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§1. Introduction

Fixed point theory is one of the most important topic in the development of nonlinear analy-
sis. As it is well known, one of the most useful theorems in nonlinear analysis is the Banach
contraction principle [9]. A mapping 7: X — X where (X, d) is a metric space, is said to be a
contraction if there exists ¢ € [0,1) such that for all z,y € X,

d(T(x), T(y)) < cd(z,y). (1.1)

If the metric space (X, d) is complete then the mapping satisfying (1.1) has a unique fixed
point. Inequality (1.1) implies continuity of 7. Many authors generalized this famous result in
different ways. In recent time the study of fixed point theory in metric space is very interesting
field and attract many researchers to investigated different results on it.

In 2006, Mustafa and Sims [2] introduced a new notion of generalized metric space, called
G-metric space and gave a modification to the contraction principle of Banach. After then,
several authors studied various fixed and common fixed point problems for adequate classes of
contractive mappings in generalized metric spaces (see, [1, 2, 3, 4, 8, 10, 12, 16, 22, 23, 24, 26,
33, 40, 41, 42]).

In 2012, Sedghi et al. [38] introduced the notion of S-metric space which is a generalization
of a G-metric space and D*-metric space. In [38] the authors proved some basic properties of
S-metric spaces. Also, they obtained some fixed point theorems in S-metric space for a self-
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map. Afterwards, a multitude of results was obtained in these spaces (see, e.g., [13, 39, 32])
and many others.

Sedghi et al. [38] introduced the notion of S-metric spaces as follows:

Definition 1.1([38]) Let X be a nonempty set and S: X* — RT be a function satisfying the

following conditions

(81) S(z,y,2) =0 if and only if x =y = z;

(S2) S(x,y,2) < S(z,z,t)+S(y,y,t) +S(2,2,t) for all z, y, z, t € X, where RT = [0, 00),
Then, the function S is called an S-metric on X and the pair (X, S) is called an S-metric space
or simply SMS.

Example 1.2([38]) Let X = R™ and ||.|| a norm on X, then S(z,y,2) = |ly+ 2z — 2| + ||y — 2||

is an S-metric on X.

Example 1.3([38]) Let X = R"™ and ||.|| a norm on X, then S(z,y,2) = ||z — z|| + |ly — 2| is
an S-metric on X.

Example 1.4([39]) Let X = R be the real line. Then S(z,y,z) = |z — z| + |y — 2| for all
z,y,z € R is an S-metric on X. This S-metric on X is called the usual S-metric on X.

Lemma 1.5 ([38], Lemma 2.5) If (X,S) be an S-metric space, then we have S(x,x,y) =
S(y,y,x) for all z,y € X.

Lemma 1.6 ([38], Lemma 2.12) Let (X,S) be an S-metric space. If x,, — x and y, — y as
n — oo then S(zy, Tn,yn) = S(x,x,y) as n — oo.

Definition 1.7([38]) Let (X,S) be an S-metric space.

(al) A sequence {x,} in X converges to x € X if S(xp,Zn,x) = 0 as n — oo, that is, for
each € > 0, there exists ng € N such that for all n > ng we have S(xp, x,,x) < . We denote
this by lim x, =x or x, — T as n — oo;

n—oo

(a2) A sequence {xy} in X is called a Cauchy sequence if S(xy, Tn, Tm) — 0 as n,m — 0o,
that is, for each e > 0, there exists ng € N such that for all n,m > ng we have S(Tpn, Tn, Tm) < €;

(a3) The S-metric space (X,S) is called complete if every Cauchy sequence in (X,S) is
convergent in (X, S).

Definition 1.8 Let T be a self mapping on an S-metric space (X,S). Then T is said to be
continuous at x € X if for any sequence {x,} in X with x,, — x implies that Tx,, — Tz as

n — oQ.

Definition 1.9([38]) Let (X,S) be an S-metric space. A mapping T: X — X is said to be a
contraction if there exists a constant 0 < L < 1 such that

S(Tx, Ty, Tz) < LS(x,y,z2) (1.2)

forallxz,y,z € X.
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Notice that if the S-metric space (X,S) is complete, then the mapping defined in the
Definition 1.9 has a unique fixed point ([38]).

Moradi and Beiranvand [19] introduced the following notion.

