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3-Product Cordial Labeling of Some Graphs
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Abstract: A mapping f: V(G) — {0, 1,2} is called a 3-product cordial labeling if vy (i) —
vr(4)] <1 and les(i) —ef(5)] < 1 for any ¢,j € {0, 1,2}, where v (i) denotes the number of
vertices labeled with i, ef(7) denotes the number of edges zy with f(z)f(y) =i (mod 3). A
graph with a 3-product cordial labeling is called a 3-product cordial graph. In this paper,
we establish that the duplicating arbitrary vertex in cycle C,,, duplicating arbitrarily edge
in cycle C,, duplicating arbitrary vertex in wheel W,,, Ladder L, Triangular Ladder T'L,
and the graph <W7(11) : Wr(zz) D W,Sk)> are 3-product cordial.
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81. Introduction

All graphs considered here are simple, finite, connected and undirected. We follow the basic
notations and terminologies of graph theory as in [2]. The symbols V(G) and E(G) denote the
vertex set and the edge set of a graph G. Let G(p, q) be a graph with p = |V(G)| vertices and
q = |E(G)| edges. A vertex labeling of a graph is a function from the vertex set of the graph to
the natural numbers. There are several types of labeling. A detailed survey of graph labeling
can be found in [5].

In 1987, Cahit introduced the idea of cordial labelings, a generalization of both graceful
and harmonious labelings in [1]. Let f be a function from the vertices of G to {0,1} and for
each edge zy assign the label |f(z) — f(y)|- f is called a cordial labeling of G if the number
of vertices labeled 0 and the number of vertices labeled 1 differ by at most 1 and the number
of edges labeled 0 and the number of edges labeled 1 differ at most by 1. M. Sundaram et al.,
introduced the concept of product cordial labeling of a graph in [6]. A product cordial labeling
of a graph G with the vertex set V' is a function f from V to {0, 1} such that if each edge uv is
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assigned the label f(u)f(v), the number of vertices labeled with 0 and the number of vertices
labeled with 1 differ by at most 1 and the number of edges labeled with 0 and the number of
edges labeled with 1 differ by at most 1.

P.Jeyanthi and A.Maheswari introduced the concept of 3-product cordial labeling [3] and
further studied in [4]. They proved that the graphs like path P,, Ki ,, (Bnn : w), cycle Cy
if n = 1,2(mod 3), C,, UP,, Cmo K, if m >3 andn > 1, P, o K, if myn > 1, W,
if n = 1(mod 3) and the middle graph of P,, the splitting graph of P,, the total graph of
P,, P, [P, P?, K5, and the vertex switching of (), are 3-product cordial graphs. Also they

proved that the complete graph K, is not 3-product cordial if n > 3. In addition, they proved

2
-2
that if G(p, ¢) is a 3-product cordial graph, then (i) if p = 1(mod 3), then ¢ < %W; (i)

2 — 4 23 6
if p = 2(mod 3) then ¢ < 2&; (i4i) if p = 0(mod 3) then ¢ < p—op+b

3-product cordial graph with 3m vertices and 3n edges and G» is any 3-product cordial graph

and if G7 is a

then GG; U Gy is also 3-product cordial graph.

In this paper, we establish that the duplicating arbitrary vertex and duplicating arbitrary
edge in cycle C),, duplicating arbitrary rim vertex in wheel W,,, ladder L,,, triangular ladder
TL, and <W7§1) : ,§2) T ,§’“>> are 3-product cordial.

We use the following definitions in the subsequent section.

Definition 1.1 Let G be a graph and let v be a vertex of G. The duplicate graph D(G,v") of Gis
the graph whose vertex set is V(G) U {v'} and edge set is E(G) U (v'z|x is the vertex adjacent
to v in G}.

Definition 1.2 Let G be a graph and let e = uv be an edge of G. The duplicate graph D(G, e’ =
u'v") of G is the graph whose vertex set is V(G) U {u/,v'} and edge set is E(G) U {u'z,v'y|z

and y are the vertices adjacent with u and v in G respectively }.

