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Abstract: Fixed point theory plays a fundamental role in nonlinear analysis and has wide
applications in integral equations, optimization, computer science, and dynamical systems.
The classical Banach contraction principle has inspired numerous generalizations to accom-
modate mappings that are not strict contractions in the usual metric sense. Among such
developments, A-metric and A,-metric spaces provide a broad framework that unifies and
extends classical metric spaces, S-metric spaces, and b-metric spaces. In this article, we
introduce the notion of an extended A,-metric space and investigate fixed point results for
several well-known contraction principles within the framework of extended A,-metric s-
paces. In particular, we establish Banach-type, Kannan-type, Reich-type, and nonlinear
rational contraction results and prove the existence and uniqueness of fixed points under
suitable orbit-control conditions. Our approach relies on generalized triangle inequalities
associated with Ap-metrics together with the construction of Picard sequences to establish
convergence. The obtained results not only extend several classical fixed point theorems to
a broader class of generalized metric spaces but also unify various contraction conditions
within a single framework. Several illustrative examples are presented to support the main
results, and an application to a nonlinear integral equation is provided to demonstrate the
effectiveness of the proposed approach. These findings contribute to the growing theory of

generalized metric spaces and their applications in nonlinear analysis.
Key Words: Extended Ap-metric space, Banach contraction, Kannan contraction, rational
contraction, fixed point, common fixed point.
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§1. Introduction

Fixed point theory has long been regarded as one of the fundamental branches of nonlinear
analysis, with important applications in functional analysis, topology, optimization, differential
equations, and applied mathematics. A pioneering contribution to this theory was made by

Banach [1] through the celebrated contraction principle, now known as the Banach contraction
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principle, which guarantees the existence and uniqueness of fixed points for contraction map-
pings on complete metric spaces. Owing to its simplicity and effectiveness, this theorem has
become a powerful tool in both pure and applied mathematics and has motivated numerous

generalizations in more abstract settings.

A major advancement in this direction was the introduction of partial metric spaces by
Matthews [2], where the self-distance of a point need not be zero. This concept provided a
suitable framework for applications in domain theory and theoretical computer science. Later,
Bukatin et al. [3] developed several foundational properties of partial metric spaces, while Oltra
and Valero [11] established various fixed point results in this setting. Subsequently, Shukla [12]
introduced partial b-metric spaces, extending the classical metric structure by incorporating a

relaxation parameter.

Parallel to these developments, several modifications of the Banach contraction condition
were proposed. Kannan [6, 7], Reich [24, 23], and Ciri¢ [4] introduced alternative contrac-
tive conditions that guarantee fixed points without requiring the standard Banach contraction
assumption. Later, Khan et al. [5] introduced altering distance functions, while Dass and
Gupta [22] investigated rational-type contractions. These generalized contractions significantly

broadened the applicability of fixed point theory and unified many classical results.

Further extensions of fixed point theory have been investigated in several generalized spaces.
Contributions by Jungck [13], Edelstein [14], Pant [9], and Jaggi [10] enriched the theory of
compatible mappings and common ffxed points. More recently, fixed point results have been
studied in S-metric spaces [16, 17, 18], A-metric spaces [19], and Ab-metric spaces [20, 21],

thereby extending the scope of generalized metric structures.

The concept of extended Sp-metric spaces introduced by Mlaiki [15] further demonstrated
how generalized distance functions can provide a unified framework for studying nonlinear
contractions. Such generalized spaces preserve essential topological and convergence properties
despite weakened metric axioms. Consequently, these developments have attracted considerable
attention in nonlinear functional analysis, integral equations, optimization theory, and computer

science.

Recently, several authors have investigated generalized contractions in ordered and general-
ized metric spaces. Bhaskar and Lakshmikantham [27] established important fixed point results
in partially ordered metric spaces, while Aghajani et al. [28], Jachymski [29], and Huang et al.
[30] obtained various common fixed point and coincidence point results in generalized b-metric
settings. Moreover, Tag and Ozgﬁr [31] studied generalized fixed point results in S,-metric

spaces.

Motivated by these ongoing developments, in this paper we introduce the notion of an
extended Ap-metric space and investigate several fixed point results involving Banach-type [1],
Kannan-type [6, 7], Reich-type [24], Cirié-type [4], and rational-type contractions [22] in this
setting. The proposed framework generalizes both A-metric and A,-metric spaces and provides
greater flexibility through the incorporation of a control function. Our results unify and extend
several existing theorems in the literature. Moreover, an application to a nonlinear integral
equation is presented to illustrate the effectiveness and applicability of the obtained results.
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§2. Preliminaries and Notations

In this section, we recall some basic definitions and fix the notation that will be used throughout

the paper. We denote by N the set of natural numbers and by R the set of real numbers.

The notion of an A-metric space was introduced as a natural generalization of metric and

S-metric spaces [19].
Definition 2.1 Let X be a nonempty set and let n > 2. A function
A: X" —[0,00)

is called an A-metric on X if the following conditions hold for all £&1,&2,--+ ,&n,( € X:
(A1)
A&, .6n) =0 = L =6 ==&
(A2)
A1, 82,0+ 1 &n) = Al&r(1),&r2)0+ + n(m))
for every permutation 7 of [n].

(A3) (Generalized triangle inequality)

A(€17£27"' 7€n> g A(§17€27"' 7577,717() +A(C’C7 aCagn)'

n—1
Then, (X, A) is called an A-metric space.

When n = 2, this definition reduces to the classical metric. For n = 3, it recovers the
S-metric structure. Thus, the A-metric provides a unified framework that generalizes several

existing notions of distance.

