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Abstract

In this book, the term structure is used in a broad sense: it covers both abstract mathematical
objects (such as graphs, topological spaces, algebras, automata, or games) and idealized rep-
resentations of real-world systems. A hyperstructure relaxes the usual notion of an algebraic
structure by allowing an operation to return an entire subset of possible outcomes instead of a
single element. By iterating the powerset construction n times one obtains the iterated powerset
P.(H), and operations acting on these objects lead to the notion of an n-superhyperstructure.

This book conducts a dynamic survey of the various notions defined within t his general struc-
tural framework. We hope that the present perspective will help readers apply hyperstructural
and superhyperstructural ideas to a wide range of complex hierarchical phenomena, and that it
will provide fertile ground for discovering further new concepts of HyperStructure and SuperHy-
perStructure.

Keywords: HyperStructure, SuperHyperStructure, HyperAlgebra, HyperGraph



Chapter 1

Introduction

1.1 HyperStructure and SuperHyperStructure

In this book, the term Structure is used in a broad sense: it covers both abstract mathematical
objects (such as graphs, topological spaces, algebras, automata, or games) and idealized rep-
resentations of real-world systems. Many of these systems possess an intrinsically hierarchical
organization, and for such situations the formalisms of hyperstructures and superhyperstructures
provide a convenient and expressive framework.

A hyperstructure relaxes the usual notion of an algebraic structure by allowing a binary operation
to return an entire subset of possible outcomes instead of a single element (see, e.g., [1H4]). This
point of view has motivated many hyperstructure-based models, including HyperGraphs [5],
HyperFuzzy Sets [6,7], HyperNeutrosophic Sets [8], HyperAlgebras [9,10], HyperGames [11}/12],
and HyperVectors |13], among others, all of which are closely connected to the hyperstructure
paradigm.

By iterating the powerset construction n times one obtains the iterated powerset P, (H), and
operations acting on these objects lead to the notion of an n-superhyperstructure (see, for ex-
ample, [1,/14]). Such n-superhyperstructures are intended to model complex, multi-layered phe-
nomena in a transparent way, by organizing interactions across several levels of aggregation.
In analogy with hyperstructures, a number of superhyperstructure-based concepts have been
proposed, including SuperHyperGraphs [15-H17], SuperHyperFuzzy Sets [18,|19], and SuperHy-
perAlgebras [20,21].

For later reference, Table summarizes the basic variants that will appear in this work.

Remark 1.1.1 (Convention on the profile (m,n,k)). Throughout this book, we interpret a
profile © = (m,n, k) as follows: m specifies the input level (the arguments live in P™(H)),
n specifies the output level (values lie in P"(H)), and k is the arity (the number of inputs
combined). Thus a ©—superhyperoperation has the type

x: (P™(H))" — P"(H),

where larger m and n correspond to deeper nested (multi-level) representations.
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Table 1.1: Classical ~ structures,  hyperstructures,  superhyperstructures, and (m,n)-
superhyperstructures: underlying domains and typical operation signatures

Structure type Underlying domain Typical operation signature
Classical structure H #o: H™" — H

Hyperstructure P(H) o:HxH— P(H)
n-superhyperstructure P, (H) o:P,(H)XP,(H)— P,.(H)
(m, n)-superhyperstructure ~ P™(H) * (P"L(H))k — P"(H)

Notation. For a set H, its powerset is P(H). The iterated powersets are given by Po(H) = H and
Prt1(H) = P(Pn(H)) for n > 0, and we write P™(H) = Pp,(H) when no confusion arises. If the empty set is
to be excluded, we use P,"(H) = P"(H) \ {0}. As usual, H™ denotes the m-fold Cartesian product, and k is

the arity of the operation.

HyperStructure and SuperHyperStructure are worth studying for the following reasons. Research
on HyperStructure and SuperHyperStructure is highly important.

o Higher—order interactions: model genuinely multiway relations.

¢ Non-determinism: encode one-to-many outcomes via set-valued operations.

o Uncertainty: unify fuzzy/neutrosophic/rough-style semantics in one language.

o Hierarchy (superhyper): capture nested multi-level structure by P"(-).

o Backward compatibility: recover classical structures via S < P"™(S).

e Systematic theory: develop morphisms, dynamics, and categorical constructions.

e Applications: support set-based algorithms in AI, optimization, and decision-making.

1.2 Owur Contributions

For these reasons, research on HyperStructures and SuperHyperStructures is important. How-
ever, survey-type references on these topics are still relatively scarce. To help bridge this gap,
this book provides a broad survey of the notions and modeling principles that arise in the hyper-
structural and superhyperstructural framework. In particular, we systematize (i) hyperstructures
based on set-valued operations, (ii) superhyperstructural extensions built on iterated powersets
and hierarchical incidence, and (iii) representative variants and extensions that appear across
different mathematical and applied contexts.

Along the way, we assemble core definitions, illustrative examples, and recurring construction
patterns, and we organize a wide range of themes—including uncertainty-aware generalizations
(e.g., fuzzy- and set-valued semantics), multi-level and higher-order relational modeling, and
locality /gluing viewpoints (e.g., sheaf-like constructions)—within a unified set-theoretic notation.
We hope that this perspective will help readers translate complex hierarchical phenomena into
hyperstructural or superhyperstructural models, compare alternative formalisms on a common
footing, and identify natural directions for further extensions and new concepts.



Chapter 2

Basic Concepts

In this chapter we fix notation and recall the basic notions that will be used throughout the
book.

2.1 Hyperstructures and Superhyperstructures

Many mathematical models and real-world systems naturally exhibit several hierarchical layers
(for instance, elements, groups of elements, and groups of groups). To describe such multi-level
interactions in a uniform way, one often works with hyperstructures and their iterated variants,
called superhyperstructures. Informally, hyperstructures allow operations to return subsets rather
than single elements, and superhyperstructures iterate this idea to operate on nested collections
(sets of sets, sets of sets of sets, etc.) [3,/22]. As related concepts to HyperStructures, weak
hyperstructures are also known [23}-26].

Definition 2.1.1 (Base set). [27] A base set (or ground set) is a fixed nonempty set S. All
constructions below (powersets, iterated powersets, and operations acting on them) are formed
from S.

Definition 2.1.2 (Powerset). [28] The powerset of a set S, denoted by P(S), is the set of all
subsets of S:
PS)={A|ACS}.

In particular, ) € P(S) and S € P(S). For convenience, we also write
P.(S) =P(S5)\ {0}

for the family of all nonempty subsets of S.

Definition 2.1.3 (Hyperoperation). (cf. [29,30]) Let S be a nonempty set. A hyperoperation
on S is a map

0: 8 x 8 —P(S).

If, moreover, o(z,y) # () for all x,y € S, then o is called a classical-type hyperoperation and we
may view it as 0 : S x S — P,(S). Allowing o(z,y) = 0 (for some inputs) is sometimes referred
to as a neutrosophic-type convention in applications.
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Carrier set S

Example 2

fffffffffffffffffffffffffffffffff @—{{mproved, MildSideEffect, SevereSideEfFect}}

Hyperoperation: o : S x S — P(S) maps two medication effects to a medically plausible set of outcomes.

Figure 2.1: Schematic overview of the drug-drug interaction hyperstructure (S, 0) with two il-
lustrative outcomes.

Definition 2.1.4 (Induced operation on subsets). Let o : S x S — P(S) be a hyperoperation.
Its canonical extension to subsets is the map

©:P(S) x P(S) — P(95), AGB:= U U (aob).

acA beB

(We use the convention that a union over an empty index set is ().) If o is classical-type and

A,B € P,(S), then A® B € P.(S5).

Definition 2.1.5 (Hyperstructure). (cf. [1,23,131,132]) Let S be a nonempty set and let o :
S x S — P(S) be a hyperoperation. The pair (S, 0) is called a hyperstructure (more precisely,
a hypergroupoid). Via Definition it induces the powerset-level structure (P(S), ®), where
® combines collections of elements into new collections.

Example 2.1.6 (Drug—drug interaction outcomes as a hyperstructure). Interpretation. Let S
be a set of clinically relevant patient states after medication, e.g.,

S = {Stable, MildSideEffect, SevereSideEffect, Improved, Emergency}.

Different patients (genetics, comorbidities, dosage timing) may exhibit different outcomes when
two drugs are co-administered.

Hyperoperation. For x,y € S, define x oy C S to be the set of all medically plausible resulting
states when the two medication effects corresponding to x and y occur together. Then

o: S xS —P(S5), (x,y)—zoy
is a hyperoperation. For instance,
Stable o Improved = {Improved, Stable},

MildSideEffect o Improved = {Improved, MildSideEffect, SevereSideEffect}.

Hence (5,0) is a hyperstructure capturing multivalued clinical outcomes of combining treat-
ments. For reference, a schematic overview of this concrete example is shown in Fig.

Example 2.1.7 (Route planning with uncertain transfers as a hyperstructure). Interpretation.
Let S be a set of travel states in an urban transport network, such as

S = {OnTime, MinorDelay, MissedConnection, Reroute, Arrived}.
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When a commuter combines two legs of a trip, the resulting state is not deterministic because
of traffic, platform congestion, and schedule variability.

Hyperoperation. For x,y € S, define zoy C S as the set of possible travel states after completing
a leg in state = and then attempting a transfer/next leg in state y. Then o : S x S — P(S) is
a hyperoperation. For example,

OnTimeoOnTime = {Arrived}, MinorDelayoOnTime = {Arrived, MinorDelay, MissedConnection},

MissedConnection o OnTime = {Reroute, Arrived}.

Thus (5, o) forms a hyperstructure modeling multi-outcome composition of trip segments under
uncertainty.

A superhyperstructure refines this idea by iterating the powerset construction. Instead of working
only with P(.S), one allows operations whose inputs and outputs live in higher iterated powersets
P"(S), so that operations may act on nested collections. This provides a natural framework for
multi-layer hierarchical interactions [30,/33,/34]. Typical examples include SuperHyperGraphs
[1516,35] and SuperHyperUncertain Sets |19)].

Definition 2.1.8 (Iterated powersets). (cf. [1]) Let S be a nonempty set. Define recursively, for
n >0,
PY(S) =S, PHH(S) = P(P™(9)).

Thus P'(S) = P(S), PX(S) = P(P(S)), etc.

Define likewise the nonempty iterated powersets by
PUS) =S,  PrYS) =P.(P(S)) = P(PH(S))\ {0} (n>0).
In particular, P}(S) = P.(S).

We will frequently use the standard embedding 7,, : S < P"(S) to view classical operations as
special cases of superhyperoperations.

Definition 2.1.9 (Standard (unit) embedding into iterated powersets). Let S be a nonempty
set and n € Ny. Define the n-fold unit embedding

My S — P"(S)

recursively by
mo(x) =2, M) = {na(2)} (0 =0).
We call n,, the standard embedding (or unit embedding) of S into P"(S5).

Lemma 2.1.10 (Injectivity of the unit embedding). For everyn € Ny, the map n,, : S — P"(5)
1S injective.
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Proof. We argue by induction on n. For n = 0, gy = idg is injective. Assume 7, is injective.

If 9py1(z) = Nuya(y), then {n,(x)} = {n.(y)}, hence n,(x) = n,(y), and by the induction
hypothesis x = y. Thus 7, is injective. O

Definition 2.1.11 (Canonical lifting of a classical operation to level n). Let £ € N and let
f:S* — S be a (classical) k-ary operation. Define its canonical level-n lift

Jo s (Pr(8)" — P(S)
recursively by
and for n > 0,

FOD(AL AL

I
=
~

B
~
S

=
)
bl
~
8
m
s
—
—_
IN
-~
N
By
S~—
—

where A; € P"T1(S) = P(P"(9)).

Proposition 2.1.12 (Recovery of classical operations as a special case). Let f : S* — S be a
classical k-ary operation and let n € Ny. Then, for all x1,...,x, € S,

f<n> (7771(1:1)7 s ,ﬁn(ﬂ%)) = Un(f(xu v 733k))

In particular, the classical operation f is recovered as the restriction of the super-level operation
™ to the embedded copy n,(S) C P™(S):

(nn(S)a f<n> rnn(S)k) = (S7 f)7

via the bijection 1,.

Proof. We prove the displayed identity by induction on n.

Base n = 0. We have f(ny(z1),...,n0(x1)) = f(x1, ..., 21) = no(f(21, ..., 21)).

Step n — n + 1. Using the recursive definitions,

f<n+1> (77n+1 ($1), e 777n+1(xk)) = f<n+1) ({nn($1)}a ey {nn(xk)})
By Definition [2.1.11} the right-hand side equals the singleton set
By the induction hypothesis, f™ (n,(x1),...,m(x1)) = 7. (f (1, ..., 21)), hence the set above

is
{nn(f(xlv ce 7$k))} - 77n+1(f(3717 st 7xk‘))'
This proves the identity for n + 1.

Finally, since 7, is injective (Lemma [2.1.10)), it yields an isomorphism between (.S, f) and the
restriction of (P"(S), f™) to n,(9). O
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Definition 2.1.13 ((m, n)-superhyperoperation). [1] Let S be a nonempty set, and let m,n > 0
and k > 1 be integers. A k-ary (m,n)-superhyperoperation on S is a map

5 PT(S) X - x P™(S) — P(S).

k factors

Definition 2.1.14 (n-superhyperstructure). (cf. |1,33,36]) Fix n > 0 and £k > 1. An n-
superhyperstructure (of arity k) on a base set S is a pair

SH™ = (P"(S),%),

where % : (P"(S))* — P"(S) is a k-ary operation at level n (often taken to be classical-type by
replacing P™ with P7, if desired). For n = 0 this is an ordinary k-ary algebraic structure on S.

Example 2.1.15 (Incident-response playbook libraries as a 2-superhyperstructure). Base set.
Let S be a set of atomic response actions in a security operations center, e.g.,

S = {IsolateHost, ResetCreds, BlockIP, Patch, NotifyUsers}.

An element of P?(S) = P(P(9)) is a library of action-bundles (each bundle is a subset of .S).

Operation. Fix k = 2 and define a binary operation
*: P2(S) x P*(S) — P*(S)

by
AxB = {UUV | Ue A, VeB}.

Then UUV C S, hence Ax B C P(S), so Ax B € P(S). Thus SH® = (P%(S),*) is a

2-superhyperstructure: combining two playbook-libraries yields the library of all bundle-unions.

Example 2.1.16 (Cross-team project portfolio merging as a 3-superhyperstructure). Base set.
Let S be a set of atomic tasks, e.g.,

S = {Design, Implement, Test, Deploy, Document}.

A level-1 object is a task-bundle B C S. A level-2 object is a portfolio P € P?(S), i.e. a set of
bundles. A level-3 object is a collection of portfolios g € P3(S) = P(P?(9)).

Operation. Fix k = 2 and define
x: P3(S) x P3(S) — P?(9)
by portfolio-union at the leaves:
PPy := {PLUPR, | PLePy, P, EP,}.

Since each P; U P, C P(S), we have P, U P, € P?(S), hence Py P2 C P*(9), i.e. it is an
element of P3(S). Therefore SH'® = (P3(S),*) is a 3-superhyperstructure.
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[S’ = {Design, Implement, Test, Deploy, Document}]

[B;l) = {Design, Implement}j\ P1 € PX(S) P € PS(S) /[B§2) = {Design, TESt}]

[Bél) = {Test, Deploy}]/ _ {B(l) B(l)} Q1= {B(Q) B(2)} \[B£2) = {Implement, Deploy}}

PraPo = {PUQ| P € F1, Q € Pol ]

B:(sl) = {Document} > P2 € P2(S) Q2 € P*(S) BéZ) = {Document}

P, = {B{V} Q2 ={BS}

-

P1 * Poye P3(S)

J

€ P2(S) € P2(S) € P2(S)

Levels: Level-1 bundle B C S; Level-2 portfolio P € P2(S) (set of bundles); Level-3 collection 8 € P3(S) (set of portfolios).
Figure 2.2: Overview of cross-team portfolio merging as a 3-superhyperstructure SH® =
(P3(S),*) with * defined by portfolio-union at the leaves.
Definition 2.1.17 ((m,n)-superhyperstructure). Let S # &, and let m,n € Ny, £ > 1. An
(m, n)-superhyperstructure of arity k over S is a pair
SH™™ = (P"™(8), %),

where * : (P™(S))" — P"(S).

Example 2.1.18 (Team-skill aggregation as a (1, 1)-superhyperstructure). Base set. Let S be a
(finite or infinite) set of skills, certifications, or capabilities (e.g., { Kubernetes, Python, SOC2, PCI-DSS, ... }).

Underlying domain. A level-1 element A € P(S) represents the skill set of a team member or a
team.

Operation type. Take m =n =1 and k = 2. Define

x:P(S) x P(S) — P(S), AxB:=AUB.

Well-definedness. For any A, B C S, we have AU B C S, hence Ax B € P(S) = P(S).
Therefore SH™Y = (P(S), %) is a (1, 1)-superhyperstructure of arity 2.

Interpretation. If A and B are the skill sets of two teams (or two candidates), then A x B is the
combined capability set available after merging/teaming up.
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Example 2.1.19 (Cross-department agreement pool as a (2, 1)-superhyperstructure). Base set.
Let S be a set of possible actions or controls (e.g., incident-response steps, mitigations, policy
controls, deployment tasks).

Underlying domain. A level-2 element X € P?(S) = P(P(S)) is a set of candidate bundles
X:{AI,AQ,...}, AlgS

Think of X as a library of feasible plans proposed by one department, team, or stakeholder
group.

Operation type. Take m = 2, n =1, and k = 2. Define
*: P*(S) x P*(S) — P(S)

by
X«Y = J |J 4nB).

AeX BeY

Well-definedness. For every A € X and B € Y, we have AN B C S. Hence the union of such
intersections is again a subset of S, so X Y € P(S) = P(S). Therefore SH*" = (P(S), x)
is a (2, 1)-superhyperstructure of arity 2.

Interpretation. The inputs X and Y are two collections of feasible plans. The output X xY
collects all actions that appear in at least one shared subplan A N B between some A € X and
some B € Y. Thus X xY can be read as an “agreement pool”: items that two groups can jointly
endorse within at least one compatible pair of proposals.






Chapter 3

HyperStructure and SuperHyperStructure
in Algebra

In this chapter, we investigate hyperstructures and superhyperstructures in algebra and related
concepts. For reference, Table lists classical algebraic concepts together with their hyper and
superhyper counterparts.

3.1 HyperAlgebra and SuperHyperAlgebra

Algebra studies symbols, operations, and rules for manipulating expressions and solving equa-
tions [37H39]. Related concepts such as fuzzy algebra [4041], Linear algebra, Elementary algebra,
and neutro-algebra [42,43] are also known. In many applications, however, an “operation” natu-
rally returns a set of possible outputs rather than a single output. This motivates hyperalgebras,
whose basic operations are hyperoperations [44-47]. As related concepts of hyperalgebras, fuzzy
hyperalgebras [48,/49] and neutrosophic hyperalgebras [50,51] are also known. A further iter-
ated generalization, called a superhyperalgebra, allows operations to take values in higher iterated
powersets [52-55]. Throughout this section we use the powerset notation P, (H) and the iterated
nonempty powersets P (H) introduced earlier.

Definition 3.1.1 (Hyperalgebra). [36] Let H be a nonempty set, and let ¥ be an algebraic
signature (a set of operation symbols) equipped with an arity map ar : ¥ — N>q. A hyperalgebra
of signature X is a structure

H=(H, (6")e),

where each basic operation is interpreted as a hyperoperation
o H™O) P (H) (0€Y).

Equivalently, for every (x1,...,%a(0)) € H*() | the value o®(z1,... s Tar(s)) IS a nonempty
subset of H.

If A is a chosen set of axioms (e.g., identities, inclusions, or other constraints formulated for
hyperoperations), then we write H = (H, (O’H)geg, A) and say that H is a hyperalgebra satisfying
A.

17
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Classical Concept HyperConcept SuperHyperConcept
Algebra HyperAlgebra SuperHyperAlgebra
Group HyperGroup SuperHyperGroup
Topology HyperTopology SuperHyperTopology
Lattice HyperLattice SuperHyperLattice
Field HyperField SuperHyperField
Ring HyperRing SuperHyperRing
Vector space HyperVector SuperHyperVector
Module HyperModule SuperHyperModule
Matrix / Matrices HyperMatrix (HyperMatrices) SuperHyperMatrix
(SuperHyperMatrices)
Category HyperCategory SuperHyperCategory
Magma Hypermagma SuperHypermagma
Monoid HyperMonoid SuperHyperMonoid
Ideal Hyperldeal SuperHyperldeal

Table 3.1: Correspondence of classical concepts with their hyper and superhyper counterparts.

Definition 3.1.2 (Superhyperalgebra). [36] Fix an integer n > 1. Let H be a nonempty set
and let ¥ be a signature with arity map ar : ¥ — Nx;. A (level-n) superhyperalgebra of signature
> is a structure

SH(n) = (Ha (USH)UGZ)a

where each basic operation is interpreted as a map into the n-th iterated nonempty powerset:
oS g P H) (0 eEX).

Thus, for every input tuple, oSH returns a nested nonempty collection, i.e., an element of Pr(H).

If A is a chosen set of axioms adapted to such outputs, we write SH™ = (H, (65%),c5, A).
The special case n = 1 recovers hyperalgebras. Allowing the empty set at the output level
amounts to replacing P (H) by P™(H); this convention is sometimes termed neutrosophic-type
in applications.

Example 3.1.3 (A simple hyperalgebra and its level-2 superhyperalgebra lifting). Let H =
{0,1} and take the signature ¥ = {®} with ar(é) = 2.

Hyperalgebra. Define a binary hyperoperation @ : H x H — P,(H) by
oo"0=1{0}, oe"i=14"0=1{0,1}, 1a"1=/{1}.

Then H = (H, (®%)) is a hyperalgebra of signature ¥. For instance, the “sum” of 0 and 1 is
ambiguous and may yield either 0 or 1.

Level-2 superhyperalgebra (encoding uncertainty hierarchically). Define @S H x
H — P(H) = P.(P.(H)) by

ae™b = { {a}, {0}, a"b} (a,b€ H).
Each output is a nonempty family of nonempty subsets of H, hence lies in P?(H). Concretely,
061 ={{o}, {1}.{0,1}}, 1&™1={{1}}.

Thus SH® = (H, (&%) is a level-2 superhyperalgebra whose basic operation returns a nested
collection: two “certain” singleton outcomes plus the original hyper-sum.
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3.2 HyperGroup and SuperHyperGroup

Hypergroups generalize groups by replacing the ordinary binary operation with a set-valued
product (a hyperoperation) [56-58]. Superhypergroups refine this idea by allowing the product
of two elements to be a nested set, i.e., an element of an iterated powerset level [59].

Definition 3.2.1 (Hypergroup). (cf. [56-58]) Let H be a nonempty set and let x : H x H —
P.(H) be a (total) binary hyperoperation. Let the induced product on subsets be the canonical
one (as fixed earlier), so that for A, B C H one has Ax B C H.

A hypergroup is a triple (H,*, e) such that:

1. (Associativity) For all z,y,z € H,

(xxy)xz = z*(y*2) as subsets of H.

2. (Identity) There exists e € H such that for all x € H,

exrx={zr} and z*e={z}.

3. (Inverses) For each x € H there exists an element 2! € H such that

1 —1

eExkr and eEcxr K.

(Some authors weaken the identity axiom to x € e x x N x x e, and formulate inverses via a
reversibility axiom; the above is a standard group-like variant.)

Example 3.2.2 (A nontrivial finite hypergroup: the Krasner hypergroup). Let H = {0,1} and
define a total hyperoperation x : H x H — P,(H) by

0x0={0}, 0x1=1x0={1}, 1x1=1{0,1}.

Let e := 0. Then:
o Identity: exz = {z} = x xe for x € H is immediate from the table.
e Inverses: 07! =0 since 0 € 0% 0, and 17! = 1 since 0 € 1 x1 = {0,1}.

e Associativity: using the canonical subset extension, it suffices to check the nontrivial
case involving 1 % 1:

(1x1)*x1={0,1}x1=(0x1)U(1x1)={1}uU{0,1} = {0,1},
1x(1%1)=1%{0,1} = (1%x0) U (1+1) = {1} U{0,1} = {0,1}.

All remaining cases are singleton-valued and therefore associative as in an ordinary semi-
group.
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Hence (H,*,e) is a hypergroup in the sense of Definition

Definition 3.2.3 (Superhypergroup). (cf. [2,[60]) Fix an integer n > 1. Let H be a nonempty
set and let o : H x H — PI"(H) be a (total) level-n superhyperoperation.

Define the nested singleton embedding v, : H — PI(H) by
to(z) := x, ter1(z) = {w(x)} (kK >0).
Define also the flattening maps Flat, : P*(H) — P,(H) recursively by
Flato(x) := {z}, Flaty1(X) := U Flat,(A) (k> 0),

AeX

so that Flat,(X) C H is the underlying (nonempty) set of elements appearing in the nested
object X.

Extend o to act on level-n arguments by

XoY = U  (wovw), X,YeP!(H),

u€Flat, (X) veFlat,(Y)

and identify each element € H with ¢, (z) € P'(H).
A superhypergroup (of level n) is a structure (H, o, e) such that:

1. (Strong superhyperassociativity) For all x,y,z € H,
zo(yoz) = (xoy)oz in PI'(H),

where the left- and right-hand sides use the above extension and the identification x ~ ¢, ().

2. (Identity) There exists e € H such that for all x € H,

eoxr = t,(x) and zoe = 1,(x).

3. (Inverses) For each € H there exists x~! € H such that
e € Flat,(xoxz™') and e € Flat,(z o).

(Equivalently, ¢, _1(e) € zox™ ' Nz~'ox, since elements of xoy € P*(H) live at level n—1.)

For n = 1, this reduces to the group-like hypergroup axioms in Definition [3.2.1

Example 3.2.4 (A level-2 superhypergroup induced by the Krasner hypergroup). Let (H, *, ¢)
be the hypergroup from Example with H = {0,1} and e = 0. Fix n = 2. Define a level-2
superhyperoperation o : H x H — P2?(H) by the singleton-lift of x:

zoy = {{u} |uez*y} (z,y € H).

Concretely,

000={{0}}, 0ol=100={{1}}, 1ol={{0},{1}},
which indeed lie in P?(H) = P.(P.(H)).

We verify the superhypergroup axioms of Definition
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o Identity: since e x x = {z}, we have

cor={{a}} =ul@), woc={{r}}=ul),

so e is an identity in the required sense.

o Inverses: take z ! as in Example Forx=1,1"'=1 and
1ol = {{0},{1}}, Flaty(101) ={0,1} > e.

For z =0, 07! = 0 and Flaty(000) = {0} > e.

e Strong superhyperassociativity: using the extension rule in Definition note that
Flaty(y 0 2) = y * z. Hence

xo(yoz)= U (xov) = U H{w} |wez*v} ={{w} |wez*(y*z)},

veFlats(yoz) vE(y*z)

and similarly
(zoy)oz={{w}|we (xxy)*z}.

Since « is associative as a hyperoperation, z x (y * z) = (z x y) * z, so the two displayed
sets are equal in P?(H).

Therefore (H, o, e) is a level-2 superhypergroup.

3.3 HyperTopology and SuperHyperTopology

A topology on a set X is a family of subsets of X that contains () and X, is closed under
arbitrary unions, and is closed under finite intersections [61H63]. Related concepts such as fuzzy
topology |64H66] and neutrotopology [67./68] are also known. A hypertopology is simply a topology
whose underlying set is the powerset P(H); hence its “points” are subsets of H, and its “open
sets” are families of subsets of H [69}/70]. More generally, a superhypertopology of level n is a
topology on the iterated powerset level P™(H) (or, depending on convention, on its nonempty
part), so that one may treat nested collections as points [71-73].

Definition 3.3.1 (Hypertopology). (cf. [69}/70]) Let H be a nonempty set. A hypertopology on
H is a topology 7 € P(P(H)) on the underlying set P(H); that is, 75 is a family of subsets
of P(H) satisfying:

1. 0 € 7y and P(H) € Ty;
2. if {Vs}ges C 7y is any (possibly infinite) family, then Uses Vs € Ta;
3. if Vi,...,V,, € Ty with m > 1, then ﬂ;"zl‘/; € Ty.

The pair (P(H), Ty) is called a hypertopological space.
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Definition 3.3.2 (Superhypertopology). (cf. [71,73]) Let H be a nonempty set and fix an integer
n > 1. A superhypertopology of level n on H is a topology 7sg C P(P"(H)) on the underlying
set P"(H). Equivalently, 75y is a family of subsets of P"(H ) such that:

1. 0 € 755 and P"(H) € Tsn;

2. if {W,},ex C 7oy is any family, then UWGK W, € Tsu;

3. if Wi, ..., W, € Tey with p > 1, then (\,_, W, € Tsp.

The pair (P™(H), Tsx) is called a superhypertopological space of level n.

Remark. If one wishes to exclude empty sets at each level, one may replace P"(H) by the
nonempty iterated powerset P(H) defined earlier, and define a topology on P(H) instead.

Example 3.3.3 (A level-2 superhypertopology induced from a finite base). Let H = {a, b} and
consider the level n = 2 carrier

Define the nonempty-membership selector
NE:={AecP?(H) | 0¢ A} C P*(H).

Now define
Tsu = {0, P*(H), NE} C P(P*(H)).

We check the topology axioms on the underlying set P?(H):

o () € sy and P?(H) € Tgy are explicit.

e Arbitrary unions: any union of members of 75y is one of (), NE, P?(H), hence belongs
to TsH-

e Finite intersections: the only nontrivial intersection is
NE N P*(H) = NE,

and intersections with () are (). Hence 7gy is closed under finite intersections.

Therefore 7o is a topology on P?(H), and (P?*(H),7sm) is a level-2 superhypertopological
space in the sense of Definition |3.3.2
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3.4 HyperLattice and SuperHyperLattice

HyperLattice is a lattice-like structure where one operation is ordinary meet/join, while the
other is a set-valued hyperoperation satisfying absorption [74}/75]. Related concepts such as
fuzzy hyperlattices [74,76-78] are also known. SuperHyperLattice iterates HyperLattice to higher
powerset levels, so operations act on nested subsets, preserving lifted associativity and absorption
[79].

Definition 3.4.1 (Commutative hypergroup (reproductive form)). [80,81] Let L be a nonempty
set and let o : L x L — P,(L) be a (total) binary hyperoperation. Using the canonical subset
extension of o, we write for A, B C L

AoB := U U (aob) CL, aoA:={a}oA, Aoa:=Ao{a}.

a€A beEB

The pair (L, 0) is called a commutative hypergroup in reproductive form if:
1. (Commutativity) aob=0boa for all a,b € L.

2. (Associativity) (aob)oc=ao(boc) for all a,b,c € L, where both sides are computed via
the subset extension above.

3. (Reproductivity) ao L = Loa= L foralla € L.

Example 3.4.2 (A commutative reproductive hypergroup on a two-element set). Let L = {0,1}
and define o : L x L — P, (L) by

000 = {0}, 0ol=100={0,1}, lol={1}.

Commutativity is immediate from the symmetric table.

To check associativity in the sense of Definition we use the canonical subset extension
Ao B = U,capep(@ob). The only nontrivial case is when an intermediate product equals
{0,1}. For example,

(0o1)o1={0,1}o1=(001)U(lol)={0,1}U{1} = {0,1},

while

0o(lol)=00{1} =001={0,1}.

All remaining triples (a, b, c) € L? either reduce to singleton-valued steps or are analogous, and
one verifies that (a o b) oc=ao (boc) as subsets of L.

Finally, reproductivity holds: for each a € L,
aoL=a0{0,1} =(aoc0)U(aol)={0,1} =L,

and similarly L o a = L. Hence (L, o) is a commutative hypergroup in reproductive form.
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Definition 3.4.3 (Hyperlattice (join-hyperlattice)). [82,[83] A (join-)hyperlattice is a triple
(L, A, 0) such that:

1. L is a nonempty set;

2. N: L x L — L makes (L,A\) a commutative idempotent semigroup (equivalently, a meet-
semilattice), i.e.

aNb=>bAa, (anb)ANc=aAN (bAc), ala=a;

3. 0: L x L — P.(L) makes (L, o) a commutative hypergroup in the sense of Definition

S

. (Absorption-type laws) for all a,b € L,
a€ao(aNb) and a€aA(aob),
where for A C L we use the standard notation

aNA :={aNz|xe A} CL, sothat aA(aob)={aAz|xz€aocb}.

(Depending on the intended subclass, one may additionally impose distributivity-type conditions,
eg.aN(boc)C (anb)o(aAc), etc.)

Example 3.4.4 (A hyperlattice built from min and a reproductive hypergroup). Let L = {0, 1}
and keep the hyperoperation o from Example Define a meet operation A : L x L — L by

a Ab:= min{a, b}.

Then (L, A) is a commutative idempotent semigroup: min is commutative and associative and
satisfies a A a = a.

We now verify the absorption-type laws of Definition [3.4.3] For any a,b € L, compute a Ab € L
and check:

a€cao(anbd).

Ifa =0, thenaAb=0and 000 = {0} 0. If a = 1, then a Ab = b; when b = 0,
1o0={0,1} 51, and whenb=1,101={1} > 1.

Next, verify
acal(aob), where a A (aob) ={aAzx|x € aob}.

If a =0, then 0A (aob) ={0} >0 always. If a =1, then 1A (aob) ={x|x€lob}=10b,
which contains 1 for both b = 0 and b = 1. Therefore (L, A, 0) is a (join-)hyperlattice.
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Definition 3.4.5 (n-SuperHyperLattice induced by a hyperlattice). Let (L, A, o) be a hyper-
lattice and fix an integer n > 1. Working on the nonempty iterated powersets P*(L) (already
defined earlier), define operations (A, o) on P¥(L) recursively as follows.

Level 0. Set Ag := A and og := o.

Lift step. For each k > 0 and all A, B € P*!(L) (so A, B C P¥(L) are nonempty), define
ANt B == {x A y|z €A ye B} eP(L),

and

Aoy B := {zopy|z €A yeB}eP(PF(L) = PI3(L).

(Thus oy, is a total hyperoperation on the carrier P*+1(L).)

Define the level-n lifted structure by
SHL™(L) := (P}(L), Ans on):

We call SHL™ (L) the n-SuperHyperLattice induced by (L, A\, o) whenever the hyperlattice ax-
ioms of Definition hold on P(L) with A, o replaced by A, o,, and with associativity /ab-
sorption interpreted using the canonical subset extension of o,. (If one prefers to allow empty
sets at some level, one may replace P¥ by P* leading to a non-total, or “neutrosophic-type”,
variant.)

Example 3.4.6 (The induced 1-SuperHyperLattice on P,(L)). Let (L, A, o) be the hyperlattice
from Example with L = {0,1}. Take n = 1. Then the carrier is

Pi(L) =P.(L) = {{0}, {1}, {0, 1} }.
The lifted operations A; and o; are defined by the lift step with k£ = 0: for nonempty A, B C L,

ANMB={zNy|z €A ye B} eP.(L), Aoy B={zoy|z e A, ye B} eP.(P.(L)).

For instance, using x A y = min{z, y},

{0,1} Ay {1} ={0A1, 1A1} ={0,1} ={0,1}, {1} A1 {0} = {0}.

For the lifted hyperoperation,

{1} o1 {0} = {100} = {{0,1}},
{0,1} 0, {1} ={001, 101} = {{0,1},{1}}.

Thus
SHL(l) (L) = (P*(L)J /\17 Ol)

is the level-1 induced superhyperlattice in the sense of Definition [3.4.5
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3.5 HyperField and SuperHyperField

A field is a set in which addition forms an abelian group, nonzero elements form a multiplicative
abelian group, and distributivity holds (cf. [84-86]). Related concepts include fuzzy fields [87,88]
and neutrosophic fields [84},89-91].

Definition 3.5.1 (Field). [84H86] A field is a set F' equipped with two binary operations
+: FxF —F, i FxF —F,

such that:

1. (F,+) is a commutative group with identity 0;

2. (F\{0},-) is a commutative group with identity 1;

3. (Distributivity) for all a,b,c € F,

a-(b+c)=a-b+a-c, (b+c)-a=b-a+c-a.

A hyperfield replaces the ordinary addition by a set-valued hyperaddition, while keeping multipli-
cation single-valued with multiplicative inverses on nonzero elements and requiring distributivity
(cf. [9294]).

Definition 3.5.2 (Hyperfield). A hyperfield is a quintuple (K, ®,-,0,1) such that:

1. (K,®,0) is a commutative hypergroup (in the sense fixed earlier);

2. -1 K x K — K is a single-valued operation with 1 # 0, and (K \ {0},-,1) is a commutative
group;

3. (Absorption) 0-a=a-0=0 for all a € K;

4. (Distributivity) for all a,b,c € K,
0 bo)=(a-b@(ac, (b a=(b-a)e(c a)

where a - (b @ c) denotes the set {a -z |z € b® ¢} C K (and similarly on the right).
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Example 3.5.3 (The Krasner hyperfield). [95,96] Let K = {0,1}. Define ordinary multipli-
cation - by the usual rules

0-0=0, 0-1=1-0=0, 1-1=1,
so that (K \ {0},-,1) = ({1},+,1) is a (trivial) commutative group and 0 is absorbing.

Define hyperaddition @ : K x K — P.(K) by
0® 0 = {0}, 0e61=140={1}, 1e1=40,1}.

Then (K, ®,0) is a commutative hypergroup (indeed, the standard Krasner hypergroup). We
verify distributivity explicitly in the only nontrivial case b = ¢ = 1. For a = 0,

0-(1®1)=0-{0,1} ={0} and (0-1)®(0-1)=0® 0= {0}.
For a =1,
1-1®1)=1-{0,1} ={0,1} and (1-1)®(1-1)=1®1={0,1}.

All remaining distributivity instances are singleton-valued and follow immediately. Hence (K, ®,-,0,1)
is a hyperfield in the sense of Definition [3.5.2

A SuperHyperField (of level n) can be obtained from a given hyperfield by encoding each hyper-
addition output as an element of the n-th iterated (nonempty) powerset; the underlying set and
multiplication remain unchanged [97].

Definition 3.5.4 (Level-n superhyperaddition induced by a hyperfield). Let (K, ®,-,0,1) be
a hyperfield and fix n > 1. Using the iterated powersets P"(K) and nonempty iterates P (K)
fixed earlier, define the nested singleton map

to(z) :== =z, ter1(x) == {w(x)} (K >0).
Define the embedding 7, : P.(K) — PI(K) by
(A) = A, nu(A) = {raala) |a€ A} (n>2).
Then the level-n superhyperaddition induced by @ is the map
o K x K — PYK), a®™b = n,(aDb).

For n = 1 this recovers the original hyperaddition: &) = @.

Example 3.5.5 (Level-2 superhyperaddition induced by the Krasner hyperfield). Let (K, ®,+,0,1)
be the Krasner hyperfield from Example Take n = 2. Then P?(K) = P.(P.(K)).

The embedding 7, : P.(K) — P2(K) is
m2(A) = {{a} | a € A}.
Therefore the induced level-2 superhyperaddition & is
a®?b=m(a®db)={{z} |z €adb}.
Concretely,
06@0={{0}}.  08@1={{1}}. 18®1={{0}.{1}}.
Thus ®® : K x K — P2(K) is a nested encoding of the same additive ambiguity.
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Definition 3.5.6 (SuperHyperField of level n). Let (K, @®,-,0,1) be a hyperfield and let n > 1.
The leveln SuperHyperField induced by K is the structure

K" = (K,®™,.0,1),

where @™ is defined in Definition In particular, the hyperfield axioms for (K, ®,-,0,1)
are retained, and @™ is an n-level encoding of the same additive uncertainty.

Example 3.5.7 (The level-2 SuperHyperField induced by the Krasner hyperfield). Let (K, ®,-,0,1)
be the Krasner hyperfield and let ©® be the induced level-2 superhyperaddition from Exam-

ple B:5.5] Then

K% = (K,®?,-,0,1)

is the level-2 SuperHyperField induced by K in the sense of Definition [3.5.6] For instance, the
distributive law persists because ®?) was obtained from @ by the functorial embedding 7,; e.g.,
fora=b=c=1,

1-(1e@1)={1-2|zeFlat(1e® 1)} ={1-2|z€{0,1} } = {0,1},
while
(1-1)e®@1-1) =199 1= {{0},{1}},

which is exactly the level-2 encoding of the same equality at level 1.

3.6 HyperRing and SuperHyperRing

Ring theory studies algebraic structures equipped with two binary operations (typically addition
and multiplication) satisfying suitable axioms [98H101]. As related concepts of rings, fuzzy
rings |102] and neutrosophic rings [103},/104] are known. A hyperring generalizes a ring by
replacing addition with a set-valued hyperaddition, while multiplication remains single-valued
and distributes over hyperaddition in the set-theoretic sense [92,105-107]. In hyperring theory,
related concepts such as fuzzy hyperrings |[108-110] and neutrosophic hyperrings [1114113] are
also known. More generally, an (m,n)-ary hyperring allows an m-ary hyperaddition and an
n-ary hypermultiplication with a corresponding distributivity scheme [114]. A superhyperring
lifts these operations to higher iterated powerset levels, so that the carrier consists of nested
collections and the induced operations remain ring-like.

Definition 3.6.1 (Hyperring). (cf. [92,105-107]) A hyperring is a quadruple (R, ®,-,0) such
that:

1. (R,®,0) is a commutative (canonical) hypergroup (as fixed earlier), i.e. @ : R x R — P.(R)
and the hypergroup axioms hold.

2. (R,-) is a semigroup and 0 is absorbing:

0O-z2=2-0=0 (x € R).

3. (Distributivity) For all a,z,y € R,
a (z®y) € (a-2)®(a-y), (@dy)-aC (z-a)®y-a),

where a - (z@®y) :=={a-t|t € x @y} and similarly on the right.
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If both inclusions in (3) are equalities for all a,x,y, then the hyperring is called strongly dis-
tributive.

Example 3.6.2 (The Krasner hyperring). [115-117] Let R = {0,1}. Define ordinary multipli-
cation - : R X R — R by

0-0=0, 0-1=1-0=0, 1-1=1,

so (R, ) is a semigroup and 0 is absorbing.

Define hyperaddition @ : R X R — P.(R) by
000=1{0}, O0@l=1@0=1{1}, 1@1=/{01).

Then (R, ®,0) is a commutative canonical hypergroup (the classical Krasner hypergroup).

Finally, distributivity can be checked directly; the only nontrivial case is 1 & 1 = {0,1}. For
a=0,
0 (1@ 1) = {02 |z €{0,1}} = {0} = (0- 1) (0-1) =00,

and for a =1,
1-Qel)={1-z|ze{0,1}} ={0,1} =(1-1)@®(1-1)=1d1.

All other instances are singleton-valued and follow immediately. Hence (R, @®,-,0) is a (strongly
distributive) hyperring in the sense of Definition m

Definition 3.6.3 ((m,n)-ary hyperring). [114] Let m,n > 2. An (m,n)-ary hyperring is a
quadruple (R, f,g,0) where R is a nonempty set, f : R™ — P,(R) and g : R™ — P.(R) are
m-ary and n-ary hyperoperations, and 0 € R, satisfying the following conditions.

Set-action convention. For a nonempty set A C R, define the induced action in the i-th slot
by

f(xlv"' 7xi—17A7$i+17-"7xm> = U f(xlw sy L1, Ay Tig1y - - - 7xm)a
a€A

and analogously for g. This is used to interpret expressions in which f(---) or g(---) occurs as
an argument.

1. (m-ary hypergroup law) (R, f,0) is an me-ary (canonical) hypergroup in the standard

sense; in particular, f is associative in the Dornte sense: for all xy,...,Z9,_1 € R and all
1 <45 <m,
f(l'l, - ,.’,131',17 f(.ﬁU“ . >$i+m71)7 xier, . ,.’L’Qm,l)
= f(ml) sty ‘ijl) f(x]) sy Ij+m71)u $j+ma o 7x2m71)7

where the inner f(---) is inserted using the set-action convention above.

2. (n-ary hypersemigroup law) (R, g) is an n-ary hypersemigroup, i.e. g is associative in the
corresponding n-ary sense (interpreted via the same set-action convention).
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3. (Distributivity) For every 1 <i <mnand all a1,...,6; 1,%1,. ., Ty, Qix1,.--,0, € R,
g(ala sy i1, f(ml’ s 7xm)v Qig1y---s an)
g f(g(ala sy A1, Ty Qg 1y - e - 7an)7 RN g(ah sy A1, Ty A1y - - 7an))7
where the left-hand side uses insertion of the set f(zq,...,x,,) into the i-th slot of g.

If (3) holds with equality for all choices of data, then (R, f,g,0) is called strongly distributive.

Example 3.6.4 (A trivial (m,n)-ary hyperring on a singleton set). Fix integers m,n > 2. Let
R = {0}. Then P.(R) = {{0}}.

Define m-ary hyperaddition f : R™ — P,(R) and n-ary hypermultiplication g : R" — P,(R)

by

f(0,...,0) = {0}, 9(0,...,0) ={0}.
All associativity conditions for f (Dérnte associativity) and for g hold trivially because every
side of every required identity evaluates to {0}.

For distributivity, for any slot 1 < ¢ < n we have

g(0,...,0, f(0,...,0), 0,...,0) = {0} C f(g(0,...,0),...,9(0,...,0)) = {0}.

Therefore (R, f, g,0) is an (m, n)-ary hyperring in the sense of Definition m (in fact, strongly
distributive, since equality holds everywhere).

Definition 3.6.5 (Superhyperring induced by a hyperring). Let (R, ®,-,0) be a hyperring and
fix an integer n > 1. Define recursively, for each level k > 0, operations (®y, 1) as follows:

Level 0. Set &g := @ and - := -.

Lift step. For k > 0 and A, B € P**1(R) (so A, B C P*(R) are nonempty), define
A®p B = {X &, Y| X €A YeB} € PP (R) = P(R),

and

Ay B = {zylzcA yeB} ¢ PY(R).

Thus, @41 is a (total) hyperoperation on the carrier PX*1(R), whereas -1 is single-valued on
that carrier.

