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Abstract: A function f is called a F-root square mean labeling of a graph G(V, E) with
p vertices and ¢ edges if f: V(G) — {1,2,3,...,¢+ 1} is injective and the induced function

[ defined as
" u)? + f(v)?
f(w):{ f(w) 2f()J

for all wv € E(Q), is bijective. A graph that admits a F-root square mean labeling is called
a F-root square mean graph. In this paper, we study the F-root square meanness of the
path P,, the graph P, o Sy, the graph P, o K3, the graph TW (P,), the graph [P,; Sn], the
graph S(P, o K1), the graph M(P,), the graph T(P,), the graph P2, the ladder graph L,
and the slanting ladder graph SL,.
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [3]. For a
detailed survey on graph labeling, we refer [2].

Path on n vertices is denoted by P,. A star graph S, is the complete bipartite graph Kj ;.
The graph G o Sy, is obtained from G by attaching m pendant vertices to each vertex of G. A
Twig TW(P,),n > 4 is a graph obtained from a path by attaching exactly two pendant vertices
to each internal vertices of the path P,. If vy) , vg) , véi), “ee ,Uf,?_i_l and uq, usg,us, - ,u, be the
vertices of i*" copy of the star graph S,,, and the path P, respectively, then the graph [P,; S,,]
is obtained from n copies of S, and the path P, by joining u; with the central vertex vy) of
the i*" copy of S,, by means of an edge, for 1 <i < n.

A subdivision of a graph G, denoted by S(G), is a graph obtained by subdividing edge of
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G by a vertex.

The middle graph M (G) of a graph G is the graph whose vertex set is {v: v € V(G)}U{e :
e € E(G)} and the edge set is {eje2 : e1,e2 € E(G) and e; and ey are adjacent edges of
G}U{ve:v € V(G),e € E(G) and e is incident with v}. The total graph T'(G) of a graph G is
the graph whose vertex set is V(G) U E(G) and two vertices are adjacent if and only if either
they are adjacent vertices of G or adjacent edges of GG or one is a vertex of G and the other one
is an edge incident on it. Square of a graph G, denoted by G2, has the vertex set as in G and
two vertices are adjacent in G2 if they are at a distance either 1 or 2 apart in G. Let G; and G2
be any two graphs with p; and po vertices respectively. Then the Cartesian product G1 x Go
has p1ps vertices which are {(u,v) : u € G1,v € G2} and the edges are obtained as follows:
(u1,v1) and (ug,ve) are adjacent in Gy x Ga if either u; = ug and vy and vy are adjacent in Go
or u; and ug are adjacent in G; and vy = ve. A ladder graph L,, is the graph Py x P,.

The slanting ladder SL,, is a graph obtained from two paths w1, us, ..., u, and v, v, ..., v,
by joining each v;, with u;41,1 <7< n—1.

The concept of root square mean labeling was introduced and studied by S.S. Sandhya
et al. in [4,5]. Motivated by the works of so many authors in the area of graph labeling, we
introduce a new type of labeling called F-root square mean labeling.

A labeling f on a graph G(V, E) with p vertices and ¢ edges is called a Smarandache power
root mean labeling for an integer m > 1if f : V(G) — {1,2,3,---,q + 1} is injective and the
induced function f* defined by

meoz{mfww;fwa

is bijective for all uv € F(G). Particularly, if m = 1, such a Smarandache power root mean
labeling is nothing else but the mean labeling and m = 2 is called the F'-root square mean
labeling on graph G(V, E) with an injective f : V(G) — {1,2,3,---,¢ + 1} and an induced

bijective

for all uv € E(G). A graph that admits a F-root square mean labeling is called a F-root square
mean graph.

In [4], S.S. Sandhya et al. defined the root square mean labeling as follows:

A graph G(V, E) with p vertices and ¢ edges is said to be Root Square Mean graph if it
is possible to label the vertices x € V' with distinct labels f(z) from 1,2,3,---,¢+ 1 in such a

way that when each edge e = uv is labeled with

{ f@P+f@PW o { f@P+f@PJ
2 2 ’

then the edge labels are distinct. In this case f is called a root square mean labeling of G.

