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Abstract: In this work, we study new families of ruled surfaces generated by g- frame
vectors called quasi vectors in 3-dimensional Euclidean space. First, the characterizations
of these ruled surfaces such as first and second fundamental forms, Gaussian and mean
curvatures are given. After we work on the ruled surfaces generated by the general vector
field and give the same caharacterizations for these surfaces whose director is general vector
field, we investigate some geometric properties such as developability, minimality, striction
curve, and distribution parameter. Lastly, we visualize the surfaces whose directors are

tangent, g-normal, g-binormal and general vector field by taking two different curves.
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81. Introduction

In order to understand what’s going on around us, we need to work on the surfaces. Therefore,
it is important to have an idea about how to construct the surfaces. Considering the structural
advantage of ruled surfaces and the ease of constructing their geometries, ruled surfaces are one
of the most attractive surfaces to work on. The ruled surface is a special type of surface which
is generated by the motion of a straight line (ruling) along a curve.

After these surfaces were found and investigated by Gaspard Mongea, Ravani and Ku
studied ruled surface and examined some properties of them in 1991. Some of the studies have
been done by Aydemir and Kasap in 2005, Sarioglugil and Tutar in 2007, Ali et. al. in 2013,
Senturk and Yuce in 2015, Unluturk et. al., in 2016, Dede et al. in 2017, Kaymanli in 2020
and Gozutok et al., in 2020 in Euclidean space [1], [4], [5], [7], [9], [12]-[14], [17] while Turgut
and Hacisalihoglu in 1998, Kimm and Yoon in 2004, Tosun and Gungor in 2005, Orbay and
Aydemir in 2019 and in 2010, Kaymanli et. al., in 2020 in Minkowski space [2], [8], [10], [11],
[15], [16].

In this work, we study new families of ruled surfaces generated by q- frame vectors called
quasi vectors in 3-dimensional Euclidean space. First, the characterizations of these ruled sur-

faces such as first and second fundamental forms, Gaussian and mean curvatures are given.
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After we work on the ruled surfaces generated by the general vector field and give the same
caharacterizations for these surfaces whose director is general vector field, we investigate some
geometric properties such as developability, minimality, striction curve, and distribution pa-
rameter. Lastly, we visualize the surfaces whose directors are tangent, g-normal, g-binormal

and general vector field by taking two different curves.
82. Preliminaries

In this section, we give some background information about Frenet frame and how to construct
g-frame. Let a(s) be a space curve with a non-vanishing second derivative. The Frenet frame

is written as , , "
« o N«

t: =
lle’]” llo’ Aa||”

n=DbAt.

The curvature x and the torsion 7 are given by

la/ A || det(a/, ", o)
T =

[ la” A ||

The well-known Frenet formulas are given by

t’ 0 k 0 t
n’ =v| -k 0 T n (1)
b’ 0 -7 0 b

where v = [|&/(s)]| -

Besides Frenet frame, we use another frame called g-frame consists of unit tangent vector

t, the g-normal n, and the g-binormal vector b, along a space curve «(t).

Figure 1 The g-frame and Frenet frame
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The g-frame {t,n,, by, k} is defined by

o t Ak
t = = b, =tA 2
o™ T ek P @)

shown in Figure 1, where k is the projection vector [3].

Without loss of generality, we chose the projection vector k = (0,0,1) in this study. How-
ever, the g-frame is singular in all cases where t and k are parallel. Thus, in those cases where

t and k are parallel the projection vector k can be chosen as k = (0,1,0) or k = (1,0,0).

In order to define a relation between g-frame and Frenet frame, we pick Euclidean angle
6 between the principal normal n and g-normal n, vectors. Then the relation matrix may be

expressed as

t 1 0 0 t
ng | =] 0 cosf sinf n (3)
b, 0 —sinf cosf b
or
t 1 0 0 t
n|=|0 cos® —sind n, |- (4)

=2

b 0 sinf cosf

)

Let «(s) be a curve that is parameterized by arc length s. Differentiating (3) with respect
to s, then substituting (4) into the results gives the variation equations of the g-frame in the

following form

t’ 0 ki ko t
n, | =| -k 0 k3 n, | (5)
b}, —ko —ks O b,
where the g-curvatures are
ki = (t,ng)
k2 = <tly bq> (6)
k‘3 = <nf1, bq> .

The parametric equation of ruled surface ¢(s,v) is given as

p(s,0) = als) + vX(s), (7)

where a(s) is a curve and X (s) is a generator vector. The distribution parameter of the ruled
surface is identified by (see [6], [14])

_ det(as, X, Xy)

Px =% %) ®)

The striction point on the ruled surface is the foot of the common perpendicular line
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successive rulings on the main ruling. It is given as
T X (s) (9)

Let M be a regular surface given with the parameterization o(s,v) in E3. The tangent
space of M at an arbitrary point is spanned by the vectors s and ¢,. The coefficients of the

first fundamental form of M are defined as

E= <S08a§05>7F = <308790v>aG = <§0v7§0v>a (10)

where (, ) is the Euclidean inner product. Then the unit normal vector field of M is defined as

_ Ps N\ Po - (11)
s A ol

The coefficients of the second fundamental form of M are defined as

e=(goss,N>,f=((psv,N),g=<<,0w,N>. (12)

The Gaussian curvature and the mean curvature of M are given by

2
K i a2
and o Bg+Ge—2Ff ”
2(EG — F2)
respectively.

Theorem 2.1([12]) The ruled surface is developable if and only if Px =0 .