Define the distinguished “zero” elements by nested singletons:

00 = O, Ok+1 = {Ok} (kﬁ Z 0)

The n-superhyperring induced by (R, ®,-,0) is the structure
SHR™(R) := (PMR), ®n, > On),

provided that the hyperring axioms of Definition hold on the carrier P*(R) with @, -,0
replaced by &, », 0,, and with distributivity interpreted via the canonical subset extension of
the hyperoperation @,,. (If one prefers to allow empty sets at some level, replace P* by P,
yielding a non-total / neutrosophic-type variant.)
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Example 3.6.6 (A 1-superhyperring induced by the Krasner hyperring). Let (R, ®, -,0) be the
Krasner hyperring from Example Take n = 1. Then the carrier is

P.(R) = P.(R) = {{0}, {1}, {0, 1}}.
The lifted operations at level 1 are (with & = 0 in the lift step): for A, B € P.(R),
AsiB={a®blac A, be B} e P(P.(R)) = P}(R),
A1 B={a-blac A be B} cP.R).
For example,
(e (1} = {181} = {{0,1}}, {1} {0.1} = {0,1}.
The distinguished zero is 0; = {0}.

Thus
SHR™W(R) = (P.(R), &1, 1, 01)

is the induced 1-superhyperring (i.e. a hyperring on the carrier P,(R) whose hyperaddition takes
values in P, (P, (R))).

Definition 3.6.7 ((m, n)-ary SuperHyperring of level k). Fix integers m,n > 2 and k > 1. Let
R be a nonempty set. An (m,n)-ary SuperHyperring of level k is a triple

SH = (PX(R), F, G),
where F : (P¥(R))™ — P.(P¥(R)) = P*!(R) and G : (P¥(R))" — P !(R) are m-ary and

n-ary superhyperoperations such that:

1. (P*(R), F) is an m-ary hyperstructure of hypergroup type (associativity interpreted by in-
serting set-valued outputs via unions, as in Definition [3.6.3));

2. (P¥(R),G) is an n-ary hypersemigroup;

3. (Distributivity) for each 1 <4 < n and all X;,...,X,,,Y1,...,Y, € PF¥(R),

G(}/lu"w}/iflv F(Xla'-'va)v }/;+17'-'7Yn)

C F(G(Yl,...,m,l,Xl,ml,...,Yn), G(Yl,...,Yi,l,Xm,mH,...,Yn)),

where insertion of the set F/(X1,...,X,,) € P*F1(R) into the i-th slot of G is interpreted by
the canonical union action.

Example 3.6.8 (A (2,2)-ary SuperHyperring of level £ = 1 from the Krasner hyperring). Let
(R,®,-,0) be the Krasner hyperring with R = {0,1}. Fix k = 1, so the carrier is

P.(R) = P.(R) = {{0}, {1}, {0, 1}}.
Set m = n = 2. Define

F: (P*(R))Q — PP.(R)) = P}(R), F(A,B):=A®, B={a®blac A bc B},
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and define

G: (P.(R)’ — PXR),  G(A,B):={A+ B} ={{a-blacA, beB}}

Then F is a binary hyperoperation on P, (R) (its values are nonempty sets of nonempty subsets),
and G is a binary hyperoperation obtained by singleton-lifting the (single-valued) product -;.

For instance,

F({1},{1y) = {{o,1}},  G({1},{0,1}) = {{0,1}}.
Distributivity (in the sense of Definition can be seen concretely, e.g. with Y7 = {1},
Yo = {1}) Xy = {1}a Xy = {1}

G(Yi, F(X1, X)) = { {1} {0,1} } = {{0,1}},

while
F(G(Y1. X1), G(Yi, X)) = F({{1}}.{{1}}) = {{0.1}}.

Hence the required inclusion holds (indeed with equality in this case), and similarly for all other
inputs because the carrier is finite. Therefore

SH = (PX(R), F, G)

is a concrete (2, 2)-ary SuperHyperring of level k = 1.

3.7 HyperVector and SuperHyperVector

A (classical) vector space consists of an abelian group (V| +) together with a single-valued scalar
multiplication K x V' — V over a field K, satisfying the standard linearity axioms [118-121].
A hypervector space replaces scalar multiplication by a set-valued external hyperoperation, so
that each scalar—vector pair produces a nonempty set of possible scalar multiples (cf. [122,[123]).
Related concepts, such as fuzzy hypervectors [124],/125] and neutrosophic hypervectors [123,
126}|127], are also known. A superhypervector space further allows the scalar action to take
values in an iterated (nonempty) powerset P (V'), thereby encoding nested collections of scalar
multiples [128].

Definition 3.7.1 (Hypervector space). (cf. [122,/123]) Let K be a field and let (V,+) be an
abelian group with neutral element 0y.. A hypervector space over K is a triple (V, 4, 0), where

o: K xV — P.(V)

is an external hyperoperation such that, for all a,b € K and z,y € V, the following hold:
(HV1) (Right distributivity) ao(x+y) C (aoz)+ (aoy).

(HV2) (Left distributivity) (a+b)oxz C (aox)+ (box).

(HV3) (Scalar associativity) ao (box)= (ab)ox, where

ao(box):= U (aou) CV.

u€ (box)
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(HV4) (Compatibility with negatives) ao(—z)=—(aox) and (—a)oxz = —(aox).
(HV5) (Units and zeros) x € loxz, and O oz = {0y} = ao0y.

Here, for A, B C V, we use the standard Minkowski sum
A+B:={u+v|ue A ve B}, —A={-u|lue A}

If the inclusions in (HV1)—(HV2) are equalities for all inputs, then the hypervector space is called
strongly distributive.

Example 3.7.2 (A simple hypervector space on Z over Q). Let K = Q and let (V,+) = (Z,+)
with Oy = 0. Define an external hyperoperation o : Q x Z — P.(Z) by

{{aw}, if ax € Z,
aox:=

7).
{0}, ifax¢Z, (a€Q zel)

Thus scalar multiplication is set-valued: if the rational scalar does not map x back into Z, we
“collapse” to {0}.

We verify the axioms of Definition Let a,b € Q and x,y € Z.

o (HV5) Units and zeros. We have 1oz = {1z} = {2}, hence z € 1 oz. Also
O ox = {0-x} = {0}, and a o 0 = {0} for all a, as required.

« (HV4) Negatives. If ax € Z, then ao (—z) = {—azx} = —({ax}) = —(aox). If ax ¢ Z,
then both sides equal {0}. Similarly (—a) oz = —(a o z).

e (HV3) Scalar associativity. If bx € Z, then box = {bzx} and

{a(bx)}, abx cZ,

(o1, abr ¢ 7, (ab) o z.

ao(box):ao{bx}:ao(bx):{

If bx ¢ Z, then box = {0} and ao (box) =ao0 = {0} = (ab) o x because abx ¢ Z.

« (HV1) Right distributivity. We must show ao(x+y) C (aox)+(aoy). If a(z+y) € Z,
then ao(z+y) = {a(x+y)} = {ax+ay}. If additionally ax, ay € Z, then (aoz)+(aocy) =
{ax} + {ay} = {az + ay}, so equality holds. If ax ¢ Z (or ay ¢ Z), then a oz = {0}
(or aoy = {0}), and (aox) + (aoy) is a set containing ay (or ax) and hence contains
ax + ay whenever the other term is integral; thus the inclusion still holds. If a(z +vy) ¢ Z,
then a o (z +y) = {0} C (aox)+ (aoy) automatically.

o (HV2) Left distributivity. Similarly, (a+b)ox C (aox)+ (box) follows by a case split
on whether (@ + b)x € Z and using that the right-hand Minkowski sum always contains 0.

Hence (Z,+,0) is a hypervector space over Q.
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An (m, n)-superhypervector space keeps the additive group (V, +) at the base level, but lets the
scalar action return an element of the iterated powerset P (V). To state the axioms, we use the
following canonical extensions on P (V).

Definition 3.7.3 ((m,n)-SuperHyperVector Space). Let K be a field, let (V, +) be an abelian
group, and let m,n > 1. An (m,n)-SuperHyperVector Space over K is a triple (V,+, o(™m™),
where

omm . K™ x V — P(V)

is an m-ary scalar superhyperoperation satisfying the axioms below.

Auxiliary maps. Define nested singletons ¢, : V' — P¥(V) by
(@) =x,  ua(r):={ulx)} (k=0),

and flattening maps Flaty, : P*(V) — P.(V) by

Flatg(x) := {z}, Flaty1(X) := U Flat,(A) (k> 0).

AeX

Thus Flat,,(X) C V is the underlying (nonempty) set of vectors represented by X € P2 (V).

Define the lifted sum on level n by
XBY = { bn_1(u+ ) ‘ u € Flat, (X), v € Flat,(Y) } e PI(V),
and extend the scalar action to nested inputs by

a0 X = | J o"™M@u)ePl(V), acK™ XeP!V).

u€Flat, (X)

Axioms. Forallajbe€ K™ and all z,y € V,
(SV1) (Right distributivity) o™™(a,z+y) C o™ (a,z)H o™ (a,y).

(SV2) (Left distributivity) o(™™(a+b,x) C o™ (a,z) B o™ (b, z), where a+ b is
componentwise addition.

(SV3) (Scalar associativity) a®o(™™ (b x) = o™ (a-b,z), where a-b is componentwise
multiplication.

(SV4) (Compatibility with negatives) o(™™(a, —x

) — _ olmn) (a,a:) and O(m,n)(fa, gj) =
_ olmn) (a’ l’), where — X = {Lnfl(_u) ‘ u € Flatn(X)}

(SV5) (Units and zeros) =z € Flat,(o™™(1,z)), and Oy € Flat,(o(™™(0,z)), where 1 =
(1,...,1) and 0 = (0,...,0) € K™
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Remark. If the inclusions in (SV1)-(SV2) are equalities, one may call the structure strongly
distributive. When m = 1 and n = 1, this recovers the usual notion of a (binary) hypervector
space.

Example 3.7.4 (A (2,2)-SuperHyperVector Space induced by a classical vector space). Let
K =R and V = R with the usual addition. Fix m = n = 2. Define o>? : K2 x V — P(V)
by

o2 ((ay,a5),2) = {{aw}’ {aar}, {(a1 + ag)x} }

Each output is a nonempty family of nonempty subsets of V', hence lies in P2(V) = P, (P.(V)).
To see the axioms, note that the construction is built from ordinary linearity of R:

e Right distributivity (SV1). Using (a;z) + (a;y) = a;(z + y),
o®((ar,a2), x +y) = {{ar (@ + )}, {as(@ +9)}, {(a1 + a2)(x + )}

is contained in 02 ((ay, ay), z)Bo??((ay, as),y) because A collects all nested singletons
of sums u + v with u € {a;z} and v € {a;y}.

o Left distributivity (SV2). Componentwise addition in K2 and linearity imply the same
containment for (ay,as) + (b1, b2).

o Scalar associativity (SV3). Componentwise multiplication gives (ay,as) - (by,by) =
(a1by, asbs), and nesting is preserved by the union-extension ©.

» Negatives and units/zeros (SV4-SV5). These follow from (—a)r = —(az), 1 -z = z,
and 0-z = 0.

Therefore (V, +, 0(2’2)) is a concrete (2, 2)-SuperHyperVector Space over R in the sense of Defi-
nition B.7.3

3.8 HyperModule and SuperHyperModule

A hypermodule is an R-module-like structure whose addition is hyperaddition, and scalar mul-
tiplication distributes over set-valued sums [129-131]. A superhypermodule lifts a hypermodule
to iterated powersets, so scalar action and hyperaddition act on nested subsets levelwise |79)].

Definition 3.8.1 (Hypermodule). Let R be a (unital) ring and let (M, @, 057) be a commutative
hypergroup (in the sense fixed earlier). A (left) hypermodule over R is a pair (M, -) where

-t Rx M — M, (r,x)—r-x

is a single-valued scalar action such that, for all r,s € R and z,y € M,
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(HM1) (Right distributivity) r-(z@®y) C (r-2)® (r-y), wherer- A:={r-alac A}
for A C M.

(HM2) (Left distributivity) (r+s)-z¢€ (r-z)® (s-x).

(HM3) (Associativity of scalars) (rs) -z =r-(s-z).

(HM4) (Unit and zeros) 1lp-x =z, 0 -2z =0y, and 7 -0y = Op.

(HM5) (Compatibility with negatives) (—r)-x=6(r-x)and r-(6x) = &(r-z), where
©x denotes the (unique) hypergroup inverse of x in (M, &, 0).

If in (HM1) the inclusion is an equality for all 7, x, y, then the hypermodule is sometimes called
strongly distributive. A right hypermodule is defined analogously using an action M x R — M.

Example 3.8.2 (A hypermodule built from a quotient-type hyperaddition on Z). Let R = Z
(a unital ring) and let M = Z as a set. Define a hyperaddition & : M x M — P,(M) by the
coset rule modulo 2:

xdy = {x+y, z+y+2, x+y—2} (z,y € Z).

Let 0y := 0. Then (M, ®,0y/) is a commutative hypergroup of “quotient type”:

e« Commutativity is clear since x & y depends only on x + y.

o Identity: x ® 0 = {z,z + 2} contains x, and in the canonical hypergroup setting one
takes the hypergroup identity to satisfy the standard reversibility axiom (as fixed earlier).

« Inverse: the inverse of z is ©x = —x since 0 € & (—z) = {0,2, —2}.

(Any standard axiom system for canonical hypergroups is satisfied by this finite-coset style
construction.)

Define the scalar action - : R x M — M by the usual integer multiplication:
reT =1 (rez, zek).

We verify the hypermodule axioms in Definition Let r,s € Z and z,y € Z.

o (HM3) Associativity of scalars: (rs) -z = (rs)z =r(sz) =1 (s- ).

o (HM4) Unit and zeros: 1-z=2,0-2=0,and r-0=0.

o (HMS5) Negatives: (—r)-z = —(rzx) = ©(r-x),and r-(6z) = r(—x) = —(rz) = S(r-x).
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o (HM1) Right distributivity: using r- A = {ra | a € A},
r-(zoy)={r(x+y), r(x+y)+2r, r(x+y)—2r}.
On the other hand,

(r-z)®(r-y)={re+ry, re+ry+2, re+ry—2}y={r(x+vy), r(r+y) £ 2}
Hence r - (x @ y) C (r-x) @ (r - y) holds whenever |r| < 1, and in general it holds as
an inclusion after enlarging the defining coset radius in @ (e.g. by replacing {£2} with
{£2|r|}). To keep a fixed @ and still obtain a clean example, we restrict to the unital

subring R' = {—1,0,1} C Z (isomorphic to Z/2Z as a ring with unit 1), for which the
displayed inclusion is immediate. Thus (M, ®, -) is a left hypermodule over R'.

o (HM2) Left distributivity: for r,s € R’ = {—1,0, 1},
(r+s)-xze(r-z)o(s-z)

holds by inspection since r + s € {—1,0,1,2, -2} and the right-hand side contains the
needed values within the £+2 coset spread.

Therefore (M, ®,0,,) together with the (restricted) scalar action forms a concrete hypermodule.

Definition 3.8.3 (n-SuperHyperModule induced by a hypermodule). Let M be a left hyper-
module over a ring R as in Definition and fix n > 1. On the carrier P(M) (already
defined earlier), define recursively:

(i) Lifted hyperaddition. Set @ := @®. For k > 0 and A, B € P**1(M), put

Ao B = {X Y| X €A YeB} € PP (M) = PIF?(M).

(ii) Lifted scalar action. Set -q :=-. For k >0, r € R, and A € P*"1(M), define

rom A= {r.X|XeA} € PHY(M).

(iii) Distinguished zeros. Let 0y := 0y and Oy := {04} for £ > 0.

The n-SuperHyperModule induced by M is the structure
SuHM,, (M) = (PHM), ®n, n, 0,),
provided that (PI(M),®,,0,) forms a commutative hypergroup and the module-type axioms

(HM1)-(HM5) hold at level n with @, -,0,; replaced by @, »,0, (interpreting r -, (A &, B)
viar-, S:={r., X|X e S} for S CPM)).
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Example 3.8.4 (The induced 1-SuperHyperModule on P,(M)). Let M be the hypermodule
from Example [3.8.2] (over R’ = {—1,0,1}). Take n = 1. Then the carrier is P}(M) = P, (M),
the set of all nonempty subsets of M.

The lifted hyperaddition at level 1 is, for nonempty A, B C M,
A1 B={a®b|lac A be B} € P(P.(M)),

i.e. the result is a nonempty family of nonempty subsets of M. For example, with A = {0} and

B ={1},
{O} ®1 {1} = {O@ 1} = {{1737_1}}'

The lifted scalar action at level 1 is, for » € R’ and A € P.(M),
rayA={r-alac A} e P.(M).
For instance,
(-1) 41,3, -1} ={-1,-3,1}.
The distinguished zero is 0; = {0,/ } = {0}.

Hence

SuHMl(M) == (P*(M), @1, 1y 01)
is the induced 1-SuperHyperModule in the sense of Definition [3.8.3]

3.9 HyperMatrices and SuperHyperMatrices

A matrix is a rectangular array of entries arranged in rows and columns, representing linear
transformations and systems of equations [132]. A hypermatrix is a set-valued matrix: each
entry is a subset of K, allowing multiple possible values [79]. A superhypermatrix has nested
set-valued entries: each entry lies in P™(K), encoding higher-order uncertainty layers |79].

Definition 3.9.1 (Hypermatrix). [79] Let K be a nonempty set (typically a ring/field), and
let I, .J be nonempty finite index sets. A hypermatriz over K (indexed by I x J) is a set-valued
matrix, i.e., a map

M: IxJ— PK),

so that each entry M (i, j) is a subset of K. If one requires all entries to be nonempty, then one
may equivalently take M : I x J — P,(K) (classical-type convention).

Example 3.9.2 (A 2 x 2 hypermatrix over R). Let K = R, and take index sets I = J = {1, 2}.
Define a hypermatrix M : I x J — P,(R) by

M(1,1)=[0.9,1.1],  M(1,2)={2}, M(2,1)={-1,0,1},  M(2,2) =[3.4].

Thus each entry is a nonempty subset of R, encoding uncertainty or admissible ranges. It is
convenient to display M in matrix form as

0.9,1.1 2
M = ({[—1,0, 1]} [:{),,i})‘

This is a hypermatrix in the sense of Definition [3.9.1
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Definition 3.9.3 (n-Superhypermatrix). Fix an integer n > 1. Let K be a nonempty set and
I, J nonempty finite index sets. An n-superhypermatriz over K (indexed by I x J) is a map

M™ I xJ— P"K),

so that each entry M (i, 5) lies in the n-th iterated powerset of K (defined earlier). If one
requires nonempty entries at level n, one may instead impose M™ : I x J — PMK). For
n = 1, this reduces to a hypermatrix.

Example 3.9.4 (A level-2 superhypermatrix over R). Let K = R and I = J = {1,2}. Fix
n = 2. Recall that P?(K) = P(P(K)), so each entry is a set of subsets of K.

Define M® : T x J — P%(R) by
M®(1,1)={[0.9,1.1], {1}},  MP(1,2) = {{2}, [1.8,2.2]},

M®(2,1) = {{-1,0,1}, {0}},  MP(2,2) = {[3,4], [3.2,38], {3.5}}.
Each M®(i,5) is a nonempty family of nonempty subsets of R, hence M®(i,5) € P%(R). In
matrix form,
M® = < {[097 1'1]7 {1}} {{2}7 [187 22]} )

Thus M@ is a level-2 superhypermatrix in the sense of Definition m

3.10 HyperCategories and SuperHyperCategories

A category consists of objects and morphisms with associative composition and identity mor-
phisms, formalizing structure-preserving mappings between objects [133,/134]. Hypercategory
replaces hom-sets by set-valued morphisms: composition returns subsets, satisfying associa-
tivity and identities via union extension [134]. Superhypercategory iterates that construction:
morphisms become nested families (iterated powersets), with lifted composition and identities
holding levelwise [135].

Definition 3.10.1 (Class). [134] A class is a collection of sets defined within a formal set-
theoretic framework such as Zermelo-Fraenkel set theory with Choice (ZFC [136H138]) or Morse-
Kelley set theory (MK [139,/140]). Classes are not necessarily sets themselves, but every set is a
class. Formally, a class C' is defined as:

C={z|e(@)}

where () is a first-order formula in the language of set theory. A class C' is called a proper
class if it cannot be a member of any other class.

Definition 3.10.2 (Category). [134] A category C is a mathematical structure consisting of:

A collection of objects Ob(C).
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A collection of morphisms Mor(C), where each morphism f € Mor(C) is associated with a
domain object dom(f) and a codomain object cod(f).

o A composition operation o: For f : A — B and g : B — C, there exists a morphism
gof:A—C.

o An identity morphism id4 : A — A for each object A.
These must satisfy the following axioms:

1. Associativity: Forall f: A—- B, g: B— C,and h: C — D,
ho(gof)=(hog)ef.

2. Identity: For all f: A — B,

idpof=f and foidy =f.

Definition 3.10.3 (Hyperclass). (cf. [134]) A Hyperclass is a collection of classes defined over
the powerset of a base set S, extended using a hyperoperation:

HC = (P(S)’ 0)7

where P(S) is the powerset of S and o is a hyperoperation that extends class-level interactions.

Definition 3.10.4 (Hyperclass over a base set). (cf. [134]) Let S be a set. A hyperclass over S
is a pair

C=(C,o)

where

o C C P(9) is a nonempty collection of subsets of S (in particular, C may be taken as a
set; if one wishes to allow proper classes, fix a set-theoretic universe and require C to be a
subclass of that universe), and

e 0 is a hyperoperation on C, i.e.

0:CxC—P([C)\{g}.
We call C strict if every value X oY is a singleton.
Definition 3.10.5 (Hypercategory). (cf. [134,141]) A hypercategory is a quadruple

H = (Ob(H), Homy, ®,id)

consisting of:
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« a class (or set) Ob(H) of objects;
o for each pair (A, B) € Ob(H) x Ob(H), a set Homg(A, B) of morphisms from A to B;

o a hypercomposition map: for all A, B,C € Ob(H),

® : Homg (B, C) x Homg(A, B) — P(Homy (4, C)) \ {2};

o an identity assignment id that chooses, for each A € Ob(H), an element id4 € Homg(A, A).
These data satisfy the following axioms.

(HC1) (Hyperassociativity) For all composable f € Homy(A, B), g € Homy (B, C), h € Homy(C, D),

U (how = |J (wof) € Homy(A,D).

u€(gof) ve(hOg)

(HC2) (Unit laws) For all f € Homg(A, B),

idBQf:{f}’ f®1dA:{f}

If each g© f is always a singleton, then H is a strict hypercategory; in this case, hypercomposition
is ordinary single-valued composition, and H is an ordinary category.

Definition 3.10.6 (n-SuperHyperClass). Let S be a set and let CV) C P(S) be a nonempty
collection.  (Optionally, equip C") with a hyperoperation as in Definition [3.10.4) An n-
SuperHyperClass over S is a recursively defined hierarchy

C(l), C(2)7 o ,C(")
such that for each k > 2 there exists a predicate ¢, on nonempty subcollections of C*~1) and

c® .= {Acchk | A# @ and ¢i(A) }.

Thus every element of C®) is itself a nonempty collection of elements of C*~V) so the hierarchy
is genuinely nested.

Remark 3.10.7. If CV) C P(S), then C® C P(CW) C P(P(S)) = P*(S), and similarly
CH) C P*(S) for all k.
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Example 3.10.8 (A 2-SuperHyperClass of pairwise-intersecting families). Let U = {1,2,3}
and take
cW = P(U) \ {@} = {{1}’ {2}7 {3}’ {17 2}7 {1’ 3}7 {2’ 3}’ {17 2, 3}}
Define a predicate ¢, on nonempty subcollections A C C*) by
pa(A) = (VXY € A) (X NY # 2).

Then
C®i={ACCY | A+# 2 and ps(A)}

is a concrete 2-SuperHyperClass. For instance,

Ao = {{1},{1,2},{1,3}} € C», since every pair of members intersects.

Definition 3.10.9 (n-SuperHyperCategory). Fix a base set S and an n-SuperHyperClass hier-
archy CV,...,C™ as in Definition [3.10.6| An n-SuperHyperCategory is a hypercategory

H™ = (Ob(H™), Hom, ©, id)

in the sense of Definition B.10.5] such that:
(SHCat1) Ob(H™) C C™ (objects are n-level superhyperclasses);

(SHCat2) for all objects A, B € Ob(H™), the hom-set Hom(A, B) is a collection of (n—1)-level objects,
ie.

Hom(A, B) € ¢V,

(SHCat3) hypercomposition and identities satisfy the hypercategory axioms (HC1)—(HC2).

In particular, this definition makes precise the recursive slogan: objects live one level higher than
morphisms.

Example 3.10.10 (A 2-SuperHyperCategory induced by supports). Let U = {1,2,3} and let
C = P(U). Consider the 2-SuperHyperClass C?) obtained from Example[3.10.8| (by restricting

to nonempty, pairwise-intersecting families; thus C? C P(C)). Take two objects

Ao = {{1}7 {172}7{173}}7 A= {{2}7{172}7 {273}}7

and set

Ob(H®) = {Ap, A, } C C?.

Support. For A € Ob(H®), define its support

supp(A) = U X CU.

XeA

(Here Supp(.AO) = {1a 2, 3} =U= Supp(.Al).)
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Morphisms. For objects A, B define
Hom(A, B) := P (supp(A) Nsupp(B)) C P(U) =Y.

Thus morphisms are (n — 1) = 1 level objects (subsets of U), as required by (SHCat2).

Composition (strict). For f € Hom(A, B) and g € Hom(B,C) define

9@ f={fNng}eP(Hom(AC)\{o}
This is well-defined because f C supp(.A) Nsupp(B) and g C supp(B) N supp(C), hence

f Mg € supp(A) Nsupp(C),

so fNg € Hom(A,C).

Identities. Define
id4 := supp(A) € Hom(A, A).

Then for any f € Hom(A, B) we have

idg©f = {fnsupp(B)} ={f},  fOida={supp(A)Nf}={f},
so the unit laws (HC2) hold. Hyperassociativity (HC1) follows from associativity of M.

Hence H® is a concrete 2-SuperHyperCategory in the precise sense of Definition [3.10.9

3.11 Hypermagma and Superhypermagma

A magma is a nonempty set equipped with a binary operation, without any further requirements
[142-144]. By contrast, a group is a magma whose operation is associative, which possesses an
identity element, and in which every element has an inverse. The precise definition of a magma
is given below.

Definition 3.11.1 (Magma). [142-144] A magma is an ordered pair (M, -) where:
1. M is a nonempty set.
2. -: M x M — M is a binary operation on M.

That is, for every a,b € M, the product a - b is a uniquely defined element of M.

Definition 3.11.2 (Group). (cf. [145-147]) A group is a magma (G, -) that satisfies the following
three axioms:

1. Associativity: For all a,b,c € G,
(a-b)-c=a-(b-c).
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2. Identity: There exists an element e € G (called the identity) such that for all a € G,

3. Inverses: For each a € G, there exists an element a™' € G (called the inverse of a) such
that

A hypermagma is a set with a hyperoperation mapping each pair to a subset, generalizing binary
operations to set operations. The definition of a HyperMagma is described as follows [148H151].

Definition 3.11.3 (Hypermagma). [151] A hypermagma is a pair (H, ) where:

1. H is a nonempty set.

2. x: H x H — P(H) is a hyperoperation; that is, for each ordered pair (x,y) € H x H, the
value
rxy CH

is a (possibly empty) subset of H.

Often one requires that the hyperoperation be total, meaning
xxy# @ forall x,y € H.

This generalizes the notion of a binary operation by allowing the “product” of two elements to
be a set of elements rather than a single element.

Example 3.11.4 (A finite total hypermagma). Let H = {a,b}. Define a (total) hyperoperation
x: H x H — P.(H) by

a*a={a}, a*b={a,b}, b*a = {b}, bxb={a}.

Each value is a nonempty subset of H, hence x is total. Therefore (H, %) is a (total) hypermagma
in the sense of the definition.

A superhypermagma generalizes hypermagmas by mapping each element pair to a nonempty
subset in the nth powerset, and ensures closure [59]. The definition of a SuperHyperMagma is
described as follows.

Definition 3.11.5 (SuperHyperMagma). [59] Let H be a nonempty set and let n > 1 be a
fixed positive integer. A superhyperoperation on H is a function

o: Hx H— P,(H),

where P, (H) denotes the n-th powerset of H (defined recursively by P;(H) = P(H) and
Pri1i(H) = P(Pr(H)) for k > 1). A pair (H, o) is called a superhyperMagma. Notice that when
n = 1 we recover the definition of a hypermagma. In this way, the notion of superhyperMagma
generalizes that of a hypermagma.
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Example 3.11.6 (A level-2 superhypermagma induced from a hypermagma). Let H = {a, b}
and let * be the hyperoperation from Example [3.11.4, Fix n = 2. Recall that Py(H) =
P(P(H)), so an element of Py(H) is a set whose members are subsets of H.
Define a superhyperoperation o : H x H — Py(H) by the singleton-lift

Toy = {AQH]AGac*y}T = {{u} | uezxy},
i.e., we embed each output element u € x x y as the singleton subset {u} € P(H), and collect

these singletons as a subset of P(H).

Concretely,

aoa:{{a}}, aob:{{a},{b}}, boa:{{b}}, bob:{{a}}.

Each value is a nonempty subset of P(H), hence an element of Py(H). Therefore (H,o) is a
level-2 superhypermagma.

3.12 HyperMonoid and SuperHyperMonoid

A hypermonoid is a set with associative hyperoperation producing nonempty subsets and an
identity element acting neutrally on both sides [152-154]. A superhyper monoid is a subset of
an iterated powerset with associative operation and a two sided identity element present [155].

Definition 3.12.1 (Hypermonoid). A hypermonoid is a triple (M, ®, e) where M is a nonempty
set, ® is a hyperoperation on M, and e € M (identity) satisfies:
(i) (Associativity) For all x,y,2z € M,

(z0y) oz =20 (YO =2),

where the equality is between subsets of M using the subset extension above.

(ii) (Identity) For all z € M,

r€e®x and rexrQe.
If the stronger conditions e ® x = {x} = 2 ® e hold for all z, we call e a strong identity.

Definition 3.12.2 (Superhyper monoid). [155] Fix a nonempty set S and an integer n > 1.
Let 2 C P"(S) be nonempty. A superhyper monoid is a pair (£2,©) where

0:0x0Q—0Q

is a binary operation such that:

(i) (Closure) Oy € Q for all z,y € Q.
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(ii) (Associativity) (z0y)0z = 20(yOz) for all z,y, z € Q.

(iii) (Identity) There exists 6 € 2 such that 206 = 0z = x for all x € Q.

Example 3.12.3 (A hypermonoid and a superhyper monoid). (1) Hypermonoid. Let M =
{0, 1} and define a total hyperoperation ® : M x M — P,(M) by

06 0=/{0}, 0e01=/{1}, 100={1}, 101=/{1}.
Let e := 0. Then e is a strong identity:
eOr=00z={z}, roOe=z00={z} (zeM).

Moreover, associativity holds because ® is actually single-valued (each output is a singleton), so
(z0y)z={(z-y) 2} ={z-(y-2)} =2® (y© z), where - denotes the usual Boolean “and”
on {0,1}. Hence (M,®,e) is a hypermonoid.

(2) Superhyper monoid. Let the same base set be S = {0,1} and take n = 1. Then
PLS) = P(S). Let
Q:= P<S) - {@, {0}7 {1}7 {07 1}}
Define a binary operation © : ) x 0 — € by set union:
X0Y :=XUY (X,Y € Q).
Then O is closed on €, associative, and has identity 6 = (:
(X0Y)0Z=(XUY)UZ=XU(YUZ)=XO(YOZ), X0 =0ex =X.

Therefore (£2,©) is a superhyper monoid (of level n = 1).

3.13 Hyperldeal and SuperHyperldeal

A hyperideal is a nonempty subset closed under hyperproduct, absorbing all left and right
products with arbitrary monoid elements universally [155]. A superhyperideal is a subset of
a superhyper monoid, closed under Theta, absorbing Theta-products with all elements on both
sides [155].

Definition 3.13.1 (Hyperideal of a hypermonoid). [155] Let (M, ®,e) be a hypermonoid. A
nonempty subset I C M is a (two-sided) hyperideal if

IoICI, MoICI, IeoMCI,

where A ® B is the subset product from the induced extension. (Left/right hyperideals are
obtained by dropping one of the last two inclusions.)

Definition 3.13.2 (Superhyper ideal of a superhyper monoid). [155] Let (€2, ©) be a superhyper
monoid. A subset I C € is a superhyper ideal if:
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(i) For all z,y € I, one has xOy € I.

(ii) For all x € I and y € €2, one has 2Oy € I and yOx € I.

Example 3.13.3 (A hyperideal and a superhyper ideal). (1) Hyperideal of a hypermonoid.
Let M = {0, 1} with the hypermonoid (M, ®,e) from Example [3.12.3

000={0}, 001={1}, 1600={1}, 1ol1={1}, e=0.

Counsider the nonempty subset I := {1} C M. Using the induced subset product A ® B =
Uaea vepla ©b), we compute:

IolI={1}o{l}=101={1} C1I,
MoI={0,1}o{l}=0clhu(lel)={1}u{l}={1}C1,
IoM={1}o{0,1}=(1c0u(loel)={1}u{l}={1} CI.

Hence I = {1} is a (two-sided) hyperideal of the hypermonoid (M, ®,e).

(2) Superhyper ideal of a superhyper monoid. Let S = {0,1}, n = 1, Q = P(5) =
{0,{0},{1},{0,1}}, and let © be set union:

XOY =X UY (X,Y € Q).
Define

I::{{l}v {0,1}}QQ,

the family of all subsets of S that contain 1. Then:
o If x,y € I, then x Uy still contains 1, so 2Oy =z Uy € I.
o If x € I and y € Q, then z Uy contains 1, hence Oy € I and also yOx =y U x € 1.

Therefore I is a superhyper ideal of the superhyper monoid ({2, ©).

3.14 Semihypergroups and SemiSuperHyperGroups

A semigroup is a set with an associative binary operation; closure holds, but identity and inverses
are not required [156H158]. A semihypergroup is a set where an associative hyperoperation maps
every pair of elements to a nonempty subset therein always [159-163]. A SemiSuperHyperGroup
uses a superhyperoperation into an iterated powerset, extending hyperproducts, and satisfying
strong associativity at higher nesting levels uniformly.

Definition 3.14.1 (Hyperoperation and induced subset product). Let H be a nonempty set. A
(total) hyperoperation on H is a map

o: HxH—P.(H):=P(H)\{0}.
Given nonempty subsets A, B € P,(H), its canonical extension to subsets is
AoB = ] | (aob) € P.(H).
acA beB

(Equivalently, for x € H one sets Aoz := Ao{z} and z o B := {z} o B.)
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Definition 3.14.2 (Semihypergroup). A semihypergroup is a pair (H, o) where H is a nonempty
set and o : H x H — P,(H) is a hyperoperation such that, for all z,y,z € H,

(xoy)oz = zwo(yoz) (equality of subsets of H),

where the products with (z o y) and (y o z) are interpreted via the induced subset product.

Equivalently,
U (uoz) = U (x ow).

uETroy vEYOoZ

Example 3.14.3 (A semihypergroup from a semigroup). Let (S, -) be any semigroup (associative
binary operation). Define a hyperoperation on S by

zoy = {z-y} (z,y € 9).
Then (5, 0) is a semihypergroup. Indeed, for all z,y,z € S,
(oy)oz=A{z-yloz={(x-y) -2z}, wo(yoz)=wofy -z} ={z (y-2)},

and these are equal because - is associative.

Real-world interpretation. Take S as the set of strings over an alphabet and - as concatena-
tion. Then x oy returns the (unique) concatenated string xy. Associativity models that parsing
(zy)z or z(yz) yields the same final message.

Definition 3.14.4 (Level-n superhyperoperation and its extension). Fix n > 1. A (total) level-n
superhyperoperation on H is a map

® : Hx H— P}H).
Using Flat,,, extend ® to act on level-n arguments by

Xovy = J U @wov), XYep!(H),

u€Flat, (X) veFlat,(Y)

and identify each x € H with ¢, (x) € P(H) when forming mixed products.

Definition 3.14.5 (SemiSuperhypergroup (level n)). A (level-n) semiSuperhypergroup is a pair
(H,®) where H is a nonempty set and @ : H x H — PI(H) is a level-n superhyperoperation
satisfying strong superhyperassociativity: for all x,y,z € H,

rOyoz) = (z0y)©z inPHH),

where products are interpreted via the above extension and the identification = ~ ¢, ().

Remark 3.14.6. When n = 1, we have P}(H) = P*(H), Flat, is the identity on P*(H), and
Definition [3.14.5| reduces to the usual semihypergroup associativity in Definition [3.14.2
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Example 3.14.7 (A semiSuperhypergroup via n-nested singleton embedding). Fix n > 1 and
let (S, -) be a semigroup. Let ¢, : S — P*(S) be the iterated singleton embedding

u(@) ={z}, (@) ={w@)}.
Define a level-n superhyperoperation ® : S x S — P/*(S) by
TOY = t(x-y) (z,y € 9).

Extend ® to level-n arguments using flattening. Then (S, ®) is a level-n semiSuperhypergroup,
i.e.,

rOyoz2) = (z0y) oz inPMS) (x,y,z€S9).

Reason: by construction, both sides evaluate to ¢, (z - (y - 2)) and ¢,,((x - y) - 2) respectively, and
these coincide by associativity of -.

Let S be the set of software build artifacts and - be an associative “compose” operator (link —
package — container). The output is stored as an n-layer nested bundle (e.g., artifact C module
C release), while strong associativity guarantees that grouping intermediate build steps does not
change the final bundled result.

3.15 Quasi-Hypergroups and Quasi-SuperHyperGroup

A quasi-hypergroup is a set with a hyperoperation whose left and right translations reproduce
the whole set, but associativity is not required in general cases |164]. A quasi-superhypergroup
generalizes this: the product of two elements yields an iterated set, and flattened left/right
products still cover all base elements at every level.

Definition 3.15.1 (Hypergroupoid and induced subset product). Let H # &. Write P,(H) :=
P(H)\ {2}. A (binary) hyperoperation on H is a map

o: HxH— P.(H).

The pair (H, o) is called a hypergroupoid (cf. |56,(165,166]). For nonempty subsets A, B C H,
extend o to subsets by

AoB := U U(aob) C H, aoB:={a}oB, Aob:= Ao {b}.

a€A beEB

Definition 3.15.2 (Quasi-hypergroup). A hypergroupoid (H, o) is called a quasi-hypergroup if
it satisfies the reproduction axiom:

aoH = H = Hoa forall a € H.

Remark 3.15.3 (Hypergroup as the associative case). A quasi-hypergroup (H,o) is called a
hypergroup if, in addition, o is associative in the canonical subset sense:

(aob)oc = ao(boc) for all a,b,c € H,

where the products are computed using the subset extension above.
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Example 3.15.4 (A simple quasi-hypergroup: “left-or-right choice”). Let H be any nonempty
set with at least two elements, and define a binary hyperoperation

o: Hx H — P.(H), aob := {a,b} (a,b € H).
Then (H, o) is a quasi-hypergroup. Indeed, for any fixed a € H,
aoH = U(aox): U{a,x}:H,
reH zcH
because every y € H appears in the term {a,y} = a o y. Similarly,
Hoa = U(xoa): U{x,a}:H.
reH zeH

Hence the reproduction axiom holds.

Real-world interpretation. Think of H as a set of available options (e.g., two possible routes,
two backup servers, two suppliers). Combining a and b returns the admissible set “choose either
a or b,” representing a nondeterministic fallback rule.

Definition 3.15.5 (Level-n superhyperoperation and induced mixed products). Fix an integer
n > 1. A level-n superhyperoperation on H is a map

o: HxH— PI'H).
Extend o to allow a set of right (or left) inputs by

aoB := U(aob) e P'H), Boa := U(boa) € P'H)
beB beB
for every nonempty B C H. More generally, for X € P*(H) and a € H, define
Xoa := U (woa), aoX := U (aou),
ueFlat,, (X) u€Flat,, (X)
and for X,Y € P*(H) define the canonical level-n product

XoY = U U (uov) € PM(H).

u€eFlat,, (X) veFlat, (Y)

Definition 3.15.6 (Quasi-superhypergroup of level n). Fix n > 1. A pair (H, o), where o :
H x H — P"(H), is called a quasi-superhypergroup (of level n) if it satisfies the reproduction
axiom at base level:

Flat,(ao H) = H = Flat,(H oa) for all a € H.
Equivalently, for every a € H and every x € H, there exist b,c € H such that

x € Flat,(aob) and =z € Flat,(coa).

Remark 3.15.7 (Associativity leads to superhypergroups). A quasi-superhypergroup (H, o) is
called a (level-n) superhypergroup if, moreover, o is associative with respect to the canonical
level-n extension:

(aob)oc = ao(boc) in P,"(H) for all a,b,c € H,

where the mixed products are interpreted via Flat,, as above.
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Example 3.15.8 (A quasi-superhypergroup of level n: nested “choice”). Fix an integer n > 1
and let H be any nonempty set with |H| > 2. Let ¢, : H — P(H) be the iterated singleton

embedding
u(e) ={z}, (@) = {w(@)}
Define the level-n superhyperoperation
o: Hx H — P'(H), aob = ty(a) U 1,(b) (a,be H),

where the union is taken in P/*(H) (so the result is an n-nested nonempty set whose flattening
contains {a,b}).

Then (H, o) is a quasi-superhypergroup of level n. Indeed, for any fixed a € H,

Flat,(a o H) = Flatn( U(aom)) = U Flat, (tn(a) Uty (z)) = U{a,m} = H,

zeH zeH zeH

and similarly Flat,(H o a) = H. Thus the reproduction axiom holds at the base level after
flattening.

Take H as a set of competing hypotheses in decision-making (diagnoses, threat labels, or candi-
date models). The nested output a o b stores the admissible alternatives at multiple abstraction
layers (raw candidates — grouped candidates — audited candidates), while flattening recovers
the underlying set of possible choices.

3.16 EL-hyperstructures and EL-Superhyperstructures

EL-hyperstructures arise from quasi-ordered semigroups: define hyperproduct a * b as the prin-
cipal end [a - b)<, ensuring associativity and capturing order-generated multi-valued composi-
tion [167-172]. EL-Superhyperstructures lift the Ends-lemma idea to iterated powersets, produc-
ing nested hyperproducts as upper-sets under a compatible quasi-order across layers uniformly.

Notation 3.16.1 (Principal up-set). A quasi-order on a set H is a relation < that is reflexive
and transitive. A quasi-ordered semigroup is a triple (H,-, <) where (H,-) is a semigroup and
< is a quasi-order (typically assumed compatible/monotone, but the EL-construction itself only
needs < to define principal up-sets).

For a € H, the principal up-set generated by a is
[a)c = {x€eH|a<uz}.
More generally, for any quasi-ordered set (X, <) and z € X, write
7)< = {yeX |z =2y}

Definition 3.16.2 (EL-hyperstructure (Ends-lemma based hyperstructure)). Let (H, -, <) be a
quasi-ordered semigroup and let P,(H) denote the set of all nonempty subsets of H. Define a
binary hyperoperation % : H x H — P,(H) by

axb = la-b)c = {zeH|a-b<zx}.

The hyperstructure (H,x) is called the EL-hyperstructure associated to (H,-,<). (For or-
dered/quasi-ordered semigroups this construction is known to yield an associative semihyper-

group.)
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Example 3.16.3 (EL-hyperstructure from time tasks: “at least” semantics). Let H = N rep-
resent nonnegative integer time units (e.g., minutes). Equip H with the usual addition - := +
and the usual order <. Then (H,+, <) is a quasi-ordered semigroup.

The associated EL-hyperoperation * : H x H — P,(H) is
axb=[a+b<={xeN|a+b<z}

Hence (N, %) is an EL-hyperstructure.

If a and b are the estimated durations of two consecutive tasks, then a + b is the minimum total
time. The hyperproduct a * b returns all admissible realized total times z > a + b (e.g., delays,
overhead, waiting time), capturing a conservative “at least” scheduling semantics.

Fix m € Ny and define the iterated powersets
PYH):=H, P™YH):=P(P"(H)).

We now lift both the quasi-order and the product to level m.

Notation 3.16.4 (Lifted quasi-orders). Define recursively relations <,, on P™(H) by
<= <, A=p1 B = (Na€eATFBeB: a=,b), A, B e P (H).

FEach =, is a quasi-order (the standard “Hoare” lifting of a preorder).

Notation 3.16.5 (Lifted products). Define recursively operations ®,, on P™(H) by
©o == -, AOpu1 B = {a®G,blac A be B}, A, B e P (H).

Thus @, : P"™(H) x P™(H) — P™(H) is well-typed for every m.

Definition 3.16.6 (EL-SuperHyperStructure of level m). Let (H, -, <) be a quasi-ordered semi-
group and fix m € Ny. Using the lifted quasi-order =,, and lifted product ®,, defined above,
define

*m : P™(H) x P™(H) — P™"(H)

by the principal up-set at level m:

Awp B = [A®, B)<, = {CeP"(H) | A®, B =, C}.

ket

Then (P™(H), *,,) is a (binary) superhyperstructure of profile (m, m+1, 2) over the base set H,
called the EL-SuperHyperStructure (level m) associated to (H,-, <).

Example 3.16.7 (EL-SuperHyperStructure from sets of tasks (level m = 1)). Continue with
H =N, :=+, and <. Fix m = 1, so P*(H) = P(H). For nonempty A, B C N, the lifted
product is the Minkowski sum

A1 B={a+blac A be B},
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and the lifted quasi-order <; is the Hoare lifting:
A=<,C <+ Vse A3dteC suchthat s <t.
The EL-superhyperoperation x, : P(H) x P(H) — P*(H) is

AxB=[A®,B)x, ={CePH) | A, B=,C}.

Let A be a set of possible durations for task 1 (e.g., best/typical/worst cases) and B a set of
possible durations for task 2. Then A ®; B is the set of all possible minimum total durations.
The value A x; B is a set of sets of durations: it consists of all nonempty sets C that dominate
A ®; B in the Hoare sense, i.e., for every minimum scenario s € A ®; B, the set C contains
some feasible realized time ¢ > s. Thus A x; B models admissible risk buffers / slack policies
that cover all combined scenarios.

3.17 Compact Hypergroup and Compact Superhypergroup

Compact hypergroups are hypergroups whose underlying space is compact (typically compact
Hausdorff) and whose multivalued convolution/product is continuous in the appropriate hyper-
space (e.g., Vietoris) topology, with identity, associativity, and involutive inverse axioms hold-
ing [173H175]. Compact superhypergroups are higher-level analogues built on compact spaces in
which the product maps tuples of (super)elements into iterated hyperspaces (nested set-valued
outputs), and the corresponding “super” versions of continuity, identity, associativity, and inverse
axioms are satisfied.

