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§1. Introduction

All graphs considered in this paper are finite, simple and undirected. Let C be a cycle with
given orientation in graph X, C(C C) with anticlockwise direction and C with clockwise
direction. If x € V(C), then we use 1 to denote the successor of x on C' and z~ to denote its
predecessor. Use C|z,y] denote (z,y)-path on C; C(z,y) denote (z,y)-path missing z,y on C.
Any undefined notation follows that of [1, 2].

Definition 1.1([1]) Let G be a group and let C be a subset of G that is closed under taking
inverses and does not contain the identity, then the Cayley graph X (G,C) is the graph with
vertez set G and edge set E(X(G,C)) = {gh:hg™! € C}.

For a Cayley graph G, it may not be a hamiltonian graph, but a Cayley graph of Abelian
group is a hamiltonian graph. And(k) is a family of Cayley graph, which is named by the
Hungarian mathematician Andrdasfai, it is a k-regular graph with the order n = 3k — 1 and it

is a hamiltonian graph.

Definition 1.2([1]) For any integer k > 1, let G = Z3,_1 denote the additive group of integer
modulo 3k —1 and let C' be the subset of Zs,_1 consisting of the elements congruent to 1 modulo
3. Then we denote the Cayley graph X(G,C) by And(k).

For convenience, we note Zsz_1 = {ug, u1,...,usk—2}. For u;,u; € V[And(k)],u; ~ u; if
and only if j — ¢ = +1mod3. The result are directly by the definition of Andrdsfai graph.
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Lemma 1.3 Let C be any hamiltonian cycle in And(k)(k > 2).

(1) If Vu,z € V(And(k)), u ~ z is a chord of C, then u~ ~z~, ut ~z™.
(2) If Vu,z,y € V(And(k)), u ~ x, u ~y are two chords of C, then x ~ y™*.

The definition of k-ordered hamiltonian graph was given in 1997 by Lenhard as follows.

Definition 1.4([3]) A hamiltonian graph G of order v is k-ordered, 2 < k < v, if for ev-
ery sequence (v1,vs,...,vx) of k distinct vertices of G, there exists a hamiltonian cycle that

encounters (v1,va,...,vx) in this order.

Faudree developed above definition into a k-ordered graph.

Definition 1.5([4]) For a positive integer k, a graph G is k-ordered if for every ordered set of

k vertices, there is a cycle that encounters the vertices of the set in the given order.

It has been shown that And(k)(k > 4) is 4-ordered hamiltonian graph by in [5]. The
concept of expansion transformation graph of a graph was given in 2009 by A Yongga at first.
Then an equivalence definition of complete expansion graph was given by her, that is, the
method defined by Cartesian product in [6] as follows.

Definition 1.6([6]) Let G be any graph and L(G) be the line graph of G. Non-trivial component
of GOL(G) is said complete expansion graph (CEG for short) of G, denoted by 9(G), said the
map ¥ be a complete expansion transformation of G.

The proof of main result in this paper is mainly according to the following conclusions.

Theorem 1.7([1]) The Cayley graph X(G,C) is vertex transitive.
Theorem 1.8([5]) And(k)(k > 4) is 4-ordered hamiltonian graph.
Theorem 1.9([7]) Ewvery even regular graph has a 2-factor.

The notations following is useful throughout the paper. For u € V(G), the clique with
the order dg(u) in 9(G) by w is denoted as ¥(u). All cliques are the cliques in ¥(And(k))
determined by the vertices in And(k), that is maximum Clique. For u, v € V(G), #(u) ~ ¥(v)
means there exist © € V(¢(u)), y € V(¥(v)), s.t.z ~ y in V(HG)), edge (z,y) is said an edge
stretching out from ¥(u). Use Gy,)[7,y; s,t] to denote (z,y)-longest path missing s,¢ in J(u),
where z,y, s,t € V(9(u)).

82. Main Results with Proofs

We consider that whether ¥(And(k)) (k > 4) is 4-ordered hamiltonian graph or not in this
section.

Theorem 2.1 ¥(And(k)) (k > 6) is a 4-ordered hamiltonian graph.
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The following lemmas are necessary for the proof of Theorem 2.1.

Lemma 2.2 For any u € V(And(k))(k > 2), Y,y € N(u), there exists a hamiltonian
cycle C in And(k), s.t. ux € E(C) and uy € E(C).

Proof Let Cy is a hamiltonian cycle ug ~ uy ~ ug ~ ... ~ usg_2 ~ ug in And(k)(k > 2).
For u € V(And(k))(k > 2), Va,y € N(u), then we consider the following cases.

