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Abstract: For any two vertices u and v in a connected graph G, the monophonic distance

dm(u, v) from u to v is defined as the length of a longest u − v monophonic path in G.

The monophonic eccentricity em(v) of a vertex v in G is the maximum monophonic distance

from v to a vertex of G. A set S ⊆ V is a connected monophonic eccentric dominating set

if S is a monophonic eccentric dominating set and the induced subgraph 〈S〉 is connected.

The connected monophonic eccentric domination number γcme(G) is the cardinality of a

minimum connected monophonic eccentric dominating set of G. In this paper, we determine

the connected monophonic eccentric domination number of corona product of some standard

graphs.
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§1. Introduction

By a graph G = (V,E) we mean a non-trivial finite undirected graph without loops and multiple

edges. The order and size of G are denoted by p and q, respectively. For basic graph theoretic

terminology and results we refer to [1, 4]. For any two vertices u and v in a connected graph

G, the distance d(u, v) is the length of a shortest u − v path in G. For each vertex v in G,

define d−(v) = min {d(u, v) : u ∈ V − {v}}. A vertex u ( 6= v) is called a neighbor of v if

d(u, v) = d−(v). A vertex v is said to dominate a vertex u if u = v or u is a neighbor of v.

Since d−(v) = 1 for all v ∈ V , this is equivalent to the standard definition of neighbor. A set

S of vertices of G is called a dominating set if every vertex of G is dominated by some vertex
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in S. Equivalently, a set S ⊆ V is a dominating set of G if every vertex in V −S is adjacent to

some vertex in S. A dominating set of G with minimum cardinality is a minimum dominating

set and this cardinality is the domination number γ(G). The topic of domination began with

Berge in [1] and Ore in [5]. In 1998, a text book devoted to domination written by Teresa et.

al. [9].

For any two vertices u and v in a connected graph G, the detour distance D(u, v) is the

length of a longest u − v path in G. For each vertex v in G, define D−(v) = min {D(u, v) :

u ∈ V − {v}}. A vertex u (6= v) is called a detour neighbor of v if D(u, v) = D−(v). A vertex

v is said to detour dominate a vertex u if u = v or u is a detour neighbor of v. A set S of

vertices of G is called a detour dominating set if every vertex of G is detour dominated by some

vertex in S. A detour dominating set of G with minimum cardinality is a minimum detour

dominating set and this cardinality is the detour domination number γD(G). These concepts

were introduced and studied in [3].

A chord of a path P is an edge joining two non-adjacent vertices of P. A path P is called

a monophonic path if it is a chordless path. For any two vertices u and v in a connected graph

G, the monophonic distance dm(u, v) from u to v is defined as the length of a longest u − v
monophonic path in G. The monophonic eccentricity em(v) of a vertex v in G is em(v) = max

{dm(u, v) : u ∈ V }. The monophonic radius, radm(G) of G is radm(G) = min {em(v) : v ∈ V }
and the monophonic diameter, diamm(G) of G is diamm(G) = max {em(v) : v ∈ V }. A vertex

v in G is a monophonic eccentric vertex of u in G if em(u) = dm(u, v). A vertex v in G is a

monophonic central vertex if em(v) = radm(G) and the subgraph induced by the monophonic

central vertices of G is the monophonic center of G. The monophonic distance was introduced

in [6] and further studied in [7].

Let v be any vertex of a connected graph G. The set of all monophonic eccentric vertices

of v is called the monophonic eccentric neighborhood of v and it is denoted by Nem(v). The

monophonic eccentric degree of a vertex v is defined as degem(v) = |Nem(v)|. The minimum

monophonic eccentric degree δem(G) is defined as δem(G) = min {degem(v) : v ∈ V } and the

maximum monophonic eccentric degree ∆em(G) is defined as ∆em(G) = max {degem(v) : v ∈
V }. A set S ⊆ V is a monophonic eccentric dominating set if every vertex in V − S has

a monophonic eccentric vertex in S. The monophonic eccentric domination number γme(G)

is the cardinality of a minimum monophonic eccentric dominating set of G. These concepts

were introduced and studied in [10, 11]. A set S ⊆ V is a connected monophonic eccentric

dominating set if S is a monophonic eccentric dominating set and the induced subgraph 〈S〉 is

connected. The connected monophonic eccentric domination number γcme(G) is the cardinality

of a minimum connected monophonic eccentric dominating set of G [12].

Generally, a dominating, detour dominating or monophonic eccentric dominating set S of

graph G is Smarandachely dominated on subgraph H ≺ G if G −H is not dominating, detour

dominating, or monophonic eccentric dominating by set S, called a Smarandachely dominat-

ed on subgraph H−, or S is not a dominating, detour dominating or monophonic eccentric

dominating set of graph G but it is a dominating, detour dominating or monophonic eccentric

dominating set S of graph G+H, called a Smarandachely dominated on subgraph H−. Partic-

ularly, if H = ∅, a Smarandachely, detour dominating or monophonic eccentric dominating set
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S on subgraph H is nothing else but dominating, detour dominating or monophonic eccentric

dominating by S. For example, let H = P2. If there is an edge e ∈ E(G) such that G − e is

not dominating, detour dominating, or monophonic eccentric dominating by set S, then G is

Smarandachely dominated on a subgraph P−
2 .

Consider the graph G given in Figure 1.1. It is easily seen that no 2-element subset of G

is a connected monophonic eccentric dominating set. The sets {v1, v2, v6} and {v3, v4, v5} are

the only minimum connected monophonic eccentric dominating set of G so that γcme(G) = 3.