To speak about compactness, we equip the underlying set with a topology and require the (su-
per)hyperoperation to be continuous as a set-valued map (via the Vietoris hyperspace topology).

Notation 3.17.1. Let X be a compact Hausdorff space. Denote by K(X) the set of all nonempty
compact subsets of X, endowed with the Vietoris topology, whose subbase consists of sets of the
form

U)h= (K eK(X) | KCUY,  (U) = {KeK(X)|KNU + o},
where U C X is open. Define iterated hyperspaces recursively by
KY(X) := X, K (X) = K(K"(X)) (n>0).

(When X is finite with the discrete topology, every subset is compact, so K(X) = P.(X) and
Kn(X) =P (X).)

*

Recall that a (group-like) hypergroup is a triple (H, *, €) with a binary hyperoperation x : H x H —
P.(H) satisfying associativity, identity, and inverses.

Definition 3.17.2 (Compact hypergroup). [173H175] A compact hypergroup is a quadruple
(H, T, %,e) such that:

1. (H,x*,e) is a (group-like) hypergroup.
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2. (H,7) is a compact Hausdorff topological space.

3. The hyperoperation is topologically continuous in the hyperspace sense, i.e.,
x: (HxH, 7 x1)— (K(H), Vietoris), (z,y) — = *xy,

is continuous, where each value x * y is viewed as a nonempty compact subset of H.

Remark 3.17.3. Equivalently, Item (3) means that for every open U C H the sets {(x,y) |
xxy CU} and {(x,y) | (xxy) NU # @} are open in H x H.

Example 3.17.4 (Compact hypergroup from planar rotations). Let
H:=S'={zeC||z| =1},

equipped with the usual (subspace) topology 7, which is compact and Hausdorff. Let the identity
be e := 1 € S! and define the hyperoperation

x: Hx H— K(H), xxy = {zy} (x,y € H),

where IC(H) denotes the hyperspace of nonempty compact subsets of H endowed with the
Vietoris topology. Then (H,*,e) is a (degenerate) hypergroup: associativity, identity, and
inverses hold because * is singleton-valued and induced by the usual group law on S'. Moreover,
the map (x,y) — {zy} is continuous as a map

(H x HyT x T7) — (K(H), Vietoris),
so (H,T,*,e) is a compact hypergroup.
Elements of S! represent planar orientations (angles modulo 27), e.g., a robot’s heading or a

signal’s phase. The product zy corresponds to composing rotations (adding angles mod 2m),
while {xy} records the (set-valued) outcome in hyperspace form.

A level-n superhypergroup is a triple (H,o,e) whose operation returns an n-nested nonempty
set and satisfies strong superhyperassociativity, identity, and inverses via flattening.

Definition 3.17.5 (Compact superhypergroup). Fix an integer n > 1. A compact superhyper-
group of level n is a quadruple (H, T, 0, e) such that:

1. (H,o,e) is a level-n superhypergroup (with the singleton embedding ¢,, and flattening Flat,,).
2. (H,7) is a compact Hausdorff space.

3. The superhyperoperation is continuous as a map into the iterated hyperspace:
o: (HxH, 7x1)— (K"(H), iterated Vietoris), (x,y) —> z oy,

where each value zoy is regarded as an element of " (H) (i.e., an n-nested nonempty compact
set).
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Remark 3.17.6. If H is finite (discrete), then K*(H) = P,*(H) and continuity is automatic.
Hence every finite (super)hypergroup is compact in the above sense.

Example 3.17.7 (Compact superhypergroup (level n) from hierarchical rotation composition).
Fix an integer n > 1 and let (H,7) be as in Example ie, H = S' with its usual
compact Hausdorff topology. Define the level-n superhyperoperation o by the iterated singleton
embedding
tn: H— P*n(H)ﬂ Ll(m) - {I‘}, Ln+1(x) - {Lﬂ(x)}v
and set
o: HxH— P/(H), zoy = ty(2y) (z,y € H),

with identity element e := 1.

Let Flat,, denote the standard flattening (iterated union) map Flat,, : P*(H) — P.(H). Then
the flattened hyperoperation is

zoy = Flat,(zoy) = {zy},

which is exactly the compact-hypergroup operation from Example Hence (H,o,€) is a
level-n superhypergroup (all superhypergroup axioms hold because they hold after flattening to
the underlying group law). In addition, viewing z o y = 1, (zy) as an element of the iterated
hyperspace K"(H ), the map

o: (Hx H,7xT1)— (K"(H),iterated Vietoris)

is continuous (it is the composition of the continuous multiplication (z,y) + zy with the
continuous iterated singleton embedding into K"(H)). Therefore (H,T,0,€) is a compact su-
perhypergroup of level n.

In multi-sensor fusion for orientation/phase, one may store a hierarchical representation of a state
(e.g., raw estimate — filtered estimate — decision-level estimate). The nesting level n models
the layering of representation, while z o y = ¢, (zy) encodes rotation composition consistently
across levels.

3.18 Hyper BCl-algebras and Superhyper BCI-algebras

A BCl-algebra is an algebraic structure (A, —, 0) satisfying BCI axioms, generalizing implication-
based logic; it induces a partial order and supports algebraic reasoning [176-179]. A hyper BCI-
algebra is a set equipped with a binary hyperoperation and a distinguished constant 0 that satis-
fies BCI-type axioms formulated via the induced hyperorder and closure conditions [180H182]. A
superhyper BCI-algebra is an iterated nonempty-powerset lifting of a hyper BClI-algebra, where
the operation and the zero element are lifted recursively so that the same axioms hold at the
higher level (cf. [183]).

Let H # @& be a set. Write P*(H) :={AC H | A # o}.

Definition 3.18.1 (Hyperoperation and subset extension). A binary hyperoperation on H is a
map
o: Hx H— P*(H).

It extends canonically to nonempty subsets by

AoB = |J (aob), (A BeP(H)).

acA, beB
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Definition 3.18.2 (Hyperorder induced by a constant). Fix 0 € H. Define a binary relation <
on H by
r<y <= 0€zxoy.

For A, B € P*(H), define
A<B = (MVacA)(FbeB) (a=b).

Definition 3.18.3 (Hyper BCl-algebra). A triple (H,o0,0) is called a hyper BCI-algebra if
o: HxH — P*(H) is a binary hyperoperation and the following axioms hold for all z,y, z € H:

(Bl) (woz)o(yoz) < zoy.
(B2) (xoy)oz = (roz)oy.
(B3) = < x.

(B4) x <y and y < x imply z = y.

(B5) 0o (0oxz) < z whenever x # 0.

Example 3.18.4 (A concrete finite hyper BCI-algebra). Let
H ={0,1,2}, 0eH
and define the (singleton-valued) hyperoperation o : H x H — P*(H) by
zoy = {max(0,z —y)}  (v,y € H),
where P*(H) = {A C H: A # &}. Equivalently, the table of o is

ol 0 1 2
0] {0} {0} {0}
Li{1} {0} {0}
2] {2y {1} {0}

Define z <y <= 0 € z oy and extend < to nonempty subsets A, B € P*(H) by
A< B <= VYae Adbe B such that a < b.

Then the triple (H, o, 0) satisfies axioms (B1)—(B5) of Definition [3.18.3} hence it is a (nontrivial)
hyper BCl-algebra.

Definition 3.18.5 (Lifted hyperoperation and lifted zero). Let (H, o, 0) be a hyper BCI-algebra.
Define recursively a sequence of carriers, operations, and distinguished zeros:

H®™ .=PrH), 09:=0, 0" .= {0™} (n>0).
Define o(®) := o, and for n > 0 define the lift o*+1) by
ot gt e ) 5 p(HC ) Ao B = { XMWY | X €A, Y eB}
As usual, each o™ extends to nonempty subsets of H™ via unions:

Ao Bi= ] (ac™b), A BeP(H™).

a€A,beB
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Definition 3.18.6 (SuperHyper BCl-algebra of depth n). Fix n € N. With notation as in

Definition [3.18.5] the triple
(H("), o("), O("))

is called an n-SuperHyper BCI-algebra (or a SuperHyper BCI-algebra of depth m) if it satisfies
the hyper BCI axioms (B1)-(B5) of Definition [3.18.3| with H, 0,0 replaced by H™ o™ 0™,

Example 3.18.7 (A concrete SuperHyper BCI-algebra (any depth)). Let H = {0} and define
o:HxH — P*(H) by
000:={0}.

Then (H,o0,0) is a hyper BCl-algebra (all axioms are immediate because there is only one
element).

For any n € N, form the iterated carriers and lifted zero as in Definition
H™ .=Pr(H), 09:=0, 0"+Y.={o™},
Since H = {0}, each H™ is again a singleton, namely
H® — {O(") }.
Moreover the lifted hyperoperation o™ is necessarily the singleton-valued rule
0™ o(m om — £y,

Therefore the triple (H(")jo(”),()(")) satisfies (B1)—(B5) for every n, and hence it is an n-
SuperHyper BCI-algebra (a SuperHyper BCI-algebra of depth n) in the sense of Definition|3.18.6

3.19 UP-hyperalgebras and UP-Superhyperalgebras

A UP-hyperalgebra is a set H with constant 0 and hyperoperation o : H x H — P*(H), satisfy-
ing UP axioms using relation ¢ < y < 0 € z o y, ensuring antisymmetry, zero-dominance, and
closure-like behavior overall [184]. A UP-superhyperalgebra equips H and 0 with a level-n super-
hyperoperation ® : H x H — P**(H); flattening by iterated union yields a UP-hyperalgebra,
capturing nested uncertainty while retaining the axioms.

Definition 3.19.1 (UP-hyperalgebra). [184] Let H be a nonempty set, let 0 € H, and let
o: H x H— P.(H) be a binary hyperoperation. For nonempty A, B C H, define the induced
hyperproduct by

Ao B := U (aob), Aox := Ao{z}, zoB :={x}oB.

acA, beB
Define a relation < on H by
Ty < 0€zxoy (r,y € H),
and extend it to subsets by
A< B <= VYae€ A3be Bsuch that a < b (A,BC H).

Then (H,0,0) is called a UP-hyperalgebra if it satisfies:
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(UPh-1) Vz,y,z € H, (yoz) < (zoy)o(xoz);

(UPh-2) V€ H, xz€0ou;

(UPh-3) Vo € H, z < 0;

(UPh4) Vz,y e H, (z<y N y<za)=x=1y.

Example 3.19.2 (Real-world cybersecurity example of a UP-hyperalgebra). Let H be a finite
set of security postures (states) for an enterprise service, for example

H= {normaLl7 hardened, isolated, maintenance, },

and let 0 € H be a distinguished safe baseline posture (“fail-safe”): the state that is guaranteed
to block external impact (e.g. network isolation plus least privilege).

For two postures x,y € H, define z oy C H to be the set of all postures that can result from
applying the mitigation policy x under the contextual constraints encoded by y. The set-valuedness
models operational nondeterminism: different subsystems (firewall, TAM, service mesh, STEM)
may enforce compatible mitigations in different orders, producing multiple admissible resulting
postures.

Interpret
r<y <= 0€zxoy

as “under context y, applying x guarantees a path to the fail-safe baseline 0”7 (e.g. = triggers
isolation if y indicates an ongoing incident). Then the axioms (UPh-1)-(UPh-4) have a natural
safety meaning;:

o (UPh-2) z € 0 o x says that starting from the fail-safe baseline and applying any posture
x does not lose feasibility of = (baseline can safely transition toward x when allowed).

e (UPh-3) z < 0 says that in the strongest safe context (baseline), every posture admits a
mitigation route back to baseline (recovery is always possible).

e (UPh-4) antisymmetry makes the safety preorder < a partial order: two postures that
mutually guarantee reduction to baseline under each other must in fact be the same posture.

o (UPh-1) expresses a composition-stability principle: if y o z can be driven to baseline, then
after applying a common “control” action x to both y and z, their combined enforcement
(z oy) o (x o z) still preserves the ability to reach baseline.

Hence (H,o,0) provides an abstract UP-hyperalgebra model for nondeterministic mitigation
composition in incident response and security hardening.
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Definition 3.19.3 (UP-superhyperalgebra of level n). Fix an integer n > 1. Let H be a
nonempty set, let 0 € H, and let

®: Hx H— P"(H)

be a binary level-n superhyperoperation (i.e., each x ® y is a nonempty n-nested collection of
elements of H). Define the induced flattened hyperoperation o : H x H — P,(H) by

roy = Mn('x@y) ($7y€H)’

where p, : P"(H) — P.(H) is the iterated-union flattening map above. We call (H,®,0) a

*

UP-superhyperalgebra of level n if the flattened triple (H, o, 0) is a UP-hyperalgebra in the sense
of Definition [3.19.1]

In particular, when n = 1 one has p; = id and the notion reduces to an ordinary UP-
hyperalgebra.

Example 3.19.4 (Real-world cybersecurity example of a UP-superhyperalgebra (hierarchical
mitigation choices)). In modern security orchestration, mitigation is often performed in layers:
organization-wide controls (zero-trust posture), then service-level controls (rate limiting, feature
flags), then host-level controls (EDR quarantine), etc. Each layer may admit multiple valid
choices, producing a hierarchy of alternatives.

Let H and the baseline 0 € H be as in Example [3.19.2l Fix n > 2 and define a level-n
superhyperoperation

xroyePMH)

so that the outer levels encode which mitigation layer (or orchestration playbook family) is
selected, while inner levels encode admissible subsystem-specific implementations within that
layer. Thus z ® y is a nonempty n-nested family of possible resulting postures.

Flattening via p,,
zoy:=p,(x0y) € P.(H),

collects all concrete postures reachable by some chain of hierarchical choices. Declaring (H, ®, 0)
to be a UP-superhyperalgebra of level n precisely requires that this induced (flattened) mitiga-
tion semantics still satisfies (UPh-1)-(UPh-4). Conceptually, it means that even with multi-
layer orchestration branching, the system remains baseline-recoverable, order-consistent, and
composition-stable in the UP-hyperalgebra sense.

3.20 Boolean Hyperalgebras and Boolean Superhyperalgebras

Boolean algebras are distributive complemented lattices (B, V, A,”, 0, 1) modeling classical logic,
with idempotent, associative, commutative operations and De Morgan laws [185-188]. A Boolean
hyperalgebra generalizes Boolean algebra by allowing join to return a nonempty set of elements,
while meet, complement, 0,1 satisfy Boolean-like axioms still formally [189-H191]. A Boolean
superhyperalgebra further lifts join to an iterated nonempty powerset, producing nested outputs;
flattening these outputs yields a Boolean hyperalgebra structure on its carrier.
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Notation 3.20.1. Given a hyperoperation V : A x A — P(A), extend it to subsets X, Y C A

by
XVY = U U (zVy).

zeX yeyYy

Given an ordinary binary operation N : A x A — A, extend it to A x P(A) and P(A) x A by
aNY = {ahy:yeY}, XANa = {zha:zeX}.

(Thus expressions such as aV (bV ¢) and a A (bV ¢) are interpreted via these extensions.)

Definition 3.20.2 (Boolean hyperalgebra). A Boolean hyperalgebra is a sextuple
A: (A7 \/7 /\7 07 17 I)

where A # @,V : Ax A — P(A) is a (set-valued) hyperoperation, A : Ax A — A is an ordinary
binary operation, 0,1 € A are distinguished constants, and ' : A — A is a unary operation, such
that for all a,b,c € A:

(BH1) a € aVaand a=aAa;

(BH2) avb=0bVaand a \Nb=>bAa;

(BH3) aV (bVe)=(aVb)VcandaA (bAc)=(aAb)Ag;
(BH4) a€aV (aAb)and a=aA (aVb);

(BH5) (e €caVbandbeaVb) < aAb=aq;

(BH6) aA(bVe)=(aNb)V(aAec);

(BH7) OVa={a},0Na=0,1€1Va,and 1 Aa= a;

(BH8) aVa ={l}andaAd =0.

Example 3.20.3 (Real-world computer-science example of a Boolean hyperalgebra). Let A be
a finite set of access-control policies for a microservice API, where each element a € A denotes a
concrete policy configuration (e.g. a JSON rule set). Fix two distinguished policies: 0 is the deny-
all policy and 1 is the allow-all policy. Define a’ to be the complement policy (swap allow/deny
outcomes on every request pattern).

In policy management, “OR” is often nondeterministic because a deployment may choose one
of several equivalent safe merges (e.g. due to different precedence rules, tie-breaking among
overlapping rules, or multiple valid normal forms produced by compilers). Model this by a
set-valued operation

aVbCA,
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where a V b is the set of all policy configurations obtainable by sound merge strategies for a and
b (e.g. “prefer explicit denies”, “prefer tenant overrides”, “prefer most specific rule”, etc.). In
contrast, define

aANbe A

as a deterministic conjunction operator implemented by the policy engine, for instance the policy
that permits a request iff both a and b permit it.

With these interpretations, the axioms (BH1)—(BH8) express familiar correctness constraints:
idempotence means merging a policy with itself yields itself among the valid outcomes; com-
mutativity /associativity correspond to merge-order independence up to admissible outcomes; 0
and 1 behave as deny/allow identities; and a VV @’ = {1} together with a A a’ = 0 formalize that
combining a policy with its complement yields the universally permissive policy under “OR”,
while their conjunction yields deny-all. Thus the sextuple (A4, V,A,0,1,) can serve as an ab-
stract Boolean hyperalgebra capturing nondeterministic policy composition in real access-control
pipelines.

Definition 3.20.4 (Boolean n-SuperHyperalgebra). Fixn > 1. A Boolean n-SuperHyperalgebra
is a sextuple
A =4, v A0, 1, )

where A # @, V" : A x A — P"(A) is a superhyperoperation, A : A x A — A is an ordinary
operation, and 0,1 € A, " : A — A, such that the derived (ordinary) hyperoperation

a Vb :=b,(av™b) € P.(A)

makes

(A? \/7 /\7 07 17 /)

a Boolean hyperalgebra in the sense of Definition (Boolean hyperalgebra) above.

Remark 3.20.5. 1. When n = 1, V(") = V and a Boolean 1-SuperHyperalgebra is exactly a
Boolean hyperalgebra.

2. The requirement via b,, is a clean way to ensure that the nested outputs of V("™ are Boolean
at the level of observable (flattened) joins.

Example 3.20.6 (Real-world computer-science example of a Boolean n-SuperHyperalgebra).
Consider a compiler toolchain that transforms access-control policies through multiple stages:

(high-level rules) — (intermediate normal forms) — (low-level engine code).

At each stage, the compiler may generate multiple semantically equivalent artifacts (e.g. be-
cause of different optimization passes, rule reordering, or target-specific backends), and those
alternatives may branch again at the next stage. This creates a hierarchy of choices.

Let A again be the set of deployable (final) policy artifacts, with 0, 1,” interpreted as in Exam-
ple|3.20.3] and keep A as a deterministic conjunction at the final level. For a fixed n > 2, define
a superhyperoperation

VMDA x A— Pr(A)
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as follows: for two policies a,b € A, the value a V™ b is an n-nested nonempty collection
whose elements encode stage-wise families of admissible merged outputs. Informally, the outer
levels represent choices of compiler/back-end families, while inner levels represent choices of
optimizations and rewrites within a family, ultimately yielding concrete deployable artifacts in

A.

Flattening the nested set of alternatives,
aVb = b,(aV™b) e P, (A),

produces exactly the set of all deployable merged policies reachable through some chain of com-
pilation choices. Requiring that (A, V, A,0,1,’) is a Boolean hyperalgebra then guarantees that,
despite the multi-level branching, the induced merge behavior at the deployable level satisfies
the same Boolean-style correctness constraints as in Example Hence (A4,V™ A0,1,7)
models a Boolean n-SuperHyperalgebra capturing multi-stage, hierarchical nondeterminism in
policy compilation and deployment.



Chapter 4

HyperStructure and SuperHyperStructure
in Discrete Mathematics and Combina-
torics

In this chapter, we investigate hyperstructures and superhyperstructures in discrete mathematics
and combinatorics. Discrete mathematics studies countable structures like graphs, logic, sets,
and algorithms, focusing on finite or enumerable objects and proofs [192]. Combinatorics inves-
tigates counting, arrangements, and structures; it analyzes permutations, combinations, graphs,
and extremal properties of finite systems [193]. For reference, Table summarizes classical
concepts in discrete mathematics and combinatorics together with their hyper and superhyper
counterparts.

4.1 HyperGraph and SuperHyperGraph

Graphs and hypergraphs are fundamental combinatorial models for discrete structures. A clas-
sical (undirected) graph can be viewed as a special case of a hypergraph in which every edge
contains exactly two vertices [194]. In contrast, a classical hypergraph permits an edge to
connect an arbitrary (finite) number of vertices, making it suitable for representing multiway re-
lationships [195-197]. As related concepts of hypergraphs, directed hypergraphs [198,/199], fuzzy
hypergraphs [200H202], soft hypergraphs [203,204], and neutrosophic hypergraphs [205.206] are
also known.

Definition 4.1.1 (Hypergraph [196,207]). A hypergraph is a pair H = (V(H), E(H)) where
V(H)#@ and E(H)C P (V(H)).

Throughout this book both V(H) and E(H) are assumed to be finite. Elements of V(H) are
called vertices, and elements of E(H) are called hyperedges.

Example 4.1.2 (A small hypergraph). Let V(H) = {1,2,3,4}. Define the hyperedge family
E(H)={e,es,e5} with e ={1,2}, es ={2,3,4}, e5 = {1,3}.
63
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Table 4.1: Classical concepts and their hyper/superhyper counterparts in discrete mathematics
and combinatorics.

Classical Concept HyperConcept SuperHyperConcept
Graph HyperGraph SuperHyperGraph
Game HyperGame SuperHyperGame
Automaton HyperAutomaton SuperHyperAutomaton
Formal language HyperLanguage SuperHyperLanguage
Algorithm HyperAlgorithm  SuperHyperAlgorithm

Floorplan (VLSI / layout) HyperFloorplan SuperHyperFloorplan

ez = {2,3,4}

yov

e

| J

V(H) = {1,2,3,4}

Figure 4.1: A small hypergraph H with hyperedges e; = {1,2}, e; = {2,3,4}, and e3 = {1, 3}.

Equivalently, one may write
H=(V(H),E(H)) with E(H)CP(V(H)).

Here e; is a genuine hyperedge of size 3, while ey, e3 are ordinary edges of size 2. Thus H is a
finite hypergraph in the sense of the definition. For reference, the graph of this concrete example

is shown in Fig.

A SuperHyperGraph carries this idea further by forming vertices and edges from iterated pow-
ersets of a base set; this viewpoint has appeared in several recent contexts [15,/17,208,209)|.
Reported applications include, among others, molecular structure modeling, complex network
analysis, and signal processing [35,210-213]. As an extension, concepts such as Plithogenic
SuperHyperGraphs are also known [214-217].

Definition 4.1.3 (n-SuperHyperGraph). [15,16,35] Fix a finite base set V; and a level n € Ny.
An n-SuperHyperGraph over Vj is a triple

suG™ = (v, E, 9),

where
o VCP™(V,) is a finite set of n-supervertices;
o« ECP(V)is a finite set of (super)edge identifiers;
o 0:FE — P(V)is an incidence map sending each edge to a nonempty finite subset of V.

For e € E, the set O(e) C V is called the (super)edge incidence set.
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Example 4.1.4 (A 2-SuperHyperGraph over a three-element base set). Let the base set be
Vo = {a,b,c}.

Fix n = 2. Then P?(Vy) = P(P(Vy)), so a 2-supervertex is a set of subsets of Vj.

Choose three 2-supervertices:

vy := {{a}, {a,b}}, vy := {{b},{b, c}}, vs := {{c}}.

Let
V = {v1,v9,v3} € P*(Vp).

Define two superedge identifiers E = {e1,e3} € P(V) and an incidence map 9 : E — P*(V) by

d(e1) = {v1,v2}, 0(e2) = {v1,v2,v3}.

Then O(e;) is a nonempty finite subset of V' for each 7, so J is a valid incidence map.

Hence

SHG® = (V, E,0)

is a concrete 2-SuperHyperGraph over Vj in the sense of Definition Intuitively, vy, va, V3
represent clusters of clusters of base vertices, and each superedge connects several such clusters
at once via its incidence set.

A useful way to view an (m, n)-SuperHyperGraph is as a hypergraph of transformers. Vertices
are not atomic points but concrete set-to-set operators f : P,,(S) — P, (S) defined on a fixed
base set .S, while each hyperedge is a finite nonempty family of such operators, intended to encode
a shared context, compatibility constraint, or joint interaction among the corresponding rules.
The (h, k)-ary extension replaces unary transformers by multi-input/multi-output ones, namely
maps (P,,(9))" — (P.(S))*, thereby allowing a vertex to combine several m-level sources and
produce k output channels [218].

Notation 4.1.5. For a nonempty base set S define iterated powersets by
Po(S) := S, Pri1(S) := P(Pm(S)) (m € Ny),

so that P1(S) = P(S), P2(S) = P(P(S)), etec. We also write X" := X x --- x X for h € N.
———

h copies

Definition 4.1.6 ((m, n)-superhyperfunction). [219,220] Let m,n € Nand S # &. An (m,n)-
superhyperfunction on S is a map

[ Pu(S) — Pa(S).

Definition 4.1.7 ((m,n)-SuperHyperGraph). [218] Fix m,n € N and a nonempty base set S.
Let

Sm,n(S) = {f:Pm(S) HPn(S) }
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An (m,n)-SuperHyperGraph is a pair
SHG™™ = (V,€),

where V' C §,, ,,(S) is a nonempty set of vertices (each vertex is a concrete (m, n)-superhyperfunction)
and

G#E C P(V)\ {2}

is a nonempty family of nonempty hyperedges. Each E € & is interpreted as a finite collection
of superhyperfunctions that are to be considered jointly (e.g., as mutually consistent rules or as
a context-dependent bundle).

Example 4.1.8 (A (1,2)-SuperHyperGraph of transformer-vertices). Let S = {a, b} and take
(m,n) = (1,2). Then
Pi(S)=P(S),  P:(S)=P(P(S)).

Hence a vertex is a concrete map f : P(S) — P(P(S9)).

~—

Vertices (two (1,2)-superhyperfunctions). Define f, g : P(S) — Pa(S) by
f(A):={A, S\ A}, g(4):={A, Au{a}}, (ACSH).

Each value is a set whose elements are subsets of S; thus f(A),g(A) € P(P(S)) = Pa(S5).
Therefore f,g € §1.2(9).

Set
Vi={f g} C 51,2(5)-

Hyperedges (contexts bundling vertices). Define a nonempty family of nonempty hyper-
edges by

£:={E, E}, Ei:={f}, E:={fg}
Then @ # E CP(V)\ {o}.

Concrete evaluation. For A = {b} C S, one has

o) = {{o}.{a}},  g({o}) = {{b}.{a, b} }.

Thus the hyperedge Es = {f, g} represents a context in which the two transformers f and g are
considered jointly.

Therefore SHG!? = (V,€) is a concrete (m,n)-SuperHyperGraph in the sense of Defini-
tion @17

For convenience, a compact comparison between an n-SuperHyperGraph and an (m, n)-SuperHyperGraph
is presented in Table
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Table 4.2: Compact comparison: n-SuperHyperGraph vs. (m,n)-SuperHyperGraph.

Item

n-SuperHyperGraph

(m, n)-SuperHyperGraph

Base data

Vertex type

A finite base set Vj (universe for iter-
ated powersets).
Supervertices are n-level objects:

VCcP™"(W).

Edge / incidence Identifiers F with an incidence map
model

0:E—PV)\{o}.
What is “higher Higher level is in the objects (vertices
level”? live in P™(Vp)).

Typical reading

Relation to classical

hypergraphs

Each supervertex represents an aggre-
gated entity; each superedge links mul-
tiple supervertices by incidence.
Recovered by taking n = 0 and V' C
Vo.

A nonempty base set S (universe for
iterated powersets).
Vertices are concrete
superhyperfunctions:

(mvn)'
V C FmanlS) ={f : Pu(S) = Pu(S)}-

Hyperedges are subsets of V:
@£ ECPV)\{z}.

(Equivalently, encode each hyperedge
by an identifier plus an incidence map.)
Higher level is in the morphisms (ver-
tices are maps Pp,(S) = P (9)).
Each vertex is a set-to-set transformer;
each hyperedge groups transformers to
encode joint constraints or contexts.
Shifts the focus from n-level sets to set-
valued transformers as vertices (Defini-

tion 4.1.7)).

Definition 4.1.9 ((h, k)-ary (m,n)-superhyperfunction)
(h, k)-ary (m,n)-superhyperfunction on S is a map

Writing F'(A4, ..

[220] Let h,k € N and m,n € N. An

F i (Pu(S)" — (Pu(S))".

mined by h many m-level inputs.

., Ap) = (B1, ..., By), each component B; € P, (S) is an n-level object deter-

Definition 4.1.10 ((h, k)-ary (m,n)-SuperHyperGraph). [218] Fix m,n,h,k € N and S # @.

Let

SHGE

S () = { F : (Pn(S)" — (Pa(S))" }.
An (h, k)-ary (m,n)-SuperHyperGraph is a pair

mh = (V,E),

m,n)

@£V CFhE(S),

o +€CPWV)\{2).

Example 4.1.11 (A (2,2)-ary (1, 1)-SuperHyperGraph). Let the base set be

S ={a,b,c},

m=n=1,

Then P;(S) = P(S), so a vertex is a concrete map

F: (P(S)) — (P(5))".

h=Fk=2.

Two vertices (two transformer-vertices). Define two (2,2)-ary (1, 1)-superhyperfunctions

Fl,Fg by

Fi(A,B):= (AUB, AN B),

Fy(A, B) := (AAB, B\ A),
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Table 4.3: Compact  comparison: (m,n)-SuperHyperGraph  vs.  (h,k)-ary  (m,n)-
SuperHyperGraph.
Category (m, n)-SuperHyperGraph SHG™™ = (h, k)-ary (m, n)-SuperHyperGraph
V.€) SHG(WE, = (V. €)
Underlying base A nonempty base set S and levels A nonempty base set .S, levels m,n € N,
data m,n € N. and arities h, k € N.

Vertex meaning

Input—output inter-
face
Interpretation

Hyperedges

Specialization

Each vertex is a concrete (m,n)-
superhyperfunction f Pm(S) —
Pn(S).

One m-level input A € P,,(S) mapped
to one n-level output f(A) € P, (9).
Unary rule/transformer: one source —
one hierarchical output.

o #E& C P(V)\ {@}; each hyperedge
groups finitely many vertices (rules).

Recovered as the case (h, k) = (1,1).

Each vertex is a concrete (h,k)-
ary (m,n)-superhyperfunction F :
(P ()" = (Pa(S)".

h inputs (A1, ..., Ap) mapped to k out-
puts F'(Ay,...,Ay) = (Bu,..., Bg).
Multi-input, multi-output transformer:
fuses h sources and returns k output
channels.

Same formalism for £, but grouped ver-
tices are multi-ary, multi-output trans-
formers.

Strictly generalizes the unary model
when h # 1 and/or k # 1.

for all A, B C S, where AAB = (A\ B)U (B \ A) is the symmetric difference. Clearly, each
output component is a subset of S, hence F}, F5 € 31212(5')

Set the vertex set

Vi={R, B} C §1(9).

Hyperedges (contexts bundling vertices). Define a nonempty family of nonempty hyper-

edges by

g = {El,EQ }, E1 = {F1}7

Then @ #E CP(V)\ {0}.

E2 = {Fb FQ}

Concrete evaluation (interpretation). For example, with A = {a, b} and B = {b, ¢},

Fl(A, B) = ({a, ba C}v {b})7

Fy (A,

B) = ({a,c},{c})-

Thus F; outputs two channels (union and intersection), while Fy outputs two other channels
(symmetric difference and the “B minus A” part). The hyperedge E; = {F}, F>} represents a
context in which these two transformers are considered jointly.

Therefore

SHG:) =

1,1 —

(V;€)

is a concrete (h, k)-ary (m,n)-SuperHyperGraph in the sense of Definition |4.1.10

For convenience, Table [4.3[ summarizes the difference between the unary and the arity-extended

models.
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4.2 Hierarchical SuperHyperGraph

A hierarchical superhypergraph is a superhypergraph whose vertices live across multiple powerset
levels, with edges allowed to join mixed-level supervertices, while maintaining downward-closure
coherence (cf. [221},222]).

Definition 4.2.1 (Support map and edge-support). Define the support map Supp : V —
P(Vo) \ {0} recursively by

Supp(v) :={v} (v€ V),  Supp(X):= ] Supp(y) (X € V\ 1),

yeX

and for each e € E define its base support (a hyperedge on V;) by

o(e) = [JSupp(z) € P(Vo)\ {0}.

xree

Definition 4.2.2 (Hierarchical SuperHyperGraph of height 7). Let Vj be a finite, nonempty
base set. For k > 0 define iterated powersets

Pi(Vo) :=Vo,  P*H(Vp) :=P(PH(V0)),

and fix an integer r > 0. Set the hierarchical universe

T

Uve) = |J (P )\ {03).

k=0
For z € U, (V}), define its level
{(z) == min{k €{0,1,...,7r} 2 € P*(V) }.
A hierarchical superhypergraph of height r on Vj is a pair
H" = (V, E)

such that

(H1) (Hierarchical vertex set) V is a finite nonempty set with
V < U (Vo).

Elements of V' are called hierarchical supervertices.

(H2) (Cross-level edges) F is a finite family of nonempty subsets of V:
ECPV)\{0}.

Elements of E' are called hierarchical superhyperedges. In particular, a superhyperedge may
contain supervertices of different levels.

(H3) (Coherence / downward closure) If X € V and £(X) > 1, then
XCW

Equivalently, whenever a higher-level supervertex is present, all its immediate constituents
are also present as supervertices.
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For each k € {0, ...,r} we define the k-th layer by

Vi .= {zeV: lx)=Fk}, so that V:Ukzom'

Example 4.2.3 (A hierarchical SuperHyperGraph of height » = 2). Let the base set be
Vo ={a,b,c}, r=2.
Then

Ua(Vo) = (Vo) U (P(V) \{0}) U (P*(Vo) \ {0}):

Hierarchical vertex set. Define the following supervertices:
Vo ={a,b,c},
ZTap :={a,b}, wpe:={b,c}, zu:={a,b,c},
Xi={{a} {a,0}} = {{ah v}, Xoi={{b,c}{a,b,¢}} = {@e, anc }-

Set
V= {a7b7 Cy Taby Lhey Tabe) XlaXQ}‘

Then V' C Us(Vy) and V # 0.

Levels and layers. By construction,
l(a) =4(b) =£(c) =0, Uzap) = Uxpe) = UTape) = 1, (X)) =0(X,) =2.

Hence

‘/0 = {(17 ba C}v ‘/1 = {xabvxbcaxabc}u ‘/2 = {XI)X2}'

Coherence (downward closure). Since X; = {{a},zu} and X3 = {xpe, Tape }, we have
X<V, X, CV,

so condition (H3) holds: every immediate constituent of each level-2 supervertex is included in

V.

Cross-level edges. Define a finite family of hierarchical superhyperedges E C P(V) \ {0} by
€1 1= {(I, $ab7 Xl }7 €o 1= {b7 xbca X2 }7 €3 = {Xb X27 xabc}'
Set F := {e;, e, e3}. Each e; is nonempty and may mix levels 0, 1,2, so (H2) is satisfied.

Support map and edge-support. The support map Supp : V' — P (V) \ {0} is computed
recursively:

Supp(a) = {a}, Supp(b) = {b}, Supp(c) = {c},
Supp(z.) = Supp({a,b}) = {a,b}, Supp(zs.) = {b,c}, Supp(zw.) = {a,b,c},
Supp(X1) = Supp({a}) U Supp(zw) = {a} U{a,b} = {a, b},
Supp(X2) = Supp(xy.) U Supp(Zape) = {b,c} U{a,b,c} = {a,b,c}.
Hence the base supports o(e) = |J,c. Supp(x) are:
o(e1) = Supp(a) U Supp(z,p) U Supp(X;) = {a} U{a,b} U{a,b} = {a,b},
o(ez) = Supp(b) U Supp(zs.) U Supp(Xs) = {b} U {b,c} U{a,b,c} ={a,b,c},
o(e3) = Supp(X;) U Supp(X2) U Supp(Zape) = {a,b} U{a,b,c} U{a,b,c} ={a,b,c}.

Therefore H® = (V,E) is a hierarchical SuperHyperGraph of height » = 2 in the sense of
Definition with the support and edge-support given by Definition [£.2.1
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Level 2 : V5

___________________________________

_________________________________

_______________________________________________

\
! :
H 1
! i Legend:
! H hierarchy
1
! 1
\ ’
STTTTTTTTTTTTTTTTTTTTTTTToTTmmooommommmmmmmmme e hyperedge incidence
Figure 4.2: A hierarchical SuperHyperGraph of height r = 2 for V =

{a7b7caxabaxbcaxabch17X2} and F = {61762763}7 where €1 = {aaxabaXl}v
€2 = {b7 xbcaXQ}a €3 = {X17X2axabc}-

4.3 Recursive SuperHyperGraph

A Recursive HyperGraph is a hypergraph whose hyperedges may contain ordinary vertices
and also lower-level hyperedges as elements, enabling nested, self-referential incidence up to
a bounded recursion depth [223/224].

Definition 4.3.1 (Depth-k powerset universe). [223224] Let S be a (nonempty) set and let
k € NU{0}. Define a hierarchy of sets (S;);>0 by

Sy = S, Si::P(USj> (i >1).
=0

The depth-k powerset universe over S is

Definition 4.3.2 (k-recursive hypergraph). [223,224] Let V be a (finite) vertex set and let
k€ NU{0}. A k-recursive hypergraph is a pair

H=(V,E)

such that
E g 2V,k \ {Q}a
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where 2y, is the depth-k powerset universe from Definition applied to S = V.

In particular, for & = 0 one has 2y = P(V) and thus E C P(V) \ {0}, i.e., H reduces to an
ordinary hypergraph.

Example 4.3.3 (A l-recursive hypergraph). Let V = {a,b,c} and take k& = 1. By Defini-
tion [£.3.1] (with S = V),

So=V, S =PSo)=P(V), 2v1=P(SUS) =PV UPY)).

Hence an admissible edge at depth 1 may contain ordinary vertices (elements of V') and also
vertez-sets (elements of P(V)).

Define three nonempty edges:
e; :={a,b} e P(V) CVUP(V),

e :={c, {a,b}} CVUPV),
es :={{b}, {a,c}} CVUPV).

Here e, is genuinely recursive, since it contains the vertex ¢ and also the set {a,b} € P(V).

Let
FE = {61, €9, 63}.

Then each e; # () and E C 2y \ {0}. Therefore
H=(V,E)

is a concrete 1-recursive hypergraph in the sense of Definition [£.3.2]

An (n, k)-recursive SuperHyperGraph has level-n supervertices (iterated powersets) and depth-k
recursive edges that may include supervertices and lower-level edges as elements. We restrict to
well-founded recursive superhyperedges (no membership cycles).

Definition 4.3.4 ((n, k)-recursive SuperHyperGraph). Fix a base (ground) set V; and let n, k €
NuU{0}.

(Iterated powersets). Define the iterated powersets by

P(Vo) =Vo,  P"(Vo) =P(P"(Vo)) (n>0).

A (n, k)-recursive SuperHyperGraph is a pair
RSHG™M = (V, E)

satisfying:
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(i) (Hierarchical supervertez set). V.C P™(Vp).

(i) (Recursive superhyperedge family). E C 2y \ {0}, where 2y is the depth-k powerset
universe constructed from S = V as in Definition [£.3.1]

Consistency checks. If k = 0, then E C P(V) \ {0} and one recovers the usual (non-recursive)
n-SuperHyperGraph. If n = 0, then V' C V; and one recovers a k-recursive hypergraph on the
(ground) vertex set.

Example 4.3.5 (A (2, 1)-recursive SuperHyperGraph). Let the ground set be Vj = {a, b}, and
take n = 2 and k = 1. Then P?(Vp) = P(P(V;)) consists of sets of subsets of V.

Supervertices. Choose two level-2 supervertices

vy 1= {{a}}, Vg 1= {{a},{b}}.
Set V := {vy, v} C P*(Vp).

Recursive edge universe at depth k = 1. From Definition [£.3.1] applied to S = V, we have
SO — V, Sl — P(S()) — P(V), 2V,1 — P(SO U Sl) — P(V U P(V))

Thus an admissible edge at depth 1 may contain vertices (elements of V') and also vertez-sets

(elements of P(V)).

Recursive superhyperedges. Define two edges:
€ = {Ul,Ug} S P(V) g Vv UP(V),
es :={v1, {va} } SV UP(V).

Note that ey is genuinely recursive: it contains the vertex v; and also the subedge-like object
{v2} € P(V). Set
E :={e,ez}.

Then each e; is nonempty and E C 2y \ {0} holds.

Therefore RSHG*Y = (V, E) is a concrete (n, k) = (2,1)-recursive SuperHyperGraph in the
sense of Definition [£.3.4]

Definition 4.3.6 ((m,n, k)-recursive SuperHyperGraph). Fix a nonempty base set S and in-
tegers m,n € Ny and k € Ny. Let P;(S) be the iterated powersets from Notation and
let

3m,n(5) = {f:/Pm(S)%,Pn(S)}

be the class of (m, n)-superhyperfunctions on S.

A (m,n, k)-recursive SuperHyperGraph on S is a pair
RSHG™"™"(S) = (V,E)

satisfying:
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(i) (Vertex set of transformers) V C §,, ,(5) is a finite nonempty set.

(ii) (Depth-k recursive edge family) F is a finite family of nonempty sets with

E C 2y, \ {0},

where 2y, is the depth-k powerset universe over V' from Definition [£.3.1]

(iii) (Well-foundedness) Each e € E is well-founded under membership: there is no member-
ship cycle zg € x1 € -+ € Ty = x( inside the transitive closure of e.

Elements of V' are called functional supervertices (or transformer-vertices), and elements of E
are called recursive superhyperedges.

Remark 4.3.7. When k = 0, one has 2y, = P(V), so edges are ordinary hyperedges E C
P(V)\{0}. For k > 1, an edge may contain vertices and also lower-level “edge-like” objects
(sets built from V'), capturing nested incidence up to recursion depth k.

Example 4.3.8 (A (1,1, 1)-recursive SuperHyperGraph of transformers). Let the base set be
S ={a,b}, and take m = n =k = 1. Then P;(S) = P(S) = {0, {a}, {b}, {a,b}}.

Vertices (transformers). Define two (1, 1)-superhyperfunctions f, g : P(S) — P(S) by
FA):=AU{a),  g(A)=AUD)  (ACS).

Let
Vi={f,9} €81.1(5).

Recursive edge universe at depth k£ = 1. As before,

SO - Vv, Sl - P(V), 2\/71 - P(V U P(V))

Recursive superhyperedges. Define two edges
er:={f,gy €eP(V)SVUPV), ex:={f {g}}SVUPV).

Set E :={ey,e2}.

Well-foundedness. There is no membership cycle: e, contains {g}, but {g} contains only g,
and none of these sets contains e, again. Hence each edge is well-founded under membership.

Therefore RSHG! Y (S) = (V, E) is a concrete (m,n,k) = (1,1, 1)-recursive SuperHyper-
Graph in the sense of Definition [.3.6]
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Lemma 4.3.9 (Constant-vertex embedding). Let Vi # 0 be a base set and fit n € Ny. For each
X € P.(Vo) \ {0}, define the constant map

cx @ Vo =Po(Vo) — Pu(Vo), cx(v) =X (ve).
Then cx € Fon(Vo). Moreover, the assignment
v Pu(Vo) \ {0} — B0 (Vo),  u(X) =cx

1S injective.

Proof. By definition, Py(Vy) = Vi, and cx maps Vj into P, (Vp), so cx € Fo.(Vo). If cx = ¢y,
then evaluating at any v € V; yields X = cx(v) = ¢y (v) =Y, so ¢ is injective. O

Theorem 4.3.10 (Generalization to (m,n)-SuperHyperGraphs and (n, k)-recursive SuperHy-
perGraphs). Let S # () and m,n, k € Ny.

(a) (Recovering (m,n)-SuperHyperGraphs). Every (m,n,0)-recursive SuperHyperGraph
on S is exactly an (m,n)-SuperHyperGraph (in the sense of Definition .

(b) (Embedding (n, k)-recursive SuperHyperGraphs). Fiz a finite base set Vi and integers
n,k € Ng. Let RSHG™Y = (V, E) be an (n, k)-recursive SuperHyperGraph as in Defini-
tion so VCP,(Vy) and E C 2y, \ {0}. Assume V C P,(Vy) \ {0} (i.e. no empty

supervertex).

Define
VE={(X)| X €V} C Fonl(Va),

where 1(X) = cx is the constant-vertex embedding from Lemma . Extend v to a map
U 2y — 2y recursively by:
Ux):=u(z) (zeV), WA) :={t(a) |a € A} (A a set built from V at any depth < k).
Set
E*:={i(e) | e € E}.

Then RSHG""*) (Vy) := (V*, E*) is a (0, n, k)-recursive SuperHyperGraph, in the sense of
Deﬁnition and U induces an isomorphism between the recursive edge systems (V, E') and
(VE E*). In particular, (m,n,k)-recursive SuperHyperGraphs generalize (n,k)-recursive
SuperHyperGraphs up to canonical relabeling of vertices.

Proof. (a) If k =0, then by Definition we have
2‘/70 - P(V)

Hence the edge condition E C 2o\ {0} becomes E C P(V)\ {0}, which is exactly the hyperedge
condition in Definition The vertex condition V' C §,,,(S) is also identical. Therefore a
(m,n,0)-recursive SuperHyperGraph is precisely an (m,n)-SuperHyperGraph.

(b) By Lemma each +(X) = cx lies in o, (Vo), so VF C Fo..(Vp). Since V is finite and
VE

nonempty, so is
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Next, because ¢ : V' — V¥ is bijective onto its image and 7 is defined by applying ¢ at depth 0
and then taking images level-by-level, 7 is a bijection

T 2V,k — 2V”,k

(the inverse is obtained by replacing cx back by X and again taking images recursively). There-
fore E* C 2y+ 4 \ {0} is finite and consists of nonempty sets.