Case 1 z~u~yon 6’0. Then C' = Cj is that so, since Cy is a hamiltonian cycle.

Case 2 xwuandu%yonéoorx%uandUNyoné’o. Ifxwuandu%yoné’o, then
we can find a hamiltonian cycle C in And(k)(k > 2) according to Lemma 1, that is,

C=u~z~Colr,y )~y ~u ~Colu,y)~y~u;

If x £ wand u~yon 6’0, then we can find a hamiltonian cycle C in And(k)(k > 2) according

to Lemma 1.3, that is,

+ 0t

C:uwxwéo(,’b,u+)NU ~ X NCO(x+7y)NyNu'

Case 3 z 4 u 4 yon Co. Then we can find a hamiltonian cycle C in And(k)(k > 2) according
to Lemma 1.3, that is,

C=u~a~yt ~Coly",u™) ~u” ~a” ~ Cole,u’) ~ut ~ Colat,y ~u.

For any u € V(And(k))(k > 2), Lemma 2.2 is true since And(k) is vertex transitive. O

Corollary 2.3 For any two edges which stretch out from any Clique, there exists a hamiltonian

cycle in 3(And(k)) containing them.

Lemma 2.4 If k is an odd number, then And(k)(k > 3) can be decomposed into one I-factor

-1
and 5 2-factors.

Proof 3k — 1 is an even number, since k is an odd number. There exists one 1-factor
M in And(k) by the definition of And(k). According to Theorem 1.9 and the condition of
Lemma 2.4 for integers k > 3, And(k) — E(M) is a (k — 1)-regular graph with a hamiltonian
cycle C1, And(k) — E(M) — E(C1) is a (k — 3)-regular graph with a hamiltonian cycle Cy, - - -,

And(k) — E(M) — 22: E(C;) is an empty graph.
=1

Assume k = 27‘1 tf— 1(r € Z1), since k is an odd number. First we shall prove the result for
r =1, and then by induction on r. If r = 1 (k = 3), it is easy to see that And(k) — E(M) is
a hamiltonian cycle C1 by Theorem 1.9 and the analysis form of Lemma 2.4 , so the result is
clearly true.

Now, we assume that the result is true if r = n(r > 1,k = 2n+1), that is, And(2n+ 1) can
be decomposed into one 1-factor and n 2-factors. Considering the case of r = n+ 1(k = 2n+ 3,
we know And(2n+3)(And[2(n+1)+1]) can be decomposed into one 1-factor and n+1 2-factors

according to the induction.
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Thus, if k is an odd number, then And(k)(k > 3) can be decomposed into one 1-factor and

k-1
5 2-factors. O

Proof of Theorem 2.1

¥(And(k)) is a hamiltonian graph, since And(k) is a hamiltonian graph. So there exists
a hamiltonian cycle Cy in 9(And(k)) and a hamiltonian cycle Cy" in And(k), such that Cy =
9(Co'), without loss of generality

li
Co = uguy . .. u3k—2uo,

then

Co = Up,1U0,2 « - - U0,kUL,1UL,2 - - - ULk - - - USE—2,1U3Kk—2,2 - . - U3L—2 kUO,1,

where u; ; € V(9(ui)), ui € V(And(k)), danag)(ui) =k > 6, i = 0,1,2,...,3k — 2, and
Uy, u:rk g V(¥(u,)), u:rj =uijr1 (1 <j<k-1)and u;; = uj—1 (2 <1 < k). There
are three cyclic orders Yuq b, Uc,d, Ue, f, Ugn € V[I(And(k))] according to the definition of the
ring arrangement of the second kind, as follows: (uq.p, Uc.d, Ue, £, Ug,h), (Ua,b, Ue, £ Ue,dy Ug,h)s
(Ua,bs Ue,ds Ug,h, Ue, £ ) (s€€ Fig.1). Let S = {(uqp, Ue,d, Ue, 5 Ug,h)s (Ua,by Ue, f5 Ue,ds Ug,h)s (Ua,bs Ue,ds

Ug,h, ue,f)}-

Uq,b Ug,b Ug,b
Uc,d Ug,h Ue, f g, h Uc,d Ue, f
Ue, f Ue,d Ug,h
(ua,bauc,duue,faug,h) (ua,buue,fauc,duug,h) (ua,buuc,duug,huue,f)

Fig.1 Three cyclic orders

Now, we show that 4-ordered hamiltonicity of J(And(k)) (k > 6). In fact, we need to
prove that a € S, there exists a hamiltonian cycle containing «. Without loss of generality,
hamiltonian cycle Cy encounters (uq,p, Ue,d, Ue, f, Ug,r) i this order. So we just prove: Vf3 €
S\ (Ua,p; Ue,d, Ue, £, Ug 1), there exists a hamiltonian cycle containing 3.

