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Chapter 1

Introduction

1.1 HyperStructure and SuperHyperStructure

In this book, the term Structure is used in a broad sense: it covers both abstract mathematical
objects (such as graphs, topological spaces, algebras, automata, or games) and idealized rep-
resentations of real–world systems. Many of these systems possess an intrinsically hierarchical
organization, and for such situations the formalisms of hyperstructures and superhyperstructures
provide a convenient and expressive framework.

A hyperstructure relaxes the usual notion of an algebraic structure by allowing a binary operation
to return an entire subset of possible outcomes instead of a single element (see, e.g., [1–6]). This
point of view has motivated many hyperstructure–based models, including HyperGraphs [7–12],
HyperFuzzy Sets [13–16], HyperNeutrosophic Sets [17], HyperAlgebras [18,19], HyperGames [20,
21], and HyperVectors [22], among others, all of which are closely connected to the hyperstructure
paradigm.

By iterating the powerset construction n times one obtains the iterated powerset Pn(H), and
operations acting on these objects lead to the notion of an n-superhyperstructure (see, for ex-
ample, [1,23]). Such n-superhyperstructures are intended to model complex, multi–layered phe-
nomena in a transparent way, by organizing interactions across several levels of aggregation.
In analogy with hyperstructures, a number of superhyperstructure–based concepts have been
proposed, including SuperHyperGraphs [24–29], SuperHyperFuzzy Sets [30,31], SuperHyperSoft
Sets [32–36], and SuperHyperAlgebras [37,38].

For later reference, Table 1.1 summarizes the basic variants that will appear in this work.

Remark 1.1.1 (Convention on the profile (m,n, k)). Throughout this book, we interpret a
profile Θ = (m,n, k) as follows: m specifies the input level (the arguments live in Pm(H)),
n specifies the output level (values lie in Pn(H)), and k is the arity (the number of inputs
combined). Thus a Θ–superhyperoperation has the type

? :
(
Pm(H)

)k −→ Pn(H),

where larger m and n correspond to deeper nested (multi-level) representations.

5



6 Chapter 1. Introduction

Table 1.1: Classical structures, hyperstructures, hierarchical structures, hierarchical hyperstruc-
tures, and (m,n)-superhyperstructures

Structure type Underlying domain Typical operation
signature

Classical structure H f : Hk → H

Hyperstructure H ◦ : Hk → P∗(H)

Level-n hierarchical structure Hn = P n
∗ (H) ?n : Hk

n → Hn

Level-n hierarchical hyperstructure Hn = P n
∗ (H) ◦n : Hk

n → P∗(Hn)

(m,n)-superhyperstructure P m
∗ (H) ? :

(
P m

∗ (H)
)k → P n

∗ (H)

Notation. For a nonempty set H, let

P0(H) := H, Pn+1(H) := P(Pn(H)) (n ≥ 0).

The iterated nonempty powersets are defined recursively by

P0
∗(H) := H, Pn+1

∗ (H) := P(Pn
∗ (H)) \ {∅}.

Here, Hk denotes the k-fold Cartesian product, and k is the arity of the operation. A level-n SHv-structure is
a level-n hierarchical hyperstructure whose selected identities hold weakly through nonempty intersections.

HyperStructure and SuperHyperStructure are worth studying for the following reasons. Research
on HyperStructure and SuperHyperStructure is highly important.

• Higher–order interactions: model genuinely multiway relations.

• Non-determinism: encode one-to-many outcomes via set-valued operations.

• Uncertainty: unify fuzzy/neutrosophic/rough-style semantics in one language.

• Hierarchy (superhyper): capture nested multi-level structure by Pn(·).

• Backward compatibility: recover classical structures via S ↪→ Pn(S).

• Systematic theory: develop morphisms, dynamics, and categorical constructions.

• Applications: support set-based algorithms in AI, optimization, and decision-making.

1.2 Hv-Structures and SHv-Structures

An Hv-Structure is a hyperstructure in which selected algebraic identities hold weakly through
nonempty intersections rather than by strict equality. Various related concepts, including Hv-
Groups and Hv-Algebras, have been extensively studied. An SHv-Structure is a hierarchical
hyperstructure defined on iterated powerset carriers, in which selected identities consistently sat-
isfy weak nonempty-intersection conditions. The study of Hv- and SHv-Structures is important
because these frameworks model weak, multivalued, and hierarchical interactions beyond classi-
cal algebra, thereby supporting richer mathematical theories and interdisciplinary applications.
For reference, Table 1.2 provides a concise comparison of HyperStructures and Hv-Structures,
while Table 1.3 presents a concise comparison of SuperHyperStructures and SHv-Structures.
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Table 1.2: A concise comparison of HyperStructures and Hv-Structures.
Aspect HyperStructure Hv-Structure
Carrier A nonempty set H A nonempty set H

Operation ◦ : Hr → P∗(H) ◦ : Hr → P∗(H)

Algebraic axioms Not required in the general def-
inition

Selected identities are required
to hold weakly

Weak identity Not necessarily imposed
sH(x) ∩ tH(x) 6= ∅

Associativity May be absent or strong Typically replaced by weak as-
sociativity

Main feature Set-valued operations Set-valued operations with
weak algebraic laws

Relationship General framework A specialized weakly axioma-
tized HyperStructure

1.3 Our Contributions

For these reasons, research on HyperStructures, SuperHyperStructures, Hv-Structures, and SHv-
Structures is important. However, comprehensive survey references covering these topics remain
relatively scarce. To help bridge this gap, this book provides a broad survey of the concepts,
definitions, and modeling principles that arise within hyperstructural, superhyperstructural, Hv-
structural, and SHv-structural frameworks.

By examining both established and newly proposed concepts associated with Hv-Structures and
SHv-Structures from a unified and cross-disciplinary perspective, this book aims to contribute
to the mathematical representation of various hierarchical, multivalued, and weakly structured
phenomena found in the real world.

This book does not include computational experiments or numerical simulations. Therefore,
it is expected that such investigations will be conducted in future work by researchers and
specialists with relevant expertise, thereby enabling further verification, refinement, and practical
application of the proposed frameworks. It should also be noted that this book is a continuation
of the work presented in [39].
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Table 1.3: A concise comparison of SuperHyperStructures and SHv-Structures.
Aspect SuperHyperStructure SHv-Structure
Carrier Usually an iterated powerset

Pm
∗ (S)

A fixed hierarchical carrier

Hn = Pn
∗ (S)

Operation

? :
(
Pm

∗ (S)
)r → Pq

∗(S)
?n : Hr

n → P∗(Hn)

Input and output lev-
els

May be different The output is a nonempty sub-
set of the same carrier

Algebraic axioms Not required in the general def-
inition

Selected hierarchical identities
hold weakly

Weak identity Not necessarily imposed
sSn(A) ∩ tSn(A) 6= ∅

Main feature Hierarchical set-valued opera-
tions

Hierarchical set-valued opera-
tions with weak algebraic laws

Relationship General hierarchical framework A weakly axiomatized fixed-
carrier SuperHyperStructure



Chapter 2

Basic Concepts

In this chapter we fix notation and recall the basic notions that will be used throughout the
book.

2.1 Hyperstructures and Superhyperstructures

Many mathematical models and real–world systems naturally exhibit several hierarchical layers
(for instance, elements, groups of elements, and groups of groups). To describe such multi–level
interactions in a uniform way, one often works with hyperstructures and their iterated variants,
called superhyperstructures. Informally, hyperstructures allow operations to return subsets rather
than single elements, and superhyperstructures iterate this idea to operate on nested collections
(sets of sets, sets of sets of sets, etc.) [4, 40–42]. As related concepts to HyperStructures, weak
hyperstructures are also known [43–46].

Definition 2.1.1 (Base set). [47] A base set (or ground set) is a fixed nonempty set S. All
constructions below (powersets, iterated powersets, and operations acting on them) are formed
from S.

Definition 2.1.2 (Powerset). [48] The powerset of a set S, denoted by P(S), is the set of all
subsets of S:

P(S) = {A | A ⊆ S }.
In particular, ∅ ∈ P(S) and S ∈ P(S). For convenience, we also write

P∗(S) := P(S) \ {∅}

for the family of all nonempty subsets of S.

Definition 2.1.3 (Hyperoperation). (cf. [49, 50]) Let S be a nonempty set. A hyperoperation
on S is a map

◦ : S × S −→ P(S).

If, moreover, ◦(x, y) 6= ∅ for all x, y ∈ S, then ◦ is called a classical-type hyperoperation and we
may view it as ◦ : S×S → P∗(S). Allowing ◦(x, y) = ∅ (for some inputs) is sometimes referred
to as a neutrosophic-type convention in applications.

9



10 Chapter 2. Basic Concepts

Definition 2.1.4 (Induced operation on subsets). Let ◦ : S × S → P(S) be a hyperoperation.
Its canonical extension to subsets is the map

� : P(S)× P(S) −→ P(S), A�B :=
⋃
a∈A

⋃
b∈B

(a ◦ b).

(We use the convention that a union over an empty index set is ∅.) If ◦ is classical-type and
A,B ∈ P∗(S), then A�B ∈ P∗(S).

Definition 2.1.5 (Hyperstructure). (cf. [1, 43, 51, 52]) Let S be a nonempty set and let ◦ :
S × S → P(S) be a hyperoperation. The pair (S, ◦) is called a hyperstructure (more precisely,
a hypergroupoid). Via Definition 2.1.4, it induces the powerset-level structure (P(S),�), where
� combines collections of elements into new collections.

A superhyperstructure refines this idea by iterating the powerset construction. Instead of working
only with P(S), one allows operations whose inputs and outputs live in higher iterated powersets
Pn(S), so that operations may act on nested collections. This provides a natural framework for
multi–layer hierarchical interactions [50, 53, 54]. Typical examples include SuperHyperGraphs
[24,27,55] and SuperHyperUncertain Sets [31].

Definition 2.1.6 (Iterated powersets). (cf. [1]) Let S be a nonempty set. Define recursively, for
n ≥ 0,

P0(S) = S, Pn+1(S) = P
(
Pn(S)

)
.

Thus P1(S) = P(S), P2(S) = P(P(S)), etc.

Define likewise the nonempty iterated powersets by

P0
∗ (S) = S, Pn+1

∗ (S) = P∗
(
Pn

∗ (S)
)
= P

(
Pn

∗ (S)
)
\ {∅} (n ≥ 0).

In particular, P1
∗ (S) = P∗(S).

We will frequently use the standard embedding ηn : S ↪→ Pn(S) to view classical operations as
special cases of superhyperoperations.

Definition 2.1.7 (Standard (unit) embedding into iterated powersets). Let S be a nonempty
set and n ∈ N0. Define the n-fold unit embedding

ηn : S −→ Pn(S)

recursively by
η0(x) := x, ηn+1(x) := {ηn(x)} (n ≥ 0).

We call ηn the standard embedding (or unit embedding) of S into Pn(S).

Lemma 2.1.8 (Injectivity of the unit embedding). For every n ∈ N0, the map ηn : S → Pn(S)
is injective.
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Proof. We argue by induction on n. For n = 0, η0 = idS is injective. Assume ηn is injective.
If ηn+1(x) = ηn+1(y), then {ηn(x)} = {ηn(y)}, hence ηn(x) = ηn(y), and by the induction
hypothesis x = y. Thus ηn+1 is injective.

Definition 2.1.9 (Canonical lifting of a classical operation to level n). Let k ∈ N and let
f : Sk → S be a (classical) k-ary operation. Define its canonical level-n lift

f 〈n〉 :
(
Pn(S)

)k −→ Pn(S)

recursively by
f 〈0〉 := f,

and for n ≥ 0,

f 〈n+1〉(A1, . . . , Ak) :=
{
f 〈n〉(a1, . . . , ak)

∣∣∣ ai ∈ Ai (1 ≤ i ≤ k)
}
,

where Ai ∈ Pn+1(S) = P(Pn(S)).

Proposition 2.1.10 (Recovery of classical operations as a special case). Let f : Sk → S be a
classical k-ary operation and let n ∈ N0. Then, for all x1, . . . , xk ∈ S,

f 〈n〉(ηn(x1), . . . , ηn(xk)
)
= ηn

(
f(x1, . . . , xk)

)
.

In particular, the classical operation f is recovered as the restriction of the super-level operation
f 〈n〉 to the embedded copy ηn(S) ⊆ Pn(S):(

ηn(S), f
〈n〉 �ηn(S)k

) ∼= (S, f),

via the bijection ηn.

Proof. We prove the displayed identity by induction on n.

Base n = 0. We have f 〈0〉(η0(x1), . . . , η0(xk)) = f(x1, . . . , xk) = η0(f(x1, . . . , xk)).

Step n → n+ 1. Using the recursive definitions,

f 〈n+1〉(ηn+1(x1), . . . , ηn+1(xk)
)
= f 〈n+1〉({ηn(x1)}, . . . , {ηn(xk)}

)
.

By Definition 2.1.9, the right-hand side equals the singleton set{
f 〈n〉(ηn(x1), . . . , ηn(xk))

}
.

By the induction hypothesis, f 〈n〉(ηn(x1), . . . , ηn(xk)) = ηn(f(x1, . . . , xk)), hence the set above
is

{ηn(f(x1, . . . , xk))} = ηn+1(f(x1, . . . , xk)).

This proves the identity for n+ 1.

Finally, since ηn is injective (Lemma 2.1.8), it yields an isomorphism between (S, f) and the
restriction of (Pn(S), f 〈n〉) to ηn(S).
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Definition 2.1.11 ((m,n)-superhyperoperation). [1] Let S be a nonempty set, and let m,n ≥ 0
and k ≥ 1 be integers. A k-ary (m,n)-superhyperoperation on S is a map

? : Pm(S)× · · · × Pm(S)︸ ︷︷ ︸
k factors

−→ Pn(S).

.

Definition 2.1.12 (n-superhyperstructure). (cf. [1, 53, 56]) Fix n ≥ 0 and k ≥ 1. An n-
superhyperstructure (of arity k) on a base set S is a pair

SH(n) = (Pn(S), ?),

where ? : (Pn(S))k → Pn(S) is a k-ary operation at level n (often taken to be classical-type by
replacing Pn with Pn

∗ , if desired). For n = 0 this is an ordinary k-ary algebraic structure on S.

Definition 2.1.13 ((m,n)-superhyperstructure). Let S 6= ∅, and let m,n ∈ N0, k ≥ 1. An
(m,n)-superhyperstructure of arity k over S is a pair

SH(m,n) = (Pm(S), ?),

where ? : (Pm(S))k → Pn(S).

Remark 2.1.14 (Hierarchical structures and hierarchical hyperstructures). Let

Hn := Pn
∗ (S)

be a level-n hierarchical carrier.

A level-n hierarchical structure is equipped with a k-ary single-valued operation

?n : Hk
n −→ Hn.

By contrast, a level-n hierarchical hyperstructure is equipped with a k-ary set-valued operation

◦n : Hk
n −→ P∗(Hn).

A level-n SHv-structure is a hierarchical hyperstructure in which specified algebraic identities
hold weakly. More precisely, if

s(x) ≈ t(x)

is a selected weak identity, then
sHn(A) ∩ tHn(A) 6= ∅

for every admissible tuple A over Hn. Thus, an SHv-structure is not merely a single-valued
structure on an iterated powerset; it is an Hv-type hyperstructure whose carrier is hierarchical.

2.2 Hv-Structures and SHv-Structures

In this section, we explain Hv-Structures and SHv-Structures.
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2.2.1 Hv-Structures

An Hv-Structure is a hyperstructure in which selected algebraic laws hold weakly through
nonempty intersections, enabling flexible modeling of multivalued and imperfect interaction sys-
tems [57–60]. We first introduce a set-extension convention that is required in order to formulate
weak associativity without any ambiguity.

Definition 2.2.1 (Extension of a hyperoperation to nonempty subsets). Let K be a nonempty
set, and let

◦ : K ×K −→ P∗(K)

be a hyperoperation, where
P∗(K) := P(K) \ {∅}.

For all A,B ∈ P∗(K), define
A ◦ B :=

⋃
a∈A
b∈B

(a ◦ b).

In particular, for x, y ∈ K and A,B ∈ P∗(K), we write

x ◦ B :=
⋃
b∈B

(x ◦ b), A ◦ y :=
⋃
a∈A

(a ◦ y),

where x and y are identified with the singleton sets {x} and {y}, respectively.

Definition 2.2.2 (Hv-structure). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a hyperoperation.

In general, an Hv-structure is a hyperalgebraic structure in which one or more ordinary algebraic
axioms are replaced by their corresponding weak axioms. More precisely, an equality between
two set-valued expressions is weakened to the requirement that the two resulting subsets have a
nonempty intersection.

In the standard binary associative setting, the pair

(H, ◦)

is called an Hv-semigroup if ◦ satisfies the weak associativity axiom

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H,

where the products involving subsets are interpreted according to Definition 2.2.1.

A weak hyperstructure of this associative type is also referred to, in a broad sense, as a binary
Hv-structure.

If, in addition, the reproduction axiom

x ◦H = H = H ◦ x for every x ∈ H
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holds, then (H, ◦) is called an Hv-group.

Furthermore, (H, ◦) is called weakly commutative if

x ◦ y ∩ y ◦ x 6= ∅ for all x, y ∈ H,

and it is called commutative if

x ◦ y = y ◦ x for all x, y ∈ H.

Remark 2.2.3. The term Hv-structure is an umbrella term rather than the name of one
uniquely determined algebraic object. Its precise meaning depends on which classical struc-
ture and which axioms are being weakened. For example, weakening associativity gives an Hv-
semigroup, whereas adding the reproduction axiom gives an Hv-group. Analogously, one may
define Hv-rings, Hv-modules, and other Hv-type structures by weakening the relevant axioms.

Definition 2.2.4 (n-th SHv-structure). Let S be a nonempty set, let n ∈ N, and set

Hn := Pn(S).

An n-th SHv-structure, also called a weak n-superhyperstructure, is a pair

SH(n)
v = (Hn, ◦n),

where
◦n : Hn ×Hn −→ P∗(Hn) = P∗(Pn(S)

)
is a superhyperoperation satisfying the weak associativity axiom

X ◦n (Y ◦n Z) ∩ (X ◦n Y ) ◦n Z 6= ∅ for all X,Y, Z ∈ Hn.

Here, ◦n is extended from elements of Hn to nonempty subsets of Hn by

A ◦n B :=
⋃
A∈A
B∈B

(A ◦n B), A,B ∈ P∗(Hn).

Equivalently, an n-th SHv-structure is an Hv-semigroup whose carrier is the n-th iterated pow-
erset of a base set.

If, in addition, the reproduction axiom

X ◦n Hn = Hn = Hn ◦n X for every X ∈ Hn

holds, then
(Hn, ◦n)

is called an n-th SHv-group, or an Hv-group of superhyperorder n.

The n-th SHv-structure is called weakly commutative if

X ◦n Y ∩ Y ◦n X 6= ∅ for all X,Y ∈ Hn,

and it is called commutative if

X ◦n Y = Y ◦n X for all X,Y ∈ Hn.
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Remark 2.2.5 (Nonempty hierarchical carrier). When empty hierarchical objects are not per-
mitted, one may replace

Hn = Pn(S)

throughout Definition 2.2.4 by
H∗

n := Pn
∗ (S).

In that case, the superhyperoperation must be written consistently as

◦n : H∗
n ×H∗

n −→ P∗(H∗
n),

and the reproduction axiom, when imposed, must use H∗
n rather than Pn(S).

Remark 2.2.6 (Reduction to an Hv-structure). If the definition is extended to n = 0, then

H0 = P0(S) = S,

and
◦0 : S × S −→ P∗(S).

Consequently, a zeroth-order SHv-structure is precisely an ordinary binary Hv-structure. Thus,
the SHv-framework provides a genuine hierarchical extension of the Hv-framework.





Chapter 3

Hv-Structures and SHv-Structures in Al-
gebra

In this chapter, we investigate Hv-structures and SHv-structures arising in algebra, together
with their related concepts and generalizations. An Hv-structure is obtained by replacing one
or more axioms of a classical algebraic structure with their corresponding weak axioms. An
SHv-structure further extends this viewpoint to a hierarchical or superhyperstructural setting,
typically involving iterated powersets and set-valued operations at multiple levels.

For reference, Table 3.1 lists several classical algebraic concepts together with their Hv- and
SHv-counterparts.

3.1 Hv-Algebra and SHv-Algebra

Algebra studies sets equipped with operations and axioms governing the behavior of those oper-
ations, including the manipulation of symbolic expressions and the solution of equations [61–63].
Related areas include elementary algebra, linear algebra, fuzzy algebra [64, 65], and neutro-
algebra [66,67].

In many mathematical and applied systems, however, combining several objects does not neces-
sarily produce a unique output. Instead, an operation may return a nonempty set of admissible
outputs. This observation leads to hyperalgebraic structures whose fundamental operations are
hyperoperations. The theory of Hv-structures further weakens selected algebraic axioms by
replacing equality of set-valued expressions with nonempty intersection [43].

Related frameworks include fuzzy hyperalgebras [68, 69] and neutrosophic hyperalgebras [70,
71]. By placing an Hv-type algebra on an iterated powerset, one obtains a hierarchical weak
hyperalgebra, called an SHv-algebra. Such a structure combines the weak-axiom principle of
Hv-structures with the multilevel organization of superhyperstructures.

Throughout this section, for every nonempty set X, we write

P∗(X) := P(X) \ {∅}.
The iterated nonempty powersets are defined by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

17
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Classical Concept Hv-Concept SHv-Concept

Algebra Hv-Algebra SHv-Algebra
Lie Algebra Hv-Lie Algebra SHv-Lie Algebra
Group Hv-Group SHv-Group
Field Hv-Field SHv-Field
Ring Hv-Ring SHv-Ring
Module Hv-Module SHv-Module
Vector Space Hv-Vector Space SHv-Vector Space
Matrix / Matrices Hv-Matrix / Hv-Matrices SHv-Matrix / SHv-Matrices

Table 3.1: Correspondence of classical algebraic concepts with their Hv- and SHv-counterparts.

Definition 3.1.1 (Extension of a finitary hyperoperation). Let H be a nonempty set, let r ∈
N≥1, and let

f : Hr −→ P∗(H)

be an r-ary hyperoperation. The canonical extension of f to nonempty subsets of H is the map

f̂ :
(
P∗(H)

)r −→ P∗(H)

defined by
f̂(A1, . . . , Ar) :=

⋃
a1∈A1

...
ar∈Ar

f(a1, . . . , ar)

for all A1, . . . , Ar ∈ P∗(H).

When no ambiguity can arise, the same symbol f is used for both the original hyperoperation
and its canonical extension.

Definition 3.1.2 (Set-valued interpretation of terms). Let Σ be an algebraic signature whose
operation symbols have positive finite arities, and let

H =
(
H, (σH)σ∈Σ

)
be a hyperalgebra such that

σH : Har(σ) −→ P∗(H) (σ ∈ Σ).

For every Σ-term
t = t(x1, . . . , xm),

its set-valued interpretation
tH : Hm −→ P∗(H)

is defined recursively as follows.

For a variable xi,
xH
i (a1, . . . , am) := {ai}.
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If
t = σ(t1, . . . , tr), r = ar(σ),

then
tH(a1, . . . , am) := σ̂H

(
tH
1 (a1, . . . , am), . . . , t

H
r (a1, . . . , am)

)
,

where σ̂H denotes the extension introduced in Definition 3.1.1.

Definition 3.1.3 (Weak satisfaction of an identity). Let

s(x1, . . . , xm) ≈ t(x1, . . . , xm)

be an identity between two Σ-terms. A hyperalgebra H is said to weakly satisfy this identity if

sH(a1, . . . , am) ∩ tH(a1, . . . , am) 6= ∅

for every
(a1, . . . , am) ∈ Hm.

In this case, we write
H |=w s ≈ t.

By contrast, H is said to strongly satisfy the identity if

sH(a1, . . . , am) = tH(a1, . . . , am)

for every (a1, . . . , am) ∈ Hm.

Definition 3.1.4 (Hv-algebra). Let H be a nonempty set, let Σ be an algebraic signature with
arity map

ar : Σ −→ N≥1,

and let E be a specified family of identities over Σ.

An Hv-algebra of signature Σ relative to E is a structure

Hv =
(
H, (σHv)σ∈Σ

)
such that each operation symbol σ ∈ Σ is interpreted as a hyperoperation

σHv : Har(σ) −→ P∗(H),

and every identity in E is weakly satisfied. Equivalently, for each identity

s(x1, . . . , xm) ≈ t(x1, . . . , xm) ∈ E ,

one has
sHv(a1, . . . , am) ∩ tHv(a1, . . . , am) 6= ∅

for all
a1, . . . , am ∈ H.
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More generally, some identities may be required to hold strongly, whereas others may be required
only weakly. Thus, an Hv-algebra may be specified by a decomposition

E = Es ∪ Ew,

where the identities in Es are strongly satisfied and those in Ew are weakly satisfied.

The pair (
Σ, Es, Ew

)
determines the precise type of Hv-algebra under consideration.

Remark 3.1.5. The term Hv-algebra is an umbrella term. It does not describe one specific
system of axioms unless the signature Σ, the strong axioms Es, and the weak axioms Ew have
been specified.

For example, let Σ = {◦}, where ◦ is binary, and let Ew contain the associativity identity

x ◦ (y ◦ z) ≈ (x ◦ y) ◦ z.

Then weak satisfaction gives

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ (x, y, z ∈ H),

and hence (H, ◦) is an Hv-semigroup. Additional axioms lead to Hv-groups, Hv-rings, Hv-
modules, Hv-Lie algebras, and other particular classes of Hv-algebras.

Definition 3.1.6 (Level-n SHv-algebra). Let H be a nonempty base set, let n ∈ N≥1, and
define the level-n hierarchical carrier by

Hn := Pn
∗ (H).

Let Σ be an algebraic signature with arity map

ar : Σ −→ N≥1,

and let
E = Es ∪ Ew

be a specified family of strong and weak identities over Σ.

A level-n SHv-algebra is a structure

SH(n)
v =

(
Hn, (σ

SH(n)
v )σ∈Σ

)
such that, for every σ ∈ Σ,

σSH(n)
v : Har(σ)

n −→ P∗(Hn)

is a hyperoperation on the level-n carrier.