In the above definition, the readers will get some confusion in finding the edge labels which
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edge is assigned by flooring function and which edge is assigned by ceiling function. To avoid the

confusion of assigning the edge labels in their definition, we just consider the flooring function

{ f(u)? +f(v)2J
2

for our discussion. Based on our definition, a F-root square mean labeling of the graph K5 — e

is given in Figure 1.

1 2 4

Figure 1. A F-root square mean labeling of K4 — e.

In this paper, we study the F-root square meanness of the path P,, the graph P, o S,,,
the graph P, o Ko, the twig graph TW(P,), the graph [P,;S,,], the graph S(P, o K1), the
middle graph M(P,), the total graph T'(P,), the square graph P2, the ladder graph L,, and
the slanting ladder graph SL,,.

§2. Main Results

Theorem 2.1 FEvery path P, is a F-root square mean graph.

Proof Let vy,v9,v3, -+ , vy, be the vertices of the path P,. Define f : V(G) — {1,2,3,--- ,n}
as f(v;) =i, for 1 < i < n. Then the induced edge labeling is f*(v;v;41) =i, for 1 <i < n—1.
Hence f is a F-Root Square Mean labeling of path P,,. Thus the path P, is a F-root square

mean graph. a

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10 1

Figure 2. A F-root square mean labeling of P;.

Theorem 2.2 The graph P, oSy, is a F-root square mean graph for n > 1 and m < 4.
Proof Let vy,v2,vs3, -+ ,v, be the vertices of the path P, and ugi),ugi),ugi), e ,usy? be

the pendant vertices at each v;, for 1 <i <n.

Casel. m=1.
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Define f : V(P,051) — {1,2,3,---,2n} as follows

fvi)=2i—1, for 1 <i<n,

f (ugz)) =2, for1 <i<n.
Then the induced edge labeling is obtained as follows
[ (vivig1) = 2i, for 1 <i<n —1,
* (viu?)) —92 1, for1<i<n.
Case 2. m=2.

Define f : V(P, 0 S2) — {1,2,3,---,3n} as follows

f(vi)

(
/()
f (ug)) =3, for 1 <i<n.

3i—1, forl1 <i<n,
3i

-2, for1<i<n,

Then the induced edge labeling is obtained as follows
frivig1) =30, for 1 <i<n-—1,
fr (viugi)) =3i—2, for1 <i<mn,
fr (Umé“) =3i—1, for1 <i<n.
Case 3. m=3.

Define f: V(P, 0S3) — {1,2,3,--- ,4n} as follows

=47 —1, for 1 <i<n,
(uéz)) =44, for 1 <i<n.
Then the induced edge labeling is obtained as follows
frwivigr) =41, for 1 <i<mn-—1,
f( ):4i—3,f0r1§i§n,
fr (viugi)) =4i—2, for1 <i<n,
(o)

=4i—1, for 1 <i<n.
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Case 4. m =4.

Define f : V(P, 0 S4) — {1,2,3,---

flo1) =2
f (ug“) = 5i— 5,
7 (ud) =5i-3,
f (ug“) —5i—1,
.

for 2 <i <n,
for 2 <i <n,
for1 <i<n,

forl1 <i<n-—1, f(ufln)) = 5n.

,bn} as follows

7 (u8) =3,

Then the induced edge labeling is obtained as follows

ff(wivig1) =51, for 1 <i<n-1, f* (vlug)) =5i—4, for1 <i<n,

7 (

I (viuy)) =5i—1, for1<i<n.

, fv)=5i—2, for1<i<n, f(ugl)) =1,

Uiug)) =5i—3, for1<i<n, f* (Uzugl)) =5i—2, for1 <i<mn,

Hence, f is a F-root square mean labeling of the graph P, o S,,. Thus the graph P, o .S,,

is a F-root square mean graph for n > 1 and m < 4.

