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§1. Introduction

Digraph Structure Let V be a non-empty set and S7,Ss,- -, .Sk are relations on V which
are mutually disjoint, then G' = (V,51,853, -+, Sp) is a digraph structure. In addition, if
S1, 89, -+, Sk are symmetric and irreflexive, then G’ = (V| S, S, -+, Sk) is a graph structure,
see [2] for details.

Let G be a group and 51,52, -+, S, be mutually disjoint subsets of G. Then the Cayley
digraph structure of G with respect to Sy,S2,---,S, is defined as the graph structure X =
(G;Ey, B, -+, Ey,), where E; = {(z,y) : 7'y € S;} [1]. In case, a digraph structure with only
one connection set is the usual Cayley digraph. So a Cayley digraph structure is a generalization
of the Cayley digraph.

Fuzzy Digraph Structure Let G' = (V,51,53,---,Sk) be a graph (digraph) structure
and u, p1,p2, -+, pr be fuzzy subsets of V| Sy, Sa,---, Sk respectively such that p;(z,y) <
w(@) A ply), for all z,y € V and i = 1,2,--- , k. Then G = (u, p1,p2, - ,pr) is a fuzzy graph
(digraph) structure of G’ [8], such that p;(z,y) < p(x)Ap(y), forallz,y € Vandi=1,2,...,n.
Then G = (i, p1,p2,- -, Pn) 18 a fuzzy digraph structure of G'.

Let V be a non-empty set, u be fuzzy subset of V and Ry, Ro, ..., R, be mutually disjoint
fuzzy relations on p. Then G = (u, R1, Ra, -+, R,) is a fuzzy digraph structure on V. In
case | = xy, where xy is the characteristic function on V, then the fuzzy digraph structure
(i, R1, R, - -+, Ry,) is simply denoted by G = (V; Ry, Ra,- -+, Ry).

A fuzzy digraph structure G = (V; Ry, R, -+, Ry,) is called (i) trivial if R; = 0 for all
i, (ii) reflexive if for all # € V,R;(z,2) = 1 for some i, (iii) symmetric if R; = R; ' for
all 4, (iv) transitive if for every ¢ and j, R; A R; < Ry for some k, (v) a Hasse diagram if
for every positive integer m > 2 and for every z1,x2, -, %y of V with R;(zj,zj41) > 0
for all 5 = 0,1,2,--- ,m — 1, implies R;(xo,x,,) = 0 for all ¢, and (vi) complete if for any
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z,y € V,Ri(z,y) > 0, for some i = 1,2,--- ,n. A walk of length k in a digraph structure is an
alternating sequence W = xg, eg, z1,- - , €k, Tx, where e; = (z;,z;4+1) and R;(e;) > 0 for some
i. A walk W is called a path if all the vertices are distinct. We use notation xg,z1, X2, - , Tk
for the walk W. A walk is called a circuit if its first and last vertices are the same, but no
other vertex is repeated. A weak path is a sequence x1,xo, - ,x,, of distinct vertices of V'
such that for j = 1,2,--- ,m —1, R; V Ri_l(,fj,fj_i'_l) > 0 for some i = 1,2,--- ,n. Distance
between two vertices x and y in G is the length of the shortest path from z to y and is
denoted by d(z,y). Diameter of the fuzzy digraph structure G, denoted by d(G), is defined
by d(G) = mazg yeqd(x,y). A fuzzy digraph structure G = (V; Ry, Ra, -+, Ry,) is called
(i) connected (strongly connected ) if y is connected to x for all z,y € V, and (ii) weakly
connected if any two vertices can be joined by a weak path, that is, the fuzzy digraph structure
G'=(V;R VR RoVRy',--- R,V R;"') is connected. A weakly connected fuzzy digraph

structure G = (V; Ry, Ry, - -+ , Ry,) with out any circuits is called a tree.

The present work is a generalisation of the work in [6] in which Madhavan Namboothiri

N.M. et al. introduced a class of Cayley fuzzy graphs induced by groups.

§2. Cayley Fuzzy Digraph Structure

Definition 2.1 Let V be a group and vi,vs, -+ v, be mutually disjoint fuzzy subsets of
V. Then, Cayley Fuzzy Digraph Structure of V with respect to vi,ve,--- v, is defined as
(V;Ry, Ry, -+, R,) where Ri(z,y) = vi(x~ty) and is denoted by CayFp(Vivi,va, -+ ,y).
The subsets v1,va, -+ , vy, are called connection fuzzy subsets of CayFp(Vi;vy ,vae, -+ ,vp). In

case, a Cayley fuzzy digraph structure with only one connection set is usual Cayley fuzzy graph.
Theorem 2.2 G = CayFp(V;uv1,va, -+ ,vy) 18 vertex-transitive.