Equivalently,
σSH(n)

v :
(
Pn

∗ (H)
)ar(σ) −→ P∗

(
Pn

∗ (H)
)
.
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The set-valued interpretation of every Σ-term is defined recursively on Hn as in Definition 3.1.2.
The structure SH(n)

v is required to satisfy

sSH(n)
v (A) = tSH(n)

v (A)

for every identity s ≈ t ∈ Es, and

sSH(n)
v (A) ∩ tSH(n)

v (A) 6= ∅

for every identity s ≈ t ∈ Ew and every admissible tuple

A ∈ Hm
n ,

where m is the number of variables occurring in the identity.

Thus, a level-n SHv-algebra is an Hv-algebra whose carrier is the n-th iterated nonempty pow-
erset of a base set.

Remark 3.1.7 (Carrier and codomain). In a level-n SHv-algebra, both the inputs and the
individual outputs belong to the same hierarchical carrier

Hn = Pn
∗ (H).

However, because each basic operation is set-valued, its complete output is a nonempty subset
of Hn. Hence the correct operation type is

σSH(n)
v : Har(σ)

n −→ P∗(Hn),

rather than merely
Har(σ) −→ Pn

∗ (H).

This distinction ensures that the SHv-algebra is genuinely an Hv-type algebra on a hierarchical
carrier.

Remark 3.1.8 (Reduction to an Hv-algebra). If the construction is extended to n = 0, then

H0 = P0
∗ (H) = H.

Consequently,
σSH(0)

v : Har(σ) −→ P∗(H),

and a level-0 SHv-algebra is precisely an Hv-algebra. Therefore, the family{
SH(n)

v

}
n∈N0

forms a hierarchy whose zeroth level is the ordinary Hv-algebraic case.

Example 3.1.9 (Binary SHv-algebra with weak associativity). Let H be a nonempty set, let
n ∈ N≥1, and put

Hn := Pn
∗ (H).

Suppose that
◦n : Hn ×Hn −→ P∗(Hn)
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is a binary superhyperoperation satisfying

A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅

for all A,B,C ∈ Hn, where ◦n is extended to nonempty subsets of Hn by

A ◦n B :=
⋃
A∈A
B∈B

(A ◦n B).

Then (
Hn, ◦n

)
is a level-n SHv-algebra. More specifically, it is a level-n SHv-semigroup.

3.2 Hv-Group and SHv-Group

An Hv-group is a weak hyperalgebraic generalization of a group. Its binary operation is set-
valued, ordinary associativity is replaced by weak associativity, and the group-type solvability
property is expressed through the reproduction axiom [72–76].

An SHv-group extends this construction to a hierarchical carrier, typically an iterated nonempty
powerset. Thus, an SHv-group is an Hv-group whose elements are themselves higher-level set-
theoretic objects.

Throughout this section, for every nonempty set X, we write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

Definition 3.2.1 (Extension of a binary hyperoperation). Let H be a nonempty set, and let

? : H ×H −→ P∗(H)

be a binary hyperoperation.

For all nonempty subsets A,B ∈ P∗(H), define

A ? B :=
⋃
a∈A
b∈B

(a ? b).

In particular, for x, y ∈ H ,

x ? B :=
⋃
b∈B

(x ? b), A ? y :=
⋃
a∈A

(a ? y).

This convention is used whenever one of the arguments of ? is a nonempty subset of H .
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Definition 3.2.2 (Hv-semigroup and Hv-group). (cf. [41,77,78]) Let H be a nonempty set, and
let

? : H ×H −→ P∗(H)

be a binary hyperoperation.

The pair
(H, ?)

is called an Hv-semigroup if ? satisfies the weak associativity axiom

x ? (y ? z) ∩ (x ? y) ? z 6= ∅ for all x, y, z ∈ H,

where products involving nonempty subsets are interpreted according to Definition 3.2.1.

An Hv-semigroup (H, ?) is called an Hv-group if it also satisfies the reproduction axiom

x ? H = H = H ? x for every x ∈ H.

Equivalently, the reproduction axiom states that, for every x, y ∈ H , there exist u, v ∈ H such
that

y ∈ x ? u and y ∈ v ? x.

Thus, left and right hyper-equations are solvable in the set-valued sense.

Definition 3.2.3 (Commutative and weakly commutative Hv-groups). Let (H, ?) be an Hv-
group.

The Hv-group is called commutative if

x ? y = y ? x for all x, y ∈ H.

It is called weakly commutative if

x ? y ∩ y ? x 6= ∅ for all x, y ∈ H.

Every commutative Hv-group is weakly commutative, but the converse does not necessarily hold.

Remark 3.2.4 (Identity and inverse elements). The standard definition of an Hv-group requires
weak associativity and the reproduction axiom; it does not require a distinguished identity
element or explicitly specified inverse elements.

Additional identity, inverse, or reversibility conditions may be imposed to obtain more restrictive
classes, such as canonical Hv-groups. For example, one may require the existence of e ∈ H
satisfying

x ? e = e ? x = {x} (x ∈ H),

together with appropriate inverse and reversibility axioms. Such conditions are supplementary
and are not part of the general Hv-group definition.
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Definition 3.2.5 (Level-n SHv-semigroup). Let S be a nonempty base set, let n ∈ N≥1, and
define the level-n carrier by

Hn := Pn
∗ (S).

Let
?n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation. Equivalently,

?n : Pn
∗ (S)× Pn

∗ (S) −→ P∗
(
Pn

∗ (S)
)
.

For all A,B ∈ P∗(Hn), extend ?n by

A ?n B :=
⋃
A∈A
B∈B

(A ?n B).

The pair
(Hn, ?n)

is called a level-n SHv-semigroup if

A ?n (B ?n C) ∩ (A ?n B) ?n C 6= ∅

for all
A,B,C ∈ Hn.

Definition 3.2.6 (Level-n SHv-group). Let S be a nonempty set, let n ∈ N≥1, and put

Hn := Pn
∗ (S).

A level-n SHv-group is a level-n SHv-semigroup

(Hn, ?n)

that satisfies the reproduction axiom

A ?n Hn = Hn = Hn ?n A for every A ∈ Hn.

Explicitly, the defining conditions are as follows:

1. Weak superhyperassociativity:

A ?n (B ?n C) ∩ (A ?n B) ?n C 6= ∅

for all A,B,C ∈ Hn.

2. Reproduction axiom:
A ?n Hn = Hn = Hn ?n A

for every A ∈ Hn.
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Equivalently, for all A,B ∈ Hn, there exist U, V ∈ Hn such that

B ∈ A ?n U and B ∈ V ?n A.

Thus, a level-n SHv-group is precisely an Hv-group whose carrier is the n-th iterated nonempty
powerset of a base set.

Definition 3.2.7 (Commutative and weakly commutative SHv-groups). Let

(Hn, ?n)

be a level-n SHv-group.

It is called commutative if

A ?n B = B ?n A for all A,B ∈ Hn.

It is called weakly commutative if

A ?n B ∩ B ?n A 6= ∅ for all A,B ∈ Hn.

Remark 3.2.8 (Reduction to an Hv-group). If the hierarchy is extended to level n = 0, then

H0 = P0
∗ (S) = S,

and the operation has the form
?0 : S × S −→ P∗(S).

Consequently, a level-0 SHv-group is exactly an ordinary Hv-group.

For n = 1, the carrier is
H1 = P∗(S),

so a level-1 SHv-group is an Hv-group whose elements are nonempty subsets of S. Therefore,
the level-1 case does not automatically coincide with an Hv-group directly defined on S; the
two structures are related only after an appropriate embedding or induced construction has been
specified.

Remark 3.2.9 (Type consistency). In a level-n SHv-group, the individual inputs belong to

Hn = Pn
∗ (S),

whereas the complete output of the superhyperoperation is a nonempty set of elements of Hn.
Hence the mathematically consistent operation type is

?n : Hn ×Hn −→ P∗(Hn),

that is,
?n : Pn

∗ (S)× Pn
∗ (S) −→ P∗

(
Pn

∗ (S)
)
.

This differs from a map
S × S −→ Pn

∗ (S),

which returns a single level-n object but is not, by itself, an Hv-type hyperoperation on the
level-n carrier.
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3.3 Hv-Field and SHv-Field

A classical field is a commutative ring in which every nonzero element has a multiplicative inverse
(cf. [79–81]). Related extensions include fuzzy fields [82,83] and neutrosophic fields [79,84–86].

In the theory of weak hyperstructures, an Hv-field is defined through the fundamental relation
of an Hv-ring [87–92]. More precisely, the basic operations are hyperoperations satisfying weak
associativity and weak distributivity, and the quotient by the fundamental relation is required
to be an ordinary field.

An SHv-field extends this construction to a hierarchical carrier, such as an iterated nonempty
powerset. In this case, the addition and multiplication are superhyperoperations, and the corre-
sponding fundamental quotient is required to be a classical field.

Throughout this section, for every nonempty set X, we write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

Definition 3.3.1 (Set extension of binary hyperoperations). Let F be a nonempty set, and let

⊕,⊗ : F × F −→ P∗(F )

be binary hyperoperations.

For all A,B ∈ P∗(F ), define

A⊕B :=
⋃
a∈A
b∈B

(a⊕ b), A⊗B :=
⋃
a∈A
b∈B

(a⊗ b).

In particular, for a, b ∈ F ,

a⊕B :=
⋃
b′∈B

(a⊕ b′), A⊕ b :=
⋃
a′∈A

(a′ ⊕ b),

and similarly for ⊗.

Definition 3.3.2 (Hv-ring). Let F be a nonempty set, and let

⊕,⊗ : F × F −→ P∗(F )

be binary hyperoperations.

The triple
(F,⊕,⊗)

is called an Hv-ring if the following conditions hold:
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1. Weak associativity of addition:

a⊕ (b⊕ c) ∩ (a⊕ b)⊕ c 6= ∅

for all a, b, c ∈ F .

2. Additive reproduction axiom:

a⊕ F = F = F ⊕ a

for every a ∈ F .

3. Weak associativity of multiplication:

a⊗ (b⊗ c) ∩ (a⊗ b)⊗ c 6= ∅

for all a, b, c ∈ F .

4. Left weak distributivity:

a⊗ (b⊕ c) ∩
(
(a⊗ b)⊕ (a⊗ c)

)
6= ∅

for all a, b, c ∈ F .

5. Right weak distributivity:

(a⊕ b)⊗ c ∩
(
(a⊗ c)⊕ (b⊗ c)

)
6= ∅

for all a, b, c ∈ F .

If, in addition,
a⊕ b ∩ b⊕ a 6= ∅ and a⊗ b ∩ b⊗ a 6= ∅

for all a, b ∈ F , then the Hv-ring is called weakly commutative.

Definition 3.3.3 (Finite hyperpolynomial values). Let

F = (F,⊕,⊗)

be an Hv-ring.

A finite hyperpolynomial expression over F is any finite formal expression constructed from
elements of F by using the hyperoperations ⊕ and ⊗, with an arbitrary but fixed placement of
parentheses.

The value of such an expression is evaluated recursively by using the set extensions in Defini-
tion 3.3.1. Consequently, every finite hyperpolynomial expression has a value in P∗(F ).

Let
UF ⊆ P∗(F )

denote the family of all values of finite hyperpolynomial expressions over F .
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Definition 3.3.4 (Fundamental relation of an Hv-ring). Let

F = (F,⊕,⊗)

be an Hv-ring, and let
UF ⊆ P∗(F )

denote the family of all values of finite hyperpolynomial expressions constructed from elements
of F by means of the hyperoperations ⊕ and ⊗, with arbitrary fixed parenthesizations. We
assume that the one-term expression x is permitted, so that

{x} ∈ UF for every x ∈ F.

Define a binary relation γ on F by

x γ y ⇐⇒ there exists U ∈ UF such that {x, y} ⊆ U.

Thus, two elements are γ-related whenever they occur together in the value of some finite hy-
perpolynomial expression.

Let γ∗ denote the transitive closure of γ. Explicitly,

x γ∗ y

if and only if there exist an integer r ≥ 0 and elements

x = x0, x1, . . . , xr = y

such that
xi−1 γ xi for every i = 1, . . . , r.

Since γ is reflexive and symmetric, its transitive closure γ∗ is an equivalence relation on F . This
equivalence relation is called the fundamental relation of the Hv-ring F.

For x ∈ F , the equivalence class of x is denoted by

[x]γ∗ :=
{
y ∈ F | x γ∗ y

}
,

and the corresponding quotient set is

F/γ∗ :=
{
[x]γ∗ | x ∈ F

}
.

Proposition 3.3.5 (Quotient induced by the fundamental relation). Let

F = (F,⊕,⊗)

be an Hv-ring, and let γ∗ be its fundamental relation as defined in Definition 3.3.4. Then γ∗ is
strongly regular with respect to both hyperoperations.

Consequently, the operations

[x]γ∗ + [y]γ∗ := [z]γ∗ , z ∈ x⊕ y,

and
[x]γ∗ · [y]γ∗ := [w]γ∗ , w ∈ x⊗ y,

are well-defined on F/γ∗; that is, they are independent of
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1. the representatives x and y chosen from their respective equivalence classes, and

2. the elements z ∈ x⊕ y and w ∈ x⊗ y selected from the corresponding hyperoperation values.

Under these induced single-valued operations,(
F/γ∗,+, ·

)
is an ordinary ring, called the fundamental quotient ring of F.

Proof. We first note that every two elements belonging to the same value U ∈ UF are related by
γ, and hence by γ∗. In particular, all elements of each hyperoperation value

x⊕ y and x⊗ y

belong to a single γ∗-equivalence class.

Moreover, if
x γ x′,

then there exists U ∈ UF such that
{x, x′} ⊆ U.

For every a ∈ F , the sets

U ⊕ a, a⊕ U, U ⊗ a, a⊗ U

are again values of finite hyperpolynomial expressions. Therefore, any elements selected respec-
tively from

x⊕ a and x′ ⊕ a,

or from the analogous left and multiplicative expressions, are γ-related. Applying this argument
along a finite γ-chain shows that γ∗ is strongly regular with respect to both ⊕ and ⊗.

It follows that the induced addition and multiplication do not depend on the selected represen-
tatives or on the selected elements of the hyperoperation values. Finally, the weak associativity
and weak distributivity axioms of the Hv-ring become ordinary associativity and distributivity
after passage to equivalence classes, while the additive reproduction axiom induces the ordinary
additive group structure. Hence the quotient is an ordinary ring.

Remark 3.3.6. The fundamental relation γ∗ may equivalently be characterized as the smallest
strongly regular equivalence relation on F for which the hyperoperations ⊕ and ⊗ induce single-
valued operations making the quotient an ordinary ring.

Definition 3.3.7 (Hv-field). (cf. [41]) Let

F = (F,⊕,⊗)

be an Hv-ring, and let γ∗ be its fundamental relation.
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The Hv-ring F is called an Hv-field if the fundamental quotient

F/γ∗

is a classical field.

Equivalently, if
0 and 1

denote the additive and multiplicative identities of F/γ∗, respectively, then

0 6= 1,

the quotient addition is commutative, the quotient multiplication is commutative, and every

x ∈ (F/γ∗) \ {0}

has a multiplicative inverse
x−1 ∈ F/γ∗.

The elements of an Hv-field are also called Hv-numbers or hypernumbers.

Definition 3.3.8 (Zero core and unit core of an Hv-field). Let

π : F −→ F/γ∗, π(x) := [x]γ∗ ,

be the canonical projection of an Hv-field.

The set
ω0(F ) := π−1(0)

is called the zero core of F , whereas

ω1(F ) := π−1(1)

is called the unit core of F .

Thus, an element x ∈ F is nonzero at the fundamental level if

x /∈ ω0(F ).

For every such x, there exists y ∈ F satisfying

π(y) = π(x)−1.

Equivalently,
(x⊗ y) ∩ ω1(F ) 6= ∅

and, because the fundamental quotient is commutative,

(y ⊗ x) ∩ ω1(F ) 6= ∅.
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Remark 3.3.9 (Why the fundamental quotient is required). In an Hv-ring, a unique zero
element and a unique multiplicative identity need not exist at the level of individual elements.
Instead, the additive zero and multiplicative identity are represented by the fundamental classes

ω0(F ) and ω1(F ).

Therefore, defining an Hv-field through the classical field

F/γ∗

avoids imposing noncanonical choices of representatives for zero, one, and multiplicative inverses.

We next extend the preceding construction to a hierarchical carrier. The following definition is
adopted in this work as the natural SHv-analogue of an Hv-field.

Definition 3.3.10 (Level-n SHv-ring). Let S be a nonempty base set, let n ∈ N≥1, and define

Fn := Pn
∗ (S).

Let
�n,�n : Fn × Fn −→ P∗(Fn)

be binary superhyperoperations. For A,B ∈ P∗(Fn), define

A�n B :=
⋃
A∈A
B∈B

(A�n B),

and
A�n B :=

⋃
A∈A
B∈B

(A�n B).

The triple
Fn = (Fn,�n,�n)

is called a level-n SHv-ring if the following conditions hold for all A,B,C ∈ Fn:

1. Weak associativity of superhyperaddition:

A�n (B �n C) ∩ (A�n B)�n C 6= ∅.

2. Additive reproduction axiom:

A�n Fn = Fn = Fn �n A.

3. Weak associativity of superhypermultiplication:

A�n (B �n C) ∩ (A�n B)�n C 6= ∅.
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4. Left weak superhyperdistributivity:

A�n (B �n C) ∩
(
(A�n B)�n (A�n C)

)
6= ∅.

5. Right weak superhyperdistributivity:

(A�n B)�n C ∩
(
(A�n C)�n (B �n C)

)
6= ∅.

Definition 3.3.11 (Fundamental relation of a level-n SHv-ring). Let

Fn = (Fn,�n,�n)

be a level-n SHv-ring.

Let
UFn

⊆ P∗(Fn)

be the family of all values of finite formal expressions constructed from elements of Fn by using
�n and �n, with arbitrary fixed parenthesizations.

Define the relation γn on Fn by

A γn B ⇐⇒ there exists U ∈ UFn
such that {A,B} ⊆ U .

The transitive closure
γ∗
n

is called the level-n fundamental relation. Equivalently, γ∗
n is the smallest equivalence relation

on Fn such that the quotient
Fn/γ

∗
n

is an ordinary ring under the induced operations.

Definition 3.3.12 (Level-n SHv-field). Let S be a nonempty set, let n ∈ N≥1, and put

Fn = Pn
∗ (S).

Let
Fn = (Fn,�n,�n)

be a level-n SHv-ring, and let γ∗
n be its level-n fundamental relation.

The structure Fn is called a level-n SHv-field if the fundamental quotient

Fn/γ
∗
n

is a classical field.
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Equivalently, the induced operations

[A]γ∗
n
+ [B]γ∗

n
:= [C]γ∗

n
for any C ∈ A�n B,

and
[A]γ∗

n
· [B]γ∗

n
:= [D]γ∗

n
for any D ∈ A�n B

are well-defined and make
Fn/γ

∗
n

a nontrivial commutative field.

Thus, a level-n SHv-field is an Hv-field whose carrier is the n-th iterated nonempty powerset of
a base set.

Definition 3.3.13 (Zero core and unit core of an SHv-field). Let

πn : Fn −→ Fn/γ
∗
n

be the canonical projection of a level-n SHv-field.

The sets
ω

(n)
0 := π−1

n (0)

and
ω

(n)
1 := π−1

n (1)

are called the level-n zero core and the level-n unit core, respectively.

For every
A ∈ Fn \ ω(n)

0 ,

there exists B ∈ Fn such that
(A�n B) ∩ ω

(n)
1 6= ∅

and
(B �n A) ∩ ω

(n)
1 6= ∅.

At the quotient level, this means
πn(B) = πn(A)−1.

Remark 3.3.14 (Reduction to an Hv-field). If the hierarchy is extended to n = 0, then

F0 = P0
∗ (S) = S.

The superhyperoperations reduce to

�0,�0 : S × S −→ P∗(S),

and
γ∗
0 = γ∗.

Consequently, a level-0 SHv-field is precisely an ordinary Hv-field.
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Remark 3.3.15 (Difference from a nested encoding). A map of the form

S × S −→ Pn
∗ (S)

merely encodes the output of an operation as a level-n nested object. By contrast, an SHv-field
is defined on the hierarchical carrier

Fn = Pn
∗ (S)

itself, and its operations have the type

Fn × Fn −→ P∗(Fn).

This distinction ensures that the weak associativity, weak distributivity, and fundamental-
quotient constructions are type-consistent at every hierarchical level.

3.4 Hv-Ring and SHv-Ring

Ring theory studies algebraic structures equipped with two binary operations, conventionally
called addition and multiplication, subject to suitable associativity and distributivity axioms
[93–96]. Related extensions include fuzzy rings [97–99] and neutrosophic rings [100,101].

An Hv-ring is a weak hyperalgebraic analogue of a ring. Both addition and multiplication are
allowed to be set-valued, ordinary associativity is replaced by weak associativity, and ordinary
distributivity is replaced by weak distributivity [41,102–105]. Thus, the two sides of an algebraic
law are not necessarily equal, but they are required to have a nonempty intersection.

An SHv-ring extends this construction to a hierarchical carrier, typically an iterated nonempty
powerset. Consequently, its elements are higher-level set-theoretic objects, while its addition and
multiplication are superhyperoperations satisfying the corresponding Hv-ring axioms.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

Definition 3.4.1 (Set extension of binary hyperoperations). Let R be a nonempty set, and let

⊕,⊗ : R×R −→ P∗(R)

be binary hyperoperations.

For all nonempty subsets A,B ∈ P∗(R), define

A⊕B :=
⋃
a∈A
b∈B

(a⊕ b)

and
A⊗B :=

⋃
a∈A
b∈B

(a⊗ b).
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In particular, for x, y ∈ R and A,B ∈ P∗(R), define

x⊕B :=
⋃
b∈B

(x⊕ b), A⊕ y :=
⋃
a∈A

(a⊕ y),

and
x⊗B :=

⋃
b∈B

(x⊗ b), A⊗ y :=
⋃
a∈A

(a⊗ y).

Whenever an element of R occurs as a subset argument, it is identified with its singleton.

Definition 3.4.2 (Hv-ring). (cf. [41]) Let R be a nonempty set, and let

⊕,⊗ : R×R −→ P∗(R)

be binary hyperoperations.

The triple
Rv = (R,⊕,⊗)

is called an Hv-ring if the following conditions hold.

1. Weak associativity of addition. For all x, y, z ∈ R,

x⊕ (y ⊕ z) ∩ (x⊕ y)⊕ z 6= ∅.

2. Additive reproduction axiom. For every x ∈ R,

x⊕R = R = R⊕ x.

3. Weak associativity of multiplication. For all x, y, z ∈ R,

x⊗ (y ⊗ z) ∩ (x⊗ y)⊗ z 6= ∅.

4. Left weak distributivity. For all x, y, z ∈ R,

x⊗ (y ⊕ z) ∩
(
(x⊗ y)⊕ (x⊗ z)

)
6= ∅.

5. Right weak distributivity. For all x, y, z ∈ R,

(x⊕ y)⊗ z ∩
(
(x⊗ z)⊕ (y ⊗ z)

)
6= ∅.

Equivalently, (R,⊕) is an Hv-group, (R,⊗) is an Hv-semigroup, and ⊗ is weakly distributive
over ⊕ from both the left and the right.
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Definition 3.4.3 (Weakly commutative Hv-ring). Let

(R,⊕,⊗)

be an Hv-ring.

It is called additively weakly commutative if

x⊕ y ∩ y ⊕ x 6= ∅ for all x, y ∈ R.

It is called multiplicatively weakly commutative if

x⊗ y ∩ y ⊗ x 6= ∅ for all x, y ∈ R.

The Hv-ring is called a weakly commutative Hv-ring if both conditions hold. It is called multi-
plicatively commutative if

x⊗ y = y ⊗ x for all x, y ∈ R.

Definition 3.4.4 (Strongly distributive Hv-ring). An Hv-ring

(R,⊕,⊗)

is called strongly distributive if the weak distributive conditions are replaced by the set equalities

x⊗ (y ⊕ z) = (x⊗ y)⊕ (x⊗ z)

and
(x⊕ y)⊗ z = (x⊗ z)⊕ (y ⊗ z)

for all x, y, z ∈ R.

Every strongly distributive Hv-ring is weakly distributive, but the converse need not hold.

Definition 3.4.5 (Unital and zero-containing Hv-ring). Let

(R,⊕,⊗)

be an Hv-ring.

An element 0 ∈ R is called a strong additive identity if

x⊕ 0 = {x} = 0⊕ x for every x ∈ R.

It is called a multiplicatively absorbing element if

x⊗ 0 = {0} = 0⊗ x for every x ∈ R.

An element 1 ∈ R is called a strong multiplicative identity if

x⊗ 1 = {x} = 1⊗ x for every x ∈ R.

An Hv-ring possessing such a multiplicative identity is called a unital Hv-ring.
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Remark 3.4.6. The existence of distinguished elements 0 and 1 is not part of the general
definition of an Hv-ring. Such elements may be imposed as additional axioms when a more
restrictive ring-like structure is required.

Similarly, additive weak commutativity is not included automatically in Definition 3.4.2; it must
be stated separately whenever it is needed.

The following definition is adopted as the natural hierarchical extension of an Hv-ring.

Definition 3.4.7 (Set extension of binary superhyperoperations). Let S be a nonempty set, let
n ∈ N≥1, and put

Rn := Pn
∗ (S).

Let
�n,�n : Rn ×Rn −→ P∗(Rn)

be binary superhyperoperations.

For all A,B ∈ P∗(Rn), define
A�n B :=

⋃
A∈A
B∈B

(A�n B)

and
A�n B :=

⋃
A∈A
B∈B

(A�n B).

In particular,
A�n B :=

⋃
B∈B

(A�n B), A�n B :=
⋃
A∈A

(A�n B),

and analogously for �n.

Definition 3.4.8 (Level-n SHv-ring). Let S be a nonempty base set, let n ∈ N≥1, and define
the level-n carrier by

Rn := Pn
∗ (S).

Let
�n,�n : Rn ×Rn −→ P∗(Rn)

be binary superhyperoperations. Equivalently,

�n,�n : Pn
∗ (S)× Pn

∗ (S) −→ P∗
(
Pn

∗ (S)
)
.

