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§1. Introduction

Fixed point theory is an important part of mathematics. Moreover, it’s well known that the
contraction mapping principle, which is introduced by S. Banach in 1922. During the last few
decades, this theorem has undergone various generalizations either by relaxing the condition on
contractivity or withdrawing the requirement of completeness or sometimes even both.Gahler
[4] first introduce the concept of 2-metric space. Then many authors like Iseki [6], Rhodes
[11], Simoniya [13], etc. investigating the existence of fixed point and common fixed point for
various contractive mappings. Naidu and Prasad [10] prove that every convergent sequences in
a 2-metric space need not be a Cauchy sequence. Recently, M. Akram [2] defined A-contraction
on a metric space and proved some common fixed points theorems. G. Akinbo [1] generalize
the result using the concept of weakly compatible mapping. V.Gupta et al. [5] , M.Saha et
al. [12] also proved fixed point theorems on A-contraction in the 2-metric space. In this paper
we prove some common fixed point theorem for five self mappings by using A-contraction and

weak compatibility.

82. Definitions and Preliminaries

Definition 2.1([4]) Gahler introduce 2-metric space as:

Let X be a non-empty set and let d: X x X x X — [0,00) be such that
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(1) To each pair of point x,y € X with x # y there exists a point z € X such that d(x,y, z) #

(2) d(z,y, z) = Owhen at least two of the three points are equal;
(3) For any x,y,z € X , d(z,y,2) = d(z,z,y) = d(y, z,x);
(4) For any ,y,z,w in X d(z,y,2) < d(z,y,w) + d(z,w, 2) + d(w, y, 2).

Then d is called a 2-metric and (X, d) is called a 2-metric space.

Let X denote a complete 2-metric space unless or otherwise stated instead of (X, d).

Definition 2.2 A sequence {x,} in X is called a Cauchy sequence when d(Zp, Tm,a) = 0 as
n,m — 0.

Definition 2.3 A sequence {x,} in X is said to be converge to an element x in X when
d(xpn,x,a) — 0 as n — oo.

Definition 2.4 A 2-metric space (X, d) is said to be complete if every Cauchy sequence in X

converges to a point of X.

Definition 2.5 Two self maps A and B of a 2-metric space (X,d) are said to be compatible
if lim d(ABz,, BAz,,a) = 0 for all a € X , where {x,} is a sequence inX such that if
n—oo

lim Ax, = lim Bz, = x for some x in X.
n— oo n— oo

Definition 2.6 Let A and B be mappings from a metric space (X, d) into it-self. A and B are
said to be weakly compatible if they commute at their coincidence point i.e, Ax = Bx for some

x in X implies ABx = BAx.

Definition 2.7 On the other hand Akram [2] defined A-contraction as follows:
Let a non-empty set A consisting of all functions « : Ri — Ry satisfying

(1) A is continuous on the set R3 of all triplet of non negative real’s (with respect to the
Euclidean metric on R3);

(2) a < kb for some k € [0,1) whenever a < afa,b,b)or a < a(b,a,b) or a < a(b,b,a) for
all a,b € Ry.

Definition 2.8 A self map T on a 2-metric space X is said to be A-contractions if for each
ue X,
d(Tx, Ty,u) < af{d(z,y,u),d(z, Tz, u),d(y, Ty,u)}

holds for all x,y € X and o € A.
§3. Main Results

Theorem 3.1 Let F,G,S,T and h be five continuous self mappings of a complete 2-metric
space (X, d), such that T(X) C G(X) and S(X) C F(X). Assume h is an injective mapping.
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If S(X) or T(X) is a complete subspace of X and satisfy
d(hSz,hTy,u) < o{d(hGz,hFy,u),d(hGx, hSz,u), d(hFy, hTy,u)} (3.1)

where a € A and for all x,y,u € X. Suppose further that (T, F) and (S, G) are weakly compatible
subspace of X, then (S,G,h) and (T, F,h) have a coincidence point in X. Also, F,G,S,T and

h have a uniquely common fixed point in X.

Proof Here, F,G,S,T and h be self maps of 2-metric space . Let xg be any point in
X and as S(X) C FX), T(X) C G(X) then there exists x1,z2 in X such that Szg = Fa; ,
Txzy = Gxg, Sxo = Fxsz ---. Inductively, we can construct sequences {z,} and{y,} in X such
that

Yn = hSz, = hFx,1 when n is even,

Yn = hTx, = hGxy,12, when n is odd.

