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Abstract: Let G be a graph. Let f: V(G) — {0,1,2,--- ,k — 1} be a function where
k € N and k > 1. For each edge wv, assign the label f (uv) = [w—‘ f is called k-
total mean cordial labeling of G if |ty (2) — tmy ()| < 1, foralld,j € {0,1,...,k — 1}, where
tm# (x) denotes the total number of vertices and edges labelled with z, z € {0,1,2,...,k — 1}.
A graph with admit a k-total mean cordial labeling is called k-total mean cordial graph.
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§1. Introduction

All graphs in this paper are finite, simple and undirected. Cordial labeling was introduced by
Cahit [1]. Subsequently cordial related labeling was studied by several authors [9, 10, 11, 12, 13].
The notation of k-total mean cordial labeling have been introduced in [4]. Also 4-total mean
cordial labeling of certain graphs like path, cycle, star, bistar, comb, crown, square of path,
double comb, double crown, double fan, subdivision of star, subdivision of comb, subdivision
of ladder, helm, flower graph, gear graph and web graph have been investigated [4, 5, 6, 7,
8]. In this paper, we investigate the 4-total mean cordial behavior of K;, ® K1, K1, ® K,
K1, ®Ks, Byn®Ka, Byn©Ks, Jyn ©K1, Jyn© Ko, Jyn©Ks, F,© Ky, F, ®K3. Let x be
any real number. Then [z] stands for the smallest integer greater than or equal to x. Terms
not defined here follow from Harary [3] and Gallian [2].

82. k-Total Mean Cordial Graph

Definition 2.1 Let G be a graph. Let f : V (G) — {0,1,2,...,k — 1} be a function where k € N

) = [f(U);f(v)W

and k > 1. For each edge uv, assign the label f (uv . [ is called k-total mean
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cordial labeling of G if |tmy (4) —tmy (J)| < 1, for all i,5 € {0,1,--- ,k — 1}, where tp ()
denotes the total number of vertices and edges labelled with z, x € {0,1,2,--- ,k —1}. A graph
with admit a k-total mean cordial labeling is called k-total mean cordial graph.

Conversely, such a labeling f is called a Smarandachely k-total mean cordial labeling of G
if there are integers i,j € {0,1,2,--- .k — 1} hold with |ty s (3) — tmys (4)] > 2 and G is called a
Smarandachely k-total mean cordial graph.

83. Preliminaries

Definition 3.1 A complete bipartite graph K , is called a star.

Definition 3.2 A bistar B, is the graph obtained by joining the two central vertices of K1 m,
and K .

Definition 3.3 A jellyfish graph J (m,n) is obtained from a cycle Cy : uxvwu by joining x and

w with an edge and appending m pendent edges to u and n pendent edges to v.
Definition 3.4 A graph F,, = P,, + K; is called a fan graph, where P, is a path.

Definition 3.5 Let Gy, Go respectively be (p1,q1), (p2,q2) graphs. A corona of G1 with G
is the graph G1 ® Gy obtained by taking one copy of G1 , p1 copies of Gy and joining the it"
vertex of G1 by an edge to every vertex in the ith copy of Gy where 1 < i < py.

Definition 3.6 The complement G of a graph G also has V(G) as its vertex set, but two

vertices are adjacent in G if and only if they are not adjacent in G.

84. Main Results

Theorem 4.1 A graph K , ® K; is 4-total mean cordial for all n.

Proof Let V (K1) ={u,u; : 1 <i<n}, E(Ki,)={uu;:1<i<n}. Let vy, va, -+, v,
be the pendent vertices adjacent to uy, us, - -, u, and v be the pendent vertex adjacent to u.

Clearly,

Assign the labels 1, 3 to the vertices u, v respectively. Consider the vertices uy, ug, - - -,

uy,. Now we assign the label 0 to the n vertices uy, us, ..., u,. We now consider the vertices
v1, Vg, - -+, Upn. Finally we assign the label 3 to the n vertices vy, vo, ..., v,.
Obviously, tp (0) = 1, tms (1) = tmyf (2) =tmyp (3) =n+ 1. O

Theorem 4.2 A graph Ki , ® K is 4-total mean cordial for all n.

Proof Let V(K1) = {u,u;:1<i<n}, E(Ky,)={uu;:1<i<n}. Let v, w be the

pendent vertices adjacent to w and vy, va, -, vy, w1, wo, -+, W, be the pendent vertices
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adjacent to u1, ug, -+, up. Obviously,
|V (K1 © K3)| + | E (Ky © K3)| = 60+ 5.

Case 1. n=0 (mod 4).