The triple
R(n)

v = (Rn,�n,�n)

is called a level-n SHv-ring if the following conditions hold for all A,B,C ∈ Rn.
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1. Weak associativity of superhyperaddition.

A�n (B �n C) ∩ (A�n B)�n C 6= ∅.

2. Additive reproduction axiom.

A�n Rn = Rn = Rn �n A.

3. Weak associativity of superhypermultiplication.

A�n (B �n C) ∩ (A�n B)�n C 6= ∅.

4. Left weak superhyperdistributivity.

A�n (B �n C) ∩
(
(A�n B)�n (A�n C)

)
6= ∅.

5. Right weak superhyperdistributivity.

(A�n B)�n C ∩
(
(A�n C)�n (B �n C)

)
6= ∅.

Equivalently,
(Rn,�n)

is an SHv-group,
(Rn,�n)

is an SHv-semigroup, and �n is weakly distributive over �n from both the left and the right.

Thus, a level-n SHv-ring is precisely an Hv-ring whose carrier is the n-th iterated nonempty
powerset of a base set.

Example 3.4.9 (Business-continuity portfolios under severe uncertainty). Consider a company
preparing business-continuity strategies for possible supply-chain disruptions. Let

S = {b, s},

where
b = “use a backup supplier”, s = “maintain additional safety stock”.

At level n = 1, the hierarchical carrier is

R1 = P∗(S) =
{
{b}, {s}, {b, s}

}
.

For convenience, write

B := {b}, S′ := {s}, C := {b, s}.
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Thus,
R1 = {B,S′, C}.

Each element of R1 represents a nonempty portfolio of business-continuity measures. Define two
superhyperoperations

�1,�1 : R1 ×R1 −→ P∗(R1)

as follows:
A�1 D := R1 for all A,D ∈ R1,

and
A�1 D := {A ∪D} for all A,D ∈ R1.

The operation �1 models an extremely uncertain planning environment. When two prelimi-
nary recommendations are aggregated, the available information is assumed to be insufficient to
eliminate any admissible nonempty portfolio. Therefore, every element of R1 remains a possible
outcome.

The operation �1 models the simultaneous implementation of two portfolios: every measure
appearing in either portfolio must be included in the resulting plan.

The operations can be displayed by the following tables:

�1 B S′ C
B R1 R1 R1

S′ R1 R1 R1

C R1 R1 R1

and
�1 B S′ C
B {B} {C} {C}
S′ {C} {S′} {C}
C {C} {C} {C}

.

For nonempty families
A,D ∈ P∗(R1),

the canonical set extensions are

A�1 D :=
⋃
A∈A
D∈D

(A�1 D) = R1,

and
A�1 D :=

⋃
A∈A
D∈D

(A�1 D) =
{
A ∪D | A ∈ A, D ∈ D

}
.

We verify the defining properties of a level-1 SHv-ring.

For all A,D,E ∈ R1,
A�1 (D �1 E) = A�1 R1 = R1,
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and
(A�1 D)�1 E = R1 �1 E = R1.

Hence,
A�1 (D �1 E) ∩ (A�1 D)�1 E = R1 6= ∅.

For every A ∈ R1,
A�1 R1 = R1 = R1 �1 A.

Since ordinary set union is associative,

A ∪ (D ∪ E) = (A ∪D) ∪ E.

Therefore,
A�1 (D �1 E) = {A ∪D ∪ E} = (A�1 D)�1 E.

In particular,
A�1 (D �1 E) ∩ (A�1 D)�1 E 6= ∅.

Because
D �1 E = R1,

we obtain
A�1 (D �1 E) = A�1 R1 =

{
A ∪X | X ∈ R1

}
.

On the other hand,
(A�1 D)�1 (A�1 E) = R1.

Consequently,
A�1 (D �1 E) ∩

(
(A�1 D)�1 (A�1 E)

)
6= ∅.

Similarly,
(A�1 D)�1 E = R1 �1 E =

{
X ∪ E | X ∈ R1

}
,

whereas
(A�1 E)�1 (D �1 E) = R1.

Thus,
(A�1 D)�1 E ∩

(
(A�1 E)�1 (D �1 E)

)
6= ∅.

It follows that
R(1)

v = (R1,�1,�1)

is a level-1 SHv-ring.

This example illustrates how an SHv-ring can represent hierarchical decision portfolios in which
aggregation is highly nondeterministic, while joint implementation combines all measures con-
tained in the selected portfolios.
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Definition 3.4.10 (Weakly commutative SHv-ring). Let

(Rn,�n,�n)

be a level-n SHv-ring.

It is called additively weakly commutative if

A�n B ∩ B �n A 6= ∅ for all A,B ∈ Rn.

It is called multiplicatively weakly commutative if

A�n B ∩ B �n A 6= ∅ for all A,B ∈ Rn.

It is called a weakly commutative SHv-ring if both conditions hold.

Definition 3.4.11 (Strongly distributive SHv-ring). A level-n SHv-ring

(Rn,�n,�n)

is called strongly distributive if

A�n (B �n C) = (A�n B)�n (A�n C)

and
(A�n B)�n C = (A�n C)�n (B �n C)

for all A,B,C ∈ Rn.

Definition 3.4.12 (Unital SHv-ring). Let

(Rn,�n,�n)

be a level-n SHv-ring.

An element On ∈ Rn is called a strong additive identity if

A�n On = {A} = On �n A for every A ∈ Rn.

It is called multiplicatively absorbing if

A�n On = {On} = On �n A for every A ∈ Rn.

An element In ∈ Rn is called a strong multiplicative identity if

A�n In = {A} = In �n A for every A ∈ Rn.

An SHv-ring possessing such an element In is called a unital SHv-ring.
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Remark 3.4.13 (Reduction to an Hv-ring). If the hierarchy is extended to n = 0, then

R0 = P0
∗ (S) = S.

The superhyperoperations reduce to

�0,�0 : S × S −→ P∗(S).

Consequently, a level-0 SHv-ring is precisely an ordinary Hv-ring.

Remark 3.4.14 (Type consistency). For a level-n SHv-ring, the carrier is

Rn = Pn
∗ (S),

and each operation returns a nonempty set of elements of Rn. Therefore, the mathematically
consistent operation types are

�n,�n : Rn ×Rn −→ P∗(Rn) = Pn+1
∗ (S).

A map of the form
S × S −→ Pn

∗ (S)

only returns a nested level-n object. It is not, by itself, an Hv-type ring operation on the level-n
carrier.

Remark 3.4.15 (Relation to ordinary hyperrings). In many definitions of a Krasner-type hyper-
ring, addition is set-valued while multiplication remains single-valued. By contrast, in a general
Hv-ring both addition and multiplication are hyperoperations:

⊕,⊗ : R×R −→ P∗(R).

Moreover, the ring axioms are required only in their weak intersection form. Thus, an Hv-ring
should not be identified automatically with a classical hyperring.

3.5 Hv-Vector Space and SHv-Vector Space

A classical vector space consists of an abelian group of vectors together with a scalar multiplica-
tion over a field satisfying the usual linearity axioms [106–109]. Related extensions include fuzzy
vector spaces [110,111] and neutrosophic vector spaces [112–114].

An Hv-vector space is an Hv-module over an Hv-field. Thus, vector addition and scalar mul-
tiplication may be set-valued, and the ordinary vector-space identities are replaced by their
corresponding weak identities [46].

An SHv-vector space extends this construction to hierarchical carriers. More precisely, both the
scalar domain and the vector domain are taken at an iterated powerset level, and the resulting
operations satisfy the corresponding weak module axioms.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).
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3.5.1 Set Extensions

Definition 3.5.1 (Set extension of vector hyperaddition). Let V be a nonempty set, and let

⊕ : V × V −→ P∗(V )

be a binary hyperoperation.

For all X,Y ∈ P∗(V ), define
X ⊕ Y :=

⋃
x∈X
y∈Y

(x⊕ y).

In particular, for x, y ∈ V ,

x⊕ Y :=
⋃

y′∈Y

(x⊕ y′), X ⊕ y :=
⋃

x′∈X

(x′ ⊕ y).

Definition 3.5.2 (Set extension of an external hyperoperation). Let F and V be nonempty
sets, and let

� : F × V −→ P∗(V )

be an external hyperoperation.

For all
A ∈ P∗(F ) and X ∈ P∗(V ),

define
A�X :=

⋃
a∈A
x∈X

(a� x).

In particular, for a ∈ F and x ∈ V , define

a�X :=
⋃

x′∈X

(a� x′), A� x :=
⋃
a′∈A

(a′ � x).

These extensions are used whenever a hyperaddition or hypermultiplication value occurs as an
argument of the scalar action.

Definition 3.5.3 (Hv-vector space). (cf. [41, 113]) Let

Fv = (F,�,�)

be an Hv-field. Thus,
�,� : F × F −→ P∗(F ),

and the fundamental quotient of Fv is a classical field.

Let V be a nonempty set, let
⊕ : V × V −→ P∗(V )
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be a vector hyperaddition, and let

� : F × V −→ P∗(V )

be an external scalar hyperoperation.

The quadruple
Vv = (V,⊕, F,�)

is called an Hv-vector space over the Hv-field Fv if the following conditions hold.

(HV1) Weak associativity of vector addition. For all x, y, z ∈ V ,

x⊕ (y ⊕ z) ∩ (x⊕ y)⊕ z 6= ∅.

(HV2) Additive reproduction axiom. For every x ∈ V ,

x⊕ V = V = V ⊕ x.

(HV3) Weak commutativity of vector addition. For all x, y ∈ V ,

x⊕ y ∩ y ⊕ x 6= ∅.

(HV4) Weak distributivity over vector addition. For all a ∈ F and x, y ∈ V ,

a� (x⊕ y) ∩
(
(a� x)⊕ (a� y)

)
6= ∅.

(HV5) Weak distributivity over scalar addition. For all a, b ∈ F and x ∈ V ,

(a� b)� x ∩
(
(a� x)⊕ (b� x)

)
6= ∅.

(HV6) Weak compatibility with scalar multiplication. For all a, b ∈ F and x ∈ V ,

(a� b)� x ∩ a� (b� x) 6= ∅.

Equivalently, (V,⊕) is a weakly commutative Hv-group, and V is an Hv-module over the Hv-field
F .

Remark 3.5.4 (Meaning of the scalar identities). The expressions in Definition 3.5.3 are well-
typed because

a� b, a� b ∈ P∗(F )

and
x⊕ y, a� x ∈ P∗(V ).

Consequently,
(a� b)� x, (a� b)� x, a� (b� x)

are interpreted using Definition 3.5.2, whereas

(a� x)⊕ (b� x)

is interpreted using Definition 3.5.1.
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Definition 3.5.5 (Strong Hv-vector space). An Hv-vector space

(V,⊕, F,�)

is called strongly distributive if

a� (x⊕ y) = (a� x)⊕ (a� y)

and
(a� b)� x = (a� x)⊕ (b� x)

for all a, b ∈ F and x, y ∈ V .

It is called strongly scalar-associative if

(a� b)� x = a� (b� x)

for all a, b ∈ F and x ∈ V .

If all three equalities hold, then the scalar action is called strong.

Definition 3.5.6 (Unital Hv-vector space). Suppose that the Hv-field F contains a distinguished
strong multiplicative identity 1F , that is,

a� 1F = {a} = 1F � a (a ∈ F ).

An Hv-vector space
(V,⊕, F,�)

is called weakly unital if
x ∈ 1F � x for every x ∈ V.

It is called strongly unital if

1F � x = {x} for every x ∈ V.

Remark 3.5.7 (The unit axiom). The existence of a distinguished scalar unit is not required
in the general definition of an Hv-field or an Hv-vector space. At the fundamental-quotient
level, the multiplicative identity is represented by the unit class of the Hv-field. Therefore,
Definition 3.5.6 describes an additional, more restrictive condition.
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3.5.2 The Fundamental Vector Space

Remark 3.5.8 (Fundamental quotient). Let

γ∗

be the fundamental relation of the Hv-field F , and let

ε∗

be the fundamental relation of the Hv-module V .

The quotient
F/γ∗

is a classical field, and
V /ε∗

is a classical vector space over F/γ∗.

The induced operations are given by

[x]ε∗ + [y]ε∗ := [z]ε∗ for any z ∈ x⊕ y,

and
[a]γ∗ · [x]ε∗ := [u]ε∗ for any u ∈ a� x.

The fundamental relations ensure that these definitions are independent of the selected repre-
sentatives and of the selected elements of the corresponding hyperoperation values.

The following definition is adopted as the hierarchical counterpart of an Hv-vector space.

Definition 3.5.9 (Level-n scalar and vector carriers). Let F0 and V0 be nonempty base sets,
and let n ∈ N≥1.

Define the level-n scalar carrier and vector carrier by

Fn := Pn
∗ (F0)

and
Vn := Pn

∗ (V0),

respectively.

Definition 3.5.10 (Set extension of an SHv-scalar action). Let

�n : Fn × Vn −→ P∗(Vn)

be a level-n scalar superhyperoperation.

For
A ∈ P∗(Fn) and X ∈ P∗(Vn),
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define
A�n X :=

⋃
A∈A
X∈X

(A�n X).

In particular,
A�n X :=

⋃
X∈X

(A�n X),

and
A�n X :=

⋃
A∈A

(A�n X).

Definition 3.5.11 (Level-n SHv-vector space). Let

F(n)
v = (Fn,�n,�n)

be a level-n SHv-field, where
Fn = Pn

∗ (F0)

and
�n,�n : Fn × Fn −→ P∗(Fn).

Let
Vn = Pn

∗ (V0),

and let
⊕n : Vn × Vn −→ P∗(Vn)

be a vector superhyperaddition. Let

�n : Fn × Vn −→ P∗(Vn)

be an external scalar superhyperoperation.

The structure
V(n)

v = (Vn,⊕n, Fn,�n)

is called a level-n SHv-vector space over the level-n SHv-field F(n)
v if the following conditions

hold.

(SHV1) Weak associativity of vector superhyperaddition. For all X,Y, Z ∈ Vn,

X ⊕n (Y ⊕n Z) ∩ (X ⊕n Y )⊕n Z 6= ∅.

(SHV2) Additive reproduction axiom. For every X ∈ Vn,

X ⊕n Vn = Vn = Vn ⊕n X.

(SHV3) Weak commutativity of vector superhyperaddition. For all X,Y ∈ Vn,

X ⊕n Y ∩ Y ⊕n X 6= ∅.
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(SHV4) Weak distributivity over vector superhyperaddition. For all A ∈ Fn and X,Y ∈
Vn,

A�n (X ⊕n Y ) ∩
(
(A�n X)⊕n (A�n Y )

)
6= ∅.

(SHV5) Weak distributivity over scalar superhyperaddition. For all A,B ∈ Fn and
X ∈ Vn,

(A�n B)�n X ∩
(
(A�n X)⊕n (B �n X)

)
6= ∅.

(SHV6) Weak compatibility with scalar superhypermultiplication. For all A,B ∈ Fn

and X ∈ Vn,
(A�n B)�n X ∩ A�n (B �n X) 6= ∅.

Equivalently,
(Vn,⊕n)

is a weakly commutative SHv-group, and Vn is an SHv-module over the SHv-field Fn.

Thus, a level-n SHv-vector space is an Hv-vector space whose scalar and vector carriers are both
represented at the n-th iterated nonempty powerset level.

Definition 3.5.12 (Strong level-n SHv-vector space). A level-n SHv-vector space is called
strongly distributive if

A�n (X ⊕n Y ) = (A�n X)⊕n (A�n Y )

and
(A�n B)�n X = (A�n X)⊕n (B �n X)

for all A,B ∈ Fn and X,Y ∈ Vn.

It is called strongly scalar-associative if

(A�n B)�n X = A�n (B �n X)

for all A,B ∈ Fn and X ∈ Vn.

Remark 3.5.13 (Reduction to an Hv-vector space). If the hierarchy is extended to n = 0, then

F0 = P0
∗ (F0) and V0 = P0

∗ (V0).

The operations have the types

�0,�0 : F0 × F0 −→ P∗(F0),

⊕0 : V0 × V0 −→ P∗(V0),

and
�0 : F0 × V0 −→ P∗(V0).

Consequently, a level-0 SHv-vector space is precisely an ordinary Hv-vector space.
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Remark 3.5.14 (Type consistency). The operation type

�n : Fn × Vn −→ P∗(Vn)

is essential. Since
Fn = Pn

∗ (F0) and Vn = Pn
∗ (V0),

this may be written explicitly as

�n : Pn
∗ (F0)× Pn

∗ (V0) −→ P∗
(
Pn

∗ (V0)
)
.

By contrast, a map of the form
F0 × V0 −→ Pn

∗ (V0)

merely returns one nested level-n object. Such a map does not, by itself, define an SHv-vector
space on the hierarchical carrier Vn.

Remark 3.5.15 (Terminology). Strictly speaking, the algebraic structures defined above are
called an Hv-vector space and an SHv-vector space, respectively. The expressions Hv-vector
and SHv-vector may be used informally for individual elements of their respective carriers:

x ∈ V and X ∈ Vn.

3.6 Hv-Matrices and SHv-Matrices

A classical matrix is a rectangular array of entries arranged in rows and columns. Matrices
provide a fundamental representation of linear transformations, systems of equations, bilinear
operations, and numerous algebraic constructions [115].

An Hv-matrix is a matrix whose entries belong to an Hv-ring. Although each individual entry is
an element of the underlying Hv-ring, matrix addition and matrix multiplication are generally
set-valued because the corresponding scalar operations are hyperoperations. Thus, the sum or
product of two Hv-matrices is, in general, a nonempty set of matrices [59,87,116,117].

An SHv-matrix is the corresponding hierarchical generalization. Its entries belong to the carrier
of an SHv-ring, typically an iterated nonempty powerset, and its matrix operations are induced
by the superhyperoperations of that SHv-ring.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

For positive integers p and q, let

Matp×q(R) :=

{
(aij)1≤i≤p

1≤j≤q

∣∣∣∣ aij ∈ R

}
denote the set of all p× q matrices over a nonempty set R.
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3.6.1 Finite Weak Hypersums

Matrix multiplication requires finite sums of hyperproducts. Since an Hv-operation is generally
only weakly associative, different parenthesizations need not produce equal subsets. We therefore
use the following parenthesization-independent convention.

Definition 3.6.1 (Set extension of hyperoperations). Let

Rv = (R,⊕,⊗)

be an Hv-ring. Thus,
⊕,⊗ : R×R −→ P∗(R).

For all A,B ∈ P∗(R), define
A⊕B :=

⋃
a∈A
b∈B

(a⊕ b)

and
A⊗B :=

⋃
a∈A
b∈B

(a⊗ b).

Elements of R are identified with their corresponding singleton subsets whenever they occur as
arguments of these extended operations.

Definition 3.6.2 (Finite weak hypersum). Let

A1, . . . , Am ∈ P∗(R), m ∈ N≥1.

Let Bm denote the set of all full binary parenthesizations of the formal expression

A1 ⊕A2 ⊕ · · · ⊕Am.

For each β ∈ Bm, let
β⊕(A1, . . . , Am) ∈ P∗(R)

denote the subset obtained by evaluating the expression according to the parenthesization β,
using the set extension in Definition 3.6.1.

The finite weak hypersum of A1, . . . , Am is defined by

WSum⊕(A1, . . . , Am) :=
⋃

β∈Bm

β⊕(A1, . . . , Am).

For m = 1, define
WSum⊕(A1) := A1.

Remark 3.6.3. The use of all binary parenthesizations avoids selecting one arbitrary bracketing
in an Hv-ring. If ⊕ is strongly associative, then all parenthesizations have the same value, and

WSum⊕(A1, . . . , Am)

reduces to the ordinary iterated hypersum.
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3.6.2 Hv-Matrices

Definition 3.6.4 (Hv-matrix). Let

Rv = (R,⊕,⊗)

be an Hv-ring, and let p, q ∈ N≥1.

An Hv-matrix of size p× q over Rv is a matrix

A = (aij) ∈ Matp×q(R).

Thus, each entry satisfies
aij ∈ R.

The adjective Hv refers to the algebraic structure of the entry domain and to the induced set-
valued matrix operations, rather than to the entries themselves being subsets of R.

Definition 3.6.5 (Matrix hyperaddition). Let

A = (aij), B = (bij)

be Hv-matrices in Matp×q(R).

Their matrix hyperaddition is the nonempty set

A�M B := {C = (cij) ∈ Matp×q(R) | cij ∈ aij ⊕ bij for all i, j} .

Equivalently,

A�M B =
p∏

i=1

q∏
j=1

(aij ⊕ bij),

where the Cartesian product is identified naturally with a set of p× q matrices.

Hence,
�M : Matp×q(R)× Matp×q(R) −→ P∗

(
Matp×q(R)

)
is a binary hyperoperation.

Definition 3.6.6 (Matrix hypermultiplication). Let

A = (aik) ∈ Matp×q(R)

and
B = (bkj) ∈ Matq×r(R).

For every
1 ≤ i ≤ p, 1 ≤ j ≤ r,
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define
Πij(A,B) := WSum⊕

(
ai1 ⊗ b1j, ai2 ⊗ b2j, . . . , aiq ⊗ bqj

)
.

Each set
Πij(A,B)

is a nonempty subset of R.

The matrix hyperproduct of A and B is defined by

A�M B := {C = (cij) ∈ Matp×r(R) | cij ∈ Πij(A,B) for all i, j} .

Consequently,
�M : Matp×q(R)× Matq×r(R) −→ P∗

(
Matp×r(R)

)
is a well-defined matrix hyperoperation.

Definition 3.6.7 (Hv-matrix system). Let m ∈ N≥1. The structure

HMatm(Rv) :=
(
Matm×m(R),�M ,�M

)
is called the square Hv-matrix system induced by Rv.

If the induced operations �M and �M satisfy all the axioms of an Hv-ring, then

HMatm(Rv)

is called an Hv-matrix ring.

Remark 3.6.8 (Classical matrix case). Let (R,+, ·) be an ordinary ring, regarded as a degen-
erate Hv-ring by defining

a⊕ b := {a+ b}, a⊗ b := {a · b}.

Then
A�M B = {A+B}

and
A�M B = {AB}.

Therefore, the classical matrix operations are recovered as singleton-valued special cases of the
Hv-matrix operations.

3.6.3 SHv-Matrices

We next extend the preceding construction to a hierarchical SHv-ring.



Chapter 3. Hv-Structures and SHv-Structures in Algebra 53

Definition 3.6.9 (Level-n SHv-matrix). Let R0 be a nonempty base set, let n ∈ N≥1, and put

Rn := Pn
∗ (R0).

Let
R(n)

v = (Rn,�n,�n)

be a level-n SHv-ring, where

�n,�n : Rn ×Rn −→ P∗(Rn).

A level-n SHv-matrix of size p× q over R(n)
v is a matrix

A = (Aij) ∈ Matp×q(Rn).

Thus, every entry is a level-n hierarchical object:

Aij ∈ Rn = Pn
∗ (R0).

Definition 3.6.10 (Finite weak superhypersum). Let

X1, . . . ,Xm ∈ P∗(Rn).

Using the set extension of �n, define

WSum�n
(X1, . . . ,Xm) :=

⋃
β∈Bm

β�n
(X1, . . . ,Xm),

where Bm is the family of all full binary parenthesizations and β�n
denotes evaluation according

to β.

For m = 1, define
WSum�n

(X1) := X1.

Definition 3.6.11 (Matrix superhyperaddition). Let

A = (Aij), B = (Bij)

belong to Matp×q(Rn).

Their matrix superhyperaddition is

A�(n)
M B := {C = (Cij) ∈ Matp×q(Rn) | Cij ∈ Aij �n Bij for all i, j} .

Hence,
�(n)

M : Matp×q(Rn)× Matp×q(Rn) −→ P∗
(
Matp×q(Rn)

)
is a matrix superhyperoperation.
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Definition 3.6.12 (Matrix superhypermultiplication). Let

A = (Aik) ∈ Matp×q(Rn)

and
B = (Bkj) ∈ Matq×r(Rn).

For every
1 ≤ i ≤ p, 1 ≤ j ≤ r,

define
Π

(n)
ij (A,B) := WSum�n

(
Ai1 �n B1j, Ai2 �n B2j, . . . , Aiq �n Bqj

)
.

The matrix superhyperproduct is defined by

A�(n)
M B :=

{
C = (Cij) ∈ Matp×r(Rn)

∣∣∣ Cij ∈ Π
(n)
ij (A,B) for all i, j

}
.

Therefore,
�(n)

M : Matp×q(Rn)× Matq×r(Rn) −→ P∗
(
Matp×r(Rn)

)
is a well-defined matrix superhyperoperation.

Definition 3.6.13 (SHv-matrix system). For m ∈ N≥1, define

SHMat(n)m

(
R(n)

v

)
:=
(
Matm×m(Rn),�

(n)
M ,�(n)

M

)
.

This structure is called the level-n square SHv-matrix system induced by R(n)
v .

If its induced matrix operations satisfy all the axioms of a level-n SHv-ring, then it is called an
SHv-matrix ring of level n.

Remark 3.6.14 (Reduction to Hv-matrices). If the hierarchy is extended to level n = 0, then

R0 = P0
∗ (R0),

and
Matp×q(R0)

is the ordinary carrier of Hv-matrices. Moreover,

�(0)
M = �M , �(0)

M = �M .

Consequently, a level-0 SHv-matrix is precisely an Hv-matrix.



Chapter 3. Hv-Structures and SHv-Structures in Algebra 55

Remark 3.6.15 (Difference from hypermatrices). A hypermatrix in the entrywise set-valued
sense is a map

M : I × J −→ P∗(R),

so each entry is itself a nonempty subset of R.

By contrast, an Hv-matrix is a matrix

A : I × J −→ R

whose entries belong to an Hv-ring. Its set-valued nature appears in the induced matrix opera-
tions

A�M B and A�M B,

which are nonempty sets of matrices.

Similarly, an SHv-matrix has entries in

Rn = Pn
∗ (R0),

whereas its matrix sum and matrix product lie in

P∗
(
Matp×q(Rn)

)
or in the corresponding compatible matrix space. Thus, hypermatrices and Hv-matrices are
related but mathematically distinct notions.

Remark 3.6.16 (Type consistency). For a level-n SHv-matrix, each entry is a single element
of the level-n carrier:

Aij ∈ Rn.