According to the Pigeonhole principle, we consider following cases.

Case 1 If these four vertices uqp,Uc,d, Ue,f,Ug,n are contained in distinct four Cliques of
Y(And(k)), respectively. And Theorem 2.1 is true by the result in [5].

Case 2 If these four vertices uq b, Uc,d, Ue, f, Ug,h are contained in a same Clique of J(And(k)),
then a=cCc=¢= 97 b < d < f < h Let S - {(ua,b; ua,d; ua.,fa ua,h)v (ua,bvua,f; ua,dvua,h); (ua,ba
Ua,dy Ua,h, ua,f)}'

(1) For (uqg,p, Ua,d, Ua, £, Ua,pn) € S. Cp is the hamiltonian cycle that encounters (uq b, Uq,d, Ua, £

Uq,h) in this order, clearly.
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(2) For (ug,b, Uq, [, Ua,ds Ua,pn) € S. We can find a hamiltonian cycle

C = ua,pCo(Uab, Uy g)U, gUa,fColUa,f, ua,d)ua,du,;‘:fco(u:’f7 Ua,h)Ua,hCo(Ua,h, Uab)Ua,b

that encounters (uq,p, Ua, f, Ua,ds Uq,r) in this order.

(3) For (tg,b, Ua,dy Ua,hs Ua,f) € S. We can find a hamiltonian cycle

C= ua,ICO (ua,la u;yf)u;fua,kco(ua,k; ua.,f)ua,fﬁ(cl)(ua,fv ua,l)'ula,l

that encounters (uq p, Ua,d;, Ua,h, Ua,f) in this order by Lemma 2.2 and Corollary 2.3 (see Fig.2).

Fig.2 C = uaﬂlco(ua,l,u;f)u;fua,kco(uaﬂk,ua,f)ua_,fﬁ(cl)(ua’f,ua_rl)ua_rl

Case 3 If these four vertices uqp,Uc,d, Ue,f,Ug,n are contained in distinct two Cliques of
Y(And(k)), without loss of generality, we assume that ugp, Uuca € V(9 (uq)) and ue r,ugn €
V(9(ue)) in 9(And(k)) or uap, Ue,d; Ue,f € V(¥ (uq)) and ugp € V(9(ug)) in 9(And(k)) accord-

ing to the notations. Let S = {(uq b, Ua,d, Ue, [, Ue ), (Ua,bs Ue, [ Ua,ds Ue )y (Ua,bs Ua,ds Ue, s Ue, ) }-
Subcase 3.1 ugp, tc,d € V(H(ug)) and ue r,ugn € V(9 (ue)) in 9(And(k)).

(1) For (ua,p, Uq,ds Ue, 5 Ue,n) € S. Co is the hamiltonian cycle that encounters (uqp, e, d,

Ue, [, Ug,p,) 0 this order, clearly.

(2) For (uq,b, Ue,f, Ua,d, Ue,n) € S. Let Cy is a hamiltonian cycle in And(k) or And(k) —
E(M), C3 is a hamiltonian cycle in And(k) — E(C1) or And(k) — E(M) — E(C1)(see Fig.3).
Use A(Cy) to denote a cycle that only through two vertices in 9(u;)(i = 1,2,...,3k —2) and
related with ¥(C1), and use A(C3) to denote the longest cycle missing the vertex on A(Cy)
in 9(And(k)) or 9(And(k)) — M(see Fig.3). We suppose that P, = [z,y], P> = [p,uq,] on
cycle A(Ch) in ¥(And(k)) or 9(And(k)) — M and Ps = [m,n], Py = [s,t] on cycle A(C2) in
I(And(k)) — A(Cy) or 9(And(k)) — M — A(C}) by Theorem 3[7), the analysis of Lemma 2.4 and
the definition of CEG (see appendix). Now, we have a discussion about the position of vertex
x,y, p, s and n in Y(And(k)).



104 Lian Ying, A Yongga, Fang Xiang and Sarula

C—

ugp

Fig.3

In where, C; in And(k) or And(k)— E(M), Cy in And(k) — E(Cy) or And(k) — E(M)— E(C1),
A(Ch) in 9(And(k)) or ¥(And(k))— M, A(C3) in 9(And(k))— A(Cy) or ¥(And(k))—A(C1)— M.