Definition 1.10([19]) Let (X,d) be a metric space and f,T: X — X be two mappings. The
mapping f is said to be a Tx-contraction if there exists a € [0,1) such that for all z,y € X

F(AT 2, Try)) < aF(d(T2.Ty)), (13)

where,

(1) F:[0,00) — [0,00), F is nondecreasing continuous from the right and F~1(0) = {0};
(2) T is one to one and graph closed.

We introductions the definition of F(g 7-contraction following.

Definition 1.11 Let (X, S) be an S-metric space and T: X — X be a mapping. The mapping
T is said to be a F(s)-contraction if there exists a € [0,1) such that for all x,y,z € X and

]-"(S(Tm,Ty,Tz)) < a]—'(S(:c, y,z)), (1.4)

where F: [0,00) — [0,00) is a function satisfying the following conditions

(F1) F is nondecreasing;
(F2) F is continuous from the right and;
(F3) F~H(0) = {0}.

Remark 1.12 If we take F(t) =t in equation (1.4), then we obtain Banach contraction type
condition (1.2) in S-metric space (X, S) with a = L and if X is complete then T has a unique
fixed point.

Now, we introduce an implicit relation to investigate some fixed point theorems in S-metric

spaces.

Definition 1.13 (Implicit Relation) Let ® be the family of all real valued continuous functions
o: Ri — Ry, for three variables. For some h € [0, 1), we consider the following conditions

(Rl) For T,y € R-‘m fo < qzﬁ(y,y,x), then x < hy:
(R2) For z € Ry, if x < ¢(0,0,2), then x = 0;
(R3) For z € Ry, if ¢ < ¢(x,0,0), then x =0 since h € [0, 1).

The main purpose of this paper is to study J(g7)-contraction in S-metric space and
establish some fixed point theorems under an implicit relation. The results presented in this
paper extend, generalize and unify several known results from the existing literature. Also, we
give one of the possible applications of our result to well-posed and limit shadowing property
of fixed point problems.



20 G. S. Saluja

82. Main Results

In this section, we shall prove some fixed point theorems for F(g 1)-contraction under an implicit

relation in the setting of S-metric spaces.

Theorem 2.1 Let (X, S) be a complete S-metric space and T: X — X be a mapping. If for
all z,y € X and

F(S(Te. 7o, Ty)) < o{F(S@.2.9)), F(S(z. 2. T)). F (S0, Tw)) } - (21)

where F: [0,00) — [0,00) is nondecreasing continuous function and F(t) = 0 if and only if
t =0 and some ¢ € ®. Then, we have

(1) If ¢ satisfies the conditions (R1) and (R2), then T has a fized point;

(2) If ¢ satisfies the condition (R3) and T has a fixed point, then the fized point is unique.

Proof (1) Let zp € X be an arbitrary point and x,, = Txp—1 = T"xo, n = 0,1,2,---.

Now, from (2.1) we have
F(Sns1, i1, 2n12)) = F(S(Twn, Ton, Tensn))
< ¢{]—“<S(mm T, xn+1)> , ]’(S(mm T, Txn)) , }'(S(anrh Tyt 7'$n+1))}
= (25{]:(5(9:”, T, zn+1)) ) ]:(S(xn, Tn, zn+1)) ) ]-"(S(:an, T, xn+2)) } (2.2)

Since ¢ satisfies the condition (R1), there exists h € [0, 1) such that

IN

h}"(S(xn,xn,an)) <.

h”“}'(S(:cm o, xl)). (2.3)

_F(S(acn+1, Tn+1, $n+2)>

A

Thus, for all n < m, by using (52) Lemma 1.5 and equation (2.3) we have

.F(S(xm:cn,xm)) < f(25(1'n7xnaxn+l) + S(xm,xm,mn+1))

‘/—"(25(1‘”, T, mn-l-l) + S($n+1, Tn+41, xm))

IN

f(?[h" ot hm‘I]S(mmxl))

f((fﬁnh)S(xo,xo,:rl)).

