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§1. Introduction

Fixed point theory is one of the most important topic in the development of nonlinear analy-

sis. As it is well known, one of the most useful theorems in nonlinear analysis is the Banach

contraction principle [9]. A mapping T : X → X where (X, d) is a metric space, is said to be a

contraction if there exists c ∈ [0, 1) such that for all x, y ∈ X,

d(T (x), T (y)) ≤ c d(x, y). (1.1)

If the metric space (X, d) is complete then the mapping satisfying (1.1) has a unique fixed

point. Inequality (1.1) implies continuity of T . Many authors generalized this famous result in

different ways. In recent time the study of fixed point theory in metric space is very interesting

field and attract many researchers to investigated different results on it.

In 2006, Mustafa and Sims [2] introduced a new notion of generalized metric space, called

G-metric space and gave a modification to the contraction principle of Banach. After then,

several authors studied various fixed and common fixed point problems for adequate classes of

contractive mappings in generalized metric spaces (see, [1, 2, 3, 4, 8, 10, 12, 16, 22, 23, 24, 26,

33, 40, 41, 42]).

In 2012, Sedghi et al. [38] introduced the notion of S-metric space which is a generalization

of a G-metric space and D∗-metric space. In [38] the authors proved some basic properties of

S-metric spaces. Also, they obtained some fixed point theorems in S-metric space for a self-
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map. Afterwards, a multitude of results was obtained in these spaces (see, e.g., [13, 39, 32])

and many others.

Sedghi et al. [38] introduced the notion of S-metric spaces as follows:

Definition 1.1([38]) Let X be a nonempty set and S : X3 → R+ be a function satisfying the

following conditions

(S1) S(x, y, z) = 0 if and only if x = y = z;

(S2) S(x, y, z) ≤ S(x, x, t) +S(y, y, t) +S(z, z, t) for all x, y, z, t ∈ X, where R+ = [0,∞),

Then, the function S is called an S-metric on X and the pair (X,S) is called an S-metric space

or simply SMS.

Example 1.2([38]) Let X = Rn and ‖.‖ a norm on X, then S(x, y, z) = ‖y+ z− 2x‖+ ‖y− z‖
is an S-metric on X.

Example 1.3([38]) Let X = Rn and ‖.‖ a norm on X, then S(x, y, z) = ‖x− z‖+ ‖y − z‖ is

an S-metric on X.

Example 1.4([39]) Let X = R be the real line. Then S(x, y, z) = |x − z| + |y − z| for all

x, y, z ∈ R is an S-metric on X. This S-metric on X is called the usual S-metric on X.

Lemma 1.5 ([38], Lemma 2.5) If (X,S) be an S-metric space, then we have S(x, x, y) =

S(y, y, x) for all x, y ∈ X.

Lemma 1.6 ([38], Lemma 2.12) Let (X,S) be an S-metric space. If xn → x and yn → y as

n→∞ then S(xn, xn, yn)→ S(x, x, y) as n→∞.

Definition 1.7([38]) Let (X,S) be an S-metric space.

(a1) A sequence {xn} in X converges to x ∈ X if S(xn, xn, x)→ 0 as n→∞, that is, for

each ε > 0, there exists n0 ∈ N such that for all n ≥ n0 we have S(xn, xn, x) < ε. We denote

this by lim
n→∞

xn = x or xn → x as n→∞;

(a2) A sequence {xn} in X is called a Cauchy sequence if S(xn, xn, xm)→ 0 as n,m→∞,

that is, for each ε > 0, there exists n0 ∈ N such that for all n,m ≥ n0 we have S(xn, xn, xm) < ε;

(a3) The S-metric space (X,S) is called complete if every Cauchy sequence in (X,S) is

convergent in (X,S).

Definition 1.8 Let T be a self mapping on an S-metric space (X,S). Then T is said to be

continuous at x ∈ X if for any sequence {xn} in X with xn → x implies that Txn → Tx as

n→∞.

Definition 1.9([38]) Let (X,S) be an S-metric space. A mapping T : X → X is said to be a

contraction if there exists a constant 0 ≤ L < 1 such that

S(T x, T y, T z) ≤ LS(x, y, z) (1.2)

for all x, y, z ∈ X.
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Notice that if the S-metric space (X,S) is complete, then the mapping defined in the

Definition 1.9 has a unique fixed point ([38]).

