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§1. Introduction

The notion of coupled fixed point for a partially ordered set €2 was introduced by Bhashkar and
Lakshmikantham [9]. Several other authors such as Ciri¢ and Lakshmikantham [10], Sabet-
ghadam et al. [33] and Oleleru et al. [26] have established some coupled fixed point theorems
in metric spaces. Afterwards, many researchers have obtained coupled fixed point results for
mappings under various contractive conditions in the setting of metric spaces and generalized
metric spaces (see [1], [6], [14], [19], [24], [37]).

In 1994, the notion of partial metric space was introduced by Matthews (see, [23]) as part
of the study of denotational semantics of dataflow networks. It is well-known that partial metric
spaces play an important role in the theory of computation (see, e.g., [15], [21], [32], [36]). The
PMS is a generalization of usual metric spaces in which the self-distance need not be zero.
Later, Matthews proved the partial metric version of Banach fixed point theorem [8].

Several famous mathematicians have contributed to the development of this research fields.
Masiha et al. [22] proved some fixed point results for weakly contractive type mappings in par-
tially ordered partial metric spaces. They applied their results to nonlinear fractional boundary
value problem. Altun et al. [5] established some fixed point theorems for generalized contrac-
tive type mappings on partial metric spaces. They also proved a homotopy result. Aydi et
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al. [7] introduced the concept of partial Hausdorff metric and they initiated the study of fixed
point theory for multi-valued mappings on partial metric spaces using the partial Hausdorff
metric and proved an analogous to the well-known Nadler’s fixed poin theorem. Heckmann [15]
introduced the concept of weak partial metric function and established some fixed point results.
Oltra ans Valero [27] generalized the Matthews results in the sense of O’Neil [28] in complete
partial metric space (see, also [2], [3], [6], [12], [13], [17], [20], [25]).

The practice of improving contraction conditions in proving fixed point and common fixed
point theorems is still in fashion. Recently, with a view to accommodate many contraction
conditions, Popa [29] and Popa et al. [31] introduced implicit functions which are proving
fruitful due to their unifying power besides admitting new contractive conditions.

In nonlinear analysis, especially in fixed point theory, implicit relations on metric spaces
have been investigated highly in many articles (see, e.g., [4], [16], [30], [34] and references
therein).

Inspired and motivated by the works of [6, 9, 29] and others, the purpose of this article is to
examine the existence of a coupled fixed point theorem for mappings satisfying mixed monotone
property in the context of partial metric spaces by using implicit relations. In addition, we
provide some consequences of the established result. We also state an example to illustrate
our result. Finally, an application to the integral equation is included. Our results extend,

generalize and enrich several results in the existing literature.

82. Preliminaries

In this section, we give some definitions and lemmas related to partial metric spaces which will

be useful in the proof of our main results.

Definition 2.1([23]) Let 2 be a nonempty set. A partial metric on Q) is a function p: Q x Q —
[0,400) such that for all vi,vqe,u € Q the followings are satisfied:

(p1) v1 = v2 & p(v1,v1) = p(v1,v2) = p(v2,v2);
(p2) p(v1,v1) < p(v1,v2);

(p3) p(v1,v2) = p(va, v1);

(p4) p(v1,v2) < p(vi,u) + p(u,v2) — p(u, u).

Then, p is called a partial metric on Q and the pair (Q,p) is called a partial metric space.

It is clear that if p(vy,ve) = 0, then from (pl), (p2), and (p3), v1 = ve. But if v; = va,
p(v1,v2) may not be 0.
If p is a partial metric on 2, then the function dP: Q x Q — [0, +00) given by

d?(v1,ve) = 2p(v1,v2) — p(v1,v1) — p(v2, va), (2.1)

is a usual metric on €.
Each partial metric p on §2 generates a T topology 7, on 2 with the family of open p-balls
{Bp(y,€) : y € Q,¢ > 0} where By(y,e) = {z € Q : p(y,2) < p(y,y) + ¢} for all y € Q and
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¢ > 0. Similarly, closed p-ball is defined as By[y,e] = {z € Q : p(y,z) < p(y,y) + €} for all
y e Qande > 0.

Example 2.2([7]) Let Q = [0,400) and p: Q x Q — [0, +00) be given by p(y, z) = max{y, z}
for all y,z € Q. Then (Q,p) is a partial metric space.

Example 2.3([7]) Let Q = I, where I denote the set of all intervals [y1, z1] for any real numbers
y1 < z1. Let p: © x Q — [0,00) be a function such that p([y1, z1], [y2, 22]) = max{z1, 22} —
min{y1, y2}. Then, (2, p) is a partial metric space.

Example 2.4([11]) Let Q@ = R and p: Q x Q — R* be given by p(y, z) = e™>{»:2} for all
y,z € . Then (£2,p) is a partial metric space.

