(e) = {a, b}}.

Since a,b € O;, the finite multisets
Supp;(a), Supp; (b) € M(W,)
are already defined. Their multiset sum
Supp;(a) ¥ Supp; (b)
is again an element of M(W;). Therefore
Supp,1 () = Supp; (a) & Supp;(b)

is well-defined. By induction, all support maps Supp, are well-defined.

Finally, define a dependency relation < on the total edge-token set

as follows. For €’ € E; and e € E;, write
e <e
if € occurs as one of the two endpoint objects of e. This can happen only when ¢’ € O,. But
O, =WoUEyUE, U---UFE;_; (i>1).
Therefore, if e’ € E; is an endpoint of e € E;, then necessarily
j <.
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Thus recursive rank strictly increases along every dependency chain
eg <€ <<€y

Since the only possible ranks are

0,1,...,k,

every such chain has length at most k. Hence no directed dependency cycle can occur, and the
recursive dependency relation is well-founded.

Therefore all parts of Definition [5.7.5| are well-defined. O

Corollary 5.7.7 (Recursive-depth-zero case). When k = 0, a Recursive Iterated MultiGraph
RIMuG™"
is precisely an Iterated MultiGraph of order n over X, with vertex multiset vy and edge-multiplicity

function
supp(v
Mo - < 2( O)> — No.

Proof. If k = 0, then the only object set is
Oy = supp(r) € M"(X),

and the only edge-multiplicity function is

0 m
Mo - ( 20> — Np.

No edge-token is reused as an object at a higher recursive rank, because there is no higher
rank. Hence the data are exactly those of an Iterated MultiGraph of order n: vertices are n-fold
iterated multiset objects over X, and edges are ordinary multigraph edges between such objects,
counted by . O

Remark 5.7.8 (Difference between the two extensions). A Hierarchical Iterated MultiGraph
permits vertices from several iterated multiset levels

M(X), MY (X),...,M"(X)

to coexist in one multigraph, subject to downward multiset-coherence. Thus its main purpose is
mixed-level hierarchical modeling.

A Recursive Iterated MultiGraph fixes the initial vertex type at one iterated order n, but then
allows edge tokens to become objects that may serve as endpoints of later edges. Thus its main
purpose is recursive reuse of edges as higher-rank objects.

A comparison between Hierarchical Iterated MultiGraphs and Hierarchical SuperHyperGraphs
is presented in Table [5.9

A concise comparison between Recursive Iterated MultiGraphs and Recursive SuperHyper-
Graphs is presented in Table [5.10

111



Chapter 5. Revisiting Graph Classes Closely Related to SuperHyperGraphs

Table 5.9: Concise comparison between Hierarchical Iterated MultiGraphs and Hierarchical Su-
perHyperGraphs.

Aspect

Hierarchical Iterated MultiGraph

Hierarchical SuperHyperGraph

Basic objects
Vertex domain
Vertex multiplic-
ity

Edges

Hierarchy

Best suited for

Iterated finite multisets M*®(X).
Vertices may lie in | |;_j, M*(X).
Vertex multiplicities are allowed.

Pairwise multiedges with multiplicity.

Lower multiset constituents must appear coher-
ently.

Repeated objects, loops, and parallel relations.

Tterated powerset objects P*(Vp).
Vertices may lie in J]_, P*(Vo).
Vertices are usually treated as sets.

Hyperedges joining any nonempty vertex subset.
Lower powerset constituents must appear coher-
ently.

Higher-order hierarchical incidence.

Table 5.10: Concise comparison between Recursive Iterated MultiGraphs and Recursive Super-
HyperGraphs.

Aspect

Recursive Iterated MultiGraph

Recursive SuperHyperGraph

Base objects
Recursion
Edge form

Multiplicity
Depth bound
Special case

Initial vertices lie in M™(X).
Edge tokens become later objects.
Pairwise multiedges, possibly parallel or loops.

Explicit via edge multiplicity functions.
k bounds edge-as-object promotion.
k = 0 gives an Iterated MultiGraph.

Supervertices lie in P™(Vp).

Lower edges may become edge elements.
Recursive hyperedges with arbitrary finite inci-
dence.

