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Abstract: In this paper we present three classes of curve evolution connected with the
generalized nonlinear Schrédinger equation and the generalized nonlinear heat system using
visco-Da Rios equation in Minkowski 3-space. Later we obtain Backlund transformations of

nonnul curve flows associated with visco-Da Rios equation in Minkowski 3-space.
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§1. Introduction

The classic Backlund transformations are used to construct constant negative Gaussian curva-
ture surfaces. It is used to obtain new pseudospherical surfaces using solution of an integrable
partial differential equation.

In the last years Backlund transformations have been studied by many authors [1-9].
Nemeth studied Backlund transformations of constant torsion curves in 3-dimensional con-
stant curvature spaces in Euclidean 3-space [5]. Palmer studied Backlund Transformations for
surfaces in Minkowski Space [6]. Giirbiiz extended Backlund transformations of constant torsion
curves n dimensional Lorenzian space [7]. Abdel-Baky showed that the Minkowski versions of
the Backlund’s theorem and its application by using the method of moving frames [8]. Bracken
studied Backlund transformations for several cases of a generalized KdV equation in Euclidean
space [9]. Grbovic and Nesovic studied Backlund transformation and vortex filament equation
for pseudo null curves in Minkowski 3-space [10]

The connection between moving curves and integrable systems has been studied by nu-
merous authors [11-23]. If the position vector of a vortex filament is 8(c,u), the following
equation

ﬂu = 60 X Baa

is called the Da Rios equation [11]. Hasimoto discovered the connection between the motion
of vortex filament in an incompressible, inviscid three-dimensional fluid and solutions of the
Nonlinear Schrédinger NLS equation in Euclidean 3-space [12]. Lakshamanan et al. presented
motion of curves and surfaces and nonlinear evolution equations in (2+1) dimensions [13].
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Barros et al. found out explicit solutions of the Betchov-Da Rios soliton equation in three-
dimensional Lorentzian space forms [14].

Murugesh and Balakrishnan presented three classes of curve evolution associated with
numerous soliton equations with respect to Frenet frame in Euclidean 3-space [24]. Giirbiiz
obtained three classes of curve evolution connected with the nonlinear Schrodinger equation
according to Frenet frame in Minkowski 3-space [25].

The case when viscosity effects on a fluid dynamic, the following equation is

5u = ﬂa’ X 60 + gﬂa (1)

is called the visco-Da Rios equation [26]. Here ¢ denotes viscosity and non-negatif constant.
Glirbiiz and Yoon presented the visco modified Heisenberg magnet model and physical appli-
cations with respect to the Frenet frame in Minkowski 3-space [27].

Qu and Kang studied Béacklund transformations for integrable geometric curve flows in
Euclidean 3-space [28]. In this paper, one give three classes of curve evolution connected with
the visco Da Rios equation with respect to the Frenet frame in Minkowski 3-space are presented.
Later Backlund transformations of three classes of the curve evolution connected with the
generalized nonlinear heat flow and the repulsive type generalized nonlinear Schrédinger flow

with respect to Frenet frame in Minkowski 3-space are studied.

§2. Backlund Transformations of the GNLS~ and GNLH Flows in R}

Let the 8 be a non-null curve with the arc length o in 3 dimensional Minkowski space RS.

Formulae of derivative of the Frenet frame {T, N, B} have the following form [29]

T, = EQHN,
N, = —e1kT+e37B,
Bg = —€2TN
satisfying
<T,T>L = 51,<N,N>L:€2, <B,:B>L:f‘:37
Tx N = €3, Nx.B :ElT, Bx,T :€2N, g = :tl,i = 1,2,3

where x is cross product. The T, N and B are tangent, normal and binormal vectors. The
K, T are curvatures and torsion of the 3.

In this section one present Backlund transformations of three classes of curve evolution
connected with the generalized nonlinear heat GNLH flow and the repulsive type generalized

nonlinear Schrédinger GN LS~ flow in Minkowski 3-space R3.

Class I. Let 1 be spacelike curve with timelike binormal according to the Frenet frame
in R}. Assume that

ﬁlo =T. (2)
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The visco-Da Rios equation associated with the generalized nonlinear heat system is given
by
Blu = Bla X 5100 + gﬁla (3)

where ¢ is the viscosity and non-negatif constant.

