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§1. Introduction

FEigenvalue problems that are formulated by modeling the real case into mathematical models
are very important in many fields such as quantum mechanics, control theory, vibration, heat
problems. Eigenvalues and eigenfunctions play an important role in the study of ordinary and
partial equations. However, in many real world problems, at least some of the parameters are
represented by fuzzy rather than crisp numbers. In this case, it is so important to develop
classical procedure to fuzzy procedure that would properly treat and find fuzzy eigenvalues and
fuzzy differential equations.

The methods used in the solution of fuzzy differential equations have been examined with
various studies (([1], [2], [5], [6], [7], [8], [9], [10], [11], [12], [13], [16]). Ome of the most well-known
definitions of difference and derivative for fuzzy set value functions was given by Hukuhara in
[10]. By using the H-derivative, Kaleva in [3] started to develop a theory for fuzzy differential
equations. Many works have been done by several authers in theoretical and applied fields for
fuzzy differential equations with the Hukuhara derivative (([6], [10], [11])). But in some cases
this approach suffers certain disadvantages since the diameter of the solutions is unbounded
as time t increases (([3], [12]). So here we use gH-difference and gH-derivative to solve FDE
under much less restrictive conditions [10]. Solution method of fuzzy boundary value problem

with crisp eigenvalue parameter has been studied in (([11], [16]). At first, Buckley found fuzzy
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eigenvalues for matrix containing fuzzy numbers [17]. After, Chiao has studied generalized
fuzzy eigenvalues [18].

In this paper we consider the two point fuzzy boundary value problem

d2
T da?
Li=Mi, x¢€l[ab] (1.1)
which satisfy the conditions
ay1i(a) = G0 (a) (1.2)
bi1i(b) = bt (b) (1.3)

where 51,82,31732 are pozitive fuzzy numbers, A>0 fuzzy parameter and u(z) positive fuzzy

function.

82. Notation and Preliminaries

In this section, we give some concepts and results besides the essential notations which will be
used throughout the paper.

Let @ be a fuzzy subset on R, i.e. a mapping & : R — [0, 1] associating with each real
number ¢ its grade of membership @(¢).

In this paper, the concept of fuzzy real numbers(fuzzy intervals) is considered in the sense
of Xiao and Zhu which is defined below:

Definition 2.1([14]) A fuzzy subset & on R is called a fuzzy real number (fuzzy intervals),

whose a—cut set is denoted by [Uly, i.e.,[u]q = {t : U(t) > a}, if it satisfies two azioms:

(N1) There exists r € R such that u(r) = 1.
(N2) For all 0 < a < 1, there exist real numbers —oco < u, < ub < 400 such that [u], is

equal to the closed interval [u,ul].

) o

The set of all fuzzy real numbers (fuzzy intervals) is denoted by F'(R). Fi (R), the family
of fuzzy sets of R whose a—cuts are nonempty compact subsets of R. If & € F' (R) and @(t) =0
whenever ¢ < 0, then @ is called a non-negative fuzzy real number and F* (R) denotes the set
of all non- negative fuzzy real numbers. For all u € F* (R) and each a € (0, 1], real number
u

o 18 positive.

The fuzzy real number 7 € F (R) defined by

1, t=r
0, t#r,

it follows that R can be embedded in F' (R), that is if 7 € (—o00,00), then 7 € F (R) satisfies
7(t) =0(t —r) and a—cut of 7 is given by [Fla = [r,7],a € (0,1].
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Definition 2.2([2]) An arbitrary fuzzy number in the parametric form is represented by an

ordered pair of functions (uy ,ug), 0 < a <1, which satisfy the following requirements:

(1) u, is bounded non-decreasing left continuous function on (0,1] and right- continuous
for a=0;

(i1) wu.t is bounded non-increasing left continuous function on (0,1] and right-continuous
for a=0;

(i79) vy <uy,, 0<a<1.

Definition 2.3([2]) For u,v € F (R), and A € R, the sum © ® v and the product A ® U are
defined by

[u®v]” [@* +p]* ={z+y:zec [y}, Vaecl01]
Nod® = Ao ={\:ze[@®), Vaelo1l.