Proof Let a and b be any two arbitrary elements in G. Define ¢ : V — V by ¢(x) = ba" 'z

for all x € V. Clearly, 1 is a bijection onto itself. Furthermore, we have, for each x,y € V,

Ri(¢(z),¥(y)) = Ri(ba™ "z, ba™"y)
=vi((ba™'z) " (ba"y))
=vi(z7'y) = Ri(z,y).

Hence, the proof is complete. O

Theorem 2.3 Cayley fuzzy digraph structures are regqular.

Proof Let G = CayFp(V;vy,va, -+ ,vy) be a cayley fuzzy digraph structure. Let u,v € V.
Since Cayley fuzzy digraph structures are vertex transitive, there exist an automorphism say,
f on G such that, f(u) =v and R;(f(x), f(y)) = Ri(z,y) for any z,y € V and i = 1,2,--- | n.
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Then the in-degree of u,

ind(u) = Y Y Ri(w,u) =YY Ri(f(x), f(u)

zeVi=1 zeVi=1

= DY Y Rilf(z)v) = Y D Ri(f(x),0)
zeVi=1 flz)evi=l

= ZZRi(y,v):ind(v).
yeVi=1

Similarly, we can prove that outd(u) = outd(v). Therefore, G is in-regular and out-regular.

Now to prove that G is regular we just need to show that ind(1) = outd(1).

ZZRZ-(J:, 1) = ZZVi(x_l)

ind(1) =
zeVi=1 zeVi=1
= szz(x) = ZZRi(l,x) = outd(1).
zeVi=1 zeVi=1
Therefore, G is regular. O

Theorem 2.4 G = CayFp(V;v1,va, - ,Vp) s a trivial graph if and only if v; =0 for all 3.

Proof By definition, G is trivial if and only if R; = 0 for all ¢. This implies that v; = 0 for
all 4. 0

Theorem 2.5 G = CayFp(V;v1,va,- - ,vy) is reflezive if and only if v;(1) = 1 for some i.

Proof Assume that G = CayFp(V;vi,ve, -+ ,vy,) is reflexive. Then for every x €
V, Ri(x,z) =1 for some 4. This implies that v;(x71z) = 1;(1) = 1 for some i.
Conversely, let v;(1) = 1 for some i, say ¢ = k. This implies that for each x € V, Ry(z,z) =

vi(z71x) = (1) = 1. That is G is reflexive. O

Theorem 2.6 G = CayFp(V;vi,va, -+ ,vy,) is symmetric if and only if vi(x) = v;(x~1) for
alzeV, i=1,2,--- ,n.

Proof Suppose that G is symmetric. Then for any z € V,
vi(z) = v(z 7 2?) = Ri(z,2%) = Ry *(z,2%) = Ri(2?, ) = vi(a to ) = v (z7Y).

Therefore, v;(z) = v;(z71).
Conversely, suppose that v;(z) = v;(z~1) for all x € V. Then for any x,y € V, R;(z,y) =

vi(z7ly) = vi((@7ly) ") = vy~ ') = Ry

proof is complete. 0

(y,x). This implies that, R is symmetric. Hence the

Theorem 2.7 G = CayFp(V;vi,ve,- -+ ,vy) is transitive if and only if for every i,j and for
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any x,y € V,vi(z) Avi(y) < vi(xy) for some k.

Proof First assume that G is transitive. That is, for every 7,j, R; o R; < Ry, for some k.
For z,y € V,

(@) A vyy) < V() Ay M) s 2 € V)
=V{Ri(1,2) ARj(z,zy) : z € V}
=R;oR;(1,zy)
< Ri(1,zy) = vi(ay).

That is, v;(z) A v;(y) < vi(zy) for some k.
Now let for any z,y € V and ¢, j, v;(x) A v;(y) < vi(zy) for some k. Then,

(Rio Rj)(z,y) = V{Ri(z,2) AR;j(z,y) : z € V}
=V{vi(z72) Avj(z7ty) 1 2 € V}
<V{u((z™'2)(z ") : 2 €V}

= (e y) = Ry(z,y).
Thus, R; o R; < Ry, for some k. This completes the proof. O
Theorem 2.8 G = CayFp(V;vi,va, - ,vy) is complete if and only if Uv;,™ = V.

