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§1. Introduction

In [1], Carriazo jointly with P. Alegre and D.E. Blair defined a generalized Sasakian space form

as an almost contact metric manifold (M, ¢, &, n, g) whose curvature tensor R is given by

RX,)Y)Z = fi{g(Y,2)X —g(X,2)Y} (L.1)
+f2A9(X,02)0Y — g(Y, 0Z)dX + 29(X, ¢Y )9 Z}
+{n(Xn(2)Y —n(Y)n(2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E}

for any vector fields X, Y, Z on M.

In particular a Sasakian manifold M (¢, &, n, g) is said to be a Sasakian space form if all the
¢—sectional curvatures K (X A ¢X) are equal to a constant ¢, where K (X A ¢X) denotes the
sectional curvature of the section spanned by the unit vector field X, orthogonal to £ and ¢X.
Later on many scientists R. Al-Ghefari, F. R. Alsomy [2],[5], M. H. Shahid have studied the
CR-submanifolds of generalized Sasakian space forms. After them Ricci curvature of contact
CR-submanifolds of such space were studied in [6].

In [2] authors studied contact metric and generalized Sasakian-space forms. In [7] and [§]
authors studied locally ¢-symmetric and n-recurrent Ricci tensor and also studied the projec-
tive curvature tensor respectively. Generalized Sasakian space form with few properties like
conformally flat, locally symmetric were studied by Kim [9].

In recent paper [10], the authors (jointly with M. M. Tripathi) defined a generalized (k, u)-
space form as an almost contact metric manifold (M?2"*1 ¢, & 1, g) whose curvature tensor is
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given as
R= fiRi + foRo + f3Rs + faR4 + f5R5 + feRs, (1.2)

where f1, f2, f3, fa, [5, fe are differentiable functions on M, and Ri, Ro, R3, R4, R5, Rg are ten-

sors defined as follows:

R\(X,Y)Z = g(Y, 2)X — g(X, 2)Y, (1.3)

Ry(X,Y)Z = g(X,92)¢Y — g(Y,Z)$X +29(X,0Y)dZ, (1.4)
R3(X,Y)Z =n(X)(Z2)Y —n(Y)n(Z)X + g(X, Z)n(Y)¢ — g(Y, Z)n(X)E, (1.5)
Ry(X,Y)Z = g(Y, Z)hX — g(X, Z)hY + g(hY, Z)X — g(hX, Z)Y, (1.6)
Rs(X,Y)Z = g(hY, Z)hX — g(hX, Z)hY + g(¢hX, Z)phY — g(phY, Z)phX, (1.7)

Re(X,Y)Z =n(X)n(2)hY —n(Y)n(Z)hX + g(hX, Z)n(Y)E — g(hY, Z)n(X)E, (1.8),

where 2h = £L¢¢ and L is the usual Lie derivative. Usually, this manifold is denoted by
M(f1, fa, f3, fas f5, f6)- If fa = f5 = fo = 0 then the manifold is the usual Sasakian space form.

Again, (k, u)-space forms are natural examples of generalized (k, 1) space forms for constant
functions ([10])

c+3 c—1 c+3

fl: 4 7f2: 4 7f3: 4

7f4:17 f5:%7 fﬁzl_ﬂ (19)

In this paper we have established few conditions related to D-conformal curvature tensor.

82. Preliminaries

An almost contact metric manifold is a (2n + 1)-dimensional manifold endowed with an almost
contact structure (¢, &,n) consisting of a tensor field ¢ of type (1,1), a structure vector field £
and 1-form 7 satisfying:

¢* = —I+n®&n) =1,6(€) =0,n0¢ =0, (2.1)
for any vector field X,Y € M and a Riemannian metric g defined as
9(9X,¢Y) = g(X,Y) = n(X)n(Y). (2.2)
From above equation we can easily derive
9(X, &) = n(X). (2.3)
The metric tensor satisfies the following properties:
9(¢X,Y) = —g(X, ¢Y), (2.4)

(Vxn)Y =g(VxEY). (2.5)
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In a (2n + 1) dimensional generalized (k, u)-space form we obtain from (1.2)

RX,Y)§ = fi{g(Y, X —g(X, Y} (2.6)
+f2{9(X, 9€)pY — g(Y, 9€)dX + 29(X, oY )&}
+f3{n(X)MEY —n(Y)n(€)X + g(X,On(Y)E — (¥, On(X)E}
+f{g(V,OhX — g(X, Y + g(hY, )X — g(hX, )Y}
+f59(RY. )X — g(hX,§hY + g(dhX,)phY — g(dhY, {)phX
+fen(X)n(ERY —n(Y)n(€)hX + g(hX,E)n(Y)E — g(hY, )n(X)E