Define D : F (R) x F (R) — R* U {0} by the equation

D('/U’\v i)\) = Sup {ma‘x[‘uaf - voj|7 ‘uojr - /Uojr”}
0<a<1

where [u]* = [u,,u. ], [0]* = [v, ,v,"]. Then it is easy to show that D is a metric in F (R).
Definition 2.4([9]) Let u,v € F (R). If there exist w € F (R) such that © = v & @, then @
is called the Hukuhara difference of u and v and it is denoted by w ©p V. If u O U exists, its
a—culs are

o] = [ug — vy s us —vs' ]

for a € [0,1].

Definition 2.5([10]) The generalized Hukuhara difference of two fuzzy numbers u,v € F (R) is
defined as follows

[0S, 7] =0 <

In terms of a-cuts we have

+

['/LL\ @g[—[ i)\]a = [mln {ua_ - ,Uoc_vua - 'Uoj_} , max {Ua_ — v +

a o Uy _’Uoj_}}

and if the H -difference exists, then U &, U = U Syn U; the conditions for the existence of
W=u64uveF(R) are

4 — oy~ gyt oyt
=u, —v, andw,  =u —v,,

(i) :

with w,~ increasing, w," decreasing,w, < w,

Tt oyt t oy oy~
(id) w, =Uu, —v, and w,” =u, — v, ,
with w,~ increasing, w," decreasing,w,” < w,"
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for all o € 10, 1].

Remark 2.1 Throughout the rest of this paper, we assume that @ ©,5 v € F (R) and
a—cut representation of fuzzy-valued function f : (a,b) — F (R) is expressed by [f (x)]" =

[(f5) @), (fF) (2)], = € (a,b) for each a € [0, 1].

Definition 2.6([10]) Let 2o € (a,b) and h be such that o + h € (a,b), then the gH-derivative
of a function f: (a,b) = F(R) at xg is defined as

fiu (xo) = lim f(zo+h) Sgu f(o)
g .

h—0 h (2.1)

If forr (w0) € F'(R) satisfying (2.1) exists, we say that f is generalized Hukuhara differentiable
(gH-differentiable for short) at xg.

Definition 2.7([10]) Let f : [a,b] — F(R) and xo € (a,b) with f; () and f} (x) both
differentiable at xq. We say that f is [( ) gH|-differentiable at xo if

(1) [f;H (xo)}a = H(fu_)/( x) } Yo € [0,1] and f is [(ii) — gH]|-differentiable
at xg if

(id) [f (@o))” = [{(F) @), (72) @) }], ¥a € [0,1].

Definition 2.8([4]) The second generalized Hukuhara derivative of a fuzzy function f : [a,b] —
F (R) at xq is defined as

Fyr () = lim f'(wo +h) hegH F!(wo)

J

if fom (v0) € F(R), we say that fgp (x) is generalized Hukuhara derivative at xq.
Also we say that f,y (z) is [(i) — gH| —differentiable at x¢ if

()" (o), ()" @o)| if f is 1)) — gH] — differentiable on. (a,b)
[(f;_)// (wo) , (fa_)// (xo)} , if f is [(it) — gH] — differentiable on (a,b)

fz/qH (.’130,0[) =
for all o € [0, 1] and that f; (x) is [(i1) — gH] —differentiable at xo if

o ) [(f(j‘)// (z0), (f)" (xo)} , if fis [(i) — gH] — differentiable on (a,b)
ii.gH (L0, ) = " " . . .. . .
" {(f*) (o), (f) (xo)} , if f s [(it) — gH] — differentiable on (a,b)

for all a € [0,1].
83. Solution Method of the Two Point Boundary Problem
In this section we concern with fuzzy eigenvalues and fuzzy eigenfunctions of two-point fuzzy

boundary value problems. To do this, at first we need to use fuzzy derivatives. So here we use
gH-difference and gH-derivative [10]. For the solution of the problem, we apply the solution
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method of Titchmark using gH- derivative [15]. Here we accept pozitive fuzzy functions.
Definition 3.1 Let @ : [a,b] C R — F (R) be a fuzzy function and
@ (2 N)] = [ua (2202 ud (200, 08)]

be the a—cut representation of the fuzzy function u(z) for all x € [a,b] and « € [0,1]. If
the fuzzy differential equation (1.1) has the nontrivial solutions such that u; (z,\;,\l) # 0,

P o) T

ub (x, A\, A\L) # 0 and uy, and u} satisfy Definition 2.1 conditions, then X is fuzzy eigenvalue

of (1.1).