1 2 3

2 10 12
2 3 5 6 8 9 11
1/\2 4/\5 7A 10/\1
1 3 4 6 7 9 10 12

A A Ak

Figure 3. A F-root square mean labeling of Ps 0 Sy, Py oSy and P50 S3.

11 12 13 15

17 19

O
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A o

11 10 12 14 16 15 17 19

Figure 4. A F-root square mean labeling of Py o Sy.

Theorem 2.3 The graph P, o K2 is a F-root square mean graph for n > 1.

Proof Let vy,v3,vs3, -+ ,v, be the vertices of the path P, and uz(-l), uz(-2) be the vertices of
h copy of K5 attached with v;, for 1 <i <n.
Define f : V(P, o K3) — {1,2,3,--- ,4n} as follows

flo)=4i—2, for 1 <i<nmn,
f((l)) -3, for 1 <i<n,

f (ul(?)) =44, for 1 <i<n.
Then the induced edge labeling is obtained as follows

fr(wvipr) = 4i, for 1 <i<n-—1,

I (ugl)ug )) =47 -2, for1 <i<mn,
):4i—3, for 1 <i<n,

rr (u(-2)vi) =4i—1, for1 <i<n.

Hence f is a F-root square mean labeling of the graph P, o Ky. Thus the graph P, o Ko
is a F-root square mean graph for n > 1. O

AYASLE LAY A

9 10 12 13 14 16 417 18 20 21 22 24

Figure 5. A F-root square mean labeling of Ps o Ks.

Theorem 2.4 The twig graph TW (P,,) of the path P, is a F-root square mean graph for n > 4.
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Proof Let vy,vo,vs, -+ ,v, be the vertices of the path P, and ugl),ug) be the pendant

vertices at each vertex v;, for 2 < i <n — 1. Define f: V(TW(P,)) — {1,2,3,---,3n — 4} as
follows
flor) =1, flv2)=2, f(v;)=3i—3, for3<i<n-1,
f@ﬁ:&w%,f@f»:3,f@@):&—4ﬂm3§i§n—L

f(uéi)) =3i—2, for2<i<n-1.
Then the induced edge labeling is obtained as follows

f*(vlvwrl) =3i—2, for1<i<n-1,
f*( )—32 4, for2<i<n-1
fr (vzu2 ) =3i—3, for2<i<n-—1.
Hence f is a F-root square mean labeling of the graph TW (P,,). Thus the graph TW (P,,)

is a F-root square mean graph for n > 1. O

10 12 13 15 16 18 19 20

AR

10 11 13 14 16 17

Figure 6. A F-root square mean labeling of TW (Ps).

Theorem 2.5 The graph [P,; Sy] is a F-root square mean graph for m <2 and n > 1.

Proof Let uy,us,us, ..., u, be the vertices of the path P, and ’Uii), ’U;Z), vg), e 7(2)“ be the

vertices of the star graph .S, such that ’Uii) is the central vertex of the star graph S,,,1 < i < n.

Casel. m=1

Define f : V([Py; S1]) — {1,2,3,...,3n} as follows

31, 1 <i<nandiisodd
fui) =

31— 2, 1 <i<nand¢is even,
f@@):m-Lmqgigm

(%) 3i — 2, 1 <7< nandiisodd
F() =

31, 1 <i<nandiis even.
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Then the induced edge labeling is obtained as follows

Fr(uiuipr) =33, for 1 <i <n—1,

f*( (i)) 3t—1, 1 <i<nandiisodd
;v =

! 31— 2, 1 <i<nandiiseven
vy v =

b 3t—1, 1 <i<nandiis even.