Definition 2.5([23]) Let (2,p) be a partial metric space. Then,

(A) A sequence {yn} converges to a point y € Q if and only if lim,— 00 (Y, yn) = 2(y,y);
(B) A sequence {yn} in Q is called a Cauchy sequence if and only if lim, n—c0
D(Ym, Yn) exists (and finite);
(C) A partial metric space (S0, p) is said to be complete if every Cauchy sequence {yn} in
Q converges, with respect to T,, to a pointy € Q, such that, limy, n—oo D(Ym, Yn) = Py, y);
(D) A mapping f: Q — Q is said to be continuous at yo € Q if for every e > 0, there exists

n > 0 such that f(Bp(yo,n)) C Bp(f(yo),f-:),

Definition 2.6([23]) A partial metric space (€, p) is said to be complete if every Cauchy

sequence {yn} in Q converges to a point y € Q with respect to Tp. Furthermore,

im  p(ym,yn) = lm p(yn,y) = p(y,y).

m,n— oo

Definition 2.7([9]) Let (2, <) be a partially ordered set. The mapping H: QxQ — Q is said to
have the mized monotone property if H(x,y) is monotone non-decreasing in x and is monotone

non-increasing in y, that is, for any x,y € €,
21,22 € Q, 11 <29 = H(x1,y) < H(x,v),

and
y1,y2 €Q, y1 <y = H(z,y1) > H(z,y2).

Definition 2.8([9,10]) An element (z,y) € Q X Q is said to be a coupled fized point of the
mapping H: Q x Q — Q if H(z,y) =« and H(y,z) = y.

Example 2.9 Let Q = [0,+00) and H: Q x Q — Q be defined by H(z,y) = ZE for all

x,y € Q. Then one can easily see that H has a unique coupled fixed point (0, 0).

Example 2.10 Let Q = [0,+00) and H: Q x Q — Q be defined by H(z,y) = Z5¥ for all
z,y € Q. Then we see that H has two coupled fixed point (0,0) and (1, 1), that is, the coupled
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fixed point is not unique.

Lemma 2.11([6, 23]) (1) A sequence {yn} is Cauchy in a partial metric space (Q,p) if and
only if {yn} is Cauchy in a metric space (2, dP) where

d?(y,z) = 2p(y, z) — p(y,y) — p(z,2) forall y,z € Q.

(2) A partial metric space (2,p) is complete if a metric space (2, dP) is complete, i.e.,

lim d”(y,y) =0 & p(y,y) = lim p(yn,y) =

n—roo

pm Py, Ym).
Lemma 2.12([17]) Let (Q,p) be a partial metric space.

(1) Ify,z € Q, p(y,z) =0, then y = z;

(2") If y # 2, then p(y, z) > 0.

One of the characterization of continuity of mappings in partial metric spaces was given

by Samet et al. [35] as follows.

Lemma 2.13([35]) Let (2,p) be a partial metric space. The function F: Q — Q is continuous
if given a sequence {Yn}tnen and y € Q such that p(y,y) = lim, 00 P(Y, Yn), then p(Fy, Fy) =
limy, 00 p(F'y, F'yn)-

Example 2.14([35]) Let £ = [0, 4+00) endowed with the partial metric p:  x  — [0, +00)
defined p(y, z) = max{y, z} for all y,z € Q. Let F': Q@ — Q be a non-decreasing function. If F
is continuous with respect to the standard metric d(y,z) = |y — 2| for all y,z € Q, then F is

continuous with respect to the partial metric p.

Lemma 2.15([11]) Let y, — y as n — oo in a partial metric space (2, p) where p(y,y) = 0.
Then limy, o0 p(Yn,u) = p(y,u) for all u € Q.

A set of implicit relations, denoted by V, is the collection of all continuous functions
V: (R*)® — R which satisfy:

(V1) V(t1,ta,ts,t4,t5) is non-increasing in ¢4 and t5, and
(V2) there exists a function ¢ € ¥ such that

V(u,v,w,u~+v,u+v) <0 implies u < v+ P (w),

where ¥ denotes the set of all functions y: RT — Rt with the properties:

(i) ¢ is continuous and non-decreasing;
(73) (t) < t for each t > 0 and ¢ (0) = 0.

Example 2.16 It is easy to check that the following functions are in V.

(Vi) V(t1,ta,t3,t4,t5) = t1 — ate — btz — ¢ty — dts, where a,b, ¢, d are non-negative real
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numbers such that a + b+ 2c + 2d < 1;
(‘/2/) V(tl,t27t37t4,t5) =t1 — a max {tg,tg, %, %5 s where a € (0, 1),
(Vzg/) V(t17t2,t3,t4,t5) =1 — 1/J(max{t2,t3}), where ’ll) ew.

83. Main Results

In this section, we shall prove a coupled fixed point theorem via implicit function in the frame-

work of partially ordered partial metric spaces.