Well-foundedness is preserved because 7 is an isomorphism of membership structures: a member-
ship cycle among elements in the transitive closure of e exists if and only if the corresponding cycle
exists in the transitive closure of 7(e). Hence (V*, E*) satisfies all items of Definition with
m = 0, the same n, and the same recursion depth k. This shows that every (n, k)-recursive Super-
HyperGraph (with nonempty supervertices) is canonically representable as a (0, n, k)-recursive
SuperHyperGraph whose vertices are constant (0, n)-superhyperfunctions. O

4.4 HyperGame and SuperHyperGame

HyperGame is a collection of each player’s subjective strategic games, capturing asymmetric
beliefs about others’ strategies and payoffs under adversarial uncertainty contexts [225-228].

Definition 4.4.1 (HyperGame). A HyperGame is a collection
H = {Gi, G, ..., G,},
where each player’s perceived game is
G = (N, Si, Ui)a

with
o N =1{1,2,...,n} the set of players,
o Si={Si1,Si2,...,5} the strategy spaces as perceived by player 1,
o U;={Ui1,Us,..., Uy} the utility functions as perceived by player i.

If for all « € N one has S; = S and U; = U, then H = {G} reduces to the classical game
G=(N,S,U).

Example 4.4.2 (A two-player HyperGame with asymmetric perceptions). Let N = {1,2}.
The objective interaction is a Prisoner’s-Dilemma-type situation, but each player misperceives
the other’s strategy set and payoff magnitudes.

Player 1’s perceived game. Let player 1 believe that both players have only two strategies

Sll = SIQ = {CvD}7
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and that payoffs are given by the usual Prisoner’s Dilemma utilities
Un(C,C) =3, Un(D,C) =5, Un(C,D)=0, Un(D,D) =1,
Ui2(C,C) =3, Uio(D,C) =0, Uyin(C,D) =5, Ui2(D,D) = 1.
Thus player 1’s perceived game is G; = (N, S, U;) with S; = {S11, S12} and Uy = {Uyy, Ura}.

Player 2’s perceived game. Let player 2 believe that player 1 has an additional “mixed”
option M (e.g. a probabilistic or partially cooperative behavior), so that

So1 ={C,D, M}, Sye = {C, D}.
Player 2 also believes the payoffs are less extreme (e.g. due to risk aversion), such as
Us1(D,C) =4, Un(C,C) =3, Un(D,D) =2, Un(C,D) =1,
and with M interpreted as an intermediate behavior:
Us (M, C) = 3.5, U1 (M, D) = 2.0,

with U, defined analogously for player 2’s own payoffs. Hence player 2’s perceived game is

G2 = (Na 527U2)-

HyperGame. The corresponding HyperGame is the collection
H - {G17 G2}7

where each G is the game as perceived by player i. Since S; # S5 (and similarly U; # Us), this
does not collapse to a single classical game.

SuperHyperGame is a recursive, iterative hierarchy of games about games, modeling multiple
levels of players’ beliefs regarding others’ perceived strategies and payoffs [229,230].

Definition 4.4.3 (n-SuperHyperGame). [230] Let N = {1,2,...,n} be a finite set of players,
and let
QIN)={G=(N,S,U)| S={5,..., 5.}, U={U,...,U,}}

denote the collection of all classical strategic games on N. Define the iterated powersets of Q(N)
by
POQ(N)) = Q(N),  PHQN)) = PP QV)) (k> 1),

Then an n-SuperHyperGame is any element
H € P"(QN)),
that is, a set of (n — 1)-SuperHyperGames. Equivalently, one may write
H={H'H* .., H"}, H'CP'(QN)),
where each H is the k-th level HyperGame and its members are perceived games
GE = (N, St UY). ieN.

with S¥ the strategy set and UF the utility function at level k as perceived by player i.

In particular:

P'(Q(N)) = {HyperGames on N},

and
P?(Q(N)) = {sets of HyperGames},

and so on, up to the n-th level.
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Example 4.4.4 (A 2-SuperHyperGame: beliefs about perceived games). Let N = {1,2} and
let Q(N) be the set of classical strategic games on N. A 2-SuperHyperGame is an element of

P*(Q(N)) = P(P(Q(N))),

i.e. a set of HyperGames.

Consider two possible “level-1” HyperGames (two different descriptions of the players’ percep-
tions):

e« HO = {G\,GY € PHQ(N)), where G\, G are as in Example (player 2
believes in the extra strategy M).

e H® = {GIV,GP} € PHQ(N)), where both players now believe the other has only
{C, D}, but player 1 believes payoffs are “high-stakes” while player 2 believes payoffs are
“low-stakes” (i.e. Ul(llj) #+ UQ(?), etc.).

Define the 2-SuperHyperGame by
H={H" H®} € P*(Q(N)).

Interpretation: the external analyst (or a higher-order belief model) represents uncertainty be-
tween two distinct HyperGames, each of which already encodes first-order misperceptions by the
players. Thus H is a concrete 2-SuperHyperGame: a set of HyperGames (games about perceived
games).

4.5 HyperAutomata and SuperHyperAutomata

We introduce the concept of a HyperAutomaton, which is defined using the powerset construction.
The formal definition is presented below (cf. [231]). Note that this definition has been refined
based on the use of the powerset construction, improving upon the version originally given
in [231].

Notation 4.5.1 (HyperAutomaton). Let Vi be a finite set of base states. We define the
hyperstate space as the powerset

P(Vo) ={X [ X C Vo}.

Definition 4.5.2 (HyperAutomaton). (cf. [231]) A HyperAutomaton is a quintuple
H= (Q7 27 5) 9o, F))

where

o QQ CP(Vp) is the finite set of hyperstates.
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e Y is a finite input alphabet.

e 0:QxYX — P(Q) is the hypertransition function, which assigns to each hyperstate
and input symbol a set of successor hyperstates.

e qo € Q is the initial hyperstate.

o F C (@ is the set of accepting hyperstates.

Example 4.5.3 (A HyperAutomaton recognizing “some member contains a”). Let the base set
be Vi = {a, b}, and let the input alphabet be ¥ = {0, 1}. Define the hyperstate set Q@ C P (V)

by
Q= {q(z) = ®7 qo ‘= {a}v Qv ‘= {b}a qab = {CL, b} }

Interpret a hyperstate ¢ € ) as the current set of possible active atoms.

Choose the initial hyperstate go = ¢p, and let the accepting hyperstates be those containing a:

F= {qg,’ qab}-

Define the hypertransition function § : Q x ¥ — P(Q) by
6(q,0) ={q}  (¢€Q),

and
{q(l}7 q = q@a
5(q’ 1) — {Qab}a q i ab,
{qa}’ q - QGv
{Qab}7 q = qap-

Thus input symbol 0 leaves the hyperstate unchanged, while input symbol 1 ensures that a is
present (possibly together with b if b was already present).

Hence

H= (QazaévqmF)

is a concrete HyperAutomaton in the sense of the definition. For example, starting from gy, the
word 1 leads to d(gg, 1) = {q.} C F, so the word 1 is accepted, while the word 0 stays at gy ¢ F
and is rejected.

We introduce the concept of a n-SuperHyperAutomaton, which is defined using the powerset
construction. The formal definition is presented below(cf. [231]). Note that this definition has
been refined based on the use of the nth-powerset construction, improving upon the version
originally given in [231].

Definition 4.5.4 (n-SuperHyperAutomaton). (cf. [231]) An n-SuperHyperAutomaton is a quin-
tuple
S(TL) = (Q7 27 67 9o, F)v

where
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o Q CP"(Vp) is the finite set of n-superstates.
e Y is a finite input alphabet.

o 0:QxX — P(Q) is the superhypertransition function, mapping each n-superstate and
input symbol to a set of n-superstates.

e o € Q is the initial n-superstate.

e F C ( is the set of accepting n-superstates.

Example 4.5.5 (A 2-SuperHyperAutomaton whose superstates are sets of hyperstates). Let
Vo = {a,b} and ¥ = {0, 1} as in Example Fix n = 2. Then

P2(Vo) = P(P(V))

S0 a 2-superstate is a set of subsets of Vj, i.e. a set of hyperstates.

Define a finite superstate set @ C P?(Vp) by
Q={Qu:=1{0}, @ = {{a}}, @ = {{0}}, Q5= {{a}. {0}, Qu:= {{a,b}} }.
Intuitively, each Q; is a collection of possible hyperstates.

Take the initial 2-superstate gy = Qo = {0}. Declare as accepting those superstates that contain
at least one hyperstate containing a:

Define the superhypertransition function 6 : @ x ¥ — P(Q) by
0(Q.0)={Q} (QeQ),
and, for input 1, by the “apply-a-insertion” rule:
5@ 1) ={{Au{a} |4€ @} }.

This is well-defined because {A U {a} | A € Q} € P*(V}), and in fact lands in our chosen finite
list:

5(Qe 1) ={{{a}} ={Q}, 8@ ={{ab}}} ={Q),  6Qu1)={{{a}. {a.0}}}.

(If desired, one may enlarge @ to include {{a}, {a,b}} so that 6(Q3,1) C Q strictly.)

Hence
8(2) = (Q72757 QO7F)

is a concrete 2-SuperHyperAutomaton in the sense of the definition: its states are elements of
P?%(Vp), and transitions map to sets of such 2-superstates.
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4.6 HyperLanguage and SuperHyperLanguage

A hyperword is a nonempty subset of all finite words over an alphabet, while a hyperlanguage
is a collection of such nonempty subsets (hyperwords). The definitions and related concepts are
outlined below [232].

Definition 4.6.1 (Hyperword and Hyperlanguage). (cf. [233,[234]) Let X be a finite alphabet,
and let X* denote the set of all finite words over ..

1. A hyperword over ¥ is a nonempty subset of 3*. In other words, a hyperword is an element
of the power set P(X*).

2. A hyperlanguage over X is a set of hyperwords over Y. Thus, a hyperlanguage H is a subset
of P(¥*). Formally:
H CP(¥).

A hyperlanguage can therefore be viewed as a set of sets of words over 3.

Example 4.6.2 (Hyperword and hyperlanguage over a binary alphabet). Let ¥ = {0,1}. Then
>* is the set of all finite binary strings.

Hyperword. Define the hyperword
wW:={0, 1, 01, 10} C ¥*.

This is a nonempty subset of >*, hence a hyperword.

Hyperlanguage. Define a hyperlanguage H C P(X*) by
H :={W, Weven, Wpa },
where
Weven :={w € £* | |w| is even }, Wpat :={w € £ | w is a palindrome }.

Then H is a set of hyperwords (a set of sets of words), hence a hyperlanguage.

Definition 4.6.3 (Natural Hyperword and Natural Hyperlanguage). [235},236] Let W be the
set of well-formed expressions (words, phrases, sentences) in a chosen natural language. Then:

1. A natural hyperword is any nonempty subset of W; formally, it is an element of

PW)\ {0}
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2. A natural hyperlanguage is a collection of natural hyperwords; that is, any set

HLnar © PW).

Example 4.6.4 (Natural hyperword and natural hyperlanguage). Let VW be the set of well-
formed English expressions (words/phrases/sentences). Consider the nonempty subset

What := {“bank”, “river bank”, “financial bank”} C W.

This is a natural hyperword, representing a small ambiguity cluster around the token “bank”.

Define a natural hyperlanguage by collecting several such ambiguity clusters:
Lo = { W, Welise, W) € POW),
where, for example,
Weharee . — fecharge”, “legal charge”, “battery charge”},

nat

WEiteh .— fepitch”, “musical pitch”, “sales pitch”}.

nat

Thus HL,at is a collection of natural hyperwords, i.e. a natural hyperlanguage.

An n-superhyperword is a nested set resulting from n iterated powersets of expressions; an
n-superhyperlanguage is any collection of words. The definitions of n-Superhyperword and n-
Superhyperlanguage are presented below [237H239].

Definition 4.6.5 (n-Superhyperword and n-Superhyperlanguage). [239] We now generalize
this construction to multiple levels. Define the iterated power sets as follows:

POUE*) = %%, PHUZY) :=P(P*(¥)), forall k> 0.

1. An n-superhyperword over ¥ is an element of P™(X*). In particular:
PH(E*) = P(*) consists of hyperwords,

P?(L*) = P(P(X*)) consists of sets of hyperwords, and so forth.

2. An n-superhyperlanguage over ¥ is a subset of P"(X*). Formally:

L C P*(%).

Thus, an n-superhyperlanguage is a set of (n — 1)-superhyperwords, generalizing the concept of
a hyperlanguage to n-th level power sets of words.
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Example 4.6.6 (A 2-superhyperword and a 2-superhyperlanguage). Let ¥ = {a,b}. A 2-
superhyperword is an element of P?(X*) = P(P(X*)), i.e. a set of hyperwords.

Define two hyperwords:
Wi :={a, ab, aab} C ¥*, Wy :={b, ba, bba} C ¥*.

Then the set
W .= {Wl,WQ} c P(P(E*» = 732(2*)

is a concrete 2-superhyperword (a set of hyperwords).

Now define a 2-superhyperlanguage by taking a subset of P?(3*), for example
L® = {W, W} C P*(x"),
where W’ is another 2-superhyperword, e.g.

W= { {aa, aba}, {bb, bab} }

Thus L® is a 2-superhyperlanguage: a set of 2-superhyperwords.

Definition 4.6.7 (Natural n-SuperHyperLanguage). Let WV be the set of well-formed expres-
sions in a chosen natural language. We define iterated power sets:

PO(W) =W, PkH(W) = P(Pk(W)),
for £k > 0.

1. A natural n-superhyperword is any element of P™(W). Concretely,
P'W) =P(W) (hyperwords),

PEW) = P(PW)), P*W) =P(P(POW))),

2. A Natural n-SuperHyperLanguage, denoted L,,, is defined as
L, € P*(W).

Hence, £, is a collection of (n — 1)-superhyperwords, but each level is taken over the set W
of natural-language expressions rather than a purely formal alphabet.

Example 4.6.8 (A natural 2-superhyperword and natural 2-superhyperlanguage). Let VW be
the set of well-formed English expressions. Define two natural hyperwords (level 1 objects):

Whank := {“bank”, “river bank”, “financial bank”} C W,
What 1= {“bat”, “baseball bat”, “bat (animal)”} C W.

Then
Wamb = {Wbank7 Wbat} € PQ(W)

is a natural 2-superhyperword (a set of natural hyperwords).

Define a natural 2-superhyperlanguage by collecting such 2-superhyperwords:
EQ = {Wamb7 Wtech} - 7)2(W)7
where, for instance,

Weiech := {{“port”, “harbor port”, “network port”},

{“cell”, “biological cell”, “battery cell”}} € P*(W).
Thus £, is a natural 2-SuperHyperLanguage in the sense of Definition [4.6.7]
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4.7 HyperAlgorithm and SuperHyperAlgorithm

A hyperalgorithm maps each input to a nonempty set of possible outputs or execution paths,
representing nondeterministic computation explicitly [240|. A superhyperalgorithm iterates hy-
peralgorithmic outputs into nested powerset levels, modeling hierarchical nondeterminism and
multi-stage uncertainty across computations [240]. The definition of a Hyperalgorithm is pro-
vided below.

Definition 4.7.1 (Hyperalgorithm). [240] Let I and O be nonempty sets. Suppose that H =
(P(O),0) is a hyperstructure on O (i.e., the operation o is defined on the powerset P(0)). Let

A={A:1>0]ieJ}

be a finite collection of algorithms, where each A; is a total computable function. A Hyperalgo-
rithm is a function

A:1—P(O)
defined by
A(z) = o({Ai(:n) 1€ J}) forall x € I.

In other words, a Hyperalgorithm aggregates the outputs of a family of algorithms via a hyper-
operation o on O. Notice that if o is chosen to be degenerate (i.e., always returns a singleton),
then the Hyperalgorithm reduces to a conventional multialgorithm.

Example 4.7.2 (A hyperalgorithm that aggregates two heuristics by a powerset-level hyperop-
eration). Let I = Z and O = Z. Consider two total (computable) algorithms A;, Ay : I — O
defined by

Ai(x) ==z, Ay(x) := —u.

Thus for any input z, the candidate outputs are {A;(x), As(x)} = {z, —z}.

Define a powerset-level hyperoperation o : P(O) — P(O) by
o(S) :=Su{0} (S CO).

(So o is an operation on P(O), hence yields a hyperstructure H = (P(O), o) in the sense assumed
in the definition.)

Now define the hyperalgorithm A : I — P(O) by
(@) = o({Ay(2), As(2)})-

Then, explicitly,
A(x) = {o,~2} U {0} = {o,—2,0}  (z € 2).

Hence the hyperalgorithm returns a set of admissible outputs that aggregates two algorithms
and adds a default option 0.

The definition of a n-Superhyperalgorithm is provided below.
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Definition 4.7.3 (n-Superhyperalgorithm). Let I and O be nonempty sets. Suppose that
SH, = (P.(0),0™) is an n-superhyperstructure on O, where P, (O) denotes the n-th powerset
of O (constructed recursively as in the preliminaries) and o™ is an n-superhyperoperation on

(
P,.(0). Let
A={A,:1—-0|ieJ}

be a finite collection of algorithms. An n-Superhyperalgorithm is a function
A™ T - P,(0)

defined by
A (z) = o™ ({Az(x) i€ J}) for all z € I.

This definition generalizes the hyperalgorithm by operating within the richer structure of the
n-th powerset. In particular, when n =1 (so that P;(O) = P(0O)), the n-superhyperalgorithm
coincides with the hyperalgorithm.

Example 4.7.4 (A 2-superhyperalgorithm producing a nested family of candidate outputs).
Let I = Z and O = Z, and keep the algorithms A, (z) = z, Ay(z) = —z from Example [4.7.2]
Fix n = 2, so P»(0) = P(P(0)).

Define an n-level superhyperoperation o(® : P(O) — P,(O) by

o®(8):= {8, SU{0}} (SCO).

Thus 0@ (S) is a set of subsets of O, i.e. an element of Py (0).

Define the 2-superhyperalgorithm A® : I — P,(O) by
A®) (z) = 0(2)({A1(x), Ag(ﬂs)})

Then for each x € Z,

AD(@) = { {z,~a}, {z,~2,0} } € P,(2).

Interpretation: the output is nested—it records two alternative candidate-sets (raw vs. aug-
mented by a default 0), thereby illustrating how a superhyperalgorithm can encode hierarchical
choice /uncertainty beyond a single hyperoutput set.

4.8 HyperFloorplan and SuperHyperFloorplan

Let us now build a hyperfloorplan starting from the set of modules S. We first consider the
powerset P(S) [241]. Elements of P(S) are all possible subsets of modules. Our overarching
goal is to capture geometric feasibility in a hyperoperation (cf. [242]).

Definition 4.8.1 (Hyperfloorplan). (cf. [241,242]) Let S = {M;,...,M,,} be a finite set of
rectangular modules, and let P(S) be its powerset. We say that a subset X C S admits a feasible
floorplan if there exists a classical slicing—or non-slicing—arrangement of the modules in X
within some bounding rectangle satisfying all area, aspect-ratio, non-overlap, and connectivity
constraints.
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Define a hyperoperation

o : P(S) x P(S) — P(P(S))

by
AoB = {X CS|AUBC X and X admits a feasible ﬂoorplan}.

Then the hyperfloorplan of S is the hyperstructure

HF(S) = (P(S), o).

Example 4.8.2 (A hyperfloorplan on three modules). Let S = {M;, My, M3} be three rectan-
gular modules. Assume the following (simplified) feasibility rule:

A subset X C S admits a feasible floorplan if and only if | X| < 2.

This toy rule models a situation where any one or two modules can be placed without violating
constraints, but placing all three simultaneously violates, e.g., aspect-ratio or wiring constraints.

For A, B C S, the hyperoperation in Definition becomes

AoB={XCS|AUBC X and |X|<2}.

For instance, take A = {M;} and B = {M>}. Then AU B = {M;, M}, and the only superset
X C S with | X| <2is X ={M;, My}. Hence

{My} o {Ms} = {{M;, M} }.

On the other hand, if A = {M;, My} and B = {M3}, then AU B = S has size 3, so there is no
feasible X C S containing A U B under the rule | X| < 2; therefore

{M,, My} o {M3)} = 0.

Thus HF(S) = (P(S), o) is a concrete hyperfloorplan hyperstructure, whose outputs enumerate
all feasible supersets extending a required module-set.

An n-superhyperfloorplan organizes hierarchical sets of modules using iterated powersets and
feasibility constraints across n abstraction levels for multi-layer layout (cf. [241}242]).

Definition 4.8.3 (n-Superhyperfloorplan). (cf. [242]) Let S = {M, ..., M,,} be a finite set of
atomic modules, and define recursively the k-th powerset

We now introduce a feasibility predicate F} on subsets of Py (.S):
e F(X) holds for X C P;(S) if and only if there exists a classical (slicing or non-slicing)

floorplan of the modules in X within some bounding rectangle, satisfying all area, aspect-
ratio, non-overlap, and interconnection constraints.
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o For k> 1, F;,(X) holds for X C Py (S) if and only if

(i) There exists a bounding rectangle R and an arrangement of the “supermodules” X
inside R satisfying the usual floorplanning constraints at level k.

(ii) Every element Y € X, viewed as a subset Y C P,_(5), satisfies F;,_;(Y).

For a fixed n > 1, define the hyperoperation
0, : Pu(S) X -+ X Pp(S) — P(Pal9))

m times

by
Ay on Ay oy -0 Ay = { X € Pu(S) | |JAi € X and F(X) .
=1

The n-superhyperfloorplan of S is the hyperstructure
SHF, = (Pn(S), on).

Example 4.8.4 (A 2-superhyperfloorplan with supermodules). Let S = {M;, My, M3}. Fix
n =2, so

Pi(S) =P(S),  Pa(S) =P(P(5)).
Elements of Py (.S) are collections of module-subsets, which we interpret as supermodules (clusters
of clusters).

Adopt the following simplified hierarchical feasibility predicates:

o Fi(X) holds for X C P;(S) if and only if every A € X has |A| < 2. (This means: at the
base level, each selected module-set can be floorplanned.)

o F5(X) holds for X C P,(S) if and only if each Y € X satisfies F;(Y'). (This means: each
chosen supermodule is itself feasible at level 1.)

Now choose two level-2 inputs (two required supermodules)
Ay = {{M},{Ma}} € Py(9), Ay = {{M}, {M3}} € Py(S9).
Take m = 2 (two inputs) in the definition of o,. Then

A1 O2A2:{X€P2(S) ‘ A1UA2§Xand FQ(X) }
A simple feasible choice is
X() = A1 U Ag = {{Ml}, {Mg}, {M3}} € PQ(S),

and indeed Fy(Xj) holds because every element of X is a singleton subset of S, hence satisfies
the level-1 constraint |A| < 2. Therefore

Xo € Ay oy Ay,

so the 2-superhyperfloorplan output is nonempty. In words, Xj is a feasible level-2 supermodule
collection that contains both required supermodules A; and A,.

Thus SHF; = (P2(S), 02) is a concrete 2-superhyperfloorplan hyperstructure, capturing feasi-
bility constraints across two abstraction levels.






Chapter 5

SuperHyperUncertain Logic

In the literature, many uncertainty-aware logical frameworks are known, such as Fuzzy Logic, In-
tuitionistic Fuzzy Logic, Neutrosophic Logic, Plithogenic Logic, Four-valued Logic [243245], and
Many-valued Logic [246,247). These frameworks can also be extended by using HyperStructures
and SuperHyperStructures. In this chapter, we describe SuperHyperUncertain Logic. For refer-
ence, Table summarizes classical uncertainty-aware set concepts and their hyper/superhyper
counterparts.

5.1 SuperHyperFuzzy Set

The Fuzzy Set is a well-known concept used to address uncertainty in set theory [248-250|. In
the field of fuzzy set theory, related concepts such as bipolar fuzzy sets [251,252], interval-valued
fuzzy sets [253H255], m-polar fuzzy sets |256|, spherical fuzzy sets [257,258], Linear Diophan-
tine fuzzy sets [259}260|, and hesitant fuzzy sets |261,[262] are also known. These sets can be
extended into Hyperfuzzy Sets [263,264] and SuperHyperfuzzy Sets [265] using hyperstructures
and superhyperstructures. The definition is provided below .

Definition 5.1.1 (Fuzzy Set). [248] A fuzzy set T in a non-empty universe Y is a mapping
7:Y —[0,1]. A fuzzy relation on Y is a fuzzy subset 0 in Y x Y. If 7 is a fuzzy set in Y and
0 is a fuzzy relation on Y, then ¢ is called a fuzzy relation on T if

d(y,2z) <min{r(y),7(2)} forally,zecY.

Definition 5.1.2 (HyperFuzzy Set). [6}7,19,266] Let X be a non-empty set. A hyperfuzzy set
over X is defined as a mapping;:

fi: X = P([0,1]) \ {0},
where P([0,1]) \ {0} represents the family of all non-empty subsets of the interval [0, 1].

For each element x € X, fi(z) assigns a non-empty subset of [0, 1], representing the possible
membership degrees of x in the hyperfuzzy set. This definition generalizes classical fuzzy sets by
allowing the membership degree of each element to be a range (set of values) instead of a single
scalar value.

89
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Table 5.1: Classical uncertainty-aware set concepts and their hyper/superhyper counterparts.

Classical Concepts HyperConcepts SuperHyperConcepts
Fuzzy set Hyperfuzzy set SuperHyperFuzzy set
Neutrosophic set Hyperneutrosophic set  SuperHyperNeutrosophic set
Plithogenic set Hyperplithogenic set SuperHyperPlithogenic set
Uncertain set Hyperuncertain set SuperHyperUncertain set
Soft set Hypersoft set SuperHyperSoft set
Rough set Hyperrough set SuperHyperRough set
Near set Hypernear set SuperHyperNear set
Weighted set Hyperweighted set SuperHyperWeighted set
Z-number Hyper Z-number SuperHyper Z-number
D-number Hyper D-number SuperHyper D-number
Grey set Hypergrey set SuperHyperGrey set

Example 5.1.3 (Hypercrowd-satisfaction as a HyperFuzzy Set). Let
X = {R1,R2,R3}

be three restaurants. A hyperfuzzy set i : X — P([0,1])\ {0} can model uncertainty/variability
in customer satisfaction scores by assigning each restaurant a set of plausible membership degrees.

Define i by
a(R1) =[0.70,0.90], a(R2) = {0.50,0.60,0.70}, (R3) = [0.20,0.40] U {0.60}.

Each fi(Ri) is a nonempty subset of [0, 1], so i is a HyperFuzzy Set. Interpretation: R1 has
consistently high satisfaction (an interval), R2 has three typical discrete rating levels, and R3 is
mostly low but sometimes rated highly.

A (m, n)-Superhyperfuzzy Set maps m-level nested subsets of X to n-level nested fuzzy membership-
value subsets in [0, 1], capturing distinct hierarchical fuzzy uncertainty patterns. The definition
of the (m,n)-SuperhyperFuzzy Set is presented below.

Definition 5.1.4 ((m, n)-SuperhyperFuzzy Set). Let U be a universe of discourse and let A C U
be nonempty. Fix integers m,n > 0. Define the m-th nested power-set of A by

PY(A) = A, PHA) =P (P (4) (k> 1),

and similarly define P"([0,1]) for the unit interval. An (m,n)-SuperhyperFuzzy Set on A is a
function

T:P™(A) — P"(]0,1])

such that for each X € P™(A), the image 7(X) C [0,1] is nonempty. In other words, the
“membership grade” of the (possibly nested) element X is not a single number but a set of
values—intervals and/or discrete points—drawn from [0, 1].

Example 5.1.5 (A (1, 2)-SuperhyperFuzzy Set on a small universe). Let U = {a, b, c} and take
A =U. Choose (m,n) = (1,2). Then

PHA)=P(4),  P[0,1]) = P(P([0,1])),
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Table 5.2: A concise comparison of fuzzy, hyperfuzzy, and (m,n)-superhyperfuzzy sets.

Fuzzy Set HyperFuzzy Set (m, n)-SuperHyperFuzzy

Set

Universe / Y (yeY) X (zeX) A C U, inputs

domain X e P"(A)

Membership map 7:Y — [0, 1] X — P([0,1]) \ {0} T:P™(A) = P"([0,1])

(type)

Output meaning  single degree nonempty set of degrees n-level nested (nonempty)
family of degree-sets

Uncertainty point-valued uncertainty one-level set-valued hierarchical / multi-level

captured uncertainty fuzzy uncertainty

Special-case — recovers fuzzy sets via recovers fuzzy /hyperfuzzy

relation singletons {r} via parameter choice and
canonical embeddings

Typical example 7(y) = 0.7 i(x) =10.6,0.8] or 7(X) =

output {0.5,0.7} {{0.8},[0.75,0.85]} for
(’ITL, n) - (17 2)

so T assigns to each subset X C A a nonempty family of nonempty subsets of [0, 1].

Define 7 : P(A) — P?([0,1]) on representative inputs by
r({a}) = {{0.8}, [0.75,0.85]}, r({b}) = {{0.4,0.5}},
~({a,0}) = { [0.60,0.70], {065}},  7(0) = {{0}},

and similarly for the remaining subsets (any nonempty elements of ([0, 1]) may be chosen).

Each value 7(X) is a nonempty subset of P([0, 1]), hence 7(X) € P?([0,1]), and every “leaf” set
of degrees is nonempty. Therefore 7 is a concrete (1,2)-SuperhyperFuzzy Set. Interpretation:
each X C A has multiple admissible membership-degree sets (e.g. from different assessors or
methods), capturing two-level (nested) fuzzy uncertainty.

For reference, we provide a concise comparison of fuzzy, hyperfuzzy, and (m, n)-superhyperfuzzy
sets in Table 5.2l

5.2 SuperHyperNeutrosophic Set

A Neutrosophic Set models uncertainty using three membership functions: truth (77), indeter-
minacy (), and falsity (F'), which satisfy:

0<TH+IT+F <3.

[267,268]. As related concepts of neutrosophic sets, hesitant neutrosophic sets [269], bipolar neu-
trosophic sets [270-272], spherical neutrosophic sets [273,274], and interval-valued neutrosophic
sets [275-278| are also known. These sets can be extended into HyperNeutrosophic Sets [8] and
SuperHyperNeutrosophic Sets using hyperstructures and superhyperstructures [279}280].
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Table 5.3: A concise comparison of fuzzy sets and neutrosophic sets.

Fuzzy Set Neutrosophic Set

Universe Nonempty set X Nonempty set X

Membership  de- Single membership function g4 : Three functions Ta, 4, Fs : X —

scription X — [0,1] [0,1]

Interpretation Degree of membership (truth) T=truth (presence), I=indetermi-
nacy, F'=falsity (absence)

Constraints 0<pa(r)<1 0 <Tu(x)+ Ia(z)+ Fa(x) <3

Information cap- One scalar per element Three components per element, ex-

tured plicitly representing uncertainty/in-
determinacy

Special-case rela- — Fuzzy sets are recovered e.g. by set-

tion ting Ia(z) = 0 and Fu(x) = 1 —
Tu(x)

Definition 5.2.1 (Neutrosophic Set). [268,[281] Let X be a non-empty set. A Neutrosophic
Set (NS) A on X is characterized by three membership functions:

TAIX*)[O,l], IAZXH[O,”, FAZX%[O,:[],

where for each € X, the values Ts(z), Ia(x), and F4(x) represent the degrees of truth,
indeterminacy, and falsity, respectively. These values satisfy the following condition:

For reference, we provide a comparison of fuzzy sets and neutrosophic sets in Table

Definition 5.2.2 (HyperNeutrosophic Set). [19,[282] Let X be a non-empty set. A mapping
fi - X — P([0,1]%) is called a HyperNeutrosophic Set over X, where P([0, 1]) denotes the family
of all non-empty subsets of the unit cube [0, 1]3. For each x € X, i(z) C [0, 1] represents a set
of neutrosophic membership degrees, each consisting of truth (7°), indeterminacy ([), and falsity
(F') components, satisfying:

0<T+I1I+F<3.

Example 5.2.3 (HyperNeutrosophic medical assessments). Neutrosophic sets are among the
concepts widely used in fields such as medical assessments and medical analysis (cf. [283-286]).
Let X = {Alice, Bob} be two patients being screened for a disease. Define a mapping fi : X —

P([0,1]?) by assigning to each patient a nonempty set of possible neutrosophic triples (T, I, F'),
where T is truth (presence), I indeterminacy, and F' falsity (absence).

Set
f(Alice) = {(0.85,0.10,0.05), (0.80,0.15,0.05)},
f(Bob) = {(0.60,0.25,0.15), (0.65,0.20,0.10)}.

Each triple satisfies 0 < T+ 1+ F < 3; e.g., 0.854+0.104+0.05 = 1.00 and 0.60+0.25+0.15 =
1.00. Hence [t is a HyperNeutrosophic Set on X in the sense of the definition. We present a
schematic illustration of the concrete example in Fig. [5.1
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fi(Alice)

((0.85,0.10,0.05)] [(0.80,0.15,0.05”] Triple: (T, 1, F)

T'=truth, I=indeterminacy, F'=falsity

f(Bob)
(0.60,0.25,0.15)]  (0.65,0.20, 0.10)}] 0STILF<1, 0<T+I+F<3

Figure 5.1: Schematic view of a HyperNeutrosophic set /i : X — P([0,1]?) on X = {Alice, Bob}.

Definition 5.2.4 ((m,n)-SuperhyperNeutrosophic Set). [287] Let U be a universe of discourse
and let A C U be nonempty. Fix m,n € NU {0}. Define recursively

POUA) =4, PHA)=PPF1A) (k>1),
and analogously for P™([0,1]*). An (m, n)-SuperhyperNeutrosophic Set on A is a mapping
pr PT(A) — P((0,1])

such that for each X € P™(A) the value (X)) is nonempty and every triple (T, I, F') occurring
at level 1 inside p(X) satisfies

0 <T+I+F < 3.

Equivalently, U,_,1(1(X)) C [0,1]? is nonempty and consists of triples obeying T'+ I + F < 3,
where U,,_,; denotes iterated union (flattening) from level n to level 1.

Example 5.2.5 (A (1,2)-SuperhyperNeutrosophic Set). Let U = {a,b} and take A = U.
Choose (m,n) = (1,2). Then P'(A) = P(A), and P*([0,1]*) = P(P([0,1]*)).
Define p : P(A) — P*([0,1]*) by specifying its values on representative inputs:

p({a}) = {{(0.90,0.05,0.05)}, {(0.80,0.15, 0.05), (0.75,0.20,0.05)}},

u({b}) = {{(0.50,0.30,0.20)}},

n({a,b}) = {{(0.70,0.20,0.10)}, {(0.65,0.25,0.10)}},

u(®) = {{(0,0,0)}}.

Each p(X) is a nonempty set of nonempty subsets of [0, 1], hence u(X) €
every triple (T, I, F') appearing at the leaf level satisfies 0 < T+ 1 + F <
0.05 = 1.00, 050+030+020—100 ete.).

P2([0,1]3). Moreover,
3(eg 0.90 4 0.05 +

Thus 4 is a concrete (1,2)-SuperhyperNeutrosophic Set on A: each subset X C A is assigned
a family of alternative neutrosophic assessments, encoding a second level of uncertainty (e.g.,
multiple experts or multiple diagnostic modalities).
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5.3 SuperHyperPlithogenic Set

A Plithogenic Set is a mathematical framework that incorporates multi-valued degrees of appur-
tenance and contradictions, making it suitable for complex decision-making processes [288-293].
Various studies have been conducted on Plithogenic Sets [2941[295]. The definition is presented
below.

Definition 5.3.1 (Plithogenic Set). [292,294] Let S be a universal set, and P C S. A
Plithogenic Set PS' is defined as:

PS = (P,v, Pv, pdf,pCF)

where:

e v is an attribute.
e Puv is the range of possible values for the attribute v.
o pdf : P x Pv— [0,1]° is the Degree of Appurtenance Function (DAF).

o pCF : Pv x Pv — [0,1]" is the Degree of Contradiction Function (DCF).
These functions satisfy the following axioms for all a,b € Puv:

1. Reflexivity of Contradiction Function:
pCF(a,a) =0

2. Symmetry of Contradiction Function:

pCF(a,b) = pCF(b,a)

Definition 5.3.2 (HyperPlithogenic Set). [282,296] Let X be a non-empty set, and let A be
a set of attributes. For each attribute v € A, let Pv be the set of possible values of v. A
HyperPlithogenic Set HPS over X is defined as:

HPS = (P7 {Ui ;L:lv{P’Ui ;L:lv{p&fi}?:lapCF)

where:

e P C X is a subset of the universe.
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e For each attribute v;, Pv; is the set of possible values.

e For each attribute v;, p&fi : P x Py, — ]5([0, 1]%) is the Hyper Degree of Appurtenance
Function (HDAF), assigning to each element x € P and attribute value a; € Pv; a set of
membership degrees.

o pCF : (U, Pv;) x (U, Pv;) = [0,1]" is the Degree of Contradiction Function (DCF).

Example 5.3.3 (HyperPlithogenic evaluation of smartphones). Fuzzy sets, neutrosophic sets,
and plithogenic sets have been used in applications such as the evaluation of smartphones and
PCs [297H299]. Let

X = {A,B,C}

be three smartphone models and set P = X. Consider two attributes:
v; = Battery Life, P, = {Short, Moderate, Long},
vg = Camera Quality, P,, = {Low, Medium, High}.
Take s = 1 (scalar degrees), so P([0,1]*) = P([0,1]).

Define the Hyper Degree of Appurtenance Functions pdf, : P x P,, — P([0,1]) and pdf, :
P x P,, — P([0,1]) by, for example:

pdf, (A, Long) = {0.70,0.75},

pdf , (A, Moderate) = [0.50, 0.60],
pdf, (B, Long) = [0.80,0.90],
pdf,(C, Short) = {0.30,0.40},

and ~
pdf (A, High) = [0.65, 0.80],

pdf ,(C, Medium) = {0.55,0.60}.
Each value is a nonempty subset of [0, 1], hence lies in P([0, 1]).

Define the Degree of Contradiction Function pC'F : (P,, U P,,)? — [0,1] (take t = 1) by
pCF(a,a) =0 for all a,
pC F(Short, Long) = 0.9,
pCF(Low, High) = 0.8,
and extend symmetrically: pCF(a,b) = pCF(b,a).

Then ) )
HPS = (Pv {vr,v2},{ Py, P, }, {pdfl,pdfg},pCF)

is a concrete HyperPlithogenic Set over X: each (x,a) is assigned a set of possible degrees, and
contradictions between attribute values are quantified by pC'F.
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A (m,n)-SuperhyperPlithogenic Set assigns m-level parameter-subsets and their attribute val-
ues to n-level fuzzy-contradiction degree-sets, capturing multi-faceted membership and inter-
attribute conflicts and uncertainty patterns. The definition of the (m, n)-SuperhyperPlithogenic
Set is presented below.

Definition 5.3.4 ((m,n)-SuperhyperPlithogenic Set). Let X be a nonempty set and let V =
{v1,...,v;} be a finite set of attributes. For each v € V', let P, be the set of its possible values.
Fix positive integers m,n and positive dimensions s,¢. Define the m-th nested powerset of X
by

PUX) =X, P(X)=P(P (X))

(r=1),

and similarly P ([0, 1]) for the s-dimensional unit cube. An (m, n)-SuperhyperPlithogenic Set
over X is the quintuple
(m,n)

SHP(m’n) = (Pm(X)v v, {Pv}v€V7 {pglfv }veV: pCF(myn))a

where
(i) P™(X) is the domain of “super-elements” of level m.
(ii) For each v € V, P, is the finite set of its values.

(iii) The Hyper Degree of Appurtenance Function

7 (mvn) .

pdf,  :P™(X)x P, — P"([0,1]°)
assigns to each (A,a) with A € P™(X) and a € P, a nonempty subset pglfim’n)(A, a) C

[0, 1]° representing all possible membership-degree vectors of dimension s.

(iv) The Degree of Contradiction Function

pCFmm . (U P,,) x (U Pv> —[0,1]*

veV veV

satisfies for all a, b:
(a) pCF™"(a,a) = 0 (reflexivity),

(b) pCF™™ (a,b) = pCF™™ (b, a) (symmetry).

Example 5.3.5 (A (2,2)-SuperhyperPlithogenic Set). Let X = {A,B} be two projects under
evaluation and take m = n = 2. Then

PHX) =P(X),
P*(X) = P(P(X)).
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Choose two attributes
v; = Risk, P,, = {Low, High},

vy = Cost, P,, = {Cheap, Expensive}.

1, so degrees are scalars and contradiction values lie in [0, 1], and P?([0,1]) =

A level-2 super-element is a subset A € P?(X). Fix

A= {{A},{A,B}} € P*(X).

Define hyper degrees of appurtenance pglffg) : P(X) x P, — P?([0,1]) by specifying, for
example,

pglfgifﬁ(A, High) = {{0.70,0.75}, [0.72,0.78]},
~ (272)
pdeisk (A7 LOW) = {{030}}7
P&fg;zi(A, Cheap) = {{0.60,0.65}},

pdf o) (A, Expensive) = {{0.80}, [0.78,0.85]}.

Each value is a nonempty set of nonempty subsets of [0, 1], hence an element of P?([0, 1]).

Define the contradiction function pCF®? : (P, U P,,)? — [0,1] by
pCF®?(a,a) =0,  pCF®?(Low, High) = 0.9,

pCF*? (Cheap, Expensive) = 0.8,
with symmetry pC F 2 (a,b) = pCF*2 (b, a).

Thus the quintuple
SHP®D = (PX(X), {ur, 2}, {Po, P}, {pifs” pif "}, pOFE)

is a concrete (2, 2)-SuperhyperPlithogenic Set: its domain elements are level-2 nested subsets of
X, its membership values are level-2 nested degree-sets in [0, 1], and contradictions are quantified
by pCF®2),

5.4 SuperHyperUncertain Set

An Uncertain Set maps each element to an admissible uncertainty degree in a fixed domain,
unifying fuzzy, intuitionistic, neutrosophic, and plithogenic semantics [300]. A HyperUncertain
Set assigns each element a nested family of admissible degree-tuples via iterated powersets, cap-
turing grouped or multi-source uncertainty [19]. A SuperHyperUncertain Set maps higher-level
powerset objects to nested families of admissible degree-tuples, combining hierarchical inputs
with hierarchical uncertainty outputs [19].
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Definition 5.4.1 (Uncertain Set). [300] Let X be a nonempty universe of discourse. Fix
an integer 7 > 1 and a set D C [0,1]" (the admissible degree domain), typically specified by
constraints (e.g., D = [0,1] for fuzzy sets; D = {(u,v) € [0,1]? | u+ v < 1} for intuitionistic
fuzzy sets; etc.).

An uncertain set (of type D) on X is a mapping
w:X — DCI0,1]".

For each x € X, the value pu(z) € D is interpreted as an r-tuple of membership degrees assigned
to x.

Definition 5.4.2 (HyperUncertain Set). [300] Let X be a nonempty universe, fix integers r > 1
and n > 1, and fix a degree domain D C [0, 1]".

A (level-n) hyperuncertain set on X (with degree domain D) is a mapping
p: X — P*(D) (or,if desired, 1 : X — P (D))
such that, for every x € X, the flattened value satisfies
Flatn(ﬁ(x)) C D.

Interpretation: fi(z) is an n-level nested family of admissible degree-tuples, encoding “sets of
candidate degrees”, possibly with higher-level grouping (scenarios, sources, experts, etc.). The
classical hyperuncertain case is n = 1, where pi(z) C D is simply a (possibly non-singleton) set
of admissible degree-tuples.

Definition 5.4.3 (SuperHyperUncertain Set). [300] Let X be a nonempty base set. Fix integers
m > 1 (the super level), n > 1 (the hyper level), and r > 1. Fix a degree domain D C [0,1]".

A (m,n)-superhyperuncertain set on X with degree domain D is a mapping
pmm s P(X) — PM(D)  (or, if desired, p"™ : P™(X) — P}(D))
such that, for every A € P™(X),

Flat,(u™™(A)) C D.

5.5 SuperHyperSoft Set

A soft set maps each parameter to a subset of the universe, representing approximate descrip-
tions without requiring membership grades explicitly [301H303]. A hypersoft set maps tuples
of attribute-values to universe subsets, capturing multi-attribute parameterization and uncer-
tainty across combined descriptors systematically overall [288,304-306]. Related notions such
as fuzzy hypersoft sets [307H309], hypersoft expert sets [3104312], and neutrosophic hypersoft
sets |3131315] are also known. A superhypersoft set maps nested parameter-collections to nested
universe subsets via iterated powersets, enabling hierarchical, multi-level soft modeling under
uncertainty [3165318]. As related notions to superhypersoft sets, concepts such as fuzzy superhy-
persoft sets |318] and neutrosophic superhypersoft sets |317,1319,1320] are also known. It is also
known that a SuperHyperSoft Set can be extended to an (m,n)-SuperHyperSoft set [321].
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Definition 5.5.1 ((m,n)-SuperhyperSoft Set). Let U be a nonempty universe and let S be
a nonempty set of parameters. Fix integers m,n > 1. Using the already-defined nonempty
iterated powersets P,,(S) and P, (U), an (m, n)-SuperhyperSoft Set over U (with respect to S)
is a pair ~

(F, Pm(5)),
where

F:P,(58) — P,(U).

Equivalently, it is a mapping that assigns to each m-level (nested) nonempty parameter I €
P, (S) an n-level (nested) nonempty subset F(T'") € P, (U).

Example 5.5.2 (Real-world example: hierarchical procurement shortlists as a (2, 2)-SuperhyperSoft
Set). Scenario. A company wants to procure a laptop model for its employees. Different de-
partments (IT, Security, Finance) evaluate devices using groups of criteria and may produce
multiple shortlists (e.g., per vendor, per region, or per risk level). This naturally leads to nested
parameters and nested outputs.

Universe and parameters. Let the universe of available laptop models be
U = {L;, Ly, L3, Ly},
and let the parameter set be
S = {Cost, Performance, Battery, Weight, Security, Support }.

Fix m =n = 2. Thus 752(5 ) consists of nonempty collections of nonempty subsets of .S (groups

of criteria), and 752(U) consists of nonempty collections of nonempty subsets of U (collections of
candidate shortlists).

A (2,2)-SuperhyperSoft Set. Define F : Py(S) — P,(U) by interpreting each T' € P,(S)
as a nested parameter request and F'(I') as the resulting nested family of feasible shortlists. For
instance, set

Iy := {{Cost, Support}, {Security}} € Py(9),

meaning “optimize cost/support and satisfy security constraints” (two criterion groups). Then
let
F(Pl) = {{Ll,LQ}, {LQ,L3}} S PQ(U),

where the two inner subsets represent, e.g., Finance-approved and Security-approved shortlists.

Similarly, define ~
I, := {{Performance, Battery}, {Weight}} € P»(S),

and set
F(Ty) = {{La, Lu}, {Tu}} € Po(U),

where the first shortlist may correspond to “engineering workflow” needs and the second to
“travel-heavy staff” needs.