Case 2. m=2

Define f : V([P,; S2]) — {1,2,3,...,4n} as follows

41— 1, 1 <i<nandiisodd
flui) =

47 — 3, 1 <i<nand¢is even,

f(vgi)) =4i—2,for 1 <i<n,

. 41— 3 1 <i<nandiisodd
7o) |
4i — 1, 1 <i<nandiiseven

f (’Ugi)) =44, for 1 <i<n.
Then the induced edge labeling is obtained as follows

fr(wiuigpr) = 4, for 1 <i<n-—1,

f*( (i)> 47 — 2, 1 <i<nandiis odd

U;V =

! 47 — 3, 1 <i<nandzis even,

f*((i) (i) 47 — 3, 1 <i<nandiis odd
Uy Uy )Z

47 — 2, 1 <i<nandiiseven

I (vgi)véi)) =4i—1, for1 <i<n.

99

Hence f is a F-root square mean labeling of the graph [P,; S;,]. Thus the graph [P,; Sy,]

is a F-root square mean graph for n > 1.

33 4 6 9 9101215

2 4 8 10 14
2¢ 5 8 11 14
1 5 7 11 13
J
1 6 7 12 13

Figure 7. A F-root square mean labeling of [Ps; S1].

O
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3 4
2
2
1 3 6
1 4

Figure 8. A F-root square mean labeling of [Pg; Sa].

10 13 18 21

14 18

10
7 9 11 14 15 17 19 2 23
9 12 15 16 17 20 23 24

Theorem 2.6 The graph S(P,, o K1) is a F-root square mean graph for n > 1.

Proof In P, o K1, let u;,1 < i < n, be the vertices on the path P, and v; be the vertex
attached at each vertex u;,1 <17 <n.

Let z; be the vertex which divides the edge u;v;, for 1 <i < n and y; be the vertex which
divides the edge u;u;+1, for 1 <i <mn — 1. Then,

V(S(Py o Ky)) = {us,vi, z4,y551 <i<nand 1 <j<n-—1},
E(S(Py 0 K1)) = {wiws, viys; 1 < i < n}| Jwigi, yiwipr; 1 <i <n—1}

Define f : V(S(P, o K1)) — {1,2,3,...,4n — 1} as follows

Hence f is a F-root square mean labeling of S(P, o K1). Thus the graph S(P, o K1) is a
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F-root square mean graph for n > 1.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
‘ L4 L J L L4
1 5 9 13 17
2 6 10 14 9 18
3 7 11 15 18
®
4 8 12 16 19

Figure 9. A F-root square mean labeling of S(Ps o K7).

Theorem 2.7 The middle graph M(P,) of a path P, is a F-root square mean graph.

101

Proof Let V(P,) = {v1,v2,v3, -+ ,v,} and E(P,) = {e; = v;v;41;1 < i < n — 1} be the

vertex set and edge set of the path P,. Then,

V(M(Pn)) = {017’0251}35' ©t,Un,€1,€2,€3, ,8n71}7

E(M(P,)) ={vies, eivip1;1 <i<n-—1} U{€i€i+1; 1<i<n-2}

Define f: V(M (P,)) — {1,2,3,...,3n — 3} as follows
1, i=1
3i-3, 2<i<n,

fle;))=3i—1, for1 <i<mn-—1.
Then the induced edge labeling is obtained as follows

ffvie)) =3i—2, for 1 <i<n-—1,
ff(evig1) =3i—1, for 1 <i<n-—1,

f(eeip1) =3i, for 1 <i<n-—2.

Hence f is a F-root square mean labeling of M(P,). Thus the graph M(P,) is a F-root

square mean graph.

2 35 6 8 9 11 1214 1517

1 3 6 9 12 15

Figure 10. A F-root square mean labeling of M (P7).

18

O
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Theorem 2.8 The total graph T'(P,,) of a path P, is a F-root square mean graph for n > 1.