However, the sum or product of two entries is a nonempty subset of that carrier:

Aij �n Bij ∈ P∗(Rn), Aij �n Bij ∈ P∗(Rn).

Accordingly, the induced sum and product of two SHv-matrices are nonempty sets of matrices
over Rn, rather than single matrices.

3.7 Hv-Semigroups and SHv-Semigroups

A semigroup is a nonempty set equipped with an associative binary operation; neither an identity
element nor inverse elements are required [118–120]. A semihypergroup replaces the ordinary
binary operation with a set-valued hyperoperation while retaining strong associativity [121–125].

An Hv-semigroup further weakens associativity: the two subsets obtained from the two possible
parenthesizations are not required to be equal, but they must have a nonempty intersection
[71, 92, 126–128]. An SHv-semigroup is the corresponding hierarchical extension in which the
carrier is an iterated powerset and the operation is a superhyperoperation.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).



56 Chapter 3. Hv-Structures and SHv-Structures in Algebra

Definition 3.7.1 (Hyperoperation and induced subset product). Let H be a nonempty set. A
binary hyperoperation on H is a map

◦ : H ×H −→ P∗(H).

For all nonempty subsets A,B ∈ P∗(H), define the induced subset product by

A ◦B :=
⋃
a∈A
b∈B

(a ◦ b).

In particular, for x, y ∈ H ,

x ◦B :=
⋃
b∈B

(x ◦ b), A ◦ y :=
⋃
a∈A

(a ◦ y).

Elements of H are identified with their singleton subsets whenever they occur as subset argu-
ments.

Definition 3.7.2 (Semihypergroup). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

The pair
(H, ◦)

is called a semihypergroup if ◦ is strongly associative, that is,

x ◦ (y ◦ z) = (x ◦ y) ◦ z for all x, y, z ∈ H,

where equality is understood as equality of subsets of H .

Equivalently, ⋃
u∈y◦z

(x ◦ u) =
⋃

v∈x◦y

(v ◦ z) for all x, y, z ∈ H.

Definition 3.7.3 (Hv-semigroup). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

The pair
(H, ◦)

is called an Hv-semigroup if ◦ satisfies the weak associativity axiom

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H.

Equivalently, ( ⋃
u∈y◦z

(x ◦ u)
)
∩
( ⋃

v∈x◦y

(v ◦ z)
)

6= ∅ for all x, y, z ∈ H.
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Remark 3.7.4 (Relation between semihypergroups and Hv-semigroups). Every semihypergroup
is an Hv-semigroup because

x ◦ (y ◦ z) = (x ◦ y) ◦ z
implies

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅.

The converse does not necessarily hold. Thus, Hv-semigroups form a broader class than semi-
hypergroups.

Definition 3.7.5 (Weakly commutative Hv-semigroup). An Hv-semigroup (H, ◦) is called
weakly commutative if

x ◦ y ∩ y ◦ x 6= ∅ for all x, y ∈ H.

It is called commutative if
x ◦ y = y ◦ x for all x, y ∈ H.

Every commutative Hv-semigroup is weakly commutative.

Definition 3.7.6 (Level-n superhyperoperation). Let S be a nonempty base set, let n ∈ N≥1,
and define

Hn := Pn
∗ (S).

A level-n binary superhyperoperation on Hn is a map

◦n : Hn ×Hn −→ P∗(Hn).

Equivalently,
◦n : Pn

∗ (S)× Pn
∗ (S) −→ P∗

(
Pn

∗ (S)
)
.

For all A,B ∈ P∗(Hn), extend ◦n by

A ◦n B :=
⋃
A∈A
B∈B

(A ◦n B).

In particular,
A ◦n B :=

⋃
B∈B

(A ◦n B), A ◦n B :=
⋃
A∈A

(A ◦n B).

Definition 3.7.7 (Level-n SHv-semigroup). Let S be a nonempty set, let n ∈ N≥1, and put

Hn := Pn
∗ (S).

Let
◦n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation.
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The pair
H(n)

v = (Hn, ◦n)

is called a level-n SHv-semigroup if ◦n satisfies the weak superhyperassociativity axiom

A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅ for all A,B,C ∈ Hn.

Equivalently, ( ⋃
X∈B◦nC

A ◦n X

)
∩
( ⋃

Y ∈A◦nB

Y ◦n C

)
6= ∅

for all A,B,C ∈ Hn.

Thus, a level-n SHv-semigroup is precisely an Hv-semigroup whose carrier is the n-th iterated
nonempty powerset of a base set.

Definition 3.7.8 (Strong level-n superhypersemigroup). A level-n SHv-semigroup

(Hn, ◦n)

is called a strong level-n superhypersemigroup if

A ◦n (B ◦n C) = (A ◦n B) ◦n C for all A,B,C ∈ Hn.

Every strong level-n superhypersemigroup is an SHv-semigroup, but an SHv-semigroup need
not be strongly associative.

Definition 3.7.9 (Weakly commutative SHv-semigroup). A level-n SHv-semigroup

(Hn, ◦n)

is called weakly commutative if

A ◦n B ∩ B ◦n A 6= ∅ for all A,B ∈ Hn.

It is called commutative if

A ◦n B = B ◦n A for all A,B ∈ Hn.

Remark 3.7.10 (Reduction to an Hv-semigroup). If the hierarchy is extended to n = 0, then

H0 = P0
∗ (S) = S,

and
◦0 : S × S −→ P∗(S).

Consequently, a level-0 SHv-semigroup is precisely an ordinary Hv-semigroup.
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Remark 3.7.11 (The level-1 case). For n = 1, the carrier is

H1 = P∗(S),

and the operation has the type

◦1 : P∗(S)× P∗(S) −→ P∗
(
P∗(S)

)
.

Therefore, a level-1 SHv-semigroup is an Hv-semigroup on the set of nonempty subsets of S. It
does not automatically coincide with an Hv-semigroup directly defined on S.

Remark 3.7.12 (Type consistency). A map of the form

S × S −→ Pn
∗ (S)

returns a single level-n nested object. Such a map does not, by itself, define an SHv-semigroup
on the hierarchical carrier.

For an SHv-semigroup, the carrier and operation must instead be specified consistently as

Hn = Pn
∗ (S)

and
◦n : Hn ×Hn −→ P∗(Hn).

This ensures that both sides of the weak associativity condition are nonempty subsets of the
same carrier Hn.





Chapter 4

Uncertainty-Based Hv- and SHv-Structures

Numerous logical frameworks have been developed to represent and reason under uncertainty,
including fuzzy logic, intuitionistic fuzzy logic, neutrosophic logic, plithogenic logic, four-valued
logic [129–131], and many-valued logic [132,133].

These uncertainty-aware logical systems can be further generalized by incorporating Hv-Structures
and SHv-Structures. In an Hv-based logical framework, logical operations may be interpreted as
hyperoperations, and selected logical identities are required to hold only in the weak nonempty-
intersection sense. An SHv-based logical framework extends this approach to hierarchical car-
riers, typically constructed from iterated nonempty powersets, and uses superhyperoperations
satisfying corresponding weak structural conditions.

This chapter develops uncertainty-aware logical systems associated with Hv- and SHv-Structures.
In particular, fuzzy, neutrosophic, plithogenic, and general uncertain semantics are examined in
conjunction with weak hyperoperations and hierarchical superhyperoperations.

For reference, Table 4.1 summarizes several classical uncertainty-aware set concepts and their
Hv- and SHv-counterparts.

The prefix Hv indicates that the relevant logical or uncertainty-aware operations are compatible
with an Hv-Structure and that selected algebraic or logical identities may hold weakly. More
precisely, if two set-valued logical expressions s and t represent the two sides of a prescribed
weak identity, then the required condition is

s(x) ∩ t(x) 6= ∅.

The prefix SHv additionally indicates that the underlying carrier is hierarchical. For a nonempty
base set S and a level n ∈ N≥1, the carrier may be taken as

Hn = Pn
∗ (S),

and the logical superhyperoperations have the general form

◦n : Hr
n −→ P∗(Hn).

61
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Table 4.1: Classical uncertainty-aware concepts and their Hv- and SHv-counterparts.
Classical Concept Hv-Concept SHv-Concept
Fuzzy Set Hv-Fuzzy Set SHv-Fuzzy Set
Neutrosophic Set Hv-Neutrosophic Set SHv-Neutrosophic Set
Plithogenic Set Hv-Plithogenic Set SHv-Plithogenic Set
Uncertain Set Hv-Uncertain Set SHv-Uncertain Set
Fuzzy Logic Hv-Fuzzy Logic SHv-Fuzzy Logic
Neutrosophic Logic Hv-Neutrosophic Logic SHv-Neutrosophic Logic
Plithogenic Logic Hv-Plithogenic Logic SHv-Plithogenic Logic
Uncertain Logic Hv-Uncertain Logic SHv-Uncertain Logic

Selected logical identities are then interpreted set-valuedly and required to satisfy the corre-
sponding weak nonempty-intersection conditions on Hn.

Accordingly, Hv- and SHv-uncertain logics differ from HyperUncertain Logic and SuperHype-
rUncertain Logic. In the latter frameworks, the prefix “hyper” typically refers to set-valued or
nested uncertainty degrees. By contrast, in the present framework, the prefixes Hv and SHv

primarily refer to weak algebraic compatibility with hyperoperations and hierarchical superhy-
peroperations, respectively.

4.1 Hv-Fuzzy Sets and SHv-Fuzzy Sets

A fuzzy set assigns to each element of a universe a membership degree in the unit interval
[134–136]. Important extensions include bipolar fuzzy sets [137,138], picture fuzzy sets [139–141],
interval-valued fuzzy sets [142–144], m-polar fuzzy sets [145], spherical fuzzy sets [146,147], linear
Diophantine fuzzy sets [148,149], and hesitant fuzzy sets [150,151].

An Hv-fuzzy set combines fuzzy membership information with the weak algebraic behavior of an
Hv-structure. Its membership function remains point-valued, but it is required to be compatible
with the underlying hyperoperation. In the weak form, at least one element of each hyperproduct
must have a sufficiently large membership degree. In the strong form, every element of the
hyperproduct must satisfy the corresponding membership inequality.

An SHv-fuzzy set is the hierarchical counterpart of an Hv-fuzzy set. It is defined on an SHv-
structure whose carrier is an iterated nonempty powerset, and its membership function assigns
an ordinary fuzzy degree to each hierarchical object.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).
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Definition 4.1.1 (Fuzzy set). (cf. [134]) Let X be a nonempty universe. A fuzzy set on X is a
mapping

µ : X −→ [0, 1].

For every x ∈ X, the value
µ(x)

is called the membership degree of x.

For every α ∈ (0, 1], the corresponding α-cut is

Xµ
α := {x ∈ X | µ(x) ≥ α}.

Definition 4.1.2 (Hv-structure). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

The pair
(H, ◦)

is called a binary Hv-structure of associative type if

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H,

where the hyperoperation is extended to nonempty subsets by

A ◦B :=
⋃
a∈A
b∈B

(a ◦ b)
(
A,B ∈ P∗(H)

)
.

In this case, (H, ◦) is also called an Hv-semigroup.

Definition 4.1.3 (Weak Hv-fuzzy set). Let

(H, ◦)

be an Hv-structure, and let
µ : H −→ [0, 1]

be a fuzzy set on H .

The fuzzy set µ is called a weak Hv-fuzzy set on (H, ◦) if, for every x, y ∈ H , there exists at
least one element

z ∈ x ◦ y
such that

µ(z) ≥ min{µ(x), µ(y)}.

Equivalently,
(x ◦ y) ∩Hµ

min{µ(x),µ(y)} 6= ∅ for all x, y ∈ H.

Unless otherwise stated, the expression Hv-fuzzy set refers to a weak Hv-fuzzy set.
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Example 4.1.4 (Smartphone recommendation under competing preferences). Consider a smart-
phone recommendation system with three recommendation categories:

H = {B,M,F},

where

B = budget model, M = balanced mid-range model, F = flagship model.

Suppose that two customers, reviewers, or decision criteria may initially recommend different
categories. The hyperoperation

◦ : H ×H −→ P∗(H)

returns all categories regarded as reasonable compromise recommendations. It is defined by the
following table:

◦ B M F
B {B} {B,M} {B,M}
M {B,M} {M} {B,M,F}
F {B,M} {B,M,F} {F}

For example,
B ◦ F = {B,M}

means that, when a low-price preference and a high-performance preference are combined, either
a budget model or a balanced mid-range model may be recommended. Similarly,

M ◦ F = {B,M,F}

represents a situation in which several recommendations remain admissible after considering
both balanced performance and premium features.

A direct examination of the 33 = 27 triples in H3 shows that

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H.

Hence, (H, ◦) is an Hv-semigroup and therefore an Hv-structure. The operation is not strongly
associative. For instance,

B ◦ (M ◦ F ) = B ◦ {B,M,F} = {B,M},

whereas
(B ◦M) ◦ F = {B,M} ◦ F = {B,M,F}.

Nevertheless, (
B ◦ (M ◦ F )

)
∩
(
(B ◦M) ◦ F

)
= {B,M} 6= ∅.

Now define a fuzzy membership function

µ : H −→ [0, 1]

by
µ(B) = 0.5, µ(M) = 0.8, µ(F ) = 0.9.

Here, µ(x) represents the degree to which category x is suitable for a customer who values both
performance and overall usability.



Chapter 4. Uncertainty-Based Hv- and SHv-Structures 65

The required witnesses for the unordered pairs are summarized below:

x y min{µ(x), µ(y)} z ∈ x ◦ y with µ(z) ≥ min{µ(x), µ(y)}
B B 0.5 B
B M 0.5 M
B F 0.5 M
M M 0.8 M
M F 0.8 F
F F 0.9 F

Since the hyperoperation is commutative, these cases cover every ordered pair (x, y) ∈ H2.
Therefore, for every x, y ∈ H , there exists some z ∈ x ◦ y satisfying

µ(z) ≥ min{µ(x), µ(y)}.

Consequently, µ is a weak Hv-fuzzy set on (H, ◦).

This example also shows that the weak condition does not imply the corresponding strong con-
dition. Indeed,

M ◦ F = {B,M,F},
but

µ(B) = 0.5 < 0.8 = min{µ(M), µ(F )}.
Thus, not every element of M ◦ F satisfies the required inequality, although at least one such
element does. Hence, µ is weakly Hv-compatible but not strongly Hv-compatible.

Definition 4.1.5 (Strong Hv-fuzzy set). Let

(H, ◦)

be an Hv-structure. A fuzzy set
µ : H −→ [0, 1]

is called a strong Hv-fuzzy set if

µ(z) ≥ min{µ(x), µ(y)}

for all x, y ∈ H and every
z ∈ x ◦ y.

Equivalently,
x ◦ y ⊆ Hµ

min{µ(x),µ(y)} for all x, y ∈ H.

The strong condition may also be expressed as

inf
z∈x◦y

µ(z) ≥ min{µ(x), µ(y)} for all x, y ∈ H.

Remark 4.1.6 (Weak and strong compatibility). Every strong Hv-fuzzy set is a weak Hv-fuzzy
set.

The converse need not hold. Indeed, the weak condition requires only one element of x ◦ y to
satisfy the membership inequality, whereas the strong condition requires every element of x ◦ y
to satisfy it.
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Proposition 4.1.7 (Characterization by α-cuts). Let

µ : H −→ [0, 1]

be a fuzzy set on an Hv-structure (H, ◦).

1. The fuzzy set µ is a weak Hv-fuzzy set if and only if every nonempty α-cut satisfies

(x ◦ y) ∩Hµ
α 6= ∅ for all x, y ∈ Hµ

α .

2. The fuzzy set µ is a strong Hv-fuzzy set if and only if every nonempty α-cut is closed under
the hyperoperation:

x ◦ y ⊆ Hµ
α for all x, y ∈ Hµ

α .

Proof. Suppose first that µ is a weak Hv-fuzzy set and let x, y ∈ Hµ
α . Then

µ(x) ≥ α and µ(y) ≥ α,

and hence
min{µ(x), µ(y)} ≥ α.

By weak Hv-compatibility, there exists z ∈ x ◦ y such that

µ(z) ≥ min{µ(x), µ(y)} ≥ α.

Therefore,
z ∈ (x ◦ y) ∩Hµ

α ,

so the intersection is nonempty.

Conversely, let
α := min{µ(x), µ(y)}.

Then x, y ∈ Hµ
α . By the assumed weak closure of the α-cut,

(x ◦ y) ∩Hµ
α 6= ∅.

Thus, there exists z ∈ x ◦ y satisfying

µ(z) ≥ α = min{µ(x), µ(y)}.

This proves the first assertion.

The proof of the second assertion is analogous, replacing the existential condition

(x ◦ y) ∩Hµ
α 6= ∅

with the universal closure condition
x ◦ y ⊆ Hµ

α .

Remark 4.1.8 (Classical reduction). Suppose that the hyperoperation is singleton-valued, so
that there exists an ordinary binary operation · on H satisfying

x ◦ y = {x · y} for all x, y ∈ H.

Then the weak and strong Hv-fuzzy conditions coincide and reduce to

µ(x · y) ≥ min{µ(x), µ(y)}.

Thus, the classical fuzzy-subsemigroup condition is recovered.
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4.1.1 Hierarchical SHv-Fuzzy Sets

Definition 4.1.9 (Level-n SHv-structure). Let S be a nonempty base set, let n ∈ N≥1, and
define

Hn := Pn
∗ (S).

Let
◦n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation. The pair

(Hn, ◦n)

is called a level-n SHv-structure of associative type if

A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅

for all A,B,C ∈ Hn, where
A ◦n B :=

⋃
A∈A
B∈B

(A ◦n B)

for all
A,B ∈ P∗(Hn).

Definition 4.1.10 (Weak level-n SHv-fuzzy set). Let

(Hn, ◦n)

be a level-n SHv-structure, where
Hn = Pn

∗ (S).

A weak level-n SHv-fuzzy set is a fuzzy membership mapping

µn : Hn −→ [0, 1]

such that, for every A,B ∈ Hn, there exists

C ∈ A ◦n B

satisfying
µn(C) ≥ min{µn(A), µn(B)}.

Equivalently, defining
(Hn)

µn
α := {A ∈ Hn | µn(A) ≥ α},

one has
(A ◦n B) ∩ (Hn)

µn

min{µn(A),µn(B)} 6= ∅

for all A,B ∈ Hn.

Unless otherwise stated, a level-n SHv-fuzzy set means a weak level-n SHv-fuzzy set.
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Definition 4.1.11 (Strong level-n SHv-fuzzy set). Let

(Hn, ◦n)

be a level-n SHv-structure.

A fuzzy membership mapping
µn : Hn −→ [0, 1]

is called a strong level-n SHv-fuzzy set if

µn(C) ≥ min{µn(A), µn(B)}

for all A,B ∈ Hn and every
C ∈ A ◦n B.

Equivalently,
A ◦n B ⊆ (Hn)

µn

min{µn(A),µn(B)}

for all A,B ∈ Hn, or equivalently,

inf
C∈A◦nB

µn(C) ≥ min{µn(A), µn(B)}.

Proposition 4.1.12 (Characterization of SHv-fuzzy sets by α-cuts). Let

µn : Hn −→ [0, 1]

be a fuzzy set on a level-n SHv-structure.

1. The mapping µn is a weak SHv-fuzzy set if and only if every nonempty α-cut satisfies

(A ◦n B) ∩ (Hn)
µn
α 6= ∅

for all
A,B ∈ (Hn)

µn
α .

2. The mapping µn is a strong SHv-fuzzy set if and only if every nonempty α-cut satisfies

A ◦n B ⊆ (Hn)
µn
α

for all
A,B ∈ (Hn)

µn
α .

Remark 4.1.13 (Reduction to an Hv-fuzzy set). If the hierarchy is extended to n = 0, then

H0 = P0
∗ (S) = S,

and
◦0 : S × S −→ P∗(S).

Accordingly,
µ0 : S −→ [0, 1]

is an ordinary Hv-fuzzy set. Hence a level-0 SHv-fuzzy set is precisely an Hv-fuzzy set.



Chapter 4. Uncertainty-Based Hv- and SHv-Structures 69

Remark 4.1.14 (Difference from hyperfuzzy and superhyperfuzzy sets). An Hv-fuzzy set has
a point-valued membership function

µ : H −→ [0, 1],

and the prefix Hv refers to compatibility with an Hv-hyperoperation.

By contrast, a hyperfuzzy set has a set-valued membership mapping

µ̃ : H −→ P∗([0, 1]).

Similarly, an SHv-fuzzy set has the form

µn : Pn
∗ (S) −→ [0, 1],

where the hierarchical character occurs in the domain and in the SHv-operation.

A superhyperfuzzy set, on the other hand, may have a nested membership-value codomain such
as

τ : Pm
∗ (S) −→ Pn

∗ ([0, 1]).

Therefore, Hv-fuzzy sets and SHv-fuzzy sets should not be identified with hyperfuzzy sets or
superhyperfuzzy sets.

Remark 4.1.15 (Additional group-type conditions). When (H, ◦) is an Hv-group, the compat-
ibility condition in Definition 4.1.3 defines an Hv-fuzzy set of multiplicative type. To define a
fuzzy Hv-subgroup in a more restrictive sense, additional conditions involving an identity, inverse
elements, reproduction classes, or the fundamental relation may be imposed.

The same observation applies to SHv-groups and their fuzzy substructures.

4.2 Hv-Neutrosophic Sets and SHv-Neutrosophic Sets

A neutrosophic set represents the membership status of each element by three independent
components: truth-membership, indeterminacy-membership, and falsity-membership [152–154].
Related extensions include hesitant neutrosophic sets [155–157], bipolar neutrosophic sets [158–
160], spherical neutrosophic sets [161,162], and interval-valued neutrosophic sets [163–166].

An Hv-neutrosophic set is a neutrosophic set defined on the carrier of an Hv-structure whose
truth, indeterminacy, and falsity components are compatible with the underlying hyperoperation.
In its weak form, each hyperproduct is required to contain at least one element satisfying the
prescribed neutrosophic bounds. In its strong form, every element of the hyperproduct must
satisfy those bounds.

An SHv-neutrosophic set is the corresponding hierarchical generalization. Its domain is the
carrier of an SHv-structure, typically an iterated nonempty powerset, and each hierarchical
object is assigned a neutrosophic triple.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.
The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).
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Table 4.2: A comparison of fuzzy, Hv-fuzzy, and SHv-fuzzy sets.
Fuzzy Set Hv-Fuzzy Set SHv-Fuzzy Set

Domain A nonempty set X An Hv-carrier H A hierarchical carrier
Hn = Pn

∗ (S)

Membership map µ : X → [0, 1] µ : H → [0, 1] µn : Hn → [0, 1]

Underlying
operation

Not required ◦ : H ×H → P∗(H) ◦n : Hn ×Hn → P∗(Hn)

Weak
compatibility

Not applicable ∃z ∈ x ◦ y such that
µ(z) ≥ min{µ(x), µ(y)}

∃C ∈ A ◦n B such that
µn(C) ≥
min{µn(A), µn(B)}

Strong
compatibility

Not applicable µ(z) ≥ min{µ(x), µ(y)}
for every z ∈ x ◦ y

µn(C) ≥
min{µn(A), µn(B)} for
every C ∈ A ◦n B

α-cut behavior Ordinary crisp subset Weakly closed or strongly
closed under ◦

Weakly closed or strongly
closed under ◦n

Source of
generalization

Graded membership Compatibility with weak
hyperoperations

Hierarchical carrier and
weak superhyperoperations

Special case — Recovered from SHv at
level n = 0

Reduces to the Hv-case at
level n = 0

Definition 4.2.1 (Single-valued neutrosophic set). Let X be a nonempty set. A single-valued
neutrosophic set N on X is characterized by three mappings

TN , IN , FN : X −→ [0, 1],

where, for every x ∈ X,
TN (x), IN (x), FN (x)

represent the truth-membership, indeterminacy-membership, and falsity-membership degrees of
x, respectively.

These values satisfy

0 ≤ TN (x) + IN (x) + FN (x) ≤ 3 for every x ∈ X.

Equivalently, N may be represented by the mapping

µN : X −→ [0, 1]3, µN (x) =
(
TN (x), IN (x), FN (x)

)
.

Definition 4.2.2 ((α, β, γ)-cut). Let

N =
(
TN , IN , FN

)
be a single-valued neutrosophic set on a nonempty set X.

For
(α, β, γ) ∈ [0, 1]3,

the corresponding (α, β, γ)-cut is defined by

XN
α,β,γ := {x ∈ X | TN (x) ≥ α, IN (x) ≥ β, FN (x) ≤ γ} .
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Definition 4.2.3 (Hv-structure). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

For all A,B ∈ P∗(H), define
A ◦B :=

⋃
a∈A
b∈B

(a ◦ b).

The pair
(H, ◦)

is called an Hv-structure of associative type, or an Hv-semigroup, if

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H.

Definition 4.2.4 (Weak Hv-neutrosophic set). Let

(H, ◦)

be an Hv-structure, and let
N =

(
TN , IN , FN

)
be a single-valued neutrosophic set on H .

The neutrosophic set N is called a weak Hv-neutrosophic set on (H, ◦) if, for every x, y ∈ H ,
there exists at least one element

z ∈ x ◦ y

such that
TN (z) ≥ min {TN (x), TN (y)} ,

IN (z) ≥ min {IN (x), IN (y)} ,

and
FN (z) ≤ max {FN (x), FN (y)} .

Equivalently, for all x, y ∈ H ,

(x ◦ y) ∩HN
αxy,βxy,γxy

6= ∅,

where
αxy := min {TN (x), TN (y)} ,

βxy := min {IN (x), IN (y)} ,

and
γxy := max {FN (x), FN (y)} .

Unless otherwise stated, the term Hv-neutrosophic set refers to a weak Hv-neutrosophic set.
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Example 4.2.5 (Supplier-selection strategies under incomplete information). Consider a com-
pany selecting a supplier under uncertain market conditions. Let

H = {E,B, P},

where

E = economical supplier strategy, B = balanced supplier strategy, P = premium supplier strategy.

The economical strategy emphasizes low cost, the balanced strategy considers both cost and
reliability, and the premium strategy prioritizes quality, delivery stability, and technical support.

