
International J.Math. Combin. Vol.2(2024), 100-110

4-Total Mean Cordial Graphs Derived From

Star, Jellyfish and Fan

R. Ponraj1, S.Subbulakshmi2 and M. Sivakumar3

1. Department of Mathematics, Sri Paramakalyani College, Alwarkurichi-627412, Tamilnadu, India

2. Research Scholar, Reg.No: 19124012092011, Department of Mathematics, Manonmaniam Abishekapatti,

Sundarnar University, Tirunelveli-627012, Tamilnadu, India

3. Department of Mathematics, Government Arts and Science College,Tittagudi-606106,Tamilnadu, India

E-mail: ponrajmaths@gmail.com, ssubbulakshmis@gmail.com, sivamaths1975@gmail.com

Abstract: Let G be a graph. Let f : V (G) → {0, 1, 2, · · · , k − 1} be a function where

k ∈ N and k > 1. For each edge uv, assign the label f (uv) =
⌈

f(u)+f(v)
2

⌉
. f is called k-

total mean cordial labeling of G if |tmf (i)− tmf (j)| ≤ 1, for all i, j ∈ {0, 1, . . . , k − 1}, where

tmf (x) denotes the total number of vertices and edges labelled with x, x ∈ {0, 1, 2, . . . , k − 1}.
A graph with admit a k-total mean cordial labeling is called k-total mean cordial graph.
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§1. Introduction

All graphs in this paper are finite, simple and undirected. Cordial labeling was introduced by

Cahit [1]. Subsequently cordial related labeling was studied by several authors [9, 10, 11, 12, 13].

The notation of k-total mean cordial labeling have been introduced in [4]. Also 4-total mean

cordial labeling of certain graphs like path, cycle, star, bistar, comb, crown, square of path,

double comb, double crown, double fan, subdivision of star, subdivision of comb, subdivision

of ladder, helm, flower graph, gear graph and web graph have been investigated [4, 5, 6, 7,

8]. In this paper, we investigate the 4-total mean cordial behavior of K1,n � K1, K1,n � K2,

K1,n�K3, Bn,n�K2, Bn,n�K3, Jn,n�K1, Jn,n�K2, Jn,n�K3, Fn�K1, Fn�K3. Let x be

any real number. Then dxe stands for the smallest integer greater than or equal to x. Terms

not defined here follow from Harary [3] and Gallian [2].

.

§2. k-Total Mean Cordial Graph

Definition 2.1 Let G be a graph. Let f : V (G)→ {0, 1, 2, . . . , k − 1} be a function where k ∈ N
and k > 1. For each edge uv, assign the label f (uv) =

⌈
f(u)+f(v)

2

⌉
. f is called k-total mean
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cordial labeling of G if |tmf (i)− tmf (j)| ≤ 1, for all i, j ∈ {0, 1, · · · , k − 1}, where tmf (x)

denotes the total number of vertices and edges labelled with x, x ∈ {0, 1, 2, · · · , k − 1}. A graph

with admit a k-total mean cordial labeling is called k-total mean cordial graph.

Conversely, such a labeling f is called a Smarandachely k-total mean cordial labeling of G

if there are integers i, j ∈ {0, 1, 2, · · · , k − 1} hold with |tmf (i)− tmf (j)| ≥ 2 and G is called a

Smarandachely k-total mean cordial graph.

§3. Preliminaries

Definition 3.1 A complete bipartite graph K1,n is called a star.

Definition 3.2 A bistar Bm,n is the graph obtained by joining the two central vertices of K1,m

and K1,n.

Definition 3.3 A jellyfish graph J (m,n) is obtained from a cycle C4 : uxvwu by joining x and

w with an edge and appending m pendent edges to u and n pendent edges to v.

Definition 3.4 A graph Fn = Pn + K1 is called a fan graph, where Pn is a path.

Definition 3.5 Let G1, G2 respectively be (p1, q1), (p2, q2) graphs. A corona of G1 with G2

is the graph G1 � G2 obtained by taking one copy of G1 , p1 copies of G2 and joining the ith

vertex of G1 by an edge to every vertex in the ith copy of G2 where 1 ≤ i ≤ p1.

