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Abstract: This article discusses about the degree of vertex, edge in hesitancy fuzzy soft
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81. Introduction

Molodtstov dealt with uncertainity and unclear objects using notions of soft set theory [2]. A
new set combining the soft sets and fuzzy sets, was then developed and proved to be more
effective by Maji.et al [2]. Akram and Nawaz dealed with properties of fuzzy soft graphs [3].
Torra.V in [4] defined the hesitancy fuzzy sets. The order and size in fuzzy graphs was found
by Nagoor Gani and Basheer [11]. Gani and Radha [10] worked on regular fuzzy graphs.
The concept of constant intuitionistic Fuzzy graph dealt by Karunambigai et.al [5]. Santhi
Maheswari and Sekar worked on regular FG in [15], [16]. [9] introduced constant hesitancy fuzzy
graph and established some concepts. Pathinathan et.al developed Hesitancy fuzzy graphs [7],
and also defined regular hesitancy fuzzy graph [8]. Hesitancy fuzzy soft graphs notions were
given by Rajeswari [6].

This article deals with degree of vertex and edge in HFSG. The concept of regular and

constant are observed over these HFSG and its characteristics are dealt with.

§82. Preliminaries

Definition 2.1 A fuzzy graph G, contains a nonempty set V with functions o : V. — [0,1] and
p:VxV —=[0,1: YuveV, uylu) < o(u) Ao(v), where o and p are fuzzy vertex set and
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edge set respectively in G.
Generally, let N = (A, B) be neutrosophic fuzzy graph, i.e., let A = (Ta,Ia,F4) be a
neutrosophic fuzzy relation on B = (Tg, Ip, F), which is a neutrosophic fuzzy set on set V. If

Fa =0 and Fp =0, then such a neutrosophic fuzzy graph is nothing else but a fuzzy graph.

Definition 2.2 The pair (F, A) is soft set over the universal set, where A C E and F : a —
P(U). That is a soft set over U is parametered collection of subsets of U.

Definition 2.3 An FSG G is a 4-tuple, such that
1) &* is crisp graph;
3 (i?v, ) is fuzzy soft set over vertex set V;

(4 (%7, o) is fuzzy soft set over edge set E.
Then, (:?v(a), 1%71(0,)) is fuzzy (sub)graph of 9*,¥ a € o and can be denoted as j’iz(a).

(1)
(2) o is the parameter set;
3)

)

The membership value of the edge in an FSG is given as
K(a)(y) < min { F(a)(2), F(a)(y) }
Definition 2.4 IfC:Y is an FSG, then the vetex degree is

= > Hlai)(wv))

a; EA uFv

Definition 2.5 Ifé is an FSG, then edge degree of uv is given as

dg(w) = dg(u) + dg(v) — 20> A (a;)(uv)).

a;€EA

Definition 2.6 Let U be the universal set and E be set of parameters, then HF(U) is set of all
hesitant fuzzy sets over U. Then, the pair (F, E) is hesitant fuzzy soft set if F(e) € HF(U), for
every e € E.

Definition 2.7 A hesitancy fuzzy gmp h G = (V,E) such that uy : V — [0,1] (membership),
:V = [0,1] (non membership), By : V — [0,1] (hesitancy membership), also py +v1+ 61 = 1

for all vertices.
Also ECV XV, where uy : V x V — [0,1], VXV [0,1], B :VxV— [0,1] such
that
p2(uv) < Alp(u), pa(v)],
Y2(uv) < Viyi(u), 11 (v)],
Ba(uv) < AlBr(u), Br(v)]

and 0 < po(uv) + v2(uv) + P2(uv) < 1 for all edges.
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Definition 2.8 For a HFSG, its order is

o(G) = dooomw), D> m@), >, Biw)

a; €EAv; €V a; €AV, EV a;EAV,EV

Definition 2.9 The size of a HFSG is

s(G) = Do melvwy), Y elvwg), Y Ba(vivy)

a;€Aviv;€EE a;€Aviv;€EE a;€Aviv;€EE

83. Degree in HFSG

Definition 3.1 Let G be a hesitancy fuzzy soft graph (HFSG). Then,

du(u) = Z (Z k(ai)u2(uv))7

a; EA u#v
d’Y(u) = Z (Z K(ai)’}/?(uv))v
a; EA uFv
ds(w) = Y (D Kayba(uv)).
a; EA uFv
Therefore, da(u) = (dy(u),dy(u),dg(u)) .

