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§1. Introduction

The Sturm-Liouville theory is used in mathematical physics [1,2]. Sturm-Liouville fuzzy prob-
lems with reel and fuzzy coefficients were studied by Giiltekin Citil and Altimgik [3,4,5]. Also,
fuzzy eigenvalue problems were investigated under the approach of generalized differentiability
[6,7] and the fuzzy problem with eigenvalue parameter in the boundary condition was studied
[8,9]. On the other hand, Giiltekin Citil investigated the problem with fuzzy eigenvalue pa-
rameter and she studied the problem with fuzzy eigenvalue parameter in one of the boundary
conditions [10,11].

The aim of this study is to investigate the solution of a nonhomogeneous Sturm-Liouville

fuzzy problem with fuzzy forcing function by a different solution method.

82. Preliminaries

Definition 2.1([12]) A fuzzy number is a mapping w:R — [0, 1] with the following properties:

1) w is normal;

2) u is convex fuzzy set;

3)
)

4) cl{z € Rlu(z) >0} is compact where cl denotes the closure of a subset.

u s upper semi-continuous on R;

(
(
(
(
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Definition 2.2([13]) Let U = R (where R is the set of real numbers). Let a, b and c real

numbers such that a < ¢ <b. A set @ with membership function

e g<x<c

c
1, r=c
b

—z c<xz<b

0, otherwise
is a called a triangular fuzzy number and is denoted by 4 = (a,c,b).

Definition 2.3([13]) The classical set Ao={x € Ulpu; (z) > a},0 < a <1 is called the a-cut
of A.
Definition 2.4([13]) For a triangular fuzzy number @ = (a,c,b) the a-cuts are intervals

Ua= Uy, Uq], where

u, =at+a(c—a), U, =b+a(c—"0).

Definition 2.5([13]) Let F,(.), F.(.), Fp(.) be continuous functions on an interval I. The fuzzy

set F' determined by the membership function

a, y=F,+a(F.—F,) and 0 <a <1
pp(W()=94 a y=F+a(F.—F) and 0<a <1

0, otherwise

is called a triangular fuzzy function and is denoted by F = (Fo, Fe, F).

83. A Nonhomogeneous Sturm-Liouville Fuzzy Problem

Consider the nonhomogeneous Sturm-Liouville fuzzy problem with fuzzy forcing function

Ty = y +q(z)y,

TytAy = f (2), =€ (0,0) (3.1)
Ay (0)+By (0) = B (3.2)
Cy (¢) +Dy’ (¢)=3, (33)

where q (z) is positive and continuous function, A, B,C,D >0, A2 + B? # 0,0% + D? #
0, A= (A, A\A) is positive fuzzy eigenvalue, f(z)=(f(x),f(x),f(x)) fuzzy forcing function,
b= (ﬁ,ﬁ,B) , 0= (é, 5,3) are symmetric triangular fuzzy numbers and y(x) is positive fuzzy

function.
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3.1 Solution Method
Let’s divide the problem (3.1)-(3.3) three problems following.

(7) The first problem is

Ty+Ay = f(2), (3.4)
Ay (0)+By (0)=5, (3.5)
Cy (0)+Dy (6) =4, (3.6)

(ii) The second problem is
Ty =0, (3.7)
Ay (0)+By (0)=(8—5,0,B-8), (3.8)
Cy (£)+Dy (£)= (8 —5,0,5 —4), (3.9)

(iii) The third problem is

Tyt (A=A 0,A =Ny = (f(z) - f(2),0, ] (z) - f(2)), (3.10)
Ay (0)+By (0)=0, (3.11)
Cy (¢) +Dy’ (£) =0. (3.12)

We discuss the three problems respectively in the following cases.

Case 1. For the problem (i), consider the boundary value problem

TYy+Ay =0 (3.13)
Ay (0)+By (0) =0, (3.14)
Cy (¢)+Dy (¢) = 0. (3.15)

Let @y () be the solution of differential equation (3.13) satisfying the conditions y (0) = B,
y (0) = —A and x, (z) be the solution of differential equation (3.13) satisfying the conditions
y(¢) =D, y (¢) = —C. The eigenvalues of the boundary value problem (3.13) — (3.15) are the
zeros of the Wronskian function

W (A) =W (x,x0) (@) = 9 (2) X» () — xa (2) @5 (@) -

Then, if A is not the eigenvalue of the fuzzy boundary value problem (3.13) — (3.15), since
W (A) # 0, the solutions ¢, () and x» () will be linear independent. According to this, the
general solution of the fuzzy differential equation (3.13) is

yx (x) = ciapa () + caaxan () -

Using the method variation of parameters, we can search for the general solution of the
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differential equation (3.4) as

ya () = e () a () + can () X (2) - (3.16)

Choosing the functions @) (z) and x (x) that
cix (@) @a (2) + chy () xa () =0,

cix (@) o () + chrxw (2) = f(2).

From this,

i (2) =~ 0 (0] @) (@) = Gy (@) @)

are obtained. Thus, we have

L T
0 (0= 0 07 Ot e, @)= g [ ea o) f0dt - en

Substituing these equations in (3.16), the general solution of the differential equation (3.4)
is obtained as

L T
@) = 0 {w @ [ o070+ 0@ [ e f(t)dt} e (1) + ena (@)

Using the boundary condition (3.5), we have
ean (A (0) + BX, (0)) = .