Theorem 2.2 The ruled surface is minimal if and only if H = 0.

83. Ruled Surfaces Generated by g-Frame Vectors

The ruled surfaces generated by g-frame vectors ¢, nq, b, are given as

¢'(s,v) = als) +vi(s),
¢hi(s,u) = a(s) +ung(s),
¢h1(s,2) = als) + zby(s),

respectively. The ruled surface generated by general vector filed X is written as

&~ (s,w) = a(s) + wX(s) (15)
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where X (s) = z1(s)t + x2(s)ng + x3(s)b,.

Theorem 3.1 The distribution parameters of surfaces ¢, ¢™ and ¢ are

ks ks
= and Py = ———,
K+ k3 Tk 4 k3

Pt:07 P’n.q

respectively.

Theorem 3.2 The striction curves on the ruled surfaces ¢, ¢™ and ¢®s are given by

kq

k3 + k3

ka

—= b
k3 + k3

Bi(s) = als), Bn,(s) = als) + ng and By, (s) = a(s) + @

respectively.

Theorem 3.3 The distribution parameter and striction curve of ¢ are calculated as

—x3(kixy + o — ksxs) + zo(k121 + ko + )

Py = - : )
(2] — k1wa — kows)” + (k11 + 2 — ksws)” + (kex1 + ksze + 2%)
Bx(s) = af(s)— (21 — kizo — kaxs) (21t + 2ang + T3bg)
(@) = k1wg — kaws)” + (vay + ah — kws)” + (kw1 + kawo + a5)°
respectively.

Proof Taking derivative of a(s) and X (s) with respect to s, we can easily find o/(s) =t
and

X/ (S) = (.’Ell — .’Ele — £C3]€2) t —+ ([L’lkl =+ 1'/2 — .’Egkg) Ilq —+ ((Elkg + ZL’ng =+ .’Eé) bq7

respectively. With the help of the obtained equation and equations (8) and (9), an algebraic
calculus gives us desired results. 0

Theorem 3.4 The Gaussian curvatures of surfaces ¢t,¢™ and ¢* are

—k%

Ki=0 K, =0 and Ky — 7
=00 Ky =0 and Koy = 0o 1 )2

respectively.

Theorem 3.5 The mean curvatures of surfaces ¢*,¢" and ¢® are

H, — —kg . kQ(]. — Zklu + (k% + k%)'u?)
ou/RErR2 T 2kl + (1— kyu)2)32

and
—ky

© 7 (k222 + (kaz — 1)2)’

o,
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respectively.

Theorem 3.6 The Gaussian and mean curvatures of ¢~ are

Hx = 2W\/(Bx3—0x2)2+(0;1—Ax3)2+(Ax2—B3c1)2 [(Bxs — Cx2) (A" — Bky — Ckz)
+(Cay — Awy) (Aky + B’ — Chs) + (Azs — Bay) (Aks — Bhy + C'))
2 (AB%sy25 (A/B) + ASz12y (C/A) + AC%23 (B/C) + Bdeyws (A/B))
12 (BA2%23 (C/A) + BC?r124 (B/C) + OB (A/B) + CAryu5 (C/A)
Py (B/C))]
oo L[ BB 40l (C/A) +:C(B/C)
\/(Bs — Caz)? + (Cary — Ay)* + (Axy — Buy)?

w

where A = w () — kixe — kaxs) + 1, B = w(kixy + 24 — ksxz), C = w (kawy + ksza + %),
dy
W = A%+ B2+ (C?% — A%2? + B?2% + 2ABx 7o + C2:r§ +2ACz1x3+2BCasx3, YV = To and
w
dYy
v =22
ds
Proof First and second partial derivatives of the surface given in (15) with respect to s

and w are expressed as

¢X = At+ Bn,+ Cb,
¢ = a1t + z9my + 23by
and
X = (A= Bk —Chky)t + (Aky + B’ — Cks)n, + (Aky — Bks + C') b,
X, = At+Bn,+Cb,
ww = 0,

respectively. The coefficients of the first and second fundamental forms are calculated by
E=A?2+B?>+(C? F=Ax,+ Bxy+Czx3, G=1 and

¢ = ! (Bas — Cra) (A’ — By — Chy)

\/(31‘3 — 01‘2)2 + (C.Ifl — A$3)2 + (AZ‘Q - B$1)2
+ (Cl‘l — A.’L‘3) (Ak'l + B’ — Ck?g) + (AQ’JQ - B.T?l) (Ak‘g — Bks + C/)}

2382 (5) +2:4% (5) +2C% (2)
\/(B.’Eg - C$2)2 + (CiCl - Al’g)z + (Ail'z - Bx1)2
g = 0

respectively. Using equations (13) and (14), the Gaussian and mean curvatures of ¢~ are

presented easily. This completes the proof. 0
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Corollary 3.7 The ruled surface ¢' is developable and the ruled surfaces ¢™a and ¢’ are
developable if and only if ks = 0.