Moradi and Beiranvand [19] introduced the following notion.

Definition 1.10([19]) Let (X, d) be a metric space and f, T : X → X be two mappings. The

mapping f is said to be a TF -contraction if there exists a ∈ [0, 1) such that for all x, y ∈ X

F
(
d(T fx, T fy)

)
≤ aF

(
d(T x, T y)

)
, (1.3)

where,

(1) F : [0,∞)→ [0,∞), F is nondecreasing continuous from the right and F−1(0) = {0};
(2) T is one to one and graph closed.

We introductions the definition of F(S,T )-contraction following.

Definition 1.11 Let (X,S) be an S-metric space and T : X → X be a mapping. The mapping

T is said to be a F(S,T )-contraction if there exists a ∈ [0, 1) such that for all x, y, z ∈ X and

F
(
S(T x, T y, T z)

)
≤ aF

(
S(x, y, z)

)
, (1.4)

where F : [0,∞)→ [0,∞) is a function satisfying the following conditions

(F1) F is nondecreasing;

(F2) F is continuous from the right and;

(F3) F−1(0) = {0}.

Remark 1.12 If we take F(t) = t in equation (1.4), then we obtain Banach contraction type

condition (1.2) in S-metric space (X,S) with a = L and if X is complete then T has a unique

fixed point.

Now, we introduce an implicit relation to investigate some fixed point theorems in S-metric

spaces.

Definition 1.13 (Implicit Relation) Let Φ be the family of all real valued continuous functions

φ : R3
+ → R+, for three variables. For some h ∈ [0, 1), we consider the following conditions

(R1) For x, y ∈ R+, if x ≤ φ(y, y, x), then x ≤ hy;

(R2) For x ∈ R+, if x ≤ φ(0, 0, x), then x = 0;

(R3) For x ∈ R+, if x ≤ φ(x, 0, 0), then x = 0 since h ∈ [0, 1).

The main purpose of this paper is to study F(S,T )-contraction in S-metric space and

establish some fixed point theorems under an implicit relation. The results presented in this

paper extend, generalize and unify several known results from the existing literature. Also, we

give one of the possible applications of our result to well-posed and limit shadowing property

of fixed point problems.
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§2. Main Results

In this section, we shall prove some fixed point theorems for F(S,T )-contraction under an implicit

relation in the setting of S-metric spaces.

Theorem 2.1 Let (X,S) be a complete S-metric space and T : X → X be a mapping. If for

all x, y ∈ X and

F
(
S(T x, T x, T y)

)
≤ φ

{
F
(
S(x, x, y)

)
,F
(
S(x, x, T x)

)
,F
(
S(y, y, T y)

)}
(2.1)

where F : [0,∞) → [0,∞) is nondecreasing continuous function and F(t) = 0 if and only if

t = 0 and some φ ∈ Φ. Then, we have

(1) If φ satisfies the conditions (R1) and (R2), then T has a fixed point;

(2) If φ satisfies the condition (R3) and T has a fixed point, then the fixed point is unique.

Proof (1) Let x0 ∈ X be an arbitrary point and xn = T xn−1 = T nx0, n = 0, 1, 2, · · · .
Now, from (2.1) we have

F
(
S(xn+1, xn+1, xn+2)

)
= F

(
S(T xn, T xn, T xn+1)

)
≤ φ

{
F
(
S(xn, xn, xn+1)

)
,F
(
S(xn, xn, T xn)

)
,F
(
S(xn+1, xn+1, T xn+1)

)}
= φ

{
F
(
S(xn, xn, xn+1)

)
,F
(
S(xn, xn, xn+1)

)
,F
(
S(xn+1, xn+1, xn+2)

)}
. (2.2)

Since φ satisfies the condition (R1), there exists h ∈ [0, 1) such that

F
(
S(xn+1, xn+1, xn+2)

)
≤ hF

(
S(xn, xn, xn+1)

)
≤ · · ·

≤ hn+1F
(
S(x0, x0, x1)

)
. (2.3)

Thus, for all n < m, by using (S2) Lemma 1.5 and equation (2.3) we have

F
(
S(xn, xn, xm)

)
≤ F

(
2S(xn, xn, xn+1) + S(xm, xm, xn+1)

)
= F

(
2S(xn, xn, xn+1) + S(xn+1, xn+1, xm)

)
. . .