Consider the fuzzy eigenvalues of the fuzzy boundary value problem (1.1) — (1.3). Four
different solutions are obtained from this problem with generalized Hukuhara derivative as
follows.

— If wis (i) — gH differentiable and @’ is (i4) — gH differentiable then we say problem
(1.1) — (1.3) has (1) — solution.

— If wis (i) — gH differentiable and @’ is (i) — gH differentiable then we say problem
(1.1) — (1.3) has (2) — solution.

— If w and @ are (i) — gH differentiable then we say problem (1.1) — (1.3) has (3) —

solution.

— If @ and @ are (i) — gH differentiable then we say problem (1.1) — (1.3) has (4) —

solution.

For (1)- solution, using the o — cut sets and fuzzy arithmetic we get from (1.1) — (1.3) for
)" = aaad) = [0 (60)?). ki k> 0 thae

a? [} oo

= ()" @)= ()" @] = [k, (k1)) [ (@) ud (@) (3.1)

(@) (@)f] [uz (@), uf (@)] = [(a2)7,(a2)F] [(u2) (@), (ud) (@)] (3.2)
(b)) [ ®),ud )] = [G2) 2] [(w2) ®), () ®] . (3:3)

The general solution of the fuzzy differential equation (3.1) is

3(=.5)]" = [z (2.42) i (2.8)]

where

uy, (2,ky) = C1 (o, kg ) ur (2, kg ) + Co (a, k) ua (2, k)
ul (z,k%) = Cs (o, kY) uy (2, k%) + C (o, kT ) ug (2, kY) .

In view of the [19] the fuzzy problem

[ (w2)" @)= ()" @] = [(6)" (6D)°] [ (@), uf (@)] (3.4)
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[z (@) uf (@] = [(@);(a2)]]
(1) @) () @] = (@) (@] (3.5)

FIS (LX)}G for each x € [a,b] [20]. This solution

)
—
8

>)
N
Q
Il

has an unique fuzzy solution [

can be expressed as

@, (2, k) = Ciicos((ky)z)+ Crasin((k;)z)
oY (z,kf) = Cizcos((kl)x) + Crasin ((k1) z). (3.6)

and we write (3.5) initial conditions in (3.6) such that

L (a, k;) = C’ucos((k ) )—i—C’msm((k;) ) (a2),
(@;)I (a,kY) = — (k) Cusin((k3)a)+ (k3) Cizcos ((k3) a) = (a1), -

From the determinant of the coefficients matrix of the above linear system, we get C1; and
(12 such that

(a2),  sin((ky)a)

Cn =
cos (k) a) sin ((k;) a)
— (kg)sin((k5)a) (kg)cos((ky)a)
B ) ~sin((k) a)
= (a2) cos((ka)a)—(al)a (k;)
cos (kg ) a) (a2),
= (ky) sin((ky)a) (a1),
Ciz = (3.7)
cos ((k)a) sin (k) a)
— (kg)sin((kg)a)  (ky)cos((ky)a)
_ cos((k;)a)

= (az)g sin((kq) a) = (@), - — =5

Substituting this (3.7) coefficients the above equations in (3.6), the general solution is

obtained as

o, (z,ky) = (((lz) cos ((ky)a) — (a1), 'sin E(ka) a)) cos ((k3) z)

+ ((az) sin (k) a) + (a1) ‘W) sin((k7)z).  (38)
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Similarly we find ®7 (z,k}) as

o (2. kt) = ((ag):cos (k) a) - ()t W) cos (k) )

+ cos ((k3) a)

+ ((ag): sin (k1) a) + (a1), (kf{)) sin (k1) z) . (3.9

Again in view of the [19] the fuzzy differential equation (3.4) has an unique fuzzy solution
o~ « ~ (e}
[ﬂ (ac, )\)] = [)A( (:c, )\)] satisfying the initial conditions

