International J.Math. Combin. Vol.1-Vol.2(2025), 24-50

Enumeration the Number of Spanning Trees of the Sequence of Some

Families of Graphs That Have the Same Average Degree

S. N. Daoud!2*
1. Department of Mathematics, Faculty of Science, Taibah University, Al-Madinah 41411, Saudi Arabia
2. Department of Mathematics and Computer Sciences
Faculty of Science, Menoufia University, Shebin E1 Kom 32511, Egypt
Mohmmed Aljohani
Department of Mathematics and Computer Sciences

Faculty of Science, Menoufia University, Shebin E1 Kom 32511, Egypt

E-mail: salamadaoud@gmail.com, mhjohany@taibahu.edu.sa

Abstract: In mathematics one always tries to get new structures from given ones. This
also applies to the realm of graphs, where one can create many new graphs from a given set
of graphs. In this work, we compute the explicit formulas for the number of spanning trees
of sequences of families of graphs of the same average degree four by electrically equivalent
transformations and rules of weighted generating function. Finally, we compare the entropy

of our graphs with other studied graphs with average degree being four.
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§1. Introduction

Deriving closed formulae of the number of spanning trees for various graphs has attracted the

attention of a lot of researchers. The importance of this research line is in fact due to

(1) Solving some computationally hard problems such as the Steiner tree;

(2) Problem and traveling salesman problem [1];

(3) Counting the number of Eulerian circuits in a graph [2];

(4) Deriving formulas for different type of graphs can be helpful in identifying those graphs

that contain the maximum number of spanning trees.

Such an investigation has practical consequences related to network reliability [5,6]. The
number of spanning trees 7(G) of a finite connected undirected graph G is an acyclic (n — 1)
- edge spanning subgraph. There exist various methods for finding this number. Kirchhoff [7]
gave the famous matrix tree theorem: if D is the diagonal matrix of the degrees of G and A
denote the adjacency matrix of G, Kirchhoff matrix L = D — A has all of its cofactors equal

to 7(G). Another method to count the complexity of a graph is using Laplacian eigenvalues.
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Let G be a connected graph with k vertices. Kelmans and Chelnoknov [8] derived the following

formula
=
G) = — iy
7(G) = ¢ };[1 u

where k = 1 > us > ... > ux = 0 are the eigenvalues of the Kirchhoff matrix L.

The degeneration of the graph through successive elimination of contraction of its edges
represent the core of another way to compute the complexity of a graph [9]. If G = (V, E) is a
multigraph with e € E, then G.e is the graph obtained from G by contracting the degree until
its endpoints are a single vertex. The formula for computing the number of spanning trees of
a multigraph G is given by:

7(G) = 7(G—e)+71(G.€)

This formula is beautiful but not practically useful (grows exponentially with the size of
the graph-may be as many as 2/Z(%)| terms. For a summary of other results for calculating the

umber of the spanning trees of graphs, see [10].

82. Electrically Equivalent Transformations

Kirchhoff’s motivation was study of electrical networks: an edge-weighted graph can be regarded
as an electrical network, where weights are the conductance of the respective edges. The effect
conductance between two specific vertices x,y can be written as the quotient of (weighted)
number of spanning trees and the (weighted) number of so-called thickets, i.e., spanning forests
with exactly two components and property that each of the components contains precisely one
of the vertices z,y [11-13]. In the following, we list the effect of some simple transformations
on the number of spanning trees. Let H be an edge weighted graph, H' be the corresponding
electrically equivalent graph, 7(H) denotes the weighted number of spanning trees H.

(i) Parallel edges: If two parallel edges with conductances z and y in H are merged into
a single edge with conductances x + y in H', then 7 (H') = 7(H).
(ii) Serial edges: If two serial edges with conductances x and y in H are merged into a
zy

single edge with conductance 2% in H', then
T4y

1

T(H') = P

(H).

(#i1) A =Y transformation: If a triangle with conductances a,b and ¢ in H is changed into

an electrically equivalent star graph with conductances

ab + be + ca ab + be + ca ab + be + ca
T = , Y= and 2 = ——M8—
a b c
in H', then
ab + be + ca)?
T(HI)Z%T(H)

(iv) Y — A transformation: If a star graph with conductances x,y and z in H is changed
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into an electrically equivalent triangle with conductances

Yz az Ty

, b= and c= ————
r+y+z r+y+z r+y+z

in H', then
1

—7(H).
a+b+c7—( )

In this work, we compute the number of spanning trees of three sequences of graphs of

T(H') =

average degree four based on Tridiminished icosahedron graph we named it A,,, B,,,C, and D,

respectively.