≤ F
(

2[hn + · · ·+ hm−1]S(x0, x0, x1)
)

≤ F
(( 2hn

1− h

)
S(x0, x0, x1)

)
.

Taking the limit as n,m→∞ and using the property of F , we get

F
(
S(xn, xn, xm)

)
→ 0+, since 0 < h < 1. As F is continuous, we obtain S(xn, xn, xm) = 0.

This proves that the sequence {xn} is a Cauchy sequence in the complete S-metric space (X,S).

By the completeness of the space, there exists v ∈ X such that {xn} converges to v ∈ X. Now,
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we prove that v is a fixed point of T . Again by using inequality (2.1), we obtain

F
(
S(xn+1, xn+1, T v)

)
= F

(
S(T xn, T xn, T v)

)
≤ φ

{
F
(
S(xn, xn, v)

)
,F
(
S(xn, xn, T xn)

)
,F
(
S(v, v, T v)

)}
= φ

{
F
(
S(xn, xn, v)

)
,F
(
S(xn, xn, xn+1)

)
,F
(
S(v, v, T v)

)}
. (2.4)

Indeed, as F is continuous and note that φ ∈ Φ, then using the property of F and taking

the limit as n→∞, we get

F
(
S(v, v, T v)

)
≤ φ

{
F
(
S(v, v, v)

)
,F
(
S(v, v, v)

)
,F
(
S(v, v, T v)

)}
= φ

{
0, 0,F

(
S(v, v, T v)

)}
.

Since φ satisfies the condition (R2), then F
(
S(v, v, T v)

)
≤ h.0 = 0. This implies that

S(v, v, T v) = 0. Thus, v = T v. Hence v is a fixed point of T .

(2) Let u1, u2 be fixed points of f with u1 6= u2. We shall prove that u1 = u2. It follows

from equation (2.1) and property of F that

F
(
S(u1, u1, u2)

)
= F

(
S(T u1, T u1, T u2)

)
≤ φ

{
F
(
S(u1, u1, u2)

)
,F
(
S(u1, u1, T u1)

)
,F
(
S(u2, u2, T u2)

)}
= φ

{
F
(
S(u1, u1, u2)

)
,F
(
S(u1, u1, u1)

)
,F
(
S(u2, u2, u2)

)}
= φ

{
F
(
S(u1, u1, u2)

)
, 0, 0

}
.

Since φ satisfies the condition (R3), we get

F
(
S(u1, u1, u2)

)
≤ hF

(
S(u1, u1, u2)

)
⇒ F

(
S(u1, u1, u2)

)
= 0, because of 0 < h < 1.

This implies that S(u1, u1, u2) = 0. Thus, u1 = u2. This shows that the fixed point of T is

unique. This completes the proof. �

Theorem 2.2 Let (X,S) be a complete S-metric space such that for positive integer n, T n

satisfies the contraction condition (2.1) for all x, y ∈ X, where F and φ are as in Theorem 2.1.

Then T has a unique fixed point in X.

Proof From Theorem 2.1, let u0 be the unique fixed point of T n. Then

T (T nu0) = T u0 or T n(T u0) = T u0,

which gives T u0 = u0. This shows that u0 is a unique fixed point of T . This completes the

proof. �
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In Theorem 2.1, if we consider F is an identity map, then we obtain the following result

as corollary.

Corollary 2.3 Let (X,S) be a complete S-metric space and T : X → X be a mapping satisfying

the inequality

S(T x, T x, T y) ≤ φ
{
S(x, x, y), S(x, x, T x), S(y, y, T y)

}
for all x, y ∈ X and some φ ∈ Φ. If φ satisfies the conditions (R1), (R2) and (R3), then T has

a unique fixed point in X.