Corollary 3.8 The ruled surface ¢* is minimal if and only if ks = 0, the ruled surface ¢ is

minimal if and only if k1 = 0 and the ruled surface ¢™ is minimal if and only if either ko =0
k1 (144/1—k2)

or u = W

Corollary 3.9 There is a relation between Ky, Hy, and Py, as follows
Ky, 2k3

Hbq o kl(k§2’2 + (]. - kQZ)

and
Ky, —ka(k3 + k3)

Py, (k3224 (1 — ke2)?)?

84. Examples

Figure 2 The curve a(s) = (s, 52, s%)

Example 4.1 Consider the curve, shown in Figure 2,

a(s) = (s, 8%, 5%)
with g-vectors and curvatures

1

t o= (1,25,35?)
\/141—4524-954
ng = ————(25,~1,0)

V14 4s2

1
b, = 352,653, —/1 + 452
! \/1+482+984\/1+4S2( )
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and

2
kh = —
! (1 + 452 +9s%)V1 + 452
b - 6s(1 + 2s?)
LT (14452 + 954)3/2(/1 1 4s2
65>
k —
3 (1+ 452 + 95%)(1 + 4s2)
respectively.

200+

Figure 3 ¢!(s,v) (left top), ¢;*(s,u) (right top), (Z)?q(s,z) (left bottom)
and @75 (s, w) for x1(s) =2, wa(s) =3, w3(s) =5 (right bottom)

The ruled surfaces generated by q-frame vectors t,ng,b, and X shown in Figure 3, are
given as

di(s,v) = (s,8%,8%) +w (1, 2s, 352) ,

1
\/1—|1—452 + 954
. (25,-1,0),
\/1+4s2( )

¢ (s,u) = (s,5%,5%) +u
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by 2 .3 1 2 f3
s$,2) = (s,8%,8°)+ 2z 3s%,6s°, —V/1 + 4s2) ,
01 (5:2) ( ) V1 + 452 4 957/1 + 452 ( )
and )
X(s,w) = (s,5%,8° +w(x 8)(——x—— (1, 25,352
) = (0 0 (10 G (02030
+22(8)(——= (25, —1,0
+x3(s 352,653, —/1 + 452 ),
Al s e Y ( )
respectively.

Example 4.2 Consider the curve, shown in the Figure 4,

as) = (Esini —Ecosi i)
S 1377137 137137169

with g-vectors and curvatures

5 5
" _ COSs ) sin ’
(m Cvae \/%>
ng = (singg,—cos%,0)
)
_ —— cos =, S 73, — 7=
and :
ki = D)
k2 = O
1
ks = 9
respectively.
0.03
0.02
0.014
015 01 g5 005 p1
4 -1 015
-0{01-
-0.0 N
-0.03

Figure 4 The curve a(s) = (&
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The ruled surfaces generated by g-frame vectors t,ng, b; and X shown in Figure 5

Figure 5 o}(s,v) (left top), ¢5°(s,u) (right top), ¢3¢ (s, z) (left bottom)
and ¢35 (s, w) for x1(s) =2, xa(s) = 3, x3(s) =5 (right bottom)

are given respectively by

. 5 5 1
ol (s,u) = (%sinf—g,f%cosf—g,%)+u(sinl—%,fcosf—3,0),
bg — 5 oin S 5 s s 1 s 1 D o
#5'(s,2) = (g3sinq3, —13COS 13, 769) T+ 2 TGCOS§,\/%SIDE, 755 )
and
X 5 &in S 5 s s 5 s 5 s 1
®5 (s,w) = (g3sinqy, —73 08 {3, 109) T W | 1(s) —260051—3,—2681nﬁ,—2

6
o \ 1 L1 5
+x2(s) (sin &, — cos 15,0) + x3(s) —275(:os§,\/%smﬁ,——26 .
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For x1(s) = 2, x2(s) = 3, z3(s) = 5, the Gaussian curvature, mean curvature, distribution

parameter and striction curve of the surface ¢35 (s,w), generated by X are calculated as

K o 7056
X T T (68 + 1140w + 8721w?)?’
g V/1228(1228 + 26220w + 200583w?)
X 4./884 + 14820w + 113373w2(68 + 1140w + 8721w?)’
56
P = -2
X 153
125 | s 25v/26 s 125 s 25V26 . s s 11526
Bx(s) = | —=sin— — COS —, ——— COS — — sin —, — + ,
663 13 663 13° 663 13 663 137 169 1989
respectively.
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