Definition 3.2 Let G be a HFSG, then total degree of the vertez v € V is given as

tdg(v) = (du(v) + ) () dy () + Y (1 (v),ds(v) + (61(1)))) :

a;EA a; €A a; €A

Example 3.3 Consider the following HFSG, we demonstrate the above definition.

v(0.1,0.2,0.5)

(0.2,0.2,0.3)

(0.1,0.2,0.3)
(0.3,0.3.0.1)

(0.4,0.3.0.4)u (0.3.0.5.0.Hw x(0.4,0.3,0.2)

H(ay)

v(0.4,0.1,0.2)

(0.1,0.2,0.2)
(0.2,0.1.0.1)
(0.1,0.1,0.1)
5
©1.0200D @ X(0.3.02.0.1)

0.3.0.2,0.1)u
0.3,02,01)u w(0.2,0.2.0.2)
H{(as)

Figure 3.1
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The degree of the vertices are found as dgs(u) = (0.4,0.5,0.5), ds(v) = (0.6,0.7,0.9),
dg(w) = (0.7,0.8,0.7), da(z) = (0.4,0.4,0.2).

The total degree is found as tds(u) = (1.1,1.0,1.0), tds(v) = (1.1,1.0,1.6), tds(w) =
(1.2,1.5,1.0), tdg(z) = (1.1,0.9,0.5).

84. Constant HFSG

Definition 4.1 If degree of all the vertices are same, then the HFSG is called constant HFSG
(c-HFSG). That is, if, G is a HFSG and if d,,(x;) = ki, d(x;) = ko and dg(z;) = k3, Va; € V.
Then G is said to be (k1,ka, k3)- HFSG or ¢-HFSG of degree (ki, ko, k3).

Example 4.2 The following is a constant-HFSG.

: u5(0.4,0.3,0.2

05.02,01)u,  (0.150.1,0.1) (0.3,0.3,0.1)us i3 )
15(0.4,0.2,0.2) (0.15.0.1,0.1)

(0.1.03.0.1) (0.3.03.02)
(0.1.0.2,0.1)

(0.3.0.2,0.2)

(0.2,0.5,0.3)u; (04,0.2,0.2)uy 14(0.3,0.2,0.2)

H{ay) H(as)
Figure 4.1

The degree of the vetices are dis(u1) = (0.6,0.5,0.4), da(uz) = (0.6,0.5,0.4), da(us) =
(0.6,0.5,0.4), ds(us) = (0.6,0.5,0.4). Here dy(u;) = 0.6, dy(u;) = 0.5, dg(u;) = 0.4, for all
u; € V. Therefore, it is c-HFSG.

Definition 4.3 Let G be a HFSG, it is said to be totally constant HFSG (tc-HFSG), if the total
degree of all the vertices are same. That is, if a HFSG, having total degree of all its vertices as
(I1,12,13), then it is (11,12,13)- totally constant HFSG.

Example 4.4 The following graph illustrates a totally constant HFSG.

x(0.3.05.0.2)
(0.3.0.2.02)u u(0.4,0.4.0.2)
(0.1.0.1.0.2) x(0.3.0.3,0.3)
' (0.1.0,0.1)
V(0.1,0.1,0.1) 0.0.10)
(0.1,0.0)
(0.1,0.1,0.1)
V(0.10.1.0.1) (0.1,0.1,0)
(0.2,02,0.2)w (0.1,0.2,0.1)v w(0.4.0.40.1)
H(ar) H(as) H(as)
Figure 4.2

The total degree of all the vertices are found to be (0.8,0.8,0.6). That is td,(v;) = 0.8,
td,(v; = 0.8), tdg(v;) = 0.6, for all v; € V. Therefore it is tc-HFSG.
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Remark 4.5 A ¢-HFSG need not be tc-HFSG and vice versa.