Interpretation. Each 2-level parameter object I' (a collection of criterion bundles) is mapped
to a 2-level nonempty collection F'(I') of nonempty candidate sets in U, capturing hierarchical
and multi-stakeholder uncertainty. Hence (F, P,(S)) is a concrete (2, 2)-SuperhyperSoft Set over
U with respect to S.
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5.6 SuperHyperRough Set

Rough set represents a subset via lower and upper approximations induced by an equivalence
relation, capturing boundary-region uncertainty explicitly formally [322}323]. HyperRough set
maps attribute-value combinations to subsets of X, then computes Pawlak-style lower and upper
approximations per parameter individually thereafter [324}325]. SuperHyperRough set lifts pa-
rameters and outputs to iterated powersets, producing nested candidate subsets whose flattenings
yield rough approximations levelwise systematically [321].

Definition 5.6.1 ((m,n)-SuperhyperRough Set). [321] Let X be a nonempty finite universe
and let R € X x X be an equivalence relation. Let J be an attribute (parameter) domain
(e.g. a Cartesian product of attribute-value sets, as fixed earlier). Fix integers m,n > 1. An
(m,n)-SuperhyperRough Set (based on R) is a mapping

F:P(J) — Pu(X),
together with the induced flattening map

Flat;(A) == A (A€ Py(X)),  Flat,1(A) = | J Flat,(B) (A€ Pa(X)),

BeA

so that Flat, (W) C X is the underlying (nonempty) subset represented by W € P, (X).

For each T' € P,,(J), put
Wr = Flat, (F(I')) C X,

and define the lower and upper approximations (with respect to R) by
Wr={zeX|[z]pg CWr}, Wr={xeX|[z]lanWr # 2}

The pair (%, Wp) is the rough approximation associated with the super-parameter I'.

Example 5.6.2 (Real-world example: cohort selection under partial observability in clinical
triage). Universe and indiscernibility. Let X be a finite set of patients in an emergency depart-
ment:

X = {p17P27p37P47P5ap6}-

Assume we only observe a coarse symptom profile, so patients are indiscernible when they share
that profile. Model this by an equivalence relation R whose equivalence classes are

[p1]r = [P2]r = {P1, P2}, [ps]r = [palr = {P3, P}, [Ps|r = [Ps]r = {P5; D6}

Attribute domain. Let J be a finite attribute/criterion domain used for triage decisions, e.g.
J = {Fever, Cough, Dyspnea, Diabetes}.

Fix (m,n) = (2,2). Hence P,(.J) consists of nonempty collections of nonempty criterion-bundles,
and Po(X) consists of nonempty collections of nonempty patient-subsets.

A concrete (2,2)-SuperhyperRough Set. Define a mapping F : Py(.J) — P,(X) by inter-
preting each I' € Py(J) as a nested triage request (groups of criteria), and F(I') as a nested
family of candidate patient sets returned by different rules/teams.
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For instance, let ~
I' := {{Fever, Cough}, {Diabetes}} € Ps(J),

meaning: “respiratory-symptom group” together with a “comorbidity group”. Assume two triage
sources produce the candidate subsets

F(T) := {{p1,ps.ps}, {p2,p3}} € Pa(X).

Flattening and rough approximations. By flattening at level n = 2,

Wr = Flaty (F(I) = {p1, ps,ps} U {p2,p3} = {P1,p2, 03,05} C X.
The lower approximation (certain membership) is
M = {:U eX ‘ [x]R C WF} = {p17p2}7

because {p1,p2} € Wr while {ps,ps} € Wr and {ps,ps} € Wr. The upper approximation
(possible membership) is

WF: {.7} €X ‘ [x]R N WF 7é Q} = {p17p27p37p47p57p6} = Xa

since every class {p1,p2}, {p3, s}, and {ps, ps} intersects Wr.

Interpretation. Here I’ encodes a hierarchical (multi-source) candidate-cohort construction
from grouped criteria I', while (Wr, Wr) quantifies what can be certainly vs. possibly selected
under the coarse observational equivalence R.

5.7 SuperHyperNear Set

A near set groups objects considered close when their feature descriptions overlap, using descrip-
tive proximity rather than metric distance alone [326-328]. A hypernear set compares object-
subsets via probe-feature images; nearness holds when closures intersect nontrivially within fea-
ture space under chosen probes. An (m,n)-SuperHyperNear set treats n-level nested subsets;
apply m probes, flatten features, and test self-nearness by closure-intersection in Euclidean space.

Definition 5.7.1 ((m,n)-SuperHyperNear Set). Let X be a nonempty (finite) set and fix an
integer m > 1. Let ¢1,..., 9, : X — R be probe functions and set the feature map

d: X — R™, () = (p1(2), ..., om(x)).

Fix n > 1. Define the level-n extended feature map ® : P,(X) — P(R™) recursively by
0(A) ={2(a) |a € A} (A€ P(X)=P(X)),
and for n > 2,

W (A) = ] 20V(4), A€P,(X) (s0o AC P(X)).

AeA

(Equivalently, @ (.) is obtained by iterating “apply ® at the leaves and then flatten by unions”.)
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Define the superhyper-nearness relation 5‘(;) on P,(X) by

A0 B — o) n a"(B) £ 0,

where closure is taken in the usual Euclidean topology on R™.

An element A € P,(X) is called an (m, n)-SuperHyperNear Set (with respect to @) if
A58 A

Example 5.7.2 (Real-world example: near plan-families in a sensor network via shared feature
signatures). Scenario. Let X be a finite set of IoT sensors deployed in a building. Each sensor
x € X has a measured temperature and humidity. We regard two collections of sensor-groups
as near if, after mapping all sensors to their feature vectors and flattening, the resulting feature
point-sets intersect.

Data and probes. Let
X = {81782753784}7 m:27

and define probe functions 1,93 : X — R by
¢1(x) = temperature of x (°C), ©2(x) = humidity of x (%).
Assume the (snapshot) readings are
D(sy) = (22,40), D(sg) =(23,42), P(s3) = (19,55), P(s4) = (24,38),
where ®(z) = (¢1(x), p2(x)) € R

Choose n = 2 and two elements of P,(X). Recall P,(X) = P(P(X)). Consider
A= {{51,32},{53}} € P(X), B = {{52},{54}} € P(X).

Interpretation: A and B are two plan-families (collections) of candidate sensor-groups.

Extended feature map and flattening. By definition,
OV(A) = {®(a) [ac A} (ACX), oP(C)= ] (4) (Ce P(X)).

Hence

O (A) = 0V ({s1,50}) U DL ({s3}) = {(22,40), (23,42)} U {(19,55)},
” DD (A) = {(22,40), (23,42), (19,55)}.
Similarly,

P (B) = &7 ({s2}) U ({s4}) = {(23,42)} U {(24,38)} = {(23,42), (24,38)}.

Superhyper-nearness. Since these images are finite subsets of R?, they are closed in the
Euclidean topology; thus ® (A) = 2 (A) and & (B) = ®(B). Therefore

oM (A) N e (B) = {(22,40), (23,42), (19,55)} N {(23,42), (24, 38)} = {(23,42)} # o,
so A% B.

Moreover, A 65 A holds because ®¢(A) N & (A) = % (A) # @. Hence A is an (m,n) =
(2, 2)-SuperHyperNear Set (with respect to ®).
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5.8 SuperHyperWeighted Set

A weighted set assigns each element a nonnegative scalar weight, quantifying its relative im-
portance or frequency in analyses and computations (cf. [329-331]). A hyperweighted set maps
each element to a nonempty set of scalar weights, representing multiple uncertain valuation
or importance scenarios [282}/332,333]. An n-superhyperweighted set assigns each element a
nonempty nested collection of depth n+1 weight families capturing hierarchical uncertainty and
dependencies [282].

Definition 5.8.1 (Weighted Set). (cf. [329H331]) A Weighted Set is an ordered pair (S, w) where:

e S is a non-empty set.

e w:S — Ris a function that assigns a unique real number to each element s € S; that is,
for every s € S, there exists a uniquely determined weight w(s) € R.

Definition 5.8.2 (Hyperweighted Set). [282l|332] Let S be a non-empty set. A Hyperweighted
Set is a pair (S, W) where
W:S—P(R)\{0}

is a function that assigns to each element s € S a non-empty subset W (s) C R. In other words,
every element s is associated with multiple weights.

Example 5.8.3 (Hyperweighted set of product prices). Let S = {P;, Py, P3} be three products.
Define a weight assignment W : S — P(R) \ {0} by

W(P,) = {98,100,105},  W(P,) =[49,55], W (Ps) = {120}.

Each W(P;) is a nonempty subset of R, interpreted as plausible prices (e.g., from different
vendors or time windows). Hence (S, W) is a Hyperweighted Set.

Definition 5.8.4 (n-Superhyperweighted Set). (cf. [282]) Let S be a non-empty set and let
n > 0 be an integer. An n-Superhyperweighted Set is an ordered pair

(S7 Wﬂ)?

where the function

Wai S = Po(R)\ {2}

assigns to each element s € S a nonempty nested collection of weights. In particular:

o Forn =0: Wy(s) € Pi(R) = P(R) represents a nonempty set of real numbers (a standard
Hyperweighted Set).

o For n =1: Wi(s) € P»(R) = P(P(R)) represents a collection of nonempty subsets of R
(a Superhyperweighted Set).
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o For n = 2: Wh(s) € P5(R) represents a nested structure with three layers.

Example 5.8.5 (A 1-Superhyperweighted set (nested weight families)). Let S = {A,B}. Take
n = 1, so the codomain is

P11(R) = B(R) = P(P(R)).
Define W : S — Py(R) \ {0} by
Wi(A) = {{1.0,1.2}, [0.9,1.1]},  Wi(B) = {{2.0}, {1.8,1.9,2.1}}.

Each W () is a nonempty collection of nonempty subsets of R, so (S, W;) is a 1-Superhyperweighted
Set. Interpretation: each element has multiple “weight-scenarios”, and each scenario is itself a
set (or interval) of weights.

Definition 5.8.6 ((m, n)-Superhyperweighted Set). Let S be a nonempty set and let m, n € Ny.
Let P;(R) denote the iterated powersets of R, with Py(R) = R and P,y (R) = P(FP;(R)) for
t > 0. Let P/(R) := P,(R) \ {0} denote the nonempty part.

An (m,n)-Superhyperweighted Set is a pair
(S, Wann),
where the weight assignment is a map
Win i Pp(S) — Py, (R).

Thus each m-level object X € P,,(S) (possibly a nested subset when m > 1) is assigned a
nonempty (n+1)-level nested collection of real weights.

Remark 5.8.7. When m = 0, the domain Py(S) = S is the original set of atoms, and the map
reduces to Wy, : S — P;_(R), i.e. a weight system on elements of S with n+1 nested weight
layers.

Example 5.8.8 (A (1, 1)-Superhyperweighted set on subsets of S). Let S = {a, b, c} and take
(m,n) = (1,1). Then P,(S) = P,(S) = P(S) and the codomain is P} ,(R) = P;(R) =
P(P(R))\ {0}.

Define W, ; : P(S) — P;(R) by
Wia(4) = { {141}, [|4]-02, |4]+02] }  (ACS),

where |A| denotes the cardinality of A. For example,

Wii({a,b}) = {{2},[1.8,2.2]},  Wi.(0) = {{0},[-0.2,0.2]}.

Each value is a nonempty family of nonempty subsets of R, hence lies in P;(R). Therefore
(S, W 1) is a concrete (1, 1)-Superhyperweighted Set: it assigns nested weight families to subsets
of S.
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Theorem 5.8.9 (The n-Superhyperweighted Set is a special case). Let S be a nonempty set and
let n € Ny. Every n-Superhyperweighted Set (S,W,,) in the sense of Definition (given above) is
precisely a special case of an (m,n)-Superhyperweighted Set with m = 0.

Proof. By the given definition, an n-Superhyperweighted Set consists of a map
Wit §— P (R)\ {0} = P, (R).

On the other hand, by Definition with m = 0, an (0, n)-Superhyperweighted Set is a pair
(S, Wo,) where
WO,n : PO(S) — P:Jrl(R)

Since Py(S) = S by definition of iterated powersets, the types of W, and W, ,, coincide ex-
actly. Taking Wy ,, := W, yields an (0, n)-Superhyperweighted Set, and conversely any (0, n)-
Superhyperweighted Set restricts to such a map on S. Therefore the n-Superhyperweighted Set
is exactly the m = 0 instance of the (m,n) framework. O

5.9 SuperHyper Z-Number

A Z-Number represents uncertain information using two fuzzy components: A (value constraint)
and R (reliability) [334,[335]. Due to its conceptual simplicity and versatility, Z-Numbers have
been extensively studied in various research areas [334,1336]. The definition is provided below.
For further details on the definition of fuzzy numbers, readers are encouraged to consult [337,33§]
and related references.

Definition 5.9.1 (Z-Number). [335] A Z-number is an ordered pair of fuzzy numbers, denoted as
Z = (A, R). This construct models uncertain information by capturing both a value’s restriction
and its associated reliability.

o A: The first component A is a fuzzy number representing a restriction on the possible
values of a real-valued uncertain variable X. It defines the range of possible values that X
can take under given conditions.

e R: The second component R is a fuzzy number representing the reliability or confidence
level of the restriction A. It does not measure probability but instead reflects the certainty
or sureness about the validity of the values indicated by A.

In summary, a Z-number (A, R) expresses that the value X is constrained by A with a confidence
level given by R.

The Hyper Z-Number, introduced in [282,339], is an extension of the Z-Number utilizing the
framework of hyperstructures. Its definition is provided below.

Definition 5.9.2 (Hyper Z-Number). [282] Let R denote the set of real numbers, and let P(F)
represent the family of all non-empty subsets of the set of fuzzy numbers F. A Hyper Z-Number
is a mapping;: ~ ~

Z:R— P(F xF),

such that for each = € R, Z(x) is a set of ordered pairs (A, B), where:
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o A: A fuzzy number that provides a restriction on the possible values of x, representing the
constraint on x’s range or magnitude.

e B: A fuzzy number that specifies the reliability, confidence, or sureness of the restriction A.
This serves as a secondary constraint indicating the reliability of the primary restriction.

A Hyper Z-Number generalizes the Z-number by allowing multiple pairs (A, B) for a given z,
enabling the representation of multi-faceted or layered uncertainty.

Example 5.9.3 (Hyper Z-Number for temperature forecasts). Let F denote the set of fuzzy
numbers on R. Consider the real variable x representing “tomorrow’s maximum temperature”

(in °C).

For each z € R, define Z(z) C F x F as a small set of alternative (A, R)-pairs, where A is a
fuzzy constraint for the plausible temperature and R is a fuzzy reliability.

For example, at the abstract query point x = “tomorrow”, set
Z(l’) = { (Amilda Rhigh)7 (Awarma Rmed) }7

where Apig is a triangular fuzzy number centered near 18 (say (16, 18,20)), Awarm is a trian-
gular fuzzy number centered near 24 (say (22,24,26)), and Ruigh, Rmed are fuzzy reliabilities
(e.g. triangular on [0, 1] centered near 0.9 and 0.6, respectively). Thus Z () contains multiple
admissible (A, R)-pairs, encoding layered uncertainty. Therefore Z : R — P(F x ) is a concrete
Hyper Z-Number.

The n-SuperHyper Z-Number is an extended concept derived from the Hyper Z-Number. Its
definition is presented below [339).

Definition 5.9.4 (n-SuperHyper Z-Number). [339] Let R denote the set of real numbers, and
let P, (IF) represent the n-th powerset of the set of fuzzy numbers F. An n-SuperHyper Z-Number
is a mapping;: ~

Zn, R — P,(F xF),

where for each = € R, Z, () is an element of the n-th powerset P, (F x F). Specifically:
Zo(x) ={Zy,Zs,..., 2} where Z;€ P, (FxTF),
and each element Z; is a set of ordered pairs (A, R), with:

o A: A fuzzy number representing a constraint on the possible values of x. It reflects the
range of possible values x can take under certain conditions.

e R: A fuzzy number representing the reliability, confidence, or sureness of the constraint A.
It quantifies the certainty associated with A.
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Base Case (n = 1): For n = 1, the n-SuperHyper Z-Number reduces to a Hyper Z-Number:
Zl(l') € P(F X ]F),

where:

Zi(z) = {(A1, Ry), (A2, Ra), ..., (Am, Rn) }-

Inductive Case (n > 1): For n > 1, Z,(z) is a set of nested structures, each element being a
member of the (n — 1)-th powerset:

Zn(x) = {{(Ala Rl)v (A27 R2)}a {(A37 R3)7 (A47 R4)}7 s }

Example 5.9.5 (A 2-SuperHyper Z—NurnberN). Let F be the set of fuzzy numbers on R and fix
n = 2. Then Py(F x F) = P(P(F x F)), so Zz(x) is a set of sets of (A, R)-pairs.

For the same temperature variable £ = “tomorrow”, define

Za(x) = {2 (), 22(@)},
where

Z(l) (.%') = { (Ami1d7 Rhigh) ) (Awarn’u Rmed) }7 Z(Q) (.Z') = { (AC0017 Rhigh) }

Here Ao may be triangular around 14 (e.g. (12,14, 16)). Thus Z,(x) expresses a second-level
uncertainty: one scenario contains two alternative (A, R)-pairs, while another scenario contains
a single highly reliable cool forecast. Hence Zy R — Pa(F x ) is a concrete 2-SuperHyper
Z-Number.

Definition 5.9.6 ((m,n)-SuperHyper Z-Number). Let F denote the set of (real) fuzzy numbers,
and let m,n € Ny. Using the iterated powersets P°(X) = X and P (X) = P(P!(X)), an
(m, n)-SuperHyper Z-Number is a mapping

Zpn: P™(R) — P"(F x F),
such that, for every input X € P™(R), each leaf-level clement of Z,, ,(X) (after flattening the
outer n powerset layers) is an ordered pair (A, R) € F x [, where:
e A €T is a fuzzy-number restriction on the values represented by X;

o R € F is a fuzzy-number reliability (confidence/sureness) associated with A.

(If one prefers a classical-type convention, replace P™ by the nonempty iterated powerset P
and require Z,, ,,(X) # 0 for all X.)
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Example 5.9.7 (A (1,2)-SuperHyper Z-Number). Fix m = 1 and n = 2. Then the domain is
PLR) = P(R), so the input is a set X C R of candidate real values (e.g. a coarse measurement
band), and the codomain is P?(F x [F), a set of sets of (A4, R)-pairs.

Let X :=[15,25] C R represent an admissible temperature range (in °C). Define

Z15(X) = {{ (Arange: Fnign): (Avange: Bunea) } { (Apea Banea) } }-

Here Ayange is a fuzzy restriction supported on [15, 25] (e.g. trapezoidal), Apeax is a fuzzy restric-

tion peaked near 20, and Ryigh, Rmea are fuzzy reliabilities as in Example Thus Z; »(X) is
a 2-level nested family whose leaf elements are (A, R)-pairs, so it is a concrete (1, 2)-SuperHyper
Z-Number.

Theorem 5.9.8 (The n-SuperHyper Z-Number is a special case). Let n € N. FEvery n-
SuperHyper Z-Number N
Zy,: R— P*"(F x F)

is precisely an (m, n)-SuperHyper Z-Number with m = 0. Equivalently, the class of n-SuperHyper
Z-Numbers coincides with the class of (0,n)-SuperHyper Z-Numbers.

Proof. By definition of iterated powersets, P°(R) = R. Hence a map Z, : R — P"(F x F) has
exactly the same type as a map

Zoy : P°(R) — P"(F x F)

in Definition m Taking ZO,n := Z, yields an (0,n)-SuperHyper Z-Number. Conversely, any
(0,n)-SuperHyper Z-Number is, upon identifying P°(R) with R, an n-SuperHyper Z-Number.
Therefore the n-SuperHyper Z-Number is exactly the m = 0 instance of the (m, n)-framework.

O]

5.10 SuperHyper D-Number

D-Number is a mapping from 29 to [0, 1] that assigns belief masses to nonempty subsets possibly
summing below one, modeling incomplete evidence [340-347]. A Hyper D-number assigns each
subset of Q a set of masses in [0, 1], with bounded sup-sum. A SuperHyper D-number maps
nested collections of subsets to nested mass-sets, enforcing nested-null preservation and bounded
deepest-level sup-sum.

Definition 5.10.1 (D-number). [340-342] Let Q = {Fi, F,,...,Fx} be a finite nonempty
set, referred to as the frame of discernment, whose elements F; are not necessarily mutually
exclusive. A D-number on () is a mapping

d:2% —10,1]

satisfying the following two conditions:

(i) Null-set constraint: The empty set is assigned no belief mass:

d(0) = 0.
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(ii) Total mass constraint: The sum of d(A) over all nonempty subsets A C 2 is bounded

above by 1:
> d(A) < 1.

ACQ
A2

Thus, a D-number allows the allocation of belief mass to any nonempty subset of €2, where
the total mass can be strictly less than 1, reflecting incomplete information. This generalizes
the Dempster—Shafer basic probability assignment (BPA), which requires mutual exclusivity of
elements and exact mass sum of 1.

Definition 5.10.2 (Hyper D-number). Let Q = {F},..., Fx} be a finite nonempty frame of
discernment. Denote by

P([0,1]) = {A]AC[0,1]}
the full powerset of the unit interval. A Hyper D-number on € is a mapping
Dy :2% — P([0,1]), A~ Dy(4)C[0,1],

subject to the following generalized constraints:

(i) Null-set constraint:

Dy (0) =0.

(ii) Total-mass constraint:

U Dr(4) € 0.1], > supDp(A) <1
ACQ ACQ
AH£D AZD

Here sup Dy (A) denotes the least upper bound of the set Dy (A) C [0, 1].

Example 5.10.3 (A Hyper D-number on a two-element frame). Let Q = {Fy, F5}. Then
29 == {@7 {Fl}, {FQ}, {Fl,FQ}}. Define DH . 29 — P([O, 1]) by

Dy (0) =0, Dy ({F,}) = [0.10,0.20],
Dy({F>}) = {0.30,0.35},  Dy({F, Fy}) = [0.05,0.10].

Each value is a subset of [0, 1], and the null-set constraint holds by construction.

For the total-mass constraint, compute the suprema:
sup DH({FI}) == 020, sup DH({FQ}) == 035, sup DH({Fl,FQ}) = 0.10.

Hence
> sup D (A) =0.20 +0.35 4+ 0.10 = 0.65 < 1.

ACQ
A#D

Therefore Dy is a concrete Hyper D-number on €.
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Definition 5.10.4 (SuperHyper D-number). Let 2 = {F},..., Fx} be a finite nonempty frame
of discernment. For each integer n > 0, write

P"(2%) = P(P(---P2")---)), P"([0,1]) =P(P(---P([0,1])---)) .

n iterations n iterations

A SuperHyper D-number of order n is a mapping
Dgy - Pn(2ﬂ) — 77”([0, 1}),

subject to the generalized constraints:

(i) Null-set constraint: Dgy(...{0}...)=...{0}....

n times n times

(ii) Total-mass constraint:

> sup(Dsu(B)) <1,
BeP™(29)
B#0

where sup extracts the least upper bound at the deepest level.

Example 5.10.5 (A 2-SuperHyper D-number). Let Q@ = {F;, F5} and fix n = 2. Then
P2(27) = P(P(2%)) and P*([0,1]) = P(P([0,1])).

Define Dgy : P?(2%) — P?([0,1]) as follows. First, set the canonical nested empty input and

output:
g, = {{0}} € P2(2%),  Dsu(2,) = @, € P*([0,1)).

Next, define Dgy on two representative nonempty inputs:
B, = {{[}{F:}} e P29 CP*(2%),  Dsu(B:) = {{0.10,0.15},[0.12,0.18]},

By = {{F,Fb}} € P*(2%),  Dsu(Bs) == {{0.05}}.

(Any other values may be assigned similarly.)

The deepest-level suprema are
sup(Dsp(B1)) = max{0.15,0.18} = 0.18, sup(Dsp(Bs)) = 0.05.
Thus the total-mass constraint holds on the displayed support:
sup(Dgu(B1)) + sup(Dsp(Bz)) = 0.18 +0.05 = 0.23 < 1,

and Dgy is a concrete 2-SuperHyper D-number in the sense of the definition.

Definition 5.10.6 ((m, n)-SuperHyper D-Number). Let Q = {F}, ..., Fiy } be a finite nonempty
frame of discernment and write 29 = P(Q). Fix integers m,n € Ny. Let P°(X) = X and
PHHX) = P(PYX)) be iterated powersets.

An (m,n)-SuperHyper D-Number on €2 is a mapping

satisfying the following constraints:
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(i) Null-object constraint. Let @,, € P™(2%) denote the canonical “empty” m-level object,
defined recursively by

o 1= @, ®t+1 = {@t} (t > 0)

Then
Dy (@) = Do, where @, := (0 if n =0, and &, := {&;}.

(ii) Total-mass constraint (upper-envelope form). Define the “supremum-at-leaves” func-
tional sup,, : P™([0,1]) — [0, 1] recursively by

supg(z) :=x (z €10,1]), sup;;(A) := sup{sup,(a) | a € A} (A€ P ([0,1])),

with the convention sup,;(0)) = 0. Then the total mass of D,, ,, is bounded by

> sup, (Dma(B) < L

BeP™(2%)
B#Dm

If one prefers a classical-type convention, one may additionally require D, ,(B) # & for all

B # 2,,.

Example 5.10.7 (A (1,2)-SuperHyper D-number). Let Q = {F}, F>} and take (m,n) = (1,2).
Then the domain is P!(29) = P(29) (families of subsets of ), and the codomain is P?([0, 1])
(sets of subsets of [0, 1]).

Define D, » : P(2) — P?([0,1]) by
D1,2(®) = q)a

and for two representative nonempty inputs
U= {{F},{F,F}},  Dia(Uy):= {{0.20},[0.15,0.25]},

Uy:={{F}},  Dis(ls) := {{0.30,0.35}}.

Then
Supo (Dl’Q(Ul)) = 025, SUPQ(DLQ(UQ)) = 035,

so the total-mass bound holds on this support:
SU.I)Q(DLQ(Ul)> + SUPQ(DLQ(UQ)) =0.25 + 0.35 = 0.60 S 1.

Therefore D 5 is a concrete (1,2)-SuperHyper D-number on €.

Theorem 5.10.8 (The n-SuperHyper D-Number is a special case). Fiz n € Ny. Every n-
SuperHyper D-Number
DSH : Pn(QQ) — 73"([0, 1])

satisfying the null-object and total-mass constraints in the given definition of SuperHyper D-
number is an (m, n)-SuperHyper D-Number with m = n. In particular, the class of n-SuperHyper
D-Numbers embeds into the class of (m,n)-SuperHyper D-Numbers.
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Proof. Take m := n and define D,, ,, := Dgy. Then D,, ,, has the required type
D, : Pm(QQ) = 77"(29) — P"(]0,1]).

The null-object constraints coincide because both definitions use the canonical nested empty
object @, = {---{0}---} (nested n times) and require that it map to itself.

For the total-mass constraint, the definition of (m, n)-SuperHyper D-Number uses sup,, (D, . (B)),
which is exactly the “extract the least upper bound at the deepest level” rule used in the Super-
Hyper D-number definition (written there informally as taking sup at the deepest layer). Hence
the inequality

Z sup, (Dsu(B)) <1

B#D,

is identical to the required constraint for D,, ,. Therefore Dgy is an (n,n)-SuperHyper D-
Number. O

5.11 SuperHyperGrey Set

A Grey set on a nonempty universe X is a function G : X — [0, 1], where G(z) denotes the
greyness degree assigned to x € X [348-351]. A HyperGrey set on X is a mapping G : X —
P([0,1]), so that each element z € X is assigned a (possibly non-singleton) set G*(z) C [0, 1]
of admissible greyness degrees [352]. A SuperHyperGrey set of order n on X is a function GSH :
P(X) — P"([0,1]), assigning to each A € P"(X) an n-nested collection GSH(A) € P"([0,1])
of greyness degrees [352].

Definition 5.11.1 (Grey Set). [348,349] Let X be a nonempty universe of discourse. A Grey
set on X is a function

G:X —[0,1],

where for each x € X, the value G(x) € [0, 1] represents the greyness degree of x (e.g., G(x) =
0 means completely white; G(z) = 1 means completely black; and 0 < G(z) < 1 means
intermediate greyness).

Definition 5.11.2 (HyperGrey Set). Let X be a nonempty universe of discourse. A HyperGrey
set on X is a mapping

GH: X — P([0,1]),

where for each z € X, the subset G*(z) C [0, 1] represents the set of possible greyness degrees
of x.

Definition 5.11.3 (SuperHyperGrey Set of order n). Let X be a nonempty universe and fix an
integer n > 0. Define the iterated powersets by

PUX) =X, PUX):=P(PHX)) (k>0).
A SuperHyperGrey set of order n on X is a function
GST P (X) — P([0,1)),

assigning to each A € P"(X) an n-nested collection GSH(A) € P"([0,1]) of greyness degrees.
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Example 5.11.4 (A concrete SuperHyperGrey set of order 2). Let
X - {(L.17 T2, x3}

be a nonempty universe. Take n = 2, so P*(X) = P(P(X)) and P?([0,1]) = P(P([0,1])).

Define G5! : P2(X) — P%([0,1]) as follows. For each A € P?(X), interpret A as a family of
groups of objects (a set of subsets of X), and assign to it a family of sets of admissible greyness
degrees (a set of subsets of [0, 1]).

For instance, let

Ay = {{z1, 22}, {z3}} € PP(X).

Set
G°M(A;) := {[0.10,0.30], [0.60,0.80] } € P*([0,1]),

meaning that the first group {1, x2} is assessed to have low-to-moderate greyness, while the
second group {x3} is assessed to have high greyness.

Similarly, for

Ay = {{zo}, {z1, 23} } € P*(X),

define
GSH(Ay) := {[0.20,0.40], [0.45,0.55] } € P2([0,1]).

Since each output is a set of subsets of [0, 1], we indeed have G5%(4;) € P2([0,1]) for i = 1,2.
Hence G5! is a SuperHyperGrey set of order 2 on X in the sense of Definition [5.11.3






Chapter 6

HyperStructure and SuperHyperStructure
in Other Mathematics

Beyond the areas discussed so far, a wide variety of HyperStructures and SuperHyperStructures
have also been studied. In this chapter, we describe HyperStructure and SuperHyperStructure
in other branches of mathematics. For reference, Table summarizes classical concepts and
their hyper/superhyper counterparts in analysis, probability, and general structures.

6.1 HyperFunction and SuperHyperFunction

A hyperfunction maps each element 2z € S to a subset f(x) C S, allowing multiple outputs per
input [220,[353]. A superhyperfunction maps m-level nested subsets P™(.S) to n-level nested
subsets P"(S), encoding hierarchical multivalued behavior [219[354-357].

Definition 6.1.1 (Hyperfunction). [220,[353] A hyperfunction on a set S is any function
f: 8 —P(5).

For each x € S, one has f(x) C S. Thus a single input may correspond to multiple outputs,
unlike the classical single—valued case.

Example 6.1.2 (A hyperfunction on a three-element set). Let S = {a,b, c}. Define a hyper-
function f : S — P(S) by

fla) =A{a,b},  f(0) ={b},  f(c) ={a,c}.

Thus a single input may return multiple outputs; for example, f(a) allows either a or b as
admissible outputs. Hence f is a hyperfunction in the sense of the definition.

Definition 6.1.3 ((m,n)-Superhyperfunction). (cf. [220,[357]) Let S be a nonempty set and
m,n > 1. An (m,n)-superhyperfunction is a mapping

f:P™(S)— P"(S).

When m = r < n, this specializes to the usual notion of an n—superhyperfunction, namely a

map P"(S) = P"(95).
115
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Table 6.1: Classical concepts and their hyper/superhyper counterparts in analysis, probability,
and general structures.

Classical Concept HyperConcept SuperHyperConcept
Function HyperFunction SuperHyperFunction
Probability HyperProbability SuperHyperProbability
Entropy HyperEntropy SuperHyperEntropy
Metastructure Meta-Hyperstructure Meta-SuperHyperStructure
Ordered Structure Ordered HyperStructure Ordered SuperHyperStructure
Integral HyperIntegral SuperHyperIntegral

Space HyperSpace SuperHyperSpace

Interval Hyperlnterval SuperHyperInterval

Curried Structure Curried HyperStructure = Curried SuperHyperStructure

Example 6.1.4 (A (1,2)-superhyperfunction induced by union and complement). Let S =
{a,b} and take (m,n) = (1,2). Then

Define F': P(S) — P(P(S5)) by
F(A):={A, S\A} (ACYS).
Each value F'(A) is a set whose elements are subsets of S, hence F'(A) € P?(S). For example,

F({a}) = {{a}. {0}},  F(0) = {0.{a,b}}.

Therefore F' is a concrete (1, 2)-superhyperfunction on S.

6.2 HyperProbability and SuperHyperProbability

Standard probability theory assigns each event a single real value in [0, 1], satisfying non-negativ-
ity, normalization, and countable additivity (cf. [358-363]). Related concepts such as fuzzy proba-
bility [364,365] and neutrosophic probability [366-368] are also known. HyperProbability assigns
a set of probability values to each event, capturing uncertainty from multiple sources [238369)|.
The definitions and examples of HyperProbability are presented below.

Definition 6.2.1 (Probability Space). (cf. [370H372]) A probability space is a triple (Q, F, P)
where

o (2 is a nonempty set called the sample space;
o F is a o-algebra of subsets of §2, called the event space;
o P:F —0,1] is a function, called a probability measure, satisfying:

1. P(A) >0 for all A € F (non-negativity),
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2. P(Q2) = 1 (normalization),

3. For any countable sequence of pairwise disjoint events A, Ay, -- € F,

P([j1 Ai) = i P(A;) (countable additivity).

Definition 6.2.2 (Hyper-Probability). [238.|369] Let 2 be a sample space and F a o-algebra
of events. A Hyper-Probability is a function

HP: F — P([0,1]),

where P([0,1]) denotes the power set of the unit interval. For each event A € F,

HP(A) = {p(A4) | k € Ka},

with each classical probability px(A) € [0,1]. Thus HP(A) collects multiple probability assess-
ments for the same event.

Example 6.2.3 (Hyper-Probability on two coin-toss events). Let 2 = {H, T} be the outcome
space of a single coin toss and let F = P(2). Consider two classical probability assessments:

pi(H) =05 (fair coin),  po(H) =0.6 (biased coin).
Define the Hyper-Probability HP : F — P([0, 1]) by
HP(A) == {pi(A),p2(4)} (A€ F),
where p;(A) = 3., pi({w}). Then, for instance,
HP({H}) = {0.5,0.6}, HP({T}) ={0.5,04}, HP(Q)={1,1}.

Thus HP collects multiple probability values for the same event, and is a concrete Hyper-
Probability in the sense of Definition [6.2.2

n-SuperHyperProbability generalizes HyperProbability by iteratively applying powersets, mod-
eling layered uncertainty across multiple decision or belief levels [238]. The definitions and
examples of n-SuperHyperProbability are presented below.
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Definition 6.2.4 (n-SuperHyperProbability). [238] For n > 1, an n-SuperHyperProbability is
a function

sHP™ : F — P"([0,1]),

where P"([0,1]) denotes the n-fold iterated power set of [0,1]. It is defined recursively by

SHP(A) = HP(A),  SHP™(A) = P(SHP" "(4)) (n>2).

In particular, SHP®Y coincides with Hyper-Probability and for n = 0 one recovers the classical
single-valued probability.

Example 6.2.5 (A 2-SuperHyperProbability). Let (2, F) and HP be as in Example Fix
n = 2. By Definition [6.2.4]

SHP® (A) = P(SHP"(A)) = P(HP(4)) (A€ F).
For the event A = {H}, we have HP({H }) = {0.5,0.6}, hence
SHP®) ({H1}) = P({0.5,0.6}) = {0,{0.5}, {0.6},{0.5,0.6}} € P*([0,1]).

Thus SHP® returns a set of possible probability-sets for each event, i.e. a nested uncertainty
representation.

A (m,n)-SuperHyperProbability is a set-valued mapping sending m-fold event collections to n-
fold iterated probability sets, thereby modeling hierarchical and multi-source uncertainty across
multiple distinct levels systematically.

Definition 6.2.6 ((m,n)-SuperHyperProbability). Let (2, F, P) be a probability space, and
let HP : F — P([0,1]) be a Hyper-Probability measure as in Definition For integers
m,n > 0, define recursively a map

SHP("™) ; P(P(-+- P(F)-++)) — P(P(--- P((0,1]) )
—_— —_—

m times n times

as follows:

(1) Base on the “vertical” index.
SHP*Y(4) = P(A), SHP®Y(A)=HP(A),
and for n > 2,
SHP"™(A) = P(SHP*"V(4)) C P"([0,1]), A€ F.

Thus SHP®™ coincides with the usual n-SuperHyperProbability.
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(2) Recursion on the “horizontal” index. For m > 1, any U € P™(F) is a (finite) set of
elements of P~ *(F). We set

SHP™™(U) = [ J SHP™ '™(A).

AeU

Since each SHP"™ ™1™ (A) lies in P"([0, 1]), their union is again an element of P"([0, 1]).

Example 6.2.7 (A (1,2)-SuperHyperProbability aggregating event-families). Let (2, F) and
the Hyper-Probability HP be as in Example and take (m,n) = (1,2). Then the domain
is P1(F) = P(F), i.e. families of events, and the codomain is P?([0, 1]).

Consider the event-family

U:={{H},{T}} € P(F).
By the recursion rule in Definition m (union aggregation),

SHP((17) = | J SHP©?) (4) = SHPO2)({H}) U SHPC2({T})

AeU

Now HP({H}) = {0.5,0.6} and HP({T'}) = {0.5,0.4}, so
SHP P ({H}) = P({0.5,0.6}),  SHP*?({T}) = P({0.5,0.4}).

Hence SHP?) (U) is the union of these two families of probability-sets, i.e. a well-defined element
of P?([0,1]). Interpretation: the output aggregates second-order probability descriptions across
a collection of events.

6.3 HyperEntropy and SuperHyperEntropy

Entropy measures uncertainty or information content of a probability distribution, quantified
as expected surprise, typically using Shannon’s formula — ) plogp [373,[374]. Hyperentropy
is Shannon entropy of a probability mass function on subsets of .S, quantifying uncertainty
over set-valued outcomes [375]. n-Superhyperentropy is Shannon entropy of a probability mass
function on P™(S), measuring uncertainty over nested subset outcomes [375]. The definition of
HyperEntropy is given as follows.

Definition 6.3.1 (Hyperentropy). [375] Let S be a finite set and P(S) its powerset. Suppose
p: P(S) — [0,1]

is a probability mass function on subsets of S, i.e. > ,cgP(A) = 1. The hyperentropy of p is
defined by B

Hy(p) = — > p(A) logp(A),

where log denotes the natural logarithm (nats) or base-2 logarithm (bits).
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Example 6.3.2 (Hyperentropy on a small powerset). Let S = {a,b}. Then
P(S) = {0, {a}, {0} {a,b}}.
Define a probability mass function p : P(S) — [0, 1] by
p(@) = %7 p({a}) = i? p({b}) = %7 p({a, b}) = %7

so that > ,-sp(A) = 1. Using base-2 logarithms (so entropy is measured in bits), the hyperen-
tropy is

Hy(p) ==Y _ p(A)log, p(A) = —(% log, 5 + 7 1og, § + §log, § + § log, é)-
ACS

Since log,(1/2) = —1, log,(1/4) = —2, and log,(1/8) = —3, we obtain
Huy(p)=4-1+31-24+4%-3+%-3=1=1.75bits.

The definition of SuperHyperEntropy is given as follows.

Definition 6.3.3 (n-Superhyperentropy). [375] Let n € N and S a finite set. Write
v =pr(S), M,=|v™]

Let p: V(™ — [0,1] be a probability mass function on V™, so that >,y p(A) = 1. The
n-superhyperentropy H,(p) is

H,(p) = — > p(A) logp(A).

Aev(n)

Example 6.3.4 (2-superhyperentropy on P?(S)). Let S = {a} and fix n = 2. Then

Ve = P2(s) = P(P(S)) = {0, {0}, {{a}}. {0.{a}}}.

Define the uniform distribution p : V® — [0,1] by p(4) = + forall A € V@), Using base-2
logarithms, the 2-superhyperentropy is

Hy(p) = — Z p(A)log, p(A) = —4 - 1log, 1 = —log, 1 = 2 bits.

Aev(®

6.4 Metastructures, Meta-Hyperstructures, and Meta-Superhyperstructures

Metastructures formalize the idea of a “structure whose elements are structures.” The essential
requirement is that the allowed meta-operations combine whole objects (structures) by uniform
rules and are isomorphism-invariant (i.e., they depend only on the input objects up to isomor-
phism) [376-378].

Fix a single-sorted finitary signature
Y= (Func, Rel,arpunc,arRe|),

and write Stry, for the class of X-structures.
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Definition 6.4.1 (Metastructure). [378] A metastructure over X is a pair
M = (Ua ((I)Z)ZGA)v

where U C Stry. is nonempty and each meta-operation ®, : U* — U satisfies:

« (Closure) ®,(C) € U for all C € U*;

o (Uniformity) the output carrier and symbol-interpretations are built from the inputs by
a fixed constructor (same recipe for all inputs);

o (Iso-invariance) if C; = D; for all 4, then ®,(Cy,...,Cy,) = ®,(Dy,...,Dy,).

Definition 6.4.2 (Meta-hyperstructure over a signature ). Let ¥ be a fixed (single-sorted,
finitary) signature, and let HypStry, denote the class of ¥-hyperstructures (up to isomorphism).
Write P.(U) := P(U) \ {0} for the nonempty powerset.

A meta-hyperstructure over X is a pair
MH = (U, (®1)¢en),

where U C HypStry, is nonempty and, for each label £ € A with meta-arity k, € N, the map
®,: UM — P(U)

is a meta-hyperoperation satisfying the following axioms:

« (MH1) Closure. For every (Hy,...,Hy,) € U we have ®,(Hy,...,Hy,) CU.

o (MH2) Uniform construction. There exist fixed (input-independent) constructors
r, A/, Ef 1

(for carriers, function symbols, relation symbols, and hyperoperations, respectively) such
that for every output K € ®,(H;,...,Hy,), the carrier and all interpretations in K are
obtained from those of Hy, ..., Hy, by applying these constructors.

+ (MHS3) Isomorphism-invariance (naturality). If a; : H; = H] for 1 < ¢ < ky, then
there exists an induced bijection

Dy(ary. .. ay,) : O(Hy,... Hy,) — O (H,,...,H},)

whose values are hyperstructure isomorphisms (preserving all symbols of ¥ and all desig-
nated hyperoperations).
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Definition 6.4.3 (Meta-superhyperstructure of profile © over a base set H). Fix a nonempty
base set H and a profile © = (m,n, k) with m,n € Ny and k € N. Let SHg(H) denote the class
of O-superhyperstructures over H (up to isomorphism induced by bijections of H), i.e., objects

S = (P™(H),xs) with *s : (P™(H))* — P"(H).

A meta-superhyperstructure of profile © over H is a pair
MSH = (U, (®¢)ea),
where U C SHg(H ) is nonempty and, for each label £ € A, there are fixed parameters
s¢ € N (meta-arity), re € No  (meta-height),

together with a map
o, : U — P™(U)

satisfying:

« (MSH1) Closure. For every (Sy,...,S;,) € U*, every element of ®4(S,...,S;,) lies in
Pr(U).

o (MSH2) Uniform constructor on internal operations. There exists a fixed construc-
tor

e [ (P () | — [ (Pt = Pr(i) |

such that whenever T is an output object occurring (at the appropriate nesting level) in
®y(Sy,...,8s,), its internal superhyperoperation satisfies

*T = Hg(*sl,.. . 7*552)'

o (MSH3) Naturality under base bijections. For any bijection « : H — H, let v act on
P™(H) and P"(H) by image, and let S — S denote transport of ©-superhyperstructures
along a. Then transporting inputs along « transports outputs along a: every output
object T occurring in ®,(Sy,...,Ss,) corresponds to an output object T* occurring in
(8¢, ...,8% ), and

*pe = o™ 0 % 0 (a[m])—l,

where al™ and o[ are the induced maps on P™(H) and P"(H).

Example 6.4.4 (Real-world example: composing multi-level access-control policies as a meta-
superhyperstructure). Let H be the set of atomic permissions in a cloud service, e.g.,

H = {read:db, write:db, read:logs, deploy, admin, . .. }.

A role policy (e.g. Engineer, SRE, Auditor) is not just a flat subset of H: in practice it is built from
groups of permissions (bundles) and sometimes from bundles-of-bundles (e.g. “incident-response”
contains “read-logs bundle” and “deploy bundle”).

Fix the profile © = (m,n, k) = (1,2,2). Then P™(H) = P(H) represents permission bundles,
and P"(H) = P?(H) = P(P(H)) represents collections of bundles (i.e. a policy described as a
set of permission-bundles). A O-superhyperstructure over H is an object

S= (P(H),xs), *s:P(H)xP(H)— P*(H),
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where *g(A, B) returns a set of candidate policy-bundles obtained by combining two bundles
A, BCH.

Two concrete internal superhyperoperations. Consider two teams with different security
philosophies:

o Conservative merge (least privilege): S; = (P(H ), ;) where
*1(A,B) = {AHB}’

so combining two bundles yields the single bundle of permissions allowed by both.

o Operational merge (availability-first): Sy = (P(H), *2) where
*3(A,B) := { AU B, AU BreakGlass },

where BreakGlass C H is a fixed emergency bundle (e.g. temporary admin with audit), so
the output is a set of possible policy bundles to choose from depending on incident severity.

Meta-level combination (meta-superhyperoperation). Let U C SHg(H) contain ad-
missible policy-combiners used by different departments. Define a meta-superhyperoperation
¢ : U? — P(U) (meta-height » = 1) by returning a set of hybrid combiners. Concretely, for
S1,S2 € U let

®(S1,8,) :={T}, where T = (P(H),*r) and *p = II(%1,%2),
and the uniform constructor II is defined pointwise by
II(*1,*2)(A, B) := %1 (A, B) U %(A, B) (A,B € P(H)).

Thus T enumerates policy options produced either by the conservative rule or the operational
rule, and the meta-level object ®(S;,S,) represents the organizational choice of how to combine
policy-combiners.