Definition 3.6 The complement G of a graph G also has V (G) as its vertex set, but two

vertices are adjacent in G if and only if they are not adjacent in G.

§4. Main Results

Theorem 4.1 A graph K1,n �K1 is 4-total mean cordial for all n.

Proof Let V (K1,n) = {u, ui : 1 ≤ i ≤ n}, E (K1,n) = {uui : 1 ≤ i ≤ n}. Let v1, v2, · · · , vn
be the pendent vertices adjacent to u1, u2, · · · , un and v be the pendent vertex adjacent to u.

Clearly,

|V (K1,n �K1)|+ |E (K1,n �K1)| = 4n + 3.

Assign the labels 1, 3 to the vertices u, v respectively. Consider the vertices u1, u2, · · · ,
un. Now we assign the label 0 to the n vertices u1, u2, . . ., un. We now consider the vertices

v1, v2, · · · , vn. Finally we assign the label 3 to the n vertices v1, v2, . . ., vn.

Obviously, tmf (0) = n, tmf (1) = tmf (2) = tmf (3) = n + 1. �

Theorem 4.2 A graph K1,n �K2 is 4-total mean cordial for all n.

Proof Let V (K1,n) = {u, ui : 1 ≤ i ≤ n}, E (K1,n) = {uui : 1 ≤ i ≤ n}. Let v, w be the

pendent vertices adjacent to u and v1, v2, · · · , vn, w1, w2, · · · , wn be the pendent vertices
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adjacent to u1, u2, · · · , un. Obviously,∣∣V (K1,n �K2

)∣∣+
∣∣E (K1,n �K2

)∣∣ = 6n + 5.

Case 1. n ≡ 0 (mod 4).

Let n = 4r, where r ∈ N . Assign the labels 0, 2, 3 to the vertices u, v, w respectively.

Now, we assign the label 0 to the 3r vertices u1, u2, · · · , u3r. We now assign the label 1 to

the r vertices u3r+1, u3r+2, · · · , u4r. Next we assign the label 1 to the 2r vertices v1, v2, · · · ,
v2r. We now assign the label 3 to the 2r vertices v2r+1, v2r+2, · · · , v4r. Finally we assign the

label 3 to the 4r vertices w1, w2, · · · , w4r.

Case 2. n ≡ 1 (mod 4).

Let n = 4r + 1, where r ∈ N. Assign the labels 0, 2, 3 to the vertices u, v, w respectively.

We now assign the label 0 to the 3r+1 vertices u1, u2, · · · , u3r+1. Now we asisgn the label

1 to the r vertices u3r+2, u3r+3, · · · , u4r+1. Next we assign the label 1 to the 2r + 1 vertices

v1, v2, · · · , v2r+1. Now we assign the label 3 to the 2r vertices v2r+2, v2r+3, · · · , v4r+1. Finally

we assign the label 3 to the 4r + 1 vertices w1, w2, · · · , w4r+1.

Case 3. n ≡ 2 (mod 4).

Let n = 4r + 2, where r ≥ 0. Assign the labels 0, 3, 3 to the vertices u, v, w respectively.

We now assign the label 0 to the 3r+2 vertices u1, u2, · · · , u3r+2. Now we asisgn the label

1 to the r vertices u3r+3, u3r+4, · · · , u4r+2. Next we assign the label 1 to the 2r + 2 vertices

v1, v2, · · · , v2r+2. Now we assign the label 3 to the 2r vertices v2r+3, v2r+4, · · · , v4r+2. Finally

we assign the label 3 to the 4r + 2 vertices w1, w2, . . ., w4r+2.

Case 4. n ≡ 3 (mod 4).

Let n = 4r + 3, where r ≥ 0. Assign the labels 0, 3, 3 to the vertices u, v, w respectively.

Now we assign the label 0 to the 3r + 2 vertices u1, u2, · · · , u3r+2. We now asisgn the

label 1 to the r + 1 vertices u3r+3, u3r+4, · · · , u4r+3. Next we assign the label 1 to the 2r + 2

vertices v1, v2, · · · , v2r+2. We now assign the label 3 to the 2r + 1 vertices v2r+3, v2r+4, · · · ,
v4r+3. Finally we assign the label 3 to the 4r + 3 vertices w1, w2, · · · , w4r+3.