Example 4.6 Consider the example 4.2, which is (0.6,0.5,0.4)-constant HFSG. But while find-
ing the total degree of all the vertices, we have tds(u;) = (1.2,1.2,0.9), tds(u2) = (1.4,1.0,0.6),
tds(us) = (1.4,1.0,0.6), tds(us) = (0.9,0.7,0.6). It is not same, hence it is not totally constant-
HFSG.

While taking the example 4.4, which is totally constant-HFSG. But the degree of its vertices
are dg(u) = (0.5,0.4,0.3), ds(v) = (0.1,0.2,0.2), dg(w) = (0.2,0.2,0.1), dg(z) = (0.2,0,0.1),
which are not same, thus it is not constant-HFSG.

Theorem 4.7 Let G be a c-HFSG. And if . F(a;)(v) is a constant function for all
a; €AV €V

vertices, then G is totally constant-HFSG.

Proof Suppose G is constant-HFSG, also given that ST F(as)(v) is a constant
a; EAV,EV
function. Then

> Fla) () =ma, Y Flai)(n(u)) = ma, Y Flai)(B1(us)) = ms,
a;€Au; €V a; €A a;€EA
for Yu; € V.
Since G is ¢-HFSG, let it be (t1,t2,t3)— constant HFSG. This implies that dg (i) (w;) = t1,
de(7)(wi) = ta, dg(B)(wi) = t3, Yu; € V.

Then, the total degree of the vertices are

tdg(u) = dg(p)(w) + Y Flai)(u(w)), de(v)(ui)

a; €A
+ > Flai) (v (u)), dg(B8)(wi) + > F(ai)(Br(ui))
a;€A a; EA
= tda(ug) = (ty +ma, ta +ma,t3 +m3),Yu; € V.
Therefore, it is totally constant HFSG. O

Note 4.8 For a HFSG G, its order is given by

o(G) =Y o(H(a)).

a; €A
Note 4.9 For a HFSG G, its size is

5(G) = Z Z (112,72, B2) (uv).

a; EAuvEE
Result 4.10 The size of a c-HFSG or a (k1, ke, ks) c-HFSG is given by

2727 2|7
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where h = ‘C:"
Observation 4.11 The following are observed using the above defined graphs.

(1) Let G be a (I1,1a,13) totally constant-HFSG, then
25(G) + o(G) = (hly, hig, hl3),
where h = |V]|.
(2) For G be a (t1,t2,t3) c-HFSG and (1,12, 13) tc-HFSG, then the order is given as

O(G) = (h(ll — tl), h(lg — tg), h(lg — tg)) s

where h = |V]|.

85. Regular HFSG

Definition 5.1 A HFSG G is reqular, when (dy,dy,dg) (degree) of all the vertices are the
same constant. That is, if G is a ((n1i, 714, B10), (Hais v2is B2i) HFSG and if dy,(vi) = dg(v) =
dg(v;) =m, Yv € V and ainA, then G is m-regular HFSG.

Example 5.2 Examine the following example.

v(0.3,0.2,0.3) u(0.4,0.2,0.2) (0.3,0.4,0.2)v u(0.3,0.3.0.3)
(0.1,0.1,0.2) (0.2,0.2,0.1)
(0.1,0.1,0.2) (0.1,0.1,0) (0.2,0.2,0.2)
(0.2,0.1,0.1) (0.1,0.2,0.2)
(0.3,0.2,0.2)w X(0.4.0.4.0.2) (0.3,0.3.0.4)w x(0.4,0.3,0.2)
H(ay) H(az)
Figure 5.1

In this the degree of all the vertices are found to be ds(u) = (0.5,0.5,0.5), dx(v) =
(0.5,0.5,0.5), dg(w) = (0.5,0.5,0.5), dg(z) = (0.5,0.5,0.5). Here d,,(v;) = 0.5, d-(v;) = 0.5,
dg(v;) = 0.5, for all v; € V. Therefore it is regular HFSG or 0.5-regular HFSG.