Let n = 4r, where r € N. Assign the labels 0, 2, 3 to the vertices u, v, w respectively.

Now, we assign the label 0 to the 3r vertices uq, us, - - -, us,.. We now assign the label 1 to
the r vertices us,t1, ugr42, - -, ugr. Next we assign the label 1 to the 2r vertices vy, vg, -« -,
va,. We now assign the label 3 to the 2r vertices va,41, Vort2, -+, v4r. Finally we assign the
label 3 to the 4r vertices w1, wa, - -, W4y

Case 2. n=1 (mod 4).

Let n = 4r + 1, where r € N. Assign the labels 0, 2, 3 to the vertices u, v, w respectively.
We now assign the label 0 to the 3r +1 vertices uj, ug, - -, usr+1. Now we asisgn the label
1 to the r vertices ug,42, Usrt3, -+, Usr+1. Next we assign the label 1 to the 2r 4 1 vertices
V1, Va2, -+, Uary1. NOW we assign the label 3 to the 27 vertices vo,12, Vori3, -+, V4r41. Finally

we assign the label 3 to the 4r 4 1 vertices wy, wa, -, Wyrt1.
Case 3. n=2 (mod 4).

Let n = 4r + 2, where r > 0. Assign the labels 0, 3, 3 to the vertices u, v, w respectively.
We now assign the label 0 to the 3r+ 2 vertices uj, us, - - -, us,+2. Now we asisgn the label
1 to the r vertices us,+3, Usrta, - -, Usgrt2. Next we assign the label 1 to the 2r 4 2 vertices
V1, Vo, - -+, Uaryo. NOw we assign the label 3 to the 27 vertices vo,13, Vori4, -+, V4rt2. Finally

we assign the label 3 to the 4r + 2 vertices w1, wa, ..., Warto.
Case 4. n =3 (mod 4).

Let n = 4r + 3, where r > 0. Assign the labels 0, 3, 3 to the vertices u, v, w respectively.

Now we assign the label 0 to the 3r + 2 vertices w1, ug, -+, ugr+2. We now asisgn the
label 1 to the r + 1 vertices us,43, Ugy44, - -, Usrt+3. Next we assign the label 1 to the 2r 4 2
vertices vy, va, - -+, Ugryo. We now assign the label 3 to the 2r 4 1 vertices va,43, Vortsq, -« -,
V4r4+3. Finally we assign the label 3 to the 4r + 3 vertices wy, wa, - -+, W4ry3.

This vertex labeling f is a 4-total mean cordial labeling follows from the Table 1.

Nature of n | tyms (0) | tmp (1) | tmg (2) | tms (3)

n=4r 6r+1 | 6r+1 | 6r+2 | 6r+1
n=4r+1 | 6r+3 | 6r+3 | 6r4+3 | 6r+2
n=4r+2 | 6r+5 | 6r+4 | 6r+4 | 6r+4
n=4r4+3 | 6r4+5 | 6r+6 | 6r+6 | 6r+6

Table 1.

This completes the proof. O

Theorem 4.3 A graph Ki, © K3 is 4-total mean cordial for all n.
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Proof Let V (Ki,) ={u,u;:1<i<n}, E(Ky,)={uy; :1<i<n}. Let z, y, z be the
pendent vertices adjacent to u and x1, T2, -+, Tn, Y1, Y2, - - -, Yn, 21, 22, - -+, Zn, be the pendent

vertices adjacent to uy, ug, - -, u, respectively. Note that
[V (K10 0 K3)| + |E (Kin ©K3)| =80+ 7.

Assign the labels 0, 1, 3, 3 to the vertices u, x, y, z respectively. Now, we assign the label

0 to the n vertices ui, us, - - -, u,. We now assign the label 1 to the n vertices x1, x2, ---, Tp.
Next we assign the label 3 to the n vertices y1, y2, - - -, yn. Finally we assign the label 3 to the
n vertices z1, 29, - -+, Zn.
Clearly,
tmf (0) =2n+1, ts (1) =2n+2, tm5(2) =2n+2and tp (3) =2n+2. O

Example 4.1 A 4 - total mean cordial labeling of K; 3 ® K3 is given in Figure 1.

1'3936F 1. 3 38 I 3%
Figure 1. K3 ®Ks

Theorem 4.4 A graph B, ., ® Kz is 4-total mean cordial for all n.

Proof Let V (Bpn) = {u,v,u;,v; : 1 <i<n} and E(B,,) = {uv,uu;,vv; : 1 <i<n}.