Next, we give an analogues of fixed point theorems in metric spaces for S-metric spaces

by combining Theorem 2.1 with φ ∈ Φ and φ satisfies conditions (R1), (R2) and (R3). The

following corollary is an analogue of Banach’s type contraction principle.

Corollary 2.4 Let (X,S) be a complete S-metric space and T : X → X be a mapping. If for

all K1 ∈ [0, 1) and x, y ∈ X and satisfying the inequality

F
(
S(T x, T x, T y)

)
≤ K1 F

(
S(x, y, z)

)
where F : [0,∞) → [0,∞) is nondecreasing continuous function and F(t) = 0 if and only if

t = 0. Then T has a unique fixed point in X.

Proof The assertion follows using Theorem 2.1 with φ(p, q, r) = K1p for some K1 ∈ [0, 1)

and all p, q, r ∈ R+. �

The following corollary is an analogue of R. Kannan’s type result [15].

Corollary 2.5 Let (X,S) be a complete S-metric space and T : X → X be a mapping. If for

all K2 ∈ [0, 12 ) and x, y ∈ X and satisfying the inequality

F
(
S(T x, T x, T y)

)
≤ K2

[
F
(
S(x, x, T x)

)
+ F

(
S(y, y, T y)

)]
where F : [0,∞) → [0,∞) is nondecreasing continuous function and F(t) = 0 if and only if

t = 0. Then T has a unique fixed point in X.

Proof The assertion follows using Theorem 2.1 with φ(p, q, r) = K2(q + r) for some K2 ∈
[0, 12 ) and all p, q, r ∈ R+. Indeed, φ is continuous. First, we have φ(y, y, x) = K2(y + x). So,

if x ≤ φ(y, y, x), then x ≤
(

K2

1−K2

)
y with

(
K2

1−K2

)
< 1. Thus, T satisfies the condition (R1).

Next, if x ≤ φ(0, 0, x) = K2(0+x) = K2x, then x = 0, since K2 <
1
2 < 1. Thus, T satisfies

the condition (R2).

Finally, if x ≤ φ(x, 0, 0) = K2.0 = 0, then x = 0. Thus, T satisfies the condition (R3). �

The following corollary is an analogue of S. Reich’s type result [34].

Corollary 2.6 Let (X,S) be a complete S-metric space and T : X → X be a mapping. If for



Fixed Point Results for F(S,T )-Contraction in S-Metric Spaces Using Implicit Relation with Applications 23

all A1, A2, A3 ≥ 0 with A1 +A2 +A3 < 1 and x, y ∈ X and satisfying the inequality

F
(
S(T x, T x, T y)

)
≤ A1 F

(
S(x, x, y)

)
+A2 F

(
S(x, x, T x)

)
+A3 F

(
S(y, y, T y)

)
where F : [0,∞) → [0,∞) is nondecreasing continuous function and F(t) = 0 if and only if

t = 0. Then T has a unique fixed point in X.

Proof The assertion follows using Theorem 2.1 with φ(p, q, r) = A1p+A2q+A3r for some

A1, A2, A3 ≥ 0 are constants with A1+A2+A3 < 1 and all p, q, r ∈ R+. Indeed, φ is continuous.

First, we have φ(y, y, x) = A1y + A2y + A3x. So, if x ≤ φ(y, y, x), then x ≤
(

A1+A2

1−A3

)
y with(

A1+A2

1−A3

)
< 1. Thus, T satisfies the condition (R1).

Next, if x ≤ φ(0, 0, x) = A1.0 + A2.0 + A3.x = A3x, then x = 0 since A3 < 1. Thus, T
satisfies the condition (R2).

Finally, if x ≤ φ(x, 0, 0) = A1.x + A2.0 + A3.0 = A1x, then x = 0 since A1 < 1. Thus, T
satisfies the condition (R3). �

Again, we give an analogues of fixed point theorems in metric spaces for S-metric spaces

by combining Corollary 2.3 with φ ∈ Φ and φ satisfies conditions (R1), (R2) and (R3). The

following corollary is an analogue of Banach’s type contraction principle.

Corollary 2.7 Let (X,S) be a complete S-metric space. Suppose that the mapping T : X → X

satisfies the following condition:

S(T x, T x, T y) ≤ LS(x, x, y)

for all x, y ∈ X, where L ∈ [0, 1) is a constant. Then T has a unique fixed point in X. Moreover,

T is continuous at the fixed point.