Definition 5.3 A HFSG G is totally reqular, when total degree of all vertices are the alike.
That is if td,,(v;) = tdg(v;) = tdg(v;) = k, Vo € V and a € A, = G is k-totally regular HFSG.

Example 5.4 Consider the graph in Figure 5.2 following.
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u(0.3.0.3,0.2)
u(0.3,0.2,0.4)

(0.1,0.1,0.2)
(0.2,0.2.0.1Hw

(0.1,0.1,0.1) w(0.2,0.1,0.2)

v(0.2,0.1.0.1) v(0.1,0.1,0.2)

(0.1,0.1,0.2) (0.1,0.2,0.1) (0.1,0.1,0.1)

020202
X(0.3.0.2.0.2) A )

H(ay) H(az)
Figure 5.2

In this the total degree of all the vertices are found as tds(u) = (0.8,0.8,0.8), tds(v) =
(0.8,0.8,0.8), td=(w) = (0.8,0.8,0.8), tdx(x) = (0.8,0.8,0.8). Here td,(v;) = 0.8, td,(v;) = 0.8,
tdg(v;) = 0.8, for all v; € V. Therefore it is totally regular HFSG or 0.8-totally regular HFSG.

Definition 5.5 Let G be a hesitancy fuzzy soft graph. The degree of the edge uv in E is defined

as
degg(uv) = dg(u) + dg(v) — 2((p2, 72, B2) (uv)).
Definition 5.6 Let G be a HFSG. The total degree of the edge wv in E is defined as

tdega(uv) = dg(u) + da(v) — ((p2, 72, B2) (uv)).

Example 5.7 We consider the below hesitancy fuzzy soft graph.

15.0.2.0.
(0.2.02,0.2) 050409 u(0.5.02.0.2) X(0.4.0.2,0.4)
v(L.4.,0.4,0.

(0.4,0.3,0.2) 2030203 S
(0.1,0.2,0.1)

v(0.3,0.2,0.1)

(0.1,0.2.0.1)

0.2,0.3,0.1) (0.2.03.0.1)

(0.3.0.2.02) 0.2,0.1.0.1
- w(0.3,0.3,0.3) ¢ ‘
(0.3,0.3,04)v X(0.3,02,0.2)
w(0.4,0.3.0.3)
Hay) H{(az) H(as)
Figure 5.3

The degree of the edges are deg(uv) = (0.8,0.8,0.5), deg(vw) = (0.9,1.1,0.7), deg(vz) =
(0.9,1.1,0.6). The total degree of the edges are tdeg(uv) = (1.3,1.5,0.9), tdeg(vw) = (1.3,1.5,0.9),
tdeg(vz) = (1.3,1.5,0.9).

Definition 5.8 A HFSG G is edge reqular, if the edge degree of all the edges are alike. That is
degapz(vivy) = degayz (vivs) = degG, (vivj) = p.

Then, G is called p-edge reqular HFSG.
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Definition 5.9 A HFSG G is edge totally reqular, if the total edge degree of all the edges are
alike. That is,

tdeggpz(viv;) = tdegG., (viv;) = tdegGg, (viv;) = 7.
Then, G is called r- totally edge reqular hesitancy fuzzy soft graph.

Example 5.10 We use below graph to explain the definition.

(0.3.0.35,0.25) (0.15,0.1,0.2)
, v(0.5.0.3.0.2)
(0.3,0.4,0.3)v W(0.4,0.2.0.3) w(0.3,0.3,0.2)
©0.15020.0) | (©.150.3502) | OLOOS0D 6154101 (0.05,0.1,0.05)
’ (0.3.0.1.0.25)
(0.4,0.3,0.2)u x(0.5.0.3,0.2) x(0.4,0.2.0.2)
1(0.3,0.3,0.2)
H(ay) H(ay)
Figure 5.4

The edge degree are given as deg s (uv) = (0.9,0.9,0.9), degs(vw) = (0.9,0.9,0.9), degs(wx) =
(0.9,0.9,0.9), degs(ve) = (0.9,0.9,0.9). Therefore the graph is 0.9-edge regular HFSG.