Theorem 3.1 Let (2, p, <) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V € V such that

p(H(u’ U)’ H(y’ Z))ap(u7 y)vp(v, Z),
V(p(H(u,v),u) + p(H(y, z),y),p(H(u,v>7y)) <0, (3.1)

for all u,v,y,z € Q with uw >y and v < z. Suppose that either

a) H is continuous or

(
(b) Q2 has the following property
(

i) if a non-decreasing sequence {un,} in Q converges to some point u € Q, then u, < u
for all n;
(#9) if a non-increasing sequence {vy,} in Q converges to some point v € 2, then v < v, for

If there exist two elements ug, vy € Q with ug < H(ug,vy) and vy > H(vg, ug), then H has
a coupled fixed point in 2.

Proof Let ug, vy € Q be such that ug < H(ug,v9) and vg > H(vg, ug). We construct the
iterative sequences {u,} and {v,, } in Q as follows: let uy = H(ug, vg) and v1 = H(vg, ug). Then
ug < uy and vg > vy. Again, let ug = H(uy,v1) and va = H(vy,u1). Since H has the mixed
monotone property on (2, then we have u; < ug and v; > vy. Continuing the same way as

above, we get
Unt1 = H(up,v,) and vp41 = H(vn, uy) forallm >0, (3.2)

and
g Sup <o Sy SUppr Soey V92V 2 U 2 Uppl e (3.3)

If there exists ng € NU {0} such that u,, = up,4+1 and vp, = vpy+1, then
Ung = Ung+1 = H (Ungy, Uny) and Vg = Vpgr1 = H(Vng, Ung ),

which concludes that (up,, vn,) is a coupled fixed point of H. So, we assume that w,, 7# Uny+1
OF Upy # VUpg+1 for all n. By Lemma 2.12 (2'), we have p(up41, un) > 0 and p(vy41,v,) > 0 for
all n.

Since tp41 > Uy and va41 < vy, from equation (3.1) with w = up41, v = Upt1, Y = Uy
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and z = v,, we have

V( p(H(un+1avn+1);H(un7Un))ap(un-i-laun),p(vn-i-lvvn)a ) < 0

p(H(Un+1, Un+1)7 un—i—l) + p(H(un, Un)a Un)ap(H(un+1a vn+1), un) -

or

V( p(un+27 un+1)7p(un+17 u’n)vp(vn-‘rh Un)a > S 0. (34)
P(Uny2, Ung1) + P(Unt1, Un), P(Unt2, Un)
By PMS condition (p4), we have
P(tung2,Un) < pltngo, Ung1) + P(Uny1, Un) — P(Ung1, Ungr)

S p(un+27un+1) +p(un+laun)' (35)

By the properties of V' and equation (3.5), the inequality (3.4) reduces to

V( P(Uny2, Ung1), P(Uns1, Un ), P(Vnt1,Vn), > <0, (3.6)
p(un+2; un+1) + p(un+17 un);p(un+27 un+1) + p(un+1; un)

which yields that
P(Uny2, Ung1) < P(Untt1, un) +P(P(Vrg1,Vn))- (3.7)

Similarly, we can show that
P(Unt2,Unt1) < p(Uny1,vn) + P (p(Ungr, un))- (3.8)
By adding equations (3.7)-(3.8) and using the properties of 1, we have
Sp < Sn-1+¥(Sn-1), (3.9)

where S,, = p(un+Qa un+1) + p(vn+27 Un+1)-

If there exists n; € N U {0} such that p(un,42,Un,+1) = 0, p(Un,+2,Vn,+1) = 0, then
Uny+1 = Unyt+2 = HWUny+1,Vn,41)s Unj41 = Unyt2 = H(Uny41,Un,+1) and (Upy+1, Uny41) 1S
a coupled fixed point of H and thus the proof is finished. Suppose, on the contrary, that
P(Uny+2, Uny+1) Z 0, D(Vny+2,VUn,+1) 7 0 for all n € N. Then by the properties of function 1,
we have

Sn S Snfl + 'l/}(snfl) S Snflv (310)

where S, is a non-negative sequence and hence convergent to a limit, say S*. Taking the limit

when n — oo in equation (3.10), we get
S* < S*+(ST) (3.11)

and consequently, we have ¢(S*) = 0. By the property of function v, we obtain S* = 0, that

is, lim,, o0 S, = 0. Thus

lim S, = lim p(upy1,un) + pVnt1,vn) =0
n— oo n—oo
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= lim p(“n-{-lv“n) = lim (Un-i-lzvn) =0. (312)

n—roo n—oo

Next, we prove that {u, } and {v, } are Cauchy sequences. Suppose, to the contrary, that at
least one of {u,} or {v,} is not a Cauchy sequence, then there exists an € > 0 for which we can
find subsequences {ty, (k) }, {tmr)} of {un} and {vn@)}s {vm@y} of {vn} with n(k) > m(k) > k
such that

P(Un (), Um(k)) > €, forall b =1,2,3,---. (3.13)

Furthermore, corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfies equation (3.13). Then, we have

P(Un (k)1 Um(k)) < € (3.14)

