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§1. Introduction

As we known, Matthews [21] in 1994, introduced the notion of partial metric spaces to study
the denotational semantics dataflow networks. In this space, the usual metric is replaced by
partial metric with an interesting property that the self-distance of any point of space may
not be zero. Later, Matthews proved the partial metric version of Banach fixed point theorem
[5]. Heckmann [15] introduced the concept of weak partial metric function and established
some fixed point results. Oltra and Valero [24] generalized the Matthews results in the sense of
O’Neil [25] in complete partial metric space. Abdeljawad et al. [2] considered a general form
of the weak ¢-contraction and established some common fixed point results. Afterwards, many
authors focused on partial metric spaces and its topological properties (see, e.g., ([3], [4], [17],
119, [28)).

On the other hand, Bhashkar and Lakshmikantham [9] (2006) introduced the notion of a
coupled fixed point and proved some coupled fixed point theorems for mixed monotone mappings
in ordered metric spaces and give application in the existence and uniqueness of a solution for
periodic boundary value problem (see, also [14]. Later on, Cirié and Lakshmikantham [11]
(2009) investigated some more coupled fixed point theorems in partially ordered sets. Further,

many authors have obtained coupled fixed point results for mappings under various contractive
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conditions in the setting of metric spaces and generalized metric spaces (see [4], [13], [16], [22],
[23], [26], [27], [29], [32]).

In this paper, we prove a novel result of coupled fixed point involving rational type con-
traction condition in the setting of partially ordered complete partial metric spaces and provide
some consequences of the established result. Moreover, to illustrate the result, an example is
provided. Some applications of the main result and its consequences in terms of integral type
contractions are also included. Our results extend, generalize and enrich several results from

the existing literature (see, e.g., [9] and others).

82. Preliminaries

In this section, we recall the notion of partial metric space and some of its basic results which

will be needed in the sequel.

Definition 2.1([21]) LetY # () be a set. A partial metric onY is a functionp: Y XY — [0, +00)
such that for all z,y,u € Y the followings are satisfied:

(p1) =z =y p(z,2) =p(z,y) =p(y,y);
(p2) p(z,2) < p(z,9y);
(p3) p(z,y) =ply,x);
(r4) p(z,y) < p(z,u) +p(u,y) — p(u, ).

Then, p is called a partial metric on'Y and the pair (Y,p) is called a partial metric space (in
short PMS).

It is clear that if p(z,y) = 0, then from (pl), (p2), and (p3), x = y. But if z =y, p(x,y)
may not be 0. Furthermore, if p is a partial metric on Y, then the function d?: Y XY — [0, +00)
given by

d"(z,y) = 2p(x,y) — p(z, =) = p(y, y), (2.1)

is a usual metric on Y.

Each partial metric p on Y generates a Ty topology 7, on Y with the family of open p-balls
{Bp(z,e) : « € Y,e > 0} where By(z,e) ={y € Y : p(z,y) < p(z,x) + ¢} for all z € Y and
¢ > 0. Similarly, closed p-ball is defined as Bp[z,e] = {y € Y : p(z,y) < p(z,z) + ¢} for all
z €Y and € > 0.

Example 2.2 We know some special cases of PMS in the following:

(¥*1) Let Y =[0,400) and p: ¥ x Y — [0,4+00) be given by p(z,y) = max{z,y} for all
x,y € Y. Then (Y,p) is a partial metric space (see, [1]).

(x2) Let I =Y, where I denote the set of all intervals [z7, y;] for any real numbers z; < y;.
Let p: Y x Y — [0, 00) be a function such that p([z1,y1], [z2, y2]) = max{y:, y2} — min{z1, z2}.
Then (Y, p) is a partial metric space (see, [1]).

(¥3) Let Y =R and p: Y xY — Rt be given by p(z,y) = e™®{=¥} for all 2,y € Y. Then
(Y, p) is a partial metric space (see, [12]).
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Definition 2.3([21]) Let (Y,p) be a PMS.