Figure 1.1

The following theorems will be used in the sequel.

Theorem 1.1([10]) If G = H +Kp or Kp +H , where H is any connected graph, then

γcme(G) = γcme(H).

Theorem 1.2([10]) Let G be a cycle of order p and let p ≡ l(mod 6). Then,

γme(G) =


⌈p

3

⌉
+ 1 if l = 2 ,⌈p

3

⌉
otherwise.

Theorem 1.3([10]) Let G be a wheel of order p and let p ≡ l(mod 6). Then,

γme(G) =


p

3
+ 1 if l = 3,⌈
p− 1

3

⌉
otherwise.

Theorem 1.4([10]) For the complete graph Kp, γcme(Kp) = 1.

Theorem 1.5([10]) Let G be a wheel of order p.

(i) If p ≤ 9 and p ≡ l(mod 6), then

γcme(G) =


p

3
+ 1 if l = 3,⌈
p− 1

3

⌉
otherwise.
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(ii) If p > 9, then γcme(G) = p− 5.

§2. Connected Monophonic Eccentric Domination Number

The corona of two graphs G1 and G2 is the graph G = G1 o G2 formed from one copy of G1

and |V (G1)| copies of G2, where the ith vertex of G1 is adjacent to every vertex in the ith

copy of G2. The distance related properties of corona was studied in [8] and the domination

parameters of corona was studied in [2].

Theorem 2.1 Let G be a connected graph of order m and let H be any graph of order n. Then

γcme(G ◦H) ≤ m(1 + γme(H)).

Proof Let Hi,n be the ith copy of H (1 ≤ i ≤ m). Let Si be a minimum monophonic

eccentric dominating set of Hi,n. In G o H, it is clear that every vertex in Hi,n is monophonic

eccentric dominated by a vertex in S =
m⋃
i=1

Si. Thus S is a monophonic eccentric dominating

set of G o H, but the induced subgraph 〈S〉 is not connected. Therefore, we consider a set

S
′

= S ∪ V (G). Clearly, S
′

is a connected monophonic eccentric dominating set of G and so

γcme(G o H) ≤ m(1 + γme(H)). �

Remark 2.2 The bounds in Theorem 2.1 is sharp. For the graph G = Cr o Cs where s = r+3,

γcme(G) = m(1 + γme(Cs)).

Theorem 2.3 If G = Pr o Cs (r ≥ 2), then

γcme(G) =



4 if r = 2, 3 and s = 3,

r + 2 if (r = 2, 3 and s = 4, 5)) or (r ≥ 4 and 3 ≤ s ≤
⌈
r + 7

2

⌉
),

r + 2 + (2s− r − 8)γme(Cs) if r ≥ 3 and s =

⌈
r + 9

2

⌉
,

⌈
r + 11

2

⌉
, · · · , r + 3,

r(1 + γme(Cs)) if s > r + 3.

Proof Let G be the corona product of Pr and Cs. Let u1, u2, . . . , ur (r ≥ 2) be the vertices

of Pr and let Ci,s: vi,1, vi,2, . . . , vi,s, vi,1 be the ith copy of Cs (1 ≤ i ≤ r). We prove this

theorem by considering three cases.

Case 1. 3 ≤ s ≤
⌈
r + 7

2

⌉
.

Subcase 1.1 r = 2, 3 and s = 3.

Let S = {u1, v1,1, v1,2, v1,3}. It is clear that the vertices ui (2 ≤ i ≤ r) and the vertices vi,j

(2 ≤ i ≤ r, 1 ≤ j ≤ s) are monophonic eccentric dominated by a vertex v1,j . Also, the induced

subgraph 〈S〉 is connected. Hence S is a minimum connected monophonic eccentric dominating

set of G and so γcme(G) = 4.
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Subcase 1.2 (r = 2, 3 and s = 4, 5) or (r ≥ 4 and 3 ≤ s ≤
⌈
r + 7

2

⌉
).

If r is even, then the vertices ui (1 ≤ i ≤ r
2 ) and vi,j (1 ≤ i ≤ r

2 , 1 ≤ j ≤ s) are

monophonic eccentric dominated by a vertex vr,j ; and the vertices ui ( r+2
2 ≤ i ≤ r) and

vi,j ( r+2
2 ≤ i ≤ r, 1 ≤ j ≤ s) are monophonic eccentric dominated by a vertex v1,j . Then

S = {v1,j , vr,j} is a minimum monophonic eccentric dominating set of G, but the induced

subgraph 〈S〉 is not connected. Therefore, we consider a set S
′

= {u1, u2, . . . , ur} ∪ S. Clearly,

S
′

is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) = r + 2.

If r is odd, then the vertices ui (1 ≤ i ≤ r−1
2 ) and vi,j (1 ≤ i ≤ r−1

2 , 1 ≤ j ≤ s)

are monophonic eccentric dominated by a vertex vr,j , the vertices ui ( r+3
2 ≤ i ≤ r) and vi,j

( r+3
2 ≤ i ≤ r, 1 ≤ j ≤ s) are monophonic eccentric dominated by a vertex v1,j , and the vertices

u r+1
2

and v r+1
2 ,j (1 ≤ j ≤ s) are monophonic eccentric dominated by both the vertices v1,j and

vr,j . Then S = {v1,j , vr,j} is a minimum monophonic eccentric dominating set of G, but the

induced subgraph 〈S〉 is not connected. Therefore, we consider a set S
′

= {u1, u2, . . . , ur} ∪ S.
Clearly, S

′
is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) = r + 2.

