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§1. Introduction

As we known, Matthews [21] in 1994, introduced the notion of partial metric spaces to study

the denotational semantics dataflow networks. In this space, the usual metric is replaced by

partial metric with an interesting property that the self-distance of any point of space may

not be zero. Later, Matthews proved the partial metric version of Banach fixed point theorem

[5]. Heckmann [15] introduced the concept of weak partial metric function and established

some fixed point results. Oltra and Valero [24] generalized the Matthews results in the sense of

O’Neil [25] in complete partial metric space. Abdeljawad et al. [2] considered a general form

of the weak φ-contraction and established some common fixed point results. Afterwards, many

authors focused on partial metric spaces and its topological properties (see, e.g., ([3], [4], [17],

[19], [28]).

On the other hand, Bhashkar and Lakshmikantham [9] (2006) introduced the notion of a

coupled fixed point and proved some coupled fixed point theorems for mixed monotone mappings

in ordered metric spaces and give application in the existence and uniqueness of a solution for

periodic boundary value problem (see, also [14]. Later on, Ćirić and Lakshmikantham [11]

(2009) investigated some more coupled fixed point theorems in partially ordered sets. Further,

many authors have obtained coupled fixed point results for mappings under various contractive
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conditions in the setting of metric spaces and generalized metric spaces (see [4], [13], [16], [22],

[23], [26], [27], [29], [32]).

In this paper, we prove a novel result of coupled fixed point involving rational type con-

traction condition in the setting of partially ordered complete partial metric spaces and provide

some consequences of the established result. Moreover, to illustrate the result, an example is

provided. Some applications of the main result and its consequences in terms of integral type

contractions are also included. Our results extend, generalize and enrich several results from

the existing literature (see, e.g., [9] and others).

§2. Preliminaries

In this section, we recall the notion of partial metric space and some of its basic results which

will be needed in the sequel.

Definition 2.1([21]) Let Y 6= ∅ be a set. A partial metric on Y is a function p : Y×Y → [0,+∞)

such that for all x, y, u ∈ Y the followings are satisfied:

(p1) x = y ⇔ p(x, x) = p(x, y) = p(y, y);

(p2) p(x, x) ≤ p(x, y);

(p3) p(x, y) = p(y, x);

(p4) p(x, y) ≤ p(x, u) + p(u, y)− p(u, u).

Then, p is called a partial metric on Y and the pair (Y, p) is called a partial metric space (in

short PMS).

It is clear that if p(x, y) = 0, then from (p1), (p2), and (p3), x = y. But if x = y, p(x, y)

may not be 0. Furthermore, if p is a partial metric on Y , then the function dp : Y ×Y → [0,+∞)

given by

dp(x, y) = 2p(x, y)− p(x, x)− p(y, y), (2.1)

is a usual metric on Y .

Each partial metric p on Y generates a T0 topology τp on Y with the family of open p-balls

{Bp(x, ε) : x ∈ Y, ε > 0} where Bp(x, ε) = {y ∈ Y : p(x, y) < p(x, x) + ε} for all x ∈ Y and

ε > 0. Similarly, closed p-ball is defined as Bp[x, ε] = {y ∈ Y : p(x, y) ≤ p(x, x) + ε} for all

x ∈ Y and ε > 0.

Example 2.2 We know some special cases of PMS in the following:

(∗1) Let Y = [0,+∞) and p : Y × Y → [0,+∞) be given by p(x, y) = max{x, y} for all

x, y ∈ Y . Then (Y, p) is a partial metric space (see, [1]).

(∗2) Let I = Y , where I denote the set of all intervals [x1, y1] for any real numbers x1 ≤ y1.

Let p : Y ×Y → [0,∞) be a function such that p
(
[x1, y1], [x2, y2]

)
= max{y1, y2}−min{x1, x2}.

Then (Y, p) is a partial metric space (see, [1]).

(∗3) Let Y = R and p : Y ×Y → R+ be given by p(x, y) = emax{x,y} for all x, y ∈ Y . Then

(Y, p) is a partial metric space (see, [12]).
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Definition 2.3([21]) Let (Y, p) be a PMS.

(a1) A sequence {xn} converges to a point x ∈ Y if and only if limn→∞ p(x, xn) = p(x, x);

(a2) A sequence {xn} in Y is called a Cauchy sequence if and only if limm,n→∞

p(xm, xn) exists (and finite);

(a3) A PMS (Y, p) is said to be complete if every Cauchy sequence {xn} in Y converges,

with respect to τp, to a point x ∈ Y , such that, limm,n→∞ p(xm, xn) = p(x, x);

(a4) A mapping S : Y → Y is said to be continuous at x0 ∈ Y if for every ε > 0, there

exists c > 0 such that S
(
Bp(x0, c)

)
⊂ Bp

(
S(x0), ε

)
.