Suppose that combining two procurement recommendations may produce several admissible
compromise strategies. Define the hyperoperation

◦ : H ×H −→ P∗(H)

by the following table:
◦ E B P
E {E} {E,B} {E,B}
B {E,B} {B} {E,B, P}
P {E,B} {E,B, P} {P}

For example,
E ◦ P = {E,B}

means that combining a low-cost recommendation with a premium recommendation may lead
either to an economical strategy or to a balanced compromise. Similarly,

B ◦ P = {E,B, P}

indicates that all three procurement strategies may remain admissible when balanced and pre-
mium criteria are considered simultaneously.

A direct verification of all triples in H3 shows that

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H.

Hence, (H, ◦) is an Hv-semigroup and therefore an Hv-structure.

The operation is not strongly associative. For instance,

E ◦ (B ◦ P ) = E ◦ {E,B, P} = {E,B},

whereas
(E ◦B) ◦ P = {E,B} ◦ P = {E,B, P}.

Nevertheless, (
E ◦ (B ◦ P )

)
∩
(
(E ◦B) ◦ P

)
= {E,B} 6= ∅.

Define a single-valued neutrosophic set

N =
(
TN , IN , FN

)
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on H by
x TN (x) IN (x) FN (x)
E 0.50 0.40 0.60
B 0.80 0.60 0.30
P 0.90 0.70 0.20

where TN (x) represents the degree of suitability of strategy x, IN (x) represents the degree of
indeterminate or incomplete information associated with it, and FN (x) represents its degree of
unsuitability.

Under the convention adopted here, the indeterminacy degree is treated as an admissible com-
ponent that must be preserved at least at the minimum level of the two input strategies.

The witnesses required by the weak Hv-neutrosophic condition are shown below:

x y αxy βxy γxy A suitable witness z ∈ x ◦ y
E E 0.50 0.40 0.60 E
E B 0.50 0.40 0.60 B
E P 0.50 0.40 0.60 B
B B 0.80 0.60 0.30 B
B P 0.80 0.60 0.30 P
P P 0.90 0.70 0.20 P

where
αxy = min {TN (x), TN (y)} ,

βxy = min {IN (x), IN (y)} ,

and
γxy = max {FN (x), FN (y)} .

For example, since
E ◦ P = {E,B},

we may select z = B. Then

TN (B) = 0.80 ≥ 0.50 = min {TN (E), TN (P )} ,

IN (B) = 0.60 ≥ 0.40 = min {IN (E), IN (P )} ,

and
FN (B) = 0.30 ≤ 0.60 = max {FN (E), FN (P )} .

Similarly, for
B ◦ P = {E,B, P},

the element z = P satisfies

TN (P ) = 0.90 ≥ 0.80, IN (P ) = 0.70 ≥ 0.60, FN (P ) = 0.20 ≤ 0.30.

Since the hyperoperation is commutative, the cases in the table cover every ordered pair (x, y) ∈
H2. Therefore, for every x, y ∈ H , there exists at least one z ∈ x ◦ y satisfying

TN (z) ≥ min {TN (x), TN (y)} ,
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IN (z) ≥ min {IN (x), IN (y)} ,
and

FN (z) ≤ max {FN (x), FN (y)} .
Consequently, N is a weak Hv-neutrosophic set on (H, ◦).

However, N is not strongly Hv-neutrosophic. Indeed,

E ∈ B ◦ P,

but
TN (E) = 0.50 < 0.80, IN (E) = 0.40 < 0.60, FN (E) = 0.60 > 0.30.

Thus, not every element of B◦P satisfies the required inequalities, although the witness P ∈ B◦P
does. Hence, the neutrosophic set is weakly, but not strongly, compatible with the Hv-structure.

Definition 4.2.6 (Strong Hv-neutrosophic set). Let

(H, ◦)

be an Hv-structure. A single-valued neutrosophic set

N =
(
TN , IN , FN

)
on H is called a strong Hv-neutrosophic set if, for all x, y ∈ H and every z ∈ x ◦ y,

TN (z) ≥ min {TN (x), TN (y)} ,

IN (z) ≥ min {IN (x), IN (y)} ,
and

FN (z) ≤ max {FN (x), FN (y)} .

Equivalently,
x ◦ y ⊆ HN

αxy,βxy,γxy
for all x, y ∈ H.

The strong condition may also be written as

inf
z∈x◦y

TN (z) ≥ min {TN (x), TN (y)} ,

inf
z∈x◦y

IN (z) ≥ min {IN (x), IN (y)} ,

and
sup
z∈x◦y

FN (z) ≤ max {FN (x), FN (y)} .

Remark 4.2.7 (Weak and strong compatibility). Every strong Hv-neutrosophic set is a weak
Hv-neutrosophic set.

The converse does not necessarily hold. The weak condition requires the existence of at least one
admissible element in each hyperproduct, whereas the strong condition imposes the neutrosophic
bounds on every element of the hyperproduct.
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Proposition 4.2.8 (Characterization by neutrosophic cuts). Let

N =
(
TN , IN , FN

)
be a single-valued neutrosophic set on an Hv-structure (H, ◦).

1. The neutrosophic set N is a weak Hv-neutrosophic set if and only if every nonempty cut
HN

α,β,γ satisfies
(x ◦ y) ∩HN

α,β,γ 6= ∅

for all
x, y ∈ HN

α,β,γ .

2. The neutrosophic set N is a strong Hv-neutrosophic set if and only if every nonempty cut
HN

α,β,γ is closed under ◦, that is,
x ◦ y ⊆ HN

α,β,γ

for all
x, y ∈ HN

α,β,γ .

Proof. Suppose that N is weak and let

x, y ∈ HN
α,β,γ .

Then
TN (x), TN (y) ≥ α, IN (x), IN (y) ≥ β,

and
FN (x), FN (y) ≤ γ.

By weak compatibility, there exists z ∈ x ◦ y such that

TN (z) ≥ α, IN (z) ≥ β, FN (z) ≤ γ.

Hence,
z ∈ (x ◦ y) ∩HN

α,β,γ .

Conversely, for fixed x, y ∈ H , choose

α = min {TN (x), TN (y)} ,

β = min {IN (x), IN (y)} ,

and
γ = max {FN (x), FN (y)} .

Then x, y ∈ HN
α,β,γ , and the assumed weak closure of the cut yields an element z ∈ x◦y satisfying

the required inequalities.

The proof of the strong case is analogous, with the existential intersection condition replaced by
the inclusion condition.
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Remark 4.2.9 (Alternative indeterminacy convention). The preceding definitions treat a larger
indeterminacy-membership degree as a larger membership component and therefore use

IN (z) ≥ min {IN (x), IN (y)} .

In applications where indeterminacy is interpreted as an undesirable uncertainty cost, one may
instead adopt

IN (z) ≤ max {IN (x), IN (y)} .

Under this alternative convention, the corresponding cut is defined by

HN ,−
α,β,γ := {x ∈ H | TN (x) ≥ α, IN (x) ≤ β, FN (x) ≤ γ} .

The selected convention should be stated explicitly and used consistently throughout a given
study.

4.2.1 Hierarchical SHv-Neutrosophic Sets

Definition 4.2.10 (Level-n SHv-structure). Let S be a nonempty base set, let n ∈ N≥1, and
define

Hn := Pn
∗ (S).

Let
◦n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation. Extend ◦n to nonempty subsets of Hn by

A ◦n B :=
⋃
A∈A
B∈B

(A ◦n B)

for all
A,B ∈ P∗(Hn).

The pair
(Hn, ◦n)

is called a level-n SHv-structure of associative type if

A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅

for all A,B,C ∈ Hn.

Definition 4.2.11 (Level-n SHv-neutrosophic set). Let

(Hn, ◦n)

be a level-n SHv-structure, where
Hn = Pn

∗ (S).
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A level-n SHv-neutrosophic set on Hn is a single-valued neutrosophic set

Nn =
(
TNn

, INn
, FNn

)
,

where
TNn

, INn
, FNn

: Hn −→ [0, 1],

such that
0 ≤ TNn

(A) + INn
(A) + FNn

(A) ≤ 3

for every A ∈ Hn, and the neutrosophic membership functions are compatible with the super-
hyperoperation ◦n in the weak or strong sense defined below.

Definition 4.2.12 (Weak level-n SHv-neutrosophic set). Let

(Hn, ◦n)

be a level-n SHv-structure, and let

Nn =
(
TNn

, INn
, FNn

)
be a single-valued neutrosophic set on Hn.

The neutrosophic set Nn is called a weak level-n SHv-neutrosophic set if, for every A,B ∈ Hn,
there exists at least one

C ∈ A ◦n B

such that
TNn

(C) ≥ min {TNn
(A), TNn

(B)} ,

INn
(C) ≥ min {INn

(A), INn
(B)} ,

and
FNn

(C) ≤ max {FNn
(A), FNn

(B)} .

Equivalently,
(A ◦n B) ∩ (Hn)

Nn

αAB ,βAB ,γAB
6= ∅,

where
αAB = min {TNn

(A), TNn
(B)} ,

βAB = min {INn
(A), INn

(B)} ,

and
γAB = max {FNn

(A), FNn
(B)} .

Definition 4.2.13 (Strong level-n SHv-neutrosophic set). Let

(Hn, ◦n)

be a level-n SHv-structure.

A single-valued neutrosophic set

Nn =
(
TNn

, INn
, FNn

)



78 Chapter 4. Uncertainty-Based Hv- and SHv-Structures

on Hn is called a strong level-n SHv-neutrosophic set if, for all A,B ∈ Hn and every C ∈ A◦nB,

TNn
(C) ≥ min {TNn

(A), TNn
(B)} ,

INn
(C) ≥ min {INn

(A), INn
(B)} ,

and
FNn

(C) ≤ max {FNn
(A), FNn

(B)} .

Equivalently,
A ◦n B ⊆ (Hn)

Nn

αAB ,βAB ,γAB
.

Proposition 4.2.14 (Cut characterization of SHv-neutrosophic sets). Let

Nn =
(
TNn

, INn
, FNn

)
be a single-valued neutrosophic set on a level-n SHv-structure.

1. The neutrosophic set Nn is weak if and only if every nonempty cut satisfies

(A ◦n B) ∩ (Hn)
Nn

α,β,γ 6= ∅

for all
A,B ∈ (Hn)

Nn

α,β,γ .

2. The neutrosophic set Nn is strong if and only if every nonempty cut satisfies

A ◦n B ⊆ (Hn)
Nn

α,β,γ

for all
A,B ∈ (Hn)

Nn

α,β,γ .

Remark 4.2.15 (Reduction to the Hv-case). If the hierarchy is extended to n = 0, then

H0 = P0
∗ (S) = S

and
◦0 : S × S −→ P∗(S).

Accordingly, a level-0 SHv-neutrosophic set is precisely an Hv-neutrosophic set.

Remark 4.2.16 (Difference from hyperneutrosophic sets). An Hv-neutrosophic set has three
point-valued membership functions

TN , IN , FN : H −→ [0, 1],

and the prefix Hv refers to compatibility with the Hv-hyperoperation.

By contrast, a hyperneutrosophic set has a set-valued neutrosophic membership mapping of the
form

µ̃ : H −→ P∗
(
[0, 1]3

)
.
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Table 4.3: A concise comparison of neutrosophic, Hv-neutrosophic, and SHv-neutrosophic sets.
Neutrosophic Set Hv-Neutrosophic Set SHv-Neutrosophic Set

Domain A nonempty set X An Hv-carrier H A hierarchical carrier
Hn = Pn

∗ (S)

Membership maps T, I, F : X → [0, 1] T, I, F : H → [0, 1] Tn, In, Fn : Hn → [0, 1]

Underlying
operation

Not required ◦ : H ×H → P∗(H) ◦n : Hn ×Hn → P∗(Hn)

Weak condition Not applicable At least one z ∈ x ◦ y
satisfies the neutrosophic
bounds

At least one C ∈ A ◦n B
satisfies the neutrosophic
bounds

Strong condition Not applicable Every z ∈ x ◦ y satisfies
the neutrosophic bounds

Every C ∈ A ◦n B satisfies
the neutrosophic bounds

Cut behavior Ordinary neutrosophic
cuts

Weakly or strongly closed
cuts under ◦

Weakly or strongly closed
cuts under ◦n

Source of
extension

Truth, indeterminacy, and
falsity

Compatibility with an
Hv-hyperoperation

Hierarchical carrier and an
SHv-superhyperoperation

Level relation — Recovered from the
SHv-case at level 0

Reduces to the Hv-case at
level 0

Similarly, an SHv-neutrosophic set has point-valued components defined on a hierarchical carrier:

TNn
, INn

, FNn
: Pn

∗ (S) −→ [0, 1].

A superhyperneutrosophic set may instead have a nested membership-value codomain, for ex-
ample,

µ : Pm
∗ (S) −→ Pn

∗
(
[0, 1]3

)
.

Therefore, Hv-neutrosophic sets and SHv-neutrosophic sets should not be identified automati-
cally with hyperneutrosophic sets or superhyperneutrosophic sets.

4.3 Hv-Plithogenic Sets and SHv-Plithogenic Sets

A plithogenic set is a mathematical framework in which elements are evaluated with respect
to multiple attributes and attribute values, while contradictions among attribute values are
explicitly quantified [167–172]. Related theoretical and applied developments have also been
studied in [173,174].

An Hv-plithogenic set combines plithogenic appurtenance information with an Hv-structure. Its
degree-of-appurtenance functions remain point-valued, whereas compatibility with the underly-
ing hyperoperation is formulated by a weak existence condition. More precisely, the hyperprod-
uct of two elements must contain at least one element whose appurtenance degrees satisfy the
prescribed plithogenic aggregation bounds.

An SHv-plithogenic set is the corresponding hierarchical generalization. It is defined on the
carrier of an SHv-structure, typically an iterated nonempty powerset, and assigns plithogenic
appurtenance degrees to hierarchical objects.
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The terminology introduced in this section is adopted as a compatibility-based extension of
plithogenic sets to Hv- and SHv-structures.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.
The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

4.3.1 Preliminary Plithogenic Aggregation

Definition 4.3.1 (Plithogenic data system). Let X be a nonempty universe, and let V be a
nonempty finite set of attributes. For every v ∈ V , let

Pv

be a nonempty set of possible values of the attribute v, and choose a distinguished value

dv ∈ Pv,

called the dominant attribute value or the reference attribute value.

Let s ∈ N≥1. For every v ∈ V , let

pdfv : X × Pv −→ [0, 1]s

be a degree-of-appurtenance function.

For every v ∈ V , let
cv : Pv × Pv −→ [0, 1]

be a degree-of-contradiction function satisfying

cv(a, a) = 0 for every a ∈ Pv,

and
cv(a, b) = cv(b, a) for all a, b ∈ Pv.

The collection
P = (X,V, {Pv}v∈V , {dv}v∈V , {pdfv}v∈V , {cv}v∈V )

is called a plithogenic data system on X.

Definition 4.3.2 (Componentwise order). For

α = (α1, . . . , αs), β = (β1, . . . , βs) ∈ [0, 1]s,

write
α � β

if and only if
αj ≤ βj for every j ∈ {1, . . . , s}.

Similarly,
α � β

means
αj ≥ βj for every j ∈ {1, . . . , s}.
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Definition 4.3.3 (Plithogenic conjunction). Let

T : [0, 1]2 −→ [0, 1]

be a t-norm, and let
S : [0, 1]2 −→ [0, 1]

be a t-conorm.

For c ∈ [0, 1] and u,w ∈ [0, 1], define the plithogenic conjunction with contradiction degree c by

u ∧P,c w := (1− c)T (u,w) + cS(u,w).

For
α = (α1, . . . , αs), β = (β1, . . . , βs) ∈ [0, 1]s,

define the componentwise plithogenic conjunction by

α ∧P,c β := (α1 ∧P,c β1, . . . , αs ∧P,c βs) .

For an attribute v ∈ V and an attribute value a ∈ Pv, the contradiction-adjusted conjunction is
taken with

c = cv(a, dv),

where dv is the dominant value of v.

Remark 4.3.4. If
cv(a, dv) = 0,

then
α ∧P,0 β = T (α,β),

where T denotes the componentwise application of T .

If
cv(a, dv) = 1,

then
α ∧P,1 β = S(α,β).

Thus, the contradiction degree continuously interpolates between the selected t-norm and t-
conorm.
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4.3.2 Hv-Plithogenic Sets

Definition 4.3.5 (Hv-structure). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

Extend ◦ to nonempty subsets of H by

A ◦B :=
⋃
x∈A
y∈B

(x ◦ y) for all A,B ∈ P∗(H).

The pair
(H, ◦)

is called an Hv-structure of associative type if

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H.

Definition 4.3.6 (Plithogenic admissibility set). Let

(H, ◦)
be an Hv-structure, and let

P = (H,V, {Pv}v∈V , {dv}v∈V , {pdfv}v∈V , {cv}v∈V )

be a plithogenic data system on H .

For x, y ∈ H , define the corresponding plithogenic admissibility set by

ΓP(x, y) :=

{
z ∈ H

∣∣∣∣∣ pdfv(z, a) � pdfv(x, a) ∧P,cv(a,dv) pdfv(y, a)
for every v ∈ V and every a ∈ Pv

}
.

Definition 4.3.7 (Weak Hv-plithogenic set). Let

(H, ◦)
be an Hv-structure, and let

P = (H,V, {Pv}v∈V , {dv}v∈V , {pdfv}v∈V , {cv}v∈V )

be a plithogenic data system on H .

The system P is called a weak Hv-plithogenic set on (H, ◦) if

(x ◦ y) ∩ ΓP(x, y) 6= ∅ for all x, y ∈ H.

Equivalently, for every x, y ∈ H , there exists at least one element

z ∈ x ◦ y
such that

pdfv(z, a) � pdfv(x, a) ∧P,cv(a,dv) pdfv(y, a)
for every attribute v ∈ V and every attribute value a ∈ Pv.

Unless otherwise specified, the term Hv-plithogenic set refers to a weak Hv-plithogenic set.
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Definition 4.3.8 (Strong Hv-plithogenic set). Let

(H, ◦)

be an Hv-structure, and let P be a plithogenic data system on H .

The system P is called a strong Hv-plithogenic set if

x ◦ y ⊆ ΓP(x, y) for all x, y ∈ H.

Equivalently, for all x, y ∈ H , every
z ∈ x ◦ y

satisfies
pdfv(z, a) � pdfv(x, a) ∧P,cv(a,dv) pdfv(y, a)

for every v ∈ V and every a ∈ Pv.

Remark 4.3.9 (Weak and strong forms). Every strong Hv-plithogenic set is a weak Hv-
plithogenic set.

The converse need not hold. The weak condition requires that each hyperproduct contain at
least one simultaneously admissible output, whereas the strong condition requires all outputs of
the hyperproduct to be simultaneously admissible.

Definition 4.3.10 (Attribute-value level cut). Let P be a plithogenic data system on H , and
let

λv,a ∈ [0, 1]s (v ∈ V, a ∈ Pv)

be a family of threshold vectors.

The corresponding plithogenic level cut is

HP
λ := {x ∈ H | pdfv(x, a) � λv,a for every v ∈ V, a ∈ Pv} .

Proposition 4.3.11 (Cut property of a strong Hv-plithogenic set). Let P be a strong Hv-
plithogenic set on (H, ◦). Suppose that the threshold family satisfies

λv,a � λv,a ∧P,cv(a,dv) λv,a

for every v ∈ V and every a ∈ Pv.

Then every nonempty plithogenic level cut

HP
λ

is closed under the hyperoperation:

x, y ∈ HP
λ =⇒ x ◦ y ⊆ HP

λ .
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Proof. Let
x, y ∈ HP

λ .

Then, for every v ∈ V and a ∈ Pv,

pdfv(x, a) � λv,a, pdfv(y, a) � λv,a.

By monotonicity of the t-norm and t-conorm,

pdfv(x, a) ∧P,cv(a,dv) pdfv(y, a) � λv,a ∧P,cv(a,dv) λv,a.

By the assumed threshold condition,

pdfv(x, a) ∧P,cv(a,dv) pdfv(y, a) � λv,a.

Since P is strong, every z ∈ x ◦ y satisfies

pdfv(z, a) � pdfv(x, a) ∧P,cv(a,dv) pdfv(y, a) � λv,a.

Hence,
z ∈ HP

λ .

Therefore,
x ◦ y ⊆ HP

λ .

4.3.3 Hierarchical SHv-Plithogenic Sets

Definition 4.3.12 (Level-n SHv-structure). Let S be a nonempty base set, let

n ∈ N≥1,

and define
Hn := Pn

∗ (S).

Let
◦n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation. Extend ◦n to nonempty subsets of Hn by

A ◦n B :=
⋃
A∈A
B∈B

(A ◦n B)

for all
A,B ∈ P∗(Hn).

The pair
(Hn, ◦n)

is called a level-n SHv-structure of associative type if

A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅

for all A,B,C ∈ Hn.
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Definition 4.3.13 (Level-n plithogenic data system). Let

Hn = Pn
∗ (S)

be a level-n hierarchical carrier.

A level-n plithogenic data system on Hn is a tuple

Pn =
(
Hn, V, {Pv}v∈V , {dv}v∈V , {pdf(n)v }v∈V , {cv}v∈V

)
,

where
pdf(n)v : Hn × Pv −→ [0, 1]s

is a degree-of-appurtenance function for every v ∈ V , and

cv : Pv × Pv −→ [0, 1]

is a symmetric contradiction function satisfying

cv(a, a) = 0.

Definition 4.3.14 (Hierarchical plithogenic admissibility set). Let

(Hn, ◦n)

be a level-n SHv-structure, and let Pn be a level-n plithogenic data system.

For A,B ∈ Hn, define

Γ
(n)
Pn

(A,B) :=

{
C ∈ Hn

∣∣∣∣∣ pdf(n)v (C, a) � pdf(n)v (A, a) ∧P,cv(a,dv) pdf(n)v (B, a)

for every v ∈ V and every a ∈ Pv

}
.

Definition 4.3.15 (Weak level-n SHv-plithogenic set). Let

(Hn, ◦n)

be a level-n SHv-structure, and let

Pn =
(
Hn, V, {Pv}v∈V , {dv}v∈V , {pdf(n)v }v∈V , {cv}v∈V

)
be a level-n plithogenic data system.

The system Pn is called a weak level-n SHv-plithogenic set if

(A ◦n B) ∩ Γ
(n)
Pn

(A,B) 6= ∅ for all A,B ∈ Hn.

Equivalently, for every A,B ∈ Hn, there exists at least one

C ∈ A ◦n B

such that
pdf(n)v (C, a) � pdf(n)v (A, a) ∧P,cv(a,dv) pdf(n)v (B, a)

for every v ∈ V and every a ∈ Pv.

Unless otherwise specified, the term SHv-plithogenic set refers to a weak SHv-plithogenic set.
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Definition 4.3.16 (Strong level-n SHv-plithogenic set). Let

(Hn, ◦n)

be a level-n SHv-structure, and let Pn be a level-n plithogenic data system.

The system Pn is called a strong level-n SHv-plithogenic set if

A ◦n B ⊆ Γ
(n)
Pn

(A,B) for all A,B ∈ Hn.

Equivalently, for all A,B ∈ Hn, every

C ∈ A ◦n B

satisfies
pdf(n)v (C, a) � pdf(n)v (A, a) ∧P,cv(a,dv) pdf(n)v (B, a)

for every v ∈ V and every a ∈ Pv.

Remark 4.3.17 (Reduction to the Hv-case). If the hierarchy is extended to n = 0, then

H0 = P0
∗ (S) = S,

and
◦0 : S × S −→ P∗(S).

Accordingly, a level-0 SHv-plithogenic set is precisely an Hv-plithogenic set.

Remark 4.3.18 (Difference from hyperplithogenic sets). In an Hv-plithogenic set, the degree-
of-appurtenance functions are point-valued:

pdfv : H × Pv −→ [0, 1]s.

The prefix Hv refers to compatibility with an Hv-hyperoperation.

By contrast, a hyperplithogenic set generally uses set-valued appurtenance functions of the form

p̃dfv : H × Pv −→ P∗([0, 1]
s).

Similarly, an SHv-plithogenic set has point-valued appurtenance functions defined on a hierar-
chical carrier:

pdf(n)v : Pn
∗ (S)× Pv −→ [0, 1]s.

A superhyperplithogenic set may instead have a nested appurtenance codomain such as

p̃df
(m,n)

v : Pm
∗ (S)× Pv −→ Pn

∗ ([0, 1]
s).

Therefore, Hv-plithogenic sets and SHv-plithogenic sets should not be identified automatically
with hyperplithogenic sets or superhyperplithogenic sets.
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Table 4.4: A comparison of plithogenic, Hv-plithogenic, and SHv-plithogenic sets.
Plithogenic Set Hv-Plithogenic Set SHv-Plithogenic Set

Domain A nonempty set X An Hv-carrier H A hierarchical carrier
Hn = Pn

∗ (S)

Appurtenance
map

pdfv : X × Pv → [0, 1]s pdfv : H × Pv → [0, 1]s pdf(n)v : Hn × Pv → [0, 1]s

Contradiction
function

cv : Pv × Pv → [0, 1] The same type, used in the
Hv-compatibility bound

The same type, used in the
SHv-compatibility bound

Underlying
operation

Not required ◦ : H ×H → P∗(H) ◦n : Hn ×Hn → P∗(Hn)

Weak condition Not applicable At least one z ∈ x ◦ y
satisfies all plithogenic
bounds

At least one C ∈ A ◦n B
satisfies all plithogenic
bounds

Strong condition Not applicable Every z ∈ x ◦ y satisfies
all plithogenic bounds

Every C ∈ A ◦n B satisfies
all plithogenic bounds

Source of
extension

Attributes, values,
appurtenance, and
contradiction

Compatibility with weak
hyperoperations

Hierarchical carrier and
weak
superhyperoperations

Level relation — Recovered from the
SHv-case at level 0

Reduces to the Hv-case at
level 0

Remark 4.3.19 (Alternative aggregation operators). The weighted operator

u ∧P,c w = (1− c)T (u,w) + cS(u,w)

is one standard form of contradiction-adjusted plithogenic aggregation.

More generally, one may replace it by a family of monotone aggregation operators

Gc : [0, 1]
s × [0, 1]s −→ [0, 1]s, c ∈ [0, 1],

provided that the chosen family is explicitly specified. In that case, all occurrences of

α ∧P,c β

in the preceding definitions are replaced by

Gc(α,β).