§3. Number of Spanning Trees in the Sequences of A, Graph

Consider the sequence of graphs A, As, ..., A, constructed as shown in Figure 1. According
to this construction, the number of total vertices |V (A,)| and edges |E (A,)| are |V (A,)]
=9n —6 and |E (A,)] = 18n — 15, n = 1,2,---. The average degree of A,, is in the large n

limit which is 4.

4 4,

Figure 1. Some sequences of graph A,

Theorem 3.1 For any integer n > 1, the number of spanning trees in the sequence of the graph
A, is given by
2

25

n
——————| (1798 +481y14
1033+276v14) ( v ))

2
237 ((56 —17v12)(23 + 6v12)" + (23 — 6v14)" (56 + 17vﬁ)) (25(194 +53y14) +13 (

—na2
91875 (885 + 220 V14 — 13257 (1033 + 276V14) ")

Proof We use the electrically equivalent transformation to transform A; to A;_1. Figures
2 — 4 following illustrate the transformation process from As to A;.
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Sa, +1
3a, +1

Sa, +1
3a, +1

Figure 2
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Th+ T

4(5a,+1)°
(Ta,+1)(13a

24(5a+1)
255a +129a, +16 (13a, + 3)(#5a,+11) 255a +129a, +16

(13a,+3)(45a,+1

E4M \u\%—lf
T 3)(45a,+11)  (L3a, 4)(N

2550 +129a, +16
(13a,+3)(45a,+1D)
Hy

(13a,+3)(45a,+11)

(3a,+ D)(13a,

4(5a,+1)°
(Ta,+1)(13a

16(3a, +1)(3a,+1)°
(Ta,+D(13a,+3)(45a,+1

. 155a +129a, +16
(13, = )(45a,+11) ([3a,+ 3)(452,+11)

8(5a, +1)°
(13a, + 3)(45a,+11)

255a +129a, +16
(13a,+3)(452,+11)
H,

n

Figure 3



Enumeration the Number of Spanning Trees of the Sequence of Some Families of Graphs That Have the Same Average Degree 29

35a, +8

45a, +11
4, =Hy

Figure 4

Using the properties given in Section 2, we have the following transformations:

- 1 3
7 (H1) = 9as7 (A2), T (Hz) = 30y 1 J ™ (Hy),
(H)—M(H) (H)__M (Hs)
T 3) — 9(12 T 2), T 4) — a2(3a2+1) T 3)
[ 3a2+1 ° [ e ’
7 (Hs) = [M] 7 (Ha), T (Hg) = _7a2+1} 7 (Hs),
9 (5az + 1)°
™ (Hr) =7 (Hs), (M) = g, +( 1)2(13ai 37 ),
 [(3as + 1) (7az +1) (13a2 +3)]° B
T(H9) - |: (5a2+1) (45a2+11) T(H8)? T(Hlo) _T(H9)7
(13a2 + 3) (45a2 + 11)
Hyp) = H d7(A)=7(H).
7 (Hi1) 72(5a2+1)2 7 (Hio) and 7 (A1) = 7 (H11)
Combining these twelve transformations, we have
7 (Az) = 8 (45az + 11)° 7 (Ay) . (1)
Further
n n 2
7(An) = [[8(45a; +11)° 7 (A;) = 3 x 8" 'a} lH (45a; + 11)| (2)
i=2 =2
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where a;_1 = 4355a“if181 ,i=2,3,...,n. Its characteristic equation is 45A%2 — 24\ — 8 = 0, which