Let x, y be the pendent vertices adjacent to u and x1, x3, ..., Tn, Y1, Y2, - - -, Yn be the pendent
vertices adjacent to uy, uo, -+, uy. Let p, ¢ be the pendent vertices adjacent to v and p1, pa,
'y Pn, 41, Q2, - -+, @ be the pendent vertices adjacent to vy, va, - - -, V.
Clearly,

|V (Bun © K2)| 4 |E (Bun @ K3)| = 12n + 11,

Assign the labels 1, 3, 0, 0, 2, 2 to the vertices u, v, x, y, p, q respectively. Now, we assign
the label 0 to the n vertices uj, usg, - -, u,. We now assign the label 2 to the n vertices vy, v,
-+, vn. Next we assign the label 0 to the n vertices x1, x2, - -+, x,. We now assign the label
1 to the n vertices y1, y2, -, Yn- Now we assign the label 2 to the n vertices p1, p2, -, Pn-
Finally, we assign tne label 3 to the n vertices q1, g2, -, Gn-
Thus,
tmf (0) =3n+2, tns (1) =tms(2) =tmns (3) =3n+3. O
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Example 4.2 A 4-total mean cordial labeling of By 2 ® K, is shown in Figure 2.

Figure 2. B> oKy

Theorem 4.5 A graph B, ® K3 is 4-total mean cordial for all n.

Proof Let V (Bpn) = {u,v,u;,v; : 1 <i<n} and E(B,) = {uwv,uu;,vv; : 1 <i<n}.
Let x, y, z be the pendent vertices adjacent to v and x1, s,

Ty Y1, Y2, 10y Yns 21 22,
.-+, znp be the pendent vertices adjacent to uy, ug, ---, u,. Let p, g, 7 be the pendent vertices
adjacent to v and p1, p2, -, Pns q1, 92, ", Gn, T1, T2, -+, Tn, be the pendent vertices adjacent
to v, vo, - -+, v,. Note that

|V (Bun © K3)| 4 |E (Bnn @ K3)| = 16n + 15.

Assign the labels 0, 1, 3, 3, 0, 1, 3, 3 to the vertices u, z, y, z, v, p, q, r respectively. Now
we assign the label 0 to the 2n vertices uq, us,

ey Uy, V1, Vo, + -+, Up. We now assign the label
1 to the 2n vertices x1, 2, -+, pn, P1, P2, ---, Pn. Finally, we assign the label 3 to the 4n
vertices Y1, Y2, - - - Yny 215 225 "5 Zns A1y G2, * 5 Qns T1, T2y =+ T
Clearly,
tmf (0) =4n+3, tms (1) =ty (2) =ty (3) = 4n + 4. O

Example 4.3 A 4 - total mean cordial labeling of Bs 3 ® K3 is given in Figure 3.

D) 1) =

i =

[OSRON ]

Figure 3. B350 K3

Theorem 4.6 A graph J, ., © Ki is 4-total mean cordial for all n.
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P?”OOf Let V (Jn,n O} Kl) - {ua v,%r,Y,p,4,T, S}U{uiavi7xi7yi 01 S ) S n}a E (Jn,n © Kl) -
{U:L’7 v,vy,yu,xry, pu,qr, v, Sy} U {U’U,l', Ui T4, VUG, V3Y; - 1 S i S TL} ClearlY?
[V (Jon @ K1)+ |E (Jyn © K1)| = 8n + 17.

Assign the labels 0, 2, 1, 3, 0, 0, 0, 3 to the vertices u, v, x, y, p, q, r, s respectively. We

now assign the label 0 to the n vertices uy, us, -+, u,. Now we assign the label 1 to the n
vertices x1, Ta, - -+, . Next we assign the label 2 to the n vertices vy, va, -+, v,. Finally we
assign the label 3 to the n vertices y1, y2, -+, Yn-
Clearly,
tnf (0) =2n+5, tmf (1) =tmf (2) =tmys (3) =2n +4. Il

Example 4.4 A 4 - total mean cordial labeling of J3 3 ® K is shown in Figure 4.

Figure 4. J33 0 K,

Theorem 4.7 A graph J, ,, ® K» is 4-total mean cordial for all n.

PT’OOf Let V (Jn,n GE) = {uavvx7y7a’7b7 ¢, d,@,f,g,h} U {uivvivxivyivpi7qi 1 <1< TL},
E (Jnn © 72) = {ux, v, vy, yu,ry, au, b'LL, Cx, dCU, €v, fU, gy, hy}U{uuu Ui Ty U3Yiy VUG, ViPiy ViQy -
1<i<n}
Obviously,
V (o @ K2)| + |E (Jpn © K2)| = 120+ 25.