[z ), uf 0] = |62 (62)] (3.10)

—
—~
IS
Q|
~—
—
=
~
—~
IS
R+
~—
—
=
~
[ S
|

[CYNCN
for each z € [a,b] [20]. This solution can be expressed as
X (e.k7) = Covcos (k7)) + Coasin ((k7) 2) (3.11)
X (2kD) = Caeos (k) 2) + Coasin (k) x)
and we write (3.10) initial conditions in (3.11) such that
X bk k) = Cancos (ki) b) + Caasin ((k3) 1) = (ba);
(Xa) (bkg k3) = —(ky) Corsin (k) b) + (ks ) Cazcos ((ky) a) = (b)) -

From the determinant of the coefficients matrix of the above linear system, we get Cs; and
(59 such that

Ca =
cos ((kg ) b) sin ((k5) b)
— (kg ) sin (k) b)  (kg)cos (kg )b)
P (L)L)
= (b2), cos ((k5)b) — (b1), k) (3.12)
cos ((kq) b) (b2) o
— (kg )sin((kg)b)  (b1)y
Cor =
cos ((k;)b) sin (k) b)
— (kg)sin ((k5)b)  (ky)cos ((ky)b)
_cos((k;)a)

= (a2), sin ((ky)a) — (a1), W
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Substituting this (3.12) coefficients the above equations in (3.11), the general solution is
obtained as

_sin((k;)b)

G oks) = (e (@) - o, Y o 1)

" (<b2>; sin ((k7) 2) + (br); é,i’j”)) an((k7)e).  (313)

Similarly we find x7 (z, k)

k) = (e (0 - o 0D Yo (52)

+ <(b2); sin (k) 8) + (by) C"S((l(g) b)> sin((k3)a).  (3.14)

Then, from (3.8) — (3.9) and (3.13) — (3.14) we find Wronskian function as
W@ xa) (k) = g (2.k) (@) (2. k3) = xa (2,ka) (23)" (2, k3)

= ((t02)z 0017 = @) b7 ) cos (k) (= 1))

- ((m) (as) (b + ”(k(’;)) sin (k) (a — b))

and similarly, we have
W(ed xa) (2, k) = @F (2.ke, k) (&) (2, k5 ky) = xa (ke k) (22) (2, kg k2)

= (((a2) ®0)F = (@) B2 cos (k) (a = 1))
)+

(0 i 0+ B i 012 00
o) (az), (b2), () sin ((k1) (a

For (2)- solution, we get from (1.1) — (1.3) that
[ (1) @)= ()" @] = [(6)" (61)°] [ (@), (@)]

(@) (@] [z (@), uf (@)
(b)) ] Tz (8) i ()]

Il
[
—
<

N
~
Q|
—

)

N
S~—
Q

—

[ —
—
£

QR+
SN—
—

S
~
—

£

R
SN—
—

S
~
—_

(b)) ]| [ () (). () )] -

From (1) — solution similarly we find [Ef) (x, X)} and [)? (m,X)} solution functions such
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that

P, (2, ky) = <(a2)a cos ((k3) a) — (al); 'sin (kg ) a)> cos ((k3) z)

OF (kb)) = <<a2>j; cos (k) a) — (a1)- '”"Ea

+ g + kd)a) - +
+ | (a2)y sin (k1) a) + (a1), (k) sin (k1) z) . (3.15)
and

v (e kD) = ((b2>acos(<k;)b)_(b1); Siné/f))b) cos ((k2) )

+ cos (k7))

(s ()9 07 000 ) ).

vt (e k) = ((bz);cos((kg)b) (bl)mé%)b) cos (k) )
+<(b2);sm((k;)b) (b1)> COS((;;;)b)>sm((k;)x) (3.16)

Then, from (3.15) and (3.16) we find Wronskian function as

W (P, xa) (2, k) = @4 (2.ky) (o) (2.ky) — xa (z,ky) (5) (2, k)
= ((a2)y (40 = (@) (b)) cos ((k7) (a =)

+ o+
- ((k;) (az) (ba)7 + (”l;)> sin (k) (a — b))