Definition 2.4([21]) A PMS (Y, p) is said to be complete if every Cauchy sequence {xn} in Y

converges to a point x ∈ Y with respect to τp. Furthermore,

lim
m,n→∞

p(xm, xn) = lim
n→∞

p(xn, x) = p(x, x).

Definition 2.5([6, 7, 8]) Consider a function ψ : [0,+∞)→ [0,+∞) satisfying

(i) ψ is monotone increasing;

(ii) ψn(t)→ 0, as n→∞;

(iii)
∑∞
n=0 ψ

n(t) converges for all t > 0

and define

(1) A function ψ satisfying (i) and (ii) above is called a comparison function;

(2) A function ψ satisfying (i) and (iii) above is called a (c)-comparison function.

Remark 2.6([7, 8]) By definition, we know that

(i) Any (c)-comparison function is a comparison function;

(ii) Every comparison function satisfies ψ(0) = 0.

Definition 2.7([9]) Let (Y,≤) be a partially ordered set. The mapping F : Y × Y → Y is

said to have the mixed monotone property if F (x, y) is monotone non-decreasing in x and is

monotone non-increasing in y, that is, for any x, y ∈ Y ,

x1, x2 ∈ Y, x1 ≤ x2 ⇒ F (x1, y) ≤ F (x2, y),

and

y1, y2 ∈ Y, y1 ≤ y2 ⇒ F (x, y1) ≥ F (x, y2).

Definition 2.8([9 ,11]) An element (x, y) ∈ Y × Y is said to be a coupled fixed point of the

mapping F : Y × Y → Y if F (x, y) = x and F (y, x) = y.

Example 2.9 Let Y = [0,+∞) and F : Y × Y → Y be defined by F (x, y) = x+y
3 for all

x, y ∈ Y . Then F has a unique coupled fixed point (0, 0).

Example 2.10 Let Y = [0,+∞) and F : Y × Y → Y be defined by F (x, y) = x+y
2 for all
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x, y ∈ Y . Then F has two coupled fixed point (0, 0) and (1, 1), that is, the coupled fixed point

is not unique.

Lemma 2.11([4, 20, 21]) (b1) A sequence {xn} is Cauchy in a PMS (Y, p) if and only if {xn}
is Cauchy in a metric space (Y, dp) where

dp(x, y) = 2p(x, y)− p(x, x)− p(y, y).

(b2) A PMS (Y, p) is complete if a metric space (Y, dp) is complete, i.e.,

lim
n→∞

dp(xn, x) = 0 ⇔ p(x, x) = lim
n→∞

p(xn, x) = lim
n,m→∞

p(xn, xm).

Lemma 2.12([18]) Let (Y, p) be a PMS.

(c1) If x, y ∈ Y , p(x, y) = 0, then x = y;

(c2) If x 6= y, then p(x, y) > 0.

One of the characterization of continuity of mappings in partial metric spaces was given

by Samet et al. [30] as follows.

Lemma 2.13([30]) Let (Y, p) be a PMS. The function R : Y → Y is continuous if giv-

en a sequence {xn}n∈N and x ∈ Y such that p(x, x) = limn→∞ p(x, xn), then p(Rx,Rx) =

limn→∞ p(Rx,Rxn).

Example 2.14([30]) Let Y = [0,+∞) endowed with the partial metric p : Y × Y → [0,+∞)

defined by p(x, y) = max{x, y} for all x, y ∈ Y . Let R : Y → Y be a non-decreasing function.

If R is continuous with respect to the standard metric d(x, y) = |x− y| for all x, y ∈ Y , then R

is continuous with respect to the partial metric p.

Example 2.15([12]) Let xn → x as n → ∞ in a PMS (Y, p) where p(x, x) = 0. Then

limn→∞ p(xn, u) = p(x, u) for all u ∈ Y .

§3. Main Results

In this section, we shall prove a novel coupled fixed point result involving rational type con-

traction condition in the setting of partially ordered complete partial metric spaces.