Taking the limit as n,m — oo and using the property of F, we get
]—'(S(xn,xn,mm) — 07, since 0 < h < 1. As F is continuous, we obtain S(z,, T, zm) = 0.
This proves that the sequence {z,} is a Cauchy sequence in the complete S-metric space (X, .5).
By the completeness of the space, there exists v € X such that {z,} converges to v € X. Now,
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we prove that v is a fixed point of 7. Again by using inequality (2.1), we obtain

f(S(an,an, Tv)) - ]-"(S(Txn, Txn,Tv))
< qﬁ{]-"(S(xn,xn, v)),]-"(S(xn,xn,T:cn)),]-"<S(v, v, Tv))}
= qb{]-'(S(xn, T, v)),]:(S(xn, Tn, xn“)),}'(S(v, v, Tv)) } (2.4)

Indeed, as F is continuous and note that ¢ € ®, then using the property of F and taking
the limit as n — oo, we get

IN

.F(S(v, v, Tv)) (b{]:(S(v, v, v)) , ]-'(S(v, v, v)) , .F(S(v, v, Tv)) }

¢>{0, 0, ]—'(S(v, v, Tv)) }

Since ¢ satisfies the condition (R2), then .F(S(U,U,Tv)) < h.0 = 0. This implies that
S(v,v,Tv) =0. Thus, v = Tv. Hence v is a fixed point of 7.

(2) Let uq,us be fixed points of f with u; # uy. We shall prove that u; = ug. It follows
from equation (2.1) and property of F that

F(S(ur,ur,u2)) = F(S(Tur, T, Tuz)
< o{ F(Stur,ur,u2) ), F(S(ur,wr, Tun) ), F Sz, ua, Tus) ) }
= o{F(S(ur,wr,u2) ), F(S(ur,ur,w) ), F(S(ua, uz,u2) ) |
- ¢{f(5(u1, ui, uz)),O, 0}.
Since ¢ satisfies the condition (R3), we get
f(S(ul,uhug)) < h}'(S(ul,uhug))
- f(S(ul,ul,u2)> — 0, because of 0 < h < 1.

This implies that S(uy,u1,us) = 0. Thus, u; = us. This shows that the fixed point of T is
unique. This completes the proof. O

Theorem 2.2 Let (X,S) be a complete S-metric space such that for positive integer n, T"
satisfies the contraction condition (2.1) for all x,y € X, where F and ¢ are as in Theorem 2.1.
Then T has a unique fized point in X.

Proof From Theorem 2.1, let ug be the unique fixed point of 7™. Then
T(T"ug) =Tug or T (Tug) = Tug,

which gives Tug = ug. This shows that ug is a unique fixed point of 7. This completes the
proof. O
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In Theorem 2.1, if we consider F is an identity map, then we obtain the following result
as corollary.

Corollary 2.3 Let (X, S) be a complete S-metric space and T : X — X be a mapping satisfying
the inequality

S(Ta, Ta, Ty) < 6{S(x,2,y), S(z. 2, Tw), S(y,9, Ty)}

for all x,y € X and some ¢ € ®. If ¢ satisfies the conditions (R1), (R2) and (R3), then T has
a unique fixed point in X.

Next, we give an analogues of fixed point theorems in metric spaces for S-metric spaces
by combining Theorem 2.1 with ¢ € ® and ¢ satisfies conditions (R1), (R2) and (R3). The
following corollary is an analogue of Banach’s type contraction principle.

Corollary 2.4 Let (X,S) be a complete S-metric space and T: X — X be a mapping. If for
all Ky €10,1) and z,y € X and satisfying the inequality

F(S(Tw, Ta, Tw)) < K0 F(S(w,.2))

where F: [0,00) — [0,00) is nondecreasing continuous function and F(t) = 0 if and only if
t=0. Then T has a unique fixed point in X.

Proof The assertion follows using Theorem 2.1 with ¢(p, q,r) = Kip for some K; € [0,1)
and all p,q,r € R,. O

The following corollary is an analogue of R. Kannan’s type result [15].

Corollary 2.5 Let (X,S) be a complete S-metric space and T: X — X be a mapping. If for
all K3 € [0,3) and ,y € X and satisfying the inequality

]-'(S(Tx,Tx, Ty)) < K, {]—'(S(m,x, TJ:)) + f(S(y,y,Ty))}

where F: [0,00) — [0,00) is nondecreasing continuous function and F(t) = 0 if and only if
t=0. Then T has a unique fized point in X.