(k
and
W(@Q’Xa)(kag) - @;(m,ka,k:{)( )(w,ka,k;r) (kaa,ki)(cp;r) (x,ka,k;r)
= (((e2) - () )cos<<kz> (a—1))
(a1)y (b1)y \
- ((km o O+ e () ()

For (3)- solution, we get

- @) @), = ()" @)

(3.17)

|
L —
—
5
R
~—
no
—
oy
+
SN—
N
—_—
IS
Q|
—~
8
S~—
IS
R+
—~
8
=
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(b)) ] [ @)l )] = [G2)s )] [(wa) @) () )]

Using fuzzy arithmetic, fuzzy differential equation (3.17) conversions to the linear system

of differential equations such that

The general solution of this linear system is

(e 3)]" = [ ok 02 (o )]

where
ug (2,k5, k) = —Cycosh (kg /ﬁ) o= Cysinh (kg k1) 2
+Cycos (kg k)? 4 2Cysin (ky k) 2,
ul (z,ky,kY) = Cicosh(k; k+)1/ z + Cosinh (k3 k+)1/2
+C'5 cos (k;ki)lm x4 Cysin (k, k+)1/2

From (1)— solution similarly we find {ff (9:, X)} : and {5{ (9:, X)} : solution functions such
that

o, (x,ka,k;r) = < k k+ 1/2>COSh k k+ "
(2 ko k+ 1/2>Slnh k k:* 1/2
+<2 ky k:+ 1/2>COS k k+ 1/2
+(2(kak;r)l/2>51n(k k+)1/2 ’
oF (o, ko kY) (2(;‘;)/> cosh (k= k)2
’ <2 (ki{ym) sinh (k; k+>1/2
" (W) cos (k k+)1/2
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and
+
va (ko k) = ( : Ca+)1/2>cosh(kak;)1/2
2 (ko kd
+
— Da sinh (k_k+)1/2
2 (kakd)'? o
+ Co cos (k;k;r) 1/2
2 (kakd)'”
-
+ = Sin(lf;k;')l/2 ,
2 (ko kd)'?
+
W (ko k) = ((Caw> cosh (k; k)
2 (ka kd
+
+ ((DO;)W> sinh (kg k)%
2 (ko kd
: (2 (k‘cki)l/2> cos k) e
+ Do sin(k;kz[)l/zx, (3.19)
2 (kakd)'”
where,
AL = ((ag):f(ag);) (k;ki)l/gcosh(k;kz)lma
—((a1)} = (a1)7) (ka k)" sinh (k3 k)2 a,
Az = (@) +(a2)7) (kakd) P cos (kkd) ' a
— (@)} + (a1)7) (ka k)" sin (k3 k5) " a,
Bf = ((a2)f = (a2)7) (ka k) sinh (ki k)% a
— ()} = (a1)7) (ka k)% cosh (ka k)2 a,
By = ((a2)f + (a2);) (ka k) sin (ky k) a
— (@)} + (a)y) (b k)" cos (ko ki) a,
CHo= ((ba)F = (b2)7) (ka k) * cosh (kx k)% b
— (b))} = (b)) (ki kD) sinh (b k5) %,
Co = ((b2)F + (b2)7) (ka ki) "? cos (b k)b
—(b)F + (b)) (ke k)P sin (ki k)b,
Df = ((b2)f — (b)) (kb)Y sinh (ks k)% b
— (b)) = 1)) (ks kD)% cosh (kg kD),
((br)f = (b)) (
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1/2

Di = ((b2)f + (b)) (kak)sinm (ko k)b
—((b)F + (01)7) (ka kD) cos (ki kD)2 b.
Then, from (3.18) and (3.19) we find Wronskian function as
W (., xa) (2, ke kE) = @5 (ke k) (xa) (2. ko k) — xa (z. ko k) (20) (2, ke kL)
W(®5,xd) (v, ka kd) = ©F (z,k3 k) () (2, ke kd) — x& (z ko kL) (@0) (2, ko k)

In these equations k, and k] are in the product case. So we can’t find &k, and &k values
separately satisfying the equations such that

W (P, xa) (zky kL) = 0,
W (L, x3) (. ky kL) = 0. (3.20)

Since we can’t find A eigenvalue of (3.17) problem, there is no fuzzy solution for 3-solution.