Case 2. r ≥ 3 and s =

⌈
r + 9

2

⌉
,

⌈
r + 11

2

⌉
, · · · , r + 3.

Subcase 2.1 r is even.

Let m = s − r + 8

2
. It can be easily seen that the vertices ui (1 ≤ i ≤ r

2 ) and vi,j

(1 ≤ i ≤ r
2 −m, 1 ≤ j ≤ s) are monophonic eccentric dominated by a vertex vr,j . Similarly,

the vertices ui ( r+2
2 ≤ i ≤ r) and vi,j ( r+2

2 + m ≤ i ≤ r, 1 ≤ j ≤ s) are monophonic eccentric

dominated by a vertex v1,j . Let Sk ( r+2
2 −m ≤ k ≤

r
2 +m) be a minimum monophonic eccentric

dominating set of Ck,s. It is clear that, in G, any vertex in Ck,s ( r+2
2 −m ≤ k ≤ r

2 + m) is

monophonic eccentric dominated by a vertex in Sk and hence

S =

 r
2+m⋃

k= r+2
2 −m

Sk

⋃{v1,j , vr,j}
is a minimum monophonic eccentric dominating set of G, but the induced subgraph 〈S〉 is not

connected. Therefore, we consider a set S
′

= {u1, u2, . . . , ur} ∪ S. Clearly, S
′

is a minimum

connected monophonic eccentric dominating set of G. Thus

γcme(G) =
∣∣∣S′ ∣∣∣

= r + 2m γme(Cs) + 2

= r + 2 +

[
2(s− r + 8

2
)

]
γme(Cs)

= r + 2 + (2s− r − 8) γme(Cs).
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Subcase 2.2 r is odd.

Let m = s − r + 7

2
. It can be easily verified that the vertices ui (1 ≤ i ≤ r−1

2 ) and vi,j

(1 ≤ i ≤ r+1
2 −m, 1 ≤ j ≤ s) are monophonic eccentric dominated by a vertex vr,j . Similarly,

the vertices ui ( r+3
2 ≤ i ≤ r) and vi,j ( r+1

2 + m ≤ i ≤ r, 1 ≤ j ≤ s) are monophonic eccentric

dominated by a vertex v1,j . Also, the vertex u r+1
2

is monophonic eccentric dominated by both

the vertices v1,j and vr,j . Let Sk ( r+3
2 −m ≤ k ≤

r−1
2 +m) be a minimum monophonic eccentric

dominating set of Ck,s. It is clear that, in G, any vertex in Ck,s ( r+3
2 −m ≤ k ≤ r−1

2 + m) is

monophonic eccentric dominated by a vertex in Sk and hence

S =

 r−1
2 +m⋃

k= r+3
2 −m

Sk

⋃{v1,j , vr,j}
is a minimum monophonic eccentric dominating set of G, but the induced subgraph 〈S〉 is not

connected. Therefore, we consider a set S
′

= {u1, u2, . . . , ur} ∪ S. Clearly, S
′

is a minimum

connected monophonic eccentric dominating set of G. Thus

γcme(G) =
∣∣∣S′ ∣∣∣

= r + (2m− 1) γme(Cs) + 2

= r + 2 +

[
2(s− r + 7

2
)− 1

]
γme(Cs)

= r + 2 + (2s− r − 8) γme(Cs).

Case 3. s > r + 3.

If r is even, then the vertices ui (1 ≤ i ≤ r
2 ) are monophonic eccentric dominated by a vertex

vr,j (1 ≤ j ≤ s) and the vertices ui ( r+2
2 ≤ i ≤ r) are monophonic eccentric dominated by a

vertex v1,j (1 ≤ j ≤ s). If r is odd, then the vertices ui (1 ≤ i ≤ r−1
2 ) are monophonic eccentric

dominated by a vertex vr,j (1 ≤ j ≤ s), the vertices ui ( r+3
2 ≤ i ≤ r) are monophonic eccentric

dominated by a vertex v1,j (1 ≤ j ≤ s), and the vertex u r+1
2

is monophonic eccentric dominated

by both the vertices v1,j and vr,j (1 ≤ j ≤ s). Let Sk (1 ≤ k ≤ r) be a minimum monophonic

eccentric dominating set of Ck,s. It is clear that, in G, any vertex in Ck,s (1 ≤ k ≤ r)

is monophonic eccentric dominated by a vertex in Sk and hence S =
r⋃

k=1

Sk is a minimum

monophonic eccentric dominating set of G, but the induced subgraph 〈S〉 is not connected.

Therefore, we consider a set S
′

= {u1, u2, . . . , ur} ∪ S. Clearly, S
′

is a minimum connected

monophonic eccentric dominating set of G and so

γcme(G) = r + r γme(Cs) = r(1 + γme(Cs)). �

The result of the above theorem contains γme(Cs) and we can calculate γme(Cs) using

Theorem 1.2.

Note 2.4 If r = 1, then G = P1 o Cs is a wheel. By Theorem 1.5, we have γcme(G) =
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γcme(Ws+1).

Theorem 2.5 If G = Pr o Ws (r ≥ 2), then

γcme(G) =


r + 2 if 4 ≤ s ≤

⌈
r + 9

2

⌉
,

r + 2 + (2s− r − 10)γme(Ws) if r ≥ 3 and s =

⌈
r + 11

2

⌉
,

⌈
r + 13

2

⌉
, · · · , r + 4,

r(1 + γme(Ws)) if s > r + 4.