Proof The assertion follows using Corollary 2.3 with φ(p, q, r) = Lp for some L ∈ [0, 1)

and all p, q, r ∈ R+. �

The following corollary is an analogue of R. Kannan’s type result [15].

Corollary 2.8 Let (X,S) be a complete S-metric space. Suppose that the mapping T : X → X

satisfies the following condition:

S(T x, T x, T y) ≤M [S(x, x, T x) + S(y, y, T y)]

for all x, y ∈ X, where M ∈ [0, 12 ) is a constant. Then T has a unique fixed point in X.

Moreover, T is continuous at the fixed point.

Proof The assertion follows using Corollary 2.3 with φ(p, q, r) = M(q + r) for some M ∈
[0, 12 ) and all p, q, r ∈ R+. Indeed, φ is continuous. First, we have φ(y, y, x) = M(y + x). So, if

x ≤ φ(y, y, x), then x ≤
(

M
1−M

)
y with

(
M

1−M

)
< 1. Thus, f satisfies the condition (R1).
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Next, if x ≤ φ(0, 0, x) = M(0 + x) = Mx, then x = 0, since M < 1
2 < 1. Thus, T satisfies

the condition (R2).

Finally, if x ≤ φ(x, 0, 0) = M.0 = 0, then x = 0. Thus, T satisfies the condition (R3). �

The following corollary is an analogue of S. Reich’s type result [34].

Corollary 2.9 Let (X,S) be a complete S-metric space. Suppose that the mapping T : X → X

satisfies the following condition:

S(T x, T x, T y) ≤ k1 S(x, x, y) + k2 S(x, x, T x) + k3 S(y, y, T y)

for all x, y ∈ X, where k1, k2, k3 ≥ 0 are constants with k1 + k2 + k3 < 1. Then T has a unique

fixed point in X. Moreover, if k3 <
1
2 , then T is continuous at the fixed point.

Proofc The assertion follows using Corollary 2.3 with φ(p, q, r) = k1p+ k2q + k3r for some

k1, k2, k3 ≥ 0 are constants with k1 + k2 + k3 < 1 and all p, q, r ∈ R+. Indeed, φ is continuous.

First, we have φ(y, y, x) = k1y + k2y + k3x. So, if x ≤ φ(y, y, x), then x ≤
(

k1+k2

1−k3

)
y with(

k1+k2

1−k3

)
< 1. Thus, T satisfies the condition (R1).

Next, if x ≤ φ(0, 0, x) = k1.0 + k2.0 + k3.x = k3x, then x = 0 since k3 < 1. Thus, T
satisfies the condition (R2).

Finally, if x ≤ φ(x, 0, 0) = k1.x + k2.0 + k3.0 = k1x, then x = 0 since k1 < 1. Thus, T
satisfies the condition (R3). �

Example 2.10 Let X = R be the usual S-metric space as in Example 1.4. Now, we consider

the mapping T : X → X by T (x) = x
10 for all x ∈ [0, 1]. Then

S(T x, T x, T y) = |T x− T y|+ |T x− T y|

= 2|T x− T y| = 2
∣∣∣( x

10

)
−
( y

10

)∣∣∣
=

1

5
|x− y| ≤ 2

5
|x− y|

=
1

5

(
2|x− y|

)
= αS(x, x, y)

where α = 1
5 < 1. Thus T satisfies all the conditions of Corollary 2.7 and clearly 0 ∈ X is the

unique fixed point of T .

Example 2.11 Let X = R be the usual S-metric space as in Example 1.4. Now, we consider

the mapping T : X → X by T (x) = x
5 for all x ∈ [0, 1]. Then

S(T x, T x, T y) = |T x− T y|+ |T x− T y|

= 2|T x− T y| = 2
∣∣∣(x

5

)
−
(y

5

)∣∣∣
=

2

5
|x− y| ≤ 8

15
|x− y|

≤ 1

3

[8

5
|x|+ 8

5
|y|
]
.
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S(x, x, Tx) = 2|x− T x| = 8

5
|x|,

S(y, y, Ty) = 2|y − T y| = 8

5
|y|.