Definition 1.3 Consider k copies of wheels namely W,E”,W,?),..., ék). Then, the graph
G = <W7(11) : W,gQ) Dl W,S’“)> is obtained by joining apex vertex of each W,S”) and apex of

W,Sp*” to a new vertex xp_1 for 2 <p < k.
Definition 1.4 The ladder graph Ly, is defined as the cartesian product of two path graphs.

Definition 1.5 A triangular ladder T'L,,n > 2 is a graph obtained by completing the ladder
TL, by edges u;v;11 for 1 <i<mn-—1.

Definition 1.6 Let p be an integer with p > 1. A mapping f : V(G) — {0,1,2,--- ,p} is called
a Smarandachely p-product cordial labeling if vy (i) —vp(§)| < 1 and |ef(i) —er(j)] < 1 for any
1,7 €{0,1,2,--- ,p—1}, where vs(i) denotes the number of vertices labeled with i, ef(i) denotes
the number of edges xy with f(x)f(y) = i(mod p). Particularly, if p = 3,such a Smarandachely
3-product cordial labeling is called 3-product cordial labeling. A graph with 3-product cordial
labeling is called a 3-product cordial graph.

For any real number n, [n] denotes the smallest integer > n and |n] denotes the greatest

integer < n.
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82. Main Results

Theorem 2.1 A duplicate graph D(C,,,€’) of a cycle Cy, is a 3-product cordial graph.

Proof Let vi,va,...,v, be the vertices of the cycle C,, and let e = v1v9 and the duplicated
edge is €' = v]vh.

Define a vertex labeling f : V(G) — {0,1,2} by considering the following three cases.

Case 1 n =0(mod 3),n > 6.

9 ifi=0,1(mod 4
Define f(v;) = ne (mod 4) forlgign—{n—i_ﬂ—l,
1 ifi=2,3(mod 4) 3

2 if n is eve 2 2
flw) = s even ori—n—[i—‘ andf(vi)—Oifn—{n_F —‘<i§n—1;
1 ifnisodd 3 3
1 if n is even
flon) =2, f(vy) = o P fvg) =1,
2 if n is odd
. . n+2
In view of the above labeling pattern we have v (0)+1 = vf(1) = vf(2) = 3 ,ef(0) =

sV = s = |52

Case 2 n = 1(mod 3),n > 7.

2 if i =1,2(mod 4)
1 if i =0,3(mod 4)

n+2

Define f(v;) = forl1 <i<n-— { —‘ — 2 when n is even

2 if i = 2,3(mod 4) . .
and f(v;) = when n is odd; f(v;) =1fori=mn—
1 if i =0, 1(mod 4)

n+2
3

-‘—1and

Fo) =0itn— 22| <i <1, g = 15 060) = J0g) =2

In view of the above labeling pattern we have v (0) = vy (1) = vf(2) = [ 3 —‘ ,er(0)—1=

sV =es() = |15

For n = 4, we define the labeling as f(v]) = f(v5) = 2, f(v1) = f(v2) = 0 and f(vs) =
f(’U4) =1.

Case 3 n =2(mod 3),n > 5.

2 if i =2,3(mod 4) .
Define f(v;) = forl1 <i<n-—
1 if i =0,1(mod 4)

n+2

-‘ when n is even and

2 if i =0,1(mod 4) i 2 if n is odd
flv) = when n is odd; f(v;) = 0and f(v,) =
1 if i =2,3(mod 4) 1 if n is even
2 2 if n is odd 2 if n is eve
forn—[i—‘<i§n—l,f(v’l)_ oni f(u) = 1I n 1S even
3 1 ifniseven 1 ifnis odd.
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n+2

In view of the above labeling pattern we have v(0) = vp(1) — 1 = v;(2) = { J if nis

n+2 n—|—2—‘

even, vy (0) = vy(l) =vp(2)—1 = { J ifnisodd and ef(0) = ef(1) = ef(2)+1 = {
Thus in each case we have vy (i) —vp(j)| <1 and |ef(i) —ep(j)] < 1 for all 4,5 =0,1,2.
The duplicate D(C,,,€’) of a cycle C,, is a 3-product cordial graph. O

Example for 3-product cordial labeling of the graph G obtained by duplicating the edge
v1ve of the cycle Cg is given in Fig.1.