Proof Since Ws = Cs−1 +K1, by Theorem 1.1 we have γcme(Ws) = γcme(Cs−1). Then by

Theorem 2.1, the required result can be got. �

The result of the above theorem contains γme(Ws) and we can calculate γme(Ws) using

Theorem 1.3.

Note 2.6 If r = 1, then G = P1 o Ws. By Theorem 1.1 we have γcme(G) = γcme(Ws).

Theorem 2.7 If G = Pr ◦Ks (r ≥ 2), then

γcme(G) =


(s+ 1)

⌊r
2

⌋
if (2 ≤ r ≤ 5 and 1 ≤ s ≤ 6−

⌊
r + 4

2

⌋
) or (r ≥ 6 and s = 1),

r + 2 if (2 ≤ r ≤ 5 and s > 6−
⌊
r + 4

2

⌋
) or (r ≥ 6 and s > 1).

Proof Let G be the corona product of Pr and Ks. Let u1, u2, · · · , ur (r ≥ 2) and

vi,1, vi,2, · · · , vi,s be the vertices of Pr and the vertices of the ith copy of Ks (1 ≤ i ≤ r),

respectively. We prove this theorem by considering two cases.

Case 1. (2 ≤ r ≤ 5 and 1 ≤ s ≤ 6−
⌊
r + 4

2

⌋
) or (r ≥ 6 and s = 1.

Let S = {u1, v1,1, · · · , v1,s;u2, v2,1, · · · , v2,s; · · · ;ub r
2c, vb r

2c,1, · · · , vb r
2c,s}. It is clear that

the vertices ui (
⌈
r+1
2

⌉
≤ i ≤ r) and the vertices vi,1 (

⌈
r+2
2

⌉
≤ i ≤ r) are monophonic eccentric

dominated by the vertex v1,1. Also, the induced subgraph 〈S〉 is connected. Hence S is a

minimum connected monophonic eccentric dominating set of G and so

γcme(G) = 2
⌊r

2

⌋
.

Case 2. (2 ≤ r ≤ 5 and s > 6−
⌊
r + 4

2

⌋
) or (r ≥ 6 and s > 1).

It is clear that the vertices ui (
⌈
r+1
2

⌉
≤ i ≤ r) and vi,j (

⌈
r+1
2

⌉
≤ i ≤ r, 1 ≤ j ≤ s) are

monophonic eccentric dominated by a vertex v1,j(1 ≤ j ≤ s). Also, the vertices ui (1 ≤ i ≤
⌊
r
2

⌋
)

and vi,j (1 ≤ i ≤
⌊
r
2

⌋
, 1 ≤ j ≤ s) are monophonic eccentric dominated by a vertex vr,j . Hence

S = {v1,j , vr,j} (1 ≤ j ≤ s) is a minimum monophonic eccentric dominating set of G, but the

induced subgraph 〈S〉 is not connected. Therefore, we consider a set S
′

= {u1, u2, · · · , ur} ∪ S.
Clearly, S

′
is a minimum connected monophonic eccentric dominating set of G and so γcme(G) =

r + 2. �
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Note 2.8 If r = 1, then G = P1 o Ks is a complete graph. By Theorem 1.4, γcme(G) = 1.

Theorem 2.9 If G = Pr o K1,n (2 ≤ r ≤ 5), then

γcme(G) =


(n+ 2)

⌊r
2

⌋
if 1 ≤ s ≤ 5−

⌊
r + 4

2

⌋
,

r + 2 if s > 5−
⌊
r + 4

2

⌋
.

Proof By an argument similar to Theorem 2.7, the required result can be got. �

Theorem 2.10 If G = Pr ◦K1,n (r ≥ 6), then γcme(G) = r + 2.

Proof Let G be the corona product of Pr and K1,n. Let u1, u2, . . . , ur (r ≥ 6) and

vi,1, vi,2, · · · , vi,n+1 be the vertices of Pr and the ith copy of K1,n (1 ≤ i ≤ r), respectively.

It is clear that the vertices ui (
⌈
r+1
2

⌉
≤ i ≤ r) and vi,j (

⌈
r+1
2

⌉
≤ i ≤ r, 1 ≤ j ≤ n + 1)

are monophonic eccentric dominated by a vertex v1,j(1 ≤ j ≤ n + 1). Also, the vertices ui

(1 ≤ i ≤
⌊
r
2

⌋
) and vi,j (1 ≤ i ≤

⌊
r
2

⌋
, 1 ≤ j ≤ n + 1) are monophonic eccentric dominated

by a vertex vr,j . Hence S = {v1,j , vr,j} (1 ≤ j ≤ n + 1) is a minimum monophonic eccentric

dominating set of G, but the induced subgraph 〈S〉 is not connected. Therefore, we consider

a set S
′

= {u1, u2, · · · , ur} ∪ S. Clearly, S
′

is a minimum connected monophonic eccentric

dominating set of G and so γcme(G) = r + 2. �

Theorem 2.11 If G = Pr ◦Km,n (r,m, n ≥ 2), then γcme(G) = r + 2.

Proof By an argument similar to Theorem 2.10, the required result can be got. �

Note 2.12 If G = P1 ◦Km,n, then

γcme(G) =

 1 if either m or n = 1,

2 if m,n ≥ 2.