The general time evolution according to the Frenet frame of the spacelike curve §; with

timelike binormal for first class in R3 is given by

T, = mN+n7.B (4)
N, = —-mT+1B (5)
B, = nT+nN (6)
where 71,72 and 77 are smooth functions. Using Egs.(2) and (3) one obtain
Ty =T xTs; +T =T-+xB (7)
The compatibility conditions £15y, = S1ue and Ty, = T, the followings are obtained
mo = K(T+<), N2 = ke (8)
KJUU
n o= (T tr(r ) )
ku = (K(T+9))o + KoT (10)

respectively, the second frame {¢1, 2, ¢3} and Hasimoto-like transformation p; using visco-Da

Rios equation with respect to Frenet frame for the first class in Minkowski 3-space are given by

¢1 = T7 (11)
by = NjiBefﬁ (12)
by = NJiBe-f: (13)

Bl (14)

mo= 5

From Eqgs.(11), (12) (13)and (14), the spatial variation of the frame {¢1, 2, ¢3} associated
with the generalized nonlinear heat system for first class is given by

Ol = H202 + 13
P20 = —pd1
P30 = —padi,
where po = 2o~ )T The temporal variation of the frame {1, @2, 3} associated with the

V2
generalized nonlinear heat system for first class is given by

H1w = (Mo +sp1)ps — (Hoe — Sh2) P2,
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P20 = —(p1o +Sp1)d1 + Ri¢o,
b3 = (2o —sp2)p1 — Rios.

From ¢9,, = ¢4, one obtain the generalized nonlinear heat GNLH system for spacelike

curve with timelike binormal with respect to Frenet frame for first class in Minkowski 3-space:

Hiuw = Hloo + SHi1o + Rl,ul
Hou = —MH2oo + Shoe — Ripa, Ri = pyps.

3.1 Backlund Transformation of the Generalized Nonlinear Heat Flow with Respect
to Frenet Frame for First Class in R}

Backlund transformation of the generalized nonlinear heat flow with respect to Frenet frame

for first class is constructed: Let 51 be another curve associated with the spacelike curve [7.
Bi(o,u) = Bi(o,u) + fi(o,u)T + fa(a,u)N — f3(o,u)B, (15)

where f1, fo and f3 are functions of u and o. Respectively, the derivative of according o and u
of Eq.(15) are obtained by

Bre = (1 + fio — f2r)T+(fao + f1ri + fs7)N—=(fso + for)B, (16)

5111, = (C + flu - f2’€(7- + C) + f3HU)T (17)
+(fou + fir(T +) — fs(% +7(T+¢))N

+(f1ko — fz(% +7(T+¢9)) + fau —x)B

Let o be the arclength parameter of the curve Bl. Via Eq.(16), one derive

46 = /(1 + fis = Jor)? + (foo + fik + [37)2 = (f30 + f27)?do = Odo. (18)

The tangent vector of 51 is derived by

T 9147 5 5,N+aB, (19)
do do
where
61 = O 1+ fie — f2k), 62 = O (fag + fik + f37), 03 = —O"'(f35 + for)

From Eq.(19),

d251 01e — 02K 025 + 01Kk — 03T 035 — 0T
52 o o A

B. (20)
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From Eq.(20), the curvature % of the curve 51 is derived by

- \/((510 — (52/@)2 =+ ((52g + 01k — (537‘)2 — ((530 — 527’)2 A
K o 5 (21)
The principal normal vector N of the curve 51 is obtained by
S 015 — 02K 025 + 01K — 03T 035 — 02T
N = A T+ A N + A B. (22)
The binormal vector of B of the curve El is found in the following
]§ = w1 TH+wsN 4+ w3B, (23)

where

(53(520 + 01k — (537’) — 52((530 — (527')

w1 = —

A
53(610- — 52%2) — (Sl ((530- — 52T)
%) = A
01 (51/% + 0oy — 537’) — 52(510 — 52%)
w3y = — A

Since El and f; have with same integrable systems, the curve 51 satisfies the generalized
nonlinear heat flow Blu of the visco Da Rios equation for the first class in Minkowski 3-space
following.