This vertex labeling f is a 4-total mean cordial labeling follows from the Table 1.

Nature of n tmf (0) tmf (1) tmf (2) tmf (3)

n = 4r 6r + 1 6r + 1 6r + 2 6r + 1

n = 4r + 1 6r + 3 6r + 3 6r + 3 6r + 2

n = 4r + 2 6r + 5 6r + 4 6r + 4 6r + 4

n = 4r + 3 6r + 5 6r + 6 6r + 6 6r + 6

Table 1.

This completes the proof. �

Theorem 4.3 A graph K1,n �K3 is 4-total mean cordial for all n.
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Proof Let V (K1,n) = {u, ui : 1 ≤ i ≤ n}, E (K1,n) = {uui : 1 ≤ i ≤ n}. Let x, y, z be the

pendent vertices adjacent to u and x1, x2, · · · , xn, y1, y2, . . ., yn, z1, z2, · · · , zn be the pendent

vertices adjacent to u1, u2, · · · , un respectively. Note that∣∣V (K1,n �K3

)∣∣+
∣∣E (K1,n �K3

)∣∣ = 8n + 7.

Assign the labels 0, 1, 3, 3 to the vertices u, x, y, z respectively. Now, we assign the label

0 to the n vertices u1, u2, · · · , un. We now assign the label 1 to the n vertices x1, x2, · · · , xn.

Next we assign the label 3 to the n vertices y1, y2, · · · , yn. Finally we assign the label 3 to the

n vertices z1, z2, · · · , zn.

Clearly,

tmf (0) = 2n + 1, tmf (1) = 2n + 2, tmf (2) = 2n + 2 and tmf (3) = 2n + 2. �

Example 4.1 A 4 - total mean cordial labeling of K1,3 �K3 is given in Figure 1.

Figure 1. K1,3 �K3

Theorem 4.4 A graph Bn,n �K2 is 4-total mean cordial for all n.

Proof Let V (Bn,n) = {u, v, ui, vi : 1 ≤ i ≤ n} and E (Bn,n) = {uv, uui, vvi : 1 ≤ i ≤ n}.
Let x, y be the pendent vertices adjacent to u and x1, x2, . . ., xn, y1, y2, · · · , yn be the pendent

vertices adjacent to u1, u2, · · · , un. Let p, q be the pendent vertices adjacent to v and p1, p2,

· · · , pn, q1, q2, · · · , qn be the pendent vertices adjacent to v1, v2, · · · , vn.

Clearly, ∣∣V (Bn,n �K2

)∣∣+
∣∣E (Bn,n �K2

)∣∣ = 12n + 11.

Assign the labels 1, 3, 0, 0, 2, 2 to the vertices u, v, x, y, p, q respectively. Now, we assign

the label 0 to the n vertices u1, u2, · · · , un. We now assign the label 2 to the n vertices v1, v2,

· · · , vn. Next we assign the label 0 to the n vertices x1, x2, · · · , xn. We now assign the label

1 to the n vertices y1, y2, · · · , yn. Now we assign the label 2 to the n vertices p1, p2, · · · , pn.

Finally, we assign tne label 3 to the n vertices q1, q2, · · · , qn.

Thus,

tmf (0) = 3n + 2, tmf (1) = tmf (2) = tmf (3) = 3n + 3. �
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Example 4.2 A 4-total mean cordial labeling of B2,2 �K2 is shown in Figure 2.

Figure 2. B2,2 �K2

Theorem 4.5 A graph Bn,n �K3 is 4-total mean cordial for all n.

Proof Let V (Bn,n) = {u, v, ui, vi : 1 ≤ i ≤ n} and E (Bn,n) = {uv, uui, vvi : 1 ≤ i ≤ n}.
Let x, y, z be the pendent vertices adjacent to u and x1, x2, · · · , xn, y1, y2, · · · , yn, z1, z2,

· · · , zn be the pendent vertices adjacent to u1, u2, · · · , un. Let p, q, r be the pendent vertices

adjacent to v and p1, p2, · · · , pn, q1, q2, · · · , qn, r1, r2, · · · , rn be the pendent vertices adjacent

to v1, v2, · · · , vn. Note that∣∣V (Bn,n �K3

)∣∣+
∣∣E (Bn,n �K3

)∣∣ = 16n + 15.