4-2V14
- 15

have two roots
4+2vV14
5

A and Ao =

Subtracting these two roots into both sides of a;_; = 4355;’;"181, we get

4—-2v/14  35a; +8 4—2v/14 a; — 4=2/14
aj—1 — _ uES Vi = (23 +6V14) - ——10 (3)
15 45a; + 11 15 45a; + 11
44+2V14  35a; +8 4+2V14 a; — 2v14
a1 — = e Ll \ﬁ:(23—6\/ﬁ).710, (4)

o 4-2V14
Let b; = % Then by Egs. (3) and (4), we get b;—; = (W) b; and

25
1033+276y/14\ " "
b = (L0820, Therefore,

(033+276vT4\" " (44214 b _ 4=2V14
25 15 n 15

a; =

(1033-5—276\/14)”_1 b 1
25 n

Thus
n—1
2 (%ﬂ) (194 + 53v/14) — 13(4 — 2y/14)

n—1
3 (%) (177 + 44/14) — 195

Using the expression a,,—1 = 4355;1’le81

. (5)

and denoting the coefficients of 35a,, +8 and 45a,+11
as a,, and (3, we have

45a, + 11 = g (35a, + 8) + Bo (45a, + 11),

a1 (35a, + 8) + B (45a, + 11)
45a,,_ 11 = ,
an—1 + oo (35a,, + 8) + o (45a, + 11)
ag (35a, + 8) + B (45a, + 11)
45a, -5 + 11 =
et a1 (35a, + 8) + B (45a, + 11)’
ai (35a, + 8) + B; (45a, + 11)
45a,,_; + 11 = , 6
et G (3500 + 8) 1 B (5, 1 11) 6)
' 1 (4 11
U5y (i) + 11 = ait1 (35a, + 8) + Biy1 (45a, + 11) -

o; (35a, + 8) + f; (45a, +11)

Qp—2 (35a, + 8) + Bn—_2 (45a, + 11)

45a5 +11 =
a2+ n_3 (35 + 8) + B3 (45ay + 11)
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Substituting Eq.(6) into Eq.(2), we obtain
7 (An) =3 x 8" 'a? [an_2 (35an + 8) + Bn_2z (45a, + 11)]°. (8)

where ag = 0,89 = 1 and a7 = 45,3, = 11. By the expression a,,_1 = f’;%fﬁ and Egs. (6)

and (7), we have
ajp1 = 46a; — 250 _1; Biy1 = 468; — 2583;_1. 9)

The characteristic equation of Eq.(9) is p? — 46 + 25 = 0 which have two roots
41 =23 +6v14 and 12 =23 — 6V14.
The general solutions of Eq. (9) are
a; = crph + copy; By = daph + dapi.

Using the initial conditions ag = 0, Bp = 1 and oy = 45, 51 = 11, yields

1514 . 15y/14 ,
o = 55\((23%\/@)1— 55(((23—6\/@1;5z

_ (7 f) (23 4 6v/14)" + <7+1f> (23 - 6v/14)". (10)

If a,, = 1, it means that 4,, without any electrically equivalent transformation. Plugging
Eq. (10) into Eq.(8), we have

1 42114
7(A,) = 3x8"'a? l(W) (23 4 6/14)" 2

+<1568 5221f> (25 — 6V

2
n>2. (11)

When n = 1,7 (A;) = 3 which satisfies Eq.(11). Therefore, the number of spanning trees
in the sequence of the graph A, is given by

1 42114
R e [ [EREVE

2
+<1568 5221f> (23 — /Ty ] . 12)

where .
2 (%ﬁm) (194 + 53v/14) — 13(4 — 2/14)
ay = — L n>1. (13)
3 (7103352576@ ) (177 + 44y/T4) — 195

Inserting Eq. (13) into Eq.(12) we obtain the result. O
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84. Number of Spanning Trees in the Sequences of B, Graph

Consider the sequence of graphs By, Bs, ..., B, constructed shown in Figure 5. According to
this construction, the number of total vertices |V (B,,)| and edges |E (B,,)| are [V (B,,)| = 9n—6
and |E (B,)| = 18n — 15 for n =1,2,--- The average degree of B, is in the large n limit which

is 4.
AN

Figure 5. Some sequences of graph B,

Theorem 4.1 Forn > 1, the number of spanning trees in the sequence of B,, graph is given by

(41+ 3»-%}2“(?2*"-*{259 +19V185) + (1673 + 123v185) "(-2701+ 231v/185) — 2(1673 — 123v/185)" (1321233 + 9?139»-%})2

262848 (2271 (1673 + 123VT85) + (21 + VIB5)(1673 + 123V183) )

Proof We use the electrically equivalent transformation to transform B; to B;_;. Figures

6 — 8 illustrate the transformation process from Bs to Bj.