(al) A sequence {x,} converges to a point x € Y if and only if lim, o p(z, z,) = p(z, x);

(a2) A sequence {z,} inY is called a Cauchy sequence if and only if limy, oo
P(Tm,xn) exists (and finite);

(a3) A PMS (Y,p) is said to be complete if every Cauchy sequence {x,} in'Y converges,
with respect to T, to a point x € Y, such that, limp, n—oo P(Tm, zn) = p(z, );

(ad) A mapping S: Y — Y is said to be continuous at xg € Y if for every € > 0, there
exists ¢ > 0 such that S(By(zo,¢)) C By(S(x0),¢).

Definition 2.4([21]) A PMS (Y, p) is said to be complete if every Cauchy sequence {x,} in'Y

converges to a point x € Y with respect to T,. Furthermore,

i P(Tm, 2n) = M p(an, z) = p(z, ).
Definition 2.5([6, 7, 8]) Consider a function 1: [0, +00) — [0, +00) satisfying

(1) ¢ is monotone increasing;
(#3) Y™ (t) = 0, as n — oo;
(iii) Yoo o " (t) converges for allt >0
and define
(1) A function ¢ satisfying (i) and (ii) above is called a comparison function;

(2) A function v satisfying (i) and (iii) above is called a (c)-comparison function.
Remark 2.6([7, 8]) By definition, we know that
(i) Any (c)-comparison function is a comparison function;

(#4) Every comparison function satisfies ¢(0) = 0.

Definition 2.7([9]) Let (Y,<) be a partially ordered set. The mapping F: Y XY — Y is
said to have the mized monotone property if F(x,y) is monotone non-decreasing in x and is

monotone non-increasing in y, that is, for any x,y € Y,
T1,T2 € Ya 1 < T2 = F(le,y) < F(:C27y)a

and
yi,y2 €Y, 11 <ys = F(z,y1) > F(x,y2).

Definition 2.8([9 ,11]) An element (z,y) € Y X Y s said to be a coupled fixed point of the
mapping F: Y xY =Y if F(x,y) =z and F(y,z) = y.

Example 2.9 Let Y = [0,400) and F: Y x Y — Y be defined by F(z,y) = “¥ for all
z,y €Y. Then F has a unique coupled fixed point (0, 0).

Example 2.10 Let Y = [0,4+0c0) and F: Y x Y — Y be defined by F(z,y) = %2 for all



4 Gurucharan Singh Saluja

2,y € Y. Then F has two coupled fixed point (0,0) and (1, 1), that is, the coupled fixed point

is not unique.

Lemma 2.11([4, 20, 21]) (b1) A sequence {x,} is Cauchy in a PMS (Y,p) if and only if {x,}
is Cauchy in a metric space (Y, dP) where

d?(x,y) = 2p(x,y) — p(z,2) — p(y,y)-

(b2) A PMS (Y,p) is complete if a metric space (Y,dP) is complete, i.e.,

lim dP(zy,2) =0 < p(z,z) = lim p(a,,z) = lim p(x,, Tm).

n—r oo n— oo n,m— oo

Lemma 2.12([18]) Let (Y,p) be a PMS.

(cl) Ifz,y €Y, p(x,y) =0, then x = y;
(c2) If z #y, then p(z,y) > 0.

One of the characterization of continuity of mappings in partial metric spaces was given
by Samet et al. [30] as follows.

Lemma 2.13([30]) Let (Y,p) be a PMS. The function R:'Y — Y is continuous if giv-
en a sequence {xn}neny and x € Y such that p(x,x) = lim,_, p(z,z,), then p(Rx, Rx) =
lim,, o0 p(Rz, Rx,,).

Example 2.14([30]) Let Y = [0, +00) endowed with the partial metric p: ¥ x Y — [0, +00)
defined by p(x,y) = max{x,y} for all x,y € Y. Let R: Y — Y be a non-decreasing function.
If R is continuous with respect to the standard metric d(z,y) = |z — y| for all z,y € Y, then R
is continuous with respect to the partial metric p.