Assign the labels 0, 1, 3, 3, 0, 1, 3, 3 to the vertices u, x, y, z, v, p, q, r respectively. Now

we assign the label 0 to the 2n vertices u1, u2, . . ., un, v1, v2, · · · , vn. We now assign the label

1 to the 2n vertices x1, x2, · · · , xn, p1, p2, . . ., pn. Finally, we assign the label 3 to the 4n

vertices y1, y2, . . ., yn, z1, z2, · · · , zn, q1, q2, · · · , qn, r1, r2, · · · , rn.

Clearly,

tmf (0) = 4n + 3, tmf (1) = tmf (2) = tmf (3) = 4n + 4. �

Example 4.3 A 4 - total mean cordial labeling of B3,3 �K3 is given in Figure 3.

Figure 3. B3,3 �K3

Theorem 4.6 A graph Jn,n �K1 is 4-total mean cordial for all n.
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Proof Let V (Jn,n �K1) = {u, v, x, y, p, q, r, s}∪{ui, vi, xi, yi : 1 ≤ i ≤ n}, E (Jn,n �K1) =

{ux, xv, vy, yu, xy, pu, qx, rv, sy} ∪ {uui, uixi, vvi, viyi : 1 ≤ i ≤ n}. Clearly,

|V (Jn,n �K1)|+ |E (Jn,n �K1)| = 8n + 17.

Assign the labels 0, 2, 1, 3, 0, 0, 0, 3 to the vertices u, v, x, y, p, q, r, s respectively. We

now assign the label 0 to the n vertices u1, u2, · · · , un. Now we assign the label 1 to the n

vertices x1, x2, · · · , xn. Next we assign the label 2 to the n vertices v1, v2, · · · , vn. Finally we

assign the label 3 to the n vertices y1, y2, · · · , yn.

Clearly,

tmf (0) = 2n + 5, tmf (1) = tmf (2) = tmf (3) = 2n + 4. �

Example 4.4 A 4 - total mean cordial labeling of J3,3 �K1 is shown in Figure 4.

Figure 4. J3,3 �K1

Theorem 4.7 A graph Jn,n �K2 is 4-total mean cordial for all n.

Proof Let V
(
Jn,n �K2

)
= {u, v, x, y, a, b, c, d, e, f, g, h} ∪ {ui, vi, xi, yi, pi, qi : 1 ≤ i ≤ n},

E
(
Jn,n �K2

)
= {ux, xv, vy, yu, xy, au, bu, cx, dx, ev, fv, gy, hy}∪{uui, uixi, uiyi, vvi, vipi, viqi :

1 ≤ i ≤ n}.

Obviously, ∣∣V (Jn,n �K2

)∣∣+
∣∣E (Jn,n �K2

)∣∣ = 12n + 25.

Assign the labels 1, 3, 1, 0, 0, 2, 3, 3, 3, 3, 0, 0 to the vertices u, v, x, y, a, b, c, d, e, f ,

g, h respectively. Now we assign the label 0 to the 2n vertices u1, u2, · · · , un, x1, x2, · · · , xn.

We now assign the label 1 to the n vertices y1, y2, · · · , yn. Next we assign the label 2 to the

2n vertices v1, v2, · · · , vn, p1, p2, · · · , pn. Finally we assign the label 3 to the n vertices q1, q2,

· · · , qn.

Clearly,

tmf (0) = tmf (1) = tmf (2) = 3n + 6, tmf (3) = 3n + 7. �

Example 4.5 A 4 - total mean cordial labeling of J2,2 �K2 is given in Figure 5.
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Figure 5. J2,2 �K2

Theorem 4.8 A graph Jn,n �K3 is 4-total mean cordial.

Proof Let V
(
Jn,n �K3

)
= {u, v, x, y}∪{ui, vi, xi, yi : 1 ≤ i ≤ 3}∪{zj , pj , qj , rj , wj , aj , bj ,

cj : 1 ≤ i ≤ n}, E
(
Jn,n �K3

)
= {ux, xv, vy, yu, xy}∪{uui, xxi, vvi, yyi : 1 ≤ i ≤ 3}∪{uzj , zjpj ,

zjqj , zjrj , vwj , wjaj , wjbj , wjcj : 1 ≤ j ≤ n}.