Proof The assertion follows using Theorem 2.1 with ¢(p, q,r) = Ka(q + r) for some Ko €
[0, %) and all p,q,r € Ry. Indeed, ¢ is continuous. First, we have ¢(y,y,x) = Ka(y + z). So,
if < ¢(y,y, ), then z < (1f(]2(2)y with (155(2) < 1. Thus, T satisfies the condition (R1).

Next, if 2 < ¢(0,0,2) = K2(0+2) = Koz, then z = 0, since K» < 3 < 1. Thus, 7 satisfies
the condition (R2).

Finally, if z < ¢(z,0,0) = K2.0 =0, then = 0. Thus, 7 satisfies the condition (R3). O

The following corollary is an analogue of S. Reich’s type result [34].

Corollary 2.6 Let (X,S) be a complete S-metric space and T: X — X be a mapping. If for
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all Ay, Ag, A3 > 0 with Ay + As + Az < 1 and x,y € X and satisfying the inequality

f(S(Tx,Tm,Ty)) < Al}'(S(Lx,y))—|—A2.F(S(x,x,7'x))

+A3 F(S(y, Y, Ty))

where F: [0,00) — [0,00) is nondecreasing continuous function and F(t) = 0 if and only if
t=0. Then T has a unique fized point in X.

Proof The assertion follows using Theorem 2.1 with ¢(p, q,r) = A1p+ A2q + Asr for some
Aj, As, Az > 0 are constants with A; +A2+As < 1and all p,q,r € R;. Indeed, ¢ is continuous.
First, we have ¢(y,y,2) = A1y + Asy + Aszx. So, if z < ¢(y,y,x), then z < (%ﬁf’)y with

(%ﬁf) < 1. Thus, T satisfies the condition (R1).
Next, if ¢ < ¢(0,0,z) = A1.0 + A2.0 + As.x = Asz, then z = 0 since A3 < 1. Thus, T
satisfies the condition (R2).
Finally, if z < ¢(,0,0) = Aj.x + A3.0 + A3.0 = Az, then z = 0 since A7 < 1. Thus, T

satisfies the condition (R3). O

Again, we give an analogues of fixed point theorems in metric spaces for S-metric spaces
by combining Corollary 2.3 with ¢ € ® and ¢ satisfies conditions (R1), (R2) and (R3). The

following corollary is an analogue of Banach’s type contraction principle.

Corollary 2.7 Let (X,S) be a complete S-metric space. Suppose that the mapping T: X — X

satisfies the following condition:
S(Ta, Ta, Ty) < LS(x,2,y)

forallx,y € X, where L € [0,1) is a constant. Then T has a unique fized point in X. Moreover,

T is continuous at the fized point.

Proof The assertion follows using Corollary 2.3 with ¢(p,q,r) = Lp for some L € [0,1)
and all p,q,r € R,. O

The following corollary is an analogue of R. Kannan’s type result [15].

Corollary 2.8 Let (X,S) be a complete S-metric space. Suppose that the mapping T: X — X

satisfies the following condition:
S(Tx, Tz, Ty) < M[S(z,2, Tx)+ Sy, y, Ty)]

for all x,y € X, where M € [0,%) is a constant. Then T has a unique fixed point in X.

Moreover, T is continuous at the fized point.

Proof The assertion follows using Corollary 2.3 with ¢(p,q,7) = M(q + r) for some M €
[0, %) and all p,q,r € R;. Indeed, ¢ is continuous. First, we have ¢(y,y,z) = M(y + x). So, if
z < é(y,y,x), then z < (%)y with (%) < 1. Thus, f satisfies the condition (R1).
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Next, if © < ¢(0,0,2) = M (0 + x) = Mz, then x = 0, since M < % < 1. Thus, T satisfies
the condition (R2).
Finally, if 2 < ¢(2,0,0) = M.0 = 0, then 2z = 0. Thus, 7 satisfies the condition (R3). O

The following corollary is an analogue of S. Reich’s type result [34].

Corollary 2.9 Let (X,S) be a complete S-metric space. Suppose that the mapping T: X — X

satisfies the following condition:
S(Txa T(E, Ty) S kl S(fE, z, y) + k2 S(xa z, T$) + k3 S(yv Y, Ty)

for all x,y € X, where k1, ko, ks > 0 are constants with k1 + ko + ks < 1. Then T has a unique
fized point in X. Moreover, if ks < %, then T is continuous at the fized point.