Theorem 3.1 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×
Y → Y be a mapping having the mixed monotone property such that for some β ≥ 0, for all

a, b, u, v ∈ Y , p(u, F (u, v)) + p(a, u) > 0 and ψ, a (c)-comparison function, we have

p(F (a, b), F (u, v)) ≤ β
(p(a, F (a, b))p(a, F (u, v))p(u, F (a, b))

1 + p(u, F (u, v)) + p(a, u)

)
+ ψ(p(a, u)). (3.1)
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If there exist two elements a0, b0 ∈ Y with a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a

coupled fixed point in Y with p(z, z) = 0 for some z ∈ Y .

Proof Choose a0, b0 ∈ Y such that a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0). We are to prove

that ak is non-decreasing and bk is non-increasing. That is, for all k ≥ 0,

a2k ≤ a2k+1 ≤ a2k+2 and b2k ≤ b2k+1 ≤ b2k+2.

Firstly, a0 ≤ F (a0, b0) = a1 and b0 ≥ F (b0, a0) = b1. Then, a0 ≤ a1 and b0 ≥ b1. Again,

let a2 = F (a1, b1) and b2 = F (b1, a1). Since F has the mixed monotone property on Y , then we

have a1 ≤ a2 and b1 ≥ b2. Repeating the above process, we get two sequences {ak} and {bk}
in Y such that a2k+1 = F (a2k, b2k) and b2k+1 = F (b2k, a2k) for all k ≥ 0 and

a0 ≤ a1 ≤ · · · ≤ a2k ≤ a2k+1 ≤ · · · , b0 ≥ b1 ≥ · · · ≥ b2k ≥ b2k+1 ≥ · · · . (3.2)

Now, using equation (3.1) with a = a2k, b = b2k, u = a2k+1 and v = b2k+1, we have

p(a2k+1, a2k+2) = p
(
F (a2k, b2k), F (a2k+1, b2k+1)

)
≤ β

(p(a2k, F (a2k, b2k))p(a2k, F (a2k+1, b2k+1))p(a2k+1, F (a2k, b2k))

1 + p(a2k+1, F (a2k+1, b2k+1)) + p(a2k, a2k+1)

)
+ ψ(p(a2k, a2k+1))

= β
(p(a2k, a2k+1)p(a2k, a2k+2)p(a2k+1, a2k+1)

1 + p(a2k+1, a2k+2) + p(a2k, a2k+1)

)
+ ψ(p(a2k, a2k+1))

= ψ(p(a2k, a2k+1)).

Therefore,

p(a2k+1, a2k+2) ≤ ψ(p(a2k, a2k+1)) (3.3)

and

p(b2k+1, b2k+2) ≤ ψ(p(b2k, b2k+1)). (3.4)

Similarly, proceeding as above we obtain

p(a2k+2, a2k+3) ≤ ψ(p(a2k+1, a2k+2)) (3.5)

and

p(b2k+2, b2k+3) ≤ ψ(p(b2k+1, b2k+2)). (3.6)

Hence, it can be deduced from equations (3.3)-(3.6) that

p(a2k+2, a2k+3) + p(b2k+2, b2k+3) ≤ ψ(p(a2k+1, a2k+2)) + ψ(p(b2k+1, b2k+2))

≤ ψ2(p(a2k, a2k+1)) + ψ2(p(b2k, b2k+1))

≤ · · · ≤ ψn(p(a0, a1)) + ψn(p(b0, b1)).
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Thus, it follows that

p(an, an+1) + p(bn, bn+1) ≤ ψn(p(a0, a1)) + ψn(p(b0, b1)). (3.7)

Again, let n, r ∈ N. Using equation (3.7) inductively and repeated application of triangular

inequality, we obtain

p(an, an+r) + p(bn, bn+r) ≤ [p(an, an+1) + p(bn, bn+1)] + [p(an+1, an+2) + p(bn+1, bn+2)]

+ · · ·+ [p(an+r−1, an+r) + p(bn+r−1, bn+r)]

− [p(an+1, an+1) + p(bn+1, bn+1)]

− [p(an+2, an+2) + p(bn+2, bn+2)]− · · ·

− [p(an+r−1, an+r−1) + p(bn+r−1, bn+r − 1)]

≤ [p(an, an+1) + p(bn, bn+1)] + [p(an+1, an+2) + p(bn+1, bn+2)]

+ · · ·+ [p(an+r−1, an+r) + p(bn+r−1, bn+r)]

≤ ψn(p(a0, a1)) + ψn(p(b0, b1)) + ψn+1(p(a0, a1)) + ψn+1(p(b0, b1))

+ · · ·+ ψn+r−1(p(a0, a1)) + ψn+r−1(p(b0, b1))

