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Abstract: A clique in a graph G is a complete subgraph of G. A clique partition of G is a
collection C' of cliques such that each edge of G occurs in exactly one clique in C. The clique
partition number ¢p(G) is the minimum size of a clique partition of G. In this paper upper
bounds for the clique partition number of the transformation graphs Gt~ and GT* for

some standard class of graphs is obtained.
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81. Introduction

All graphs G considered here are finite, undirected and simple. We refer to [1] for unexplained
terminology and notations. In 2001 Wu and Meng introduced some new graphical transfor-
mations which generalizes the concept of the total graph. As is the case with the total graph,
these generalizations referred to as transformation graphs G*Y* have V(G)U E(G) as the vertex
set. The adjacency of two of its vertices is determined by adjacency and incidence nature of
the corresponding elements in G.

Let «, 8 be two elements of V(G) U E(G). Then associativity of « and 3 is taken as + if
they are adjacent or incident in G, otherwise —. Let zyz be a 3-permutation of the set {+, —}.
The pair a and £ is said to correspond to = or y or z of xyz if & and /3 are both in V(G) or both
are in E(G), or one is in V(G) and the other is in E(G) respectively. Thus the transformation
graph G*Y* of G is the graph whose vertex set is V(G) U E(G) and two of its vertices o and
are adjacent if and only if their associativity in G is consistent with the corresponding element
of zyz.

In particular GT+~ and GTT are defined as:

Definition 1.1 The transformation graph G~ of G is the graph with vertez set V(G)UE(G)
in which the vertices u and v are joined by an edge if one of the following holds
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(1) both u,v € V(G) and u and v are adjacent in G;

(1) both u,v € E(G) and u and v are adjacent in G;

(3) one is in V(G) and the other is in E(G) and they are not incident with each other in
G.

Definition 1.2 The transformation graph GTT (total graph) of G is the graph with vertez set
V(G) U E(G) in which the vertices u and v are joined by an edge if one of the following holds

(1) both u,v € V(G) and u and v are adjacent in G;
(2) both u,v € E(G) and u and v are adjacent in G;
(3) one is in V(G) and the other is in E(G) and they are incident with each other in G.

The transformation graphs are investigated in [2], [3] and [4].

For convenience, the transformation graph G*¥# is partitioned into G*¥* = S, (G)US,(G)U
S.(G) where S;(G), Sy(G) and S.(G) are the edge-induced subgraphs of G*¥*. The edge set
of each of which is respectively determined by z, y and z of the permutation zyz. S;(G) = G
when  is + and S,(G) = G when z is —. S,(G) = L(G) when y is 4+ and S, (G) = L(G) when
yis — When z is +, o, § € V(G*Y#) are adjacent in S,(G) if they are incident with each other
in G. When z is —, a, 8 are adjacent in S,(G) if they are not incident in G.

A clique partition of G is a collection C of cliques such that each edge of G occurs in
exactly one clique in C. The clique partition number ¢p(G) is the minimum size of a clique
partition of G.

In this paper the upper bounds for clique partition number of transformation graphs G~

and GTTT of some class of graphs such as path, cycle, star, wheel, etc, are obtained.

§2. Clique Partition of P7*~ and C+~

We note that the size of Pf*~ and Cf*~ are n? —n — 1 and n? respectively; the clique
numbers of P+~ and C;f*~ is 4. Therefore no clique partition of Pf*~ and C;}*~ can
contain K;(t > 5).

Theorem 2.1 For a path P, (n >8), cp(PF+7) <n? —6n+7.

Proof Consider the path P, : v1 —vg —v3 — -+ —v,. Let ¢; = v;u;41(1 <i <n—1) be the
edges of P,. The edge set of P+~ is partitioned into Ky, K3 and K»’s. Vertex sets of K4’s
and K3’s are listed as elements of the sets B;.