4.4 Hv-Uncertain Sets and SHv-Uncertain Sets

An uncertain set assigns to each element of a universe an admissible uncertainty-degree vector
belonging to a prescribed degree domain. By selecting an appropriate degree domain, this
framework can represent, among others, fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic
membership information [175].

An Hv-uncertain set is an uncertain set defined on an Hv-structure whose uncertainty assign-
ments are compatible with the underlying hyperoperation. In the weak form, every hyperproduct
is required to contain at least one output whose uncertainty degree is admissible relative to the
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degrees of the inputs. In the strong form, every output of the hyperproduct must satisfy the
corresponding compatibility condition.

An SHv-uncertain set is the hierarchical counterpart of an Hv-uncertain set. Its domain is the
carrier of an SHv-structure, typically an iterated nonempty powerset, whereas the uncertainty
degree assigned to each hierarchical object belongs to a prescribed admissible degree domain.

The terminology introduced below is adopted in this work as a general compatibility-based
extension of uncertain sets to Hv- and SHv-structures.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

4.4.1 Admissible Uncertainty Models

Definition 4.4.1 (Admissible uncertainty model). Fix an integer r ∈ N≥1. An admissible
uncertainty model is a triple

U =
(
D,�D,AD

)
,

where:

1.
D ⊆ [0, 1]r

is a nonempty set, called the admissible degree domain;

2.
�D

is a preorder on D, interpreted as follows:

d �D e

means that e is at least as admissible, supportive, or membership-preserving as d according
to the uncertainty semantics under consideration;

3.
AD : D ×D −→ D

is an uncertainty aggregation operator.
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The aggregation operator is assumed to be monotone with respect to �D; that is,

d1 �D d′
1 and d2 �D d′

2

imply
AD

(
d1,d2

)
�D AD

(
d′
1,d

′
2

)
.

If
AD

(
d, e

)
= AD

(
e,d

)
for all d, e ∈ D, then U is called a commutative admissible uncertainty model.

Remark 4.4.2 (Examples of admissible uncertainty models). The preceding definition includes
several familiar uncertainty frameworks.

1. Fuzzy type.

Let
D = [0, 1],

use the ordinary order ≤, and define

AD(a, b) := min{a, b}.

2. Intuitionistic fuzzy type.

Let
D :=

{
(µ, ν) ∈ [0, 1]2

∣∣ µ+ ν ≤ 1
}
.

Define
(µ, ν) �D (µ′, ν ′) ⇐⇒ µ ≤ µ′ and ν ≥ ν ′,

and
AD

(
(µ1, ν1), (µ2, ν2)

)
:= (min{µ1, µ2},max{ν1, ν2}) .

3. Single-valued neutrosophic type.

Let
D = [0, 1]3.

One possible semantic preorder is

(T, I, F ) �D (T ′, I ′, F ′)

if
T ≤ T ′, I ≤ I ′, F ≥ F ′,

together with the aggregation operator

AD

(
(T1, I1, F1), (T2, I2, F2)

)
:= (min{T1, T2},min{I1, I2},max{F1, F2}) .

An alternative convention may reverse the order of the indeterminacy component when inde-
terminacy is interpreted as an uncertainty cost.
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4. Plithogenic type.

The degree domain may be taken as

D = [0, 1]s,

whereas AD may be selected as a contradiction-adjusted plithogenic aggregation operator.

Definition 4.4.3 (Uncertain set). (cf. [175]) Let X be a nonempty universe, and let

U = (D,�D,AD)

be an admissible uncertainty model.

An uncertain set of type U on X is a mapping

µ : X −→ D.

For every x ∈ X, the value
µ(x) =

(
µ1(x), . . . , µr(x)

)
∈ D

is interpreted as the admissible uncertainty-degree vector assigned to x.

4.4.2 Hv-Uncertain Sets

Definition 4.4.4 (Hv-structure). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

For all A,B ∈ P∗(H), define
A ◦B :=

⋃
x∈A
y∈B

(x ◦ y).

The pair
(H, ◦)

is called an Hv-structure of associative type if

x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅ for all x, y, z ∈ H.

In this case, (H, ◦) is also called an Hv-semigroup.
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Definition 4.4.5 (Uncertainty-admissibility set). Let

(H, ◦)

be an Hv-structure, let
U = (D,�D,AD)

be an admissible uncertainty model, and let

µ : H −→ D

be an uncertain set.

For x, y ∈ H , define the uncertainty-admissibility set by

Γµ(x, y) :=
{
z ∈ H

∣∣ AD

(
µ(x), µ(y)

)
�D µ(z)

}
.

Definition 4.4.6 (Weak Hv-uncertain set). Let

(H, ◦)

be an Hv-structure, let
U = (D,�D,AD)

be an admissible uncertainty model, and let

µ : H −→ D

be an uncertain set.

The mapping µ is called a weak Hv-uncertain set of type U on (H, ◦) if

(x ◦ y) ∩ Γµ(x, y) 6= ∅ for all x, y ∈ H.

Equivalently, for every x, y ∈ H , there exists at least one element

z ∈ x ◦ y

such that
AD

(
µ(x), µ(y)

)
�D µ(z).

Unless otherwise specified, the term Hv-uncertain set refers to a weak Hv-uncertain set.

Definition 4.4.7 (Strong Hv-uncertain set). Let

(H, ◦)

be an Hv-structure, and let
µ : H −→ D

be an uncertain set of type
U = (D,�D,AD).
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The mapping µ is called a strong Hv-uncertain set if

x ◦ y ⊆ Γµ(x, y) for all x, y ∈ H.

Equivalently, for all x, y ∈ H and every

z ∈ x ◦ y,

one has
AD

(
µ(x), µ(y)

)
�D µ(z).

Remark 4.4.8 (Weak and strong forms). Every strong Hv-uncertain set is a weak Hv-uncertain
set.

The converse need not hold. The weak condition requires the hyperproduct x ◦ y to contain at
least one uncertainty-admissible output, whereas the strong condition requires every element of
x ◦ y to be uncertainty-admissible.

Definition 4.4.9 (Exact Hv-uncertain set). An uncertain set

µ : H −→ D

on an Hv-structure is called an exact Hv-uncertain set if, for all x, y ∈ H and every z ∈ x ◦ y,

µ(z) = AD

(
µ(x), µ(y)

)
.

Every exact Hv-uncertain set is strong, provided that �D is reflexive.

Definition 4.4.10 (Uncertainty threshold set). Let

µ : H −→ D

be an uncertain set, and let
λ ∈ D.

The uncertainty threshold set determined by λ is

Hµ
λ := {x ∈ H | λ �D µ(x)} .

Proposition 4.4.11 (Threshold closure). Let

µ : H −→ D

be a strong Hv-uncertain set. Suppose that

λ �D AD

(
λ,λ

)
.

Then every nonempty threshold set
Hµ

λ

is closed under the hyperoperation:

x, y ∈ Hµ
λ =⇒ x ◦ y ⊆ Hµ

λ .
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Proof. Let
x, y ∈ Hµ

λ .

Then
λ �D µ(x) and λ �D µ(y).

By monotonicity of AD,
AD

(
λ,λ

)
�D AD

(
µ(x), µ(y)

)
.

Together with
λ �D AD

(
λ,λ

)
,

this gives
λ �D AD

(
µ(x), µ(y)

)
.

Since µ is strong, every z ∈ x ◦ y satisfies

AD

(
µ(x), µ(y)

)
�D µ(z).

By transitivity,
λ �D µ(z),

and therefore
z ∈ Hµ

λ .

Hence,
x ◦ y ⊆ Hµ

λ .

4.4.3 Hierarchical SHv-Uncertain Sets

Definition 4.4.12 (Level-n SHv-structure). Let S be a nonempty base set, let

n ∈ N≥1,

and define
Hn := Pn

∗ (S).

Let
◦n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation.

For all
A,B ∈ P∗(Hn),

define
A ◦n B :=

⋃
A∈A
B∈B

(A ◦n B).

The pair
(Hn, ◦n)

is called a level-n SHv-structure of associative type if

A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅

for all
A,B,C ∈ Hn.
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Definition 4.4.13 (Level-n SHv-uncertain set). Let

(Hn, ◦n)

be a level-n SHv-structure, where
Hn = Pn

∗ (S),

and let
U = (D,�D,AD)

be an admissible uncertainty model.

A level-n SHv-uncertain set of type U is an uncertain set

µn : Hn −→ D

whose degree assignments are compatible with the superhyperoperation ◦n in the weak or strong
sense defined below.

Thus, for every hierarchical object
A ∈ Hn,

the value
µn(A) ∈ D

is an admissible uncertainty-degree vector associated with A.

Definition 4.4.14 (Hierarchical uncertainty-admissibility set). Let

µn : Hn −→ D

be an uncertain set on a level-n SHv-structure.

For all A,B ∈ Hn, define

Γ(n)
µn

(A,B) :=
{
C ∈ Hn

∣∣ AD

(
µn(A), µn(B)

)
�D µn(C)

}
.

Definition 4.4.15 (Weak level-n SHv-uncertain set). Let

(Hn, ◦n)

be a level-n SHv-structure, and let
µn : Hn −→ D

be an uncertain set of type
U = (D,�D,AD).

The mapping µn is called a weak level-n SHv-uncertain set if

(A ◦n B) ∩ Γ(n)
µn

(A,B) 6= ∅ for all A,B ∈ Hn.

Equivalently, for every A,B ∈ Hn, there exists at least one hierarchical object

C ∈ A ◦n B

such that
AD

(
µn(A), µn(B)

)
�D µn(C).

Unless otherwise stated, the expression SHv-uncertain set refers to a weak SHv-uncertain set.
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Definition 4.4.16 (Strong level-n SHv-uncertain set). Let

(Hn, ◦n)

be a level-n SHv-structure, and let
µn : Hn −→ D

be an uncertain set.

The mapping µn is called a strong level-n SHv-uncertain set if

A ◦n B ⊆ Γ(n)
µn

(A,B) for all A,B ∈ Hn.

Equivalently, for all A,B ∈ Hn and every

C ∈ A ◦n B,

one has
AD

(
µn(A), µn(B)

)
�D µn(C).

Definition 4.4.17 (Exact level-n SHv-uncertain set). A level-n SHv-uncertain set

µn : Hn −→ D

is called exact if
µn(C) = AD

(
µn(A), µn(B)

)
for all A,B ∈ Hn and every

C ∈ A ◦n B.

Remark 4.4.18 (Reduction to the Hv-case). If the hierarchy is extended to n = 0, then

H0 = P0
∗ (S) = S,

and
◦0 : S × S −→ P∗(S).

Accordingly,
µ0 : S −→ D

is an ordinary Hv-uncertain set.

Therefore, a level-0 SHv-uncertain set is precisely an Hv-uncertain set.

Remark 4.4.19 (Type consistency). For a level-n SHv-uncertain set, the hierarchical carrier is

Hn = Pn
∗ (S),

the superhyperoperation has the type

◦n : Hn ×Hn −→ P∗(Hn),
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and the uncertainty mapping has the type

µn : Hn −→ D.

Consequently, for A,B ∈ Hn, every candidate output

C ∈ A ◦n B

belongs to the same carrier Hn, and its uncertainty degree

µn(C)

belongs to the same degree domain D as µn(A) and µn(B).

Remark 4.4.20 (Difference from hyperuncertain sets). An Hv-uncertain set has a point-valued
uncertainty mapping

µ : H −→ D,

and the prefix Hv refers to compatibility with the Hv-hyperoperation.

By contrast, a level-q hyperuncertain set has a nested set-valued uncertainty mapping

µ̃ : H −→ Pq
∗(D).

Similarly, an SHv-uncertain set has a point-valued uncertainty mapping defined on a hierarchical
carrier:

µn : Pn
∗ (S) −→ D.

A superhyperuncertain set may instead have both a hierarchical domain and a hierarchical
uncertainty codomain:

µ(m,q) : Pm
∗ (S) −→ Pq

∗(D).

Therefore, Hv-uncertain sets and SHv-uncertain sets should not be identified automatically with
hyperuncertain sets or superhyperuncertain sets.

Remark 4.4.21 (Recovery of earlier uncertainty structures). The general definitions recover
several special cases.

1. Choosing
D = [0, 1], �D=≤, AD(a, b) = min{a, b},

yields Hv-fuzzy sets and SHv-fuzzy sets.

2. Choosing an intuitionistic fuzzy degree domain and its associated semantic order yields intu-
itionistic Hv-uncertain sets.

3. Choosing
D = [0, 1]3

with a neutrosophic semantic preorder and aggregation operator yields Hv-neutrosophic and
SHv-neutrosophic sets.

4. Choosing contradiction-adjusted plithogenic aggregation yields Hv-plithogenic and SHv-plithogenic
sets.
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Table 4.5: A comparison of uncertain, Hv-uncertain, and SHv-uncertain sets.
Uncertain Set Hv-Uncertain Set SHv-Uncertain Set

Domain A nonempty set X An Hv-carrier H A hierarchical carrier
Hn = Pn

∗ (S)

Uncertainty map µ : X → D µ : H → D µn : Hn → D

Underlying
operation

Not required ◦ : H ×H → P∗(H) ◦n : Hn ×Hn → P∗(Hn)

Weak
compatibility

Not applicable At least one z ∈ x ◦ y
satisfies

AD(µ(x), µ(y)) �D µ(z)

At least one C ∈ A ◦n B
satisfies

AD(µn(A), µn(B)) �D µn(C)

Strong
compatibility

Not applicable Every z ∈ x ◦ y satisfies
the uncertainty bound

Every C ∈ A ◦n B satisfies
the uncertainty bound

Source of
extension

Admissible uncertainty
degrees

Compatibility with an
Hv-hyperoperation

Hierarchical carrier and an
SHv-superhyperoperation

Level relation — Recovered from the
SHv-case at level 0

Reduces to the Hv-case at
level 0





Chapter 5

Generalized Hv- and SHv-Structures

In this chapter, we investigate generalized Hv- and SHv-Structures.

5.1 Meta-Hv-Structures and Meta-SHv-Structures

A metastructure formalizes a higher-level system whose elements are themselves mathematical
structures. Its meta-operations combine entire structures by fixed construction rules and are
required to be invariant under isomorphisms [176–178].

An Hv-structure is a hyperstructure in which one or more ordinary equational axioms are re-
placed by their corresponding weak forms. Thus, instead of requiring two set-valued expressions
to be equal, one requires them to have a nonempty intersection [41].

A Meta-Hv-Structure combines these two principles. Its elements are Hv-structures, its meta-
operations are set-valued operations on entire Hv-structures, and selected meta-level identities
are required to hold weakly.

A Meta-SHv-Structure is the hierarchical counterpart of a Meta-Hv-Structure. Its internal
objects are SHv-structures, and its meta-level carrier may itself consist of iterated nonempty
powersets of such structures.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

Define the iterated nonempty powersets recursively by

P0
∗ (X) := X, Pq+1

∗ (X) := P∗
(
Pq

∗(X)
)

(q ∈ N0).

99
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Definition 5.1.1 (Hv-structure over a signature). Let

Σ =
(
Func,Rel, arFunc, arRel

)
be a single-sorted finitary signature.

Let
Es and Ew

be families of strong and weak identities over Σ, respectively.

An Hv-structure of type (Σ, Es, Ew) is a structure

H =
(
H, (σH)σ∈Func, (R

H)R∈Rel
)
,

where H 6= ∅, each function symbol σ ∈ Func is interpreted as a hyperoperation

σH : HarFunc(σ) −→ P∗(H),

and each relation symbol R ∈ Rel is interpreted as an ordinary relation

RH ⊆ HarRel(R).

The identities in Es are satisfied strongly, whereas the identities in Ew are satisfied weakly.

More precisely, if
s(x1, . . . , xm) ≈ t(x1, . . . , xm)

belongs to Ew, then
sH(a1, . . . , am) ∩ tH(a1, . . . , am) 6= ∅

for all
a1, . . . , am ∈ H,

where terms are evaluated set-valuedly by extending every hyperoperation through unions.

Definition 5.1.2 (Isomorphism of Hv-structures). Let

H and K

be Hv-structures of the same signature Σ.

An Hv-structure isomorphism
α : H −→ K

is a bijection
α : H −→ K

such that, for every σ ∈ Func of arity r,

α
[
σH(x1, . . . , xr)

]
= σK(α(x1), . . . , α(xr)

)
for all x1, . . . , xr ∈ H , where

α[A] := {α(a) | a ∈ A}.

Moreover, for every relation symbol R ∈ Rel,

(x1, . . . , xr) ∈ RH ⇐⇒
(
α(x1), . . . , α(xr)

)
∈ RK.
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Let
HvStrΣ

denote a fixed set of representatives of Hv-structures of signature Σ, or, more generally, an
isomorphism-saturated set of such structures.

Definition 5.1.3 (Meta-hyperoperation). Let

U ⊆ HvStrΣ

be nonempty, and let k ∈ N≥1.

A k-ary meta-hyperoperation on U is a mapping

Φ : Uk −→ P∗(U).

Thus, for every tuple
(H1, . . . ,Hk) ∈ Uk,

the value
Φ(H1, . . . ,Hk)

is a nonempty family of Hv-structures belonging to U .

Definition 5.1.4 (Uniform meta-hyperoperation). A meta-hyperoperation

Φ : Uk −→ P∗(U)

is called uniformly generated if there exist:

1. a fixed nonempty index set JΦ; and

2. a fixed family of possibly partial constructors

CΦ,j : U
k ⇀ U, j ∈ JΦ,

such that, for every
(H1, . . . ,Hk) ∈ Uk,

at least one constructor is defined and

Φ(H1, . . . ,Hk) =

{
CΦ,j(H1, . . . ,Hk)

∣∣∣∣ j ∈ JΦ,
CΦ,j(H1, . . . ,Hk) is defined

}
.

The constructor family is fixed independently of the particular input structures. Therefore, the
same structural recipe is applied to every admissible input tuple.
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Definition 5.1.5 (Isomorphism-invariant meta-hyperoperation). A uniformly generated meta-
hyperoperation

Φ : Uk −→ P∗(U)

is called isomorphism-invariant if the following condition holds.

Suppose that
αi : Hi

∼=−→ Ki (1 ≤ i ≤ k)

are Hv-structure isomorphisms. Then there exists a bijection

Φ(α1, . . . , αk) : Φ(H1, . . . ,Hk) −→ Φ(K1, . . . ,Kk)

such that, for every
L ∈ Φ(H1, . . . ,Hk),

one has
L ∼= Φ(α1, . . . , αk)(L).

When these induced bijections preserve identity isomorphisms and composition of isomorphisms,
the meta-hyperoperation is said to be natural under isomorphisms.

5.1.1 Meta-Level Weak Identities

Definition 5.1.6 (Set-valued interpretation of meta-terms). Let

Ω

be a finitary meta-signature, and suppose that each λ ∈ Ω of arity kλ is interpreted by a meta-
hyperoperation

Φλ : Ukλ −→ P∗(U).

For a meta-term
t = t(X1, . . . , Xm)

and an assignment
(H1, . . . ,Hm) ∈ Um,

define its value
tM(H1, . . . ,Hm) ∈ P∗(U)

recursively as follows.

For a variable Xi, set
XM

i (H1, . . . ,Hm) := {Hi}.

If
t = λ(t1, . . . , tkλ

),

then define
tM(H1, . . . ,Hm) :=

⋃
L1∈tM1 (H1,...,Hm)

...
Lkλ

∈tMkλ
(H1,...,Hm)

Φλ(L1, . . . ,Lkλ
).
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Definition 5.1.7 (Weak satisfaction of a meta-identity). Let

s(X1, . . . , Xm) ≈ t(X1, . . . , Xm)

be an identity over the meta-signature Ω.

A system of meta-hyperoperations weakly satisfies this identity if

sM(H1, . . . ,Hm) ∩ tM(H1, . . . ,Hm) 6= ∅

for all
H1, . . . ,Hm ∈ U.

It strongly satisfies the identity if

sM(H1, . . . ,Hm) = tM(H1, . . . ,Hm)

for every admissible assignment.

Definition 5.1.8 (Meta-Hv-structure). Let

U ⊆ HvStrΣ

be a nonempty set of Hv-structures. Let Ω be a finitary meta-signature, and let

Emeta
s and Emeta

w

be specified families of strong and weak meta-identities.

A Meta-Hv-Structure is a system

MHv = (U, (Φλ)λ∈Ω)

such that:

(MHV1) For every λ ∈ Ω,
Φλ : Ukλ −→ P∗(U)

is a meta-hyperoperation.

(MHV2) Every Φλ is uniformly generated by a fixed family of constructors.

(MHV3) Every Φλ is isomorphism-invariant.

(MHV4) Every identity in Emeta
s is satisfied strongly.

(MHV5) Every identity in Emeta
w is satisfied weakly.

Thus, a Meta-Hv-Structure has two distinct weak structural levels:
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1. each element of U is itself an Hv-structure; and

2. the meta-hyperoperations on U satisfy selected meta-identities only in the weak intersection
sense.

Definition 5.1.9 (Binary associative Meta-Hv-structure). Let

Φ : U × U −→ P∗(U)

be a binary, uniformly generated, isomorphism-invariant meta-hyperoperation.

Extend Φ to nonempty families A,B ∈ P∗(U) by

A Φ B :=
⋃

A∈A
B∈B

Φ(A,B).

The pair
(U,Φ)

is called a binary associative Meta-Hv-Structure, or a Meta-Hv-semigroup, if

Φ
(
A,Φ(B,C)

)
∩ Φ

(
Φ(A,B),C

)
6= ∅

for all
A,B,C ∈ U.

Equivalently,  ⋃
X∈Φ(B,C)

Φ(A,X)

 ∩

 ⋃
Y∈Φ(A,B)

Φ(Y,C)

 6= ∅.

Remark 5.1.10 (Strong meta-associativity). If

Φ
(
A,Φ(B,C)

)
= Φ

(
Φ(A,B),C

)
for all A,B,C ∈ U , then (U,Φ) is strongly meta-associative.

Every strongly meta-associative meta-hyperstructure is a Meta-Hv-semigroup, but the converse
need not hold.

Definition 5.1.11 (Level-n SHv-structure over a signature). Let S be a nonempty base set, let

n ∈ N0,

and put
Hn := Pn

∗ (S).
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A level-n SHv-structure of signature Σ is a structure

S =
(
Hn, (σ

S)σ∈Func, (R
S)R∈Rel

)
,

where every r-ary function symbol is interpreted as a superhyperoperation

σS : Hr
n −→ P∗(Hn),

and the prescribed strong and weak internal identities are satisfied.

Let
SHvStr(n)Σ (S)

denote a fixed collection of level-n SHv-structures over S.

Definition 5.1.12 (Hierarchical meta-carrier). Let

U ⊆ SHvStr(n)Σ (S)

be nonempty, and let
q ∈ N0.

The level-q hierarchical meta-carrier over U is

Uq := Pq
∗(U).

Thus:
U0 = U, U1 = P∗(U), U2 = P∗

(
P∗(U)

)
,

and so forth.

The integer n describes the internal hierarchy of each SHv-structure, whereas q describes the
hierarchy at the meta-level.

Definition 5.1.13 (Level-q meta-superhyperoperation). Let

Uq = Pq
∗(U),

and let k ∈ N≥1.

A level-q meta-superhyperoperation is a map

Ψ : Uk
q −→ P∗(Uq).

Equivalently,
Ψ :

(
Pq

∗(U)
)k −→ P∗

(
Pq

∗(U)
)
.

Hence, each input is a level-q hierarchical collection of SHv-structures, and each output is a
nonempty family of level-q hierarchical collections.
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Definition 5.1.14 (Transport under a base bijection). Let

α : S −→ S

be a bijection. It induces maps
α[0] := α

and
α[j+1](A) :=

{
α[j](a) | a ∈ A

}
on all iterated nonempty powersets of S.

If
S ∈ SHvStr(n)Σ (S),

let
Sα

denote the SHv-structure obtained by transporting every internal operation and relation along
α[n].

This induces a map
ρα : U −→ U, ρα(S) := Sα,

whenever U is closed under such transports.

Define its lift to the hierarchical meta-carriers recursively by

ρ[0]α := ρα

and
ρ[q+1]
α (A) :=

{
ρ[q]α (A) | A ∈ A

}
.

Definition 5.1.15 (Natural meta-superhyperoperation). A level-q meta-superhyperoperation

Ψ : Uk
q −→ P∗(Uq)

is called natural under base bijections if, for every bijection α : S → S,

ρ[q]α [Ψ(A1, . . . , Ak)] = Ψ
(
ρ[q]α (A1), . . . , ρ

[q]
α (Ak)

)
for all A1, . . . , Ak ∈ Uq, where

ρ[q]α [B] :=
{
ρ[q]α (B) | B ∈ B

}
.

Thus, renaming the elements of the base set before applying the meta-superhyperoperation gives
the same result as applying the meta-superhyperoperation first and then transporting the output.
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Definition 5.1.16 (Meta-SHv-structure of profile (n, q)). Let S be a nonempty base set, let

n, q ∈ N0,

and let
U ⊆ SHvStr(n)Σ (S)

be nonempty. Put
Uq := Pq

∗(U).

Let Ω be a finitary meta-signature, and let

Emeta
s and Emeta

w

be specified families of strong and weak meta-identities.

A Meta-SHv-Structure of profile (n, q) is a system

MSH(n,q)
v = (Uq, (Ψλ)λ∈Ω)

such that:

(MSHV1) For every λ ∈ Ω of arity kλ,

Ψλ : Ukλ
q −→ P∗(Uq)

is a meta-superhyperoperation.

(MSHV2) Every Ψλ is generated by a fixed, input-independent family of constructors on level-q
meta-objects.

(MSHV3) Every Ψλ is natural under base bijections and, more generally, invariant under iso-
morphisms of the internal SHv-structures.

(MSHV4) Every identity in Emeta
s is satisfied strongly on the carrier Uq.

(MSHV5) Every identity in Emeta
w is satisfied weakly on the carrier Uq.

Meta-terms are evaluated set-valuedly in exactly the same recursive manner as in Definition 5.1.6,
with U and Φλ replaced by Uq and Ψλ, respectively.