Theorem 2.13 Let G = Cr ◦ P1 (r ≥ 6) and let r ≡ k(mod 6). Then,

γcme(G) =


⌈r

3

⌉
+ r − 3 if k = 2, 3,⌈r

3

⌉
+ r − 4 if k = 0, 1, 4 and 5.

Proof Let G be the corona product of Cr and P1. Let u1, u2, · · · , ur and vi,1 be the vertices

of Cr and the vertices of the ith copy of P1 (1 ≤ i ≤ r), respectively. We prove this theorem by

considering six cases.

Case 1. r ≡ 0(mod 6).

Let S = {v1,1, v2,1; v7,1, v8,1; · · · ; vr−5,1, vr−4,1}. It is easily verified that the vertices ur−1,

vr−1,1, u3 and v3,1 are monophonic eccentric dominated by the vertex v1,1, the vertices u4, v4,1,

ur and vr,1 are monophonic eccentric dominated by the vertex v2,1, · · · , the vertices ur−1, vr−1,1,

ur−3 and vr−3,1 are monophonic eccentric dominated by the vertex vr−5,1 and the vertices ur,
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vr,1, ur−2 and vr−2,1 are monophonic eccentric dominated by the vertex vr−4,1. It is clear that

S is a minimum monophonic eccentric dominating set of G, but the induced subgraph 〈S〉 is not

connected. Therefore, we consider a set S
′

= {u1, u2, · · · , ur−4} ∪ S. Clearly, S
′

is a minimum

connected monophonic eccentric dominating set of G and so

γcme(G) =
⌈r

3

⌉
+ r − 4.

Case 2. r ≡ 1(mod 6).

Let S = {v1,1, v2,1; v7,1, v8,1; · · · ; vr−6,1, vr−5,1; vr,1} ∪ {u1, u2, · · · , ur−5;ur}. By an argu-

ment similar to Case 1, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and so γcme(G) =
⌈r

3

⌉
+ r − 4.

Case 3. r ≡ 2(mod 6).

Let S = {v1,1, v2,1; v7,1, v8,1; · · · ; vr−1,1, vr,1} ∪ {u1, u2, · · · , ur−6;ur−1, ur}. By an argu-

ment similar to Case 1, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and so

γcme(G) =
⌈r

3

⌉
+ 1 + r − 4 =

⌈r
3

⌉
+ r − 3.

Case 4. r ≡ 3(mod 6).

Let S = {v1,1, v2,1; v7,1, v8,1; · · · ; vr−2,1, vr−1,1} ∪ {u1, u2, · · · , ur−7;ur−2, ur−1, ur}. By an

argument similar to Case 1, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and so

γcme(G) =
⌈r

3

⌉
+ 1 + r − 4 =

⌈r
3

⌉
+ r − 3.

Case 5. r ≡ 4(mod 6).

Let S = {v1,1, v2,1; v7,1, v8,1; · · · ; vr−3,1, vr−2,1} ∪ {u1, u2, · · · , ur−8;ur−3, ur−2, ur−1, ur}.
By an argument similar to Case 1, it can be easily seen that S is a minimum connected

monophonic eccentric dominating set of G and so

γcme(G) =
⌈r

3

⌉
+ r − 4.

Case 6. r ≡ 5(mod 6).

Let S = {v1,1, v2,1; v7,1, v8,1; · · · ; vr−4,1, vr−3,1}∪{u1, u2, · · · , ur−9;ur−4, ur−3, · · · , ur}. By

an argument similar to Case 1, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and so γcme(G) =
⌈r

3

⌉
+ r − 4. �
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Theorem 2.14 Let G = Cr ◦ Ps (r ≥ 8, s ≥ 2) and let r ≡ k(mod 8). Then

γcme(G) =



3r − 8 + k

2
if 2 ≤ s ≤ r + 1 and 0 ≤ k ≤ 3,

3r − k
2

if 2 ≤ s ≤ r + 1 and 3 < k < 8,

2r if s = r + 2,

3r if s > r + 2.

Proof Let G be the corona product of Cr and Ps. Let u1, u2, · · · , ur and vi,1, vi,2, · · · , vi,s
be the vertices of Cr and the vertices of the ith copy of Ps (1 ≤ i ≤ r), respectively. We prove

this theorem by considering three cases.

Case 1. 2 ≤ s ≤ r + 1.

Subcase 1.1 r ≡ 0(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−7,j , vr−6,j , vr−5,j , vr−4,j} (1 ≤ j ≤
s). It is easily verified that the vertices ur−1, vr−1,j , u3 and v3,j are monophonic eccentric dom-

inated by a vertex v1,j , the vertices u4, v4,j , ur and vr,j are monophonic eccentric dominated by

a vertex v2,j , the vertices u1, v1,j , u5 and v5,j are monophonic eccentric dominated by a vertex

v3,j , the vertices u2, v2,j , u6 and v6,j are monophonic eccentric dominated by a vertex v4,j ,

. . . , the vertices ur−1, vr−1,j , ur−5 and vr−5,j are monophonic eccentric dominated by a vertex

vr−7,j , the vertices ur, vr,j , ur−4 and vr−4,j are monophonic eccentric dominated by a vertex

vr−6,j , the vertices u1, v1,j , ur−3 and vr−3,j are monophonic eccentric dominated by a vertex

vr−5,j and the vertices u2, v2,j , ur−2 and vr−2,j are monophonic eccentric dominated by a vertex

vr−4,j . It is clear that S is a minimum monophonic eccentric dominating set of G, but the in-

duced subgraph 〈S〉 is not connected. Therefore, we consider a set S
′

= {u1, u2, · · · , ur−4}∪S.
Clearly, S

′
is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) =
r

2
+ r − 4 =

3r − 8

2
=

3r − 8 + k

2
.