When n = 0(mod 4),

By = {{vi, vit1, €it2, €iy3}:i=1,3,5,---, 5 =1},

By = {{vi, vit1, €i—3, €i2}i=5+1, 5+3,---,n—3, n—1},

Bz = {{vi, vit1, €(241+i)> e(%HH)} 1i=2,4,6,--,% — 4},

By = {{vi, vit1, ei—n_9), ei_n_1)}i=5+4, §+6,--- ,n—2},

Bs = {{v(n y2), v(ny3), €1, €2}, {vm_2), vn_1), en—2,€n-1}, {v(n), vz 11y, e1}}

When n = 2(mod 4),
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Bi = {{vi, vit1, €it2, €iy3}:i=1,3,5,---, % =2},
By = {{vi, vit1, €i-3, e;2}:i=n—-1,n—-3, n=>5, ---, 5§ —2},

Bs = {{v(n 1), v(n), e1, ea}, {v(ny1), vmia)s €n—2, en—1}, {v(n), v(ny1), es}}
When n = 1, 3(mod 4),

By = {{vi, vit1, €ito, €43} :i=1,3,5--+ ,n—2},
By = {{vi, vit1, €i—6, €i—5}:i=n—3, n—5 n—"7,---,12,10,8},
Bs = {{vn-1, Un, €n-5, €n—a}, {Un—2, Un_1, €n—1, €n—s}, {vs, v7, €1, €2},
{112, U3, €n-3, €n72}, {114, Us, 61}}
In each case there are n — 2 Ky’s and one K3. These cover all the edges of S, Sy and
4n — 6 edges of S,. The remaining (n? — 7n + 8) edges of S, are covered by Ky’s.
Therefore PF+~ = (n —2)K, U K3 U (n? —Tn+8)Ky and cp(PFT~) <n?—6n+7. O

Theorem 2.2 For a cycle C,, (n > 8), cp(CH+~) < n? — 5n.

Proof Consider the cycle Cp, : v1 —vg —wv3 — - —vp, —v1. Let e; = v0;41 (1 <i<n—1)
and e, = v,v; be the edges of C,,. Edge set of C;*~ is partitioned into K4's and K»’s. Vertex

sets of K4’s are listed as elements of the sets B; as follows:
When n is even,

By = {{vi, vit1, €j, ex}: foreachi=1,3,5,--- ,n—3, n—1, j =i+ 2(mod n) and k =

i+ 3(mod n)},
By = {{vi, vj, ek, e}} for each i = 2,4,6,--- ,n—4, n—2, j =i+ 1(mod n)} with
5 +1+i(mod n) when 3 is odd

=
Il

and | = k + 1(mod n)
% +i(mod n) when % is even

When n is odd,

By = {{vi, vit1, €it2, €j}: foreachi=1,3,5,--- ,n—4, n—2 j=1i+ 3(mod n)},
By = {vi, vit1, €j, ex}: foreachi=2,4,6,--- ,n—7, n—5, j=i+6(modn) k=
i+ 7(mod n)},

B3 = {{vn, v1, €6, €7}, {vn—3, Un—2, €2, €3}, {vn_1, Un, €4, €s5}}.

In these sets vy and eg are taken as v,, and e,, respectively.

In both the cases there are nKy’s. These cover all the edges of S;, S, and some edges
of S.. Remaining edges of S, are listed as K3’s. Therefore C;/ "~ = nK, U (n? — 6n)K> and
ep(CFT—) < n? — 5n. m

§3. Clique Partition of G™~ with G isomorphic to Comb or Sunlet graphs

The Comb graph G = P, ® K is the graph with path on n vertices and each vertex of path is
adjacent to a pendant vertex. The Sunlet graph S,, & C,, ® K; is a graph with the cycle on n
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vertices and each vertex of the cycle is adjacent to a pendant vertex.

