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Abstract: A new connection on (¢, §)-trans-Sasakian manifolds is introduced in this paper,
which is the generalization both of the semi-symmetric and quarter-symmetric connection.
We discuss the properties of C'R-Sub-manifold of an (e, d)-trans-Sasakian manifolds with
respect to a generalized symmetric metric connection and also presented the integrability
conditions of distributions on C'R-Sub-manifolds in this paper.
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§81. Introduction

The metric connection with a torsion different from zero was introduced by Hayden [3] on a
Riemannian manifold. In [2], Golab mentioned that the quarter symmetric connections, being
more generalized form of semi-symmetric connections on a differentiable manifold. Tripathi
[10] introduced and studied many types of connections which includes the semi-symmetric and
quarter symmetric connections.

C'R-Sub-manifolds of Sasakian manifold were studied by Kobayashi [6] and Hasan Shahid
et al. [9]. Moreover, Kenmotsu [5] studied new class of almost contact Riemannian manifolds,
known as Kenmotsu manifolds. C'R-Sub-manifolds of such manifolds was studied by Papaghuic
[7]. More general, one has the notion of a-Sasakian structure and 3-Kenmotsu structure (See
[14]). Motivating by these results, in this paper we studied the concept of (e, §)-trans-Sasakian

manifolds.

A linear connection on a Riemannian manifold M is suggested to be a generalized sym-
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metric connection if its torsion tensor T is presented as follows:
T, V) =auV)U—-uwU)V)+ BuV)U —u(U)¢Y), (1.1)

for all vector fields U and V on M, where o and § are smooth functions on M, ¢ is of tensor type
(1,1) and w is regarded as a 1-form connected with the vector field. The connection mentioned
here is a generalized metric one when a Riemannian metric ¢ in M is available as Vg = 0 or

else it is non-metric.

In (1.1),iff a =0, 8 # 0; « # 0, 8 =0, then the generalized symmetric connection is called
[B-quarter-symmetric connection and a-semi-symmetric connection respectively. Therefore, gen-
eralizing semi-symmetric and quarter-symmetric connection gives the generalized symmetric

metric connection.

In this paper, we define a new connection on (e, d)-trans-Sasakian manifolds which is the
generalization of semi-symmetric and quarter-symmetric connection. Nagaraja et al. [8] in-
troduced (¢,0)- trans-Sasakian manifold, which generalizes both e-Sasakian and e-Kenmotsu
manifolds. In Section 2, the preliminaries of (e, §)-trans-Sasakian manifolds discussed. Sec-
tion 3, illustrates generalized symmetric connection on an (e, §)-trans-Sasakian manifolds. In
Section 4, we study the properties of C'R-Sub-manifold of an (¢, d)-trans-Sasakian manifolds
with respect to a generalized symmetric metric connection. We also presented the integrability

conditions of distributions on C'R-Sub-manifolds.

82. Preliminaries

Let M be a differentiable manifold of dimension n endowed with a (1,1) tensor field ¢, a

contravariant vector field £, a 1-form 7 and metric g, which satisfies

¢ X1 = —X1 +n(X1)¢, ¢ =0, n(¢X1) =0, 5 =1, (2.1)

9(dX1,0X2) = g(X1, X2) — en(X1)n(Xz2), n(X1) = €g(X,§) (2.2)
(Vx,0) X2 = a(g(X1, X2)§ — en(X2) X1)

+ B(g(¢X1, X2)€ — on(X2)p(X1)) (2.3)

Vx, & = —eapX) — 6> Xy, rank ¢ =n— 1, (2.4)

for any X1,Y; € TM, where V denotes the Levi-Civita connection with respect to the (e, d)-
trans-Sasakian manifolds metric g. Such manifold (M, ¢,£,n,g) is called (e, §)-trans-Sasakian

manifolds. In addition, if 7 is closed on an (e, §)-trans-Sasakian manifolds then we have

(Vx,n)Xe = —ag(¢X1, Xa) + €dBg(¢ X1, 9 X2) (2.5)

for any vector field X; and Xs.
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The Gauss and Weingarten formulae give by

leXQ = lelXQ + h(Xl, Xz), VXl,XQ € F(TM/), (26)
Vx,N =—-AxX; + Vx, N, VN e (T+M'), (2.7)

where (Vx, Xa, Ay X1) and (h(X1, X2), Vx, N) belong to T(TM’) and I'(T+M’), respectively.