Example 5.11 The following graph demonstrates the above definition.

(0.2,0.2,0.2)

(0.3,0.3,0.4)u GRS ) w(0.4,0.4,0.2)
1(0.5.0.3.0.2)
(0.1,0.1,0.1) AL (0.2,0.1,0.1) (0.15,0.1,0.2)
v(0.3,0.4.0.2) v(0.60.10.3)
H(ay) H(az)
Figure 5.5

The total edge degree are found as tdegs(uv) = (0.9,0.9,0.9), tdegs(vw) = (0.9,0.9,0.9),
tdegs(wu) = (0.9,0.9,0.9). Thus the graph is 0.9-totally edge regular HFSG.

Remark 5.12 A HFSG which is edge regular, not necessarily be total edge regular and vice
versa.

Remark 5.13 A regular HFSG can be constant HFSG, but the converse not necessarily true.

Remark 5.114 A totally regular HFSG can be totally constant HFSG, but converse may not
be true.

Theorem 5.15 Suppose G is a HFSG and if its subgraphs H(a;),a; € A are fuzzy cycles of

even length, with membership values of alternate edges alike, then G is constant HFSG.

Proof Consider the subgraphs of G, H (a;),a; € A. Let us take only two parameters aq
and ag, such that the membership value of edges in H(a1) and H(az) are alternatively same.
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Let the membership value of the edges, e¢; in H(ay) is (I1,m1,n1) and (l2, mo,ns), when
i is odd and even respectively. And for edges e; in H(a2), the membership value is (p1, g1, 71)

and (p2, g2, 72), when j is odd and even respectively. Then we have, the degree of vertices as
da(vi) = (L +p1 4l +p2,m1 + @ +ma + ga,n1 + 71 + 12 +72)

for all v; € V, which

= (du(G),d(G),ds(G))(v;) = constant

for all v; € V. Thus, it is c-HFSG. O

Theorem 5.16 If G, a c-HFSG satisfying the conditions of above theorem, then it is totally
constant HFSG, when (u1,v1, 51) is constant for all the vertices.

Proof Suppose G is c-HFSG, then we have (d,(G),d,(G),ds(G))(v;) = constant for all
v; € V. Also given that (u1,71,51) is constant for all vertices, then the total degree of all the

vertices is also constant, since

tdg(v) = (dﬂ(v) + ) (1 (©),dy(0) + Y (1)) ds(v) + Y (ﬂl(v))> ;

a; €A a;EA a; EA

which = G is totally constant HFSG. d

Theorem 5.17 Suppose G is a HFSG and if its subgraphs H(a;),a; € A are fuzzy cycles of

any length and if Y. K(as)(e;), are alike and same constant for all the edges, then G is
a;€EAe;€E
reqular HFSG.

Proof Given G is a HFSG and also Y. K(a;)(e;) are alike and same constant for all
a;€Ae; €E

edges. Let us consider any two subgraphs of G with parameters set a; and ag, then we have

Z K(a;)(e;) = (m,m,m).

a;€EAe;€EE
Then, the degree of the vertices are dx(v;) = (2m,2m, 2m) for all v; € V. This implies that G
is regular-HFSG. g

Theorem 5.18 Suppose G is a HFSG and its subgraphs are fuzzy cylcles of any length and if

> K(ai)(e), Y Fla)(w)

a;€Ae;,€E a; €A, €V

are alike and same constant for all edges and vertices respectively, then G is both reqular and

totally regular hesitancy fuzzy soft graph.
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Proof Let us consider G such that

> K(a)(e)

a;€Ae;€E

are alike and same constant for all vertices, then by above theorem, G is regular HFSG. Let it
be (m, m, m) regular HFSG.

Let
Z F(ai)(vi) = (k‘,k, k)

a; EAV,EV

for all vertices. Considering the total degree of all the vertices, it is found that

tdg(vi) = (m+km+km+k)=G

is totally regular HFSG. 0
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