Figure 6
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81a,+47

5la,+47 81la,+47
6(9a, + 3 o T

8la,+47
6(0a, +5)

= HT

Figure 7
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8la, + 47
8la, + 47
6(9a, + 5 2 s _
(9a, + 5) 3la, +17 3, +17
) 18a, +10 18a, +10
2(Ga,+1)
3(9a, +5)
8la, + 47 3z, 17
6(9a, +5) 18a, +10
H, B,

Figure 8

Using the properties given in Section 2, we have the following transformations:
113
() = 5] @), r(Hy) = (H),

i) = [3] =, (Hy) = 7 (1),

T (H5) = (9&2 + 3)T(H4),

3
o) = s | ) ) =7 (2,
T (Hg) = %T (H;) and 7 (By) = 7 (Hg).

Combining these nine transformations, we have

7 (Ba) = 4 (18ay + 10)> 7 (By) . (14)
Further
n n 2
7(Bn) = [[4(18a; +10)* 7 (By) = 3 x 4" 'a} lH (18a; +10)| (15)
i=2 1=2
where a;_1 = ?;ZE(Y)’Z =2,3,---,n. Its characteristic equation is 18\? — 21\ — 17 = 0 which
have two roots
7—+185 7+ 185
AM=——— and g = ——.
12 12
Subtracting these two roots into both sides of a;_; = f’slaaiflloz, we get
7—+/185
ai — (T)

7- VIS5 3lai+17 7185
_ ot — (41 + 3V/185)

= — 1
12 18a; + 10 12 (16)

dim1 2 (18a; + 10)
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a — (7+\/185)
i 12

7T+ VIS5  3lay+17 T+ ISH
i _ oMt i — (41 — 3v/185)

i—1 — = — _ 17
di-1 12 18a; + 10 12 2 (18a; + 10) (17)
a; — T=/185
Let b; = —— 2. Then by Eqgs. (16) and (17), we get
_TE/Tss
1673 + 123/185 1673 + 123185\
bi1=———|b; and b= —————— b,.
8 8
Therefore )
(1673+122\/185)"71 (7+\/185) b _ T=/185
8 12 n 12
a; = n—it
16734123185
( : ) by — 1
Thus,
n—1
(1672123155 ) (83 4+ 7V/185) + 4(T — V/IS5)
a; = . (18)

n—1
3(1673—0—1823\/185) (21—&—\/@)4—48

Using the expression a,,_1 = i’ég"ﬂg and denoting the coefficients of 31a,,+17 and 18a,,+10

as ay, and f3,, we have

18a,, + 10 = ag (31an + 17) + Bo (18a,, + 10)

18a, | +10 = a1 (3lay, +17) + B1 (18ay, + 10)’
ag (3la, +17) + By (18a, + 10)
as (3lan +17) + B2 (18a, + 10)
18 n— + 10 = ’
n—2 a1 (31ay, +17) + B1 (184, + 10)
a; (3la, + 17) + B3; (18a, + 10)
18ap_; + 10 = 7 19
“ i1 (3lay +17) + iy (18an + 10) (19)
i+1 (31an + 17) + Biy1 (18ay + 10
18an_(i+1) + 10 _ Q41 ( a, + ) + ﬂ +1 ( an + ) (20)

a; (3la, +17) + B; (18a,, + 10) ’

an—2 (3lay +17) + Bn—2 (18a, + 10)
an_3(3la, +17) + B3 (18a, + 10)°

18as + 10 =
Substituting Eq.(19)into Eq.(15), we obtain

7 (Bn) =3 x 4" a2 [_s (3lay + 17) + Bu_z (18ay, + 10)]°. (21)
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where ag = 0,89 = 1 and a; = 18, 3; = 10. By the expression a,,_1 = 13815,:"—:_170 and Egs. (19)

and (20), we have

a1 = 4loy — 4oy,  Bipr =418 — 4B

Its characteristic equation is u? — 41u 4+ 4 = 0 which have two roots

_ 41+3V185 N _ 41-3V185
o 2 o 2

H1 nd g

and with the general solution
o = cipl +copb, B = dipl + dopdh.

Using the initial conditions ag = 0, 8p = 1 and oy = 18, 51 = 10, yields

(22)

_6VIS5 (4143185 6VIS5 (41-3VI85 )
‘185 2 185 2 ’

555 — 21v/185 \ (41 +3v185) (5554211185 \ [ 41 — 3185 \
Pi= 1110 2 + 1110 2 ' (23)

If a,, = 1, it means that BB,, without any electrically equivalent transformation.