Bru = —FB +¢T. (24)

Theorem 3.1 The generalized nonlinear heat flow Eq.(24) is invariant according to Back-
lund transformation Eq.(15) for second class in Minkowski 3-space if f1, fo and f3 satisfy the

following system

S+ fru = fok(T +¢) + fako = —%m + 601 (25)

Jou + fi6(T +<) + f3 (%a +7(1+ §)) = *%wz + 602 (26)
—fike — f2 (I%U +T(T+<)) —fau—K = —%w3+<53 (27)
Proof Via Eqgs.(17), (19), (21), (23), (24) one obtain Eqs.(25), (26) and (27). O

Class II. Let (35 be a spacelike curve with timelike binormal according to Frenet frame in R3.

Assume that
/820' =B. (28)

The modified visco-Da Rios equation associated with the repulsive type generalized non-
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linear Schrodinger GN LS~ equation is given by

Bou = Bac X Bago + $P20s (29)
where ¢ is the viscosity and non-negative constant.
The general time evolution of the Frenet frame for the second class in R} is given by
T, = 72N+GB, (30)
N, = —T+EB, (31)
B, = GT+GN. (32)
Via Eqgs.(28) and (29) it is derived by
B2y, = B2y X Bagy +¢Bay = 7T+cB (33)
From B2y = Pous and B, = B,y via Eq.(29), Eq.(32) and Eq.(33) one can derive
Cl Tos <2 = T(KJ - g)7 (34)
TG’U
72 - - K(K - §)7 (35)
Tu —kTy — (T(k = ¢))o (36)

The second frame {1, &2, &5} connected with the repulsive type GNLS™ equation Eq.(28)
and Hasimoto-like transformation 19 are given by

& = B, (37)
T + 4N .
& = — 5l (38)
T —iN .
&G = ﬂ et (39)
and
Wy = —='d ", (40)

V2
where &5 is the complex conjugate of &;. Using Eqs.(37), (38), (39) and (40), the spatial and

time evolutions of the frame {&1, &2, &5} connected with the GNLS™ equation for second class,

respectively are given by

§1o0 = —ithals +ih3&a,

S0 = —1&y,

§o = Wik

§ru = (V3 +is¥3)&2 + (Y20 — ict2)E3,
bou = (P20 —ict2)&1 + iR26,
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f;u = (¢§a + Zgw;)fl - lRQf;

From &5, = &254 One can obtain the repulsive type GINLS™ equation for second class in
in R}
1p2u = inUU + ileZ + §¢2a, R2 = —¢2¢§

3.2 Backlund Transformation of the GNLS~ Flow with Respect to Frenet Frame

for Second Class in Rj

Backlund transformation of the GNLS™ flow of spacelike curve o with timelike binormal is

constructed as the following.

Let Eg be another curve associated with the spacelike curve S5 with timelike binormal B

for second class in R, it can be expressed
EQ (O-a u) = 52(0-7 U) + g1 (Ua U)T+92 (07 U)N - 93(07 U)B, (41)

where g1, go and g3 are the smooth functions of u and ¢. By differentiating of according ¢ and
u of Eq.(41), the following are obtained by

9B,  ~
% = a2 = (910 — 928) T+ (915 + gao + g3T)N+(1 — goT — g35)B, (42)
Bou = (74 91— g2(" = ik — <)) = ga7o)T (43)

TO'O'
+(91(T — k(K =<)) + gou — 937(k — <))N
+(S+ 9170 + g27(k — <) — g34)B.

For the arclength parameter & is of the curve S in R3 one can obtains

5 = (910 — 92k)% + (920 + g1k + g37)2 — (1 — goT — g3,)%do (44)
= Ido

The tangent vector T of the curve 32 for the second class in R$ is obtained by

~ dBydo
T="22 = 5, T+ N+p3B, 45
do ds %1 +p2lN+3 (45)
where
e1 = I g0 — 920)T, 2 =T""(g20 + g1 + g37)
03 = —T7Y1—gor — g30).