Definition 5.1.17 (Binary Meta-SHv-semigroup). Let

Ψ : Uq × Uq −→ P∗(Uq)

be a binary, uniform, isomorphism-invariant meta-superhyperoperation.
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Extend Ψ to nonempty subsets A,B ∈ P∗(Uq) by

AΨ B :=
⋃
A∈A
B∈B

Ψ(A,B).

The pair
(Uq,Ψ)

is called a binary Meta-SHv-semigroup of profile (n, q) if

Ψ
(
A,Ψ(B,C)

)
∩Ψ

(
Ψ(A,B), C

)
6= ∅

for all
A,B,C ∈ Uq.

Equivalently,  ⋃
X∈Ψ(B,C)

Ψ(A,X)

 ∩

 ⋃
Y ∈Ψ(A,B)

Ψ(Y,C)

 6= ∅.

Remark 5.1.18 (The two hierarchical parameters). The profile

(n, q)

contains two conceptually different levels.

The parameter n determines the internal carrier of each SHv-structure:

Hn = Pn
∗ (S).

The parameter q determines the meta-level carrier:

Uq = Pq
∗(U).

Thus, a Meta-SHv-Structure can simultaneously represent:

1. hierarchical objects inside each individual structure; and

2. hierarchical collections of entire structures at the meta-level.

Remark 5.1.19 (Reduction relations). If q = 0, then

Uq = U,

and a Meta-SHv-Structure becomes a Meta-Hv-type structure whose elements are level-n SHv-
structures.

If n = 0, the internal SHv-structures reduce to ordinary Hv-structures.

Consequently, when
(n, q) = (0, 0),

a Meta-SHv-Structure reduces to a Meta-Hv-Structure.
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Table 5.1: A comparison of metastructures, Meta-Hv-Structures, and Meta-SHv-Structures.
Metastructure Meta-Hv-Structure Meta-SHv-Structure

Basic elements Classical structures Hv-structures Level-n SHv-structures or
hierarchical collections
thereof

Meta-carrier U U Uq = Pq
∗(U)

Meta-operation Φ : Uk → U Φ : Uk → P∗(U) Ψ : Uk
q → P∗(Uq)

Output type One structure A nonempty family of
structures

A nonempty family of
hierarchical meta-objects

Axiom form Usually strong equality Selected meta-identities
hold by nonempty
intersection

Selected hierarchical
meta-identities hold by
nonempty intersection

Uniformity Fixed constructor Fixed family of
constructors

Fixed family of
hierarchical constructors

Isomorphism
behavior

Isomorphism-invariant Invariant under
Hv-structure
isomorphisms

Natural under internal
isomorphisms and base-set
transports

Hierarchical levels No prescribed powerset
level

Internal Hv-level Internal level n and
meta-level q

Remark 5.1.20 (Difference from a Meta-SuperHyperStructure). A general Meta-SuperHyperStructure
may be described by mappings of the form

Φ : Uk −→ Pr
∗(U),

where the output height r records the nesting level of the result.

A Meta-SHv-Structure is more restrictive. It first fixes a hierarchical meta-carrier

Uq = Pq
∗(U)

and then uses operations of the type

Ψ : Uk
q −→ P∗(Uq).

This fixed-carrier formulation ensures that both sides of every weak meta-identity belong to the
same space

P∗(Uq).

Therefore, intersections such as
sMSHv(A) ∩ tMSHv(A)

are mathematically well-typed.

5.2 Ordered Hv-Structures and Ordered SHv-Structures

An ordered algebraic structure combines an algebraic operation with an order relation that is
compatible with that operation. In the setting of hyperstructures, the output of an operation
is a nonempty subset rather than a single element. Consequently, the order on the underlying
carrier must be lifted to an order-like relation between nonempty subsets (cf. [179–181]).
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An ordered Hv-structure is an Hv-structure equipped with a partial order or preorder such that
its hyperoperations are monotone with respect to a prescribed lifting of that order. Thus, the
weak algebraic axioms and the order-compatibility axioms describe two different aspects of the
structure.

An ordered SHv-structure is the corresponding hierarchical extension. Its carrier is an iterated
nonempty powerset, its order is obtained recursively from the order on the base set, and its
superhyperoperations are required to be monotone between the relevant hierarchical levels.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

Define the iterated nonempty powersets recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

Definition 5.2.1 (Hoare lifting of a preorder). Let

(X,�)

be a preordered set. For nonempty subsets

A,B ∈ P∗(X),

define the Hoare lifting of � by

A �H B ⇐⇒ for every a ∈ A there exists b ∈ B such that a � b.

Equivalently,
A �H B ⇐⇒ A ⊆↓� B,

where
↓� B := {x ∈ X | x � b for some b ∈ B} .

Proposition 5.2.2 (Preorder property of the Hoare lifting). If � is a preorder on X, then �H
is a preorder on P∗(X).

In particular, �H is reflexive and transitive. However, even when � is a partial order, �H need
not be antisymmetric.

Proof. For every
A ∈ P∗(X)

and every a ∈ A, reflexivity of � gives a � a. Hence,

A �H A.

Suppose that
A �H B and B �H C.
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For every a ∈ A, there exists b ∈ B such that a � b. There also exists c ∈ C such that b � c.
By transitivity,

a � c.

Therefore,
A �H C.

To see that antisymmetry may fail, consider

X = {0, 1}, 0 < 1,

and let
A = {1}, B = {0, 1}.

Then
A �H B and B �H A,

but
A 6= B.

Definition 5.2.3 (Recursive Hoare liftings). Let

(S,≤)

be a partially ordered set. Define relations

4n

on
Pn

∗ (S)

recursively as follows:
x 40 y ⇐⇒ x ≤ y (x, y ∈ S),

and, for every n ∈ N0,
A 4n+1 B

if and only if
for every a ∈ A there exists b ∈ B such that a 4n b,

where
A,B ∈ Pn+1

∗ (S).

Thus,
4n+1

is the Hoare lifting of
4n .
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Remark 5.2.4 (Preorder rather than partial order). For every n ∈ N0, the relation

4n

is reflexive and transitive. However, for n ≥ 1, it need not be antisymmetric.

Accordingly, the hierarchical carrier (
Pn

∗ (S),4n

)
is generally a preordered set rather than a partially ordered set.

When a genuine partial order is required, one may introduce the equivalence relation

A ≡n B ⇐⇒ A 4n B and B 4n A

and pass to the quotient
Pn

∗ (S)/≡n.

The relation induced by 4n on this quotient is a partial order.

Definition 5.2.5 (Set extension of a hyperoperation). Let H be a nonempty set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

For all
A,B ∈ P∗(H),

define
A ◦B :=

⋃
a∈A
b∈B

(a ◦ b).

In particular,
x ◦B :=

⋃
b∈B

(x ◦ b), A ◦ y :=
⋃
a∈A

(a ◦ y).

Definition 5.2.6 (Ordered binary hypergroupoid). Let

(H,≤)

be a partially ordered set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

The triple
(H, ◦,≤)



Chapter 5. Generalized Hv- and SHv-Structures 113

is called an ordered binary hypergroupoid if ◦ is monotone in each variable with respect to the
Hoare lifting of ≤. More precisely, for all x, y, z ∈ H ,

x ≤ y =⇒ x ◦ z 4H y ◦ z

and
x ≤ y =⇒ z ◦ x 4H z ◦ y.

Equivalently, if
x1 ≤ y1 and x2 ≤ y2,

then
x1 ◦ x2 4H y1 ◦ y2.

Definition 5.2.7 (Ordered Hv-structure of associative type). Let

(H,≤)

be a partially ordered set, and let

◦ : H ×H −→ P∗(H)

be a binary hyperoperation.

The triple
H≤

v = (H, ◦,≤)

is called an ordered Hv-structure of associative type, or an ordered Hv-semigroup, if the following
conditions hold:

(OHV1) Partial order.

The relation ≤ is a partial order on H .

(OHV2) Weak associativity.

For all x, y, z ∈ H ,
x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z 6= ∅.

(OHV3) Right order compatibility.

For all x, y, z ∈ H ,
x ≤ y =⇒ x ◦ z 4H y ◦ z.

(OHV4) Left order compatibility.

For all x, y, z ∈ H ,
x ≤ y =⇒ z ◦ x 4H z ◦ y.
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Equivalently, (H, ◦) is an Hv-semigroup and ◦ is coordinatewise monotone with respect to ≤ on
its inputs and 4H on its outputs.

Remark 5.2.8 (Elementwise form of monotonicity). The condition

x ◦ z 4H y ◦ z

means that, for every
u ∈ x ◦ z,

there exists
v ∈ y ◦ z

such that
u ≤ v.

Similarly,
z ◦ x 4H z ◦ y

means that every output obtained from z ◦ x is bounded above by at least one output obtained
from z ◦ y.

Definition 5.2.9 (Ordered Hv-group). An ordered Hv-semigroup

(H, ◦,≤)

is called an ordered Hv-group if it additionally satisfies the reproduction axiom

x ◦H = H = H ◦ x for every x ∈ H.

Definition 5.2.10 (Strongly associative ordered hyperstructure). An ordered Hv-semigroup

(H, ◦,≤)

is called strongly associative if

x ◦ (y ◦ z) = (x ◦ y) ◦ z for all x, y, z ∈ H.

In this case, (H, ◦,≤) is an ordered semihypergroup. Every ordered semihypergroup is an ordered
Hv-semigroup, but the converse need not hold.

Definition 5.2.11 (Ordered Hv-structure over a finitary signature). Let

Σ

be a finitary algebraic signature, and let

Es and Ew

be specified families of strong and weak identities over Σ.

An ordered Hv-structure of type (Σ, Es, Ew) is a system

H =
(
H,≤, (σH)σ∈Σ

)
such that:
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(OHS1) (H,≤) is a partially ordered set.

(OHS2) For every operation symbol σ ∈ Σ of arity rσ,

σH : Hrσ −→ P∗(H)

is a hyperoperation.

(OHS3) Every identity in Es is satisfied strongly.

(OHS4) Every identity in Ew is satisfied weakly; that is, if

s(x1, . . . , xm) ≈ t(x1, . . . , xm)

belongs to Ew, then
sH(a1, . . . , am) ∩ tH(a1, . . . , am) 6= ∅

for all a1, . . . , am ∈ H .

(OHS5) Every fundamental hyperoperation is coordinatewise monotone. More precisely, if

xi ≤ yi (1 ≤ i ≤ rσ),

then
σH(x1, . . . , xrσ) 4H σH(y1, . . . , yrσ).

Remark 5.2.12 (Independence of the weak and ordered axioms). The weak identities and the
order-compatibility conditions are logically distinct.

Weak associativity compares the two set-valued expressions

x ◦ (y ◦ z) and (x ◦ y) ◦ z

by requiring a nonempty intersection.

Order compatibility instead compares the outputs corresponding to ordered inputs:

x ≤ y =⇒ x ◦ z 4H y ◦ z.

Neither condition implies the other in general.

Definition 5.2.13 (Hierarchical ordered carrier). Let

(S,≤)

be a nonempty partially ordered set, and let

n ∈ N0.
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Define the level-n carrier by
Hn := Pn

∗ (S)

and equip it with the recursively lifted preorder

4n

from Definition 5.2.3.

The corresponding nonempty output space is

P∗(Hn) = Pn+1
∗ (S),

which is equipped with
4n+1 .

Definition 5.2.14 (Ordered level-n superhypergroupoid). Let

Hn = Pn
∗ (S),

and let
◦n : Hn ×Hn −→ P∗(Hn) = Pn+1

∗ (S)

be a binary superhyperoperation.

The triple
(Hn, ◦n,4n)

is called an ordered level-n superhypergroupoid if, for all A,B,C ∈ Hn,

A 4n B =⇒ A ◦n C 4n+1 B ◦n C

and
A 4n B =⇒ C ◦n A 4n+1 C ◦n B.

Equivalently, if
A1 4n B1 and A2 4n B2,

then
A1 ◦n A2 4n+1 B1 ◦n B2.

Definition 5.2.15 (Ordered level-n SHv-structure). Let

(S,≤)

be a nonempty partially ordered set, let

n ∈ N≥1,

and put
Hn = Pn

∗ (S).

Let
◦n : Hn ×Hn −→ P∗(Hn)

be a binary superhyperoperation.

The triple
H(n)

v,≤ = (Hn, ◦n,4n)

is called an ordered level-n SHv-structure of associative type, or an ordered level-n SHv-semigroup,
if the following conditions hold:
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(OSHV1) Hierarchical preorder.

The carrier Hn is equipped with the recursively lifted preorder

4n .

(OSHV2) Weak superhyperassociativity.

For all A,B,C ∈ Hn,
A ◦n (B ◦n C) ∩ (A ◦n B) ◦n C 6= ∅,

where ◦n is extended to nonempty subsets of Hn by

A ◦n B :=
⋃
A∈A
B∈B

(A ◦n B).

(OSHV3) Right hierarchical order compatibility.

For all A,B,C ∈ Hn,
A 4n B =⇒ A ◦n C 4n+1 B ◦n C.

(OSHV4) Left hierarchical order compatibility.

For all A,B,C ∈ Hn,
A 4n B =⇒ C ◦n A 4n+1 C ◦n B.

Thus, an ordered level-n SHv-semigroup is an SHv-semigroup whose superhyperoperation is
coordinatewise monotone from the level-n input order to the level-(n+ 1) output order.

Remark 5.2.16 (Why the output order has level n+ 1). The operation

◦n : Hn ×Hn −→ P∗(Hn)

does not return a single element of Hn. It returns a nonempty subset of Hn. Since

Hn = Pn
∗ (S),

one has
P∗(Hn) = Pn+1

∗ (S).

Consequently, the correct comparison between two outputs is

A ◦n C 4n+1 B ◦n C,

not
A ◦n C 4n B ◦n C.

The latter expression is generally ill-typed.

Definition 5.2.17 (Ordered SHv-group). An ordered level-n SHv-semigroup

(Hn, ◦n,4n)

is called an ordered level-n SHv-group if it additionally satisfies

A ◦n Hn = Hn = Hn ◦n A for every A ∈ Hn.
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5.2.1 Ordered SHv-Structures over a Signature

Definition 5.2.18 (Ordered level-n SHv-structure over a signature). Let

(S,≤)

be a nonempty partially ordered set, let

n ∈ N≥1,

and define
Hn := Pn

∗ (S).

Let Σ be a finitary algebraic signature, and let

Es and Ew

be specified families of strong and weak identities.

An ordered level-n SHv-structure of type (Σ, Es, Ew) is a system

Sn =
(
Hn,4n, (σ

Sn)σ∈Σ

)
such that:

(OSHS1) The carrier Hn is equipped with the recursively lifted preorder 4n.

(OSHS2) For every operation symbol σ ∈ Σ of arity rσ,

σSn : Hrσ
n −→ P∗(Hn) = Pn+1

∗ (S)

is a superhyperoperation.

(OSHS3) Every identity in Es is satisfied strongly.

(OSHS4) Every identity in Ew is satisfied weakly.

(OSHS5) Every superhyperoperation is coordinatewise monotone. More precisely, if

Ai 4n Bi (1 ≤ i ≤ rσ),

then
σSn(A1, . . . , Arσ) 4n+1 σ

Sn(B1, . . . , Brσ).
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Definition 5.2.19 (Strongly ordered SHv-structure). An ordered level-n SHv-structure is called
strongly ordered if, for every fundamental superhyperoperation σ,

Ai 4n Bi (1 ≤ i ≤ rσ)

implies both
σ(A1, . . . , Arσ) 4n+1 σ(B1, . . . , Brσ)

and
σ(B1, . . . , Brσ) 4n+1 σ(A1, . . . , Arσ)

whenever
Ai ≡n Bi (1 ≤ i ≤ rσ).

Equivalently, equivalent inputs with respect to ≡n produce equivalent outputs with respect to
≡n+1. This condition ensures that the operation is compatible with passage to the partially
ordered quotient.

Remark 5.2.20 (Reduction to the ordered Hv-case). If the hierarchy is extended to n = 0,
then

H0 = P0
∗ (S) = S, 40=≤,

and
◦0 : S × S −→ P∗(S).

The output comparison is made using
41,

which is precisely the Hoare lifting of ≤ to nonempty subsets of S. Therefore, an ordered level-0
SHv-structure is an ordered Hv-structure.

Remark 5.2.21 (The level-1 case). At level n = 1, the carrier is

H1 = P∗(S),

equipped with
41 .

The operation has the type
◦1 : P∗(S)× P∗(S) −→ P2

∗ (S),

and its outputs are compared by
42 .

Thus, a level-1 ordered SHv-structure is an ordered Hv-type structure on the carrier of nonempty
subsets of S; it is not automatically an ordered Hv-structure directly on S.
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Remark 5.2.22 (Difference from an ordered SuperHyperStructure). A general ordered Super-
HyperStructure may use an operation of the form

�(m,q) :
(
Pm

∗ (S)
)r −→ Pq

∗(S),

where the input and output levels m and q may be different.

An ordered SHv-structure instead fixes the carrier

Hn = Pn
∗ (S)

and uses operations of the form

◦n : Hr
n −→ P∗(Hn) = Pn+1

∗ (S).

This fixed-carrier formulation is essential for evaluating weak identities. Every set-valued term
evaluated at level n produces a nonempty subset of Hn, so the two sides of a weak identity can
be compared by intersection.

Example 5.2.23 (An ordered Hv-semigroup on N0). Let

H = N0

with the usual order, and define

x ◦ y := {x+ y, x+ y + 1}.

For all x, y, z ∈ H , one has

x ◦ (y ◦ z) = {x+ y + z, x+ y + z + 1, x+ y + z + 2}

and
(x ◦ y) ◦ z = {x+ y + z, x+ y + z + 1, x+ y + z + 2}.

Hence, the operation is strongly associative and therefore weakly associative.

Suppose that
x ≤ y.

For every
u ∈ x ◦ z = {x+ z, x+ z + 1},

the corresponding element
v := u+ (y − x)

belongs to
y ◦ z = {y + z, y + z + 1}

and satisfies
u ≤ v.

Therefore,
x ◦ z 4H y ◦ z.

Similarly,
z ◦ x 4H z ◦ y.

Consequently,
(N0, ◦,≤)

is an ordered semihypergroup and, in particular, an ordered Hv-semigroup.
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Table 5.2: A comparison of ordered hyperstructures, ordered Hv-structures, and ordered SHv-
structures.

Ordered
Hyperstructure

Ordered Hv-Structure Ordered
SHv-Structure

Carrier A poset (H,≤) A poset (H,≤) A hierarchical preordered
carrier

Hn = Pn
∗ (S)

Operation
◦ : Hr → P∗(H) ◦ : Hr → P∗(H)

◦n : Hr
n → P∗(Hn)

Associativity-type
axiom

Usually strong equality Nonempty intersection Nonempty intersection at
the hierarchical level

Input order ≤ ≤ 4n

Output order Hoare lifting of ≤ Hoare lifting of ≤ 4n+1

Monotonicity Coordinatewise Coordinatewise Coordinatewise between
levels n and n+ 1

Special-case
relation

An ordered
semihypergroup is
strongly associative

Includes ordered
semihypergroups as
special cases

Reduces to the ordered
Hv-case at level n = 0

5.3 Multi-HyperStructures, Multi-SuperHyperStructures, Multi-Hv-Structures,
and Multi-SHv-Structures

A mathematical structure may carry several operations simultaneously. For example, a ring has
addition and multiplication, a lattice has meet and join, and an algebra over a signature may
contain an arbitrary family of operations of different arities.

A Multi-HyperStructure extends this idea by assigning several hyperoperations to the same car-
rier. The prefix “multi” refers to the presence of multiple operation symbols and should not be
confused with “multiary,” which refers to the number of inputs of an individual operation.

A Multi-SuperHyperStructure further allows these operations to act between specified iterated
powerset levels. In its algebraically closed form, all operations act on one fixed hierarchical
carrier and return nonempty sets of elements of that carrier.

A Multi-Hv-Structure is a Multi-HyperStructure in which selected identities involving one or
several hyperoperations are required only in the weak intersection sense. A Multi-SHv-Structure
is the corresponding hierarchical version defined on an iterated nonempty powerset carrier.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

The iterated nonempty powersets are defined recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).
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5.3.1 Multi-Hyperoperation Signatures

Definition 5.3.1 (Multi-hyperoperation signature). A multi-hyperoperation signature is a pair

Σmh = (I, ar),

where I is a nonempty index set and

ar : I −→ N≥1

assigns a positive arity to each operation symbol.

For every i ∈ I, write
ri := ar(i).

Thus, I indexes the different operations, whereas ri records the number of inputs of the i-th
operation.

Remark 5.3.2 (Multi versus multiary). The two notions are logically independent.

A structure is multi when it possesses several operation symbols:

{◦i}i∈I .

An individual operation ◦i is ri-ary when it accepts ri inputs.

Consequently, a Multi-HyperStructure may consist entirely of binary hyperoperations, while a
structure with a single ternary hyperoperation is multiary but not multi in the operation-indexed
sense.

5.3.2 Multi-HyperStructures

Definition 5.3.3 (Multi-HyperStructure). Let

Σmh = (I, ar)

be a multi-hyperoperation signature, and let H be a nonempty set.

A Multi-HyperStructure of signature Σmh is a system

Hmulti = (H, (◦i)i∈I) ,

where, for every i ∈ I,
◦i : Hri −→ P∗(H)

is an ri-ary hyperoperation.



Chapter 5. Generalized Hv- and SHv-Structures 123

Thus, for every
(x1, . . . , xri) ∈ Hri ,

the value
◦i(x1, . . . , xri)

is a nonempty subset of H .

No associativity, commutativity, reproduction, distributivity, or other algebraic axiom is imposed
unless it is stated separately.

Definition 5.3.4 (Canonical subset extension). Let

Hmulti = (H, (◦i)i∈I)

be a Multi-HyperStructure.

For every i ∈ I and all nonempty subsets

A1, . . . , Ari ∈ P∗(H),

define
◦i(A1, . . . , Ari) :=

⋃
x1∈A1

...
xri

∈Ari

◦i(x1, . . . , xri).

Whenever an element x ∈ H occurs in a subset position, it is identified with its singleton {x}.

Definition 5.3.5 (Sub-Multi-HyperStructure). Let

Hmulti = (H, (◦i)i∈I)

be a Multi-HyperStructure.

A nonempty subset K ⊆ H is called a sub-Multi-HyperStructure if

◦i(K, . . . ,K) ⊆ K

for every i ∈ I.

Equivalently, for every i ∈ I and all

x1, . . . , xri ∈ K,

one has
◦i(x1, . . . , xri) ⊆ K.
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Definition 5.3.6 (Homomorphism of Multi-HyperStructures). Let

H =
(
H, (◦H

i )i∈I

)
and

K =
(
K, (◦K

i )i∈I

)
be Multi-HyperStructures of the same signature.

A mapping
f : H −→ K

is called a Multi-HyperStructure homomorphism if

f
[
◦H
i (x1, . . . , xri)

]
⊆ ◦K

i

(
f(x1), . . . , f(xri)

)
for every i ∈ I and all x1, . . . , xri ∈ H .

It is called a strong homomorphism if equality holds:

f
[
◦H
i (x1, . . . , xri)

]
= ◦K

i

(
f(x1), . . . , f(xri)

)
.

A bijective strong homomorphism is called an isomorphism of Multi-HyperStructures.

5.3.3 Term Evaluation and Weak Identities

Definition 5.3.7 (Set-valued interpretation of multi-terms). Let

Hmulti = (H, (◦i)i∈I)

be a Multi-HyperStructure.

Every term t = t(x1, . . . , xm) over Σmh is assigned a nonempty subset

tH(a1, . . . , am) ∈ P∗(H)

for each
(a1, . . . , am) ∈ Hm

as follows.

For a variable xj , define
xH
j (a1, . . . , am) := {aj}.

If
t = ◦i(t1, . . . , tri),

define
tH(a1, . . . , am) := ◦i

(
tH
1 (a1, . . . , am), . . . , t

H
ri
(a1, . . . , am)

)
,

where ◦i is interpreted through its canonical subset extension.
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Definition 5.3.8 (Strong and weak satisfaction). Let

s(x1, . . . , xm) ≈ t(x1, . . . , xm)

be an identity over Σmh.

A Multi-HyperStructure Hmulti satisfies this identity strongly if

sH(a1, . . . , am) = tH(a1, . . . , am)

for all a1, . . . , am ∈ H .

It satisfies the identity weakly if

sH(a1, . . . , am) ∩ tH(a1, . . . , am) 6= ∅

for all a1, . . . , am ∈ H .

Definition 5.3.9 (Multi-Hv-Structure). Let

Σmh = (I, ar)

be a multi-hyperoperation signature. Let

Es and Ew

be specified families of strong and weak identities over Σmh, respectively.

A Multi-Hv-Structure of type (Σmh, Es, Ew) is a system

Hv,multi = (H, (◦i)i∈I ; Es, Ew)

such that:

(MHV1) H is nonempty;

(MHV2) for every i ∈ I,
◦i : Hri −→ P∗(H)

is an ri-ary hyperoperation;

(MHV3) every identity in Es is satisfied strongly;

(MHV4) every identity in Ew is satisfied weakly.

Thus, a Multi-Hv-Structure may contain:

1. weak identities involving only one hyperoperation; and
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2. mixed weak identities involving two or more distinct hyperoperations.

Definition 5.3.10 (Operationwise Multi-Hv-semigroup). Let I index binary hyperoperations

◦i : H ×H −→ P∗(H).

The system
(H, (◦i)i∈I)

is called an operationwise Multi-Hv-semigroup if

x ◦i (y ◦i z) ∩ (x ◦i y) ◦i z 6= ∅

for every i ∈ I and all x, y, z ∈ H .

Equivalently, each individual pair
(H, ◦i)

is an Hv-semigroup.

Definition 5.3.11 (Mixed weak distributivity). Let ◦i and ◦j be binary hyperoperations on H .

The operation ◦i is called left weakly distributive over ◦j if

x ◦i (y ◦j z) ∩
(
(x ◦i y) ◦j (x ◦i z)

)
6= ∅

for all x, y, z ∈ H .

It is called right weakly distributive over ◦j if

(x ◦j y) ◦i z ∩
(
(x ◦i z) ◦j (y ◦i z)

)
6= ∅

for all x, y, z ∈ H .

These conditions are mixed weak identities because they involve two different hyperoperations.