After some brief calculations we obtain from [4]
R(X,Y)E = (fr = fs){n(X)Y =n(Y)X} + (fa — fe){n(Y)hX —n(X)hY}.  (2.7)
Now putting X = ¢, Y = X, Z =Y we get
R(&X)Y = (fi = f3){g(X, V)€ = n(Y) X} + (fa — fe){g(hX,Y) = n(Y)hX}. (2.8)
Again putting Y = ¢ in (2.7) we get
R(&X)E = (fr = fs){n(X)§ = X} = (fu — fo){hX}. (2.9)
Applying 7 on both side of the equation (1.2) we calculate

nR(X,Y)Z) = (fi = sH{9(Y, Z)n(X) — g(X, Z)n(Y)}
+(fa = fo){g(hY, Z)n(X) — g(hX, Z)n(Y)}. (2.10)

Putting Z = £ we can easily write
n(R(X,Y)¢) =0. (2.11)

Applying 1 on both side of equation (2.7) we can get the following equations

n(R(EX)Y) = (fi = f){9(X,Y) = n(Y)n(X)}
+(fa = fo)g(hX,Y), (2.12)
S(X,Y) = {2nfi+3f2— f3}g(X,Y){(2n —1)fs — fe}g(hX,Y)
—{3f2+ (2n = 1) fs}n(X)n(Y). (2.13)

From (2.13) we obtain
S(X,€) = 2n(fr — fz)n(X), (2.14)

r=2n{(2n+1)f1+3f2 — 2f3}, (2.15)
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S(@X,0Y) = S(X,Y)=2n(fi = fs)n(X)n(Y)
—{@n—1)fs— f6}g(hX.,Y), (2.16)
QX = {2nfi+3f2— fs}X +{(2n — 1)fs — fe}hX — {3/
+(2n — 1) fs}n(X)S, (2.17)
Q¢ =2n(f1 — f3)¢. (2.18)
From [12], D-conformal curvature tensor on a Riemannian manifold (M?"*!, g) is defined
as
B(X,Y)Z = R(X,Y)Z+ ﬁ{so@ 2)Y — S(Y. Z)X + g(X, Z)QY
—9(Y, 2)QX} = S(X, Z)n(Y)§ + S(Y, Z)n(X)§ —n(X)n(2)QY
—1(V)(Z)QX} = 5 (X, 2)Y (V. 2)X)
g 9O 20 = 0V, Z)n(X)E + n(X)n(2)Y
—n(Y)n(Z)X}, (2.19)
where k = g:lrf?, R is the curvature tensor, S is the Ricci tensor and r is the scalar curvature.

Now we give the definition of D-conformally flat generalized (k, ) space form following.

Definition 2.1 A (2n+ 1)-dimensional generalized (&, p) space form M(f1, fa, f3, fa, [5, f6) is
said to be D-conformally flat if
B(X,Y)Z = 0. (2.20)

We give the definition of £ — D-conformally flat generalized (k, u) space form following.

Definition 2.2 A (2n+ 1)-dimensional generalized (&, p) space form M(f1, fa, f3, fa, [5, f6) is
said to be &€ — D-conformally flat if
B(X,Y)¢ = 0. (2.21)

Also we mention the following definition.

Definition 2.3 A (2n+ 1)-dimensional generalized (k, 1) space form M(f1, fa, fs, f1, [5, f¢) is
said to be ¢ — D-conformally flat if

9(B(¢X, ¢Y)9Z, W) = 0. (2.22)

§3. Main Results

From Definition 2.1 we can draw the following theorem.
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Theorem 3.1 If a (2n + 1)-dimensional generalized (k,u) space form M(f1, fa, f3, f1, f5, f6)
is D-conformally flat then f3 = f1 + 1 and fq = fs.