§3. (e,0)-Trans-Sasakian Manifold with Generalized Symmetric Metric Connection

We have V as a linear connection and V as a Levi-Civita connection of (e, §)-trans-Sasakian
manifold M, in such a way that

Vx, X2 =Vx, Xo+ H(X1,X>), (3.1)

for all the vector field X; and X,. Since V is a generalized symmetric metric connection of V,
where H is (1,2) tensor type.

1
2
9(T' (X1, X2), W) = g(T(W, X1), Xz). (3.3)

H(X1,Xy) = S[T(X1, Xa) + T'(X1, X2) + T' (X2, X1)] (3.2)

Therefore, from (1.1) and (3.3), we have:

T'(X1, X2) = a(n(X1) X2 — g(X1, X2)&) + B(n(X1)p X2 — g(6 X1, X2)€) (3.4)

now taking (1.1), (3.2) and (3.4), we get:

H(X1, X2) = a(n(X2) X1 — g(X1, X2)E) + B(n(X2)¢ X1 — g(0 X1, X2)§) (3.5)

Corollary 3.1 For an (e,0)-trans-Sasakian manifold, the generalized symmetric metric con-
nection V of type (a, B) is given by

Vx, X2 = Vx, Xo + a(n(X2) X1 — g(X1, X2)¢)
+ B(n(X2)9 X1 — g(p X1, X2)E). (3.6)

If (e, 8) = (1,0) and («, 5) = (0,1), the generalized metric connection is declined to a
semi-symmetric metric and a quarter-symmetric metric one as given below

Vx, X2 = Vx, Xo +1(X2) X1 — g(X1, X2)¢ (3.7)
Vx, X2 = Vx, X +1(X2)pX1 — g(¢X1, Xp)E. (3.8)

Using (2.3), (2.5) and (3.6), we have the following lemma.
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Lemma 3.1 If M is (¢,0)-trans-Sasakian manifold with the generalized symmetric metric

connection then the following relations holds

(Vx,9) X2 = [( = B)g(X1, X2) + (a + B)g(6X1, X2)
+ Bn(X1)n(Xz)(e — 1)|§ — aen(X2) X1 — n(X2)d X1 (o + p), (3.9)
Vx, & = —aep X1 + (o + 66)(X1 — n(X1)§), (3.10)
(Vx,n) X2 = (a +08)g(6X1,$Xz) — aeg(¢ X7, Xz). (3.11)

for every X1, Xo € T(TM).

Proof We know that (Vx, ¢)Xa = Vx, 0Xs — ¢(Vx, X2). Replacing Xo with ¢ X5 in (3.6)

we have

Vx,0Xa = (o — B)g(X1, X2) + ( + B)g(¢ X1, X2)& + Ben(X1)n(X2)¢
— aen(X2) X1 — Bon(X2)9pX1 + ¢(Vx, X2) (3.12)

Substituting (3.12) in (Vx,#)Xa, we obtain (3.9), and put Xo = £ in (3.9) we get (3.10).
Similarly, taking (Vx,1)X2 = g(X2, Vx, &), we get (3.11). Hence, the proof is completes. [

§4. CR-Sub-Manfolds of (¢, §)-Trans-Sasakian Manifold with Generalized

Symmetric Metric Connection

An n-dimensional Riemannian manifold M of an (e, §)-trans-Sasakian manifold M’ is called a
CR-sub-manifold if £ tangent to M and there exists on M a differentiable distribution D : z —
D, C T, (M) such that

(i) D is invariant under ¢, that is, D C D;

(ii) The orthogonal complement distribution D+ : x — D C T, (M) of the distribution
D on M is totally real, that is, D+ C T+M.

Here, the distribution D is called horizontal distribution. The pair (D, D") is called &-
horizontal if £ € T'(D). The C'R-sub-manifold is also called &-horizontal if £ € T'(D).

The orthogonal component ¢pD* in T M is given by
TM =D& D+, T*M =¢D* & p,

where ¢u = p.