Using Eq.(45), one can obtains

BB Pro — P2k, Pas + PIE — PaT P30 — PaT
Sl T N B. 46
d52 T + T T (46)
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Using Egs.(46) the curvature & of the curve 52 is obtained by

_ 2 _ 2 _ _ 2 )
%:\/(Sﬁla P2K) +(902o+<;1:1ff ©37)% — (P30 — PaT) =2 (47)

With aid of Eqs.(46) and (47), the principal normal vector N of the curve (3 is obtained

by
S Plo — P2k P20 + P1K — P3T P30 — P2T
N = T N B. 4
P + P + P (48)
From Eqgs.(46), (47) and (48), the binormal vector of B of the curve 52 can be obtained by
B = p; T+p2N + p3B, (49)
where
_ (P30 — a7) — p3(p20 + 16 — P3T7)
o= o
= p1(p30 — 027) + p3(P15 — P2K)
p2 = P
_ —1(p1k + pac — @3T) + 02(P10 — P2k)
p3 = .
P
The torsion vector 7 of the curve 35 using Eqgs.(48) and (49) in Minkowski 3-space is derived
by
~ v
- 50
e (50)
where
U = (pio — p2r)(p10 — p2k) + (p20 + P16 — p37) (P20 + P15 — @3T)

— (030 — 027) (P35 — p2T).

Since the curve Eg and the curve (5 are expressed with same integrable systems, the curve
(B2 satisfies the following generalized nonlinear Schrodinger flow of the visco Da Rios equation
connected with the second class in Minkowski 3-space:

Bow = 7T + ¢B. (51)
Theorem 3.2 The generalized Schrodinger flow Eq.(51) is invariant according to Backlund

transformation Eq.(41) for second class in Minkowski 3-space if g1, g2 and gs satisfies the

following system

Too v
T+ g1 = g2(- = — k(6 =) = gsTy = —prertom (52)
(27— k(5= )+ g2~ go7(5 <) = —reert (53)
g1 pu S G2u — 93T ) = To¥2 TP
v
S+ G1Te + g2T(k—¢) —gsu = ——p3+Sps. (54)

re
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Proof Via Egs.(43), (48), (49), (50), (51) one can obtain Egs.(52), (53) and (54). O

Class 3 Let 33 be spacelike curve with timelike binormal according to the Frenet frame in R3.
Assume that

B3y = N. (55)

The modified visco-Da Rios equation associated with the repulsive type generalized non-
linear Schrodinger GN LS~ equation is given by

BSu = 630' X 6300’ + §63<77 (56)

where ¢ is the viscosity and non-negative constant. The general time evolution of the Frenet

frame

T, = —mN+7;B (57)
N, = mhT+hB (58)

Via Egs.(55) and (56) it is found
B3, = —7T + <N—kB. (60)

From 340 = 8304 and N3,s = N3y, the following are obtained by

1
hi=—Ts —GK, ho = _(Ka + (T), V3 = 5(7—2 - 52) ) (61)
_ 1 9
Ky = Too+Ske+ 27(/{ ),
1
Tu = Koo +ST,+ 5/1(!{2 — 72).

The third frame {m,mo, 73} connected with the generalized nonlinear heat system and
Hasimoto-like transformation §2; for the spacelike curve with timelike binormal are given by:

T1 = N, (62)
1
1
m o= BT (64)
and L
lei(H—FT). (65)

V2
Using Egs.(62), (63), (64) and (65), the spatial evolution of the frame {7, 2, 75} connected
with the generalized nonlinear heat equation of the spacelike curve with timelike binormal for
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third class, respectively are given by

Tie = —$hma+ Qams
Toe = $lom
T3 = —{hmy.
where )
QQ = 7(& — ’7').