Now, we have

S(T x, T x, T y) ≤ 1

3
[S(x, x, T x) + S(y, y, T y)]

= β[S(x, x, T x) + S(y, y, T y)]

where β = 1
3 <

1
2 . Thus T satisfies all the conditions of Corollary 2.8 and clearly 0 ∈ X is the

unique fixed point of T .

Example 2.12 Let X = [0, 1]. We define S : X3 → R+ by

S(x, y, z) =

 0 if x = y = z,

max{x, y, z} if otherwise.

for all x, y, z ∈ X. Then (X,S) is a complete S-metric space. Let T : X → X be a mapping

defined as T (x) = x
2 for all x ∈ X.

Without loss of generality we may assume that x > y > z, then we have

S(T x, T x, T y) = max
{x

2
,
x

2
,
y

2

}
=
x

2
,

S(x, x, y) = max
{
x, x, y

}
= x,

S(x, x, T x) = max
{
x, x,

x

2

}
= x,

S(y, y, T y) = max
{
y, y,

y

2

}
= y,

Now, we consider the inequality of Corollary 2.9, we have

S(T x, T y, T z) =
x

2
≤ k1.x+ k2.x+ k3.y,

taking x = 1 and y = 0 in the above inequality, we obtain

1

2
≤ k1 + k2,

the above inequality is satisfied for k1 = 1
4 , k2 = 2

5 and k3 = 0 with k1 + k2 + k3 = 13
20 < 1.

Thus T satisfies all the conditions of Corollary 2.9 and clearly 0 ∈ X is the unique fixed point

of T .

§3. Application to Well Posedness and Limit Shadowing of Fixed Point Problem

The concept of well posedness of a fixed point problem has generated much interest to several

mathematicians, for example [6, 7, 11, 18, 30, 31, 35]. Here, we study well posedness and limit
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shadowing of a fixed point problem of mappings in Theorem 2.1.

Definition 3.1([11]) Let (X, d) be a metric space and T : X → X be a mapping. The fixed

point problem of T is said to be well-posed if

(i) T has a unique fixed point z in X;

(ii) for any sequence {xn} of points in X such that lim
n→∞

d(T xn, xn) = 0, lim
n→∞

d(xn, z) = 0.

The limit shadowing property of fixed point problems has been discussed in the papers [27,

28, 36] and others.

Definition 3.2([29]) Let (X, d) be a metric space and T : X → X be a mapping. The fixed

point problem of T is said to have limit shadowing property in X if assuming that sequence

{xn} in X satisfies d(T xn, xn) = 0 as n → ∞ it follows that there exists x ∈ X such that

d(T nx, xn) = 0 as n→∞.

Now, we define the above notion in S-metric space.

Definition 3.3 Let (X,S) be a S-metric space and T : X → X be a mapping. The fixed point

problem of T is said to be well-posed if

(i) T has a unique fixed point z in X;

(ii) for any sequence {xn} of points in X such that

lim
n→∞

S(T xn, T xn, xn) = 0 = lim
n→∞

S(xn, xn, T xn),

we have lim
n→∞

S(xn, xn, z) = 0 = lim
n→∞

S(z, z, xn).

Definition 3.4 Let (X,S) be an S-metric space and T : X → X be a mapping. The fixed point

problem of T is said to have limit shadowing property in X if assuming that sequence {xn} in

X satisfies lim
n→∞

S(T xn, T xn, xn) = 0 = lim
n→∞

S(xn, xn, T xn) it follows that there exists z ∈ X
such that lim

n→∞
S(T nz, T nz, xn) = 0 = lim

n→∞
S(xn, xn, T nz).

Concerning the well-posedness and limit shadowing of the fixed point problem for a map-

ping in a S-metric space satisfying the conditions of Theorem 2.1, we have the following result.

Theorem 3.5 Let T : X → X be a self mapping as in Theorem 2.1. Then, the fixed point

problem for T is well posed.

Proof According to Theorem 2.1, we know that T has a unique fixed point z = T z ∈ X.