Subcase 1.2 r ≡ 1(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−8,j , vr−7,j , vr−6,j , vr−5,j} ∪ {vr,j}
(1 ≤ j ≤ s). It is easily verified that the vertices ur−1, vr−1,j , u3 and v3,j are monophonic

eccentric dominated by a vertex v1,j , the vertices u4, v4,j , ur and vr,j are monophonic eccentric

dominated by a vertex v2,j , the vertices u1, v1,j , u5 and v5,j are monophonic eccentric dominat-

ed by a vertex v3,j , the vertices u2, v2,j , u6 and v6,j are monophonic eccentric dominated by a

vertex v4,j , · · · , the vertices ur−1, vr−1,j , ur−6 and vr−6,j are monophonic eccentric dominated

by a vertex vr−8,j , the vertices ur, vr,j , ur−5 and vr−5,j are monophonic eccentric dominated

by a vertex vr−7,j , the vertices ur−8, vr−8,j , ur−4 and vr−4,j are monophonic eccentric domi-

nated by a vertex vr−6,j , the vertices ur−7, vr−7,j , ur−3 and vr−3,j are monophonic eccentric

dominated by a vertex vr−5,j and the vertices u2, v2,j , ur−2 and vr−2,j are monophonic ec-

centric dominated by a vertex vr,j . It is clear that S is a minimum monophonic eccentric
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dominating set of G, but the induced subgraph 〈S〉 is not connected. Therefore, we consider a

set S
′

= {u1, u2, . . . , ur−5;ur} ∪ S. Clearly, S
′

is a minimum connected monophonic eccentric

dominating set of G and so

γcme(G) =
r + 1

2
+ r − 4 =

3r − 7

2
=

3r − 8 + k

2
.

Subcase 1.3 r ≡ 2(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−9,j , vr−8,j , vr−7,j , vr−6,j}∪{vr−1,j ,

vr,j} ∪ {u1, u2, · · · , ur−6;ur−1, ur}. By an argument similar to Subcase 1.2, it is clear that S is

a minimum connected monophonic eccentric dominating set of G and so

γcme(G) =
r + 2

2
+ r − 4 =

3r − 6

2
=

3r − 8 + k

2
.

Subcase 1.4 r ≡ 3(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−10,j , vr−9,j , vr−8,j , vr−7,j}∪{vr−2,j ,

vr−1,j , vr,j} ∪ {u1, u2, · · · , ur−7;ur−2, ur−1, ur}. By an argument similar to Subcase 1.2, it is

clear that S is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) =
r + 3

2
+ r − 4 =

3r − 5

2
=

3r − 8 + k

2
.

Subcase 1.5 r ≡ 4(mod 8).

Let

S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−11,j , vr−10,j , vr−9,j , vr−8,j}⋃
{vr−7,j , vr−6,j , vr−5,j , vr−4,j}

⋃
{u1, u2, · · · , ur−4} .

By an argument similar to Subcase 1.2, it can be easily seen that S is a minimum connected

monophonic eccentric dominating set of G and so

γcme(G) =
r + 4

2
+ r − 4 =

3r − 4

2
=

3r − k
2

.

Subcase 1.6 r ≡ 5(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−12,j , vr−11,j , vr−10,j , vr−9,j ; vr−4,j ,

vr−3,j , vr−2,j , vr−1,j} ∪ {u1, u2, · · · , ur−9;ur−4, ur−3, · · · , ur}. By an argument similar to Sub-

case 1.2, it can be easily seen that S is a minimum connected monophonic eccentric dominating

set of G and so

γcme(G) =
r + 3

2
+ r − 4 =

3r − 5

2
=

3r − k
2

.

Subcase 1.7 r ≡ 6(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−13,j , vr−12,j , vr−11,j , vr−10,j ; vr−5,j ,

vr−4,j , vr−3,j , vr−2,j}∪ {u1, u2, · · · , ur−10;ur−5, ur−4, · · · , ur}. By an argument similar to Sub-
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case 1.2, it is clear that S is a minimum connected monophonic eccentric dominating set of G

and so

γcme(G) =
r + 2

2
+ r − 4 =

3r − 6

2
=

3r − k
2

.

Subcase 1.8 r ≡ 7(mod 8).

Let S = {v1,j , v2,j , v3,j , v4,j ; v9,j , v10,j , v11,j , v12,j ; · · · ; vr−14,j , vr−13,j , vr−12,j , vr−11,j ; vr−6,j ,

vr−5,j , vr−4,j , vr−3,j}∪ {u1, u2, · · · , ur−11;ur−6, ur−5, · · · , ur}. By an argument similar to Sub-

case 1.2, it is clear that S is a minimum connected monophonic eccentric dominating set of G

and so

γcme(G) =
r + 1

2
+ r − 4 =

3r − 7

2
=

3r − k
2

.

Case 2. s = r + 2.