Using the triangle inequality, we have

P(Un(k)s Um(k)) < P(Un(k)s Un(k)—1) + P(Un(k)—1, Um(k))
— P(Up(ky—15 Un(k)—1)
< P(Un(r), Un(k)—1) + P(Un(k)—15 Um(k))
< P(Un(kys Un(ky—1) + €. (3.15)

Similarly, we have

P(Wn (k) Vm(k)) < P(Vnk)s Vn(k)=1) + P(Vn(k)—15 Vm(k))
= P(Vn(k) 15 Vn(k)-1)
< P(Vn(k)s Vn(k)—1) + P(Vn(k)—1 Vm(k))
< P(Vn(k) Vn(k)—1) + € (3.16)

From equations (3.13) and (3.15), we have
€ < P(Un(k)> Um(k)) < P(Un(k)s Un(k)—1) + € (3.17)

Letting k£ — oo in equation (3.17) and using equation (3.12), we get

kIL%p(u"(k)’um(k)) =e. (3.18)
Similarly, one can prove that

li =e. 3.19

kiﬂgop(vn(k),vm(k)) € (3.19)

By the triangle inequality, we have

( m(k)» un(k)—l) + p(un(k)—la un(k)) - p(un(k)—la un(k)—l)

p(unL(k)vun(k)) < p(u
P(Um (k) Un(k)—1) + P(Un(k)—1, Un(k))s (3.20)

IN
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and

P(Unn (k) Un (k) —1) < P(Um (k) Un(k)) + P(Un(k)s Un(k)—1) — P(Un (k) Un(k))
< P(Um (k) Un(k)) + P(Un(k)s Un(k)—1)- (3.21)

Taking the limit as k — oo in equations (3.20), (3.21) and using equations (3.12), (3.18),

we get
li _ =c. 3.22
kiﬂgop(un(k) 1,Um(k)) € ( )

Again, by triangle inequality, we have

P(Un (k) =15 Um(k)) < P(Un(k)—1> Um(k)—1) + P(Um(k)=15 Um(k))
- p(um(k)—h um(k:)—l)

< P(Un(k)—1> Um(k)—1) + P(Um (k) =15 U (k) )5 (3.23)

and

P(Un (k) =15 Um(k)—1) < P(Un(k)—15 Um (k) F P(Um () U (k) —1)
- p(um(k)a u7n(k))
< P(Un(k)—1> Um(k)) + P(Um(k)s Um(k)—1)- (3.24)

Taking the limit as kK — oo in equations (3.23), (3.24) and using equations (3.12), (3.22),

we get
im =¢. 2
kh p(un(k)flaum(k:)fl) € (3 5)

Once again using triangle inequality, we have
P(Un (k) =1 Um(k)—1) < P(Un(k)—1> Un(k)) + P(Un(k)> Um(k)—1)

- p(“n(k)v un(k:))
< P(Un(r)y—1 Un(k)) + P(Un(k)s Um(k)—1); (3.26)

and
P(Un (k) U (k)—1) < P(Un (k) Un(k)—1) F P(Un(k) =15 Um (k) —1)

- p(un(k)—la un(k)—l)

< P(Un (k) Un(k)—1) + P(Un(k)—1, Umn(k)—1)- (3.27)

Taking the limit as k — oo in equations (3.26), (3.27) and using equations (3.12), (3.25),
we get
li 1) =€ 2
kggop(un(kyum(k) 1)=¢ (3.28)

Since n(k) > m(k), Unk)—1 > Umk)—1 and Vpy—1 < Vpk)—1. From equation (3.1), we
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have
PH (Un (k)15 Vn(k)=1)s H (U (k) =1, VUm(k)—1))5

p(un(k)ﬂ, um(k)71)7p(vn(k)f17 Um(k)q),
4 P(H (Wn(k)—1, Un(k)—1), Un(k)-1) <0,
FD(H (U (k) =15 Vm(k)—1) )5 U (k)—1)
P(H (Un (k)15 Vn(k)=1)> Um (k)—1)

or
v (p(un(k)v um(k))vp(un(k)—lv um,(k)—l)ap(vn(k)—la vm,(k)—l)a) <0. (329)
P(Un(k)s Un(k)—1) + DU (k) U (k) —1)5 P(Un(k)> Um(k)—1)

Letting k¥ — oo in equation (3.29), using equations (3.12), (3.18), (3.25) and (3.28), we

obtain
Ve, e,e,0,e) <O0. (3.30)

Hence, we find
Vie,e,e,0+¢e,e+0) <V(eee0,e) <0,

which implies e < € + ¢(g). Thus, ¥(g) = 0 and so € = 0 by the property of ¢. Which is a
contradiction. Thus {u,} is a Cauchy sequence. Using the same arguments as above, we can
show that {v,} is also a Cauchy sequence. Since 2 is complete, there exist u,v € € such that

lim p(un7um) = lim p(unau) :p(uvu)a

n,m—0oo n—00
pJm  p(vn, vm) = lim_ p(vn, v) = p(v, v). (3.31)

Now, we want to show that
p(u,u) =0=p(v,v).