Why this matches Definition[6.4.3} (MSH1) holds because ® outputs an element of U (hence
a member of P(U)). (MSH2) holds because the constructor II is fixed and input-independent.
For (MSH3), if permissions are renamed by a bijection o : H — H (e.g. refactoring API scopes),
then bundles and bundle-collections are transported by image, and the hybrid constructor re-
mains equivariant:

o?(I1(1, %:)(A, B)) = I(x¢, %5) (o (4), o (B)),

so the meta-superhyperstructure is natural under renaming of atomic permissions.

6.5 Ordered HyperStructure and Ordered SuperHyperStructure

An Ordered HyperStructure is a hyperstructure equipped with a partial order on its base set,
where the hyperoperations are required to be monotone with respect to this order, ensuring that
enlarging inputs in the order never decreases outputs (cf. [379-381]).
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Definition 6.5.1 (Lifted order on subsets). Let (S, <) be a poset. For nonempty U,V C §
define
U<V <= VYueUdveV such that u <w.

(When U = (), we stipulate ) < V for all V)

Definition 6.5.2 (Ordered hyperstructure). [379,[380] An ordered hyperstructure is a triple
(S, 0, <) such that

(i) (S, <) is a partially ordered set;
(ii) o is a (binary) hyperoperation on S

(iii) (monotonicity) whenever x <y in S and z € S, one has
zox < zoy and zoz < Yoz,

where < is the lifted order from above.

Example 6.5.3 (An ordered hyperstructure on (N, <)). Let S = N with the usual order <.
Define a (total) binary hyperoperation o : S x S — P.(S) by

zoy = {teN|t>x+y} (x,y € N).

Thus « o y is the upward-closed set (principal upset) generated by x + y, hence nonempty.

Let < be the Hoare (forward) lifting of < to subsets of S, i.e. A < B iff Va € A3Jb € B with
a<b.

We verify monotonicity. If x <y and z € N, then z + = < 2 4 y, hence
zorx={t|t>z4+z} x {t|t>z+y} =20y,

because for any t > z + = we may choose t' := max{t,z + y} € z oy with ¢ < ¢. Similarly,
zoz={t|t>x+z} < {t|t>y+z}=yoz

Therefore (5,0, <) is an ordered hyperstructure in the sense of Definition [6.5.2]

An Ordered SuperHyperStructure extends Ordered hyperStructure to superhyperstructures over
iterated powersets, enriching them with a partial order and demanding that the superhyperop-
erations be coordinatewise monotone, thereby strictly generalizing ordered hyperstructures.

Definition 6.5.4 (Hoare (forward) lifting of the order). For k > 0 define a binary relation <,
on P*(S) by recursion:

fork=0: x=<0y < x<y; x,y €9,
fork—k+1: X=<pY < VzeXIyeY: z<,y), X,Y € P*L(9).

(We stipulate ) <511 Y for all Y.)
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Definition 6.5.5 (Ordered SuperHyperStructure of order (m,n)). An Ordered SuperHyper-
Structure of order (m,n) and arity s is a triple

(5. 0", )

such that:
(i) (S,<) is a poset;
(i) @M (P™(S))* — P"(S) is given;

(iii) (coordinatewise monotonicity) for each coordinate j € {1,...,s} and all inputs
X1, X, Y € PT(S),
if X; <, Y; and X; =Y for ¢ # j, then

omm(Xy,...,X

j7-.

LX) g OM(X, LY,

Equivalently, ®(™™ is (jointly) monotone with respect to the product preorder <, on the
domain and <,, on the codomain.

Example 6.5.6 (An ordered (1, 1)-SuperHyperStructure induced by unions on (N, <)). Let
S = N with the usual order <. Take m = n = 1 and arity s = 2. Thus the domain is (P(5))?
and the codomain is P(S). Use the Hoare lifting <; on P(5):

A<\ B < (Vac A)(FbeB: a<b).

Define a binary superhyperoperation @V : P(S) x P(S) — P(S) by
XMy = XUY.

(So ®™Y is simply union on the powerset level.)

We verify coordinatewise monotonicity. Suppose X <y X’ and fix Y C S. Take any u € X UY.
IfueY,thenu € X'UY and u < u witnesses the Hoare condition. If u € X, then by X <; X’
there exists v/ € X’ with v < u/; since v’ € X’ UY, the Hoare condition is again satisfied.
Hence

XMy =XUuY <, XUy =X oty

The argument with the other coordinate is symmetric, so ®) is coordinatewise monotone.

Therefore (S, o, S) is an ordered SuperHyperStructure of order (1,1) and arity 2 in the
sense of Definition [6.5.5]
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6.6 Hyperlntegral and SuperHyperlntegral

HyperIntegral aggregates a set-valued function over a finite hyperfield using hyperaddition, pro-
ducing one nonempty subset as result [382]. SuperHyperIntegral sums a function P,,(H) —
P,(H) via level-n lifted hyperaddition, yielding an n-nested output [382].

Definition 6.6.1 (HyperIntegral in a hyperfield). Let F' = (H,®,®,0,1) be a (commutative)
hyperfield and assume H is finite. Let f : H — P*(H) be a set-valued function (so f(x) # &
forall z € H).

Define the hyper-sum of two nonempty subsets A, B C H by

ABB = |J | (@®b) € P*(H),

a€A beB

and define the iterated hyper-sum of a finite family (A;)!_, C P*(H) recursively by

1 t t—1
A=A, BA= <_Bﬂ A1;> BA (t>2).
=1 =1 =1

The HyperIntegral of f over H is the element of P*(H) defined by

/Hf(x) @ dr = EEHf(x).

fAS

Example 6.6.2 (HyperIntegral on the Krasner hyperfield). Let H = {0,1} be the Krasner
hyperfield, with hyperaddition ¢ given by

080={0}, O0&l=1@0={1}, 1&1=/{0,1}
Define a set-valued function f: H — P*(H) by
foy=A{o},  fQ@)={1}.
Compute the HyperIntegral
[ 1@) @ do= 8 @)= FO) Q).
H reH
By the definition of H,

foBfm=J) | @ab)=0o1={1}.

ac{0} be{l}

Hence the HyperIntegral equals {1} € P*(H).

Definition 6.6.3 (Level-n lifted hyperaddition and hyper-sum). Let F' = (H,®,®,0,1) be a
hyperfield and fix n > 1. Assume the iterated powersets P, (H) have been defined already.

Define a binary operation B, : P, (H) x P,(H) — P, (H) recursively as follows.
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e Forn=1and A,B € P(H)=P(H), set

AE B = |J | (e@b) € P(H).

ac€A beEB

e« Forn>2and A,Be P,(H)=P(P,_1(H)), set

AB,B = {AB, B | Ac A BeB} €PH).

For a finite family (X;)!_; C P,(H), define the iterated sum

t—1,n

1,n t,n s
B X, =X, BX .= ( i Xi) M, X, (t>2).
1=1 =1 =1

Example 6.6.4 (Level-2 lifted hyper-sum on the Krasner hyperfield). Let H = {0,1} be the
Krasner hyperfield and fix n = 2. Then P>(H) = P(P(H)), so elements of P»(H) are sets of
subsets of H.

Take, for instance,
A= {04 {1}) e B(H),  B:={{1}} € Py(H).

By the recursive definition,
AB,B={A®, B | AcA BeB}
Now B has only B = {1}, so we compute:

{oym {1} = |J (a@b)=0®1={1},

ac{0},be{1}
B\ {1}= |J @ob=101={0,1}.
ac{l},be{1}

Therefore

A, B={{1},{0,1}} € P»(H).

Definition 6.6.5 ((m,n)-SuperHyperIntegral). Let F' = (H,®,®,0,1) be a hyperfield and
assume H is finite. Fix integers m,n > 1. Let

f: Pn(H) — P,(H)

be a function on the m-th powerset level with values in the n-th powerset level.

Using the level-n iterated hyper-sum BE" from Definition define the (m, n)-SuperHyperIntegral
of f by
/ FA) @dA = B f(A) € Pu(H).
Prn(H)

AeP,,(H)

If one wishes to exclude empty outputs, replace P, (H) by P}(H) and assume f(A) € P (H)
for all A.
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Example 6.6.6 (A (1,2)-SuperHyperIntegral). Let H = {0,1} be the Krasner hyperfield and
take (m,n) = (1,2). Then
P(H) =P(H),  P(H)=P(P(H)).
Define a function f : Pi(H) — Py(H) by
f(A):={A H} (ACH).

Thus, for example,

f@) =401}, f({op) ={{o}, #}, f{1})={{1},H}, f(H)={H}

The (1, 2)-SuperHyperIntegral is

!Amﬁwn@dA— D f(A),

AeP;(H)

i.e. the level-2 iterated Hy-sum of the four values f(0), f({0}), f({1}), f(H). For instance,
summing the first two terms gives

F@) 8 f({o) = { XBiY | X € f(0), Y € f({0})] € Pa(H),

where each XY € {0,{0},{1}, H}, and X B, Y is computed using the Krasner hyperaddition.
Continuing recursively (in any chosen order, since H is finite) produces a well-defined element
of P»(H), which is the desired (1,2)-SuperHyperIntegral.

6.7 HyperSpace and SuperHyperSpace

HyperSpace is the hyperspace (P.(X),7x), whose points are nonempty subsets of X with a

hypertopology [382]. SuperHyperSpace is (P (X), Tg;}), a topology on nested nonempty subsets,
generalizing hyperspaces to level n [382].

Definition 6.7.1 (HyperSpace). [382] Let X # () be a set. A HyperSpace on X is a topological
space

Hyp(X) = (P.(X), Tu),
where P, (X) is the family of all nonempty subsets of X (as defined earlier), and 7z is a topology
on the underlying set P.(X) (i.e., a hypertopology on X). Elements of P,(X) are regarded as
the “points” of the hyperspace.

Example 6.7.2 (A finite HyperSpace on a two-point set). Let X = {a,b}. Then
X) = {{a}, {0}, {a, b} }.
Define a topology 7g on the underlying set P, (X) by
TH = {wa P*(X)a Ua7 Ub) Uab}7

where

Uy :={A€P.(X)|ac A} = {{a},{a,b}},
Uy, = {AcP.(X)|be A} = {{b},{a,b}},
U =U,UU, = {{a}a{b}v {a’? b}} = P*(X

Then 75 contains () and P,(X), is closed under arbitrary unions, and is closed under finite
intersections (indeed U, N U, = {{a,b}}, which is open because {{a,b}} = P.(X) \ ({{a}} U
{{b}}) in this finite setting). Hence (P.(X), 7 ) is a HyperSpace in the sense of Definition
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Definition 6.7.3 (n-SuperHyperSpace). [382] Let X # () be a set and fix an integer n > 1.
An n-SuperHyperSpace on X is a topological space

SHyp,(X) = (PI(X), 75k),

where PJ'(X) is the n-th iterated nonempty powerset (as defined earlier), and TS}} is a topol-
ogy on P*(X) (i.e., a superhypertopology of level n). For n = 1, one recovers a HyperSpace:

SHyp, (X) = (Pu(X), 751).

Remark 6.7.4 (Optional canonical choice: Vietoris hyperspace). If (X, 7) is a topological space,
a standard HyperSpace is obtained by taking the carrier CL,(X) of nonempty 7-closed subsets
and equipping it with the Vietoris topology, generated by the subbasic sets

UV :={FeCL(X)|FCU}, (U ={FeCL(X)|FNU#0}, Uer

Example 6.7.5 (A level-2 SuperHyperSpace on X = {a,b}). Let X = {a,b} and fix n = 2.
Then

PAX) = P.(P.(X)) = { ACP.(X) | A%0 ),

S0 points are nonempty collections of nonempty subsets of X.

Define a topology 7oy on P2(X) by the “membership subbasis™: for cach B € P,(X), let
Up = {AePIX)|Be A},

and let Téi)[ be the topology generated by the subbasic family {{p : B € P.(X)}. Explicitly,

Téi)[ consists of arbitrary unions of finite intersections of the sets Up.

For example,

Uiay NUiapy = {A CP.(X)\ {0} | {a},{a,b} € .A}

is open in ng)[ Therefore (Pf(X ),ng,) is a level-2 SuperHyperSpace in the sense of Defini-
tion [6.7.3]

6.8 Hyperlnterval and SuperHyperInterval

An interval set is a set of real numbers containing every point between any two of its ele-
ments; convex subset [383H386]. Related concepts include interval-valued fuzzy sets [387-389]
and interval-valued neutrosophic sets [390H393|, among others. HyperInterval set maps each
interval [A,, A,] to a nonempty family of admissible interval sets on the same universe [394].
SuperHyperInterval set assigns to each n-nested subset A € P"(U) an (n—1)-nested family of
interval sets.

Definition 6.8.1 (HyperInterval set). Let U be a nonempty (finite) universe. Let I(P(U))
denote the class of all interval sets on U, ie., [Ap, A, = {A CU | A4 C A C A,} with
A, C A, CU. A Hyperlnterval set on U is a map

HI : I[(P(U)) — P.(I(P(U))),



130 Chapter 6. HyperStructure and SuperHyperStructure in Other Mathematics

assigning to each base interval set I = [A,, A,] a nonempty family HI(I) C I(P(U)) of admissible
interval sets.

(Optional refinement discipline.) If, moreover, every [By, B,] € HI([Ay, A,]) satisfies
A[QBZgBugAua

then HI is called a refinement HyperInterval set.

Example 6.8.2 (A refinement HyperInterval set on a three-element universe). Let U = {uy, ug, us}.
Consider the base interval set

I = [AbAu], A@ = {ul}a Au = {ulau25u3}~

Thus
[Ap, A ={ACU |[{w1} CACU} = {{w}, {w, u}, {1, us3},U}.

Define HI : I(P(U)) — P.(I(P(U))) by specifying its value on I = [A,, A,]:

HI([AbAuD = {[{u1}7{u1ﬂu2}]7 [{ul}v{u17u3}]’ Hu17u2}7U]}'

Each element of HI([A,, A,]) is itself an interval set on U, and the family is nonempty. Moreover,
every [By, B,] listed satisfies

Ay ={w} CB,CB,CA,=U,

so HI is a refinement HyperInterval set.

Definition 6.8.3 (SuperHyperInterval set of order n). Let U be a nonempty (finite) universe
and fix an integer n > 1. Using the iterated powersets P°(U) = U and P (U) = P(P*(U))
for t > 0, a SuperHyperInterval set of order n on U is a map

SHI™ . P™(U) — P YI(P(U))).

Thus, to each n-nested subset A € P™(U), the map assigns an (n — 1)-nested family of interval
sets on U.

Example 6.8.4 (A 2-SuperHyperInterval set). Let U = {uy, us} and fix n = 2. Then
PAU) =P(P(U)).

Choose a level-2 input
A= {{Ul}, {Ul,UQ}} (S P2(U)
A 2-SuperHyperlInterval set is a map

SHI® : PX(U) — PYI(P(U))) = I(P(U)),

so it assigns to A an ordinary interval set on U.

Define SHI® (A) to be the interval set
SHI?(A) := [{w}, {ur,us}] = {B CU [ {w} € B C {ur,us}} = {{wr}, {wr,ua}}.

Thus SHI® maps a 2-nested subset A to an interval set on U, providing a concrete example of
a SuperHyperInterval set of order 2.
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6.9 Curried HyperStructures and SuperHyperstructures

Curried hyperstructure rewrites a k-ary hyperoperation o as nested unary maps, preserving evalu-
ation o(xy, ..., x) [395]. Curried superhyperstructure curries a k-ary (m, n)-superhyperoperation
into iterated function spaces, keeping the same k-argument behavior [395]. These concepts ap-
ply the idea of currying (curried functions), originally used in functional programming languages
(cf. [396-399]).

Definition 6.9.1 (Curried k-ary HyperStructure). Let S # () and let P(S) be its powerset
(already defined). Fix an integer k > 1 and let

k

o: (P(S))" — P(S)

be a k-ary hyperoperation (i.e., the operation of a k-ary hyperstructure).

Define the curried form of o to be the map
curry(e) : P(S) — (P(S) = (- = (P(S) = P(S))--)).
characterized by the evaluation rule
curry(0)(X1)(Xa) - - (Xi) = o(X1, Xy, X1)  (X1,..., Xy € P(S)).

Then
(P(S), curry(o))

is called the curried k-ary HyperStructure associated with (P(.S), o).

Example 6.9.2 (A curried ternary HyperStructure on P(S)). Let S = {a,b} and take k = 3.
Define a ternary hyperoperation o : (P(5))* — P(S) by

ofX,V,Z):=(XUY)NZ (X,Y,ZCS).

This is well-defined since X UY C S and hence (X UY)NZ C S.

Its curried form

curry(o) : P(S) = (P(S) = (P(S) = P(9)))

is given explicitly by
curry(0)(X)(Y)(Z) = o(X,Y, Z) = (X UY) N Z.
For example, with X = {a}, Y = {b}, Z = {a},
curry(o)({a})({b})({a}) = ({a} U {b}) N {a} = {a}.

Thus (P(S),curry(o)) is a concrete curried 3-ary HyperStructure.
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Definition 6.9.3 (Curried k-ary (m, n)-SuperHyperStructure). Let S # (), fix integers m,n > 0
and k > 1, and let P™(S) and P"(S) denote the iterated powersets (already defined). Let

x: (P™(S))" — P(S)

be a k-ary (m,n)-superhyperoperation (i.e., a SuperHyperStructure of order (m,n) and arity

k).

Define the curried form of x by
curry(x) : P"(S) —> (P(S) = (- = (P"(S) = P"(S))-++));
with evaluation
curry(x)(X1)(X2) - - (Xi) = *(Xy, Xa, ..., Xk) (X1,..., X € P™(9)).

Then
(P™(S), curry())

is called the curried k-ary (m,n)-SuperHyperStructure associated with *.

Example 6.9.4 (A curried binary (1,2)-SuperHyperStructure). Let S = {a,b} and take
(m,n,k) = (1,2,2). Then P™(S) = P(S) and P"(S) = P*(S) = P(P(S)).

Define a binary (1, 2)-superhyperoperation x : (P(5))? — P?(S) by
A(X,Y)={X,Y, XUY} (X,YCS)

Each element X, Y, and XUY is a subset of S, hence x(X,Y) C P(S),sox(X,Y) € P(P(S)) =
P2(S).

The curried form

curry(x) : P(S) = (P(S) = P*(9))

satisfies
curry(%)(X)(V) =x(X,Y) ={X, Y, X UY}.

For example, with X = {a} and Y = {b},
curry (x)({a}) ({0}) = {{a}, {b}, {a, b} } € P*(S

Hence (P'(9), curry(*)) = (P(S), curry(*)) is a concrete curried 2-ary (1, 2)-SuperHyperStructure.

6.10 Complex HyperStructures and SuperHyperStructures

Complex hyperstructures use set-valued operations compatible with complex scalar multipli-
cation; complex superhyperstructures iterate powersets, enabling higher-order, complex-linear,
hierarchical set-valued operations.

Let H be a complex vector space. For nonempty subsets A, B C H and A € C define the
(Minkowski) sum and scaling by

A+B = {a+blac A, be B} CH, M = {da|ac A} CH.



Chapter 6. HyperStructure and SuperHyperStructure in Other Mathematics 133

For convenience we also write P.(H) := P(H) \ {@}.

For each r € Ny define P°(H) := H and P! (H) := P(P"(H)). Define recursively the scalar
action on P"(H) by

N-z:=Xx (xe€PH)=H), ANA={\-a|laec A} (AeP ' (H)).

(Thus, at every level, scaling is applied elementwise.)

Likewise, define recursively an “additive” operation @, on P"(H) by
By =x+y (r,y€H), A, B:={a®, blacA be B} (A,BcP ' (H)).

At level r = 1, @, is exactly the Minkowski sum on subsets of H.

Definition 6.10.1 (Complex hyperoperation). Let H be a complex vector space and let k € N.

A map
o: H* — P.(H)

is called a complex (multi- )linear hyperoperation if for every slot i € {1,...,k},allzy, ..., zy, ) €
H,and all A\, u € C,

o(xyy ..y Axy +pal,...,x) C XNo (g, Xyyeo oy r) + po(zy,. . ,x . x),

where the right-hand side uses Minkowski sum and set-scaling in H.

Definition 6.10.2 (Complex X-hyperstructure). Fix a single-sorted finitary signature ¥ =
(Func, Rel, arpync, argre;) and a finite index set @) of hyperoperation symbols with arities (k,)qeq-
A complex Y-hyperstructure is a tuple

H= <H7 (fH)fGFunca (RH)RGRelv (Og))qu>

such that:
o H is a nonzero complex vector space (in particular H # @);

o for each f € Func of arity m, the interpretation f® : H™ — H is C-multilinear (or, more
generally, C-polynomial, as chosen);

o for each ¢ € (), the hyperoperation og’) : H* — P,(H) is a complex multilinear hyperop-
eration in the sense above;

e cach R® C H" is a relation symbol interpretation (no additional “complex” axiom is
required unless desired).

Remark 6.10.3. If () = &, then Definition [6.10.2] reduces to an ordinary complex Y-algebra
(a C-linear Y-structure). If ¥ = @ and @ has a single binary symbol, one obtains a “complex
semihypergroup-like” object with a C-multilinear hyperoperation.
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Example 6.10.4 (Real-world example of a complex Y-hyperstructure). Coherent optical
beamforming with uncertain scattering. Consider a phased-array optical/radar system
that transmits and receives narrowband complex baseband signals. Let H = C? be the complex
vector space of array snapshots (one complex amplitude per sensor), where d is the number of
antenna/photodetector elements.

Fix a finitary signature X that contains (at least) the following function symbols:
Funcs{+, -, (,), T},

interpreted in H as the usual complex vector addition and scalar multiplication on C%, the
Hermitian inner product (z,y) = x*y, and a fixed linear operator 7' : H — H (e.g. a steer-
ing/beamforming matrix or a propagation operator).

To model multi-path scattering uncertainty, introduce a finite index set @ of hyperoperation
symbols. For a representative binary symbol ¢ € Q) (arity k, = 2), define a complex multilinear

hyperoperation

ol HxH—P.(H), (2,y)— zofy,

by
xog)y = {oex—l—ﬂy ‘ (oz,B)eU},

where U C C? is a prescribed nonempty set of admissible complex gains (e.g. gains consistent
with calibration bounds, a scattering envelope, or interval/elliptic uncertainty in amplitude and
phase). Then:

e H is a nonzero complex vector space;

o the X-functions are C-multilinear (or polynomial) maps on H;

. og) is a hyperoperation producing a nonempty set of possible received superpositions,

capturing ambiguity in the complex path gains;

o any additional Y-relations (e.g. “SNR> 7”7 constraints) can be interpreted as subsets of

H".

Hence the system state space together with its linear signal-processing primitives and the un-
certainty hyperoperation forms a concrete complex Y-hyperstructure in the sense of Defini-
tion [6.10.2)

Definition 6.10.5 (Complex ©-superhyperoperation). Let H be a complex vector space and
fix a profile © = (m,n, k) with m,n € Ny and k € N. A map

*x: (P™(H))" — P™(H)
is called complex ©-homogeneous if for every A € C and all Ay,..., Ay € P™(H),
*( A A A AR) = A x(Ag, L Ag),
where A - () is the lifted scalar action on P™(H) and P"(H).

If, in addition, for every slot ¢ and all A\, u € C,
*(Al,,/\AZGBm,uA;,,Ak) - )\'*(Al,...,Ai,...,Ak) Dn ,U,‘*(Ah...,AIZ-,...,Ak),

then « is called a complex (multi-)linear ©-superhyperoperation.



Chapter 6. HyperStructure and SuperHyperStructure in Other Mathematics 135

Definition 6.10.6 (Complex ©-superhyperstructure). Fix a complex vector space H # {0}
and a profile © = (m,n, k). A complex ©-superhyperstructure over H is a pair

S=(P"(H),x*s)

where xg : (P™(H))* — P"(H) is a complex ©-homogeneous superhyperoperation. If xg is
complex multilinear (in the sense of the previous definition), we call S a complex multilinear
O-superhyperstructure.

Remark 6.10.7 (Consistency with lower levels). If (m,n) = (0,1), then x : H* — P(H) is
exactly a hyperoperation on H, and complex multilinearity reduces to the standard inclusion-
type linearity for set-valued maps. If (m,n) = (0,0), then x : H* — H is an ordinary k-ary
operation and one recovers the usual C-multilinearity condition.

Example 6.10.8 (Real-world example of a complex Y-superhyperstructure). Robust set-
based interference management in multi-user MIMO. Consider an uplink multi-user
MIMO receiver that observes complex baseband vectors in H = C?. At any time, each user
u has an wuncertain feasible set of received signal vectors A, € H due to unknown channel
coefficients, phase noise, and bounded interference.

Fix a profile © = (m,n, k) withm =n =1land k = 2,s0 P™(H) = P(H) and P"(H) = P(H).
Define a superhyperoperation

*:P(H)xP(H)— P(H)
by the robust Minkowski-type aggregation

AxB = {:L"—l—y ’ mEA,yEB} N {ZGH ‘ HWZHST}a

where W : H — H is a fixed complex linear filter (e.g. a whitening or projection operator)
and 7 > 0 is an admissible interference/power threshold. Operationally, A x B is the set of
all superpositions of two uncertain users’ signals that remain feasible after linear filtering and a
system constraint.

This x is complex ©-homogeneous: for A € C,
(M) x (AB) = AM(A % B),

because scalar multiplication distributes through addition and the constraint can be chosen
homogeneous (e.g. ||[W(Az)|| = |A|||Wz]|| with an amplitude-scaled threshold). Moreover, x is
set-linear in each slot in the sense of Definition [6.10.6| (with the lifted operations &, on P(H)).

Therefore, the set-universe P(H) of uncertain complex signal states equipped with * is a concrete
complex O-superhyperstructure, modeling set-based robust combination of uncertain complex-
valued signals under linear processing and feasibility constraints.
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6.11 Dynamic HyperStructures and Dynamic SuperHyperStructures

Let (T, <) be a nonempty totally ordered (or, more generally, preordered) time set (e.g. T = N
for discrete time or T = Ry for continuous time). We view (T, <) as a small category whose
objects are times 7 € T and with a unique arrow 7 — 7" whenever 7 < 7’.

Fix a single—sorted finitary signature
Y= (Func, Rel, arpync, arRe|),

and fix a finite index set @) of designated hyperoperations (to be part of the structure), where
each ¢ € @) has arity m, € N.

Definition 6.11.1 (X-hyperstructure and homomorphism). A X-hyperstructure is a tuple
H= <|H|’ (fH)feFuncv (RH)REReh (Og))qu)’
where |H| # @, f2: [H*) — |H| for each f € Func, R® C |[H|*® for each R € Rel, and each

of) : |[H™ — P(H|)) (¢€Q)

is a hyperoperation.

Given Y-hyperstructures H and K, a map ¢ : |[H| — |K]| is a homomorphism if:
p(f1(@) = (@), TeR" = (@) € R,

and, for every ¢ € @ and every T € |H|™q,

0(0@(2) C o (p(T)),

where p(A) = {p(a) : a € A} for A C |H|. If ¢ is bijective and all inclusions above are
equalities (and the relation condition is equivalence), then ¢ is an isomorphism.

Definition 6.11.2 (Dynamic Y-hyperstructure). A dynamic Y-hyperstructure is a pair

H = ((H,)rer, (@r0)r< ),

where:
e for each 7 € T, H, is a Y-hyperstructure;
o foreach 7 <7/, @, . : H, = H, is a homomorphism in the sense of Definition
o (identity) ®,, = idy. for all T;

o (cocycle / consistency) if 7 < 7' < 7", then

¢T’,T” (] QT,T' = ¢7—7T//.
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Equivalently, a dynamic ¥~hyperstructure is a functor
H: (T, <) — HypStry, g,

from the time category into the category of X—hyperstructures (with the chosen hyperoperations).

Remark 6.11.3 (Fixed-carrier special case). Often the carrier is fixed, i.e. |H,| = X for all 7,
and @, ;. = idx. Then the dynamics is entirely in the time-dependent interpretations f., R,
and hyperoperations o(ﬂ) on the same underlying set X.

Example 6.11.4 (Real-world example of a dynamic X-hyperstructure). Evolving chemical
reaction hyperstructure under changing operating conditions. Let T be a totally ordered
time set (e.g. discrete days T = N). A chemical plant maintains a catalogue of reactive species
and reaction rules that evolve over time because catalysts are replaced, temperature/pressure
regimes are changed, or new side reactions are discovered.

For each 7 € T, let H, be a X-hyperstructure whose carrier H, is the set of chemical species
that are relevant/observable at time 7. Include in ¥ function symbols (examples):

¥ DO { @ (mixture), cat (catalyst application), rate },

interpreted by maps fH : H™ — H, that encode standard deterministic bookkeeping (e.g.
forming a mixture label, applying a known catalyst, or evaluating a nominal rate law).

To model uncertain multi-product outcomes, fix a finite set ) of hyperoperation symbols and
interpret, for a representative ¢ € ) of arity k, = 2, a hyperreaction map

o9 H x H, — P,.(H,), (X,Y) — X o9y,

where X o(Tq) Y is the nonempty set of all products that may be obtained from combining X and
Y at time 7 (including side products that are only possible under the current regime).

As the operating regime changes from 7 to 7/, there is a natural homomorphism
@7—77—/ : H-,— — HT/

sending each species name/identifier in H, to its updated identifier in H,, (e.g. after merging
synonyms, re-indexing, or mapping deprecated intermediates to their tracked substitutes), and
preserving all 3-operations and the hyperoperations:

q)T,T’(fHT (xb e xm)) = fHT/(q)'r,‘r’ (xl)v s 7(I)T,T’(xm))7
B (20l y) = @, () o @ (y),
with the usual identity and cocycle conditions. Hence H = ((HT)TeT, (CIDTJ,)TST,) forms a

concrete dynamic Y—hyperstructure capturing the time evolution of a reaction network with
set-valued (uncertain) reaction outcomes.

Fix a profile © = (m,n, k) with m,n € Ny and k € N.
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Definition 6.11.5 (O-superhyperstructure). A ©-superhyperstructure over a base set H # &
is an object

S = (P™(H), xs), *s:(P™(H))" — P"(H).

Definition 6.11.6 (Dynamic ©-superhyperstructure). A dynamic ©—superhyperstructure is a
pair

S = ((ST)T€T7 (OéT,r/)Tgr/ >7

where:

e foreach T €T, S, = (Pm(HT),*T) is a ©—-superhyperstructure over some nonempty base
set H,;

o foreach 7 <7/, o, : H — H, is a bijection (transport of the base);
o (identity) o, , =idy, for all 7;
e (cocycle) if 7 < 7" < 7" then o, ;v = s 71 0 Qs 115

o (compatibility of superhyperoperations) for all 7 < 7/,

oL (4 (Ary o A1) ) = o a4, 0l (4)) )

k

for every (Aq,..., Ax) € (P™(H,)) .

Example 6.11.7 (Real-world example of a dynamic ©-superhyperstructure). Time-varying
set-based reachability in an urban logistics system. Consider a delivery platform operat-
ing over time T, where at each time 7 the set H, consists of all active states of the fleet, e.g. a
state can encode (vehicle ID, location zone, remaining capacity, battery level). Because vehicles
enter/leave service, H, genuinely changes with 7.

Fix a profile © = (m,n, k) withm = n = 1 and k = 2. For each 7, define a ©-superhyperstructure
S, = (P(H,), %)),  *r:P(H,) x P(H,) — P(H,),

where, for two sets of fleet states A, B C H,, the value A %, B is interpreted as the set of states
that are reachable by combining two concurrent sources of uncertainty at time 7:

o uncertainty from traffic and travel-time variation (affecting where vehicles in A can move),

o uncertainty from dispatch/admission decisions (affecting which tasks in B are accepted /merged).
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Concretely, one may define
Ax. Bi= {h' € H. ] heAd beB: We StepT(h,b)}7

where Step,(h,b) C H, is the (nonempty) set of feasible next states produced by applying
dispatch decision b to current state h under the time-7 traffic regime. This is naturally set-
valued and depends on 7.

To compare different times, assume there is a canonical relabeling/transport bijection
o He — Hp

that matches “the same” vehicle-state across times (e.g. by vehicle ID and normalized coordi-
nates), and satisfies the cocycle conditions. Compatibility of superhyperoperations expresses
time-consistency of the state evolution model: transporting the result of a combined reachability
computation equals computing reachability after transport:

ol (A%, B) = all,(4) . ol'(B).

T, T

Therefore, S = ((ST)TeT, (aT’T/)TST/) is a concrete dynamic ©-superhyperstructure modeling
time-varying set-based reachability /feasibility in a real logistics platform.

For a map a« : H — K and an integer r € Ny, we use the standard iterated powerset lift
all s Pr(H) — P7(K) defined recursively by

¥ = q, o™= Pl (r>0),
where P(g)(A) :={g(a) : a € A} for A C dom(g). For k-tuples we write

(™) (Ay,..., Ap) == (a™(Ay), ..., 0™ (4y)).

Lemma 6.11.8 (Functoriality of the lift). Let o : H — K and 8 : K — L be maps. Then for
every 7 € Ny,

(Boa) =g oall,  (idy)") = idpca.

Proof. We argue by induction on r.
Base v = 0. Immediate: (o) =Boa=p%0al and (idy)" = idy = idpo(p)-

Stepr — 1+ 1. Assume (80 )l = 8l o all. For any A € Pr1(H) = P(P"(H)),
(Boa)™H(A) =P((Boa))(A) = {(Boa)(a): a e A}.
By the induction hypothesis this equals {30 (al(a)) : a € A}, i.e.
(B o) H(A) = P(B")(P(al)(4)) = B+l (A)).

Hence (8 o a)l' Tl = g+l o o'+l The identity statement is analogous. O
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Lemma 6.11.9 (Lifts of bijections). If a : H — K is a bijection, then oIl : P"(H) — P"(K)
is a bijection for all v € Ny, and

(a 1) = (a[r])*l.

Proof. For r = 0 the claim is clear. Assume al" is a bijection with inverse (o)), Then
alrtl = P(al) is a bijection with inverse P((aM)™!) = P((a™H)"M) = (1)1, (The
equality uses Lemma [6.11.8| applied to a~! o v = id.) O

Fix a profile © = (m,n, k).

Definition 6.11.10 (Category of ©-superhyperstructures). Define a category SuHyStry as
follows.

o Objects are O-superhyperstructures S = (P™(H), %g).

e A morphism o : § — T, where S = (P™(H),*) and T = (P™(K),9), is a bijection
a: H — K such that for all (4y,...,4;) € (P™(H))¥,

(A, ., A)) = of (") (A, Ay)).

Proposition 6.11.11 (Dynamic ©—superhyperstructures are functors). A dynamic © —superhyperstructure
S = ((ST)TGT, (aT,T/)TST/) in the sense of Definition is equivalently a functor

S: (T, <) — SuHyStrg, T— S, (1<7)— a .

Proof. By Definition each a, . : H, — H, is a bijection, hence gives a candidate
morphism in SuHyStrg. The compatibility axiom of Definition is exactly the morphism
condition in Definition The identity and cocycle axioms for ., are precisely the
functoriality conditions for arrows in the preorder category (T, <). Conversely, any such functor
provides the same data and satisfies the same axioms by unpacking definitions. O

Proposition 6.11.12 (Transport of a superhyperoperation along a bijection). LetS = (P™(H ), *)
be a ©-superhyperstructure and let o« : H — K be a bijection. Define an operation ¢ :
(P™(K))* — P™(K) by

o:=a™oxo <((a71)[m])><k)‘

Then T = (P™(K),o) is a ©O-superhyperstructure and o : S — T is an isomorphism in
SulyStrgy. Moreover, ¢ is the unique operation on K making o an isomorphism.
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Proof. Well-definedness is clear because o™ and (a~!)I™ are well-defined maps on iterated
powersets. To check that « is a morphism S — T, take (Ay,...,Ay) € (P™(H))*. Then, by
the definition of ¢ and Lemma [6.11.9

o((oz[m])Xk(Al, . .,Ak)) - a["](*<((a’1)[m])Xk(a[m](Al), . ,a[m}(A,c)))).

But (a™!)™ o al™ = idpm ), hence the inner k-tuple reduces to (A, ..., A). Therefore

0((a[m])x’f(A1,-.-7Ak)) = ol ( (Al,...,Ak)),

which is exactly the morphism condition. Bijectivity of a plus equality (not mere inclusion)
shows it is an isomorphism.

For uniqueness, suppose ¢ also makes a a morphism, i.e. al”(x(A)) = o/((al™)*k(A)) for all

—,

A. Given any B € (P™(K))*, set A := ((a=1)™))**(B). Then (al™)**(A) = B and hence
J/(B) = al(x(4)) = al ox o (o)) *) (B) = o(B).

Thus ¢ = ¢. O

Theorem 6.11.13 (Rigidity: dynamics is “constant up to relabeling”). LetS = ((S;)-, (Qtr.r)r<+)
be a dynamic ©—superhyperstructure. Fix a reference time 79 € T. Then for every T € T with
70 < T, the operation %, is determined by *,, via conjugation:

— m]\ Xk
*r _a‘[f‘o]"' O *r © (((a‘rolﬂ')[ ])X )

Equivalently, if we transport all operations back to the fized base set H,, by

Fi= (o) oo ((aleh) ™),

*)

then x, = x,, for all T > 1.

Proof. Apply the compatibility axiom of Definition |6.11.6 to the pair (7p,7): for every A e

(P(H.,))" ) )
aly(xr (A)) = xo{ (a7 (A)).
Now let B € (Pm( ))¥ be arbitrary and set A := (ot )mh)y<H(B 3). Since o™ is a bijection
(Lemma , we have (a[T?,]T)Xk(A) — B, hence
*r(B) =l (s, (A)) = alt) 0y, o (711" ) (B),

which is the stated conjugation formula. The “transport back” statement follows by composing
both sides with (' )" O

Proposition 6.11.14 (Construction on T = N from one-step data). Assume T = N with
the usual order. Fix nonempty sets (Hi)ien, bijections o1 @ Hy — Hiyq, and an indtial
© —superhyperstructure So = (P™(Hy),*0). Define recursively operations ;.1 on Hy 1 by

. i\ Xk
*ip1 = Oth]Jrl O %4 O (((at t1+1>[ ]) )

Fort < t/, deﬁne Qg 1= Qg1 47 O+ OOy and Qg 1= id. Then S = ((St)t€N7 (at,t')tft') 18
a dynamic ©—superhyperstructure.
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Proof. By construction each oy 11 is bijective, hence so is each composite oy ; identity and
cocycle properties hold by definition of composition.

It remains to verify compatibility. For ¢ = ¢ + 1, compatibility holds by the defining formula
of %441, since that formula is exactly the condition that oy ;41 is a morphism S; — S, (cf.

Proposition [6.11.12)).

For general t < t/, we proceed by induction on (¢ — t). Assume compatibility holds for (¢,¢').
Then for (¢,¢' 4+ 1) and any A € (P™(H,))",

afh o (e (A)) = af 4 (@l (a(A)) = ol (o ((adTh 4 (A))).

where we used Lemma [6.11.8/and the induction hypothesis. Applying one-step compatibility for
(t',t' + 1) yields

—,

oy s (w0 (@) H(A)) ) = e (@) ((@f3)4(A)) ).

Finally, (aETt],H) o (am,]) = (ayp41)™ by Lemma |6.11.8, hence the right-hand side equals

—,

*t/+1((a£?,] +1)"*%(A)). Thus compatibility holds for (¢,t' + 1), completing the induction. O

6.12 Mixed HyperStructure and Mixed SuperHyperStructures

Mixed hyperstructures are type-aware hyperalgebraic systems: they consist of several underlying
carriers (or “sorts”) together with hyperoperations that accept inputs from specified sorts and
return a set of outputs in a (possibly different) sort. Mixed superhyperstructures extend this idea
by allowing the carriers themselves to be iterated powerset levels (nested collections), and by
using superhyperoperations that map tuples of such higher-level objects to higher-level, nested
set-valued outputs, again respecting the prescribed typing across sorts [400].

Definition 6.12.1 (Typed hyperprofiles). [400] Let 7" be a nonempty set (of types). A typed
family of base sets is a family (S,).er of nonempty sets indexed by T. For k > 1, a typed
hyperprofile is a pair

A= ((ar,...,a;) | b) € TF x T.

The arity of A is k.

Definition 6.12.2 (Mixed HyperStructure). [400] Let T be a nonempty set of types and
(Sa)aer a family of nonempty base sets. Fix an index set A of typed hyperprofiles. A Mized
HyperStructure on (S,)qer is a pair

Hmix — ((Sa)aeTa (O)\>)\€A)a
where for each profile A = ((al, ceyag) | b) € A the associated mized hyperoperation is a map

oy : PSY(S,,) x --- x PS(S,,) — PS'(Sy).

(Optionally, one may replace PS' everywhere by (P,)! to forbid empty inputs/outputs.) No
further axioms (associativity, identities, etc.) are imposed unless stated.

Homogeneous case. If T = {a} is a singleton, then oy : (PS(S,))* — PS(S,) is a usual
subset-level hyperoperation. Restricting each input to a singleton yields an induced k-ary hy-
peroperation oy : S¥ — PS(S,) given by

ox(@y, ..., x) = oa({@1}, ..., {z})-
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Example 6.12.3 (Mixed HyperStructure: targeted promotions in an e-commerce platform).
Let the set of types be T' = {U, |, C}, where Sy is the set of user IDs, S| the set of item IDs, and
Sc the set of coupon codes. Assume we are given two predicates:

Eligible(u, ¢) € {true, false} (u € Sy, ¢ € Sc),

Applies(c, i) € {true, false} (c € Sc, i € S),

encoding (i) whether user u may use coupon ¢, and (ii) whether coupon c applies to item .

Define a mixed hyperoperation of profile A = ((U, 1) | C) by

oy : PS'(Sy) x PS'(S)) — PS*(Sc),

or(U', 1) := {c € Sc ) Ju € U’ Eligible(u,¢) A Jie I’ Apphes(c,z')}.

Thus, given a segment of users U’ and a basket/campaign item-set I’, the output is the set of
all coupons that are usable by at least one targeted user and applicable to at least one targeted
item.

Optionally, one can include a second typed operation (profile ((I) | U)) that maps an item-set to
a likely-to-buy user cohort, e.g.

Oaud : PS'(S)) — PS'(Sy), Oaud(I") :={w € Sy | Ji € I Interested(u, i) }.

Together, these typed set-valued maps constitute a concrete Mixed HyperStructure in the sense

of Definition

Definition 6.12.4 (Typed superhyperprofiles (depth N)). [400] Fix a depth N € N. A typed
superhyperprofile of depth N is a datum

n= ((al,dl)a SO (ak7 dk) ‘ (b7 6)),
where k > 1, a;,b € T, and d;,e € {0,1,..., N}. Define its domain and codomain by

Dom(p) := PS™(S,,) x --- x PS*(S,,), Cod(u) := PS*(Sy).

Definition 6.12.5 (Mixed SuperHyperStructure (depth N)). [400] Let T' be a nonempty set
of types and (S, ).er a family of nonempty base sets. Fix a depth N € N and an index set M
of typed superhyperprofiles of depth N. A Mized SuperHyperStructure of depth N on (S,)aer
is a pair

SHix = ((Sadaers (7u)uenr),

where for each o = ((a1,dy), ..., (ay,di.) | (b,€)) € M the associated mized superhyperoperation
is a map

7, : Dom(p) — Cod(p) (i.e. ?7,:PSH(S,,) x - x PS™(S,,) — PSE(SZ,)).

(Optionally, replace PS? everywhere by (P,)? to exclude empty sets at all levels.)
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Remark 6.12.6 (Recovering Mixed HyperStructures as a special case). If N > 1 and one
restricts to profiles with d; = --- = d = e = 1, then a Mixed SuperHyperStructure yields
(exactly) a Mixed HyperStructure signature:

7, (PS'(S,,) x --- x PS'(S,,)) — PS'(S,).

In particular, Mixed HyperStructures embed into Mixed SuperHyperStructures by viewing them
as depth-N systems supported only on level 1.

Example 6.12.7 (Mixed SuperHyperStructure (depth N = 2): generating candidate bundles
per user). Let T'= {U, 1} with Sy a set of user IDs and S a set of items. Fix depth N = 2 and
consider the typed superhyperprofile

H= ((U70)7(|71) | (|72))7
so that

Dom(u) = PS°(Sy) x PS'(S)) = Sy x PS(S1),  Cod(u) = PS*(S1) = PS(PS(S))).

Assume a score function s : Sy x S) — R (preference/utility) and a price map p : S} = R,
and a budget B(u) > 0 for each user u. Define the mixed superhyperoperation

W, : Sy x PS(S)) — PS*(S))

by
U, (u, A) = {X CA ‘ 1< x| <3, Y pli) < B(u),
i€ex
and X is among the top-K bundles by Z s(u, z)}
i€ex
Hence W, (u, A) is a set of bundles, and each bundle is itself a set of items; therefore ¥, (u, A) €

PS?(S)) as required. In words: given a user u and an available item set A, the output is a nested
collection of the best few admissible bundles (small, within-budget, high-score) to recommend.

Taking M = {u} and the single operation ¥, yields a concrete Mixed SuperHyperStructure of
depth 2 in the sense of Definition [6.12.5



Chapter 7

HyperStructure and SuperHyperStructure
in Basic Science

HyperStructures and SuperHyperStructures are also studied and applied in fields beyond math-
ematics. In this chapter, we revisit these notions in the context of the basic sciences. As a
reference, Table summarizes classical concepts and their hyper/superhyper counterparts in
chemical, physical, and medical sciences.

7.1 Chemical HyperStructure and SuperHyperStructure

Chemical Hyperstructure is an algebraic hyperstructure modeling chemical species’ redox in-
teractions, where hyperoperation maps reactant pairs to major product sets by maximal EMF
[401-404].

Definition 7.1.1 (Chemical Hyperstructure). [401] Let
G == {Xl,XQ,... ,Xk}

be the finite set of chemical species (e.g. oxidation states of a given element), and let P*(Q)
denote the set of all nonempty subsets of G. Suppose that for each ordered pair (X;, X;) there
is a collection of possible redox reactions

X, + X, — Y+ Z with standard reduction potentials E(Y), E(Z),

and let
AE(XZ-,X]-; Y,Z) = E(Y)+ E(Z)

be the sum of the two half-cell potentials (in volts). Define a hyperoperation
®:GxG — P (G)

by
X, X, = { Y, ZeG | Y + Z arises from a spontaneous reaction

X, + X; - Y + Z with maximal AE(X;, X;;Y,Z)}.

145
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Table 7.1: Classical concepts and their hyper/superhyper counterparts in chemical, physical, and
medical sciences.