Proofc The assertion follows using Corollary 2.3 with ¢(p, q,r) = k1p + kaq + ksr for some
ki1, ko, ks > 0 are constants with k1 + ko + k3 < 1 and all p,q,r € R,. Indeed, ¢ is continuous.
First, we have ¢(y,y,z) = kiy + kay + ksz. So, if z < ¢(y,y,x), then x < (%ﬁ;)y with
(%‘2’“;) < 1. Thus, T satisfies the condition (R1).

Next, if z < ¢(0,0,x) = k1.0 + k2.0 + k3.x = ksz, then x = 0 since k3 < 1. Thus, T
satisfies the condition (R2).

Finally, if © < ¢(x,0,0) = ky.x + k2.0 + k3.0 = kyz, then = 0 since k; < 1. Thus, T
satisfies the condition (R3). O

Example 2.10 Let X = R be the usual S-metric space as in Example 1.4. Now, we consider

the mapping 7: X — X by T (z) = 15 for all € [0,1]. Then

S(Tx, Tx, Ty) = |Tx—Tyl+|Tz— Ty|
X
= ATz = Tol=2|(55) - (55)|
1 2
= glx—y|§g|x—y|

1
= (e —yl) =aS@wy)

where a = % < 1. Thus T satisfies all the conditions of Corollary 2.7 and clearly 0 € X is the
unique fixed point of 7.

Example 2.11 Let X = R be the usual S-metric space as in Example 1.4. Now, we consider
the mapping 7: X — X by T (x) = £ for all 2 € [0,1]. Then

S(Tx, Tz, Ty) = |Tx—Tyl+|Txz— Tyl
- amei=(2) ()

2le—yl < ey
R T

R
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S(z,z,Tx) = 2loe—Tzx|= §|x|,
Sy, Ty) = 2y—Tyl = ;IZA
Now, we have
S(Tx, Tz, Ty) < =[S(z,z,Tz)+ S(y,y,Ty)]

1
3
BIS(x,z, Tx) + S(y,y, Ty)]

where § = % < % Thus 7T satisfies all the conditions of Corollary 2.8 and clearly 0 € X is the
unique fixed point of 7.

Example 2.12 Let X = [0,1]. We define S: X3 — R, by
0 if o =y=2,
S(e.y,2) = L

max{x,y, 2z} if otherwise.

for all x,y,z € X. Then (X,S) is a complete S-metric space. Let 7: X — X be a mapping

defined as T (z) = § for all z € X.
Without loss of generality we may assume that x > y > z, then we have

T x Yy T

S(Tx, Tx, Ty) = maux{57 oL 5} =3

S(z,x,y) = max {x,x,y} =z,

S(z,x,Tz) = max {:1:,:16, g} =z,

S(y,y, Ty) = max {y,y7 %} =y,

Now, we consider the inequality of Corollary 2.9, we have

STz, Ty, Tz) == < ki.x+ ka.x+ ks.y,

|8

taking £ = 1 and y = 0 in the above inequality, we obtain
S kl + kQa

the above inequality is satisfied for k1 = i, ko = % and k3 = 0 with k1 + ko + k3 = % < 1.
Thus T satisfies all the conditions of Corollary 2.9 and clearly 0 € X is the unique fixed point

of T.

83. Application to Well Posedness and Limit Shadowing of Fixed Point Problem

The concept of well posedness of a fixed point problem has generated much interest to several
mathematicians, for example [6, 7, 11, 18, 30, 31, 35]. Here, we study well posedness and limit
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shadowing of a fixed point problem of mappings in Theorem 2.1.

Definition 3.1([11]) Let (X,d) be a metric space and T: X — X be a mapping. The fized
point problem of T is said to be well-posed if

(i) T has a unique fized point z in X ;
(1) for any sequence {x,} of points in X such that lim d(Tzn,x,) =0, lim d(z,,z) =0.

n— oo n— oo

The limit shadowing property of fixed point problems has been discussed in the papers [27,
28, 36] and others.