For a comb graph G 2 P, ® K1, let v;(1 < i < n) denote the vertices of P, with v; and v,
as its end vertices and e; = v;v;41 be the edges of P, and v} be the pendant vertices adjacent
to each of v; and €} = v;v] be the pendant edges of G. We note that order and size of V(G*17)
is 4n — 1 and 4n? — n — 3 respectively and the clique number is 5.

For the sunlet graph S, & C,, ® Ki, let v;(1 <14 < n) denote the vertices of C,, and v}
be the pendant vertex adjacent to v;, e; = v;v,41 be the n edges of C,, and e = v;v} be the
pendant edges of S,,. We note that order and size of S;' ™~ is 4n and 4n? + n respectively and

the clique number is 5.

Theorem 3.1 Let G = P, ® Ki(n > 6) be the comb graph. Then cp(GTT7) < 4n? —12n+ 7.

Proof Consider the comb G = P, ® K. Edge set of GT~ is partitioned into K5, K4, K3

and K»’s. The vertex sets of these cliques are listed as elements of sets B; are given below:

By = {{vi, v}, eir1, €j, o} 11 =1,2,3,--- ,n— 3},

By = {{vn—2, v, _o; en—1, €}, {vn-1, v} o, €1, €1}, {vn, vy, €1, €2, €3},

Bs = {{{vi, vit1, ¢;} :1=1,2,3,--- ,n—=5; j=i+4}, {{vi, viy1, ej}:i=n—4,n—
3n—2n—1; j=i—(n—>5)}}.

The sets By, By and Bs cover all the edges of S, S, and some edges of S, while remaining
edges of S, are covered by Ks’s.

By = {{{vi, e;-}: foreach1<i<m;l<j<mandj#i+2}, {{vi,e}:i=46<i<
n—1}, {{vn, €} :1=35<i<n=2}, {vp_9,¢}:i=14<i<n—-4}, {{v,_1, e}:4<i<
n—3}, {{vi, ej}: foreach2<i<n-3;1<j<n—-landj#i—1,4,i+1,i+2,i+3,i+4}},

Bs = {{v}, ej}: foreach1<i<n-3;1<j<n-—-landj#i+1,i+2}, {{v_o €}:
i=nand 1 <i<n-—2}{{v,_y, e;}:2<i<n—1}, {{v,, e} :3<i<n—1} {{v, €}:
for each1 <i <n—2;1<j <nandj#i,i+2}, {{v,_y, €} :i=n2<i<n-2}, {{v,, e} :

i=13<i<n-—1}}
Thus, G**~ = (n — 2)K5 U2K, U (n — 1) K3 U (4n* — 14n + 8) K5 and hence ep(GTH7) <
4n? —12n +17. |

Theorem 3.2 For S, = C,, ® K1(n > 6) a sunlet graph, cp(S;F+7) < 4n? — 10n.

Proof Consider the sunlet graph S,, = C,, ® K;. Edge set of S;"*~ is partitioned into K,
K3 and Kj’s where,

By = {{wi, v}, ej, e, e} : foreach 1 <i<mn, j=i+ 1(modn), k=1i+ 2(mod n)},

By = {{vi, vj, ex}: foreach 1 <i<n, j=i+1(modn), k=1i+4(mod n)},

By = {{vi, €}}, {v], €j}: foreach 1 <i<n, 1 <j<mnandj#ii+2(modn)}U
{{v}, ej}: foreach1<i<n, 1<j<n-—1landj#i+1,i+2(modn)}U {{uvi, e;}:
foreach1<i<n, 1<j<n-—1landj#i—1,4,i+1,i4+2,i+3,i+ 4(mod n)}.

Thus, S;F7~ = nK5; UnK3z U (4n? — 12n) K5 and cp(S;F+7) < 4n? — 10n. O
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84. Clique Partition of Transformation Graphs Kfjﬁ and W;ff

For the star graph K ,, let vy be the central vertex, v;(1
ei = vov; be the pendant edges. We note that [V (K{F7)|

and the clique number is n.