Let M be a C'R-sub-manifold of (e, §)-trans-Sasakian manifold M’ with generalized sym-
metric metric connection V. For any X € T'(TM’) and X € T'(T+M’), we have

X, = PX; + QX,,PX, €T(D), QX; € T(D™), (4.1)
¢N = BN +CN, BN €T(D*),CN €T(u). (4.2)
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The Gauss and Weingarten formulae with respect to V are as follows

Vi, Xo = Vi, Xo + h(X1, X5) (4.3)
Vx,N = —AyX, +Vy N (4.4)

for any X, Xy € T(TM+*). Now, the above equation becomes

Pﬁ/X1X2 = PlelXQ + Oé?](XQ)PX — Oég(XhXQ)Pg —|—,@7’](X2¢)PX

— B(g(¢X, X2) PE)) (4.5)
h(X1, X2) = h(X1, Xz) + B(n(X2)0Q X, (4.6)
QV'x, X5 = Vi, X + a(n(X2) QX1 — ag(X1, X2)QE — Bg(dX1, X2)QE) (4.7)

for any X1, Xo € T(TM').

The Gauss and Weingarten formulae with respect to generalized symmetric metric connec-
tion is of the form (See [1]):

Vx, Xo = v/xle + h( X1, X2) + Bn(X2)pQ X1 (4.8)
Vx,N=—AnX1 + VN +an(N)X; + Bn(N)$pX: — Bg(¢X1, N)E. (4.9)

Theorem 4.1 Let M be a CR-submanifold of (€,0 )-trans-Sasakian manifold M’ with generalized
symmetric metric connection. Then

h(X1,6PX2) + Vi, 6QX2 = Ch(X1, Xa) — (0 + 68)n(X2)$QX1 + ¢QV X1 X2, (4.10)
PV'X1¢PXs — PAyQX2X1 — Bg(6X1, pQX2)PE = (o — B)g(X1, X2) PE

+ (a+ B)g(dX1, X2)PE + (e — 1) Bn(X1)n(X2) PE — aen(Xa) P(X1)

— (a+ 6B)n(X2)pP X1 + PV X1 X5 + f(X2)n(QX1)PE, (4.11)
QV 6P Xy — QAsqx, X1 — Bg(6X1, 0QX2)QE = (o — B)g(X1, X2)QE

+ (o + B)g(¢X1, X2)QE + (e — 1)Bn(X1)n(X2)QE — aen(X2)Q(X1)

+ Bh(X1, X2) + An(X2)QX1 + Bn(X2)n(QX1)QE. (4.12)

for any X1, X5 € T(TM).

Proof We know that Vx,¢Xs = (Vx,6) X2 + ¢(Vx, X2). Consider LHS of the above
equation and using (3.12) we have

Vx,0Xs = Vx,¢PX5 + Vi, 0QX> (4.13)

Now using (4.8) for the tangential part and (4.9) for the normal part of the above equation we
get

Vx, ¢Xs = V/X1¢PX2 + h(X1, 0P X5) — Aggox, X1 + Vi, 0QXs — Bg(4Q, pQX5)E  (4.14)
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Again by using (3.12) we obtain

Vx,0Xo = Pleﬁsz + (X1, P X3) + Vx, 0QXs — Bg(¢ X1, pQX2) PE
— B9(8X1,0QX2)QE + QVx, QX2 — PAsgx, — QAsox,- (4.15)

Now consider RHS of Vx, ¢ Xs = (Vx, ¢) X2 + ¢(Vx, X2) and using (3.9) we obtain

(Vx,0) X2 + 0(Vx, Xa) = [(a = £)g(X1, X2) + (a + B)g(¢ X1, Xo)
+ Bn(X1)n(Xz)(e — 1)J€ — aen(X2) Xy
—n(X2)op X1 (a4 03) + ¢W/X1X2 + (X1, X2)
+ B1(X2)9QX1] (4.16)

Now using (4.7) and (4.8) in the above equation we obtain
(Vx,0) X2 + 6(Vx, X2) = (a — 8)g(X1, X2) PE + (o — B)g(X1, X2) Q¢
+ (o + B)g(¢X1, X2) PE + (o + B)g(d X1, X2)QE
+ (e = 1)Bn(X1)n(X2) P& + (€ — 1) Bn(X1)n(X2)Q¢
— aen(X2) X1 PE — aen(X2) X1Q€ — (a + 68)n(X2)9P X,
— (@ + 88)n(X2)6QX1 + 6PV, X2 + 6QVx, X + Bh(X1, Xo)
+ Ch(X1, Xo) + Bn(X2)QX:1 + Bn(X2)n(QX1)E

Now on comparing LHS and RHS the normal horizontal and vertical components we obtain

(4.9), (4.10) and (4.11). The proof is completes. O

Theorem 4.2 Let M be a & -vertical CR-submanifold of a (€,0 )-trans-Sasakian manifold M’
with generalized symmetric metric connection. Then

B[ Xa, X3] = Apx, Xo — Apx, X3 + 2(a + B)g(X3, 9 X2)E. (4.17)

for any Xo, X3 € (IDL).