Do Uy oo (1)
ST Uy v (2)

I ter T G T (3)
TU= U e v eveeneeeeeeeeaee (4)

Do U e e (5)

SN A Uy e (6)

e T G T (7)
TU= U, frevnemnennennneanaenenn. (8)

8,710 Ug ppy o e (9)

D=Ue, s\ 8= Uehyeroveenrueeoeuaennnn. (10)

T F Uqb, Ua,d L VI (11)
S)TUF Ug fy wvrrrren e (12)

D=Uehy§ S=TUe foeeenrmeeneuneuaenann. (13)

TV U, fyevnevnennnannannnenn. (14)

Y F Ue £y Ue,hs S U fyrrrr e (15)
M= Ue frenennnnnnnnnnnn. (16)

I T S (17)

D F Ue frley § M= Uehyevvnneeennnnenn (18)

S =Ue [N = Uefyyovne-- (19)

S =Ueh, N =Ue freern-.. (20)

§F Ue M F Uehyeovnnn. (21)
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For cases (1) and (2), we can find a hamiltonian cycle
ua,bxpl ($7 y)ySP4(87 t)tGﬂ(ua) [ta miUa,b, x]mPﬁ] (m7 n)nG'L?(ue) [n7p7 Y, S]pp2(p7 ua,b)ua,b

that encounters (uq,b, Ue, f, Ua,d, Ue,p) in this order.

For cases (3)-(21), we can find a hamiltonian cycle that encounters (uq.p, Ue, £, Ua,d, Ue,h) I
this order according to the method of (1) and (2).

(3)For cases (2)-(11) and (15)-(21), we can find a hamiltonian cycle that encounters
(Ua,bs Ua,ds Ue,hs Ue, f) In this order according to the method of Case3.1(2).

For case (1), we can find a hamiltonian cycle

Ua b Gy(u,)[Ua,b, M timPs(m, n)nGy ) [0, p; y, slpysPy(s, t)tua

that encounters (Uq,p, Ua,d, Ue,h, Ue,f) i this order. P/ is the path which through the all vertices
in Y(u;)(i = a,...,e) and related with P;(i = 3,4) in 9(And(k)) — A(Cy) or 9(And(k)) — M —
A(C1)(see Fig.4).

::' o) ) A )

2 et :

& SR L l\ }"—...._ i :

} —— ﬁ[m?_?/v \cﬁ‘_q\,,(m‘ 9 I’(ll|)/". : \m Pugy-z)

K {
$¢ ) s o )
Hwa) Weh ) (] Nue) l‘("“)uuﬂ t : P” (] Hue)

ux‘ or ol 'i or B oM

) § / | );o o/
a...lo\c""o—-‘ “o(u)) .;(.,:,\j\é o))

) Hu,)

Fig.4

In where, Py, Py in 9(And(k)) or $(And(k)) — M, P3, Py in 9(And(k)) — A(C1) or ¥(And(k)) —
M — A(Ch), Pi, Py related with Ps, Py in ¥(And(k)) — A(C1) or ¥(And(k)) — M — A(C).

For 12-14, we can find a hamiltonian cycle that encounters (uq.p, Uq,d, Ue,h, Ue, £) in this
order according to the method of 1.

Subcase 3.2 ugp, Ue,d, Ue,f € V(H(ug)) and ugp € V(¥(ugy)) in 9(And(k)). For all condition ,
we see the result is proved by the method of Subcase 3.1.

Case 4 If these four vertices ugp, Uc,d, Ue,f, Ug,r, are contained in distinct three Cliques of
Y(And(k)). Without loss of generality, we assume that ugp, tc.q € V(3 (ug)), te,r € V(I (ue))
and ugp € V(9(ug)) in 9(And(k)).

(1) For (ua,p, Uq,ds Ue, £+ Ug,pn) € S, Co is the hamiltonian cycle that encounters (uq b, ta,d,
Ue,f, Ug,p,) 0 this order, clearly.

(2) For (uq,p, Ue,f,Ua,d, Ug,r) € S. Let Cy is a hamiltonian cycle in And(k) or And(k) —
E(M), Cy is a hamiltonian cycle in And(k) — E(Cy) or And(k) — E(M) — E(C1), Cs is a
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hamiltonian cycle in And(k) — E(C1) — E(C3) or And(k) — E(M) — E(Cy) — E(C2)(see Fig.5).
Use A(C}) to denote a cycle that only through two vertices in ¥(u;)(i = 1,2,...,3k — 2) and
related with 9(C;)(j = 1,2), and use A(C3) to denote the longest cycle missing the vertex
on A(C1) and A(C2) in 9(And(k)) or ¥(And(k)) — M (see Figure5). We can suppose that
Py = [ucd,z], P2 = [y,uqp] on cycle A(C1) in 9(And(k)) or 9(And(k)) — M , P = [m,n],
P, = [p,q] on cycle A(Cs) in ¥(And(k )) A(C1) or d(And(k)) — M — A(Cy) and Ps = [s,t],

Ps = [w, z] on A(C3) in ¥(And(k)) — Z A(C;) or ¥(And(k)) — M — Z A(C;) by Theorem 37,

the analysis of Lemma 3 and the deﬁnltlon of CEG (see appendix). Now we have a discussion
about the position of vertex m, ¢, x, y, p and n in 9(And(k)).