Example 2.15([12]) Let z, — z as n — oo in a PMS (Y,p) where p(z,2) = 0. Then
limy, s 00 P(Zp, u) = p(a,u) for all u € Y.

§3. Main Results

In this section, we shall prove a novel coupled fixed point result involving rational type con-
traction condition in the setting of partially ordered complete partial metric spaces.

Theorem 3.1 Let (Y,p, <) be a partially ordered complete partial metric space. Let F:'Y X
Y — Y be a mapping having the mized monotone property such that for some g > 0, for all
a,byu,v €Y, p(u, F(u,v)) + p(a,u) >0 and v, a (c)-comparison function, we have

p(a, F'(a,b))p(a, F(u,v))p(u, F(a,b))
1+ p(u, F(u,v)) + p(a,u)

p(F(a.b), F(u,v)) < B( )+ vplaw).  (31)
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If there exist two elements ag,bg € Y with ag < F(ag,bg) and by > F(bg,ap), then F has a
coupled fized point in' Y with p(z,z) =0 for some z € Y.

Proof Choose ag,by € Y such that ag < F(ag,by) and by > F(bg,ap). We are to prove
that ay is non-decreasing and by is non-increasing. That is, for all k£ > 0,

aoy, < aok41 < Ggk42 and bop < bop1 < bogo.

Firstly, ag < F(agp,bo) = a1 and by > F(bg,ag) = by. Then, ag < a; and by > by. Again,
let as = F(a1,b1) and be = F(b1,a1). Since F has the mixed monotone property on Y, then we
have a; < az and b; > by. Repeating the above process, we get two sequences {ax} and {by}
in Y such that aggy1 = F(agk, bag) and bag1 = F(bag, agy) for all k > 0 and

ap < a1 <---<agp agp41 <o, bop>br > > bop > bogypr >0 (3.2)
Now, using equation (3.1) with a = asg, b = bay, u = aggs1 and v = byg11, we have

pagki1, azky2) = p(F (azk, bar), F(azki1,bars1))
< B(I?(azk, F(agy, bar))p(azk, F(ak+1, bar+1))p(azks1, Fazs, bzk)))
- 1+ p(asg+1, F'(a2k+1,b2k+1)) + pask, a2r41)
+ 1 (p(agk, azr+1))

—3 (p(amw a2k+1)p(@2k7 a2k+2>p(a2k+17 a2k+1) )
1+ p(azk+1, a2k+2) + plask, azk+1)

+ ¥ (p(azk, azk+1))
= ¢(P(a2k, a2k+1))-

Therefore,
Plagk+1, a2xt2) < P(p(agk, a2r+1)) (3-3)

and
P(b2k+1, bar+2) < Y(p(bak, bak+1))- (3.4)

Similarly, proceeding as above we obtain

plagkr2, a2t3) < Y(p(azky1, a2ry2)) (3.5)

and
P(bart2, barts) < Y(p(baks1, bak2))- (3.6)

Hence, it can be deduced from equations (3.3)-(3.6) that

P(A2k42, a2k+3) + P(bart2, barys) < Y(p(a2k41, a2k42)) + Y (P(b2k41, bak+2))
< 2 (p(agk, agk+1)) + ¥ (p(bak, bak41))
< - <" (plao, ar)) + " (p(bo, br)).
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Thus, it follows that

P(an, an+1) + p(bn7 anrl) S Wl(P(GOa (11)) + ¢n(p(b07 bl)) (37)

Again, let n,r € N. Using equation (3.7) inductively and repeated application of triangular
inequality, we obtain

Plan, anyr) + p(bn, bpir) < [plan; ant1) + p(bn, bns1)] + [P(@nt1, any2) + P01, bpo2)]

+ o+ P(angr—1,ngr) F p(bngr—1,bngr)]
= [p(ant1,an+1) + p(bns1, bngr)]
= [p(ant2, an+2) + p(bnt2, bny2)] —
— [p(ansr—1, ansr—1) + p(bryr—1, bpgr — 1)]

< [p(an; ant1) + p(bn, bns1)] + [p(@nt1, any2) + PO, bpo)]
+ -+ [P(antr—1, angr) + P(Ontr—1,bnsr)]