Now, we will prove that {y,} is a Cauchy sequence. Assuming n € N is even, then
d(hSxp, hTXpi1,u)

o{d(hGxp, hFxpi1,u), d(hGZp, hSTp, u), d(hFzpi1, hT2xp11,u)} (by (3.1))
a{d(ynfh Yn, ’LL), d(ynfla Yn u), d(yn7 Yn+1, U)} < kd(ynfly Yn, u>7 (32)

d(yna Yn+1, U)

A

where k € [0,1) as a € A.

When, n € N is odd, then
d(hT'zp, hSzpy1,u) = d(RSTpt1, hTx,, w))

o{d(hGxpi1, hFxp,u), d(hGTpi1, hSTpi1,u), d(hFxy, hTx,,uw)} (by (3.1))
a{d(yn) y’n717 U), d(y’ﬂ7 yn+17 u)? d(y’I’L*]J yn, U)} S kd(ynfla y’l’ba U), (33)

d(yna Yn+1, U)

IN

where k € [0,1) (as € A).
Thus, whether n is even or odd, we have
A(Yn, Yn+1, 1) < kd(Yn—1,Yn, v)
for some k € [0,1).

Inductively,

d(yna Yn+1, u) < kd(yn—la Yn, u) < de(yn—Qa Yn—1, u)
o S knd(yOa Y1, u)) (34)

IN

for some k € [0,1).
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Now,

AWYn,Ynt2,u) < dYns Ynt2, Ynt1) + AYns Yns1,w) + d(Yny1; Yny2, w)
1

= d(Yns Yn+2,Yn+1) + Z A(Yn+rs Yntrt1, ). (3.5)
r=0
When n is even,
d(yn, Yn+2, yn+1) = d(yn+17 Yn+2, yn) = d(hT:rn+17 hSmn+2,yn)

d(hSznt2,hTTni1,Yn)

a{d(hGxni2, hFTni1,yn), d(hGTpni2, hSTni2,yn), d(RETny1, A TTni1,yn)}
(by (3.1))

a{d(Yn+1,Yns Yn)s d(Yn+1, Yn+2,Yn), d(Yn, Yn+1,Yn)

= a{0,d(yn+1,Yn+2,Yn),0} <k-0=0.

IN

Similarly, when n is odd we can find d(yn, Ynt2, Ynt+1) = 0.
So, from (3.5) we get

1

d(yna Yn+2, u) < Z d(yn-i-m Yn+r+1, u)
r=0

Similarly proceeding as above we will get

p—1

Z d(yn-‘rm Yn+r+1, u)

r=0
(k‘n + gt + -+ k’”“’_l)d(yner Yn+r+1, u)

= kn(l - kp)/(l - k)d(yn+rayn+r+1au)
< K"/(1 = k)d(Yntr, Yntri1,u)-

IN

d(ym Yn+ps u)

Taking lim on the above inequality we get, limy,_ oo d(Yn; Yntp,w) < 0 as k € [0,1), Which

n— oo

shows that {y,} is a Cauchy sequence in X.

Since, T'(X) is complete then {y, } converges to a point z in T(X), and since, T'(X) C G(X),
then there exists a point ¢ in X such that Gg = z. and as h is injective so

hGq = hz. (3.6)
Now, let hSq # hz and
lim gy, = z (as y, converges to z). (3.7)
n—oo

Now,

d(hSq, hz,u) < d(hSq, hz, hTym) + d(hSq, A TYm, ) + d(RTYm, hz, u). (3.8)
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Now,

d(hSq, hTym,uw) < afd(hGq, hFy,,u),d(hGq, hSq,u),d(hEFym, hRTYm,u)} (by (3.1))
= ofd(hz,hz,u),d(hz,hSq,u),d(hz, hz,u)}
= «{0,d(hz,hSq,u),0} <k-0=0.

Using the above value and taking lim we get from (3.8)
n—oo

d(hSq, hz,u) < d(hSq,hz,hz) + 0+ d(hz,hz,u) =04+ 0+0=0.
So,
hSq = hz. (3.9)

Now, from (3.6) and (3.8) we get that
hGq = hz = hSq. (3.10)

Since S(X) C F(X), we know that there exists a point v € X such that Fv = 2z or
hFv = hz, i.e.,
hFv = hSq = hz = hGq. (3.11)

Now,
d(hz,hTv,u) = d(hSq,hTv,u)
<  of{d(hGq, hFv,u),d(hGq, hSq,u),d(hFv, hTv,u)} (by (3.1))
= ofd(hz,hz,u),d(hz, hz,u),d(hz, A'Tv,u)}
= «a{0,0,d(hz,hTv,u)} <k-0=0.