Let S = {v1,1, v2,1, · · · , vr,1}. It is easily verified that the vertices ur−1, vr−1,k, u3, v3,k

(2 ≤ k ≤ s − 1) and v1,s are monophonic eccentric dominated by the vertex v1,1, the vertices

u4, v4,k, ur, vr,k (2 ≤ k ≤ s − 1) and v2,s are monophonic eccentric dominated by the vertex

v2,1, · · · , the vertices ur−2, vr−2,k, u2, v2,k (2 ≤ k ≤ s − 1) and vr,s are monophonic eccentric

dominated by the vertex vr,1. It is clear that S is a minimum monophonic eccentric dominating

set of G, but the induced subgraph 〈S〉 is not connected. Therefore, we consider a set S
′

=

{u1, u2, . . . , ur} ∪ S. Clearly, S
′

is a minimum connected monophonic eccentric dominating set

of G and so

γcme(G) = 2r.

Case 3. s > r + 2.

Let S = {v1,1, v2,1, · · · , vr,1; v1,s, v2,s, · · · , vr,s}. In r+2 < s < 2r, the vertices ur−1, vr−1,k,

u3, v3,k (s − r + 1 ≤ k ≤ r) and v1,l (r + 1 ≤ l ≤ s) are monophonic eccentric dominated by

the vertex v1,1, the vertices u4, v4,k, ur, vr,k (s − r + 1 ≤ k ≤ r) and v2,l (r + 1 ≤ l ≤ s)

are monophonic eccentric dominated by the vertex v2,1, . . . , the vertices ur−2, vr−2,k, u2, v2,k

(s− r + 1 ≤ k ≤ r) and vr,l (r + 1 ≤ l ≤ s) are monophonic eccentric dominated by the vertex

vr,1. Also, the vertices v1,l (1 ≤ l ≤ s − r) are monophonic eccentric dominated by the vertex

v1,s, the vertices v2,l (1 ≤ l ≤ s − r) are monophonic eccentric dominated by the vertex v2,s,

. . . , the vertices vr,l (1 ≤ l ≤ s− r) are monophonic eccentric dominated by the vertex vr,s.

In s ≥ 2r, the vertices ur−1, u3 and v1,l (
⌊
s+3
2

⌋
≤ l ≤ s) are monophonic eccentric

dominated by the vertex v1,1, the vertices u4, ur, and v2,l (
⌊
s+3
2

⌋
≤ l ≤ s) are monophonic

eccentric dominated by the vertex v2,1, . . . , the vertices ur−2, u2, and vr,l (
⌊
s+3
2

⌋
≤ l ≤ s) are

monophonic eccentric dominated by the vertex vr,1. Also, the vertices v1,l (1 ≤ l ≤
⌊
s+1
2

⌋
)

are monophonic eccentric dominated by the vertex v1,s, the vertices v2,l (1 ≤ l ≤
⌊
s+1
2

⌋
) are

monophonic eccentric dominated by the vertex v2,s, . . . , the vertices vr,l (1 ≤ l ≤
⌊
s+1
2

⌋
) are

monophonic eccentric dominated by the vertex vr,s. Hence, it is clear that S is a minimum

monophonic eccentric dominating set of G, but the induced subgraph 〈S〉 is not connected.

Therefore, we consider a set S
′

= {u1, u2, · · · , ur} ∪ S. Clearly, S
′

is a minimum connected

monophonic eccentric dominating set of G and so γcme(G) = 3r. �
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Theorem 2.15 If G = Cr ◦ Ps (r ≤ 7), then

γcme(G) =



(s+ 1)
⌈r

3

⌉
if 1 ≤ s ≤ 7−

⌈
r + 4

2

⌉
,

3r − 1

2
if r = 3, 5 and 7−

⌈
r + 4

2

⌉
< s < r + 2,

8 if (r = 4, 6 and 7−
⌈
r + 4

2

⌉
< s < r + 2) or (r = 7 and 3 ≤ s ≤ 8),

7 if r = 7 and s = 2,

2r if s = r + 2,

3r if s > r + 2.

Proof Let G be the corona product of Cr and Ps. Let u1, u2, · · · , ur and vi,1, vi,2, · · · , vi,s
be the vertices of Cr and the vertices of the ith copy of Ps (1 ≤ i ≤ r), respectively. We prove

this theorem by considering four cases.

Case 1. 1 ≤ s ≤ 7−
⌈
r + 4

2

⌉
.

Let S = {u1, v1,1, · · · , v1,s;u2, v2,1, · · · , v2,s; · · · ;ud r
3e, vd r

3e,1, · · · , vd r
3e,s}. It is easily veri-

fied that every vertex in V −S has a monophonic eccentric vertex in S and the induced subgraph

〈S〉 is connected. Hence S is a minimum connected monophonic eccentric dominating set of G

and so γcme(G) = (s+ 1)
⌈r

3

⌉
.

Case 2. 7−
⌈
r + 4

2

⌉
< s < r + 2.

Subcase 2.1 r = 3 and 5.

If r = 3, let S = {v1,j , v2,j ;u1, u2}. If r = 5, let S = {v1,j , v2,j , v4,j ;u1, u2, u3, u4}. Then by

an argument similar to Case 1, it is clear that S is a minimum connected monophonic eccentric

dominating set of G and so

γcme(G) =
3r − 1

2
.

Subcase 2.2 (r = 4 and 6) or (r = 7 and 3 ≤ s ≤ 8).

Let S = {u1, v1,j ;u2, v2,j ;u3, v3,j ;u4, v4,j}. Then by an argument similar to Case 1, it

is clear that S is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) = 8.

Subcase 2.3 r = 7 and s = 2.

Let S = {u1, v1,j ;u2, v2,1, v2,2;u3, v3,j}. Then by an argument similar to Case 1, it is clear

that S is a minimum connected monophonic eccentric dominating set of G and so γcme(G) = 7.