Suppose, on the contrary, that
p(u,u) = p >0 and p(v,v) =v > 0. (3.32)

Then, we see that
p(H (Un—1,0n-1), H(Um—1,Vm-1)),
P(tn—1,Um—1), P(Vn-1,Vm-1),
4 P(H (Up—1,Vn-1), Un—1) <0,
+p(H (Um—1,Vm-1)), Um—1),
p(H(un,l,Un,1)7um,1)

or
<p(un, um)ap(un—h Um—l)ap(vn—lv 'Um—l)a) <0

p(unvunfl) +p(um7um71)vp(un7umfl) -
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By using the triangle inequality (p4), we get

p(unv um)vp(unfla umfl),p(vnfla vmfl)v
V p(unyunfl) +p(Um’Um—1)7 S 0.

P(tns un—1) + P(Up—1, Um—1)
Letting n, m — oo and using equation (3.12), we obtain
V(e 11,0,0, ) < 0.
Hence, we get that
V(g s 1, 04 iy o+ 0) < V(o 1,0, ) <0,

which implies that u < g+ (). Thus, ¥(u) = 0 and so u = 0 by the property of 1. Hence
p(u,u) = 0. By similar fashion, we can show that p(v,v) = 0.

Now, suppose that the assumption (a) holds. Then, we have

p(u, H(un,vp)) < p(t; tng1) + p(tnsr, H(un, vn))
—P(Unt1, Unt1)
< puyunga) + p(unsr, H(un, vn))
= p(u, H(un,vn)) + p(H(tn, vyn), H(ty,vy)). (3.33)

Taking the limit as n — oo in equation (3.33), using equation (3.31) and continuity of H,

we obtain
p(u, H(u,v)) = 0.
Similarly, we can show that
p(v, H(v,u)) = 0.

Therefore, w = H(u,v) and v = H(v,u). This shows that (u,v) is a coupled fixed point of
H in Q.

Finally, suppose that assumption (b) holds. Since {u,} is a non-decreasing sequence and
U, — uw as n — oo and {v,} is a non-increasing sequence and v,, — v as n — oo, by the

assumption, we have u,, < u and v, > v for all n. From equations (3.1) and (3.31), we have

lim p(un,u) = p(u,u) = lUm p(H (un, vy),u), (3.34)
n— 00 n—00
and
lim p(un,0) = p(v,0) = Tim p(H (v, un), ). (3.35)

n—oo n—oo
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We also have

v p(H(umvn),H(u, v)),p(un,u)m(vn,v), <o.

P(H Uy Un)s ) + p(H (u,0), 1), p(H (tn, vn),u) |

Letting n — oo and using equations (3.34) and (3.35), we have
V(p(u, H(u,v)),0,0, p(u, H(u, v)), p(u, H(u,v))) <0,

which implies that p(u, H(u,v)) < 0+ (0) = 0. Hence u = H(u,v).
Similarly, one can show that v = H(v,u). Thus in all the above cases, we proved that H

has a coupled fixed point in 2. This completes the proof. O

From Example 2.16 and Theorem 3.1, we obtain the following results.

Corollary 3.2 Let (2,p, <) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V € V such that

p(H(u, ’U), H(y7 Z)) < w p(u, y) + agp(v, Z) +as [p(H(u, U)v u)
+p(H(y’ Z)7 y)} + ay p(H(% U)v y) (336)

for all u,v,y,z € Q with u >y and v < z, where a1, as, as,ay are non-negative reals such that
a1 + as + 2a3 + 2a4 < 1. Suppose that either

a) H is continuous or

(
(b) Q has the following property:
(

1) if a non-decreasing sequence {un,} in £ converges to some point u € Q, then u, < u

n
(1) if a non-increasing sequence {vy} in Q converges to some point v € §2, then v < v, for

If there exist two elements ug, vy € Q with ug < H(ug,vy) and vg > H(vg, ug), then H has
a coupled fixed point in 2.

Corollary 3.3 Let (Q,p, <) be a partially ordered complete partial metric space. Suppose that

H: QxQ — Q be a mapping such that H has the mized monotone property. Assume that there
exists V €V such that

P(H (), Hy,2) < amax {p(uy),p(v, 2), 3 p(H (w,0), )
+p(H(y,2), )], gp(H(u,0),)} (337)

for all u,v,y,z € Q with u >y and v < z, where a € (0,1) is a constant. Suppose that either

(a) H is continuous or

(b) Q has the following property:
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(1) if a non-decreasing sequence {un} in Q converges to some point u € Q, then u, < u
for all n;
(1) if a non-increasing sequence {vy} in Q converges to some point v € 2, then v < v, for

all n.

If there exist two elements ug, vy € Q with ug < H(ug,vo) and vo > H(vg,up), then H has
a coupled fixed point in 2.