Not basic unless separately imposed.

k bounds recursive edge nesting.

k = 0 gives an n-SuperHyperGraph.
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Conclusions

This book investigated several classes of SuperHyperGraph-based structures, with particular
emphasis on Hierarchical SuperHyperGraphs and Recursive SuperHyperGraphs. Recursive Su-
perHyperGraphs were presented as structures in which n-level supervertices are combined with
recursive superhyperedges of bounded depth. The recursive framework allows superhyperedges
to contain not only supervertices but also lower-level recursive superhyperedges, while typed
incidence closure and well-foundedness conditions prevent ill-defined circular recursion.

Several extensions of recursive SuperHyperGraphs were also examined, including fuzzy, single-
valued neutrosophic, uncertain, soft, rough, and weighted versions. These constructions show
how recursive incidence structures can be combined with membership degrees, neutrosophic
information, general uncertainty models, parameterized families, approximation mechanisms,
and numerical weights.

The book also developed the framework of Hierarchical SuperHyperGraphs. In this setting,
supervertices from different iterated-powerset levels may coexist in a single structure, and mixed-
level superhyperedges may connect objects belonging to different layers. A coherence or downward-
closure condition was used to ensure that selected higher-level supervertices remain compatible
with their immediate constituents.

Further hierarchical variants were considered, including fuzzy, directed, bidirected, uncertain,
hyperfuzzy [170,171], soft [172], rough [173}/174], and weighted hierarchical SuperHyperGraphs.
Related structural notions such as distance, labeling, domination, and tree-like structures were
also discussed. These notions provide a starting point for developing a broader theory of multi-
level and nested incidence systems.

Finally, related graph-theoretic frameworks, including Meta-Graphs, Iterated Meta-Graphs, Fil-
trated Graphs, Iterated MultiGraphs, and Neural Graphs, were compared with hierarchical and
recursive SuperHyperGraph models. These comparisons help clarify how SuperHyperGraph-
based structures relate to other higher-order, multi-level, and representation-oriented graph for-
malisms.

The present book is mainly theoretical. Future research may develop more detailed structural
theorems, algorithms, computational experiments, and applications in areas such as network
science, artificial intelligence, knowledge representation, decision modeling, and complex systems.
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Use of Generative AI and AI-Assisted Tools
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HyperGraph and SuperHyperGraph Theory with
Applications (VIII): Hierarchical SuperHyperGraph,
Recursive SuperHyperGraph, and Related Graph Theory
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Hypergraphs generalize ordinary graphs by allowing an edge to connect an arbitrary nonempty
subset of the vertex set. SuperHyperGraphs extend this idea further by using iterated powerset
constructions, so that vertices themselves may be set-valued, nested, and higher-order objects.
This book develops a systematic treatment of two important directions in this framework: Hier-
archical SuperHyperGraphs and Recursive SuperHyperGraphs.

First, recursive SuperHyperGraphs are formulated by combining n-level supervertices with re-
cursive superhyperedges of bounded depth. Such recursive superhyperedges may contain both
supervertices and lower-level recursive edges, provided that typed incidence and well-foundedness
conditions are satisfied. Several related variants are then examined, including fuzzy, single-valued
neutrosophic, uncertain, soft, rough, and weighted recursive SuperHyperGraphs.

Second, Hierarchical SuperHyperGraphs are studied as mixed-level structures in which superver-
tices from different iterated-powerset levels coexist in one incidence system. A coherence condi-
tion is imposed so that every selected higher-level supervertex brings its immediate constituents
into the same vertex set. Fuzzy, directed, bidirected, uncertain, soft, rough, and weighted hier-
archical variants are also introduced.

Finally, the book compares these structures with related graph-theoretic frameworks such as
Meta-Graphs, Iterated Meta-Graphs, Filtrated Graphs, Iterated MultiGraphs, Neural Graphs,
and several distance, labeling, domination, and tree-like notions. The emphasis is theoretical,
and the goal is to provide definitions, examples, comparisons, and foundational observations that
may support future applications and computational studies.

Keywords: SuperHyperGraph, HyperGraph, Hierarchical SuperHyperGraph, Recursive Super-
HyperGraph, Uncertain Graph, Fuzzy Graph, Neutrosophic Graph
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