Plugging Eq.(23) into Eq.(21), we have

T(Bn) =

—2
o | (518438185 [41+3VI85 )
3x4" a7l 37 5

(24)

n—2 2
518 — 38v/185 \ [ 41 — 3/185
+ 37 2 22

When n = 1,7 (B;1) = 3 which satisfies Eq.(24).
Therefore, the number of spanning trees in the sequence of Tridiminished icosahedron

graph is given by

n—2
518 + 38\/185> (41 i 3\/185>
37 2

7(B,) = 3x4" 'a} (

n—2 2
518 — 38+/185 41 — 3+/185
. V185 VISS) sy (25)
37 2
where
185 n—1
(%) (83 + 7v/185) + 4(7 — /185)
ay = , n> 1 (26)

n—1
3(1673+1823\/185) (21 + V/185) + 48

Inserting Eq.(26) into Eq.(25) we obtain the result. O



Enumeration the Number of Spanning Trees of the Sequence of Some Families of Graphs That Have the Same Average Degree 37

85. Number of Spanning Trees in the Sequences of C,, Graph

Consider the sequence of graphs Cy,Cs,...,C, constructed as shown in Figure 5. According to
this construction, the number of total vertices |V (C,)| and edges |E (Cy,,)| are [V (C,)| = 9n—6
and |E (Cp,)| = 18 for n—15,n = 1,2, --. The average degree of C,, is in the large n limit which
is 4.

‘-\—’,-(
R / \\. \\_f;_ f__,f ™,
PR / Y ‘\\ lr.r" __.f" \
/N / \Y/ \
/ \ / '\__"__/' \ /
G c,

Figure 9. Some sequences of Cy,

Theorem 5.1 Forn > 1, the number of spanning trees in the sequence of C, is given by

3 2 W 8
(s00+ 11\-'3?05]) (5681 - 933705+ (é(s?ls —614/3705) ) (s681+ 93\-'3?05)]

32-7(61 +v3705) (%(—45+ V3705) - %(é(s?n— 61\-'3?[]5))

61009(1 + 5 2 {131+ V3705)(3713 + 61\-'3?05)""]2

Proof We use the electrically equivalent transformation to transform C; to C;_;. Figures
10 — 12 illustrate the transformation process from Cs to C;.

Pt
Ve / (BN \
rd Fi ‘\ \\
1 ! / / \ \
/s / A Y N
1/ / AN
=/ / VA \ \
2 / AN !
{ VoSN 2
/'/ AN W
/ 1/ /N \I \,
4 Y Y
/ /'/ / \ \\ \\
/ / A \
A e .
N
v 1 LN/
\\\ / - \“\ \\ f/
N 1 /
N Ve
\‘ //
.
\"‘-‘ 1 //
—_—
H
'

Figure 10
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3(4a, +1)

3(4a, +1)
a, +1

3a, +

El
2

Figure 11
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SN

b | L

Ga, -4
3

2z

Figure 12

Using the properties given in section 2, we have the following transformations:

ran) = [1] ), r(Hy) = 7 (),

7 (Hy) = 9apT (H), T (Hy) = (3@; 1)27(113),
7 (Hs) = 25 (), v (Ho) = 7 (Hs),

) =0 (1) s, o =[St ),

- (Hy) = (15”) r(Hy), 7(C) =7 (Hy).

9 (40,2 + 1)
Combining these ten transformations, we have

7(C2) = 2(30az + 8)° 7 (C1) .
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Further
n n 2
7(Cp) = H 2(30a; +8)>7(C1) = 3 x 2" 'a? [H (30a; +8)| (28)
i=2 i=2
where a;_1 = 5330‘3;184,2' =2,3,---,n. Its characteristic equation is 30\? — 45\ — 14 = 0 which
have two roots
45 — /3705 45 + /3705
AM=———— and = ——-——.
60 60
Subtracting these two roots into both sides of a;_1 = 5330‘1(;;:_184, we get
45 — /3705  53a;+14 45— +/3705 ; — 253708
it — _ et e — (61 ++/3705)- L_60__ (99)
60 30a; + 8 60 2 (30a; + 8)
4543705  53a; +14 45+ /3705 ; — V3708
4 — = _owit i R — (61— /3705) L0 __ (30
60 30a; + 8 60 2 (30a; + 8)
a,; — 45—+/3705
Let b; = ——%==-Then by Eqgs. (29) and (30), we get
i 60
3713 + 61v/3705 3713 + 613705 \
by = [ 22TV and by = 22T 2RV
8 8
Therefore, '
(371:'ﬁ+61\/3705)"_Z (45+\/3705) b _ 45—V/3705
3 60 n 60
a; = -
37134613705 \
(),
Thus
(3713+61\/3705>"71 (600+11\/3705> i (457\/3705>
8 135 60 31)
a1 =