Corollary 3.4 Let (2,p,<) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V €V such that

p(H (u,v), H(y, 2)) <1 (max {p(u,y),p(v, 2)}) (3.38)

for all u,v,y,z € Q with uw >y and v < z, where ¢ € V. Suppose that either

(a) H is continuous or
(b) Q has the following property:

(i) if a non-decreasing sequence {u,} in Q converges to some point u € Q, then u, < u
for all n;

(i) if a non-increasing sequence {v,} in € converges to some point v € Q), then v < v,
for all n.

If there exist two elements ug, v € Q with ug < H(ug,vo) and vg > H(vg,ug), then H has
a coupled fixed point in €.

If we take a; = k, ag = [ and a3 = a4 = 0 where k,l € (0,1) in Corollary 3.2, then we

obtain the following result.

Corollary 3.5 Let (2,p,<) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V €V such that

p(H (u,v), H(y, 2)) < kp(u,y) +1p(v,2) (3.39)

for all u,v,y,z € Q with u > y and v < z, where k,l are non-negative reals such that k+1 < 1.
Suppose that either

(a) H is continuous or
(b) Q has the following property:
(

i) if a non-decreasing sequence {un,} in Q converges to some point u € Q, then u, < u

for all n;
)

(i) if a non-increasing sequence {v,} in Q converges to some point v € Q, then v < v, for

If there exist two elements ug,vo € Q@ with ug < H(ug,v9) and vy > H(vo,up), then H has
a coupled fixed point in ).
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If we take k =1 = m where m € (0,1) in Corollary 3.5, then we obtain the following result.

Corollary 3.6 Let (2, p, <) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V €V such that

P(H(u,v), H(y,2)) < T [p(u,y) + p(v, 2)] (3.40)

for all u,v,y,z € Q with u >y and v < z, where m € (0,1) is a constant. Suppose that either

a) H is continuous or

(
(b) Q has the following property:
(

1) if a non-decreasing sequence {u,} in  converges to some point u € Q, then u, < u
for all n;
)

(i) if a non-increasing sequence {v,} in Q converges to some point v € Q, then v < v, for

If there exist two elements ug, vy € Q with ug < H(ug,vo) and vg > H(vg,up), then H has
a coupled fixed point in 2.

Remark 3.7 Corollary 3.6 extends and generalizes Theorems 2.1 and 2.2 of [9] from partially

ordered complete metric spaces to partially ordered complete partial metric spaces.

Example 3.8([18]) Let 2 = [0, 00) with usual order <. Then, (Q,p, <) be a partially ordered

partial metric space where p(u,v) = max{u,v}. Suppose

Hu,v) = e, it u>w,
V) =
0, otherwise,

and V (t1,ta,ts,t4,t5) = t1 — %max{tg,tg}. It is clear that all conditions of Theorem 3.1 are
satisfied. Notice that (0,0) is the coupled fixed point of the operator H.

Now, note that if (£2, <) is a partially ordered set, we endow the product space 2 x Q with

the partial order relation given by
(a,0) < (f,9) & [f>aand g<b.

We say that two pairs (p, q) and (r, s) are comparable, that is, every pair of elements has either

a lower bound or an upper bound.

Theorem 3.9 In addition to the hypotheses of Theorem 3.1, suppose that, for every (a,b), (¢,d) €
QO x Q, there exists a pair (n,p) € Qx Q such that (n,p) is comparable to (a,b) and (¢,d). Then
H has a unique coupled fized point. Moreover p(t,t) = 0.

Proof Suppose that (z,y) and (s,t) are coupled fixed point of H, that is, z = H(z,y),
y=H(y,x), s= H(s,t) and t = H(t,s).
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Let (o, 8) be an element of Q x © comparable to both (z,y) and (s,t). Suppose that

(z,y) > (o, B) (the proof is similar in other cases).

Assume that (z,y) and (s,t) are comparable, then from inequality (3.1), we have

p(H(x,y), H(s,t)),p(x, s), p(y, 1),
V<p<H<x, y).2) + p(H (s,1), 3), p(H (x. 1), s>> =0

V(p(z,s),p(x,s),p(y,t),p(z, ) + p(s, s),p(z,5)) <0,

V(p(z,s),p(z,5),p(y,1),0,p(z,s)) <0,
V(p(x,s),p(z,s),p(y,t),0 + p(x,s),p(z,s) +0)
<V(p(z,s),p(z,s),p(y,1),0,p(z,s)) <0,

which implies
p(z,s) < p(z,s) +¢(p(y, 1)) (3.41)

By similar fashion, one can show that
p(y:t) < p(y,t) + ¥(p(x, 5)). (3.42)

From equations (3.41) and (3.42), we obtain

p(z,s) +p(y,t) < pl,s)+py,t) +Yp(z,s) +py,t)]
p(x,s) +p(y,t) =0
= p(a)‘, 8) = p(yvt) = 07

=

and so, x = s and y = t. Thus, (z,y) = (s,t). This shows the uniqueness of coupled fixed
point. This completes the proof. O

Theorem 3.10 In addition to the hypotheses of Theorem 3.1, if ug, vy are comparable, then
the coupled fized point (u,v) € Q X § satisfies u = v.