Proof First assume that G is complete. That is UR;7 =V x V. Clearly, Uy;& C V. Now
let € V. Then (1,2) € R;,* for some i. That is, R;(1,z) > 0, which implies, v;(z) > 0.
Thus, € Uy;, . Therefore, V C Uy;, . That is, Uy, ™ = V.

Conversely, assume Uv;, ™ = V. Let (z,y) € VxV. Thenz,y e V=a"lyecV=a"lyec
Uviot = 271y € ;T for some i. Then, v;(z~'y) > 0. That is, R;(x,y) > 0 which implies
(z,y) € Rio™. Hence, V x V C UR;, ™. Therefore,

URiT =V xV.

This completes the proof. O

Let Ay, be the set of all elements z € V of the form = = x5 - - x), where x; € uiar for

n
some i = 1,2,--- ,n. Then [¥] is defined as [J] = U Ag. Let By be the set of all elements
k=1
y € V of the form y = y1ys - - - yx, where y; € (v; A l/i_l)a'_ for some i = 1,2,--- ,n. Then [[¢]] is

defined as [[9]] = LnJ Bjy,.
k=1

Theorem 2.9 G = CayFp(V;vy,va,--- ,vp) is connected if and only if V = [J)].

Proof First assume that G = CayFp(V;vi,va, -+ ,vy) is connected. Clearly, [J] C V.
Now let € V. Then there exists a path from 1 to x say, (1,y1,y2, -,y = «). Then, for
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some i, R;, (1,y1) > 0, that is, y1 € v;t,. Also, yj_flyj € ijfo,for j=2,3,---,k. This implies

1

that o € Ay, since, z = (Ly1)(y; 'y2)(y5 'y3) -~ (v, yk). Therefore, z € U Ay, = [¢]. Hence,

k=1

vV =14].

Conversely, assume that V = [J]. Let z,y € V. Then z = 27ty € V, implies, z € [J] =
n
U Ap. Then z = 2120+ 2. Then 1, 21,2129, ,2122 -+ 2, = z is a path from 1 to z. Then
k=1
T,T21, L2122, - ,TZ122 -+ 2k = Tz = y is a path from x to y, implies G is connected. This
completes the proof. O

Theorem 2.10 G = CayFp(V;vy,va, -+ ,vp) is weakly connected if and only if V = [[9]].

Proof Assume G be weakly connected. Clearly, [[¢]] C V. Let z € V. Then there exist

a weak path say, 1,271,292, -+ ,2; = z from 1 to . Then, lz; € (v V yfll)sr, xflxg €
(Vi, V 1/2‘_21)3'7 ooy wptg € (v, Vi), which clearly implies that
z €| B = [[W]).
k

Hence, V € [[9]].

Conversely, assume that V = [[¢]]. Let z,y € V, implies 2 = 27ty € V. Therefore,
z € [[¥]]. Then there exist elements z; € (v, \/u;l)g', j=1,2,---,k, such that z = 2122 - - - 2,
for some k € {1,2,--- ,n}. Then 1,21, 2129, -+ ,2122 - 2 = 2 is a weak path from 1 to z and
hence x,rz1,x2129, - ,T2122 - 2, = Tz = y is a weak path from = to y. Therefore, G is
weakly connected. This completes the proof. O

Theorem 2.11 G = CayFp(V;v1,va, -+ ,vy) 48 partially ordered if and only if

(1) vi(1) =1 for some i;
(1) for every i,j and for any x,y € V,v(x) Av;(y) < vg(zy) for some k;
(i73) {z :v(z) =v(z™h)} = {1} foralli=1,2,--- ,n.

Theorem 2.12 G = CayFp(V;vy,va, -+ ,vp) is quasi-ordered if and only if

(1) v (1) =1 for some i;

(13) for every i,j and for any x,y € V,v(x) Av;(y) < vg(zy) for some k.

Theorem 2.13 G = CayFp(V;vi,ve,- -+ ,vy) is a Hasse diagram if and only if G is connected

and v (2129 Tm) =0, k=1,2,--- | n, for any collection x1,xa,- - , Ty, of vertices in V with
m>2 and v, (x;) >0 for j=1,2,--- ,m.
Proof Suppose G is a Hasse diagram. Since Vi (z;)>0forj=1,2,---,m, (1,z1,z122, ",

XZ1Xo - Tpy) is a path from 1 to x125 - - - &,,. Now since G is a Hasse diagram, Ry (1, 2122 - - )
=0 for all k. Therefore vg(x122- - xy) =0forall k =1,2,--- n.