8

—1
3713+61/3705 \ 13143705 ) 4 1
116

Using the expression a,,_1 = % and denoting the coefficients of 53a,, +14 and 30a,, +8

as a,, and f3,, we have

30a, + 8 = ag (53a, + 14) + Bo (30a,, + 8)
a1 (53an + 14) + $130a, + 8)

30a,_1+8=
an-1+ oo (53ay, + 14) + Bo (30a, + 8)
0t 14 .
30a,_o + 8 = 22 (53an + 14) + B2 (30a, + 8)
a1 (53ay, + 14) + 51 (30a, + 8)
30a,_; + 8 = i (83an +14) + f; (30a, +8) -

a;—1 (53a, + 14) + Bi—1 (30a,, +8)’
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OG41 (53an + 14) + 67;4_1 (30(ln + 8)

30a_(; 8 = 33
On-(+1) + a; (53an + 14) + B; (30a, +8) (33)
n— n 14 n— n
300, + 8 = 2 (53ay, + 14) + 3,2 (30a, + 8)
n—3(53 + 14) + B3 (30a, + 8)
Substituting Eq.(31) into Eq.(28), we obtain
7 (Cn) = 3 x 2" a2 [an_2 (53an + 14) + Bn_2 (30a, + 8)]7, (34)

where ag = 0,89 = 1 and a; = 30,81 = 8. By the expression a,,_1 = 5330‘;21184 and Eqs. (32)
and (33), we have

a1 = 6loy — 41, Bip1 =615 —48;_1. (35)

The characteristic equation of Eq. (35) is u? — 61 + 4 = 0 which have two roots

_ 6143705 614 V/3705
- === ==

251 nd po

and the general solutions of Eq.(35) are
a; = ey + copth, By = dyph + dopih.

Substituting the initial conditions ag = 0,5y = 1 and a; = 30, 51 = 8, yields

%

)

L 2V3105 <61 + \/3705>l 2./3705 ( 61+ \/3705>
T 2 o247 2

3705 — 453705 \ [ 61+ 3705\ [ 3705 + 45v/3705 \ [ 61 — /3705 \
Bi= 7410 2 + 7410 2 - (36)

If a,, = 1, it means that C, without any electrically equivalent transformation. Plugging
Eq. (36) into Eq.(34), we have

n—2
4693 + 771«3705) (61 + \/3705>
247 2

7(C,) = 3x2"'a? (

(37)

n—2 2
4693 — 7713705 \ [ 61 — /3705
+ 247 2 yn22

When n = 1,7 (C;) = 3 which satisfies Eq. (37). Therefore, the number of spanning trees
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in the sequence of C,, graph is given by

n—2
nel 2 4693 4 7713705 61 + /3705
7(Cn) = 3x2" 'aj 547 5

n—2 2
4693 — 771+/3705 61 — /3705
+ , n>1, (38)
247 2
where
3713461v3705 "' ( 600+11/3705 45—+/3705
8 435 + 60
ay = p— ,n Z 1. (39)
37134+61+/3705 131++/3705
(pressme) () 1
Inserting Eq.(39) into Eq.(38) we obtain the result. O
§6. Number of Spanning Trees in the Sequences of D,, Graph
Consider the sequence of graphs Dy, D>, ..., D, constructed as shown in Figure 7. According

to this construction, the number of total vertices |V (D,,)| and edges |E (D,,)| are |V (D,,)| =
9n — 6 and |E (D,)| = 18n — 15, n =1,2,---. The average degree of D,, is in the large n limit

which is 4.
.A\
SN
/ N
/ N
y, N
y, N
/ ™,
/ AN
Vs N
\\
/ p
y, N
S ™,
y, N
y, N
/ AN
y, 3 N
VAR \ Vi
A /
N, /
/ N /
. M,
/ N
/M // '\
/ /
/ ! \ 4
/ / \ /
P rd & -
/- \ / y /,'
/ \ N\ “ /
/ / \ /
D, D
D, 2