Remark 5.3.12 (Ring-type example). An Hv-ring

(R,⊕,⊗)

is a particular binary Multi-Hv-Structure with operation index set

I = {+, ·}.

Its defining weak identities include weak associativity of ⊕, weak associativity of ⊗, and weak
distributivity of ⊗ over ⊕. The additive reproduction axiom is an additional non-equational
condition.
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Definition 5.3.13 (Multi-level operation profile). Let I be a nonempty index set. A multi-level
operation profile on I is a family

Θ = ((mi, ni, ri))i∈I ,

where
mi, ni ∈ N0 and ri ∈ N≥1.

The integer mi is the input level, ni is the output level, and ri is the arity of the i-th operation.

Definition 5.3.14 (Profiled Multi-SuperHyperStructure). Let S be a nonempty base set, and
let

Θ = ((mi, ni, ri))i∈I

be a multi-level operation profile.

A profiled Multi-SuperHyperStructure over S is a system

SHΘ
multi = (S, (?i)i∈I ; Θ) ,

where, for every i ∈ I,
?i : (Pmi

∗ (S))
ri −→ Pni

∗ (S).

Thus, different operations may possess different arities, different input levels, and different output
levels.

Remark 5.3.15 (Typing of mixed expressions). In a profiled Multi-SuperHyperStructure, an
expression involving several operations is meaningful only when the corresponding levels match.

For example, an output of ?j may be inserted as an input of ?i only if

nj = mi

or if an explicitly defined embedding or level-transition map is provided.

Consequently, a general profiled Multi-SuperHyperStructure is most naturally regarded as a
many-sorted structure, whose sorts are the levels

Pq
∗(S).

Definition 5.3.16 (Closed level-n Multi-SuperHyperStructure). Let S be a nonempty base set,
let

n ∈ N0,

and put
Hn := Pn

∗ (S).
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Let
Σmh = (I, ar)

be a multi-hyperoperation signature.

A closed level-n Multi-SuperHyperStructure is a system

SH(n)
multi =

(
Hn, (?

(n)
i )i∈I

)
,

where, for every i ∈ I,
?
(n)
i : Hri

n −→ P∗(Hn).

Equivalently,
?
(n)
i : (Pn

∗ (S))
ri −→ Pn+1

∗ (S).

The word “closed” means that every output is a nonempty set of elements of the same carrier
Hn, so that the operations can be composed through their canonical subset extensions.

Definition 5.3.17 (Canonical extension of multiple superhyperoperations). Let

SH(n)
multi =

(
Hn, (?

(n)
i )i∈I

)
be a closed level-n Multi-SuperHyperStructure.

For every i ∈ I and all
A1, . . . ,Ari ∈ P∗(Hn),

define
?
(n)
i (A1, . . . ,Ari) :=

⋃
A1∈A1

...
Ari

∈Ari

?
(n)
i (A1, . . . , Ari).

This extension ensures that every well-formed term over the multi-signature has a value in

P∗(Hn).

5.3.4 Multi-SHv-Structures

Definition 5.3.18 (Multi-SHv-Structure). Let S be a nonempty base set, let

n ∈ N0,

and define
Hn := Pn

∗ (S).

Let
Σmh = (I, ar)
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be a multi-hyperoperation signature, and let

E (n)
s and E (n)

w

be specified families of strong and weak identities over this signature.

A level-n Multi-SHv-Structure of type (
Σmh, E (n)

s , E (n)
w

)
is a system

SH(n)
v,multi =

(
Hn, (?

(n)
i )i∈I ; E (n)

s , E (n)
w

)
such that:

(MSHV1) Hn = Pn
∗ (S);

(MSHV2) for every i ∈ I,
?
(n)
i : Hri

n −→ P∗(Hn)

is an ri-ary superhyperoperation;

(MSHV3) every identity in E (n)
s is satisfied strongly;

(MSHV4) every identity in E (n)
w is satisfied weakly.

More explicitly, if
s(X1, . . . , Xm) ≈ t(X1, . . . , Xm)

belongs to E (n)
w , then

sSH(n)
v (A1, . . . , Am) ∩ tSH(n)

v (A1, . . . , Am) 6= ∅

for all
A1, . . . , Am ∈ Hn.

Definition 5.3.19 (Operationwise Multi-SHv-semigroup). Let

?
(n)
i : Hn ×Hn −→ P∗(Hn) (i ∈ I)

be binary superhyperoperations.

The system (
Hn, (?

(n)
i )i∈I

)
is called an operationwise level-n Multi-SHv-semigroup if

A ?
(n)
i

(
B ?

(n)
i C

)
∩
(
A ?

(n)
i B

)
?
(n)
i C 6= ∅

for every i ∈ I and all A,B,C ∈ Hn.

Equivalently, each
(Hn, ?

(n)
i )

is a level-n SHv-semigroup.
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Definition 5.3.20 (Mixed weak superhyperdistributivity). Let

?
(n)
i , ?

(n)
j : Hn ×Hn −→ P∗(Hn)

be two binary superhyperoperations.

The operation ?
(n)
i is called left weakly superhyperdistributive over ?

(n)
j if

A ?
(n)
i

(
B ?

(n)
j C

)
∩
((

A ?
(n)
i B

)
?
(n)
j

(
A ?

(n)
i C

))
6= ∅

for all A,B,C ∈ Hn.

It is called right weakly superhyperdistributive over ?
(n)
j if(

A ?
(n)
j B

)
?
(n)
i C ∩

((
A ?

(n)
i C

)
?
(n)
j

(
B ?

(n)
i C

))
6= ∅.

Definition 5.3.21 (Sub-Multi-SHv-Structure). Let

SH(n)
v,multi =

(
Hn, (?

(n)
i )i∈I

)
be a level-n Multi-SHv-Structure.

A nonempty subset
Kn ⊆ Hn

is called a sub-Multi-SHv-Structure if

?
(n)
i (Kn, . . . ,Kn) ⊆ Kn

for every i ∈ I.

If additional reproduction or other non-equational axioms are imposed on the ambient structure,
the corresponding substructure conditions must also be stated separately.

5.3.5 Strong and Degenerate Cases

Definition 5.3.22 (Strong Multi-HyperStructure). A Multi-Hv-Structure is called strong with
respect to its specified identities if every identity in

Ew

holds with equality rather than merely by nonempty intersection.

Thus, for every
s ≈ t ∈ Ew,

one has
sH(a) = tH(a)

for all admissible assignments a.
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Definition 5.3.23 (Strong Multi-SuperHyperStructure). A level-n Multi-SHv-Structure is called
strong with respect to its specified identities if every identity in

E (n)
w

holds as an equality of nonempty subsets of Hn.

Every such structure is a Multi-SHv-Structure, but a general Multi-SHv-Structure need not be
strong.

Remark 5.3.24 (Singleton-valued reduction). Suppose that, for every i ∈ I, there exists an
ordinary operation

fi : H
ri −→ H

such that
◦i(x1, . . . , xri) = {fi(x1, . . . , xri)} .

Then the Multi-HyperStructure reduces to the ordinary multi-operation algebra

(H, (fi)i∈I) .

Likewise, if every operation of a Multi-SHv-Structure is singleton-valued on Hn, the structure
reduces to an ordinary multi-operation algebra on the hierarchical carrier Hn.

5.3.6 Reduction Relations

Proposition 5.3.25 (Basic reductions). The following reductions hold.

1. If I contains exactly one operation symbol, then a Multi-HyperStructure reduces to an ordinary
hyperstructure.

2. If I contains exactly one operation symbol, then a Multi-Hv-Structure reduces to an Hv-
structure of the corresponding type.

3. If the hierarchy level is n = 0, then

H0 = P0
∗ (S) = S,

and a closed level-0 Multi-SuperHyperStructure reduces to a Multi-HyperStructure.

4. If n = 0, then a level-0 Multi-SHv-Structure reduces to a Multi-Hv-Structure.

5. If I contains one operation symbol and n = 0, then a Multi-SHv-Structure reduces to an
ordinary Hv-structure.
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6. If all operation values are singletons and all specified identities hold strongly, then the corre-
sponding structure reduces to an ordinary algebra with multiple operations.

Remark 5.3.26 (Fixed-carrier requirement for SHv-identities). A general profiled Multi-SuperHyperStructure
permits operations

?i : (Pmi
∗ (S))

ri −→ Pni
∗ (S)

with different input and output levels.

However, a one-sorted Multi-SHv-Structure used for weak equational reasoning should have the
fixed-carrier form

?
(n)
i : Hri

n −→ P∗(Hn).

This requirement guarantees that every term value belongs to

P∗(Hn),

and hence an expression of the form

sSH(n)
v (A) ∩ tSH(n)

v (A)

is mathematically well-defined.

More general level profiles may still support weak identities, but they must be formulated in a
properly typed many-sorted language.

Remark 5.3.27 (The meaning of the two prefixes). In the term

Multi-SHv-Structure,

the two prefixes encode independent generalizations.

The prefix Multi indicates that the structure carries several indexed operations:

(?
(n)
i )i∈I .

The prefix SHv indicates that:

1. the carrier is hierarchical,
Hn = Pn

∗ (S);

2. each operation is set-valued on this carrier; and

3. selected identities hold only in the weak nonempty-intersection sense.
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Table 5.3: A comparison of Multi-HyperStructures, Multi-SuperHyperStructures, Multi-Hv-
Structures, and Multi-SHv-Structures.

Concept Carrier Operations Defining feature

Multi-
HyperStructure

A nonempty set H

◦i : Hri → P∗(H)

Several indexed
hyperoperations; no weak
identities required by
default

Profiled Multi-
SuperHyperStructure

Several levels Pmi
∗ (S)

?i :
(
Pmi
∗ (S)

)ri → Pni
∗ (S)

Different operations may
have different input and
output levels

Closed level-n Multi-
SuperHyperStructure Hn = Pn

∗ (S)
?
(n)
i : Hri

n → P∗(Hn)

All operations are closed
on one hierarchical
carrier

Multi-Hv-Structure A nonempty set H

◦i : Hri → P∗(H)

Specified identities
involving one or more
operations hold by
nonempty intersection

Multi-SHv-Structure
Hn = Pn

∗ (S)
?
(n)
i : Hri

n → P∗(Hn)

Multiple hierarchical
hyperoperations together
with weak
single-operation or mixed
identities





Chapter 6

HyperStructure and SuperHyperStructure
in Basic Science

HyperStructures and SuperHyperStructures are also studied and applied in fields beyond math-
ematics. In this chapter, we revisit these notions in the context of the basic sciences. As a
reference, Table 6.1 summarizes classical concepts and their hyper/superhyper counterparts in
chemical, physical, and medical sciences.

6.1 Chemical Hv-Structures and Chemical SHv-Structures

Chemical hyperstructures provide algebraic models for chemical reaction systems in which a
pair of reactants may produce several admissible products [182–185]. In redox applications,
the hyperoperation may be determined by selecting the products associated with spontaneous
reaction channels having maximal standard cell potential.

A chemical Hv-structure is obtained when the chemically induced hyperoperation satisfies a
prescribed weak algebraic law, such as weak associativity (cf. [58]). A chemical SHv-structure
extends this construction to a hierarchical carrier whose elements are nested collections of chem-
ical species or reaction outcomes.

Throughout this section, for every nonempty set X, write

P∗(X) := P(X) \ {∅}.

Define the iterated nonempty powersets recursively by

P0
∗ (X) := X, Pn+1

∗ (X) := P∗
(
Pn

∗ (X)
)

(n ∈ N0).

135
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Table 6.1: Classical concepts and their hyper/superhyper counterparts in chemical, physical, and
medical sciences.

Classical Concepts HyperConcepts SuperHyperConcepts
Chemical Structure (reaction/interaction structure) Chemical HyperStructure Chemical SuperHyperStructure

6.1.1 Chemical Hyperoperations Induced by Redox Reactions

Definition 6.1.1 (Chemical reaction-selection system). Let

G = {X1, . . . , Xk}

be a finite nonempty set of chemical species, oxidation states, ions, molecules, or other chemically
distinguishable entities.

For every ordered pair
(X,Y ) ∈ G×G,

let
R(X,Y )

be a finite nonempty set of admissible reaction channels involving X and Y . Each reaction
channel

ρ ∈ R(X,Y )

is equipped with:

1. a nonempty product set
Prod(ρ) ∈ P∗(G);

2. a real-valued reaction score
∆E◦(ρ) ∈ R.

In a redox model, the score may be taken as the standard cell potential

∆E◦(ρ) = E◦
cell(ρ) = E◦

cathode(ρ)− E◦
anode(ρ).

A reaction channel is called spontaneous under the adopted standard-condition criterion if

∆E◦(ρ) > 0.

Define
R+(X,Y ) := {ρ ∈ R(X,Y ) | ∆E◦(ρ) > 0} .

To obtain a total hyperoperation, assume that

R+(X,Y ) 6= ∅ for every (X,Y ) ∈ G×G.
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Remark 6.1.2 (Partial chemical operations). If

R+(X,Y ) = ∅

for some pair (X,Y ), then the maximal-spontaneous-reaction rule does not define a total hyper-
operation on G.

In that case, one must either:

1. treat the operation as a partial hyperoperation;

2. introduce a distinguished no-reaction element; or

3. specify an alternative fallback rule.

The totality assumption in Definition 6.1.1 avoids this ambiguity.

Definition 6.1.3 (Chemically induced hyperoperation). Let(
G, {R(X,Y )}X,Y ∈G

)
be a chemical reaction-selection system.

For every X,Y ∈ G, define the maximal positive reaction score by

M(X,Y ) := max
{
∆E◦(ρ)

∣∣ ρ ∈ R+(X,Y )
}
.

The set of dominant reaction channels is

Rmax(X,Y ) :=
{
ρ ∈ R+(X,Y )

∣∣ ∆E◦(ρ) = M(X,Y )
}
.

Define
⊕ : G×G −→ P∗(G)

by
X ⊕ Y :=

⋃
ρ∈Rmax(X,Y )

Prod(ρ).

The pair
(G,⊕)

is called the chemical hyperstructure induced by the maximal positive reaction-score rule.

If several reaction channels attain the same maximal positive score, all products arising from
those tied dominant channels are included in X ⊕ Y .
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Remark 6.1.4 (Extension to sets of species). For all

A,B ∈ P∗(G),

extend the chemically induced hyperoperation by

A⊕B :=
⋃
X∈A
Y ∈B

(X ⊕ Y ).

In particular,
X ⊕B =

⋃
Y ∈B

(X ⊕ Y ), A⊕ Y =
⋃
X∈A

(X ⊕ Y ).

This extension is used when evaluating iterated chemical hyperproducts.

6.1.2 Chemical Hv-Structures

Definition 6.1.5 (Chemical Hv-structure). Let

(G,⊕)

be a chemically induced hyperstructure as in Definition 6.1.3.

The pair
Cv = (G,⊕)

is called a chemical Hv-structure of associative type, or a chemical Hv-semigroup, if

X ⊕ (Y ⊕ Z) ∩ (X ⊕ Y )⊕ Z 6= ∅

for all
X,Y, Z ∈ G.

Equivalently, ( ⋃
U∈Y⊕Z

X ⊕ U

)
∩
( ⋃

V ∈X⊕Y

V ⊕ Z

)
6= ∅

for all X,Y, Z ∈ G.

Definition 6.1.6 (Chemical Hv-group). A chemical Hv-semigroup

(G,⊕)

is called a chemical Hv-group if it additionally satisfies the reproduction axiom

X ⊕G = G = G⊕X for every X ∈ G.

Thus, a chemical Hv-group is a chemically induced hyperstructure satisfying both weak associa-
tivity and reproduction.
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Definition 6.1.7 (Chemical hypergroup). A chemical Hv-group

(G,⊕)

is called a chemical hypergroup if the weak associativity condition is strengthened to

X ⊕ (Y ⊕ Z) = (X ⊕ Y )⊕ Z for all X,Y, Z ∈ G.

Every chemical hypergroup is a chemical Hv-group, but the converse need not hold.

Example 6.1.8 (A toy chemical Hv-group). Let

G = {X1, X2, X3}.

Assume that, for every ordered pair (Xi, Xj), the dominant positive reaction channels produce
precisely the species appearing among the two reactants. Thus, define

Xi ⊕Xj := {Xi, Xj}.

When i = j, this gives
Xi ⊕Xi = {Xi}.

This rule may be realized by assigning the maximal positive reaction score to channels whose
combined product set is {Xi, Xj}, while assigning smaller scores to all remaining candidate
channels.

For all Xi, Xj, X` ∈ G,

Xi ⊕ (Xj ⊕X`) =
⋃

Y ∈{Xj ,X`}

(Xi ⊕ Y ) = {Xi, Xj, X`}.

Similarly,
(Xi ⊕Xj)⊕X` =

⋃
Y ∈{Xi,Xj}

(Y ⊕X`) = {Xi, Xj, X`}.

Therefore,
Xi ⊕ (Xj ⊕X`) = (Xi ⊕Xj)⊕X`,

so the chemical hyperoperation is strongly associative.

Moreover,

Xi ⊕G =
3⋃

j=1

{Xi, Xj} = G,

and similarly,
G⊕Xi = G.

Hence,
(G,⊕)

is a chemical hypergroup and, in particular, a chemical Hv-group.
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6.1.3 Hierarchical Chemical Reaction Systems

Definition 6.1.9 (Level-n hierarchical chemical carrier). Let G be a finite nonempty set of
chemical species, and let

n ∈ N≥1.

Define the level-n hierarchical chemical carrier by

Gn := Pn
∗ (G).

An element
A ∈ Gn

is called a level-n chemical object. Depending on the application, such an object may represent a
nonempty family of species, a family of reaction-product sets, a collection of reaction pathways,
or a nested organization of chemical states.

Definition 6.1.10 (Hierarchical chemical reaction-selection system). Let

Gn = Pn
∗ (G).

For every ordered pair
(A,B) ∈ Gn ×Gn,

let
Rn(A,B)

be a finite nonempty family of admissible hierarchical reaction channels.

Each
ρ ∈ Rn(A,B)

is equipped with:

1. a hierarchical product object
Prodn(ρ) ∈ Gn;

2. a real-valued hierarchical reaction score

∆E◦
n(ρ) ∈ R.

Define
R+

n (A,B) := {ρ ∈ Rn(A,B) | ∆E◦
n(ρ) > 0} .

Assume that
R+

n (A,B) 6= ∅ for every A,B ∈ Gn.

The score ∆E◦
n may represent a directly measured hierarchical criterion or an explicitly specified

aggregation of lower-level reaction scores.
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Definition 6.1.11 (Chemically induced level-n superhyperoperation). For every A,B ∈ Gn,
define

Mn(A,B) := max
{
∆E◦

n(ρ)
∣∣ ρ ∈ R+

n (A,B)
}
,

and
Rn,max(A,B) :=

{
ρ ∈ R+

n (A,B)
∣∣ ∆E◦

n(ρ) = Mn(A,B)
}
.

Define
�n : Gn ×Gn −→ P∗(Gn)

by
A�n B := {Prodn(ρ) | ρ ∈ Rn,max(A,B)} .

Equivalently,
�n : Pn

∗ (G)× Pn
∗ (G) −→ P∗

(
Pn

∗ (G)
)
= Pn+1

∗ (G).

The pair
(Gn,�n)

is called the level-n chemical SuperHyperStructure induced by the hierarchical maximal-score rule.

Definition 6.1.12 (Extension of the chemical superhyperoperation). For all

A,B ∈ P∗(Gn),

define
A�n B :=

⋃
A∈A
B∈B

(A�n B).

In particular,
A�n B =

⋃
B∈B

(A�n B),

and
A�n B =

⋃
A∈A

(A�n B).

Definition 6.1.13 (Chemical SHv-structure). Let

Gn = Pn
∗ (G),

and let
�n : Gn ×Gn −→ P∗(Gn)

be a chemically induced superhyperoperation.

The pair
C(n)

v = (Gn,�n)
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is called a level-n chemical SHv-structure of associative type, or a level-n chemical SHv-semigroup,
if

A�n (B �n C) ∩ (A�n B)�n C 6= ∅

for all
A,B,C ∈ Gn.

Equivalently, ( ⋃
X∈B�nC

A�n X

)
∩
( ⋃

Y ∈A�nB

Y �n C

)
6= ∅.

Definition 6.1.14 (Chemical SHv-group). A level-n chemical SHv-semigroup

(Gn,�n)

is called a level-n chemical SHv-group if

A�n Gn = Gn = Gn �n A for every A ∈ Gn.

Definition 6.1.15 (Strong chemical SuperHyperStructure). A level-n chemical SHv-semigroup

(Gn,�n)

is called a strong chemical SuperHyperStructure of associative type if

A�n (B �n C) = (A�n B)�n C

for all
A,B,C ∈ Gn.

Every strong chemical SuperHyperStructure of associative type is a chemical SHv-semigroup,
but the converse need not hold.

Example 6.1.16 (A level-1 chemical SHv-group). Let

G = {X1, X2, X3}, G1 = P∗(G).

Suppose that, for every A,B ∈ G1, the hierarchical reaction system has exactly three dominant
outcomes, tied at the same maximal positive score:

1. retention of the first chemical family A;

2. retention of the second chemical family B;

3. formation of the combined family A ∪B.
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Define
A�1 B := {A,B,A ∪B}.

Because A and B are nonempty,
A, B, A ∪B ∈ G1,

and hence
A�1 B ∈ P∗(G1).

For A,B,C ∈ G1, direct expansion gives

A�1 (B �1 C) = {A,B,C,A ∪B,A ∪ C,B ∪ C,A ∪B ∪ C}.

Similarly,
(A�1 B)�1 C = {A,B,C,A ∪B,A ∪ C,B ∪ C,A ∪B ∪ C}.

Therefore,
A�1 (B �1 C) = (A�1 B)�1 C,

so �1 is strongly associative.

Moreover,
A�1 G1 =

⋃
B∈G1

{A,B,A ∪B} = G1,

because every B ∈ G1 occurs as an output. Similarly,

G1 �1 A = G1.

Consequently,
(G1,�1)

is a level-1 chemical SHv-group and, in fact, a strongly associative chemical SuperHyperStruc-
ture.

Remark 6.1.17 (Reduction to the chemical Hv-case). By convention, define

G0 := G and �0 := ⊕.

Then a level-0 chemical SHv-semigroup is precisely a chemical Hv-semigroup, and a level-0
chemical SHv-group is precisely a chemical Hv-group.

Remark 6.1.18 (Type consistency). For a level-n chemical SHv-structure, the carrier is

Gn = Pn
∗ (G),

and the operation must have the type

�n : Gn ×Gn −→ P∗(Gn).

Thus, each output of A�n B is itself an element of the same hierarchical carrier Gn.

A mapping of the form
G×G −→ Pn

∗ (G)

only assigns a nested chemical object to a pair of base-level species. It does not, by itself, define
an SHv-operation on the level-n carrier.
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Table 6.2: A comparison of chemical hyperstructures, chemical Hv-structures, and chemical
SHv-structures.

Chemical
Hyperstructure

Chemical
Hv-Structure

Chemical
SHv-Structure

Carrier A species set G A species set G A hierarchical carrier

Gn = Pn
∗ (G)

Operation
⊕ : G2 → P∗(G) ⊕ : G2 → P∗(G)

�n : G2
n → P∗(Gn)

Chemical selection Dominant positive
reaction channels

Dominant positive
reaction channels

Dominant positive
hierarchical reaction
channels

Associativity Not required Weak associativity Weak
superhyperassociativity

Reproduction Not required Required only for a
chemical Hv-group

Required only for a
chemical SHv-group

Hierarchy None None Nested chemical species,
outcomes, or pathways

Level reduction — Recovered at level n = 0 Reduces to the chemical
Hv-case at level n = 0

Remark 6.1.19 (Induced lifts require separate verification). A base-level chemical hyperopera-
tion may be lifted recursively to higher powerset levels. However, weak associativity of the base
operation does not automatically imply weak associativity of every possible powerset lift.

Therefore, any recursively induced hierarchical chemical operation must be checked explicitly
against

A�n (B �n C) ∩ (A�n B)�n C 6= ∅.

The definition of a chemical SHv-structure requires this condition directly rather than assuming
that it is inherited automatically.



Chapter 7

Conclusion

This book has presented a broad survey of HyperStructures, SuperHyperStructures, Hv-Structures,
and SHv-Structures, with particular emphasis on their algebraic, hierarchical, multivalued, and
weakly axiomatized characteristics. Classical algebraic structures generally rely on single-valued
operations and identities that hold by strict equality. In contrast, hyperstructural frameworks
admit set-valued operations, while Hv-Structures further weaken selected algebraic identities
by requiring only nonempty intersections between the corresponding term evaluations. SHv-
Structures extend this viewpoint to hierarchical carriers, such as iterated powersets, and thereby
provide a flexible basis for representing multilevel systems.

The concepts examined in this book include various algebraic, uncertain, ordered, chemical,
logical, and meta-structural extensions. Their unified treatment illustrates that weak algebraic
laws and hierarchical hyperoperations may offer useful mathematical tools for describing com-
plex phenomena involving ambiguity, incomplete information, multiple possible outcomes, and
nested interactions. The proposed terminology and formulations should be regarded as a broad
conceptual framework rather than a final or unique formalization.

This study is primarily theoretical and does not include computational experiments, numerical
simulations, or empirical validation. Future research should therefore investigate algorithms,
computational complexity, software implementations, concrete datasets, and domain-specific ap-
plications. Extensions based on Fuzzy Sets [134, 186], HyperFuzzy Sets [30, 187], and related
uncertainty frameworks also constitute promising directions for future research.
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Abstract

This book surveys HyperStructures, SuperHyperStructures, Hv-Structures, and SHv-Structures.
A hyperstructure admits set-valued operations, whereas an Hv-Structure further weakens se-
lected algebraic identities by requiring the corresponding set-valued expressions to have nonempty
intersections. SuperHyperStructures extend structural operations to iterated powerset carriers,
and SHv-Structures combine this hierarchical setting with weak Hv-type identities.

The book systematically examines algebraic, uncertainty-based, ordered, meta-structural, multi-
operational, and chemical extensions of these frameworks. It also clarifies their relationships,
hierarchical formulations, and reductions to lower-level structures. The presented concepts pro-
vide flexible mathematical tools for modeling multivalued, weakly constrained, and hierarchically
organized systems.
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