Proof Consider

9($([ X2, X3]), V) = g(6(Vx, X5 — Vi, X2), V),

Using (4.7) we take

9($([X2, X3)), V) = —g(Vx,0X2, V) + 9(Vx,0) Xo, V) + 9(V'x,6X3,V)
— 9(Vx,9) X3, V) + Bn(X3)g9(QX2, V).
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Now using (4.8) and also (3.9) in the above equation we have

9(D([X2, X3]), V) = g(Apx, X3, V) — g(Vx,0X2, V) + (a + B)g($X3, Xo)en(V)
— 9(Apx, X2, V) + g((Vx,0) X3, V) — (a + B)g(¢ X2, X3)en(V)
+ aen(X3)g(Xz2, V) + nX39(X2, V) + n(X3)g9(¢X2, V) (a + 65)
= —9(Vx,¢X2,V) — g(Apx, X2, V) + g(Apx, X3, V)

This completes the proof. O

Hence this theorem is verifying the following corollary.

Corollary 4.1 Let M be a £ vertical CR-submanifold of (e, )-trans-Sasakian manifold M’ with

generalized symmetric metric connection. Then the distribution DL is integrable iff
Apx, Xz — Apx, Xo = 2(a + B)g(9 X2, X3)¢ (4.19)
for any Xo, X3 € T(D).

Corollary 4.2 Let M be a & vertical CR-submanifold of (e, )-trans-Sasakian manifold M’ with

generalized symmetric metric connection. Then the distribution D+ is integrable iff
A¢X2X3 = A¢X3X2
for any Xo, X5 € T'(D4).

Corollary 4.3 Let M be a & vertical CR-submanifold of (e,6 )-trans-Sasakian manifold M’ with

generalized symmetric metric connection. Then the distribution DL is integrable iff
Apx, X3 — Apx, Xo = g(0 X2, X3)€
for any Xo, X5 € T'(D4).

Theorem 4.3 Let M be a CR-submanifold of (€,6 )-trans-Sasakian manifold M’ with generalized

symmetric metric connection. Then we have

Vx,§ = (a+08)PX; — aeBX;, (4.20)
h(X1,§) = —aeCXy — (o + 0B)(QX1 + n(X1)E), (4.21)
Vx,§ =(a+§5)PXs — aeBXo, (4.22)
h(X2,§) = —aeCXy — (o + 68)(QX2 + n(X2)E), (4.23)
Vel = (a+6B8)PE, (4.24)
h(§. ) = —(a+68)QXs. (4.25)
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for any Xo, X5 € T'(D4).
Proof The above theorem is proved from (3.10) by using (3.12), (4.1) and (4.2) considering

leg + h(Xl,g) = —CUGBXl — OéGCXl + (Oé + (sB)PXl + (Oé + (Sﬂ)QXl
= (a+B)n(X1)¢ (4.26)

On equating LHS and RHS we have (4.18) and (4.20). Now by replacing X; to X3 in (4.25)
and on equating LHS and RHS we get (4.21) and (4.22). Again by replacing X7 to £ in (4.25)
and on equatingLHS and RHS we get (4.23) and (4.24). The proof is completed.

Theorem 4.4 Let M be a £ horizontal CR-submanifold of (e,0 )-trans-Sasakian manifold M’

with generalized symmetric metric connection. Then the distribution D is integrable iff
h(¢X1, X2) = h(X1, ¢ Xo) (4.27)
for any X1, X € T(D).

Proof Assuming M to be & horizontal we have from (4.9)
h(X1, 6P X2) = Ch(X1, X3) — (0 + 8B)0(X2)6QX1 + 6QV X1 X,

for all X1, X5 € D.
Since [X1, X5] € D, we have D is integrable iff

h(¢X1, X2) = h(X1, 9 X>) (4.28)

This completes the proof. O
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