Figure 13. Some sequences of D,

Theorem 6.1 Forn > 1, the number of spanning trees in the sequence of D, is given by

n

(59 ++3477) (???2""‘(50996+ 865/3477) + (3479 + 593477) (—7924083+ 129923+/3377) + B51(3479— 593477 (96594537 + 16381373477 |

]

16119372(~8512(3479 + 593477 ) + (2861 + 39v3477 )(3479 + 5f.h-'3:1??)“)Z

Proof We use the electrically equivalent transformation to transform D; to D;_;. Figure

14 — 16 illustrate the transformation process from Ds to D;.
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3(4a, +1)
L +1

Figure 14
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2(4a, +1)
18a,+5

2da, +1)

3la +3) 30114, +3)
8a;+5 18a,

3a, +1

18a, +5
4a,+1) 6(4a,
18a, @ +5
1
3a, +1 6(4a)+1) 3a, +1 1
18a, +5 185:_.? 18a, +5
1 1
H?
1 1
1la, +3
18a, +5

11a, +3
18a,+5

,

18a,+5 18a,+35
892,719 ’ 92,419

(11a, +3)

3(la,+3
69a,+19

69a,+19

18a, + 5
692,+19

Figure 15
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18a,+5
69a, +19,

2(11a,+3)

69a, +19

8a,+5

69a, +19 m
H,; Hy

69a, +19
Dl

Figure 16

Using the properties given in Section 2, we have the following transformations:

3

T(Hl) = 9&27’ (Dg), T(Hg) = |:3a2 T 1:| T(Hl),
r(Ha) = 225 (1), r(Hy) =7 (Hy)
ri) =9 (M) ey, ) = |t ),
() = 7 (Ho), (Hy) = g o ()
+ (Ho) = 7 (Hy), 7 (Hyp) = 9 (%) r (Ho),

18as +5 1°
7 (Hi1) = [69@2+19} 7 (Hio), 7 (Hy2) = 7 (H11),

69a> + 19

T(ng) = |:18(]_]_a2<k3):| T(ng), T(Dl) = T(ng).
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Combining these fourteen transformations, we have

7 (Dy) = 4(69ay + 19)° 7 (D) . (40)
Further
n n 2
(D) = [[4(69a; +19)* 7 (Dy) = 3 x 4"~ 'a} [H (69a; +19)| (41)
i=2 i=2
where 40a; + 11
a; .
1= ————1=2,3,...,n. 42
Gt 69a; + 197" " (42)
Its characteristic equation is 69A? — 21\ — 11 = 0 which have two roots
21 — /3477 21 + /3477
M=———and \g= ————.
138 138
Subtracting these two roots into both sides of a;_; = éggiﬁé, we get
21 — /3477 40a, + 11 21 — /3477 g — Aot
P _ La;i +11 = (59 V3T D_Om_ (43)
138 69a; + 19 138 2 (69a; + 19)
21 + /3477 40a; +11 21 ++/3477 , — 2Tt
a5 — _ Hai + — (59— V3ATT)- DI (yy)

138 T 69a;+19 138 2(69a; +19)
a; — 21=V3477
Let b; = 75— Then by Egs. (42) and (43), we get

138

3479 4+ 59+/3477 3479 + 593477 \
by = | 2 TOIVIRIE Ny nd by = (SR TOIVERIE)

2 2
Therefore,
3479+50v/3477 \ " (214 VBATT | §, _ 213477
2 138 n 138
a; = n—i
(3479+59\/3477) b —1
2 n
Thus,
1
3479+59+/3477 \ " 21274403477 \ _ ( 21—/3477
2 2553 138
a1 = (45)

-1
34794593477 " 28614393477\ _ 1
2 1702

Using the expression a,,_1 = éggf‘ﬁé and denoting the coefficients of 40a,,+11 and 69a,,+19

as ay,, and f3,, we have

69a, + 19 = ag (40a, + 11) + By (69a, + 19)
ay (40a, + 11) + By (69a,, + 19)
)

69 n— 19 = ’
n—1 o (40a,, + 11) + Bo (69a, + 19
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az (40ay + 11) + B2 (69a, + 19)
ay (40a, + 11) + By (69a,, + 19)°