Assign the labels 1, 3, 1, 0, 0, 2, 3, 3, 3, 3, 0, 0 to the vertices u, v, x, ¥y, a, b, ¢, d, e, f,
g, h respectively. Now we assign the label 0 to the 2n vertices ui, ug, - -, Uyn, 1, Ta, -+, Tp.
We now assign the label 1 to the n vertices y1, ys2, -+, y,. Next we assign the label 2 to the

2n vertices vy, va, - -+, Upn, P1, P2, - -+, Pn. Finally we assign the label 3 to the n vertices ¢, g2,

©y Qn-

Clearly,
ting (0) =tmys (1) =ty (2) =3n+6, ts(3) =3n+7. O

Example 4.5 A 4 - total mean cordial labeling of Js 2 ® K, is given in Figure 5.
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Figure 5. JQ,Q @72

Theorem 4.8 A graph J, » ® K3 is 4-total mean cordial.

Proof Let V (Jn_,n @73) = {u,v, 2,y U{u;, v;, x5, y; 0 1 <0 < 3YU{z;,p5,q5, 75, w;,a;,b;,
¢;:1<i<n}, E (Jn’n @73) = {ux, zv, vy, yu, vy }U{uu,, xx;, vv;, yy; « 1 <0 < 3}0{uz;, z;p;,
2jqj, 2iTj, VW5, wia;, wibj, wic; 1 < j < n}.

Clearly,

IV (Jun © K3)| + |E (J,n © K3)| = 16n + 33.

Assign the label 0, 0, 3, 2 to the vertices u, v, x, y respectively. We now assign the label 0
to the vertices ui, us, us. Now we assign the label 1 to the vertices vy, vo, v3. Next we assign
the label 3 to the vertices 1, x2, 3. Now we assign the label 2 to the vertices y1, ya2, y3. We

now assign the label 0 to the 2n vertices z1, 22, -+, 2n, w1, wa, -+, w,. Next we assign the
label 1 to the 2n vertices py, p2, - -, Pn, a1, a2, - -+, a,. Finally we assign the label 3 to the 4n
vertices q1, 425 -+, Qn,s T1, T2, "5 Tn, b17 b2a T b’n7 C1, C2, "+, Cp.
Clearly,
b g (0) = tmy (1) = tmy (3) =4n +38, tmy (2) =4n+9. Il

Example 4.6 A 4 - total mean cordial labeling of J; 2 ® K3 is shown in Figure 6.

L ) =
D) =

Y]

) =

L W)

33

(8]

Figure 6. Jy ®Ks
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Theorem 4.9 A graph F,, ©® K1 is 4-total mean cordial for all n > 2.

Proof Let P, be the path ujus -+ uy,. Let V(F, © K1) = {u, 2} UV (P,)U{z; : 1 <i<n}
and
E(F,0K)) ={uu; : 1 <i<n}UE(P,)U{uz;:1<i<n}.

Clearly |V (F, ® K1)| + |E (Fp,) © K1| = 5n + 2.

Assign the labels 2, 0 to the vertices u, x respectively.
Case 1. n=0 (mod 4).

Let n = 4r, where r € N. Consider the path vertices uy, us, - -, u,. Assign the labels 0, 0,
2, 3 respectively to the vertices w1, ua, us, us. Now we assign the labels 0, 0, 2, 3 to the vertices
us, Ug, U7, ug respectively. We now assign the labels 0, 0, 2, 3 respectively to the vertices ug,
u19, U11, U12. Proceeding like this until reach the vertex ug4,.. Obviously the vertices ug,_3,
Ugr—2, U4r—1, U4 Teceive the labels 0, 0, 2, 3. Now we assign the labels 0, 1, 2, 3 respectively
to the vertices =1, x2, x3, 4. We now assign the labels 0, 1, 2, 3 to the vertices x5, xg, T7, Ts
respectively. Next we assign the labels 0, 1, 2, 3 respectively to the vertices xg, 10, T11, T12.
Continuing like this until reach the vertices x4,.. Clearly the vertices x4,_3, Tar_2, Tar_1, Tar
receive the labels 0, 1, 2, 3.

Case 2. n=1 (mod 4).
Let n =4r + 1, where r € N.

As in Case 1 assign the label to the vertices u;, x; (1 <4 <4r). Finally, we assign the

labels 0, 3 to the vertices ugyq1, Tart1-
Case 3. n=2 (mod 4).

Let n = 4r + 2, where r € N. Label the vertices u;, z; (1 < < 4r) as in Case 1. Now we

assign the labels 3, 0, 0, 2 to the vertices ugri1, Ugrt+2, Tar+1,Tar+2-
Case 4. n =3 (mod 4).