=

n+r−1∑
j=n

ψj(p(a0, a1)) +

n+r−1∑
j=n

ψj(p(b0, b1))

=

n+r−1∑
j=0

ψj(p(a0, a1))−
n−1∑
j=0

ψj(p(a0, a1))

+

n+r−1∑
j=0

ψj(p(b0, b1))−
n−1∑
j=0

ψj(p(b0, b1))→ 0 as j →∞ (3.8)

and since ψ is a (c)-comparison function. Hence, {an} and {bn} are Cauchy sequences in a

PMS (Y, p) such that limm,n→∞ p(am, an) = 0 and limm,n→∞ p(bm, bn) = 0 where m = n + r

with m > n ∈ N. Again, since (Y, p) is a complete partial metric space, there exist a∗, b∗ ∈ Y
such that

p(a∗, a∗) = lim
n→∞

p(an, a
∗) = lim

n→∞
p(an, an) = 0 (3.9)

and

p(b∗, b∗) = lim
n→∞

p(bn, b
∗) = lim

n→∞
p(bn, bn) = 0. (3.10)

Now, we have to show that (a∗, b∗) is a coupled fixed point of F , that is, a∗ = F (a∗, b∗)

and b∗ = F (b∗, a∗). Using contractive condition (3.1) again and noting that ψ(0) = 0, we have

p(F (a∗, b∗), a∗) ≤ p(F (a∗, b∗), a2n+1) + p(a2n+1, a
∗)− p(a2n+1, a2n+1)

≤ p(F (a∗, b∗), a2n+1) + p(a2n+1, a
∗)

= p(F (a∗, b∗), F (a2n, b2n)) + p(a2n+1, a
∗)

≤ β
(p(a∗, F (a∗, b∗))p(a∗, F (a2n, b2n))p(a2n, F (a∗, b∗))

1 + p(a2n, F (a2n, b2n)) + p(a∗, a2n)

)
+ψ(p(a∗, a2n)) + p(a2n+1, a

∗)
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≤ β
(p(a∗, F (a∗, b∗))p(a∗, a2n+1)p(a2n, F (a∗, b∗))

1 + p(a2n, a2n+1) + p(a∗, a2n)

)
+ψ(p(a∗, a2n)) + p(a2n+1, a

∗)

→ 0 as n→∞.

Therefore, p(F (a∗, b∗), a∗) = 0 and so F (a∗, b∗) = a∗. Similarly, by using inequality (3.1),

we can show that p(F (b∗, a∗), b∗) = 0 and so F (b∗, a∗) = b∗. Hence, (a∗, b∗) is a coupled fixed

point of F . This completes the proof. �

Example 3.2 Let Y = [0, 4] be endowed with the usual partial metric given by p(x, y) =

max{x, y} for all x, y ∈ Y . Let ψ(t) = 1
2 t for all t ∈ Y . Clearly, ψ(t) is a (c)-comparison

function. Define F : [0, 4]× [0, 4]→ [0, 4] by F (a, b) = 3a− 2b for all a, b ∈ [0, 4]. Clearly, F has

the mixed monotone property.

Let a0 = 2
3 , b0 = 1

2 ∈ Y .

F (a0, b0) = F
(2

3
,

1

2

)
= 1 and F (b0, a0) = F

(1

2
,

2

3

)
=

1

6
.

Thus,
2

3
< 1 and

1

2
>

1

6
.

Hence, a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0).

Now, consider the contractive condition (3.1) in Theorem 3.1. Let a = 4
3 , b = 1

3 , β = 2,

u = 4
5 , v = 1

5 and assume that a ≥ b ≥ u ≥ v. Then

F (a, b) = F
(4

3
,

1

3

)
= 3
(4

3

)
− 2
(1

3

)
= 4− 2

3
=

10

3
,

F (u, v) = F
(4

5
,

1

5

)
= 3
(4

5

)
− 2
(1

5

)
=

12

5
− 2

5
= 2,

p(a, F (a, b)) = p
(4

3
,

10

3

)
= max

{4

3
,

10

3

}
=

10

3
,

p(u, F (u, v)) = p
(4

5
, 2
)

= max
{4

5
, 2
}

= 2,

p(u, F (a, b)) = p
(4

5
,

10

3

)
= max

{4

5
,

10

3

}
=

10

3
,

p(a, F (u, v)) = p
(4

3
, 2
)

= max
{4

3
, 2
}

= 2,

p(a, u) = p
(4

3
,

4

5

)
= max

{4

3
,

4

5

}
=

4

3
.