Clearly, ∣∣V (Jn,n �K3

)∣∣+
∣∣E (Jn,n �K3

)∣∣ = 16n + 33.

Assign the label 0, 0, 3, 2 to the vertices u, v, x, y respectively. We now assign the label 0

to the vertices u1, u2, u3. Now we assign the label 1 to the vertices v1, v2, v3. Next we assign

the label 3 to the vertices x1, x2, x3. Now we assign the label 2 to the vertices y1, y2, y3. We

now assign the label 0 to the 2n vertices z1, z2, · · · , zn, w1, w2, · · · , wn. Next we assign the

label 1 to the 2n vertices p1, p2, · · · , pn, a1, a2, · · · , an. Finally we assign the label 3 to the 4n

vertices q1, q2, . . ., qn, r1, r2, · · · , rn, b1, b2, · · · , bn, c1, c2, · · · , cn.

Clearly,

tmf (0) = tmf (1) = tmf (3) = 4n + 8, tmf (2) = 4n + 9. �

Example 4.6 A 4 - total mean cordial labeling of J2,2 �K3 is shown in Figure 6.

Figure 6. J2,2 �K3
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Theorem 4.9 A graph Fn �K1 is 4-total mean cordial for all n ≥ 2.

Proof Let Pn be the path u1u2 · · ·un. Let V (Fn �K1) = {u, x}∪V (Pn)∪{xi : 1 ≤ i ≤ n}
and

E (Fn �K1) = {uui : 1 ≤ i ≤ n} ∪ E (Pn) ∪ {uixi : 1 ≤ i ≤ n} .

Clearly |V (Fn �K1)|+ |E (Fn)�K1| = 5n + 2.

Assign the labels 2, 0 to the vertices u, x respectively.

Case 1. n ≡ 0 (mod 4).

Let n = 4r, where r ∈ N . Consider the path vertices u1, u2, · · · , un. Assign the labels 0, 0,

2, 3 respectively to the vertices u1, u2, u3, u4. Now we assign the labels 0, 0, 2, 3 to the vertices

u5, u6, u7, u8 respectively. We now assign the labels 0, 0, 2, 3 respectively to the vertices u9,

u10, u11, u12. Proceeding like this until reach the vertex u4r. Obviously the vertices u4r−3,

u4r−2, u4r−1, u4r receive the labels 0, 0, 2, 3. Now we assign the labels 0, 1, 2, 3 respectively

to the vertices x1, x2, x3, x4. We now assign the labels 0, 1, 2, 3 to the vertices x5, x6, x7, x8

respectively. Next we assign the labels 0, 1, 2, 3 respectively to the vertices x9, x10, x11, x12.

Continuing like this until reach the vertices x4r. Clearly the vertices x4r−3, x4r−2, x4r−1, x4r

receive the labels 0, 1, 2, 3.

Case 2. n ≡ 1 (mod 4).

Let n = 4r + 1, where r ∈ N .

As in Case 1 assign the label to the vertices ui, xi (1 ≤ i ≤ 4r). Finally, we assign the

labels 0, 3 to the vertices u4r+1, x4r+1.

Case 3. n ≡ 2 (mod 4).

Let n = 4r + 2, where r ∈ N . Label the vertices ui, xi (1 ≤ i ≤ 4r) as in Case 1. Now we

assign the labels 3, 0, 0, 2 to the vertices u4r+1, u4r+2, x4r+1,x4r+2.

Case 4. n ≡ 3 (mod 4).

Let n = 4r+3, where r ∈ N . In this case assign the label for the vertices ui, xi (1 ≤ i ≤ 4r)

as in Case 1. We now assign the labels 3, 0, 0, 0, 2, 3 to the vertices u4r+1, u4r+2, u4r+3,

x4r+1,x4r+2, x4r+3.

This vertex labeling f is a 4-total mean cordial labeling of Fn�K1 follows from the Table

2.

Order of n tmf (0) tmf (1) tmf (2) tmf (3)

n = 4r 5r + 1 5r + 1 5r 5r + 1

n = 4r + 1 5r + 2 5r + 2 5r + 2 5r + 1

n = 4r + 2 5r + 3 5r + 3 5r + 3 5r + 3

n = 4r + 3 5r + 5 5r + 4 5r + 4 5r + 4

Table 2.
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Case 5. n = 2, 3.