Let {xn} ⊂ X be such that lim
n→∞

S(T xn, T xn, xn) = 0 = lim
n→∞

S(xn, xn, T xn). Then, we have

S(xn, xn, z) ≤ 2S(xn, xn, T xn) + S(z, z, T xn)

= 2S(xn, xn, T xn) + S(T xn, T xn, T z).
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Now, we have

F
(
S(xn, xn, z)

)
≤ F

(
2S(xn, xn, T xn) + S(T xn, T xn, z)

)
= F

(
2S(xn, xn, T xn) + S(T xn, T xn, T z)

)
.

Indeed, as F is continuous, then using the property of F and taking the limit as n →∞,

we get

F
(
S(xn, xn, z)

)
≤ F

(
S(T xn, T xn, T z)

)
.

Now, using inequality (2.1) we obtain

F
(
S(xn, xn, z)

)
≤ φ

{
F
(
S(xn, xn, z)

)
,F
(
S(xn, xn, T xn)

)
,F
(
S(z, z, T z)

)}
= φ

{
F
(
S(xn, xn, z)

)
,F
(
S(xn, xn, T xn)

)
,F
(
S(z, z, z)

)}
.

Since F is continuous, then using the property of F and taking the limit as n→∞ in the

above inequality, we get

F
(
S(xn, xn, z)

)
≤ φ

{
F
(
S(xn, xn, z)

)
, 0, 0

}
.

Because φ satisfies the condition (R3) by assumption, we obtain

F
(
S(xn, xn, z)

)
≤ hF

(
S(xn, xn, z)

)
⇒ F

(
S(xn, xn, z)

)
= 0 because of 0 < h < 1.

Using the property of F , this implies that S(xn, xn, z)→ 0 as n→∞ which is equivalent

to saying that xn → z as n→∞. This completes the proof. �

Theorem 3.6 Let T : X → X be a self mapping as in Theorem ??. Then T has the limit

shadowing property.

Proof According to Theorem 2.1, we know that T has a unique fixed point z = T z ∈ X.

Let {xn} ⊂ X be such that limn→∞ S(T xn, T xn, xn) = 0 = limn→∞ S(xn, xn, T xn). Then, as

in the previous proof,

F
(
S(xn, xn, z)

)
≤ φ

{
F
(
S(xn, xn, z)

)
, 0, 0

}
.

Since φ satisfies the condition (R3), then we obtain

F
(
S(xn, xn, z)

)
≤ hF

(
S(xn, xn, z)

)
⇒ F

(
S(xn, xn, z)

)
= 0 because of 0 < h < 1.

Using the property of F , it follows that S(xn, xn, T nz) = S(xn, xn, z) → 0 as n → ∞.
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This completes the proof. �

§4. Conclusion

In this paper, we establish some fixed point theorems for F(S,T )-contraction under an implicit

relation in the framework of complete S-metric spaces and obtained some well-known results

as corollaries. Also, we give some examples in support of our results and one of the possible

applications of our result to well-posed and limit shadowing property of fixed point problems.
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spaces, Fixed Point Theory Appl., 2010 (2010), 1-15.

[15] R. Kannan, Some results on fixed point theorems, Bull. Calcutta Math. Soc., 60(1969),

71-78.



Fixed Point Results for F(S,T )-Contraction in S-Metric Spaces Using Implicit Relation with Applications 29

[16] A. Kaewcharoen, Cofixed point theorems for contractive mappings satisfying φ-maps in

G-metric spaces, —it Banach J. Math. Anal., 6(1) (2012), 101-111.

[17] M. A. Khamsi, Remarks on cone metric spaces and fixed point theorems of contractive

mappings, Fixed Point Theory Appl., 2010 (2010), 1-7.

[18] B. K. Lahiri and P. Das, Well-posedness and porosity of a certain class of operators,

Demonstr. Math., 38(1) (2005), 169-176.

[19] S. Moradi and A. Beiranvand, Fixed point of TF -contractive single-valued mappings, Ira-

nian J. Math. Sci. Inform., 5 (2010), 25-32.

[20] S. Moradi and A. Davood, New extension of Kannan fixed point theorem on complete and

generalized metric spaces, Int. J. Math. Anal., 5(47) (2011), 2313-2320.