< 9" (p(ag, a1)) + 9" (p(bo, br)) + " (p(ag, a1)) + " (p(bo, b1))
+ o+ " (p(ag, a1)) + " (p(bo, br))

n+r—1 n+r—1
= Z ¥’ (p(ao, a1)) Z ¥ (p(bo, b))
j=n
n+r—1
= Z ¥’ (p(ao, ar)) ZW plao, a1))
j=0
n+r—1

+ Z I (p(bo, b)) ZW (bo,b1)) =0 as j— oo (3.8)

and since 1 is a (c¢)-comparison function. Hence, {a,} and {b,} are Cauchy sequences in a
PMS (Y, p) such that limy,, n—oo P(Gm, arn) = 0 and limy, n—s00 P(b, by) = 0 where m = n +r
with m > n € N. Again, since (Y, p) is a complete partial metric space, there exist a*,b* € YV
such that

pla®,a*) = nlgr;op(an,a )= nh_}rrgop(an,an) =0 (3.9)
and
p(b*,b") = nh_}rrgop(bn,b )= nh_}rr;op(bn,bn) =0. (3.10)

Now, we have to show that (a*,b*) is a coupled fixed point of F', that is, a* = F(a*,b")
and b* = F(b*,a*). Using contractive condition (3.1) again and noting that ¢(0) = 0, we have

p(F(a®,b%),a") < p(F(a”,b"), azn41) + Plazni1,a*) — plazn+1, a2n41)
< p(F(a*,b"),a2n11) + plazni1,a”)
= p(F(a*,b"), F(azn, b)) + plazni1,a”)
p(a*,F(a 7b*))p(a*aF(a2nab2n))p(a2n7F(a*ab*))
< 5( : )
1 +p(a2n7F(a2n7b2n)) +p(a ;a2n)

+(p(a®, az,)) + plazni1,a”)
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6(19(@*,F(a*,b*))p(a*,a2n+1)p(a2n,F(a*,b*))>
1+ p(azgn, azn+1) + p(a*, azp)
+1/)(p(a*7a2n)) +p(a2n+1a a*)

— 0Oasn — oo.

<

Therefore, p(F(a*,b*),a*) = 0 and so F(a*,b*) = a*. Similarly, by using inequality (3.1),
we can show that p(F(b*,a*),b*) = 0 and so F(b*,a*) = b*. Hence, (a*,b*) is a coupled fixed
point of F'. This completes the proof. O

Example 3.2 Let Y = [0,4] be endowed with the usual partial metric given by p(z,y) =
max{z,y} for all 2,y € Y. Let ¢(t) = it for all t € Y. Clearly, 1(t) is a (c)-comparison
function. Define F': [0,4] x [0,4] — [0,4] by F(a,b) = 3a — 2b for all a,b € [0,4]. Clearly, F has
the mixed monotone property.

ey.

Leta():%,bozé

2 1 12)71
==

Flag,bo) = F(5.5) = 1and F(bo,a0) = F(5, 5
Thus,

2 1 1
—<land = > —.
3< an 2>6

Hence, ag < F(ag,by) and by > F(bg, ap).

Now, consider the contractive condition (3.1) in Theorem 3.1. Let a = %, b=
4

Wl
i)
Il
vl\.’)

u=g7U:%andassumethatazquZU. Then
pn=r(3)=a(d) o) =1-3- 2
rou=r(h}) =) -2 - 222

p(a, F(a,b)) :p(é E) = maX{%’ 10} — 10
p(u, F(u,v)) :p<§,2> = max{%ﬂ} =2,
) =5 2) - 2 2

p(a, F(u,v)) =p(§,2) = max{% 2} =2,

3
pla, u) =p(§, g) = max{%,%} = %.

Now, applying contractive condition (3.1), that is,

pla, F(a,b))p(a, F(u,v))p(u, F(a,b))
1+ p(’u, F(ua U)) + p(a, u)

p(F(a.b), F(u.v)) < B( ) + (e, w)),
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implies that

IA
w
w

1+2+1%
400 2 1338

= =" _664
60 3~ o7 00

ie. 3.333 <6.643.