69an—2 + 19 =

a; (40a,, + 11) + B; (69a,, + 19)
a;—1 (40a, +11) + 3,1 (69a,, + 19)’
Q41 (40an + 11) + B7+1(69 + 19)

a; (40a, + 11) + B; (69a,, + 19) ’

69ay,—; +19 =

69an_(i+1) +19 =

Qp—2 (40an + 11) + Bn—? (Ggan + 19)
an_3(40 +11) + B,_3 (69a,, + 19)

Substituting Eq.(45) into Eq.(41), we obtain

69as + 19 =

7 (Dn) = 3 x 4" a2 [ovp_2 (40ay, + 11) + Bn_s (69a, + 19)])°, (48)

where g = 0,89 = 1 and a1 = 69, 8; = 19. By the expression a,,_1 = ggznﬁé and Eqs. (45)
and (46), we have
Qi1 = 59q; — i1, Biv1 =596 — Bi—1

The characteristic equation of Eq.(48) is u? — 59u + 1 = 0 which have two roots

59+ /3477
e e

nd /i

59 + /3477
p=———— a

and the general solutions of Eq.(48) are
a; = crpil + copth, By = dapii + dapth.

Substituting the initial conditions ag = 0,5y = 1 and a3 = 69, 81 = 19, yields

233477 (504 VBT " 23vB3ATT (59— VBATT\
YT 1159 2 1159 2 ’

1159 — 73/3477\ (59 + 3477\ (1159 + 73477\ (59 — /3477 \
Bi = 2318 2 + 2318 2 - (49)

If a,, = 1, it means that D,, without any electrically equivalent transformation. Plugging
Eq. (49) into Eq.(47), we have

n—2
50996 + 865\/3477> (59 + \/3477>
1159 9

7(D,) = 3x4"'a} (

(50)

n—2 2
50996 — 865+/3477 \ [ 59 — /3477
+ 1159 2 m22
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When n = 1,7 (D1) = 3 which satisfies Eq.(50). Therefore the number of spanning trees
in the sequence of D,, graph is given by

n—2
g gty (50996 + 865\/3477> (59 + \/3477>

D =
7(Dn) 1 1159 2
n—2 2
50996 — 8653477 59 — /3477
i >, (51)
1159 2
where
(3479+59\/3477>"71 (2127+4o\/3477) _ (217\/3477>
2 2553 138
ay = — n>1 (52)
(3479+59\/3477) (2861+39\/3477) _1
2 1702
Inserting Eq.(52) into Eq.(51) we obtain the result. O

87. Numerical Results

Table 1. illustrates some values of the number of spanning trees in the graphs A,,, B,,Cy, and D,,.

n 7 (Ap) 7 (Br) 7(Cn) 7(Dy)

1 3 3 3 3

2 44376 27648 26934 31212

3 732328128 185150208 200050668 434307072

4 12101944579584 1239020203008 1485574848600 6043816558272

5 199991606950244352 8291475833499648 11031866024955312 84105744275374848

6 3304977193903255289856 55486239089142448128 81922542024547792224 1170415440635048951808

88. Spanning Tree Entropy

After having explicit Formulas for the number of spanning trees of the sequence of the three
families of graphs A, B,,C, and D,, we can calculate its spanning tree entropy Z which is a
finite number and a very interesting quantity characterizing the network structure, defined as
in [14] as

For a graph G,

B In7(G)
2(6) = lim e

and particularly,
1
Z(A,) = 5(111[8] +21n[23 + 6v14]) = 1.07918497,

2
Z (By) = 9 In[41 + 3v/185] = 0.9787402606,
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~ TIn[2]
9

2
Z(Cp) — 5 In[61 — V/3705] = 09903046082,

2
Z(Dy) = 5 In[59 + v/3477) = 1060088273

Now we compare the value of entropy in our graphs with other graphs. It is clear that the
entropy of the A,, graph is larger than the other three graphs and the entropy of the B,, graph
is smaller than the other three graphs. In addition the entropy of graphs A,, and D, is larger
than the fractal scale free lattice [15] which has the entropy 1.040 and the entropy of all four
graphs is smaller than two dimensional Sierpinski gasket [16] which has the entropy 1.166 of

the same average degree 4.

89. Conclusions

In this work, we enumerate the number of spanning trees in the sequences of three sequences
of graphs of average degree four based on using electrically equivalent transformations. An
advantage of this method lies in the avoidance of laborious computation of Laplacian spectra

that is needed for a generic method for determining spanning trees.
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