Proof Assume that ug < vy (a similar argument applies for vg < ug). Then, by using the

mathematical induction
Up+1 = H(uruvn) < H(Unyun> = Un+1-
Taking the limit as n — oo, we have

u= lim u, < lim v, = v.
n—oo n— o0
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From the contractive condition (3.1), we have

p(H (u,v), H(v,u)), p(u,v), p(v, u),
V(p( )

H(u,v),u) + p(H (v,u), 0), p(H (1, 0),0)) ="

— b

V(p(u,v), p(u,v),p(v,u), p(u,uw) + p(v,v), p(u,v)) <0,
V(p(u,v), p(u,v), p(u, v), p(u,v) + p(u, v), p(u,v)) <0 (by (p2),(p3))

or

V(p(u, v), p(u, v), p(u, v), p(u, v) + p(u, v), p(u, v) + p(u, v))
< V(p(u, v), p(u, v), p(u, v), p(u, v) + p(u, v), p(u, v)) <0,
which implies

p(u,0) < plu,v) + ¢ (p(u, v))
= plu,v)=0=>u=u,

by the property of ). This completes the proof. O

Theorem 3.11 Let Q = [0,1]. Then (2, <) is a partially ordered set with a natural ordering
of real numbers. Let p: Q x Q — [0, 1] be defined by p(u,v) = |u—v| for all u,v € Q. Consider
the mapping H: Q x Q — [0, 1] defined by

u2—1)2+1 .

— Zf u<v
H _ 3 ) =
(wv) = 1 ifu>w
30 )

for all u,v € Q. Then,
1) (Q,p) is a complete partial metric space since (Q,dP) is complete;

2) H has the mized monotone property;

4)0< H(0,1) and 1> H(1,0);

(1)
(2)
(3) H is continuous;
(4)
(5)

there exists a constant 0 < m < 1 such that

p(H(u,v), H(y,2)) < T [plu,y) +p(v, 2)]

for all u,v,y,z € Q withu <y and v > z. Thus, by Corollary 3.6, H has a coupled fized point.

Moreover, (%, %) is the unique coupled fized point of H.

Proof The proofs of (1) — (4) are obvious.

For any u <y and v > 2z, we have

plu,y) =y —u, pv,2)=v—=z
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The proof of (5) is divided into the following cases.
Case 1. If y < z. In this case, u <y < z <w, and so

w?—v2+1 -2+

H(u,v) = 3 , H(y,z)= 3

Hence, we get

(u2—v2+1 y2722+1)

p(H(U,’U),H(y,Z)) = P 3 ) 3
= S0P = S - )+ (0P - )
< Sl —w+ = 2) = 3 bluy) + o, 2)]
= 2 [p(w )+ p(v,2)]

Withm:%<1.

Case 2. If y > 2. In this case, u <y < v, and so

w? —v?2 41

H(uvv): 3 >

1

Hence, we get

p(H(u,v), H(y, z))

2?41 1 1
4& ,) _ g(vz —u?)

3 "3
< S0Pyt =) = 0 ) + 0 - )
< Yy—w+ -2 = 2 pluy) +p.2)
= %[p(u,y)—FP(U,Z)}

with m = 2 < 1.

Case 3. If u > v. In this case, y < z < v, and so

2 722
H(u,v) = é, H(y,z) = yfﬂ
Hence, we get
p(H(u,v), H(y,2)) = p(%y%m) = %(y2 — 27
< S0P+ =) = S — )+ (0P - )
< Sl + = 2) = 3 bley) + o)

SIE

[p(u,y) + p(v, 2)]
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with m = % <1l
Thus, in all the above cases, the condition (5) is satisfied. Since @ = [0,1] is a totally

ordered set, by Theorem 3.9, (%, %) is the unique coupled fixed point of H. O

84. An Application to the Integral Equation

In this section, we study the existence of solution of the nonlinear integral equations, as an

application of the coupled fixed point theorem proved in the previous section.

Consider the following nonlinear integral equations
T
ot) = wl0)+ [ R 2) )b
0
T

u(t) = ult)+ / Rt 9)g(p,y(p). 2(p))dp, (4.1)

where t € I =[0,T], with T' > 0.
We consider the space Q = C(I,R) of continuous functions defined in I. Define p: Q@ xQ —
[0, +00) by
p(z,y) = max |z(t) — y(t)] (4.2)

for all 2,y € Q. Then (Q,p) is a complete partial metric space.
Let Q = C(I,R) with the natural partial order relation, that is, z,y € C(I,R),

r<y < zl)<y),tel

We consider the following assumptions:

(i) the mapping g: I x Rx R — R and p: I — R are continuous;

(49) there exists a continuous 0 < m < 1 such that

l9(p.2.9) = g(p.uv)] < (e = ul + |y — o)) (4.3)

for all x,y,u,v € Q2 and for all p € I;
(491) for all ¢,p € I, there exists a continuous R: I x R — R such that

T
sup/ R(t,p)dp < 1; (4.4)
teT Jo

(iv) there exist xg,yo € € such that

T
nolt) < ul)+ /O Rt p)g(p 20 (p), yo(p))dp,

IN

T
wlt) < ult)+ / Rt p)g(p, yo(p). 20(p) )dp, (4.5)



A Coupled Fixed Point Theorem via Implicit Function in Partially Ordered Partial Metric Spaces and Application 37

where t € 1.