So, hTv = hz as w is a arbitrary point in X. Thus,
hFv = hTv = hz = hGq = hSq. (3.12)

As, (F,T) and (5, G) are weakly compatible pair, then F,T" are commute at v and S, G
are commute at ¢. So that,

hFz = F(hz) = F(hTv) = T(hFv) =T(hz) = hTz
and
hSz = S(hz) = S(hGq) = G(hSq) = G(hz) = hGz( by (3.12)). (3.13)

Now

)

d(hSz,hz,u) = d(hSz,hTv,u) < a{d(hGz,hFv,u),d(hGz,hSz,u),d(hFv,hTv,u)} (by (3.1))
=  a{d(hsz, hz,u),d(hSz,hSz,u),d(hz, hz,u)} (by (3.12) & (3.13))
= ofd(hsz,hz,u),0,0} <k-0=0.
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So, hSz = hz, i.e., Shz = hz..

Thus,
hz is a fixed point of S. (3.14)

From (3.13) we get, hSz = hz = hGz = Ghz, i.e.,
hz is a fixed point of G. (3.15)

Now,

d(hz,hTz,u) = d(hSz, hTz,u)

o{d(hGz, hFz,u),d(hGz, hSz,u),d(hFz, hTz,u)} (by(3.1))
af{d(hz,hTz,u),d(hz, hz,u),d(hTz, hTv,u)}
af{d(hz,hTz,u),0,0} < k---0=0.

IA

So, hTz = hz and Thz = hz = hFz = Fhz (by (3.13)). Thus,
hz is a fixed point of 7" and F. (3.16)
As h is an injective function so, hz = z i.e.,
z is a fixed point of h. (3.17)

From (3.14), (3.15), (3.16) and (3.17), we get that z is a fixed point of S, G, T, F' and h.

To prove the uniqueness, let r be another fixed point of S, G, T, F' and h such that r # z.
Then,

d(z,r,u) = d(hSz hTr,u) < o{d(hGz, hFr,u),d(hGz,hSz,u),d(hFr,hTr u)}
af(z,r,u), (z,2z,u), (r,r,u)} = a{(z,7,1),0,0} <k-0=0.

So z =r, i.e.,z is a unique common fixed point of S, G, T, F' and h. d

Theorem 3.2([1],[5]) Let F,G,S and T be continuous self mappings of a complete 2-metric
space (X,d), such that T(X) C G(X) and S(X) C F(X). If S(X) or T(X) is a complete
subspace of X and satisfy

d(Sz,Ty,u) < o{d(Gz, Fy,u),d(Gz, Sz, u), d(Fy, Ty, u)}, (3.18)

wherea € A and for all x,y,u € X. Suppose further that (T, F) and (S,G) are weakly compatible
subspace of X, then (S,G) and (T, F) have a coincidence point in X. Also, F,G,S and T have

a common unique fixed point in X.

Proof 1f we put h = I, the identity mapping in our main results, then the theorem
immediately follows. O
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Theorem 3.3 LetF,G,S,T and h be five continuous self mappings of a complete 2-metric
space (X,d) and let{S,}52, and {T,,}2, be sequence on S and T such that T,(X) C G(X)
and Sp(X) C F(X). Assume h is an injective mapping. If S(X) or T(X) is a complete subspace
of X and satisfy

d(hSiz, hT;y,u) < a{d(hGz, hFy,u), d(hGz, hS;z,u), d(hFy, KTy, u)}, (3.19)

where a« € A and for all x,y,u € X. Suppose further that (T,,,F) and (S,,G) are weakly
compatible subspace of X, then (S,,G,h) and (T, F,h) have a coincidence point in X. Also,

F.G,S,, T, and h have a common unique fized point in X.

Proof For any arbitrary x¢p € X and n = 0,1,2,3--- following a similar argument as in
Theorem 3.1 we can define a sequence {y},} in X such that

yr, = hSpx, = hFw,
when n is even and
yh, = hTyx, = hGTy o,
when n is odd.
Now, for each i =1,3,5,--- and j = 2,4,6,---, we get from (3.19)
A(yis Yir,w) < kd(yi_y, yi, u)
and
d(y;7 y;‘-‘,—la ’LL) S kd(yj—la yja ’LL),

ie.,

d(y:w y;H-l?u) S kd(y;z—lvy;uu)a n= 17 27 e

By induction ( as in the proof of Theorem 3.1) we have

A(Yps Yny1,w) < k"d(yg, y1,u)

for some k € [0,1). Consequently sequence {y/,} is Cauchy in X. The rest of the proof is similar
to the corresponding part of the proof of Theorem 3.1. g

Conclusion Our main result is a generalization and improve result of the existing results in
this literature. We generalize the results of G. Akinbo [1], M.Saha and D. Dey [2], and many
others.
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