0 ® U7 vy @ 1

Ve Vs
0O &——0 (

Fig.1

Theorem 2.2 A duplicate graph D(Cy,v") of a cycle C,, is a 3-product cordial graph.

Proof Let vi,v9,...,v, be the vertices of cycle C), and let v = v; and the duplicated vertex
2 if i = 2,3(mod 4)
1 if i =0,1(mod 4)

is v]. Define a vertex labeling f : V(G) — {0,1,2,} by f(v;) =

2 2
1<i<n-— WL_'— —‘, f(v;)) =0 for n— {%—‘ <i<n-—1and f(v,) =1, f(v}) = 2.
In view of the labeling pattern we have v(0) = g,
g—i—l if n is odd g—i—l if n is even
vi() =4 # Y @) =9 7 oo
3 if n is even 3 if n is odd

2
Calculation shows that ef(0) = ef(1) = ef(2) +1 = [n—?l)— —‘ if n = 0(mod 3) and

vr(0)+1=vs(1) =vp(2) = {n—;—f‘ andes(0) =ep(1) =er(2) = n;—Q-‘ if n = 1(mod 3) and

vr(0) = vp(1) = vp(2) = {n;— 1-‘ and e;(0) —1=-¢;(1) =¢5(2) = nt 1-‘ if n = 2(mod 3).

Thus we have vy (i) —vp(5)| <1 and |ef(i) —er(j)| < 1 for all 4,5 = 0,1, 2. Hence the graph
obtained by duplicating an arbitrary vertex of cycle Cy,(n > 4) admits 3-product cordial graph.
If n = 3, we define the vertex labeling as f(v]) = 2, f(v1) = 0 and f(v2) = f(v3) = 1 and if
n=4, f(v]) =2, f(v1) =1, f(v2) =2, f(vs) =0 and f(vs) = 1. Thus the result follows. O
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Example for the 3-product labeling of the graph G obtained by duplicating the vertex vy
of the cycle Cg is given in Fig.2.

Vg hd V2

)
[ IS
[\

U3

Fig.2

Theorem 2.3 A graph obtained by duplication of arbitrary rim vertex of wheel W,, is 3-product
cordial if n = 0,2(mod 3).

Proof Let v1,va,...,v, be the rim vertices of wheel W,, and let ¢ be the apex vertex. Let G
be the graph obtained by duplicating arbitrary rim vertex vy of wheel. Let v} be the duplicated
vertex of v;. Define a vertex labeling f : V(G) — {0,1,2} by considering the following two

cases.

Case 1 n=0(mod 3).

2 ifi =2, 3(mod 4 2

Define f(v;) = o (mod 4) for 1 <3 <2 FL%— —‘ —3; f(v;) = 0 for
1 ifi=0,1(mod 4) 3

2 2 if n is odd
2 [”* ] Coci<nland flon) =1 f(u}) = 2 f(c) =
3 1 if n is even.
. . n+2
In view of the above labeling pattern we have v;(0)+1 = vr(1) = v;(2) = { 3 -‘ ,er(0) =

sV =es(2) = | 252,

Case 2 n =2(mod 3).

2 if i =2,3(mod 4) ,
Define f(v;) = for1 <3 <2
1 if i =0,1(mod 4)

n+2
3

J —2; f(v;) = 0 for

2{”;2J —1<i<n—Tland f(un) =1, (]) =2, f(c) = 1.