Also, Axy (0) + By, (0) = W (\) and since A is not eigenvalue, W (\) # 0. Thus,

_ B
~ Axa (0) + BX, (0)

Cax

Similarly,
)

~ Con () + D)\ (£)
is obtained. Then, the solution of the boundary value problem (3.4) — (3.6) is

Cix

£ T
i) = Wlw{mw [ n010da [ a0 f(t)dt} (317)

8
" <Cw (0 +Dg, <f>> ) <A><A (0) + Bx, <o)> )

Case 2. For the problem (i7), let y; (x) and ys (z) be linear independent solutions of the
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differential equation 7y = 0. The solution of fuzzy boundary value problem (3.7) — (3.9) is
Yl (SU) = (é_ Baoag_ B) w1 (1') + (é_ 6a073_ 5) w2 (:L') ’ (318)

where

y2 (D)1 () —y1 (O) y2 () ws (z) = L (0) y2 (z) —y2 (0) y1 ()
? Y1 (0)y2 (£) —y1 (€) y2 (0)

Case 3. For the problem (iii), let § (x) be the solution of differential equation Ty+ (A — )y =

f(x)—f(z) and y () be the solution of differential equation Ty-+ (A=A)y =F (z)— f(z). Then,
the solution of fuzzy boundary value problem (3.10) — (3.12) is

(o) = (min {3005 @)} 0.mas {5100, 0.5 )} ) (3.19)
From (3.17), (3.18) and (3.19), fuzzy solution of fuzzy boundary value problem (3.1)-(3.3)
is

y () =ux () + Y1 (2) + Y2 (2).

Example 3.1 Consider the fuzzy problem

Y +hy = f(x), z€(0,1) (3.20)
y(0)=1, (3.21)
y(1)=2, (3.22)

where A= (A4 1, A\, A+ 3) is positive fuzzy eigenvalue, f(x)=(x —2,x,x+2) fuzzy forcing
function, 1=(0,1,2),2=(1,2,3) are symmetric triangular fuzzy numbers and y (x) is positive

fuzzy function.

(i) The first problem is

y Ay =z, (3.23)
y(0)=1, (3.24)
y(l)=2. (3.25)
Consider the boundary value problem
y '+l =0 (3.26)
y(0)=0, (3.27)
y(1)=0. (3.28)

Let

o (z) = sin (ﬁx)
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be the solution of differential equation (3.26) satisfying the conditions y (0) = 0 and
xx (z) = sin (\ﬁ) cos (ﬁx) — cos (\f)\) sin (\F)\x)

be the solution of differential equation (3.26)satisfying the conditions y (1) = 0. From this,
making the necessary operations, W (¢x, x») () = W ()\) is obtained as

W (\) = —Vsin (\F)\) :
From (3.17), the solution of the problem (3.23)-(3.25) is obtained as

@) - 1 sin (\ﬁx)
” - —V/Asin (ﬁ) VA

(1 — T coS (\A(l —x)) - \%sin (\/X(l _9C)>)

cos (V) z ) sin (V) sin (VA

+ ( s ( ) xcos(ﬁ)—i—\(a )

cos (V) sin (VI

—\% (a: sin (ﬁ) cos> (\[\x) + ( )ﬁ ( >) }
Jrsin (\ﬁ\) cos (ﬁx) + (2 — cos (ﬁ)) sin (\F)\m) |
(74) The second problem is

y” =0, (3.29)
y(0)=(-1,0,1), (3.30)
y(1)=(-1,0,1). (3.31)

Let y1 (x) = 2 and ys (x) = 1 be linear independent solutions of the differential equation
y" = 0. Then, from (3.18) the solution of fuzzy boundary value problem (3.29) — (3.31) is

Vi (z) = (=1,0,1) (1 — ) + (=1,0,1) = (3.32)

(#i7) The third problem is

y +(1,0,3)y = (—2,0,2), (3.33)
y (0) =0, (3.34)
y (1) =0. (3.35)

The solution of the boundary value problem y”—i—y: -2, y(0)=0, y (1) =0 is

2(1—cos(1))
sin (1)

g (x) = 2cos (z) + sin (x) — 2,
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and the solution of the boundary value problem " +3y= 2, y (0) =0, y (1) =0 is

Z(z) = —2cos (\/§x> + Q(C:;((\/\i)):)_l) sin (\/gx) + 2.

Then, the solution of fuzzy boundary value problem (3.33)-(3.35) is

Ys (2) = (mind§(2).0,5 () b, 0,maz {§(2),0,5 () b ). (3.36)
(min{ fro.maz })

Figure 1 Graphic of (3.36) for & = 0 cut (blue and red lines) and oo =1 cut (green line)

Consequently, the fuzzy solution of fuzzy boundary value problem (3.20) — (3.22) is

y (%) =y (2) + Y1 (z) + Y2 (2).

84. Conclusions

In this study, a nonhomogeneous Sturm-Liouville fuzzy problem with fuzzy forcing function
is investigated. The problem is solved by a different solution method. Example is solved on

studied problem. Examples can be multiplied.

This paper is a new approach to the studied problem.
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