Proof Let us consider a (2n + 1)-dimensional generalized (k, 1) space form which satisfy
the condition B(X,Y)Z = 0 then from (2.19) we obtain on using Definition 2.1 and taking
inner product with W we obtain

0 = ROLY.ZW) 4+ g S 200V, W) = S(Y.2)g(X. W) + 9(X. 2)s(@Y. W)
—9(Y, Z)g(QX, W)} = S(X, Z)n(Y)n(W) + S(Y, Z)n(X)n(W) — n(X)n(2)g(QY, W)
=1V Z)a(QX. W)} = o a(X. Z)g(Y. W) = (V. Z)(X. W)
o 0O 20 (W) = 9V, Z)n(X)n () + (X Z)g(Y. W)
—n(Y)n(Z)g(X, W)} (3.1)
because of R(X,Y, Z,W) = g(R(X,Y)Z, W)).
Now setting W = ¢ in (3.1) and using (2.1) and (2.2), we have

ST (Y- 09(X.2) = S(X. g(¥. 2) = SV n(X)n(2)

+S(X, (Y )In(Z) +2{g9(X, Z)n(Y) — g(Y, Z)n(X)}. (3.2)

0 = n(RX,Y)Z)+

On using (2.10) and (2.14) we get on brief calculation

%{fm Zn(X) = 9(X, Z)n(Y)} + (fa = fo){g(hY, Z)n(X)

—g(hX, Z)n(Y)}. (3.3)

0 =

Since L.H.S. is equal to zero and

{9V, Z)n(X) — g(X, Z)n(Y)}, {g(hY, Z)n(X) — g(hX,Z)n(Y)} # 0

we must havef; — fi —1 =0 and fs — fs = 0.

Hence
fs3=fi+1=0, fi=fe. (3.4)

Therefore the above equation proves our theorem. O

Now on basis of the definition (2.2) we give our next theorem.

Corollary 3.1 If a (2n + 1)-dimensional generalized (k, ) space form M(f1, fa, f3, fa, [5, f6)
is said to be & — D-conformally flat then fs = f1+ 1, f1 = f6.

Proof Suppose the condition B(X,Y )¢ = 0 holds in a (2n + 1)—dimensional generalized
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(K, 1) space form. We have from (2.1), (2.2) in (2.19)

0 = RX,Y)$+ ﬁ{s()ﬁ Y =S¥, X = S(X, n(Y)E + S(Y, n(X)E}

+2{n(X)Y —n(Y)X}. (3.5)
Using (2.7) and (2.15) we calculate

Js—fi—1

O:
n—1

X =)In(X)Y} + (f1 — fo){n(Y)hX — n(X)hY} (3.6)

because of {n(Y)X—)n(X)Y} # 0 we must have f3 — f1 —1 =0 and f4, — f¢ = 0. Hence we
obtain our proof. O

From Definition 2.3 we can state our next theorem.

Theorem 3.2 If a (2n + 1)-dimensional generalized (k, 1) space form M(f1, fo, f3, fa, 5, f6)

is ¢ — D-conformally flat then Ricci tensor reduces to the form
S(Y,Z) = ag(Y,Z) + Bn(Y)n(Z) + v9(hY, Z) (3.7)

under the condition Tr.¢p =0, and = 0, where «, 3,7 are constants.

Proof Let M(f1, f2, f3, fa, f5, f6) be a (2n + 1)-dimensional generalized (k, i) space form.
Suppose M satisfies g(B(¢pX, ¢Y )pZ, pW) = 0 then from (2.1), (2.19) we obtain

0 = GRBX, 6¥)6Z,6W) (3.8)
2(n S 1] (50X 02)g(6Y, W) = 5(8Y, 62)g(6X, W)

#S(OY, GW)g(6,62) = SO, oW)g(9Y, 62))

k—

~ 3y (96X, 0Z)g(6Y. W) — 5(6Y. 62)a(6X. 6}

In view of (2.22) and (3.8) and having few steps of calculations we get

0 = fi{9(Y.2)g9(X, W) —g(Y, Z)n(X)n(W) — g(X, W)n(Y)n(Z) (3.9)
—9(X, Z)g(Y, W) — g(Y,W)n(X)n(Z) + (X, Z) (Y)n(W)}
+f2{9(X,02)g(¢Y, W) — g(¢Y, Z)g(X, W) + 29(X, Y )g(¢Z, W)}
fi{=9(Y, Z)g(hX, W) + n(Y)n(Z)g(hX, W) + g(X, Z)g(hY, W)
—n(X)n(Z2)g(hY, W) — g(hY, Z)g(X, W) + n(X)n(W)g(hY, Z) + g(Y, W)g(hX, Z)
—g9(hX, Z)n(Y)n(W)}
+fs{g(hY, Z)g(hX, W) — g(hX, Z)g(hY, W) + g(hX, $Z)g(hY, sW)

—g(hY. Z)g(hX. W)} + 5o s {S(X, Z)g ¥, W) = S(X, Z)n(¥ (W)
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Wn(X)m(2) = S(Y, Z)g(X, W) + S(Y, Z)n(X)n(W)
Y, W)g(X,Z) - S(Y,W)n(X)n(Z)
ZIn(Y )n(W) = S(X, W)g(Y, Z) + S(X, W)n(Y)n(Z)