[21] Z. Mustafa and B. I. Sims, A new approach to generalized metric spaces, J. Nonlinear

Convex Anal., 7 (2006), 289-297.

[22] Z. Mustafa, H. Obiedat and F. Awawdeh, Some fixed point theorem for mapping on com-

plete G-metric spaces, Fixed Point Theory Appl., Vol. 2008, Article ID 189870, 12 pages,

2008.

[23] Z. Mustafa and B. Sims, Fixed point theorems for contractive mappings in G-metric spaces,

—it Fixed Point Theory Appl., Vol. 2009, Article ID 917175, 10 pages, 2009.

[24] Z. Mustafa, M. Khandagji and W. Shatanawi, Fixed point results on complete G-metric

spaces, Studia Scien. Math. Hungarica, 48(3) (2011), 304-319.

[25] Z. Mustafa, J. R. Roshan, V. Parvaneh and Z. Kadelburg, Fixed point theorems for weakly

T -Chatterjae and weakly T -Kannan contractions in b-metric spaces, —it J. Inequ. Appl.,

Vol. 2014, Article ID 46, 2014.

[26] H. K. Nashine and H. Aydi, Generalized altering distances and common fixed points in

ordered metric spaces, Int. J. Math. Math. Sci., Vol. 2012, ArtiID 736367, 23 pages, 2012.

[27] M. Pǎcurar and I. A. Rus, Fixed point theorem for cyclic φ-contractions, Nonlinear Anal.,

72 (2010), 1181-1187.

[28] S. Ju. Piljugin, Shadowing in Dynamical Systems, Springer, 1999.

[29] V. Popa, On some fixed point theorems for compatible mappings satisfying an implicit

relation, Demonstr. Math., 32(1) (1999), 157-163.

[30] V. Popa, Well-posedness of fixed point problems in orbitally complete metric spaces, Stud.

Cerc. St. Ser. Mat. Univ., 16 (2006), Supplement, Proceedings of ICMI 45, Bacau, Sept.

18-20 (2006), 209-214.

[31] V. Popa, Well-posedness of fixed point problems in compact metric spaces, Bul. Univ.

Petrol-Gaze, Ploiest, Sec. Mat. Inform. Fiz., 60(1) (2008), 1-4.

[32] K. Prudhvi, Fixed point theorems in S-metric spaces, Universal J. Comput. Math., 3(2)

(2015), 19-21.

[33] K. P. R. Rao, A. Sombabuand and J. R. Prasad, A common fixed point theorems for six

expansive mappings in G-metric spaces, Kathmandu Univ. J. Sci. Engg. Tech., 7 (2011),

113-120.

[34] S. Reich, Some remarks concerning contraction mappings, Canad. Math. Bull., 14 (1971),

121-124.



30 G. S. Saluja

[35] S. Reich and A. T. Zaslawski, Well-posedness of fixed point problems, Far East J. Math.

Sci., Special Volume part III (2001), 393-401.

[36] I. A. Rus, The theory of metrical fixed point theorem, theoritical and applicative relevances,

Fixed Point Theory, 9 (2008), 541-559.

[37] S. Sedghi, N. Shobe and H. Zhou, A common fixed point theorem in D∗-metric space,

Fixed Point Theory Appl., (2007), 1-13.

[38] S. Sedghi, N. Shobe and A. Aliouche, A generalization of fixed point theorems in S-metric

spaces, Mat. Vesnik, 64(3) (2012), 258-266.

[39] S. Sedghi and N. V. Dung, Fixed point theorems on S-metric spaces, Mat. Vesnik, 66(1)

(2014), 113-124.

[40] W. Shatanawi, Fixed point theory for contractive mappings satisfying φ-maps in G spaces,

Fixed Point Theory Appl., Vol. 2010, Article ID 181650.

[41] W. Shatanawi, Coupled fixed point theorems in generalized metric spaces, Hacettepe J.

Math. Stat., 40(3) (2011), 441-447.

[42] N. Tas and N. Yilmaz Ozgur, New generalized fixed point results on Sb-metric spaces,

arXiv: 1703.01868v2 [math.gn] 17 apr. 2017.