Similarly there is no fuzzy solution for (4)-solution.

In this case for (1.1) — (1.3) fuzzy problem (1) — solution and (2) — solution methods can
be applied but (3) —solution and (4) —solution methods cannot be applied.
Theorem 3.1([11]) The Wronskian functions W (®_,, x5, ) (z, k., k}) and W (1, x ) (z, k,,, k)
are independent of variable x for x € (a,b), where functions ®,x,,,®L, xd are the solution of
the fuzzy boundary value problem (1.1) — (1.3) and it is show that

W (N)]" = W (ke kd) Wt (kg k)] (3.21)

for all o € [0,1].

Theorem 3.2([11]) The fuzzy eigenvalues of the fuzzy boundary value problem (1.1)-(1.3) if
and only if consist of the zeros of functions W, (k5 , k) and Wt (k,,k}) .

o) o (e

Example 3.1 Consider the two point fuzzy boundary problem

-u" =X u, z€l0,1], (3.22)
14 (0) = 20 (0), (3.23)
a(1) =0, (3.24)

where [1]* = [o,2 — a],[2]" = [a+ 1,3 — o,
and u(x) is positive solution functions. For (1)—solution ,using the a—cut sets and fuzzy
arithmetic we get from (3.22) — (3.24)

[ (1) @)= ()" @] = (k)" (6D)°] [ (@), (@)] (3.25)

—

A" = aad] = [k 0)?), kg kit > 0

o) o
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[ug (1), ug ()] = 0. (3.27)

—~ o~ «
Let {CD (w, A)] be a solution which is satisfying

[uz (0),uf (0)] = [a+1,3—al, [(u;)’ 0), (ut)’ (o)} = [0,2—a].

initial conditions of fuzzy differential equations (3.25). Then we find {&) (m,/)\\)} as

o5 (w,ky) = (a+1)cos((ky)z) + %sm (k7))
of (z,kf) = B-—a)cos((kl)z)+ 2(];{? sin ((k}) z) (3.28)

o~ (e}
initial conditions of fuzzy differential equations (3.25). Then we find {)? (m, A)] as

cos (k) sin (k)

Xo (.ks) = W““((k;)@—wcos((/@)fﬂ)
(k) = wsin((k;)x)_wcos((k;)x) (3.29)

From Theorem 3.2, fuzzy eigenvalues of the fuzzy problem (3.25) — (3.27) are zeros of the
functions W~ (k. , k1) and W, (k. ,kL). So we get

W, (k3) = (a+ 1) cos (k7)) + (k;’i)sm ((k3)) =0 (3.30)
+ () — + 2-a) . ) —
W, (k1) =B —a)cos ((k})) + D) sin ((k1)) =0 (3.31)

For each « € [0, 1], if the (k, ) and (k. )values satisfying (3.30) and (3.31) equations com-
pute with Matlab Program ,then eigenvalues of the fuzzy problem (3.25) — (3.27) are obtained.
So we show (k) values of (3.30) equation with (k). ,n =1,2.. in Table 1 such that

Table 1. (k) eigenvalues corresponding to «
ac[0,1] ko kT ky ks ki
a=0 1.5708 4.7124 7.8540 10.9956 14.1372
a=02 | 1.6703 4.7475 7.8751 11.0107 14.1489
a=0.5 | 1.7582 4.7820 7.8962 11.0258 14.1607
a=0.8 | 1.8114 4.8046 7.9101 11.0358 14.1685
a=1 1.8366 4.8158 7.9171 11.0408 14.1724
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and (k) values of (3.31) with (k,,)" ,n =1,2--- in Table 2 such that

o ?