(2n—1)fa—fo

—g(hY, Z)n(X)n(W) — g(hY, Z)g(X, Z) + g(hY, Z)n(X)n(Z)
+9(hX, W)g(Y, Z) — g(hX, W)n(Y)n(Z)}

—%{Q(Xa 2)g(Y, W) = g(X, Z)n(Y )n(W) — g(Y,W)n(X)n(Z)
—9(Y, Z2)g(X, W) + g(Y, Z)n(X)n(W) + g(X, W)n(Y)n(Z)}

Let {e;:i=1,2,---,2n+ 1} be an orthonormal basis of the tangent space at any point of
the manifold. Putting X =W = ¢; in (3.14) and taking summation over i, 1 <i < 2n+ 1, we
get

0 = @n—=1f{g(Y,2) =n(YV)n(2)} + fo{39(Y, 02) — g(¢Y, Z)Tr¢}
~(2n = 1) fag(hY, 2) + s [-2(n = )S(Y, 2) = S(Z,n(Y)

+{2n(2n = 1)(fr = f3) + rin(Y)n(2) = S(Y,E)n(2)

Henn = 1)(f1 = f3) = r}al¥. 2)] + s l0(Y.2) = (Y )n(2)]
Loln= 1)2*’22__]16)](% — Uy, 2) (3.10)
By using (2.3) and (2.14) we obtain
S(v.7) — [(2n? — 2n + 1) +n3£n1— Dfo—nfs+ 1]g(Y, 2)
+ [n(?’ B 2n)f3 _7{1__13(” B 1)f2 - 1]77(Y)77(Z)
(fa— f6)(2n — 1)
+ 2(;_ ) g(hY, Z). (3.11)
Assuming
o [(2n? —2n+1)+3(n—1)fo —nfs + 1]
n—1 ’
. (3 —2n)fs — f1 =3(n—1)f2 — 1]
B n—1 ’
_ (fa—fe)@n—1)
2(n—1) '
Hence we arrive at our proposed result. O

Theorem 3.3 If a (2n + 1)-dimensional generalized (k,u) space form M(f1, fa, f3, f1, f5, f6)
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satisfies the condition B(&, X).S = 0, then the scalar curvature is given by

r= 2n(f1 — f3)(2n + 1) - 2n(f4 — fg)(fl — f3— 1)[(27’L - 1)f4 — fﬁ] (312)

Proof Let M(f1, f2, f3, fa, [5, f6) be a (2n + 1)-dimensional generalized (k, 1) space form.
we suppose that M satisfies the condition (B(¢, X).S)(U,V) = 0, where S is the Ricci tensor.
Then we get

S(B(,X)U,V)+S(U,B(&,X)V) =0. (3.13)

From equation (2.19) we can write after having few steps of calculations

B Y)Z = (i—fs Ho(Y, 2)6 = n(2)Y} + (fa — fo){g(hY, Z) —n(Z)hY'}

Tn-1
+z5559Mﬁ—ﬁMY—MYmmz
—[9(Y, Z) — n(Y)n(Z)|Q&}. (3.14)

Similarly replacing Y with X and Z with U we obtain

BEX)U = (fi—fs Ho(X,U)E =n(U)X} + (fa — fo){g(hX,U)§ = n(U)hX}

-1
+ﬁ{2n(f1 — f3)[X = n(X)&n(U)
—[9(X,U) = n(X)n(U)]QE}. (3.15)

Putting equations (3.14), (3.15) in (3.13) and replacing V with £ we infer

0 = (fi—fs— —){2nlf ~ f5)g(X,U) = S(X, On(U))
MAZI8) (15(x.€) ~ 2n(fy — (X)) — 201 — F){(X,0) — ()]
F(— S = ) 20— fn(X () — S(X,0))

+n(f17__f3;)[5(X7 U) _ 2n(f1 — f3){g(X, U) - 77(55)77((])]

n—1

+(fa = fo){2n(f1 — f3)g(hX,U) — S(hX,U)}. (3.16)

Using equations (2.1), (2.2), (2.12) we obtain

S(X,U) =2n(f1 — f3)9(X,U) + é[(h = fo){2n(f1 — f3)9(hX,U) = S(hX,U)}],  (3.17)

where a = f1— f3— % Again taking the orthonormal frame field at any point of the manifold

and contracting over X and U we get from above equation

r=2n(f1— f3)(2n +1) = 2n(fs — f6)(f1 — f3 — D[(2n — 1) fs — fe]. (3.18)

Hence we get the result. O
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