A 4-total mean cordial labeling is given in Table 3.

n u v u1 u2 u3 v1 v2 v3

2 1 3 0 0 3 3

3 1 3 0 0 0 3 3 3

Table 3.

This completes the proof. �

Theorem 4.10 A graph Fn �K3 is 4-total mean cordial for all values of n ≥ 2.

Proof Let Pn be the path u1u2 . . . un. Let V
(
Fn �K3

)
= {u, x, y, z}∪V (Pn)∪{xi, yi, zi :

1 ≤ i ≤ n} and E
(
Fn �K3

)
= {uui : 1 ≤ i ≤ n} ∪ E (Pn) ∪ {uixi, uiyi, uizi : 1 ≤ i ≤ n}.

Clearly, ∣∣V (Fn �K3

)∣∣+
∣∣E (Fn)�K3

∣∣ = 9n + 6.

Assign the labels 2, 0, 2, 3 to the vertices u, x, y, z respectively.

Case 1. n ≡ 0 (mod 4).

Let n = 4r, where r ∈ N . Label the vertices ui, xi (1 ≤ i ≤ n) as in Case 1 of Theorem

4.2. Assign the labels 0, 1, 2, 3 respectively to the vertices y1, y2, y3, y4. Now we assign the

labels 0, 1, 2, 3 to the vertices y5, y6, y7, y8 respectively. We now assign the labels 0, 1, 2,

3 respectively to the vertices y9, y10, y11, y12. Proceeding like this until reach the vertex y4r.

Obviously the vertices y4r−3, y4r−2, y4r−1, y4r receive the labels 0, 1, 2, 3. Next we assign the

labels 0, 1, 2, 3 respectively to the vertices z1, z2, z3, z4. We now assign the labels 0, 1, 2, 3 to

the vertices z5, z6, z7, z8 respectively. Now we assign the labels 0, 1, 2, 3 respectively to the

vertices z9, z10, z11, x12. Continuing like this until reach the vertices z4r. Clearly, the vertices

z4r−3, z4r−2, z4r−1, z4r receive the labels 0, 1, 2, 3.

Case 2. n ≡ 1 (mod 4).

Let n = 4r + 1, where r ∈ N . As in Case 1 assign the label to the vertices ui, xi, yi, zi

(1 ≤ i ≤ 4r). Finally we assign the labels 2, 0, 0, 0 to the vertices u4r+1, x4r+1, y4r+1, z4r+1.

Case 3. n ≡ 2 (mod 4).

Let n = 4r + 2, where r ∈ N . Label the vertices ui, xi, yi, zi (1 ≤ i ≤ 4r) as in Case 1.

Now we assign the labels 3, 0, 2, 0, 1, 0, 1, 1 to the vertices u4r+1, u4r+2, x4r+1,x4r+2, y4r+1,

y4r+2, z4r+1,z4r+2.

Case 4. n ≡ 3 (mod 4).

Let n = 4r + 3, where r ∈ N . In this case assign the label for the vertices ui, xi

(1 ≤ i ≤ 4r + 2) as in Case 3. We now assign the labels 2, 0, 0, 3 to the vertices u4r+3, x4r+3,

y4r+3, z4r+3.

This labeling f is a 4-total mean cordial labeling of Fn �K1 follows from the Table 4.
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Order of n tmf (0) tmf (1) tmf (2) tmf (3)

n = 4r 5r + 1 5r + 1 5r 5r + 1

n = 4r + 1 5r + 2 5r + 2 5r + 2 5r + 1

n = 4r + 2 5r + 3 5r + 3 5r + 3 5r + 3

n = 4r + 3 5r + 5 5r + 4 5r + 4 5r + 4

Table 4.

Case 5. n = 2, 3.

A 4-total mean cordial labeling is given in Table 5.

n u x y z u1 u2 u3 x1 x2 x3 y1 y2 y3 z1 z2 z3

2 2 0 2 3 3 0 2 0 1 0 1 1

3 2 0 2 3 3 0 2 3 0 1 2 0 1 2 1 3

Table 5.

This completes the proof. �
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