Theorem 4.1 Consider the Corollary 3.6 and assume that conditions (i) - (iv) are satisfied.

Then equation (4.1) has a unique solution in Q.
Proof Define the mapping H: Q% — Q, (z,y) — H(z,y), where
T
H(z)(0) = u0)+ [ R(D)glr. ), 90))dp. 1 € 1 (46)
0

forall z,y € Q and t € I.
Equation (4.1) can be stated as

x=H(z,y) and y = H(y,x). (4.7)
For z,y,u,v € Q be such that x < v and y < v and
T
Ha)©) = u)+ [ Rt.pol.o)ue)dp
0

< pu(t) +/0 R(t,p)g(p,u(p),v(p))dp
H(u,v)(t) forall t € I. (4.8)

From equations (4.2) and (4.3) for all ¢ € I, we have

p(H(x,y) H(u.v) = max |H(z,y)(t) — Hw,v)(0)
T
< max [ R ol o). 9(0) - oo, ulp). oo)]dp
0
< glp, (), y(p)) — 9(p, u(p), v(p))|
< G (a) —up)| + ly() ~ ()
= Glp(@.w) +p(y.v))

where 0 <m < 1.
So that

p(H(.y). H(u,)) < [p(e,u) + ply. ).

which is the contractive condition in Corollary 3.6. Thus H has a coupled fixed point in €2, that
is, the system of nonlinear integral equation has a solution. Finally, let (p, ¢) be a coupled lower
and upper solution of the integral equation (4.1), then by assumption (iv) of the Theorem 4.1,
we have p < H(p,q) < H(q,p) < q. Corollary 3.6 gives us that H has a coupled fixed point, say
(m,n) € Q x . Since p < ¢, Theorem 3.10 says us that m = n and this implies m = H(m,m)
and m is the unique solution of the integral equation (4.1). O

The aforesaid application is illustrated by the following example.
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Example 4.2 Let Q = C([0,1],R), g: I x Rx R — R and p: I — R. Now consider the

following functional integral equation

2 [Tsinp3 e |a(p)] ly(p)]
o(t) = 144 +/0 9(t + 3) (1+|$(p)| 1+|y<P)\)dp
o Ysinp3Pe P/ |y(p)| |z (p)]
O g +/0 9(t +3) (1+|y(p)\ 1+|x(p)\)dp

for all z,y € Q2 and ¢
with

€ I. Observe that the above equation is a special case of equation (4.1)

2
) = —.
ut) 1+ ¢4
3—Pe—P
R(t, = .
(t:7) t+3
sinp ¢ |z(p)| ly(p)!
gp,x,y) = .
e = S T )
sinp ( |y(p)| |z(p)|
9y, ( + )
( ) 9 \+Jyp)| 1+ |z(p)l
It is also easily seen that these functions are continuous.
For arbitrary x,y,u,v € Q2 and for all p € I, we have
sinp ¢ |z(p)| ly(P)|
g\p,x,y) —g\p,u,v = ‘
D el b N Cea T ),
_sinp( |u(p)| v(p)| )‘
9 \+fulp) 1+ (p)
1 m
< gl —ul+ly—vl) = 5 (e —ul+y - ).
Therefore, the function g satisfies equation (4.3) with m = % < 1.
For all ¢,p € I, there exists R: I X R — R such that
1 1 o— —1
37 Pe7?P 1 e —3
R(t,p)dp = d —7<—>
/o (t, p)dp /0 t+3 P73\ 3+ 1)t +9)
_ (1_i);< _7<g<1
N 3e/ (In3+1)(t+3) — 3e — 10
We put zo(t) = 7(%;4) and obtain
t) 5t2 < t2
€T =
0 T1+th) ~ 1+
2 ! sinp z(p y(p
< 4+/ (I()I ly(p)| )dp
1+t Jo 9 \A+[z(p)] 1+ y(p)l

T
(t) + / Rt p)g(ps 20(p), yo(p))dp.
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Similarly, we have

T
yolt) < u(t) + / Rt p)g(p, v0(p). z0(p))dp.

This shows that equation (4.5) holds.

85.

Hence, the integral equation (4.1) has a unique solution in © with Q = C([0, 1], R).

Conclusion

In this paper, we prove some coupled fixed point theorems via implicit relations in the setting

of partially ordered partial metric spaces. Furthermore, we give some consequences of the main

result. We provide some illustrative examples to validate the established results. An application

to the integral equation is also given. Our results extend and generalize various results in the
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