Table 2. (k) eigenvalues corresponding to o
ael0,1] | ke kf ki kT kf
a=0 1.9071 4.8490 7.9378 11.0558 14.1841
a=02 | 1.8975 4.8443 7.9348 11.0537 14.1825
a=05 | 1.8798 4.8358 7.9295 11.0498 14.1795
a=08 | 1.8566 4.8250 7.9227 11.0449 14.1756
a=1 1.8366 4.8158 7.9171 11.0408 14.1724

When Table 1 and Table 2 are examined, it is Seen that the eigenvalues provided the
fuzzy conditions from Definition 3.2. In this case [X} = [\, A\ = [(k;)Z ,(K1)?| are fuzzy

eigenvalues of fuzzy problem (3.25) — (3.27) for (1)—solution. So if we write (k,), and (k)
eigenvalues in (3.28) and (3.29), then [%n (a:,/)\\)} and [Qn (x,;\\ﬂ are

[0 (2 0)]" = @0z (20602 ) @05 (o ()]

(a+ 1) cos ((kn); :c) + %sin ((kn); w) , (3.32)

and

[SC\n (x’}\‘)]o‘ = [(Xn); (ma (kn);) v(Xn)Z (xa (kn)z)}
k

- cos(g%)“) sin (k) ) - Sm(ki;);) cos ((kn); 7). (3:33)
cos (kn)l— sin (kn)a
én): b (k)i ) - <§<n>; e ()7 )

To define a valid a—cut set of {‘/13,1 (m,X)} and [)?n (m,X)} functions, the conditions

8(‘1)11); >0, 8((1)71): <0 and (,); < (q)n)+ (3.34)
O Oa “ “
9 (Xn)y >0 8(Xn): <0 and (xa), < (Xn)z (3.35)

da — 7 Oa
must be satisfied for all o € [0,1] .
~ «
Then for all « € [0,1], (3.32) and (3.33) are the eigenfunctions corresponding to [An} =

~ (e}
[kn} eigenvalues and they must satisfy (3.34) and (3.35) equations. Consider that eigenvalues
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o~ o~ (o3 o~ «
of [@n (x, A)] and [5(\” (ac, )\)] eigenfunctions depend on a— cut set. So if we change a, then

this eigenvalues change and eigenfunctions corresponding to h) change.

In particular, we select (ka)g, = 7.8751 in Table 1 and (ks)g, = 7.9348 in Table 1. for

a = 0.2. If we substitute this values respectively in (3.32) and (3.33), we have the following
figures.

; A4
. Tand 7

0,15
o @
o F e
005
=
5 0 o
005 F @ '
@
o1 b 7 1
-
a1 | i i i i i i
il 0.1 0z 0.3 04 0.5 .6 0.7 e 184 I

X

Figure 2 & (z, k) and U (z, k).

From Definition 3.2, we see [(f)n (az, X)} represent a valid fuzzy number for € [0,0.202]

and z € [0.6063,1] in Figure 1 and we see {5(\” (w,j\\)] represent a valid fuzzy number for
x € [0.434,0.601] in Figure 2.
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For (2)—solution, we get from (3.22)-(3.24)

= ()" @)= (@) @] = (k) (6] [z @), @], (3.36)
(0,2 = ] [u (0),uf (0)] = [a+1,3-a] [(w}) (0), () (O], (3.37)
[ug (1), u (1)] =0. (3.38)

Let [@ (x,X)} be a solution which is satisfying
[ug (0),uf (0)] =[a+1,3—q]

(@) 0, (1) )] = [0:2~a].

—~ ~ «
initial conditions of fuzzy differential equations (3.36). Then we find {@ (IE, )\)} as

P, (z,ky) = (a+1)cos((ky)z)+ (k;;(;sin (k7)) z)
of (2, k) = (B—a)cos((k})z)+ (kC;) sin ((k1) z) (3.39)

Similarly {)? (m, X)} be a solution which is satisfying

[uz (1), ud (D] = 0
(@) @, (w2) ] = 1

k) = Clekain () 2) - TE s () ) (3.40)
(kD) = Cofkg“)msm((kg)x)_Si?kgff)cos((ka)x)

From Theorem 3.2, fuzzy eigenvalues of the fuzzy problem (3.36) — (3.38) are zeros of the
functions W~ (k. , k1) and Wt (k. ,k1). So we get

W (k) = (a+ 1) cos (k7)) + (Q(k‘a;‘) sin ((k3)) = 0 (3.41)
Wt (k) = (3 —a)cos (k) + (;;‘t) sin ((k1)) =0 (3.42)