Conversely suppose, G is connected and vy (z1z2 - ) =0, k=1,2,--- ,n, for any col-
lection 21,2, -+ , 2y, of vertices in V' with m > 2 and v;;(z;) > 0 for j = 1,2,--- ,m. Let
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(xo,21, + ,&ym) be a path in G from z1 to x,,, m > 2. Then Ry, (zg,x1) > 0, Ri,(x1,22) >
0, -+, Ry, (Tm—1,2Tm) > 0 which implies, v;, (x5 1) > 0, vy, (27 22) >0, -+ vy, (2,1 j2m) >
0. Thus, by assumption, Vk(xalxlmflmg e x;{l Tim) = I/k(xalmm) = 0. Therefore, Ry (zo, Zm) =
0 for all k =1,2,--- ,n. Hence, G is a Hasse diagram. This completes the proof. O
Theorem 2.14 For k=1,2,--- ,n,let Ay be the set of all products of the form v v;, ---v;, =
{z129 - 2} 1 5 € Vij(‘)*‘,j =1,2,---,k}. If G=CayFp(V;vi,v2,- - ,vy) has finite diameter,

then the diameter of G is the least positive integer m such that

¢= |J A

A€A,,

Theorem 2.15 G = CayFp(V;vy,va, -+ ,vy) 15 a tree if and only if V = [[V]] and 1 & [I].

Definition 2.16([6]) Let (S, ) be a semigroup. Let A be a fuzzy subset of S. Then A is said
to be fuzzy sub-semigroup of S if for all a,b € S, A(ab) > A(a) N A(b).

Definition 2.17 Let (S,%) be a semigroup and let vi,va,--- v, be mutually disjoint fuzzy
subsets of S. The fuzzy sub-semigroup generated by vi,vs,--- v, is the smallest fuzzy sub-
semigroup of S which contains vi,va,- -+ V. Let us denote it by (V(123...n))-

Theorem 2.18 Let (S,*) be a semigroup and let vy,va, -+ , vy, be mutually disjoint fuzzy

subsets of S. Then the fuzzy subset (v(123...n)) is precisely given by (V(123..n))(T) = \/{Z/j1 (z1) A
Vi, (x2) A -+ vji(xg) 1 ¢ = z12 - - - T with a finite positive integer k,x; € S and vj,(x;) > 0 for

some j; =1,2,--- ,n} foranyx € S.

Proof Let v/ be the fuzzy subset of V defined by v/(z) = V{v;, (x1) Avj, (z2) A+ - Ay, (Tm) -

T = T1ToX3 " Loy, Lj; € 1/;r ,me{1,2,3,--- ,n}} for any x € V. If y € V, by definition of v/,
it is clear that v'(y) > v;, (y) where ji € {1,2,--- ,n} and v;, (y) > 0. Thus, we have v;, <1/
for all j;. This implies that v/ contains vq,vs, -+ ,vy,. Let z,y € V. If vj,(x) =0 or vj,(y) =0,

then vj,(x) A v, (y) = 0. Then, v'(zy) > v;,(z) Av;,(y). Again, if v;,(z) # 0 and v, (y) # 0,
then by definition of v/, we have v/(zy) > v}, (x) Av;,(y). Hence v/ is a fuzzy sub semigroup of
V containing v;,i € {1,2,--- ,n}. Now let A be any fuzzy sub semigroup of V containing v;,i €
{1,2,---,n}. Then, for any z € V with = z12223... T, ©; € ijo, fori=1,2,---,n,m €
{1,2,3,--- ,n} we have A(x) > A(z1) NA(z2) A+ ANA(xh,) > v, (1) Avjy (T2) A - A, (@),
which implies that A(z) > V{v;, (1) Avj,(22) A - Avj, () @ & = 212223 Ty, T, €
I/;:O,m €{1,2,3,--- ,n} for j; € {1,2,...,n} for any x € V. Therefore, A(z) > v/(z) for all
x € V. Thus, v = (V(123..m)). That is, (V(123..n)) (@) = V{vj, (1) Avj,(m2) A+ Ay, (@)
T = T1T2T3 " Tm, Ty, € V;:o,m €{1,2,3,--- ,n}} for any z € V. O
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