Proof Let V(Py,) = {v1,v2,v3, -+ ,v,} and E(P,) = {e; = v;v;41;1 < i < n — 1} be the
vertex set and edge set of the path P,. Then,

V(T(Pn)) = {017’027’035 ctt,Un,€1,€2,€3, 7677.71}

E(T(Pn)) = {Uivi+l7 eivi, 04131 <1 <m— 1} U {€i6i+1; 1<i<n— 2}
Define f: V(T(R,)) — {1,2,3,...,4(n — 1)} as follows

flor)=1, f(v;)=4i—4, for2<i<n
fle))=4i—2, for1<i<n-—1.

Then the induced edge labeling is obtained as follows

ffovipr) =4i—2, for 1 <i<n-—1, f*(e;ej41)=4i, for 1 <i<n-—2
ffvie))=4i—3, for 1 <i<n-1
frevig1) =4i—1, for 1 <i<n-—1.

Hence f is a F-root square mean labeling of T'(P,). Thus the graph T'(P,) is a F-root

square mean graph. a

1 2 4 6 8 10 12 14 16 18 20

o 4 6 8 10 12 14 16 18

Figure 11. A F-root square mean labeling of T'(Fs).

Theorem 2.9 The square graph P? of the path P, is a F-root square mean graph for n > 1.

Proof Let vy,v2,v3,- - , v, be the vertices of the path P,. Define f : V (Pﬁ) —{1,2,3,---,
2(n—1)} as f(v1) =1 and f(v;) = 2i — 2 for 2 < i < n. Then the induced edge labeling is

obtained as follows

ffovigr) =2i—1, for 1 <i<n-1,

fr(wivige) = 2i, for 1 <i<n-—2.

Hence f is a F-root square mean labeling of P2. Thus the graph P2 is a F-root square
mean graph. O
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2 6 10

Figure 12. A F-root square mean labeling of PZ.

Theorem 2.10 The ladder graph Ly, is a F-root square mean graph for n > 1.

Proof Let G = P>, x P, be the ladder graph for any positive integer n, having 2n vertices
and 3n — 2 edges. Let uy, uo, - ,u, and vy, v, -+, v, be the vertices of G. Then the edge set
of G is {ujuiy1, 0041 : 1 <i<n— 1} Huw; : 1 <i<n}.

Define f: V(G) — {1,2,3,...,3n — 1} as follows

flu))=3i—1, for 1 <i<mn,
fvi)=3i—2, for 1 <i<n.

Then the induced edge labeling is obtained as follows

fr(uuipr) =34, for 1 <i<m—1,
ffovigr)=3i—1, for 1 <i<n-1
fH(uv;)) =3i—2, for 1 <i<n.

Hence f is a F-root square mean labeling of L,,. Thus the graph L, is a F-root square

mean graph. O

2 3 5 6 8 9 11 12 14

1 4 ; 10 13

1 2 4 5 7 8 10 11 13

Figure 13. A F-root square mean labeling of Ls.

Theorem 2.11 The slanting ladder graph SL,, is a F-root square mean graph for n > 2.

Proof Let the vertex set of SL,, be {u1,u2,us, -+, upn,v1,v2,0s, -, v, and the edge set
of SL, be {uu;r1;1 <i<n—1}J{vivit1;1 <i <n—1} Hviwit1;1 <i <n—1}. Then SL,

has 2n vertices and 3n — 3 edges.
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Define f : V(SL,) — {1,2,3,---,3n — 2} as follows

flur) =1, f(u;)) =3i—4, for 2 <i<mn,
fw)=3i, for1<i<n-—1 and f(v,) =3n— 2.

Then the induced edge labeling is obtained as follows

1, i=1
3i—3, 2<i<n-—1,

[ (uiuipr) =

ffovigr) =3i+1, for 1 <i<n-—2
[ (vp—1vn) =3n—3
ffwjuip1) =3i—1, for 1 <i<n-—1.

Hence f is a F-root square mean labeling of SL,,. Thus the graph SL,, is a F-root square
mean graph. a

11 2 3 5 6 8 911 1214 1517 18 20

LAY

3 4 6 7 9 1012 1315 16 18 19 21 21 22

Figure 14. A F-root square mean labeling of SLg.
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