Definition 3.2([29]) Let (X,d) be a metric space and T: X — X be a mapping. The fized
point problem of T is said to have limit shadowing property in X if assuming that sequence
{zn} in X satisfies d(Txy,xn) = 0 as n — oo it follows that there exists x € X such that
d(T"z,z,) =0 as n — 0.

Now, we define the above notion in S-metric space.

Definition 3.3 Let (X, S) be a S-metric space and T: X — X be a mapping. The fized point
problem of T is said to be well-posed if

(i) T has a unique fized point z in X ;
(i3) for any sequence {x,} of points in X such that

lim S(Txp,, Ten,zn) =0= lim S(z,,z,, Txn),

n—oo n—oo

we have lim S(xz,,2z,,2z) =0= lim S(z,z,z,).
n— 00 n—00

Definition 3.4 Let (X, S) be an S-metric space and T: X — X be a mapping. The fixed point
problem of T is said to have limit shadowing property in X if assuming that sequence {x,} in
X satisfies nh_)n;O S(Txp, Ty, z,) =0 = n11_)11;1O S(xp, T, Tay) it follows that there exists z € X
such that nll)rr;o S(Tmz,T"z,x,) =0 = n11—>120 S( X, Ty T"2).

Concerning the well-posedness and limit shadowing of the fixed point problem for a map-

ping in a S-metric space satisfying the conditions of Theorem 2.1, we have the following result.

Theorem 3.5 Let T: X — X be a self mapping as in Theorem 2.1. Then, the fixed point
problem for T is well posed.

Proof According to Theorem 2.1, we know that 7 has a unique fixed point z = Tz € X.
Let {x,} C X be such that lim S(Tz,, Txn,z,) =0= lim S(x,,z,, Tx,). Then, we have
n—oo n—oo

S(@n, an,2) < 25(xn, Tn, Tan) + 5(2, 2, Tan)

= 2S8(xp, Ty, Txp) + S(Txp, Tan, Tz).
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Now, we have

IN

f(S(xn,xn,z)> }'(ZS(mn,xn,Txn) +S(T$n,7':vn,z)>

f(zsm, s Tan) + S(T e, Tiem, Tz)) .

Indeed, as F is continuous, then using the property of F and taking the limit as n — oo,

we get
F(S@nwn,2)) < F(S(Tan, Twn, T2)).
Now, using inequality (2.1) we obtain
F(SCnwn,2)) < 0{F(S@nsns2)), F(SCns s Twn) ), (52,2, T2) ) |
= 6{ F(S(@n,20,2) ), F (S (@m0, Twn) ), F(S(2,2,2)) |-

Since F is continuous, then using the property of F and taking the limit as n — oo in the
above inequality, we get

f(S(wn,xn,z)) < (b{}'(S(xmxn,z)),O, O}.
Because ¢ satisfies the condition (R3) by assumption, we obtain
f(S(xn,xn, z)) < h}"(S(mn,xn, z))
= ]:(S(xn,a:n,z)) = 0 because of 0 < h < 1.

Using the property of F, this implies that S(z,,x,,2) — 0 as n — oo which is equivalent
to saying that x, — z as n — oco. This completes the proof. O

Theorem 3.6 Let T: X — X be a self mapping as in Theorem ?7. Then T has the limit
shadowing property.

Proof According to Theorem 2.1, we know that 7 has a unique fixed point z = Tz € X.
Let {x,} C X be such that lim, e S(TZpn, T T, Tn) = 0 = limy, o0 S(@p, Tn, Txy,). Then, as
in the previous proof,

f(S(xn,xn,z)) < QS{]:(S(xn,xn,z)),0,0}.
Since ¢ satisfies the condition (R3), then we obtain

]:(S(a:n, T, z)) < h]—"(S(mn,xn, z))

= f(S(mn,xn,z)) =0 because of 0 < h < 1.

Using the property of F, it follows that S(z,,xn, T"2) = S(zn,2n,2) — 0 as n — oo.
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This completes the proof. O

§4.

Conclusion

In this paper, we establish some fixed point theorems for Fg 1)-contraction under an implicit

relation in the framework of complete S-metric spaces and obtained some well-known results

as corollaries. Also, we give some examples in support of our results and one of the possible

applications of our result to well-posed and limit shadowing property of fixed point problems.
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