Now, applying contractive condition (3.1), that is,

p(F (a, b), F (u, v)) ≤ β
(p(a, F (a, b))p(a, F (u, v))p(u, F (a, b))

1 + p(u, F (u, v)) + p(a, u)

)
+ ψ(p(a, u)),
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implies that

p
(10

3
, 2
)

= max
{10

3
, 2
}

=
10

3
= 3.333

≤ 2
( 10

3 .2.
10
3

1 + 2 + 4
3

)
+

1

2
.
4

3

=
400

69
+

2

3
=

1338

207
= 6.643,

i.e. 3.333 ≤ 6.643.

Since all the assumptions of Theorem 3.1 are satisfied, so F has a coupled fixed point in

Y = [0, 4].

If we take ψ(t) = γ t for all t > 0 where γ ∈ [0, 1) in Theorem 3.1, then we have the

following result.

Corollary 3.3 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y×Y →
Y be a mapping having the mixed monotone property such that for some β ≥ 0, γ ∈ [0, 1) and

for all a, b, u, v ∈ Y , where p(u, F (u, v)) + p(a, u) > 0, we have

p(F (a, b), F (u, v)) ≤ β
(p(a, F (a, b))p(a, F (u, v))p(u, F (a, b))

1 + p(u, F (u, v)) + p(a, u)

)
+ γ p(a, u). (3.11)

If there exist two elements a0, b0 ∈ Y with a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has

a coupled fixed point in Y with p(z, z) = 0 for some z ∈ Y .

Proof It follows from Theorem 3.1 by taking ψ(t) = γ t for all t > 0 where γ ∈ [0, 1). �

If we take γ = 0 in Corollary 3.3, then we have the following result.

Corollary 3.4 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y×Y →
Y be a mapping having the mixed monotone property such that for some β ≥ 0 and for all

a, b, u, v ∈ Y , where p(u, F (u, v)) + p(a, u) > 0, we have

p(F (a, b), F (u, v)) ≤ β
(p(a, F (a, b))p(a, F (u, v))p(u, F (a, b))

1 + p(u, F (u, v)) + p(a, u)

)
. (3.12)

If there exist a0, b0 ∈ Y such that a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled

fixed point in Y with p(z, z) = 0 for some z ∈ Y .

Proof It follows from Corollary 3.3 by taking γ = 0. �

If we take β = 0 in Corollary 3.3, then we have the following result.

Corollary 3.5 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y×Y →
Y be a mapping having the mixed monotone property such that for some γ ∈ [0, 1) and for all

a, b, u, v ∈ Y , we have

p(F (a, b), F (u, v)) ≤ γ p(a, u). (3.13)
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If there exist a0, b0 ∈ Y such that a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled

fixed point in Y with p(z, z) = 0 for some z ∈ Y .

If we take β = 0 in Theorem 3.1, then we have the following result.

Corollary 3.6 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×
Y → Y be a mapping having the mixed monotone property such that for all a, b, u, v ∈ Y ,

p(u, F (u, v)) + p(a, u) > 0 and ψ, a (c)-comparison function, we have

p(F (a, b), F (u, v)) ≤ ψ(p(a, u)). (3.14)

If there exist two elements a0, b0 ∈ Y with a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has

a coupled fixed point in Y .

If we define as Ta = F (a, a) in Corollary 3.5, then we have the following result.

Corollary 3.7([21],Banach’s fixed point theorem) Let (Y, p) be a complete partial metric space.

Suppose that the mapping T : Y → Y satisfies the following contractive condition for all a, u ∈
Y :

p(Ta, Tu) ≤ γ p(a, u), (3.15)

where γ ∈ [0, 1) is a constant. Then T has a unique fixed point in Y .

Remark 3.8 Theorem 3.1 generalizes and extends the corresponding result of Bhaskar and

Lakshmikantham [9] from complete metric space to complete partial metric space.

Remark 3.9 Theorem 3.1 also generalizes and extends the corresponding result of Sabet-

ghadam et al. [31] to the coupled fixed point setting in partially ordered space, the latter

consisting of coupled fixed point in partial cone metric space setting.

§4. Applications

In this part, applications of the main result and its consequences in terms of integral type

contractions are carried out. Let Ψ denote the set of functions ϕ : [0,+∞)→ [0,+∞) satisfying

the following properties:

(∆1) ϕ is a Lebesgue-integrable function on every compact subset in [0,+∞) and;

(∆2)
∫ ε
0
ϕ(µ)dµ > 0, for all ε > 0.