For each « € [0, 1], if the (k) and (k] )values satisfying (3.41) and (3.42) equations com-
pute with Matlab Program ,then eigenvalues of the fuzzy problem (3.36) — (3.38) are obtained.
So we show (k) values of (3.41) equation with (k,), ,n =1,2--- in Table 3 such that
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Table 3. (k) eigenvalues corresponding to «
a0, | k5 ki ky ky ky
a=20 2.2889 5.0870 8.0962 11.1727 14.2764
a=0.2 | 21746 5.0036 8.0385 11.1295 14.2421
a=0.>5 | 20288 4.9131 7.9787 11.0855 14.2074
a=0.8 | 1.9071 4.8490 7.9378 11.0558 14.1841
a=1 1.8366 4.8158 7.9171 11.0408 14.1724

and (k) values of (3.31) with (k,) ,n =1,2--- in Table 4 such that

o ?

Table 4. (k) eigenvalues corresponding to o
ael0,1] | ke ki ks ki kf
a=0 1.5708 4.7124 7.8540 10.9956 14.1372
a=02 | 1.6150 4.7275 7.8631 11.0021 14.1422
a=05 | 1.6887 4.7544 7.8794 11.0137 14.1513
a=08 | 1.7731 4.7882 7.9000 11.0285 14.1628
a=1 1.8366 4.8158 7.9171 11.0408 14.1724

When Table 3 and Table 4 are examined, it is seen that the eigenvalues didan’t provide the
fuzzy condition which is (kn)> < (kn)? from Defination 3.2. In this case m = Ao, A =
[(k;)z , (k(f)ﬂ are not fuzzy eigenvalues of fuzzy problem (3.36) — (3.38) for (2)-solution.So we
can not write (k,),, and (k,)’ eigenvalues for [(5 (z,X)} and [)? (a:,X)} functions.

For (3)—solution, we get from (3.22)-(3.24)

= @) @), = (w2)" @] = [k)" (k)] [z (@) uf (@) (3.43)
(0,2 = a] [ug (0),ud (0)] = [@+1,3—q] [(uz)’ (0), (ug)’ (0)} (3.44)
[ug (1), uf (1)] =0. (3.45)

Using fuzzy arithmetic, fuzzy differential equation (3.43) conversions to the linear system

of differential equations such that

() = 0

)Qu;' (x) = 0.

«

~ A~ o~ [0}
If we solve this linear system we find [CD (x, )\)] and {)? (IE, )\)} solution functions such
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that
_ _ _ -1 . _an1/2
o, (v, k,,kI) = —(1—a)cosh((k k' Y2y —Lsmh k k x
(o b ) () e) = = s (08 )
v2cos ((ksk?) 2 a) + (1+)1/2 sin ((kz k)" )
ka ke
®f (v,ky,kr) = (1—a)cosh ((k;kg)”2 33) + ((a—+)11)/2 sinh ((k;kg)m 33)
ko ka
+2 cos ((k;kl’)lm m) + W sin ((k;kl’)lm m) (3.46)
and
_ _ sin (k k:g)l/Z _ /2
Xa (x,ka,k:) = 7W COS <(ka ki’)l l')
cos (ks k)2 N 1/2
(k‘k+)l/2 sin ((ka k;’) )
n _ o sin (k;k;[)l/2 L n1/2
Xa (v, kg ky) = WCOS ((ka kL) x)
cos (kz k)? L 1/2
—‘rm S ((ka ka) .’Ii) . (347)

When we write (3.46) and (3.47) functions in the Wronskian functions, we see that k,, and k}
are in the product case. Since we can’t find eigenvalue of fuzzy problem(3.43)-(3.45), there is
no fuzzy solution for 3-solution.

Similarly there is no fuzzy solution for 4-solution.

84. Conclusions

The eigenvalue parameter X in the fuzzy boundary value problem was considered fuzzy param-
eter. Solution of the problem was examined by using generalized Hukuhara differentiability
concept. The type of [gH]- differentiablity of the solution were discussed.

When solutions were analyzed by derivative type, there were (1)-solution and (2)-solution,

but (3)-solution and (4)-solution could not be obtained due to lack of fuzzy eigenvalues.
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