Case 3. s = r + 2.

Let S = {v1,1, v2,1, · · · , vr,1;u1, u2, · · · , ur}. By an argument similar to Case 2 of Theorem

2.14, it can be easily seen that S is a minimum connected monophonic eccentric dominating

set of G and so γcme(G) = 2r.
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Case 4. s > r + 2.

Let S = {v1,1, v2,1, · · · , vr,1; v1,s, v2,s, · · · , vr,s;u1, u2, · · · , ur}. By an argument similar to

Case 3 of Theorem 2.14, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and so γcme(G) = 3r. �

Theorem 2.16 If G = Cr ◦ Cs (r ≥ 8) and r ≡ k(mod 8), then

γcme(G) =



3r − 8 + k

2
if s ≤ r + 2 and 0 ≤ k ≤ 3,

3r − k
2

if s ≤ r + 2 and 3 < k < 8,

r(1 + γme(Cs)) if s > r + 2.

Proof Let G be the corona product of Cr and Cs. Let u1, u2, · · · , ur be the vertices of Cr

and let Ci,s: vi,1, vi,2, · · · , vi,s, vi,1 be the ith copy of Cs (1 ≤ i ≤ r), respectively. We prove

this theorem by considering two cases.

Case 1. s ≤ r + 2.

By an argument similar to Case 1 of Theorem 2.14, the required result can be got.

Case 2. s > r + 2.

Let Sk (1 ≤ k ≤ r) be a minimum monophonic eccentric dominating set of Ck,s. It is clear

that, in G, any vertex in Ck,s (1 ≤ k ≤ r) is monophonic eccentric dominated by a vertex in Sk.

Also, the vertices u1, u2, · · · , ur are monophonic eccentric dominated by a vertex in Sk (1 ≤
k ≤ r) and hence S =

r⋃
k=1

Sk is a minimum monophonic eccentric dominating set of G, but the

induced subgraph 〈S〉 is not connected. Therefore, we consider a set S
′

= {u1, u2, · · · , ur} ∪ S.
Clearly, S

′
is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) = r(1 + γme(Cs)). �

The result of the above theorem contains γme(Cs) and we can calculate γme(Cs) using

Theorem 1.2.

Theorem 2.17 If G = Cr o Ws (r ≥ 8) and r ≡ k(mod 8), then

γcme(G) =



3r − 8 + k

2
if s ≤ r + 3 and 0 ≤ k ≤ 3,

3r − k
2

if s ≤ r + 3 and 3 < k < 8,

r(1 + γme(Ws)) if s > r + 3.

Proof By Theorem 1.1 and by an argument similar to Theorem 2.16, the required result

can be got. �
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The result of the above theorem contains γme(Ws) and we can calculate γme(Ws) using

Theorem 1.3.

Theorem 2.18 If G = Cr o Cs (r ≤ 7), then

γcme(G) =



⌈r
3

⌉
+ r if r = 3, 5 and 3 ≤ s ≤ r + 2,

8 if r = 4, 6, 7 and 3 ≤ s ≤ r + 2,

r(1 + γme(Cs)) if s > r + 2.

Proof Let G be the corona product of Cr and Cs. Let u1, u2, · · · , ur be the vertices of Cr

and let Ci,s: vi,1, vi,2, · · · , vi,s, vi,1 be the ith copy of Cs (1 ≤ i ≤ r), respectively. We prove

this theorem by considering two cases.

Case 1. 3 ≤ s ≤ r + 2.

Subcase 1.1 r = 3 and 5.

If r = 3, let S = {v1,j , v2,j ;u1, u2}. If r = 5, let S = {v1,j , v2,j , v4,j ;u1, u2, u3, u4}. By

an argument similar to Case 2 of Theorem 2.15, it can be easily seen that S is a minimum

connected monophonic eccentric dominating set of G and so γcme(G) =
⌈r

3

⌉
+ r.

Subcase 1.2 r = 4, 6 and 7.

Let S = {u1, v1,j ;u2, v2,j ;u3, v3,j ;u4, v4,j}. By an argument similar to Case 2 of Theorem

2.15, it clear that S is a minimum connected monophonic eccentric dominating set of G and so

γcme(G) = 8.

Case 2. s > r + 2.

By an argument similar to Case 2 of Theorem 2.16, the required result can be got. �

The result of the above theorem contains γme(Cs) and we can calculate γme(Cs) using

Theorem 1.2.

Theorem 2.19 If G = Cr ◦Ws (r ≤ 7), then

γcme(G) =



⌈r
3

⌉
+ r if r = 3, 5 and 4 ≤ s ≤ r + 3,

8 if r = 4, 6, 7 and 4 ≤ s ≤ r + 3,

r(1 + γme(Ws)) if s > r + 3.

Proof By Theorem 1.1 and by an argument similar to Theorem 2.18, the required result

can be got. �

The result of the above theorem contains γme(Ws) and we can calculate γme(Ws) using

Theorem 1.3.
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Theorem 2.20 If G = Cr ◦Ks or G = Cr o Km,n and r ≡ k(mod 8), then

γcme(G) =



⌈r
3

⌉
+ r if r = 3, 5,

8 if r = 4, 6, 7,

3r − 8 + k

2
if r ≥ 8 and 0 ≤ k ≤ 3,

3r − k
2

if r ≥ 8 and 3 < k < 8.

Proof By an argument similar to Case 1 of Theorem 2.18 and Case 1 of Theorem 2.14, the

required result can be got. �
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