Then, we have the following applications of our results.

Theorem 4.1 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×Y →
Y be a mapping having the mixed monotone property such that for some β ≥ 0, p(u, F (u, v)) +
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p(a, u) > 0 and ψ, a (c)-comparison function, we have

∫ p(F (a,b),F (u,v))

0

χ(µ)dµ ≤ β

∫ ( p(a,F (a,b))p(a,F (u,v))p(u,F (a,b))
1+p(u,F (u,v))+p(a,u)

)
0

χ(µ)dµ

+

∫ ψ(p(a,u))

0

χ(µ)dµ (4.1)

for all a, b, u, v ∈ Y such that a ≥ u and b ≤ v, where χ ∈ Ψ. If there exist a0, b0 ∈ Y such that

a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled fixed point in Y with p(z, z) = 0 for

some z ∈ Y .

If ψ(t) = γ t for all t > 0, where γ ∈ [0, 1) in Theorem 4.1, then we obtain the following

result.

Theorem 4.2 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×Y →
Y be a mapping having the mixed monotone property such that for some β ≥ 0 and γ ∈ [0, 1),

where p(u, F (u, v)) + p(a, u) > 0, we have

∫ p(F (a,b),F (u,v))

0

χ(µ)dµ ≤ β

∫ ( p(a,F (a,b))p(a,F (u,v))p(u,F (a,b))
1+p(u,F (u,v))+p(a,u)

)
0

χ(µ)dµ

+γ

∫ p(a,u)

0

χ(µ)dµ (4.2)

for all a, b, u, v ∈ Y such that a ≥ u and b ≤ v, where χ ∈ Ψ. If there exist a0, b0 ∈ Y such that

a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled fixed point in Y with p(z, z) = 0 for

some z ∈ Y .

If β = 0 in Theorem 4.1, then we obtain the following result.

Theorem 4.3 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×Y →
Y be a mapping having the mixed monotone property such that p(u, F (u, v)) + p(a, u) > 0 and

ψ, a (c)-comparison function, we have∫ p(F (a,b),F (u,v))

0

χ(µ)dµ ≤
∫ ψ(p(a,u))

0

χ(µ)dµ, (4.3)

for all a, b, u, v ∈ Y such that a ≥ u and b ≤ v, where χ ∈ Ψ. If there exist a0, b0 ∈ Y such that

a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled fixed point in Y with p(z, z) = 0 for

some z ∈ Y .

If γ = 0 in Theorem 4.2, then we obtain the following result.

Theorem 4.4 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×
Y → Y be a mapping having the mixed monotone property such that for some β ≥ 0 and
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p(u, F (u, v)) + p(a, u) > 0, we have

∫ p(F (a,b),F (u,v))

0

χ(µ)dµ ≤ β
∫ ( p(a,F (a,b))p(a,F (u,v))p(u,F (a,b))

1+p(u,F (u,v))+p(a,u)

)
0

χ(µ)dµ, (4.4)

for all a, b, u, v ∈ Y such that a ≥ u and b ≤ v, where χ ∈ Ψ. If there exist a0, b0 ∈ Y such that

a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled fixed point in Y with p(z, z) = 0 for

some z ∈ Y .

If β = 0 in Theorem 4.2, then we obtain the following result.

Theorem 4.5 Let (Y, p,≤) be a partially ordered complete partial metric space. Let F : Y ×Y →
Y be a mapping having the mixed monotone property such that for some γ ∈ [0, 1), we have∫ p(F (a,b),F (u,v))

0

χ(µ)dµ ≤ γ
∫ p(a,u)

0

χ(µ)dµ, (4.5)

for all a, b, u, v ∈ Y such that a ≥ u and b ≤ v, where χ ∈ Ψ. If there exist a0, b0 ∈ Y such that

a0 ≤ F (a0, b0) and b0 ≥ F (b0, a0), then F has a coupled fixed point in Y with p(z, z) = 0 for

some z ∈ Y .

Remark 4.6 Theorem 4.5 extends and generalizes the corresponding result of Branciari [10]

from complete metric spaces to partially ordered complete partial metric spaces and coupled

fixed point.

§5. Conclusion

In this article, we prove a novel coupled fixed point result for contractive type condition involving

rational term in the setting of partially ordered complete partial metric spaces. Moreover, we

give some consequences of the established results and provide an illustrative example in support

of the established result. Some applications of the main result and its consequences in terms

of integral type contractions are also included. The results presented in this paper extend and

generalize several results in the existing literature (see, e.g., [9] and others).
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