Since all the assumptions of Theorem 3.1 are satisfied, so F' has a coupled fixed point in
Y =10,4].

If we take t(t) = vt for all ¢t > 0 where v € [0,1) in Theorem 3.1, then we have the
following result.

Corollary 3.3 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —
Y be a mapping having the mized monotone property such that for some 8 > 0, v € [0,1) and
for all a,b,u,v € Y, where p(u, F(u,v)) + p(a,u) > 0, we have

(a, F(a,b))p(a, F'(u,v))p(u, F(a,b))
1+ p(u, F(u,v)) + p(a,u)

p(F(a,b), Fu,v) < B(° )@, (311

If there exist two elements ag,by € Y with ag < F(ag,by) and by > F(bg,ap), then F has
a coupled fized point in' Y with p(z,z) =0 for some z € Y.

Proof Tt follows from Theorem 3.1 by taking ¢ (t) = vt for all ¢ > 0 where vy € [0,1). O
If we take v = 0 in Corollary 3.3, then we have the following result.
Corollary 3.4 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —

Y be a mapping having the mized monotone property such that for some B > 0 and for all
a,byu,v € Y, where p(u, F(u,v)) + p(a,u) > 0, we have

MFMﬁLF@mngﬁ(

ﬂmF@ﬁDM%FWW»M%FWw»> (3.12)

1+ p(u, F(u,v)) + p(a, u)

If there exist ag,byg € Y such that ag < F(ag,bg) and by > F(bg,ap), then F has a coupled
fized point in' Y with p(z,z) =0 for some z €Y.

Proof It follows from Corollary 3.3 by taking v = 0. g

If we take 5 = 0 in Corollary 3.3, then we have the following result.

Corollary 3.5 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —
Y be a mapping having the mized monotone property such that for some v € [0,1) and for all
a,b,u,v €Y, we have

p(F(a,b), F(u,v)) < vp(a,u). (3.13)



A Novel Result of Coupled Fixed Point in Partially Ordered Partial Metric Spaces with Applications 9

If there exist ag,by € Y such that ag < F(ag,by) and by > F(bg,ag), then F has a coupled
fized point in' Y with p(z,z) =0 for some z €Y.

If we take 5 = 0 in Theorem 3.1, then we have the following result.

Corollary 3.6 Let (Y,p, <) be a partially ordered complete partial metric space. Let F:Y x
Y — Y be a mapping having the mixed monotone property such that for all a,b,u,v € Y,
p(u, F(u,v)) + pla,u) >0 and ¥, a (c)-comparison function, we have

p(F(a,b), F(u,v)) < ¢(p(a, w)). (3.14)

If there exist two elements ag,by € Y with ag < F(ag,by) and by > F(bg,ap), then F has
a coupled fixed point in'Y .

If we define as Ta = F(a,a) in Corollary 3.5, then we have the following result.

Corollary 3.7([21],Banach’s fixed point theorem) Let (Y, p) be a complete partial metric space.
Suppose that the mapping T:Y — Y satisfies the following contractive condition for all a,u €
Y:

p(Ta,Tu) < ypla,u), (3.15)

where v € [0,1) is a constant. Then T has a unique fixed point in'Y .

Remark 3.8 Theorem 3.1 generalizes and extends the corresponding result of Bhaskar and

Lakshmikantham [9] from complete metric space to complete partial metric space.

Remark 3.9 Theorem 3.1 also generalizes and extends the corresponding result of Sabet-
ghadam et al. [31] to the coupled fixed point setting in partially ordered space, the latter
consisting of coupled fixed point in partial cone metric space setting.

84. Applications

In this part, applications of the main result and its consequences in terms of integral type
contractions are carried out. Let ¥ denote the set of functions ¢: [0, +00) — [0, +00) satisfying

the following properties:

(A1) ¢ is a Lebesgue-integrable function on every compact subset in [0, +00) and;

(A2) [y e(p)dp >0, for all & > 0.