$—Uq7h7y7éug7h7 ........................... (1)

Y= Ugpyr v (2)

m,q # Ua,bs Ua,ds D= Ugp, v (3)
x # ug,ha

YF Ugni{ n=Ugpy e (4)

p7n$£ugh ......... (5)

e LI M ug)
W) c—

e _ NG g a3 :)é\
c R iy 2 : :/‘ ,f\
7 A\

! \

[? \o e
"’X /‘{"3‘ Mg ) y Y/ gl
AN o>

W)
Fig.5
In where, C; in And(k) or And(k) — E(M), Cy in And(k) — E(Cy) or And(k)— E(M)— E(Cy),
C3 in And(k) — E(Cy) — E(C2) or And(k) — E(M) — E(Cy) — E(Cy), A(CY) in ¥(And(k)) or
Y And(k))— M, A(Cs) in 9(And(k)) — A(C1) or (And(k)) — A(Cy)— M, A(C3) in ¥(And(k))—
A(Cr) — A(Cy) or 9(And(k)) — A(Ch) — A(C2) —
For case (1), if uc y € V(P;) (i = 2,3,4), we can find a hamiltonian cycle that encounters

(Ua,bs Ue, 5 Uq,ds Ug,k) in this order according to the method of Subcase 3.1,(2).

If e,y € V(P1), we can find a hamiltonian cycle
Ua,bq Py (q, P)PPs(n, m)mGy(u,) M, 83 Uab, A|sPs (5, )t Gy (uy) [t y5 0, 1, Y P (Y, Uab)tay o7

ua,meQI, (ma n)nppi (QJ p)qGﬁ(ua) [Q7 83 Ua,b, m]SP5/ (57 t)tGﬁ(ug) [ta Yy,p,n, t]yPQ/ (ya ua,b)ua,b
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that encounters (tq,p, Ue,f, Ua,d> Ug,n) it this order. There exist some vertices which belong to
a same Clique on P;, P, and P;(i = 3,4;5 = 5,6). And u. s € V(P/)(i = 3 or 4). P/ is

K3

the path which through the all vertices in 9(u;)(i = a,...,g) and related with P;(i = 5,6) in
2 2
Y(And(k)) — > A(C;) or 9(And(k)) — M — > A(C;), and missing the vertex on Pj, Pj(refers
i=1 i=1
to Figured).

For cases (2)-(5), we can find a hamiltonian cycle that encounters (uq b, Ue, £, Ua,d, Ug,h) i
this order according to the method of (1).

(3) For cases (1)-(5), we can find a hamiltonian cycle that encounters (uq.p, Ua,d, Ug,h, Ue, f)
in this order according to the method of Case 4(2). O
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Appendix

By the theorem 1.9, the analysis of Lemma 2.4, the definition of CEG, And(k) and the parity
of k(s € Z*) , we know that

k=2s And(k) Y And(k))
s=1 Cs Cio
s=2 And(4) — E(Ch) = Cs 9(And(4)) — B(C1) = B(Cs)

s=3 | And(6) — E(C1) — E(C2) = C3 | 9(And(6)) — B(C1) — B(C2) = B(C3)

s=n| And(2n)— 21 E(C)=Cn | 9(And(2n)) — f B(Ci) = B(Cy)
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\
~
~
ci O B(Ch)
s=2
[ N
\ \
N =
N {
i Cy C3 B(Ch)

s=8

If k£ is odd, it should be illustrated that the M’s selection method, that is, M satisfy
condition g b, Uc,d, Ue, £, Ug,n € V(M) in F(And(k)). It can be done, because k > 7.

k=241 And(k) 9(And(k))
s=1 And(3) — E(M) = Cy 9(And(3)) — M = B(C»1)
s=2 And(5) — E(M) — E(C1) = Ca 9(And(5)) — E(M) — B(C:) = B(Ch)
s=3 | And(7) — E(M) — E(C1) — E(Cs) = Cs | 9(And(T)) — M — B(C1) — B(Cs) = B(Cs)
s=n | And(2n+1) — E(M) — nzj E(Ci) = Cn | 9(And(2n+ 1)) — M — ’f B(Ci) = B(Cy)

B(Cy)