Let n = 4r+3, where r € N. In this case assign the label for the vertices u;, x; (1 <i < 4r)
as in Case 1. We now assign the labels 3, 0, 0, 0, 2, 3 to the vertices ugr41, Uart2, Utrts,
T4r+1,T4r42y T4r+3-

This vertex labeling f is a 4-total mean cordial labeling of F,, ® K; follows from the Table

Order of n | tmys (0) | timp (1) | tmg (2) | tms (3)
n =A4r 50+ 1 5r+1 5r 5+ 1

n=4r+1 | 5r+2 5r + 2 5r 4+ 2 5+ 1

n=4r+2 | 5 +3 5r+3 57+ 3 5+ 3

n=4r+3 | 5r+5 5r+4 5 +4 | br+4

Table 2.
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Case 5. n=2,3.

A 4-total mean cordial labeling is given in Table 3.

n u v Uy u9 us (%1 (%) V3

This completes the proof. O

Theorem 4.10 A graph F,, ® K3 is 4-total mean cordial for all values of n > 2.

Proof Let P, be the path ujus...u,. Let V (Fn @73) ={u,z,y,z} UV (P,)U{z;, y;, 2i :
1<i<n}and E(Fn @73) ={uu; : 1 <i<n}UE(P,) U{uiz;, uys, uizi : 1 <i < n}.
Clearly,
|V (F, @ K3)| + |E (F.) © K| = 9n +6.

Assign the labels 2, 0, 2, 3 to the vertices u, x, y, z respectively.
Case 1. n=0 (mod 4).

Let n = 4r, where r € N. Label the vertices u;, z; (1 <i<n) as in Case 1 of Theorem
4.2. Assign the labels 0, 1, 2, 3 respectively to the vertices y1, y2, ¥3, y4. Now we assign the
labels 0, 1, 2, 3 to the vertices ys, ys, Y7, ys respectively. We now assign the labels 0, 1, 2,
3 respectively to the vertices yo, Y10, Y11, Yy12. Proceeding like this until reach the vertex yq,.
Obviously the vertices y4r—3, Yar—2, Yar—1, Yar receive the labels 0, 1, 2, 3. Next we assign the
labels 0, 1, 2, 3 respectively to the vertices 21, 22, 23, 24. We now assign the labels 0, 1, 2, 3 to
the vertices zs5, zg, 27, zs respectively. Now we assign the labels 0, 1, 2, 3 respectively to the
vertices zg, 210, 211, £12. Continuing like this until reach the vertices z4,.. Clearly, the vertices

Zar_3, Zar_2, Zar—1, 24y Teceive the labels 0, 1, 2, 3.
Case 2. n =1 (mod 4).

Let n = 4r + 1, where r € N. As in Case 1 assign the label to the vertices w;, z;, y;, z;
(1 <i<4r). Finally we assign the labels 2, 0, 0, 0 to the vertices w441, Tar+1, Yar+1, Z4r+1-

Case 3. n =2 (mod 4).

Let n = 4r 4+ 2, where r € N. Label the vertices u;, x;, y;, z; (1 <i <4r) as in Case 1.
Now we assign the labels 3, 0, 2, 0, 1, 0, 1, 1 to the vertices U441, Udr42, Tar+1,Tdr+2, Ydr+1,

Yar42, Zdr+1,24r+2-
Case 4. n =3 (mod 4).

Let n = 4r + 3, where » € N. In this case assign the label for the vertices u;, z;
(1 <i<4r+2)asin Case 3. We now assign the labels 2, 0, 0, 3 to the vertices w4, +3, Tart3,

Yar+3, Z4r+3-
This labeling f is a 4-total mean cordial labeling of F,, ® K; follows from the Table 4.
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Order of n | tomys (0) | tomyp (1) | tmg (2) | tmy (3)
n =4r 5r +1 5r+1 5r 5+ 1

n=4r+1 | 5r+2 5r+2 5r +2 5r+1

n=4r+4+2 | 5r+3 | 5r4+3 | br+3 | 5r+3
n=4r+3 | 5r+5 5r+4 5 +4 | br+4

Table 4.

Case 5. n=2,3.

A 4-total mean cordial labeling is given in Table 5.

n u X Yy z uy (15) us X1 To T3 Y1 Y2 Y3 Z1 zZ9 z3
2101213 3 0 2 0 1 0 1 1
31210(12(3] 3 0 2 3 0 1 210 1 2113

Table 5.

This completes the proof. O
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