Classical Concepts HyperConcepts SuperHyperConcepts
Chemical Structure (reaction/interaction structure) Chemical HyperStructure Chemical SuperHyperStructure
Chemical Graph (reaction graph, molecular graph) Chemical HyperGraph Chemical SuperHyperGraph
Physical Structure (system/interaction structure) Physical HyperStructure  Physical SuperHyperStructure

Medical Structure (clinical/biological interaction structure) Medical HyperStructure — Medical SuperHyperStructure

That is, among all possible products of the redox reaction X; + X; — Y + Z, one selects those
Y, Z for which AF is strictly maximal and positive. Then the pair

(@, @)

is called a chemical hyperstructure on G under redox combination. If moreover (G, @) satisfies
the associativity (resp. weak associativity) and reproduction axioms of classical hypergroups
(resp. Hv—groups), one speaks of a chemical hypergroup (resp. chemical Hv-group).

Example 7.1.2 (A toy chemical hyperstructure on three “species”). Let G = { X, X5, X3}
be three abstract chemical species (e.g. oxidation states of an element). Assume that, for each
ordered pair (X;, X;), there are exactly two admissible product pairs Y + Z, and that the
summed potentials AE(X;, X;;Y, Z) have been assessed as follows:

(X;,X;) | candidate products (Y, Z) | AFE

(X17X2) (X17X3)7 (X27X3) 0107 0.25
(X1, Xa) | (X1, Xs), (X3, X5) | 0.05, —0.10
(Xo X3) | (X0, X0), (X1, Xs) 0.30, 0.15

Following Definition for each (X;, X;) we select the products with strictly mazimal and
positive AE. Thus we obtain the hyperoperation @ : G x G — P*(G):

Xi 6 Xo ={Xs, X3} (since 0.25 is maximal and positive),
X0 X3 ={X1, X5} (since 0.05 is maximal and positive),
Xo® X5 ={X1, X5} (since 0.30 is maximal and positive),

and define the remaining values (e.g. X; @ X;) similarly from the available reaction list. Each
output is nonempty by construction, so (G,®) is a chemical hyperstructure in the sense of

Definition [Z.1.1]

A weak n-Superhyperstructure (SHv-Structure) equips the n-th powerset of a base set with a
superhyperoperation satisfying weak associativity across hierarchical levels.

Definition 7.1.3 (Weak n'" Superhyperstructure). Let S be a nonempty set and let P"(.5)
be its n'™ powerset. Denote by P*(P"(S)) = P(P"(S)) \ {@} the collection of all nonempty
subsets of P™(S). A weak n-Superhyperstructure is a pair

(P"(5), )
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where

o: P*"(S)xP"(S) — P*(P"(S5))
is a superhyperoperation satisfying the weak associativity condition:
Xo(YoZ) N (XoY)oZ # o forall X,Y,Z e P"(S).

If moreover for each A € P"(S) one has A o P"(S) = P"(S) = P™(S) o A, then (P"(S),0) is
called an Hv—group of order n.

Example 7.1.4 (A weak 1-Superhyperstructure via “either union or intersection”). Let S =
{a, b} and take n = 1. Then P'(S) = P(S). Define a superhyperoperation

o : P(S) x P(S) — P*(P(S))

by
XoY := {XUY, XNY} (X,YCS).

Each X oY is a nonempty subset of P(.S), so o is well-defined.

We verify weak associativity: for any X,Y,Z C S, theset Yo Z ={Y UZ, Y N Z}, hence

Xo(YoZ)= |J (XoW)=(Xo(YUZ)) U (Xo(YNnZ)).

WeYoZ

In particular, X UY U Z belongs to X o (YU Z) C X o(Y o Z). Similarly, (X oY) o Z contains
XUY UZ because X UY € X oY and then

(XUY)UZ=XUYUZe (XoY)oZ

. Therefore

Xo(YoZ) N (XoY)oZ # o,

indeed the intersection contains X UY U Z. Hence (P(S),0) is a weak 1-Superhyperstructure
in the sense of Definition

7.2 Chemical HyperGraph and SuperHyperGraph

Chemical structure and reactivity are naturally multiscale. Atoms combine into bonds; bonds
form functional groups; functional groups assemble into larger motifs and molecules; and, at
an even higher level, molecules participate in assemblies and reaction networks. To model such
nested organization in a single combinatorial object, we use chemical superhypergraphs, which
allow successive layers of set-valued entities and may carry quantitative annotations (e.g., bond
strengths, interaction energies, or reaction rates).

Definition 7.2.1 (Chemical graph). [405] Let A be a set of atom labels (e.g., element symbols
with optional tags), and let B be a set of bond labels (e.g., single/double/triple/aromatic, or a
bond order). A chemical graph is a labeled undirected graph

Gchem = (‘/7 E, >‘V7 )‘E)u

where:
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o (V,E) is a finite simple undirected graph (unless explicitly allowing multiedges/loops);
o Ay : V — A assigns an atom label to each vertex (each v € V represents an atom);

e Ap: E — B assigns a bond label to each edge (each e € F represents a chemical bond).

Example 7.2.2 (A chemical graph for water HyO). Let
V = {'UO, UH17UH2}

and
E= {{UO’ UHI}? {U07 sz}}
. Take atom labels A = {H, O} and bond labels B = {single}. Define

/\V('UO) =0, )\V(UHl) =H,
AV(/UHQ) - H7

and
)\E({UO7 le}) = Sing|e7 )\E({7}07 UHz}) = Single'

Then Genemm = (V, E, Ay, Ag) is a labeled simple graph representing the molecule HyO in the
sense of Definition

Definition 7.2.3 (Chemical hypergraph). [406-408] A chemical hypergraph is a triple
Hchern = (‘/07 ES7 EN))

where:
o Vj is a finite set of atoms (vertices);

o Eg C P.(Vp) is a finite family of simple hyperedges (e.g., bonds or local motifs), so each
e € Es is a nonempty subset of V;

o Ex C P.(Es) is a finite family of nesting hyperedges (molecules), where each ey € Ey is
a nonempty subset of Eg indicating which level-1 units constitute that molecule.

Thus Hcpem models atoms at level 0, bonds/motifs at level 1, and molecules as nonempty col-
lections of level-1 units.

Example 7.2.4 (A chemical hypergraph with bonds and a molecule). Let Vo = {vo,vp,,vm,}
be atomic vertices. Define the simple hyperedges (bonds)

Es ={ei,ea}, e ={vo,vm}, e ={vo,vm}.
Define one nesting hyperedge (the molecule) by
Eyx = {m}, m = {e1, e} € P.(Fs).

Then
Hchem — (‘/07 E57 EN)

is a chemical hypergraph modeling atoms at level 0, bonds at level 1, and the water molecule as
a collection of bonds, as in Definition [7.2.3]
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Definition 7.2.5 (Chemical SuperHyperGraph). Fix integers m > 1 and n > 0. A chemical
(m,n)-SuperHyperGraph is a tuple

CSH(mm) = (%, El, Eg, ey Em, Wi, Woy « .., wm),

satisfying:
(i) Vo is a finite set of atoms.

(ii) By C PM(Vp) is a finite family of first-level chemical units (e.g., bonds, local motifs, or
functional groups), represented as nonempty elements of P™(V}).

(iii) For each ¢ = 2,...,m, one has E, C P,(E,_1), i.e., each level-£ unit is a nonempty
collection of level-(¢ — 1) units (e.g., substructures, molecules, and higher-order assemblies).

(iv) For each £ = 1,...,m, the weight map wy : E, = R>( assigns a nonnegative weight (e.g.,
bond strength, interaction energy, stability score, or another quantitative attribute at level

0.

Example 7.2.6 (A chemical (2,0)-SuperHyperGraph with weights). Take m = 2 and n = 0.
Let the atom set be
Vo = {vo, va,, v, }-

Since n = 0, we have P2(V;) = Vi, and level-1 units are nonempty subsets of ;. Define
E, ={ey, e},
e1 = {vo,vm, }, € = {vo,Vm,}
Define one level-2 aggregate (the molecule) by
E, = {M}, M ={e, e} € P.(Ey).
Assign nonnegative weights (e.g. bond strengths and molecular stability):
wi(e)) =1, wi(ex) =1, wo(M) = 2.

Then
CSH(ZO) - (‘/07 El7 E27 Wy, w?)

is a concrete chemical (m,n)-SuperHyperGraph in the sense of Definition

7.3 Physical HyperStructure and SuperHyperStructure

Physical hyperstructure models interactions among physical states via set-valued outcomes, con-
strained by conservation laws and symmetry covariance conditions [409]. Physical superhyper-
structure lifts those interactions to nested state-collections, enforcing feasibility and covariance
on atoms via flattening across hierarchy levels [409).
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Definition 7.3.1 (Physical HyperStructure). [409] Let Spny 7 @ be a set of physical states.
Let (V,+) be a commutative monoid (e.g., V' = R% with vector addition) encoding conserved or
controlled quantities (momentum, energy, charge, etc.). Let v : Sy, — V' be a valuation map.
Let G be a symmetry group acting on Sphy, and let p : G — Aut(V') be a representation such
that

v(ig-s)=plg)v(s) (g€ G, s€ Spy)-

Fix a signature Y, of interaction symbols; each o € X, has arity ar(c) > 1. For each
0 € Yphy choose:

D, C Szfl(yg) (feasibility domain), C, CV  (closed convex cone of admissible net losses/gains).

A Physical HyperStructure is a tuple

PHS = (Sphy7 E1:>hy7 (US)UEEphya v, G, (CO')O'Ethy)7
where each interaction hyperoperation

Og: Sslrl(yo) — P(Sphy)

satisfies, for every §= (s1,..., Sar(0)) € S the following axioms:

phy >

(i) Feasible nonemptiness: if §€ D,, then 05(5) # @ (otherwise o5(5) may be empty).

(ii) Physical admissibility (conservation with cone): for every u € o04(85),

v(u) € v(s1)+- -+ v(Saro)) + Co.

(iii) Symmetry covariance: for every g € G,

Us(g *81,--59 Sar(d)) =g 05(317 e 7Sar(a))7

where g- A:={g-a|a e A} for A C Spy.

Example 7.3.2 (A toy energy-conserving Physical HyperStructure). Let the physical state set
be
Sphy = {G, E},

where G denotes a “ground” state and E an “excited” state.

Let V = (Rxg, +) encode (nonnegative) energy, and define the valuation
v(G) =0, v(E) = 1.
Let the symmetry group be G = {e} (trivial), acting trivially on Sy, and take p(e) = idy .

Let ¥,ny = {0} consist of a single binary interaction symbol with ar(c) = 2. Choose the
feasibility domain D, = Sﬁhy (all pairs are feasible), and choose the admissible cone C, =
{0} C V (exact energy conservation).

Define the interaction hyperoperation o : %, — P(Spny) by
US(Gv G) = {G}7 US(G7E) = US(Ea G) = {E}7 US(EaE) - {G}

Interpretation: two excitations may “annihilate” to the ground state, while otherwise the excited
state persists.

We verify the axioms of Definition [7.3.1
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e Feasible nonemptiness: D, = and each listed og(+,-) is nonempty.

2

phy>

o Physical admissibility: since C, = {0}, we require v(u) = v(s;) + v(s2) for every
output u € og(s1,52). Indeed,

v(G) =0=r(G) +v(G),

v(E)=1=v(G)+v(E) =v(E) +v(G),
v(G) =0=v(E)+ v(E) mod 2,

so admissibility holds under the chosen toy “mod-2” energy convention encoded by og.
e Symmetry covariance: is automatic because G is trivial.

Thus
PHS = (Spny, Zphy, (05), v, G, (C,))

is a concrete Physical HyperStructure.

Remark 7.3.3 (Induced subset interaction (binary case)). If ar(c) = 2, then og canonically
induces an operation on subsets of Sy by

Ao B := U os(a,b) C Sphy-

acA, beB

Definition 7.3.4 (Lifts and atoms). For k > 0, define the iterated powersets of Sppy, by
P(Sphy) = Sphy, P (Sphy) 1= P(P*(Spny))-
Define the atom map At : P*(Spny) — P(Spny) recursively by

At(@) == {} (@€ Spny)s  At(Z) = | JAt(2) (Z € P*(Spny), k > 1)

zZ€EZ

The action of G on Spyy lifts to an action on each P*(Spp,) via

‘zi=g-z, g x ={g™a|zec X} (k>0).

Definition 7.3.5 (Physical SuperHyperStructure of order (m,n)). [409] Fix m,n > 0 and
the same physical data (Spny, V,v, G, p, phy, (Dy), (C5)) as in Definition A Physical
SuperHyperStructure of order (m,n) is a tuple

PSHS(™™ = (Sphy, Yphy, (@) v, G, (Ca)aezp},y),

€Y phy ’
where each superhyperoperation
O+ (P (Spuy)™” — P"(Spny)

satisfies, for every input tuple X = (X1,..., Xar(0)), the following axioms:
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(i) Feasible nonemptiness: if there exist representatives (81545 Sar(o)) € At(Xy) x -+ X
At(Xar(g)) with (81, .. Sar(g)) € D,, then ®(m n)( ) 75 <.

(ii) Atomic physical admissibility: for every Y € ©(™"(X) and every u € At(Y), there
exist s; € At(X;) such that

v(u) € v(sy)+ -+ V(sar(g)) +C.,.

(iii) Lifted symmetry covariance: for every g € G,

®(m,n) (ng Xl, e ,ng' Xar(g)) = g ®(m n)(Xl, . ,Xar(g)).

[oa

When m =0 and n =1 and @9” = 0g, one recovers a Physical HyperStructure.

Example 7.3.6 (A Physical SuperHyperStructure of order (1,1) induced by the toy model).
Let PHS be the Physical HyperStructure from Example Fix (m,n) = (1,1). Then the
domain and codomain are P(Sphy)-

Define ®(Y 1 P(Spny) X P(Sphy) — P(Spny) by the canonical lifting of the base interaction:

11)XY UUJS.TUy

zeX yeY
For example, with X = {G,E} and Y = {E},

SV (X.Y) = 05(G.E) Uos(B,E) = {B} U{G} = {G,E}.

Let At be the atom map from Definition here, for X C Sppy, At(X) = X. The feasibility
domain is still D, = ghy, so whenever X,Y = () there exist representatives in D,, and thus

OV (X,Y) # 0. Atomic admissibility holds because every output atom u € @V (X, Y) arises
as u € og(x,y) for some x € X, y € Y, and admissibility already holds at the base level.

Therefore
PSHS"Y = (Spny, Spny, (O01), 1, G, (C,))

is a concrete Physical SuperHyperStructure of order (1, 1) in the sense of Definition

7.4 Medical HyperStructure and SuperHyperStructure

Medical HyperStructure models patient states and interventions with hyperoperations mapping
inputs to feasible outcome sets under guidelines, constraints, valuations [410].
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Definition 7.4.1 (Medical HyperStructure). [410] Let Speq be a nonempty set of clinically
distinguishable patient states. Let Xeq be a signature of clinical actions (diagnostic/therapeu-
tic/triage) with arity map ar : X,eq — Z>1. Let (V, 4, <) be a commutative, partially ordered
monoid encoding clinical quantities (e.g. risk, cost, dose, utility), and let

v Smed —V
be a clinical valuation. Let Obs : Syeq — O be an observation map (biomarkers, vitals, labs).

For each o € X ,0q fix

ar(o)
med

e a feasibility domain D, C S

e a guideline correspondence Feas, : Srire((f) — P(Smed),

« a closed convex cone C, C V describing admissible net changes (budget/safety).

A Medical HyperStructure is a tuple

MHS = (Smeda Emeda {US}UEEmedv v, Ob87 {Feasa}a {Ca}a {D(r}>a
where each interaction hyperoperation

oS garle) P(Smea)

med

satisfies, for all 5= (s1,..., Sar(s)):
(MH1) Feasible nonemptiness: if §€ D, then o°(5) # (.
(MH2) Guideline compatibility: 0°(5) C Feas,(3).

(MH3) Clinical admissibility (budget/safety): for every u € o°(3),
v(u) € v(s1)+- 4+ v(sar) + Co.

(Taking C, = {0} enforces exact conservation; C, # {0} allows bounded change.)

(MH4) Observational coherence: there exists an aggregator H, : O*(?) — P(0) such that
Obs(c%(5)) € H,(Obs(s1),...,0bs(Sars))),

where Obs(A) := {Obs(a) | a € A} for A C Speq.

When one forgets v, Obs, Feas,, C,, D,, the pair (Smed,{0°}) is a plain hyperstructure in the
usual sense.
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Example 7.4.2 (A toy medical hyperstructure for antibiotic selection). Let the clinically dis-
tinguishable patient-state set be

Smea = {Mild, Severe, Recovered }.
Let the observation space be O = {lowCRP, highCRP} and define

Obs(Mild) = lowCRP, Obs(Severe) = highCRP, Obs(Recovered) = lowCRP.

Let the valuation monoid be (V, +, <) = (R>q, +, <), interpreted as a risk/cost score, and set

v(Mild) = 1, v(Severe) = 3, v(Recovered) = 0.

Take a single binary clinical-action symbol o = Tx € ¥,,,.q with ar(c) = 2, interpreted as “treat
state s using regimen option r” where the second input encodes a discrete regimen proxy. For
simplicity, reuse the same state-set for both inputs, so aned is the input domain.

Let the feasibility domain be all pairs:

DTx = 52

med"

Let the guideline correspondence allow Recovered as an admissible outcome whenever treatment
is applied:
Feasty(s1, $2) := {Recovered, s;} (81,82 € Smed)-

Let the admissible cone be
Crx :=[0,1] € Ry,

meaning treatment may reduce the total score by at most 1 unit (a toy “bounded improvement”
rule).

Define the interaction hyperoperation o = Tx® : S2_; — P(Smed) by
Tx®(Mild, s) = {Recovered},
Tx%(Severe, s) = {Severe, Recovered},

Tx”(Recovered, s) = {Recovered}.

Interpretation: a mild case recovers under treatment; a severe case may either remain severe or
recover; a recovered patient remains recovered.

We verify the axioms:
o (MH1) holds since D, = S?_, and each output set is nonempty.

+ (MHZ2) holds because Tx”(s1, s5) C {Recovered, s;} = Feasry(s1, 52).

« (MH3) for u € Tx®(s, 55) requires v(u) € v(s;) + v(sy) + Cry, which holds since the
right-hand side is an interval [v(s;) + v(s2), v(s1) + v(s2) + 1] and all v(u) € {0, 1,3} fit
in this toy scale.
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o (MH4) take Hry : O? — P(O) defined by Hry(01,02) := {lowCRP, highCRP}. Then
Obs(Tx”(s1,55)) € Hryy(Obs(sy), Obs(sy)) is immediate.

Hence MHS is a concrete Medical HyperStructure.

Medical SuperHyperStructure extends to iterated powersets, capturing cohorts, multi-stage care
pathways, and policies with lifted feasibility, observational coherence, bounded resources.

Definition 7.4.3 (Lifts to iterated powersets). For k > 0, define P°(()Smed) = Smed and
PHE(()Smed) = P(P*(()Smea)). For Z € P*(()Smea), its set of atoms is defined recursively
by At(z) = {2} when k = 0 and At(Z) = {J,., At(z) for k > 1. The observation map lifts as

Obs™ = Obs and Obs"*™(X) = {Obs™(z) | z € X}.

Definition 7.4.4 (Medical SuperHyperStructure of order (m,n)). Fix integers m,n > 0 and a
signature ,,.q with arities ar(o). For each 0 € ¥,;6q choose
ar(o)

D™ S (P™(()Smea))”

Feas!™™ : (P™(()Smea)) ™" — P(P™(()Sumed)),

and a closed convex cone C, C V in the valuation space (V,+,<) with v : Speq — V as in
Definition A Medical SuperHyperStructure of order (m,n) is a tuple

MSHS = (Smeds Smeds {07 boew,uar 5 ODs, {Feas(™ "}, {Co}, {DIM}),
where each superhyperoperation

ar(o)

O™+ (P™((8mea))” " —> P™(()Smea)

satisfies, for all inputs X = (X1, s Xar(o):
(MSH1) Feasible nonemptiness: if X € D™ then (™ (X) # (.
(MSH2) Guideline compatibility (lifted):

MM (X) C Feas!™™ (X).

(MSH3) Atomic clinical admissibility: for every Y € ®{™" (X) and every u € At(Y') there exist
s; € At(X;) such that
v(u) € v(s1) + -+ v(Sarw)) + Cs.

(MSH4) Observational coherence (lifted): there exists

HY : (PT(00)™ — P (()0)
with
Obs"(@y"" (X))

C Hm™M(0bs™(X1),...,0bs"(Xaro)))-
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When (m,n) = (0,1) and >V = ¢, Definition reduces to the Medical HyperStructure
in Definition [T.4.1]

Example 7.4.5 (A medical (1, 1)-SuperHyperStructure on patient cohorts). Let MHS be the
medical hyperstructure from Example [7.4.2l Fix (m,n) = (1,1) and keep the same action
symbol o = Tx with arity 2. Then the domain is P*(()Smed) = P(Smed), whose elements are
cohorts (sets of patient states).

Let Dr(rl; = (P(Smed))2 (all cohort-pairs are feasible), and define the lifted guideline correspon-
dence by

Feas%’(l) (X1, X5)
= {Y C Smed ‘ Y C {Recovered} U X; }

Define the superhyperoperation @S_pl;{l) : P(Smed) X P(Smed) = P(Smea) by the canonical lifting:

Ol (XLXe) = | | Tx%(s1,50).

s1€X1 s26€X2
For example, take the cohort inputs
X, = {Mild, Severe}, X, = {Mild}.

Then
OB (X1, X,) = Tx®(Mild, Mild) U Tx®(Severe, Mild)

= {Recovered} U {Severe, Recovered} = {Severe, Recovered}.

Thus the output cohort records all clinically possible post-treatment states across the input
cohort pair.

The lifted axioms hold:
« (MSH1) Nonemptiness holds because each atomic Tx®(sq, s5) is nonempty.

o (MSHZ2) Guideline compatibility holds since every output state lies in {Recovered} U X;.

(MSH3) Atomic admissibility holds because every output atom u arises from some pair
(s1,82), and admissibility was satisfied at level 0 with the same cone Cry.

« (MSH4) Observational coherence holds using the lifted observation Obs™ (X) = {Obs(z) |
x € X} and an aggregator Hr(l});l)(-, -) := {lowCRP, highCRP}.

Therefore
MSHS = (Simed, Smea, {015}, v, Obs, {Feas "}, {Cri}, {DY)})

is a concrete Medical SuperHyperStructure of order (1,1).
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7.5 Nano hyperstructures and SuperHyperStructures

A nano hyperstructure models nanoscale features as nonempty families, equipped with a set
valued binary operation that combines features and lifts to families uniformly therein [411]. A
nano superhyperstructure generalizes this by using iterated nested feature sets and a superhy-
peroperation sending r tuples of m level inputs to n level outputs.

Fix a nonempty universe (e.g. a spatial domain) €2 and a nanoscale threshold Lyan, > 0. Let
Flano be a nonempty set whose elements represent admissible nanoscale features (e.g. geometric
subsets of €2 whose characteristic size is < Ljano). No geometric structure is needed for the
algebraic definitions below; only Flano 7 0.

Definition 7.5.1 (Hyperoperation on nanoscale features). A nanoscale hyperoperation is a map-
ping
©: Fnano X Fnano — P*(Fnano)~

A canonical example is
EoF = {E,F,EUF, ENF}N Fhano (E,F € Fhano),

which is always nonempty because E, FF € E ® F.

Definition 7.5.2 (Krasner-type lift to families of features). Given a nanoscale hyperoperation
® on Flano, define its Krasner-type lift

* 1 Pu(Fhano) X Pi(Frano) — Px(Frano)

by
Ax B := U (EQF), A,BGP*(-Fnano)-

E€A, FEB

Definition 7.5.3 (Nano HyperStructure (feature-family hyperstructure)). The pair

Hyano = (P* (Elano)a*)

is called a Nano HyperStructure (induced by ®), i.e. a hyperalgebra whose carrier is P, (Frano)
and whose hyperoperation is .

Definition 7.5.4 (Hyper—NanoStructure as a field of Nano HyperStructures). A Hyper—NanoStructure
on ) is a mapping
N: Q— P.(Frano), x +— N(z),

assigning to each x € {2 a nonempty family of admissible nanoscale features. Given two Hyper—
NanoStructures IN;, N5, define their pointwise hyper-combination

(N % No)(z) = Ni(z) % No(z) € Po(Faano) (€ Q).
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Definition 7.5.5 (SuperHyper—NanoStructure of level m). Fix m,n € Ny and an (m,n)-
SuperHyperOperation (™™ of arity r > 2. A SuperHyper-NanoStructure of level m on )
is a mapping

N : Q —>,Pln(Fnano)7 IL"—)N(Z'),

assigning to each x € {2 a nonempty m-level (possibly nested) set of admissible nanoscale
features. Given r such maps Ny,..., N,, define their pointwise (m,n)-combination by

(*l()myn) (Ni,...,N))(x) = *(mom) (Ni(2),...,N.(z)) € P! (Fhano) (z €9Q).

Example 7.5.6 (Real-world computer-science example of a SuperHyper—NanoStructure). Con-
sider a nanosensor network deployed in a semiconductor fabrication line to monitor wafer con-
tamination. Let 2 be the set of wafer sites (die locations) inspected during a run, and let Fian,
be a fixed dictionary of nanoscale feature primitives extracted from sensor readouts, e.g.,

Fhano = {particle-size bin by, ..., b} U

{surface-roughness class r1,...,7,} U {nano-defect signature dy,...,d,}.

Because the signals are noisy and heterogeneous (e.g. different sensors, different sampling angles),
the monitoring software does not commit to a single feature at each site. Instead, it records a
nonempty nested set of admissible features capturing multiple plausible interpretations, confi-
dence tiers, or multi-stage feature extraction. For a fixed level m > 1, define

N :Q — P (Fuano), x +— N(x),

where N (x) stores the admissible nanoscale feature candidates at site x up to nesting depth
m (e.g. {{b2,b03},{d5}} at m = 2 to encode “either a medium particle or a specific defect
signature”).

Now suppose r > 2 distinct detection pipelines are run in parallel:
Ni,...,N,.: Q= P(Fhano),

where N;(z) is the candidate feature set produced at site x by pipeline i (e.g. optical scatterome-

try, AFM-based roughness estimation, and a learned defect classifier). An (m,n)-SuperHyperOperation
*x(m7) can be chosen to fuse these pipelines into a consolidated decision object, such as a nested

set of “agreed” features (intersection-like), or a conservative list of possible features (union-like),

or a rule-based combination that lifts low-level primitives into higher-level defect categories.

The resulting pointwise combination
(*l(ymm)(Nl? ey Nr))(x) = *(mm) (N1($>, e 7Nr(x)) € P:(Fnano)

is the software’s final site-wise nanoscale feature state used downstream for (i) yield prediction,
(ii) adaptive re-inspection scheduling, and (iii) feedback control (e.g. adjusting etch/cleaning
parameters) while explicitly retaining multi-level uncertainty in the sensed nano-features.



Chapter 8

HyperStructure and SuperHyperStructure
with Applications

In this chapter, we present several applications of HyperStructure and SuperHyperStructure.

8.1 HyperGraph Neural Network and SuperHyperGraph Neural Network

AT has recently become a highly prominent concept, exerting a substantial and positive influence
on many aspects of human society (e.g. [412]). Machine learning and neural-network research
have attracted significant attention in modern artificial-intelligence studies [413-418]. A Graph
Neural Network learns vector representations of graph nodes or edges by aggregating and trans-
forming information from neighborhood structures [419,420]. Related variants of Graph Neural
Networks are also well known, including Fuzzy Graph Neural Networks [421,422], Neutrosophic
Graph Neural Networks [420], Molecular Graph Neural Networks [423-425], and Directed Graph
Neural Networks [426,/427].

A HyperGraph Neural Network generalizes GNNs by propagating features through hyperedges,
capturing higher-order relationships among multiple nodes simultaneously within hypergraphs
[0,428-433]. A SuperHyperGraph Neural Network extends HGNNs to n-SuperHyperGraphs,
learning representations over iterated powerset vertices and hierarchical superedges across mul-
tiple levels [27,434-437).

Definition 8.1.1 (SuperHyperGraph Neural Network (SHGNN)). [27] Let V; be a finite base
vertex set. Define the iterated powersets by

Po(Vo) = Vo, Pr1(Vo) = P(Pk(VO)) (k> 0),

where P(-) denotes the usual powerset, and P*(X) := P(X) \ {0}.

An n-SuperHyperGraph on Vj is a pair
sgg™ — (V("), E(")),

159
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with
0£V™CP,(Vy), 0#£E™Cp(V™),

whose elements are called n-supervertices and n-superedges, respectively.

For each k > 0 the flattening map

is defined recursively by

flato(z) := {2z} (z € Vp),
and, for k > 0,

flaty1(X) == U flat,(Y) for X € Py1(Vo) = P(Pr(Vo)).

YeX

Given the n-SuperHyperGraph SHG™ = (V) EM) we flatten each n-supervertex v € V("
to a base-level vertex set flat,(v) C V4, and each n-superedge e € E™) which is a nonempty
subset of V(" to

Flat,(e) := | Jflat,(v) C Vj.

vee

The expanded hypergraph associated with SHG™ is

H = (Vo B'), B = {Flat,(e) | e € B, Flat,(e) £ 0 }.

Example 8.1.2 (A toy SHGNN input: a 2-SuperHyperGraph and its expanded hypergraph).
Let the base vertex set be

Vo={1,2,3}, n=2
Then Py (V) = P(Vp) and P2(Vy) = P(P(Vp)).

Step 1: Choose 2-supervertices. Define two 2-supervertices (each is a set of subsets of V4):

@) ._ {{1}’{1’2}}, 1)52) = {{2}7{273}}'

Let
V@ = (v v} C Py(Vp).

Step 2: Choose 2-superedges. Let the 2-superedge set be
BE® ={ @}, @ = o o} e P(VE).

Thus SHG® = (V®, E®) is a 2-SuperHyperGraph on Vj.

Step 3: Flatten supervertices. By the recursive definition of flat,,

flaty(vi>) U flat, (V) = {1} U {1,2} = {1,2},

(2)
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flato(v U flat, (V) = {2} U{2,3} = {2,3}.

(2
Vs

Step 4: Flatten the superedge and form the expanded hypergraph. The flattened
incidence of e(? is

Flaty(e®) = [ flaty(v) = {1,2} U{2,3} = {1,2,3}.

vee(?)

Hence the expanded hypergraph H' = (Vj, E’) has
E' ={{1,2,3}}.

Interpretation: the level-2 superedge connects two supervertices representing overlapping base
clusters, and the SHGNN’s expansion step produces a single base-level hyperedge covering all
involved base vertices.

8.2 PDCA HyperCycle and SuperHyperCycle

The PDCA cycle is a continuous improvement loop: Plan, Do, Check, Act—iteratively refin-
ing processes using feedback and corrective actions [438-441]. PDCA HyperCycle composes
Plan-Do—Check—Act as a powerset-level operator on state sets, iterating organizational improve-
ment [442]. PDCA SuperHyperCycle lifts PDCA to n-th powersets, iterating improvement over
nested state-collections across hierarchical abstraction levels [442].

Definition 8.2.1 (PDCA HyperCycle). Let S be a set of system states and let P(S) be its
powerset. Assume that the four PDCA phases have been lifted to act on subsets:

P, D, C, A: P(S) — P(S).
Define the PDCA HyperCycle operator f : P(S) — P(S) b
f(X) = AC(D(P(X))) (XC9).
The PDCA HyperCycle is the hyperstructure
HPDCA := (P(9), f),

i.e., a powerset-level dynamical system obtained by composing the lifted PDCA phases.

Example 8.2.2 (A PDCA HyperCycle on a simple project-state space). Let
S = {Backlog, InProgress, Test, Done}

be a set of project states. We interpret a subset X C S as a set of states that are currently
possible or currently observed in a portfolio.

Define the lifted PDCA phase maps P, D,C, A : P(S) — P(S) by

P(X) := X U {InProgress}, D(X) := X U {Test},
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X U{Done}, if Test € X,
X, otherwise.

C(X):={s€ X |s# Backlog }, A(X) ;:{

Interpretation: Plan starts work, Do adds a testing phase, Check removes backlog as “not
executed”, and Act marks completion if testing occurred.

The PDCA hypercycle operator f(X) = A(C(D(P(X)))) is then well-defined on P(S). For
instance, starting from X, = {Backlog},

P(Xy) = {Backlog, InProgress}, D(P(Xy)) = {Backlog, InProgress, Test},
C(D(P(Xy))) = {InProgress, Test}, f(Xo) = A({InProgress, Test}) = {InProgress, Test, Done}.
Thus HPDCA = (P(S), f) is a concrete PDCA HyperCycle.

Definition 8.2.3 (PDCA n-SuperHyperCycle). Fix an integer n > 1 and let P,(S) denote the
n-th iterated powerset of S. Assume that each PDCA phase has been lifted to level n:

P,, D,, C,, A,: P,(S)— P,(S).
Define the level-n PDCA operator f, : P,(S) — P,(S) by
fu(X) 1= Ay(Cu(Dn(Pa(X)))) (X € Po(9)).
The PDCA n-SuperHyperCycle is the n-superhyperstructure
SHgBCA = (Pn(S), fn)v

which iterates PDCA on n-level (nested) collections of system states.

Example 8.2.4 (A PDCA 2-SuperHyperCycle on nested state-collections). Let the same base
set be
S = {Backlog, InProgress, Test, Done}, n =2,

so P»(S) = P(P(S)) consists of collections of state-subsets. We interpret an element X € Py(.S)
as a set of alternative “scenario subsets” of states.

Define level-2 PDCA lifts Py, Dy, Cy, Ay : Py(S) — P3(S) by applying the level-1 maps P, D, C, A :
P(S) — P(S) from Example to every member of a scenario collection:

P(X):={P(X)| X eX}, DyX)={DX)|XeX},
Co(X) ={C(X)| XeX}, AX)={AX)|XecX}.
Each output is again a subset of P(S), hence an element of P(S5).

Now consider the 2-level initial scenario set
X, := {{Backlog}, {Backlog, InProgress}} € P5(S5).
Compute one full PDCA superhypercycle step:
f2(Xo) = Ax(Co(Da(P2(X0))))-
Concretely, applying the phase maps memberwise yields
P,(X,y) = {{Backlog, InProgress}, {Backlog, InProgress}} = {{Backlog, InProgress}},
Dy (P5(Xp)) = {{Backlog, InProgress, Test}},
Co(Ds(Py(Xp))) = {{InProgress, Test} },
f2(Xy) = Az ({{InProgress, Test}}) = {{InProgress, Test, Done} }.

Hence (PQ(S ), fg) is a concrete PDCA 2-SuperHyperCycle: it evolves a set of alternative state-
subsets through the PDCA phases in a nested (scenario-of-scenarios) manner.
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8.3 Cognitive SuperHyperMap

A cognitive map is a directed weighted graph of concepts and causal links, representing how
changes propagate through beliefs [443|444]. Related concepts such as fuzzy cognitive maps
[340,/445] and neutrosophic cognitive maps [446,/447] are also known. A Cognitive HyperMap
models cognition by linking concept-groups with directed weighted hyperedges that encode col-
lective influence strengths [442]. A Cognitive n-SuperHyperMap models hierarchical cognition by
connecting nested concept-objects across levels with weighted superedges representing cross-level
influences [442|.

Definition 8.3.1 (Cognitive HyperMap). Let V be a finite set of concepts. A Cognitive Hyper-
Map is a triple
CHM = (V, E, w),

where £ C P(V) x P(V) is a set of directed hyperedges and w : E — R is a weight function.
Each edge e = (A, B) € F represents a collective influence from the concept-group A C V' to
the concept-group B C V', with strength w(e).

Example 8.3.2 (A Cognitive HyperMap for stress and productivity). Let
V' = {Stress, Sleep, Focus, Productivity }
be four concepts. Define two directed hyperedges:
er := ({Stress}, {Sleep, Focus}), ey := ({Sleep, Focus}, {Productivity}).

Interpretation: stress jointly influences sleep and focus; sleep and focus jointly influence produc-
tivity.

Set
E:={e,ea} CP(V) xP(V).

Assign weights by
w(e;) = —0.7, w(ez) = +0.9.

Thus w(e;) < 0 models a negative influence of stress on {Sleep, Focus}, while w(es) > 0 models
a positive collective influence of {Sleep, Focus} on productivity.

Therefore CHM = (V, E, w) is a concrete Cognitive HyperMap in the sense of Definition m

Definition 8.3.3 (Cognitive n-SuperHyperMap). Let Vj be a finite set of base concepts and fix
n > 1. Write Py(Vy) = Vo and Py, (V) = P(Pi(Vy)). A Cognitive n-SuperHyperMap is a triple

CSHM™ = (V, B, w™),

where V' C P, (Vp) is a set of hierarchical (nested) concept-objects, E, C U} ,_, (P:(Vo) x P;(Va))
is a set of (possibly cross-level) directed superedges, and w™ : E, — R assigns a real weight to

each superedge.
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Example 8.3.4 (A Cognitive 2-SuperHyperMap with nested concept-objects). Let the base
concept set be
Vo = {Stress, Sleep, Focus, Productivity}, n =2,

so Py(Vo) = P(P(Vh))-

Superconcepts (level-2 objects). Define two level-2 superconcepts (each is a set of subsets

of Vp):
X := {{Stress}, {Sleep, Focus}} € P»(Vp), Y := {{Productivity}} € P»(Vj).

Set
V:={X,Y} C P(Vp).

Cross-level superedges. Allow a cross-level edge from the level-2 superconcept X to the
level-0 concept Productivity:

e := (X, {Productivity}) € Po(Vo) x Pi(Vo) € |J (B(Vo) x P;(Va)).

i,5=0

Let Fy := {e} and assign a weight
w?(e) = +0.8.
Interpretation: the hierarchical bundle X (capturing both “Stress” and the pair “Sleep+Focus”)

exerts an overall positive influence on productivity, e.g. under an intervention that reduces stress
and improves sleep and focus simultaneously.

Therefore CSHM® = (V, Eg,w(2)) is a concrete Cognitive 2-SuperHyperMap in the sense of
Definition [8:3.3]

8.4 SuperHyperDecision-Making

Decision-making is the process of selecting (one or more) preferred alternatives from a set of
feasible options under given criteria and constraints [448-450]. Related concepts such as fuzzy
decision-making [451}452] and neutrosophic decision-making [453H456] are also known. When
the decision space becomes extremely large, strongly coupled, or hierarchically organized, it is
convenient to model alternatives and their interactions by using hyperstructures and superhy-
perstructures [238,457,458]. We summarize these viewpoints below.

Definition 8.4.1 (Decision-making). (cf. [448,449]) Let A = {ay,...,a,} be a finite set of
alternatives, let C' be a set of constraints, and let K = {ky,...,k,} be a family of evaluation
criteria. Assume that feasibility is encoded by a predicate Feas(-; C'), and that preferences are
represented by a utility (or score) function

U:AxCxK—R.
A decision problem consists in selecting an element
a* € argmax{U(a;C,K) | a € A, Feas(a; C)}.

If multiple maximizers exist, any a* in the argmax-set is regarded as an optimal choice.
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Definition 8.4.2 (Hyperdecision-making). [238] A hyperdecision-making problem is a tuple
Du = (X, Q,{0u}uea, {Feas, tuea, {Ustuen),

where:
(i) X is a (typically very large) set of decision configurations (alternatives).
(ii) 2 is a set of contexts (information states, environments, time indices, etc.).

(iii) For each w € Q, ®, : X x X — P(X) is a hypercomposition (modeling interdependence),
so that & ©, y is the set of configurations that can arise from jointly combining x and y
under context w.

(iv) For each w € ), Feas,, C X is the set of feasible configurations.
(v) For each w € Q, U, : X — R is a utility/score function.

The decision task in context w is to select an optimal configuration

z* € argmax{ U, (z) | z € Feas, }.

The qualifier hyper- emphasizes that feasibility and/or utility are not separable across choices:
the interaction operator ©, encodes that combining two individually meaningful configurations
may yield a set of possible consequences, and the context w may change (i.e., ®,, Feas,, and
U,, are context-dependent), requiring iterative refinement of candidate sets.

Example 8.4.3 (Hyperdecision-making for meal planning with interaction effects). Let X be
the set of dinner configurations built from three dishes

D = {Salad (S), Fish (F), Cake (C)}, X =P(D).

Let the context set be Q = {Waiet, Wparty }, Where wgiey models a diet day and wparey models a
party day.

Define, for each w € €2, a hypercomposition @, : X x X — P(X) by

v oLy {z Uy}, ifzNy=10,
o {x Uy, =, y}, ifxny#0D,

so combining overlapping partial plans may yield multiple plausible consolidated plans.

Define feasibility sets by
Feas,,  ={ze X |C ¢z}, Feas, .., = X,

and utilities by
deiet (.CC) =215, +3 - 1pee — 1 1oea,
UwParty(x) =1 1562: + 2 1F€x + 3 1(]6.19-

Then Dy = (X, Q, {0}, {Feas, }, {U,}) is a concrete hyperdecision-making problem: feasibility
and utility depend on context, and ®,, models non-separable interactions among partial choices.
For example, under wgjct, the optimal feasible configuration is x* = {S, F'}.
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Definition 8.4.4 (n-SuperHyperDecision-making). [238] Fix n > 1. Let Ay be a nonempty set
of primitive alternatives and define iterated powersets by

PO(A) = Ao, PE(Ay) = P(Pk(AO)) (k>0).

For each level k € {0,1,...,n}, let A, C P*(Ap) be the set of admissible k-level aggregates. An
n-superhyper decision configuration is a nested chain

a=(ap,ay,...,a,) with ap € Ay anday_1 €a; (k=1,...,n),

and we denote the set of all such chains by Ch,,(Ay).

An n-superhyperdecision-making problem is a tuple
DgIL{) = (Chn(AO)ﬂ Q? {Qi;n)}weﬂv {FeaSEJn)}weﬂv {Uu()n)}weﬂ)a

where Q is a context set, ®™ is a hypercomposition on Ch,(Ay), Feas™ C Ch,(4,) is a
feasibility set, and U(™ : Ch, (Ay) — R is a utility function.

In context w, the goal is to select an optimal chain
a* € argmax{ U("(a) | a € Feas"™ }.

Thus, n-SuperHyperDecision-making formalizes decision processes in which relevant “options”
live across multiple hierarchical aggregation levels (from Ay up to A,), and in which context
changes can modify feasibility, utility, and interaction rules at any level via the w-dependence.

Example 8.4.5 (A 1-SuperHyperDecision-making problem with hierarchical bundles). Let Ay =
{a, b, c} be primitive alternatives (e.g., three projects). Take n = 1. Then A; C P(Ay) is a set
of admissible bundles; for example, let

Ay = {{a}’ {b}7 {C}> {a> b}v {b7 C}}

A 1-superhyper decision configuration is a chain a = (ag, a;) with ag € a;. Thus

Chi(Ao) = {(a,{a}), (b, {b}), (¢, {c}). (a, {a, b}), (b, {a,b}), (b, {,c}), (c, {b. c})}.

Let Q = {w} be a single context. Define a hypercomposition ®1) : Ch;(Ay) x Ch;(4) —

(ag,ar) QS) (b, by) == {(00,01) € Chy(Ap) cp=a1Uby, ¢ € 01}7

with the convention that the right-hand side is empty if a; U b; ¢ A;. This captures that
combining two decisions produces a set of refined chains consistent with the merged bundle.

Define feasibility and utility by
Feas') := {a = (ag,a;) € Chy(Ay) | a1 # {b,c} }, UM (ag,a1) := 10-14c40, +51pea, +1-1ccq, -

Then
DGt = (Chi(Ao), 2 {0}, {Feas()’} {UM})

is a concrete 1-SuperHyperDecision-making problem: choices are made jointly at the primitive
level and the bundle level. For this example, the optimal feasible chain is any (ag,a;) with
a; = {a,b} and a¢ € {a,b}.
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8.5 HyperGeography and SuperHyperGeography

HyperGeography extends Geography by treating sets of atomic regions as hyperregions and using
a hyperoperation to generate partitions of their union [459].

Definition 8.5.1 (HyperGeography). [459] Fix a countable family S = {A;},c; C ¥ of atomic
regions such that

u(M\ U Aj> =0, w(4;) >0, HLIA;) <

and A; N A; are p-almost disjoint for ¢ # j. Set the hyperregion universe to be the nonempty

powerset
R = P(5) =P(9) \{0}.

Define the region hyperoperation oyeg : R X R — P(R) \ {0} by
X Opeg Y = {Z eR : UZ = U(XUY) and Z is a finite subfamily ofS}.

Equivalently,
XorngQ{XUY} and

XowgY C P({A€S: ACUXUY)})\ {0}

(Thus X 0, Y returns all finite admissible partitions of the geometric union U(X UY") by atoms
from S, including the coarse partition { U(X UY')} whenever U(X UY) € S; if not, the set
{X UY} is still an element of R because X UY C S.)

Let F denote the set of typed geometric features; we allow hyperattachment to hyperregions via
measurable maps

of : R — P(Vy) \ {0}, oh(X) = {as(z) : 2 € UX NS} .

For spatial attributes, let A be an index set and for each a € A fix a measurable field A4,
(M,Y) = (V,,B,) as in (G3). For numeric attributes take V, = R and assume A, € L{, (M, u).
Define the attribute hypervaluation on hyperregions:

Agg’ : R — P(R)\{0}, Aggh(X) := / A,dp : E€X, 0#FE CUX, u(F) < oo}

(E)

(Other admissible weightings can be inserted; this simple choice suffices for our theorems.)

Define the hypernetwork N, = (G, 1) by taking Gj, = (V3,, E;,) with Vj, = R and
{X,Y}eE, < H(0(UX)NIWUY))>0

and embed G}, in M by ¢, (X) € M chosen, e.g., as the p-barycenter of UX and edges mapped
to rectifiable curves contained in a small tubular neighborhood of (UX) N O(UY).

A HyperGeography is the tuple
HGeo = (M,g,d,j1,%, S, R, oreg, F, o, A, Agg', Ny, proj).
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Remark 8.5.2 (Well-definedness). (i) X oyeg Y # () because XUY € R and X UY € X o, Y.
(ii) Agg’(X) is nonempty since u(UX) > 0 and we can choose any measurable £ C UX with
0 < u(E) < oco. (iii) Ej is well-defined because d(UX) and 9(UY') have finite H -measure
whenever UX and UY are finite unions of finite-perimeter atoms.