Then, we have the following applications of our results.

Theorem 4.1 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —

Y be a mapping having the mized monotone property such that for some 8 >0, p(u, F(u,v)) +
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pla,u) > 0 and v, a (c)-comparison function, we have

(P (a0), (1) (e mote reonren )
/ x(wdp < B / X ()dp
0 0
W(p(au)
+ / x(p)dp (4.1)
0

for all a,b,u,v €Y such that a > u and b < v, where x € V. If there exist ag,by € Y such that
ag < Fl(ag,by) and by > F(bo,an), then F has a coupled fized point in' Y with p(z,z) = 0 for
some z €Y.

If ¢(t) = vt for all t > 0, where v € [0,1) in Theorem 4.1, then we obtain the following
result.

Theorem 4.2 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —
Y be a mapping having the mized monotone property such that for some 8 > 0 and v € [0,1),
where p(u, F(u,v)) + p(a,u) >0, we have

P(F(a.b).F(u0)) (““*F&‘:Z}iffzeZ,it‘y;ﬁl’z‘;f;? e )
/ x(pdp < ,8/ x(n)dp
0 0
p(a,u)
+7 / x(p)dp (4.2)
0

for all a,b,u,v € Y such that a > w and b < v, where x € V. If there exist ag,by € Y such that
ap < F(ag,bg) and by > F(bg,ag), then F has a coupled fixed point in Y with p(z,z) = 0 for

some z €Y.

If 5 =0 in Theorem 4.1, then we obtain the following result.

Theorem 4.3 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —

Y be a mapping having the mized monotone property such that p(u, F(u,v)) + p(a,u) > 0 and

Y, a (c)-comparison function, we have

p(F(a,b),F(u,v)) Y(p(a,u))
/0 x(w)dp < /0 x(w)dp, (4.3)

for all a,b,u,v €Y such that a > u and b < v, where x € V. If there exist ag,by € Y such that
ag < Fl(ag,by) and by > F(bo,an), then F has a coupled fized point in' Y with p(z,z) = 0 for
some z €Y.

If v = 0 in Theorem 4.2, then we obtain the following result.

Theorem 4.4 Let (Y,p,<) be a partially ordered complete partial metric space. Let F:Y X

Y — Y be a mapping having the mized monotone property such that for some f > 0 and
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p(u, F(u,v)) + p(a,u) > 0, we have

p(F (a,b), F (u,0)) (““’F({12)85,‘?&5%31’2?275 et )
x(p)dp < B
0 0

for all a,b,u,v € Y such that a > uw and b < v, where x € V. If there exist ag,by € Y such that
ap < F(ag,bg) and by > F(bg,ap), then F has a coupled fixed point in Y with p(z,z) = 0 for

some z €Y.

x(w)dp, (4.4)

If 5 =0 in Theorem 4.2, then we obtain the following result.

Theorem 4.5 Let (Y, p, <) be a partially ordered complete partial metric space. Let F: Y XY —

Y be a mapping having the mized monotone property such that for some v € [0,1), we have

p(F(a,b),F(u,v)) p(a,u)
/ N()du <+ / (), (4.5)
0 0

for all a,b,u,v € Y such that a > u and b < v, where x € V. If there exist ag,by € Y such that
ag < Fl(ag,by) and by > F(bo,an), then F has a coupled fized point in' Y with p(z,z) = 0 for
some z €Y.

Remark 4.6 Theorem 4.5 extends and generalizes the corresponding result of Branciari [10]
from complete metric spaces to partially ordered complete partial metric spaces and coupled
fixed point.

85. Conclusion

In this article, we prove a novel coupled fixed point result for contractive type condition involving
rational term in the setting of partially ordered complete partial metric spaces. Moreover, we
give some consequences of the established results and provide an illustrative example in support
of the established result. Some applications of the main result and its consequences in terms
of integral type contractions are also included. The results presented in this paper extend and

generalize several results in the existing literature (see, e.g., [9] and others).
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