V2

The time evolution of the frame {7, w2, 75} connected with the generalized nonlinear heat
equation of the spacelike curve with timelike binormal for the third class, respectively are given
by

Tiw = —(Qio —Qi)ma — (Qao + Q)73
Tou = —(Qas +sQ2)m + R3ma
T3y = —(Qie —<Qi)m — Rams

From 7y,, = 72,4, One obtains the generalized nonlinear heat system for the spacelike curve

with timelike binormal with respect to Frenet frame for third class in Minkowski 3-space:

Qo = —Qogo + Q26 + R382, Rz = Q10
Dy = Qoo +5Q16 — R38, Rz = —Q18

3.3 Backlund Transformation Connected with visco-Da Rios Equation for Third
Class in R}

Backlund transformation of the generalized Schrodinger flow for the spacelike curve (3 with

timelike binormal for the third class is constructed as the following:
Consider other nonnul curve 53 connected with (33,
B3(o,u) = B3(0,u) + h1 (0, u) T+ha (o, u)N — hz(o,u)B, (66)

where hq, ho and hg are functions of u and o. If the derivatives of according o and u of Eq.(66)

are taken, one can obtain

530 = (hh; — th)T—i—(l + ik + hoy + h3T)N—(h3g + hQT)B, (67)
_ 222
B3 = (=T +hiy — ha(1s +sK) — hs( 5 NT (68)
+(s + h1 (7o + k) + houy — h3(ko +<T)N
722
+(ha( ) = ha(ky +<7) = h3y — #)B

2
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Let o be the arc length parameter of the curve 53, in this case

do = \/(hla - h2/€)2 + (1 + h1k + hoy + h37')2 — (hSJ + h27—)2d0'
= xdo

The tangent vector of the curve 33 is obtained by

~  dpsd
do do
From Eq.(70),

d2~§3 _ Mg — m2nT+m20 —miK + mgTN n MaT + M3y
do? X X X

B.

From Eq.(70), the curvature & of 52 is given by

K = =

X

~ /g —mar)? + (Moo + mak —ma7)? — (M3o —me7)?2 T
X

The normal vector N of the curve 53 is given by

~ Mis — Mok Moy — M1K + M3T moT + M3,

N = T N B.
Y + Y Ty
The vector of B of the curve 53 is given by
ﬁ = an-I-TLQN + TLgB,
where

mz(mgg —+ mQT) — mg(mgg — mik + m37')

ni1 =
T

mz(mi, — mok) — my(Mzy + Mma7)

ng =
T

ma(mie — mak) — my(may — M1k + maT)

nyg =
T
The torsion vector 7 of the curve Eg is obtained by
~ @
T=_—
Ty’
where
a = —(niy —n2k)(Mie — mak) — (Nay + N1k — n37)(May — M1k + M3T)

+(n30 — 77,27') (TI’L30- + mQ’T)

21

(72)

(73)

(74)

Since the curve 53 and the curve 3 have with same integrable systems, the curve 53 yields
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the following generalized nonlinear heat GN LH flow of the visco Da Rios equation for the third
class in Minkowski 3-space
Byu = —7T — RB+<N. (76)

Theorem 3.3 The generalized nonlinear heat flow Eq.(76) is invariant according to Back-
lund transformation Eq.(66) for third class in Minkowski 3-space if hy, ha and hs satisfies the

following system:

72 — K2 « T
—T+h1u—h2(Tg+§I€)—h3( D) ) = —T—Xml—;nl (77)
Mic — MoK
+< T
(o 4 k)t how — hy(o +o7) = —Smy— L (78)
S 1\To SK 2u 3\KRo ST = TXm2 X”?
Moy — M1k + M3T
+< T
72— K2 « T
hl( 5 ) — hQ(I{U + §T) — hgu — K = —Txmg — ;ng (79)
moT + mses
+< T

Proof Via Egs.(68), (70), (72), (73), (74), (76) one can obtain Eqs.(77), (78) and (79). O

84. Conclusions

In this paper one obtained the first class connected with the generalized nonlinear heat GN LH
system to the spacelike curve evolution with timelike binormal according to Frenet frame in
R3. Later, one presented Backlund transformation of GNLH flow with the Frenet frame in
Minkowski 3-space. We gave the second class connected with generalized nonlinear Schrodinger
equation GN LS~ of spacelike curve evolution with timelike binormal according to Frenet frame
in R} and obtained Backlund transformation of GNLS flow with Frenet frame in Minkowski
3-space in R3. Finally, one presented the third class connected with the generalized nonlinear
Schrédinger equation GN LH of spacelike curve evolution with timelike binormal according to
Frenet frame in R} and obtained Backlund transformation of GNLH flow with Frenet frame

in Minkowski 3-space in Rj.
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