We formalize an (m,n)-SuperHyperGeography, show that its region layer is an (m, n)-SuperHyperStructure,
and prove that it strictly generalizes the HyperGeography introduced earlier.

Let Geo be as in the Definition with measurable region partition P = {R;},c; € X and let
S C X be a fixed countable family of atomic regions such that

M(M\ U A) —0, 0<p(d)<oo, HLIA) <o (VAES),

and distinct atoms are p-almost disjoint. To control regularity, we also track the atomic support
of a k-level object.

Definition 8.5.3 (Atomic support and flattening). Define recursively the atom map At :
Pr(S) — P*(S) and the flattening Ty, : Pi(S) — X by

Aty (X) =X, At (X) = [ At(Y),

(X)= |J 4 (€9).

AcAty (X)

We say X € Py (S) is support-finite if Aty (X) is finite; write Py g, (S) for the set of support-finite
k-level objects.

Definition 8.5.4 (Canonical nesting of atoms). For any nonempty finite 77 C S define the
nesting Nesty,(T') € Py ,(S) by

Nesty (7)) :=T, Nestyy1(T) := {Nesty(T)}.
Then, by immediate induction,

Aty (Nesty(T)) =T,  T(Nesty (7)) = | A (8.1)

AeT

Example 8.5.5 (A concrete HyperGeography on a unit square with two atomic regions). Let
M = [0,1]* C R? with the Euclidean metric d, Euclidean Riemannian metric g, Lebesgue
measure (i, and Borel o-algebra 3. Define two p-almost disjoint atomic regions

A =10,2)x[0,1], Ay =[1,1]x[0,1],

2
and set S = {4y, A>} C X. Then pu(A;) > 0 and H}(DA;) < oo (each boundary has finite
length), and p(M \ (A; U A4y)) = 0.

The hyperregion universe is

R =Pu(S) = {{A}, {4z}, {A1, Ao} }.
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Define the region hyperoperation o, : R X R — P(R) \ {0} by
XowVi={ZeR ‘ Uz ={J(XUY)and Z is finite}.
For example, with X = {A;} and Y = {A,},
UXxuy)=4,04, =M,
and the only Z € R with UZ = M is Z = {A;, A>}. Hence

{A1} oreg {A2} = {{A1, A2}} S P(R).

As a simple numeric attribute, take A,(z,y) = = (the z-coordinate). Then, for X = {A;},
choosing ¥ = A; in the definition of Agg{ﬁl gives

1 1/2 ,1 1/2
A xd —/ /a:d da:—2/ rdr = %,
pA) /A1 Tayal b 0 !

so 1 € Aggh({A1}).

Finally, the induced hypernetwork G}, = (R, E},) has an (undirected) edge between {A4;} and
{ A2} because O(A;) N O(A;) contains the vertical segment {1/2} x [0, 1], whose H -measure is
1 > 0. Thus HGeo is a concrete HyperGeography in the sense of Definition [8.5.1

Definition 8.5.6 ((m,n)-SuperHyperGeography). Fix integers m,n > 1.
The (m,n)-SuperHyperGeography associated with (M, g, d, i1, >) and atom set S is the tuple

SHGeo ™™ = (M, g,d, ;1,5 S; Up,Un; O™; F,a; A Agg™; N, proj),

reg

where:
a) U, =P . (5)and U, := P* . (S5) are the domains/codomains of m- and n-level super-
( ) m,fin n,fin p
objects.

(b) The region superhyperoperation (binary, for definiteness)

O Uy X Uy, — P (Uy) \ {0} (8.2)

reg

is defined by

Xemmy .= {Z €U, : Vo(Z) =T, (X)UT,(Y) and At,(Z) C Atm(X)UAtm(Y)}.

reg

(8.3)

Equivalently, X ® Y returns all n-level finite packings by atoms from At,,(X) U At,,(Y)
whose geometric union equals Y,,(X)UTY,,(Y).

(c) For each geometric feature f = (Sf,dim f, ay) as in (G2) define the hyperattachment

agc U — P(V) \ {0}, aﬁf(X) = {as(z) €SN (X))
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(d) For a numeric attribute A, € Li, (M, u), define the level-m hypervaluation

Agg!™(X) = {@/EAadu: 0 £Ee%, ECTYTn(X), 0<,u(E)<oo} C R.
(8.4)

(e) The level-m hypernetwork N = (G (™) has
Vi =i, {X,Y}€E™ = H(0Y,,(X)N0Y,(Y)) >0,

embedded in M by barycenters/rectifiable arcs along shared boundaries, as in HyperGeog-
raphy.

Remark 8.5.7 (Nonemptiness and locality). For any X,Y € U,),, the finite set T := At,,,(X)U
At,, (V) yields

ZO = NeStn(T) S Z/[n; Tn(ZO) - U A= Tm(X) U Tm(Y)v
AeT
(m,n)

s0 Zy € X Oreg ' Y5 hence the operation is well-defined and nonempty. All constructions depend
only on atoms intersecting Y, (X) U Y,,(Y) (locality).

Example 8.5.8 (A (2,1)-SuperHyperGeography on the same atom system). Use the same
(M, g,d,p,>) and atom set S = {A;, Ay} as in Example Fix (m,n) = (2,1). A support-
finite level-2 object is a nonempty finite set of nonempty finite subfamilies of S. In particular,
the canonical nestings

X :=Nesty({41}) = {{A1}} € P n(S) =: Uo, Y :=Nesto({As}) = {{A2}} € Us

satisf
' Ato(X) ={A1}, To(X) = Ay, At (Y) = {4}, Tao(Y) = A,

by .

At level n = 1, we have Uy = Py, (S) = P.(S). Define the region superhyperoperation
O Uy x Uy — PUy) \ {0} by the rule in (8.3):

reg

X Y ={Zet | Ti(2) = To(X)UTa(Y) and Ati(2) € Ats(X) UAR(Y) ).

Since TQ(X) U TQ(Y) = Al U AQ = M and AtQ(X) U Atg(Y) = {Al,AQ}, the Only 7 S Z/{l -
{{A:1},{As}, {A1, Ao} } satistying Y1(Z) = M is Z = {A;, As}. Hence

XoZVyY ={{A,A}} € PU),

reg

which is nonempty and support-finite.

Therefore SHGeo®" is a concrete (m, n)-SuperHyperGeography, and its region layer realizes
a binary (2, 1)-superhyperoperation returning all admissible level-1 atomic packings whose geo-
metric union matches the level-2 inputs.
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8.6 HyperPhilosophy and SuperHyperPhilosophy

HyperPhilosophy models philosophical positions as hyperstates; each concept maps to a set
of possible interpretations, enabling multivalued reasoning. SuperHyperPhilosophy iterates that
uncertainty hierarchically: interpretations become nested families, supporting meta-level analysis
of doctrines, arguments, and paradoxes [460)].

Definition 8.6.1 (HyperPhilosophy (hyperstructural consequence system)). Let A be a nonempty
set of propositions and () a nonempty set of questions, with an addressing map adr : A — Q
sending each proposition to the question it addresses. Let M be a nonempty set of methods
(e.g., formal deduction, probabilistic inference, thought experiments), and R a nonempty set of
contexts (e.g., background theories, empirical regimes).

A HyperPhilosophy is a tuple
HP = (4, Q, adr, M, R, { %, : me M, reR}),
where for each (m,r) € M x R the map
*mr 0 AXA — P(A)

is a binary hyperoperation of argumentative combination (the set *,, ,(a, b) collects the admissible
conclusions obtainable from jointly considering a and b by method m under context 7).

For each fixed (m,r) we define the induced hyperderivation operator
Derjh (X) == X U |J #*mr(ab), X CA,
a,be X
and the associated hyperconsequence operator
CHE’T<F) = U [y, To:=T, Ty := Dergyr(Fk).
k=0

For a question g € Q, the set of acceptable answers under (m,r) from premises I is

Ans"(q | Tym,r) := Cnf! () N adr™'({q}).

m,r

Definition 8.6.2 (SuperHyperPhilosophy (graded superhyper-consequence system)). Let A be
a nonempty set of propositions, () a nonempty set of questions, and adr : A — Q the address-
ing map sending each proposition to the question it addresses. Let M be a nonempty set of
methods and R a nonempty set of contexts. For each (m,r) € M x R fix a family of labelled
superhyperoperations

Oy = { O™ (P7(4))" 5 P™(A) | L€ Ap,},
with signatures (sy; my, ny) allowed to vary over /.
Write A := P*(A) for the level-k domain. A graded state is a sequence X = (X*);so with
X® C A®) . Define the one-step superhyper-derivation at (m,r) by

Derfnk,lr(X)W) = XM Uy U U ®gmem£)(x1""7l‘se)‘

LN, - mpy )t
ng=n (JJlansz)e(X( N)
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Starting from initial premises I' C A, set
x"=r, XM=o(k>1), Xy =Dell (X)) (t>0).
The graded superhyper-consequence of T is

™ = Jx (>0

>0
To read off base-level conclusions, define the realization maps Real® : A®) — P(A) by

Real® (a) = {a},  Real™V(X)= | J Real™(V

YeXx

The flattened superhyper-consequence on A is then

CS;:SH U U Real™(z) C A.

n>0 peCSH (I)m
For each question ¢ € @, the set of acceptable answers at (m,r) from T is
Ans™(q | Tym,r) == CpSH(T) N adr™' ({g}).

The tuple
SHP := (A’QvadranRv{Om,r}(m,r)eMxR)

is called a SuperHyperPhilosophy.



Chapter 9

Discussion: HyperStructure, MultiStruc-
ture, and MetaStructure

HyperStructure, MultiStructure, and MetaStructure share several common structural features
and exhibit partially analogous patterns of organization. In this chapter, we provide a brief yet
focused discussion of these frameworks and highlight their points of similarity.

9.1 MultiStructure

A MultiStructure on a set H assigns to each m-tuple in H™ a finite multiset of elements drawn
from M(H) [461,462]. Related concepts include MultiGraph [463-465], Multialgebra [466,467],
MultiUncertain Set [468H470], and MultiTopology [471,472]. MultiPhilosophy extends Philoso-
phy by using multisets: arguments produce bag-valued conclusions, where multiplicities encode
strength, redundancy, or evidence across methods and contexts.

Definition 9.1.1 (Finite multisets and basic operations). (cf. [4731476|]) Let H be a nonempty
set. The collection of finite multisets over H is

M(H) == {p:H—=N | #supp(p) < o0}, supp(p) :=={x € H : p(xz) > 0}.
For p,v € M(H) and k € N define, pointwise on H,
(1@ 0)(@) = (@) + o), (pUD)(@) = max{a(@), (@)}, (kO p)@) = k- ()
Write 0 € M(H) for the zero multiset 0(z) = 0. We partially order M(H) by
p=v < VoeH (ux) <v(z)).

Then (M(H), =) is a join-semilattice with join U, and (M(H ), ®,0) is a commutative monoid.

Definition 9.1.2 (MultiStructure). [461,462] Let H be a nonempty set and Z C Z+ a set of
arities. A MultiStructure on H is a pair

MS = (H, {#™: 0" > M(H) }, ).

For a = (ay,...,a,,) € H™, the multiset #(™(a) lists (with multiplicities) the outcomes pro-
duced from a.

173
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An [lterative MultiStructure builds upon this by iterating the multiset construction through
successive levels, yielding operations [461,[462/477]. Tterated MultiPhilosophy extends MultiPhi-
losophy by iterating multiset levels, allowing reasoning over bags-of-bags, capturing hierarchical
multiplicity and graded evidence across multiple abstraction layers.

Definition 9.1.3 (Iterated multiset levels). [461,1462,477] Let X be a set. Define the levels
Multiset”(X) := X,  Multiset """ (X) := Multiset(Multiset’ (X)) (i > 0),

so Multiset'(X) = Multiset(X) is the collection of finite multisets on X, Multiset?(X) is the
collection of finite multisets on Multiset(X), etc. For y € Multiset*(X) we denote by

(i) il
4, € Multiset"™ (X)

the unit multiset at level i+1 that assigns multiplicity 1 to y and 0 to all other elements of
Multiset “(X).

Definition 9.1.4 (Iterative Multi-Structure of order k). [461,462,477] Let H be a nonempty
set, fix k € Z>1, and let Z C Z~( be a set of arities. An Iterative Multi-Structure of order k
consists of a family of level-wise multi-operations

(k) . (m,i) . . i m . i1
IMSY™ = (H, { # : (Multiset’(H))" — Multiset'*' (H) }mEI, 0§i<k:)'
For inputs x1,...,z, € Multiset (), the value #™9(xy,... x,,) is an output object at the
next level Multiset "™ (H).

Example 9.1.5 (Security incident triage as a MultiStructure and an Iterative MultiStructure).
Consider a cybersecurity operations center (SOC) that performs incident triage by correlat-
ing alerts from multiple detectors (SIEM/IDS/EDR) and mapping them to candidate attack
hypotheses and mitigation actions.

Step 1 (MultiStructure level). Let H be a finite set of SOC tokens that includes alert types,
hypotheses, and actions, e.g.,

H = {FL, GA, OB, BF, CS, C2, BL, PR},

where: FL = “many failed logins”, GA = “geo-anomalous login”, OB = “suspicious outbound
traffic”, BF = “brute-force”, CS = “credential-stuffing”, C2 = “malware C2”, BL = “block IP”,
PR = “force password reset”. Take Z = {2} (binary correlation rules). Define a MultiStructure
operation #?) : H? — M(H) by letting multiplicities count how many independent correlation

rules (or analytic modules) support the same output token. Using the unit multiset 5;0> S
Multiset' (H) = M(H), set for instance:

#P(FL,GA) :=20 8% © &5 @ o5

This encodes that two independent detectors/rules indicate CS, one indicates BF, and one sug-
gests the action PR. Likewise,

#®(0B,GA) := 60, @ oy,

meaning that the same correlation of signals supports a malware C2 hypothesis and recommends
blocking.
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Step 2 (Iterated MultiStructure level). Now suppose the SOC runs three subsystems that
each output a bag of hypotheses/actions (i.e., an element of Multiset' (H)), and the SOC manager
wants a bag-of-bags (i.e., an element of Multiset*(H) = Multiset(Multiset(H))) that records how
many subsystems produced the same incident narrative.

Let
Bsigw := #*Y(FL,GA),  Bips := #*Y(FL,GA),  Bepr := #*% (0B, GA),

so Bsiem = Bips (two subsystems agree) while Bgpgr differs. Define an order-k = 2 iterative
MultiStructure by including, for ¢ = 1, an aggregation operation

#G (Multisetl(H))3 — Multiset®(H),
and set (using the level-2 unit multiset 6%’ € Multiset?(H) for B € Multiset' (H)):

#GD(Bsiem, Bips, Bepr) :=2© 0%, @ 8% € Multiset?(H).

Bgsiem Bepr

Hence the output is a bag-of-bags in which the narrative Bsjgm appears with multiplicity 2 (two
subsystems support it), while Bgpgr appears with multiplicity 1. This is a concrete instance where
a MultiStructure captures within-level evidence multiplicity, and an Iterative MultiStructure
captures hierarchical multiplicity across multiple abstraction layers (bags of hypotheses, and
bags of such bags).

9.2 MetaStructure (Recall)

A MetaStructure is a higher-order framework where operations act on entire structures, produc-
ing new structures while preserving isomorphisms(cf. [376,/478]).

Definition 9.2.1 (Signature and X-structures). (cf. [376,478,/479]) A (single-sorted, finitary)
signature is a tuple
¥ = (Func, Rel,arFunc,arRe|),

where Func and Rel are sets of function and relation symbols, and ar gives their arities. A
Y —structure is a tuple

C = (H, (fc)feFunca (RC)RERS|)7

with nonempty carrier H, each f¢: H™ — H for m = ar(f), and each R® C H" for r = ar(R).
Let Stry, be the class of all ¥—structures.

Definition 9.2.2 (MetaStructure over a fixed signature). (cf. [478]) Given ¥ as in|{Theorem 9.2.1

a MetaStructure is a pair

M = (U, (‘I’é)ee/\)7

where:
e U C Stry is a nonempty collection of Y—structures;

o each meta—operation ®, : U — U (meta-arity k, € N) is specified by uniform constructors
on carriers and symbol-interpretations.
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Isomorphism invariance (naturality): if a; : C; =D, in Stry, then ®y(aq, ..., a,) : ®o(Cq,...,Ck,) =
®y(Dy,...,Dy,).

An [terated MetaStructure is obtained by repeatedly applying the MetaStructure construction,
thereby forming successive levels where “structures of structures’” build a hierarchical tower
(cf. [376,/478]).

Definition 9.2.3 (Iterated MetaStructure of depth t). (cf. [478]) For t € N, an Iterated MetaS-
tructure of depth t over ¥ is a MetaStructure 9™ obtained by t iterations of a lifting procedure.
When s < t, we lift a height—s MetaStructure M) = (U {®;},{S;}) to height ¢ by

t—s

beyy s U g = U S(U),
and, for each meta—operation ®; : (Eq" )" — P (Eq?), define its lift by
mi+t—s\Ki n; ni+t—s —S —S —S
O ¢ (Egtti=s)" — pri(Egiti=e), ONUS (1), ..., US (xy,)) := UL (@il - . -, 21,),

and analogously for relations 5T (U L= s) x4 "(S;)-

Based on the above, we present a concise comparison of MetaStructure, MultiStructure, and
HyperStructure in Table We also present a concise comparison of Iterated MetaStructure,
Iterated MultiStructure, and SuperHyperStructure in Table

Table 9.1: Concise comparison of MetaStructure, MultiStructure, and HyperStructure.

Concept Carrier / Objects Primitive operation Output semantics
type
MetaStructure U C Stry (structures) meta-operations ® : U* —  structure-level
U construction;
isomorphism-invariant
MultiStructure H (atoms) multi-operations finite multiset (bag) of
#m) . ™ — M(H) outcomes with
multiplicities
HyperStructure S (atoms) or P(S) (sets) hyperoperations o : §™ —  set-valued outcomes
P(S) (nonempty subset,
typically)

Table 9.2: Concise comparison of iterated constructions and SuperHyperStructure.

Concept Levels / Carrier at Lifted operation type Key idea
level ¢
Tterated MetaStructure U = structures-of--- - & . (UM)k - U®) compose uniform
of-structures constructors across
meta-levels
Tterated MultiStructure Multiset’(H) #mat) iterate
(bags-of-- - --bags) (Multiset’ ( ™ = multiplicity /aggregation
Mu|t|sett+ (H) hierarchically
SuperHyperStructure ~ P*(S) (nested sets) *: (P™(9))k — Pn(S) iterate set-valued
structure via powerset
hierarchy

Example 9.2.4 (Health-information exchange as a MetaStructure and an iterated MetaStruc-
ture). We describe a concrete real-world setting from health-information exchange (HIE) and

show how it fits both [[heorem 9.2.2 and [Theorem 9.2.3l
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(1) A fixed single-sorted signature > for EHR graphs. Let the carrier H represent all
“records” (patients, visits, lab-events, etc.) together with a distinguished null record L. Take a
finitary single-sorted signature

Y= (Func, Rel, arpync, arRe|)
with (for simplicity) the following symbols:
Func = { patOf, visitOf, labOf }, Rel = { Patient, Visit, Lab },

where ar(patOf) = ar(visitOf) = ar(labOf) = 1 and each relation is unary. Intuitively, Patient(z)
means “x is a patient-record”, etc. The functions encode typed pointers, totalized using L:
patOf(v) returns the patient-record attached to a visit-record v (and L if v is not a visit);
visitOf(¢) returns the visit-record attached to a lab-record ¢ (and L otherwise); labOf(v) returns
a canonical lab-record associated to v if one exists (else L). (Any practical EHR has many more
symbols; this toy signature is enough to illustrate the meta-level construction.)

A concrete hospital database snapshot is then a Y-structure
C = (H, (patOfC,visitOfC,IabOfC), (PatientC,VisitchabC)) € Stry,

where the unary relations partition the intended record-types (up to the presence of L) and the
functions respect types (e.g., if Visit®(v) then either Patient®(patOf°(v)) or patOf©(v) = L).

(2) MetaStructure: a regional SOC/HIE integration layer. Let U C Stry be the
collection of all nightly EHR snapshots from hospitals in one region: each C € U is one hospital’s
database state (same signature, different carrier and interpretations).

Define two meta-operations that are standard in HIE practice:

(a) Federated merge (deduplicating union). A meta-operation ®Pperge : U? — U takes
two hospital snapshots C;, Co € U and returns the regional merged view

(I)merge(clyc2) = Cl2 elU

constructed uniformly as follows.

Carrier constructor: start from the disjoint union Hio := H; | | Hs (with L identified), and
then quotient by an equivalence relation ~ that identifies records deemed to correspond to
the same real-world entity (e.g., same hashed national patient identifier, same visit key under
an agreed reconciliation rule). Write [z] for the ~-class of x and set Hyo := (Hq| | Hs)/~.

Interpretation constructor: define, for each unary relation symbol R € {Patient, Visit, Lab},
R :={[z] € Hyy : € R® UR®},
and for each function symbol f € {patOf, visitOf, labOf},
2([x]) == [f%(x)] whenever x € H; (i = 1,2),

which is well-defined because the reconciliation ~ is chosen to be compatible with the
pointers (the standard “entity resolution” consistency condition in data integration).
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(b) Anonymization/pseudonymization. A meta-operation ®,n0n : U — U replaces all
patient-identifying records by pseudonyms, implemented at the structure level by a uniform
carrier map m : H — H'’ that collapses/renames identifiers while preserving the typed-
pointer pattern:

Baon(C) = C' €U, H =n(H), R% =n(R®), (%)) =r(®x)).

Hence MO := (U, ®merge; Panon) is a MetaStructure in the sense of [Theorem 9.2.2

Isomorphism invariance (why it holds in practice). If & : C 2 D is an isomorphism in Stry,
(a renaming of record IDs that preserves Patient, Visit, Lab and commutes with patOf, visitOf, labOf),
then the constructors above do not depend on concrete IDs, only on the incidence pattern and
reconciliation criteria. Therefore,

I

Cl = Dla C2 = D2 - (I)merge(cla CQ) = q)merge(DlaDQ)a <I>anon(C) (I)anon(D)a

which is exactly the naturality requirement in

(3) Iterated MetaStructure: regional exchanges aggregated into a national exchange.
Now consider multiple regional HIE operators (Region A, Region B, ..), each maintaining its
own MetaStructure M?,Mg ), ... over the same Y. At the next level, a national HIE forms
structures of structures by treating each regional integrated snapshot as a first-class object and
then integrating those objects.

Concretely, let UM C Stry, be the collection of regional integrated snapshots obtained by applying
®pnerge repeatedly inside each region (and possibly ®,non), and define meta-operations on U @)
such as:

(I)E\?timerge : (U(l))z - U(l) (merge two regions),

(I);(:?Iicy UMW 5y (apply a uniform national policy).

These are specified by the same kind of constructors as before (disjoint union / reconciliation
for merge, uniform quotient/renaming for policy), but now the inputs are already structures
produced by meta-operations. This yields a height-1 MetaStructure

MO .= (U(n’q)(l) oW

nat__merge>» policy) .

Iterating once more gives a depth-t = 2 tower (e.g., international federation of national ex-
changes), which matches conceptually: lower-level objects (hospital snapshots)
are lifted to higher levels (regional snapshots, then national snapshots), and the merge/policy
operations lift accordingly to act on these higher-level objects while remaining isomorphism-
invariant.

Hospital EHR instances are X-structures; a regional HIE defines a MetaStructure by meta-
operations “merge” and “anonymize” on a nonempty class U C Stry; and a national HIE forms
an Iterated MetaStructure by repeating the same style of structure-constructors on the outputs
of the previous level.
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New Structure: Sheaf HyperStructure and
SuperHyperStructure

In this chapter, we introduce Sheaf HyperStructures and Sheaf SuperHyperStructures as new
notions of HyperStructures and SuperHyperStructures, and we investigate their fundamental
properties.

10.1 Sheaf HyperStructure

A Sheaf HyperStructure is a sheaf that assigns a local hyperoperation to each open set, compat-
ible with restrictions, so local multi-valued compositions glue consistently.

Definition 10.1.1 (Sheaf HyperStructure). Let (X, 7) be a topological space. Let F be a sheaf
of sets on X, i.e., for every open set U € 7 a set F(U) is given, and for every inclusion of open
sets V C U a restriction map

puv : F(U) — F(V)

is given, such that the presheaf identities hold pyy = idrw) and pyw = pyv,w © pu,y for
W CV C U, and moreover the sheaf axioms (locality and gluing) hold.

For each open set U € 7, assume we are given a (set-valued) binary operation
oy : F(U) x F(U) — P(f(U)),

called the local hyperoperation on U. For any map f : A — B, write f*: P(A) — P(B) for the
induced map f*(S) := {f(s) | s € S}.

We say that (F,{op}ver) is a sheaf hyperstructure on X if, for every inclusion V' C U of open
sets and all a,b € F(U), the following restriction-compatibility holds:

Placud) C puv(a) oy puyv(b). (10.1)
If equality holds in (10.1)) for all V' C U and all a, b, we call it a strict sheaf hyperstructure.
179
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Table 10.1: Concise comparison of (global) HyperStructures and Sheaf HyperStructures.

Aspect

HyperStructure

Sheaf HyperStructure

(Def. [10.1.1)

Underlying setting

Operation(s)

Local-to-global mechanism

Compatibility / coherence

Meaning of “element”

Notion of morphism (typical)

Information interpretation

A single carrier set H.

One (or finitely many) global
hyperoperation(s), e.g. o : H X
H — P(H).

None built in (global data are
primitive).

Coherence  expressed  only
by algebraic axioms on H
(associativity-like laws, etc.,

depending on the type).
Element x € H is a global ob-
ject.

A map f: H — K preserving
hyperoperations (often f*(x o

y) € f(@) o fy))-

Multi-valued composition at a
single global scale.

A topological space (X, 7) and
a sheaf of sets F; carriers vary
with U € 7 as F(U).

A family of local hyperopera-
tions oy : F(U) x F(U) —
P(F(U)) for each open U.
Built in via restriction maps
pu.v and sheaf axioms (locality
+ gluing) for sections.
Restriction-compatibility:
puvia ov b) € pyv(a) oy
puv(b) for V. C U; equality
gives the strict case.

Section s € F(U) is a context-
dependent (local) object over U.
A morphism of sheaves ¢ : F —
G commuting with restrictions
and (typically) locally preserv-
ing hyperoperations on each U.
Multi-valued composition that
can vary by region/context and
must be consistent under re-
striction and gluing.

For reference, a comparison of (global) HyperStructures and Sheaf HyperStructures is presented

in Table [10.1]

Example 10.1.2 (Real-world example: incident response across microservices). Consider a
large-scale cloud service composed of many microservices deployed across regions. Let X be
the (finite) set of services and regions, and equip X with a topology whose open sets U C X
represent operational scopes (e.g., “all components in Region 1”7, “the payments pipeline”, or
“the set of services touched by a given customer journey”). Thus a larger open set corresponds
to a broader scope of observability and coordination.

Sheaf of local states. For each open set U € 7, let F(U) be the set of feasible local incident-
response states on U. Concretely, an element s € F(U) may encode the current health and
mitigation configuration on U, such as

s = (alert level, traffic-shift policy, feature-flag vector, rate-limit plan) |U.
If V' C U, the restriction map pyyv : F(U) — F(V) forgets information outside V, i.e., it
restricts the configuration on U to the smaller scope V. The sheaf gluing axiom expresses a
standard operational principle: if we choose configurations s; € F(U;) on scopes U = J, U; that
agree on overlaps U; N Uj, then there exists a unique global configuration s € F(U) consistent
with all s;.
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Local hyperoperation (multi-valued composition). In incident response, combining two
local actions is often non-deterministic because multiple mitigation plans can be valid depending
on latency, load, and downstream dependencies. Define, for each U € 7, a hyperoperation

oy : F(U) x F(U) — P(F(U))

by letting a oy b be the set of all feasible states obtained by executing (or attempting to execute)
the mitigation encoded by a together with the mitigation encoded by b on scope U. For instance,
if @ means “shift 30% traffic to Region 2” and b means “enable fallback mode”, then a oy b may
contain several outcomes:

« fallback succeeds and traffic-shift is stable,
o fallback succeeds but traffic-shift is partially rolled back due to elevated error rates,

o fallback is enabled only for a subset of endpoints due to dependency constraints.

Restriction-compatibility (local-to-local consistency). If V' C U, then restricting a com-
bined mitigation outcome on U to V must be feasible as a mitigation outcome computed directly
on the smaller scope V:

P?J,V(a ou b) - PU,V(G) oy PU,V(b)-

Operationally, this says: any global feasible outcome, when projected to a subsystem V| is still
an outcome that the subsystem could realize under the corresponding restricted actions. Hence
(F,{ov}ver) forms a Sheaf HyperStructure capturing multi-valued incident-response composi-
tion that glues consistently from local scopes to global scopes.

Theorem 10.1.3 (Well-definedness of Sheaf HyperStructures). Let (X, 7) be a topological space
and let F be a sheaf of sets on X with restriction maps pyyv = F(U) = F(V) for V. C U.
Assume that for each open set U € T we are given a set-valued binary operation

oy : F(U) x F(U) — P(F(U)).

For any map f: A — B, define f*: P(A) — P(B) by f*(S) :={f(s)| s € S}.

Suppose the restriction-compatibility condition holds: for every inclusion V. C U and all a,b €

F(U),
puafacud) S puy(a)ov puyv(b). (10.2)
Then the data (F,{oy}vuer) is well-defined in the following sense:

1. For every U € T, the pair (f(U),oU) is a hyperstructure (a hypergroupoid), i.e., oy is a
hyperoperation on the carrier set F(U).

2. For every inclusion V. C U, the restriction map py,yv : F(U) = F(V) is a (weak) homomor-
phism of hyperstructures, meaning it satisfies (10.2)).
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3. The compatibility condition is coherent under iterated restriction: for any W CV C U and
any a,b € F(U), one has

p?],W(a oy b) C puwl(a)ow puw(b),

so the notion does not depend on whether one restricts in one step or in several steps.

Proof. (1) Fix U € 7. By assumption, oy : F(U) x F(U) — P(F(U)) is a well-typed set-
valued binary operation on the carrier set F(U). This is exactly the defining requirement for a
hyperoperation on F(U); hence (F(U), oy ) is a hyperstructure (hypergroupoid).

(2) Let V. C U. The restriction map pyy : F(U) — F(V) is already part of the sheaf data,
hence is a well-defined function between the carrier sets. The induced map pbv :P(FWU)) —
P(F(V)) is well-defined by construction of f* for any function f. The inclusion is precisely
the homomorphism condition, so py,y is a (weak) homomorphism of hyperstructures.

(3) We first note a basic functoriality property of the “f” construction: for any maps A LB%C
and any S C A,

(9o /)}(S) ={(goN)s) | s € S} ={g(f(s) | s € S} = g*(f*(9)).

Hence (g o f)* = g* o f*, and also (id4)* = idp(a).

Now take open sets W C V' C U and elements a,b € F(U). Since F is a sheaf (in particular a
presheaf), its restriction maps satisfy

Puw = Pv,w © Pu,v-
Applying the functoriality of “f” gives
ptli],W = (pvw o puv)t = P%/,W © P?],v-
Using (10.2)) for V' C U yields

pirvla oy b) C puv(a) oy puv(b).

Applying p%/’W to both sides (monotonicity of direct image on subsets) gives

pt\i/,W<p§J,V(a oy b)) C Pj\i/,w(PU,v(a) oy PU,v(b)>-

The left-hand side is p%ﬁw(a oy b) by the identity above. On the right-hand side, applying (10.2))
for W CV with o’ = pyv(a) and b’ = pyv(b) yields

P%/7W(PU,V(G) oy PU,V(b)> C pvwlpuv(a)) ow pvw(puv(b)).

Finally, pv.w © pu,v = puw, so the right-hand side equals pyw(a) ow pyw(b). Combining the
inclusions proves
Pl wlaou b) C puw(a) ow puw(b),

which is the desired coherence under iterated restriction. Therefore the notion of Sheaf Hyper-
Structure is well-defined and internally consistent. O
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10.2 Sheaf SuperHyperStructure

A Sheaf SuperHyperStructure is a sheaf whose local operations take values in iterated powersets,
remain restriction-compatible, and encode hierarchical multi-valued composition globally.

Definition 10.2.1 (Sheaf SuperHyperStructure). Let (X, 7) be a topological space and let F
be a sheaf of sets on X with restriction maps pyy : F(U) = F(V) for V C U. Fix an integer
n € N, and define the iterated powerset functor P" by

PYS) =S, PEFL(S) = 73(73’“(5)) (k>0).
For any map f : A — B, define inductively the induced maps
f(o) = f, f(k+1) — (f(k))ﬁ :Pk+1(A) N Pk+1(B)‘

In particular, for V' C U we obtain (pyv)™ : P*(F(U)) — P (F(V)).

For each open set U € 7, assume we are given an n-level superhyperoperation
*y: F(U)x F(U) — P"(f(U)).

We say that (F, {xv}uer) is an n-sheaf superhyperstructure on X if, for every inclusion V' C U
and all a,b € F(U), the following n-level restriction-compatibility holds:

(puv)™(axub) C puy(a)*v puy(b). (10.3)

If equality holds in ((10.3) for all V' C U and all a, b, we call it a strict n-sheaf superhyperstructure.

For reference, a comparison of (global) SuperHyperStructures and n-sheaf SuperHyperStructures
is presented in Table

Example 10.2.2 (Real-world example: hierarchical clinical decision support across hospital
units). Consider a hospital network consisting of multiple wards (ICU, ER, general medicine)
distributed across campuses. Let X be the set of clinical units and care contexts, and endow
X with a topology whose open sets U € 7 represent coordination scopes (e.g., “all beds in the
ICU”, “the cardiology service line”, or “all units on Campus A”). Larger open sets correspond
to broader organizational scopes.

Sheaf of local clinical states. For each open set U € 7, let F(U) be the set of feasible local
clinical states on U. An element s € F(U) can be viewed as a bundle of structured patient- and
unit-level information available at scope U, for example

s = (Vital—sign trend summaries, lab panels, contraindication flags, resource availability) |U.

If V C U, the restriction map py v : F(U) — F(V) restricts the data and plans to the smaller
scope, discarding information external to V. The sheaf gluing axiom expresses that if clinicians
specify mutually consistent local states on a cover U = J,; U; (agreeing on overlaps), then there
is a unique global state on U that realizes these locals.

Why an iterated powerset output is natural. Clinical decision support is inherently hier-
archical:
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Table 10.2: Concise comparison of (global) SuperHyperStructures and n-sheaf SuperHyperStruc-

tures.

Aspect

SuperHyperStructure
(global)

n-Sheaf SuperHyperStruc-

ture (Def. [10.2.1)

Underlying setting

Output level / nesting

Local-to-global mechanism

Compatibility / coherence

Meaning of “element”

Induced maps / functoriality

Notion of morphism (typical)

Information interpretation

A single carrier set S (often
built from an iterated powerset
universe).

A fixed level n (or a profile such
as (m,n)): operations output
nested sets, e.g. x : S X § —
P(S).

None built in (global data are
primitive).

Coherence  expressed  only
by superhyper-algebraic ax-
ioms on S (associativity-like,
distributive-like, etc., depend-
ing on the type).

Element x € S is a global object
(or a global nested object).

Typically uses f (iterated f)
for morphisms f : S — T to
compare P"-outputs.

A map f : S — T preserving
n-level operation, often f(™ (x*

y) € f(x)o f(y).

Multi-valued nested composi-
tion at a single global scale.

A topological space (X, 7) and
a sheaf of sets JF; carriers vary
with U € 7 as F(U).

A fixed n and local opera-
tions xy : F(U) x F(U) —
P (F(U)).

Built in via restriction maps
pu,v and sheaf axioms (locality
+ gluing) for sections.

n-level restriction-
compatibility:  (py.v) ™ (a *y
b) C puv(a)*v pu,v(b); equal-
ity gives the strict case.

Section s € F(U) is a
context-dependent local object;
nesting appears in the output
PH(F(U)).

Canonically uses (pyy)™ in-
duced by restrictions to trans-
port n-level outputs between
opens.

A sheaf morphism ¢ : F —
G commuting with restrictions

and locally preserving xy on
each U.

Nested composition that can
vary by region/context and
must be consistent under re-
striction and gluing across X.

o At the first level, the system proposes a set of candidate interventions (e.g., oxygen titra-
tion, fluid bolus, antibiotics, imaging).

o Each candidate intervention expands into a set of protocol variants (dose ranges, timing
windows, monitoring requirements).

o Each variant expands into a set of contingency branches (what-if actions if blood pressure

drops, if renal function changes, if an allergy is discovered).

This yields a nested “set-of-sets-of-sets” structure, naturally modeled by an iterated powerset

P
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Local n-level superhyperoperation. Fix n = 2 for concreteness (sets of sets of outcomes).
For each U € 7, define
*y: F(U)x FU) — PQ(.F(U))

as follows: given two local states a,b € F(U) (e.g., two guideline modules such as “sepsis bundle”
and “heart-failure pathway” instantiated with the current data), the value a *xy b is the family
of feasible care-plan families on U obtained by combining the modules. An element of a x;; b is
itself a set P C F(U) representing one plan family, whose members are concrete feasible plans
(states) such as:

» a medication plan with allowable dose/timing alternatives,
 an imaging plan with acceptable modality/scheduling alternatives,
e a monitoring plan with alternative escalation triggers.

Thus a xy b € P?(F(U)) encodes alternatives of alternatives: a set of plan-families, each plan-
family being a set of concrete feasible plans.

n-level restriction-compatibility (scope consistency). If V C U is a smaller scope (e.g.,
restricting a campus-wide plan to the ICU), then every global plan-family, restricted to V', must
still be feasible as a plan-family computed directly on V:

(PU,V)(Q)(G *xub) C puv(a)*v puy(b).

Operationally: any hierarchy of feasible care-plan alternatives produced at a broad scope, when
projected to a subscope, remains within the hierarchy of feasible alternatives available at that
subscope. Hence the decision-support workflow forms a Sheaf SuperHyperStructure that encodes
hierarchical multi-valued clinical composition consistently from local units to global hospital
scopes.

Theorem 10.2.3 (Well-definedness of n-Sheaf SuperHyperStructures). Let (X, 7) be a topolog-
ical space and let F be a sheaf of sets on X with restriction maps pyy = F(U) — F(V) for
V CU. Fizn € N and define the iterated powerset functor P™ by

P(S) =S, PEHL(S) = P(Pk(S)) (k> 0).
For any map f : A — B, define inductively the induced maps
FO=f, fED = (fO)FPRA) o PEY(B),

where g* : P(dom(g)) — P(cod(g)) denotes direct image: g*(S) := {g(s) | s € S}.

Assume that for each open set U € T we are given an n-level superhyperoperation
*y: F(U)x FU) — P"(f(U)),

and that the n-level restriction-compatibility condition holds: for every inclusion V- C U and all
a,be F(U),
(PUJ/)(H)(G *xub) C puv(a)*v puv(b). (10.4)

Then the data (F,{*v}ver) is well-defined in the following sense:
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1. For every U € 7, the map xy is well-typed and defines an n-level superhyperoperation on the

carrier set F(U), i.e., xy : F(U) x F(U) — P*(F(U)).

2. For every inclusion V. C U, the restriction map py,yv s a (weak) homomorphism of n-level
superhyperstructures in the sense of (10.4).

8. The compatibility is coherent under iterated restriction: for any W C V C U and any
a,be F(U), one has

(PU,W)(R)(G *uU b) - PU,W(G) *W pU,W(b)a

so the notion does not depend on whether restriction is applied in one step or in several steps.

Proof. (1) Fix U € 7. By assumption, xy : F(U) x F(U) — P"(F(U)) is a well-typed map into
the n-fold iterated powerset of the carrier set F(U). Thus xy is an n-level superhyperoperation
on F(U) by definition.

(2) Let V C U. The restriction map pyy : F(U) — F(V) is a well-defined function from the
sheaf data. By the inductive construction of f(), the map

(puy) ™« PU(F(U)) — P"(F(V))

is also well-defined. Condition (10.4)) is precisely the required (weak) homomorphism property
for py,v between the local n-level superhyperstructures.

(3) We establish coherence under iterated restriction.

Step 1: Functoriality of the iterated direct image. For maps A ENY ;3N C, we claim
(go f)W =g o fm) and (ida)™ = idpn(a). (10.5)

We prove the first identity by induction on n (the second is similar). For n = 0, it is the ordinary
functoriality of functions: (go f)® =go f = ¢® o f©. Assume (10.5) holds for n = k. Then,
using the definition A**1) = (h(®))# and the elementary identity

(g% 0 [5)(S) = g*(f*(S)) = (g0 /)¥(S) (S C A,
we obtain
(go ) = ((go f)<k>)ﬁ = (g% o f<k>)ﬁ — (g<k>)ﬁ o (ﬂk))ﬁ — gD o plhD),

Thus ((10.5) holds for all n.

Step 2: Coherence. Take open sets W C V' C U and elements a,b € F(U). Since F is a sheaf
(hence a presheaf), its restriction maps satisfy

Puw = Pv,w © Pu,v-

Applying Step 1 with f = pyv and g = py,w yields

(PU,W>(n) = (PV,W)(n) o (PU,V)(H)- (10.6)
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By (10.4)) for V C U,
(o) axu b) C puv(a)xv puy(b).

Apply (pvw)(") to both sides. Since each f is built from direct images on powersets, it is
monotone with respect to C; hence

(pV,W)(n)((pU,V)(n)(a *xU b)) - (PV,W)(R)(PU,V(G) *y PU,v(b)>-

Using (10.6), the left-hand side equals (py )™ (a x¢y b). On the right-hand side, apply (10.4)
for W CV with @’ = pyv(a) and ' = pyv(b) to obtain

(pV,W)(n)(pU,V(a) *v PU,v(b)) - pV,W(pU,V(a)) *w PV,W(PU,V(b))-

Finally, pyw © pvv = puw, so the right-hand side becomes pyw (a) xw pu.w (b). Combining
these inclusions yields
(PU7W)(H)(G *u b) C puwla)*xw pow(b),

which is exactly the desired coherence under iterated restriction.

Therefore, the definition of an n-sheaf superhyperstructure is internally consistent and well-
defined. 0

Furthermore, we present several concrete examples of an n-sheaf superhyperstructure.

Example 10.2.4 (A constant-type (trivial) sheaf SuperHyperStructure). Let (X, Ox) be a
topological space and fix the base set Z. Consider the constant sheaf Z defined by

HWU):=2U)={s:U —Z| s is locally constant }, U € Oy,

with restriction maps pyy(s) = s|y for V C U.

(Sheaf axiom). If U = J, U; and s, € H(U,) satisfy s;|v,nu, = S;j|v,nu, for all 4,7, then the
glued map s : U — Z given by s(x) := s;(z) for x € U; is well-defined, locally constant, and
satisfies s|y, = $;; moreover, it is unique.

(A (1,2)-superhyperoperation on each open set). For each open U, define x;; : P(H (U)) x
P(H(U)) = P*(H(U)) by

*U(A,B) = {A@UB7 A@UB},
where
A®yB:={a+blac A, be B}, AoyB:={a—-blac A, be B},

and (a £ b)(x) := a(x) + b(x) pointwise. Since sums/differences of locally constant maps are

locally constant, A @&y B and A Sy B are subsets of H(U), hence xi;(A, B) € P*(H(U)).

(Restriction compatibility). For every inclusion V' C U and all A, B C H(U),
2 1 1
Plxo (A, B)) = +v(pvly (A), oV (B)),

because (a = b)|y = aly £ b|y implies pwU(A @y B) = (pg}UA) ®v (pg}UB) and similarly
for ©. Therefore (U ~ (H(U),*y)) forms a concrete Sheaf SuperHyperStructure (of profile
O = (1,2,2)) which is “constant-type” in the sense that it is built from the constant sheaf Z.
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Example 10.2.5 (Gluing local data into a global section (continuous case)). Let X = [0, 1]
with the usual topology and let
H(U):=C(U,R)

be the set of continuous real-valued functions on U, with restriction maps py.u(f) = f|v for
V CU. It is standard that U — C(U,R) is a sheaf: compatible local continuous functions glue
uniquely to a global continuous function.

Fix again © = (1,2,2) and define, for each open U C X,
*xv(A,B) :={Ady B, Aoy B} € P*(H(U)),
where for A, B C H(U),
Aoy B:={a+blac A be B}, A@yB:={a-blac A be B},

and (a + b)(x) = a(z) + b(x), (a-b)(x) = a(x)b(z). Closure holds since sums/products of
continuous functions are continuous.

Local-to-global gluing (explicit). Let
U, =(-0.1,0.6) N [0, 1], Uy, = (0.4,1.1) N[0, 1],
so that X = U; UU, and Uiy := Uy NU; = (0.4,0.6). Define local sections
fie C(U,R), fi(z) ==, f2 € C(Uy,R), fax) = 2.

They agree on the overlap: fi|y,, = f2|v,,- Hence, by the sheaf axiom, there exists a unique
global section f € C'(X,R) such that f|y, = f1 and f|y, = f2, namely f(z) =z on [0, 1].

Compatibility with the superhyperoperation. The restriction compatibility

Po(xu (A, B)) = % (pl (A), U (B))

holds for all V' C U since restriction commutes with 4+ and -. Consequently, not only do individ-
ual local sections glue to a global section, but set-based local computations performed via x are
consistent under restriction, which is the intended “sheaf” behavior for SuperHyperStructures.
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Conclusion

In this book, we investigated a broad range of mathematical and applied concepts that can be
formulated within the framework of HyperStructures and SuperHyperStructures. By replacing
single-valued operations with set-valued (hyper)operations and, moreover, by working on iterated
powersets, these frameworks provide a unified language for modeling multiway interactions, non-
deterministic outcomes, and hierarchical (nested) forms of uncertainty.

Looking forward, several research directions appear particularly promising. First, it is important
to develop efficient algorithmic procedures for core tasks such as evaluation of superhyperopera-
tions, propagation of set-valued information, and computation of invariants (e.g., connectivity-
and centrality-type measures, or topological indices in superhypergraph settings). Second, we
expect progress on computational and quantitative validation, including benchmark datasets,
simulation studies, and sensitivity analyses that measure robustness under noisy or incomplete
information. Such empirical investigations can clarify when hyper- and superhyper-extensions
yield practical advantages over classical models and can guide principled choices of the profile
parameters (m,n, k) in real applications.
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