In view of the above labeling pattern we have v;(0) = v (1) —1 = v4(2) =

1= ep(1) = ef(2) = V”; 3J .
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Thus in all the case we have |vs(i) —vs(j)] <1 and |ef(i) —esf(j)] <1 foralli,j=0,1,2.
Hence the graph obtained by duplicating of arbitrary rim vertex of wheel W, is 3-product
cordial if n = 0,2(mod 3). O

Example for the 3-product cordial labeling of the graph G obtained by duplicating the

vertex vy of the wheel Wy is given in Fig.3.

0

Fig.3

Theorem 2.4 A ladder L, = P, x P5 is 3-product cordial.

Proof Let the vertex set of L, = P, x P2 be {uy,us,...,upn,v1,02,...,0,} and the edge
set of L, be {uuit1/1 <i<n—-1}U{vivip1/1 <i<n-—1}U{uv;/1 <i <n}. Then L, has
2n vertices and 3n — 2 edges.

Define a vertex labeling f : V(L,) — {0,1,2} by considering the following three cases.

Case 1 n =0(mod 3), let n = 3m.

0 for1<i<m

Define f(u;) = 2 for i = m + j where j = 3(mod 4),1 < j <2m
1 for otherwise

0 for1<i<m

flui) =<1 for i = m + j where j = 0(mod 4),1 < j < 2m

2 for otherwise
In view of the above labeling pattern we have v;(0) = vs(1) = vs(2) = 2m, ef(0) =
3m,ef(l) =ef(2) =3m — 1.

Case 2 n = 1(mod 3), let n =3m + 1.

0 forl1<i<m
Define f(u;) =4 2 for i = m + j where j = 3(mod 4),1 < j <2m and f(u,) =1

1 for otherwise
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0 for1<i<m

flu)=<¢ 1 for i = m + 7 where j = 0(mod 4),1 <j <2m+1
2 for otherwise
In view of the above labeling pattern we have v,(0) = 2m,v(1) = vs(2) = 2m+1,e7(0) =
3m+1 if m is odd 3m+1 if m is even
3m,ef(l) = cef(2) =
3m if m is even 3m if m is odd.

Case 3 n =2(mod 3), let n = 3m + 2.

for1<i<m-+1
flu;) = for i = m + j where j = 3(mod 4),2 < j < 2m + 2

for otherwise

for i = m + j where j = 1(mod 4),2 < j < 2m + 2,

0

2

1

0 for1<i<m
flui) =4 1
2

for otherwise

1 if mis odd

f(omy1) = . .
2 if m is even
In view of the above labeling pattern we have v;(0) = vr(1) = 2m + 1, vs(2) = 2m + 2
and e;(0) = 3m+2,e5(1) = e;(2) = 3m+ 1. Thus in each case we have |vy(i) —v;(j)] <1 and

lef(i) —er(4)| <1 forall 4,5 =0,1,2. Hence the graph L, is 3-product cordial. O
Example for 3-product cordial labeling of the graph G obtained by Ly = P; x P is given
in Fig.4.
0 0 1 1 2 1 1
0 0 2 2 2 1 1
Fig.4

Theorem 2.5 A triangular Ladder T'L,, is 3-product cordial if n = 1,2(mod 3).

Proof Let the vertex set of TL,, be {u1,uz,...,U,,v1,09,...,0,} and the edge set of T'L,,
be {uwuir1/1 <i<n—1}U{vvit1/1 <i<n—1}U{uw; /1 <i<n}PU{uvip1/1 <i<n}.
Then T'L,, has 2n vertices and 4n — 3 edges.

Define a vertex labeling f : V(L,) — {0,1,2} by considering the following two cases.

Case 1 n=1(mod 3), let n =3k + 1.
0 if1<i<k 0 if1<i<k

fui) = , _ fvi) = , _
1 ifk4+1<:<3k+1 2 fk+1<i<3k+1



3-Product Cordial Labeling of Some Graphs 103

In view of the above labeling pattern we have v(0) +1 = vs(1) = v(2) = 2k + 1,e4(0) =

ef(l) = 6f(2) —1=4k.
Case 2 n =2(mod 3), let n = 3k + 2.