< i < n) be the pendant vertices and
=2n+1, |[BE(K{ ) =n@Bn-1)/2

For the wheel graph W,, ;1 = C), + K1, let vg be the central vertex, v; be the vertices, e; =
vov; (1 <4 < n) be the spokes and e} = v;v;(1 <i <n, j =i+ 1(mod n)) be the hubs of W,,4;.
Then, V(W,577) = V(Wai1) UEWoga), VW) = 3n+ 1, [E(W,5H7)| = 5n(n +1)/2
and the clique number is n.

Theorem 4.1 Forn > 3, cp(K{fj{_) <n?+41.

Proof Here S, = L(K1 ) = K,,. The clique K,, covers all the edges of Sy; S; = K1 ,, and
S, = nKj ,—1, which are covered by n+n(n —1) Kjs.

{{vo, v;}:1<i<n}and

{{vi, €j}: foreach1<i<n, 1<j<nandj#i}

Therefore, Kfr;rf = K, Un?K> and hence cp(Kff;rf) <n?+1. O

Theorem 4.2 Forn > 6, cp(W,57) <2n? —6n + 1.

Proof The edge set of W;r_:rf is partitioned into a K,,, n Ky’s, 2n Kz’s and (2n? — 9n)
Ky’s. Here,

Bl = {{ela €2, €3, " ,En-1, en}};

By = {{w, €}, €}, ex}: foreach 1 <i<n, j=i+ 1(modn), k=1i+2(mod n)},

By = {{vo, vi, €} : foreach 1 <i <mn, j==1i+3(modn)},

By = {{vi, vj, e} : foreach1 <i<n, j=i+1(modn), k=1i+ 5(mod n)},

Bs = {{vi, ej}: foreach 1 <i<n, 1 <j<nandj#ii+2(modn)} U {{vi e}}:
foreach1<i<n, 1<j<nandj#i—1,4,i+1,i+2,i4+3,i+4,i+ 5(mod n)}.

(In the above sets vg, eg and ef, are taken as vy, e, and e},.)

Thus (W,/[77) = K,, UnK,;U2nK3U (2n? —9n) K and hence cp(W,/7) < 2n? —6n+ 1.0

85. Clique Partition of Transformation Graphs
Pttty Kff:fr, W;:fr and KT+

Theorem 5.1 Forn >3, cp(PFT1) <2n—3.

Proof Consider the path P, : v1 —ve —vg — -+ - — v,. Let e; = v;v;41 be the edges of P,.
We note that order, size and clique number of P, ™+ are 2n — 1, 4n — 5 and 3 respectively. The
edges of subgraphs S, and S, are partitioned into K4s and that of S, by Kjs:

{{viy vig1, €} : 1 <i<n—1}and {{e;, ej41}:1<j<n-—2}

Therefore, P+t = (n — 1)K3 U (n — 2)K3 and cp(PF11) < 2n — 3. O
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Theorem 5.2 Forn >3, cp(CHT1) < 2n.
Theorem 5.3 Forn > 3, cp(Kff:{Jr) <n+1.
Theorem 5.4 Forn > 6, cp(W,55") <3n+1.

Proof The order, size and clique number of W,;'f{" are 3n + 1, (n? 4+ 17n)/2 and n + 1.
The edge set of W;Z:rl"’ is partitioned into a K, 3nK}s. Here,

By = {{e1, e2, €3, -+, en—1, €n}},

By = {{ei, ¢, €} : foreach 1 <i<mn, j=i—1(modn)},

Bs = {{v, vj, €}, {vo, vi, €;}: foreach1l <i<n, j =i+ 1(modn)}.

Here each edge of subgraphs S, and S, are present in exactly one clique of B3 and each
edge of S, is in exactly one clique of By or By. Thus, W;_;"fr = K, U3nKj3 and hence
ep(W,HH ) <3n+1. |

Theorem 5.5 Forn >4, cp(K ) <n+1.
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