0 if1<i<k
0 if1<i<k
flu)=4 1 ifk+1<i<3k+1 ,f(v)=
2 ifk+1<i<3k+2
0 ifi=3k+2

In view of the above labeling pattern we have v;(0) = vf(1) = vf(2) —1 =2k +1,e4(0) =

ef(l) +1= 8f(2) =4k + 2.
Thus in each case we have vy (i) — vy(§)| <1 and |ef(i) —ep(j)] < 1 for all 4,5 =0,1,2
Hence the graph triangular ladder T'L,, is 3-product cordial. O

Example for the 3-product cordial labeling of the graph G obtained by T Lg is given in

Fig.5.
0 0 1 1 1 1 1 0
0 0 2 2 2 2 2 2
Fig.5
Theorem 2.6 A graph <W7(11) : W,(IQ) Dl W,gk)> 18 3-product cordial if

(i) k is multiple of 8 and n is any positive integer;
(i1) k= 1(mod 3) and n = 1(mod 3).

Proof Let vgj ) be the rim vertices of W,gj ) and c¢; be the apex vertices of Wfﬂ). Let
T1,%2,...,Tx—1 be the new vertices. The graph G = W,(Il) : W,(IQ) R W,gk)> is obtained
joining ¢; with x; and z;11,1 < j < k — 1. Define a vertex labeling f : V(G) — {0, 1,2}, we

consider the following two cases.

Case 1 k=0(mod 3,1 <i<n.

Define
k k
0 forlgyﬁg 0 forlgjgg
i k 2 2
f('UZ(])): 2 forg <j S ? 5 f(cj): 1 fOI' — <j§ ?
2
1 for — <j <k 2 for — <j <k
. - 2k
1 for j = | —— | + m where m = 1(mod 2),1 <m < —
3  andif

2 for otherwise.
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k—1
— k-1 2k
k>3, flz;) =4 1 forj:{TJ+mwheremzl(m0d2),1§m§?
2 for otherwise.

nk+ 2k —1

1), -

In view of the above labeling pattern we have v (0)+1 = vy (1) = v¢(2) = [

er(1)—1=es(2) = [L;k_ﬂ .

Case 2 n = 1(mod 3),k =1(mod 3) and 1 < i < mn.
Let n = 3k; + 1,k = 3ky + 1 where ki, ko are integer. Define f(vgj)) =0,1<75 <ky;
0 for1<i<k
f(v(j)): 1 for i = k1 +m where m = 2,3(mod 4),1 <m < 2k; + 1

2 for otherwise
if 7 = ko + 1 when n is even and

0 for 1 <i<k;
f(v(j)): 2 for i = k1 +m where m = 2,3(mod 4),1 <m < 2k; + 1

1 for otherwise

when n is odd;

[\)

for ko +1<j<2ky+1
f0r2k2+1<j§3k2—|—1

—_

for 0 < j<ks
for j=ko+1
fOrk2+1<j§2k2+1

N~ NN O

for otherwise

o

for 1 <j <ko
for j = ko + m where m = 1(mod 2),1 < m < 2k,

—_

f(xy) =

for otherwise

[\]

k+2k—1
In view of the above labeling pattern we have v;(0)+1 =v;(1) = v;(2) = {%-‘ ,

2nk + 2k — 2
e
and |ef(i)—er(j)| < 1foralli,j =0,1,2. Hence <W7(11) W Wék)> is 3-product cordial
graph if (i) £ = 0(mod 3),n is any value (ii) k = 1,n = 1(mod 3). O

ef(0) =ef(1) +1 =ef(2) = —‘ . Thus in each case we have |vs(i) — vs(j)] <1

Example for the 3-product cordial labeling of the graph <W7(11) : W,(IQ) : W,(IS) T W7(14)>

is given in Fig.6.
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