To allow greater flexibility, the concept of an A,-metric space was introduced as an exten-

sion of A-metric spaces [20, 21].

Definition 2.2 Let X be a nonempty set, b > 1, and n > 2. A function Ap : X™ — [0,00) is
called an Ap-metric on X if the following conditions hold for all £1,&2,--+ ,&,,( € X

(Ab1)
Ap(&1,62,.6) =0 = G =L ==

(Ab2)
Ab(gl,g% te afn) = Ab(gﬂ'(l)7§ﬂ(2)7 to 7571’(”))

for every permutation 7 of [n].

(Ab3) (Generalized triangle inequality)

A1+ 1) < b(Ab(E0 820+ 1601, Q)+ A($ 6 G 6n) )

n—1
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Then, (X, Ay) is called an Ap-metric space.

Clearly, every A-metric is an Ap-metric with b = 1, but the converse does not necessar-
ily hold. The presence of the control parameter b provides additional flexibility in verifying

contractive conditions.

Definition 2.3 A sequence {&,,} C X is said to converge to § € X if

lim Ab(fmagma T 7§ma€) =0.
m—0o0 N ——— —
n—1
In this case, we write
Em — & as m — 0.

Definition 2.4 A sequence {&,} C X is called a Cauchy sequence in (X, Ap) if

lim Ab(émv§M7a§M7£p) =0.
~—

m,p— 00
n—1

Definition 2.5 An Ap-metric space (X, Ap) is said to be complete if every Cauchy sequence
{&m} C X converges to some & € X.

§3. New Examples of A,-Metric Spaces

Example 3.1 Let X =R and fix an integer n > 2. Define

Ab(€17£27"' 75”) ‘= max |§z _£j|27 §1a§23"' a§n eR.

1<i<j<n

We verify that A, defines an A,-metric on X.

(Abl) Clearly,
Ab(£1,§27 tee 7577,) 2 0

Moreover,

Ap(&1,82,-++,€n) =0
if and only if
& — &1 =0
for all 4, j, which implies

G=&="=6.

(Ab2) Since the maximum of all pairwise squared differences is independent of the ordering

of the coordinates, we have

Ap(&1, €25, 6n) = Ap(&r1), En2)s 5 En(n))
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for every permutation 7 of {1,2,--- ,n}.
(Ab3) Let ¢ € X. Using the inequality

la +b]* < 2(|lal* + [b]?),

we obtain
&= &P =1 — O+ —&)IP <2(1& = ¢P+1¢— &)

Taking the maximum over all 1 < i < j < n, it follows that

Ab(§1;€27"' afn) < 2(Ab(§17527' o 75717174.)
+Ab(C7C7”' 3C7£H)>
—_——

n—1

Hence, the generalized triangle inequality holds with b = 2. Therefore, (X, A4p) is an
Ap-metric space.

§4. Extended A,-Metric Space

In this section, we introduce the notion of an extended A,-metric space, which generalizes both

A-metric and Ap-metric spaces through the incorporation of a variable control function.
Definition 4.1(Extended Ap-Metric Space) Let X be a nonempty set, n > 2, and let
Ap: X" — [0,00)
be a mapping together with a control function
O: X" —[1,00).

Then, Ay is called an extended Ayp-metric on X if for all £1,&2,--- &0, 0 € X, the following
conditions hold:

(BAbL)
Ap(€1,82,+ &) =0 = LG =& ==&
(BA2)
Ap(€1,82, 7 &n) = Ap(&x1), En2)s 1 En(n))
for every permutation 7 of {1,2,--- ,n}.

(EAb3) (Generalized triangle inequality)

A€ 6n) SO &, 60) (AblEn, 6+ 6u, )

+Ab(a7a7"' ,O[7£n>)~
—_————

n—1
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Then (X, Ay) is called an extended Ap-metric space.

Clearly, every Ap-metric space is an extended Ap-metric space whenever

O(&1,82,...,86) =0

for all £&1,&3,...,&, € X. Moreover, when © = 1, the structure reduces to an A-metric space.

Definition 4.2 Let (X, Ap) be an extended Ap-metric space with fized arity n > 2 and control
function ©. Let {&x} C X be a sequence and let & € X. Then the following notions are defined.

1. Convergence. The sequence {&x} is said to converge to & (written & — &) if for every
e > 0, there exists N(g) € N such that

Ab(é-k?agk?a"' 7£k7§) <e for allk}N(s)
n—1

2. Cauchy sequence. The sequence {&} is called an Ap-Cauchy sequence if for every
e > 0, there exists N(¢) € N such that

Ap(&rr iy & bm) <€ forall k,m > Ne).
21

3. Completeness. The space (X, Ap) is said to be complete if every Ay-Cauchy sequence
in X converges to some point of X.

4. Diameter. For a nonempty subset Y C X, define its diameter by

dlam(y) = Sup{Ab(§17£27 e 7£n> : 517527' o 7577, € Y} .

Definition 4.3 Let (X, Ay) be an extended Ay-metric space. For € € X and r > 0, define the

open and closed Ay-balls centered at &, respectively, by

be(g) = WeX:Ab(Tla%"',%f)<7’ )
—_———

n—1

and

— A,
Br (g): UEX:Ab(Uﬂ?v"'J]’f)gr
——

n—1
Furthermore, the following notions hold.

1. Open set. A subset U C X is called open if for every u € U, there exists € > 0 such
that
B2 (u) C U.

2. Closed set. A subset V. C X s called closed if whenever a sequence {vp} C V
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converges to some v € X, thenv € V.

Figure 1. Hierarchical relationship among A-metric, Ap-metric, and extended Ap-metric spaces

Extended A,-metric Space

A,-metric Space

A-metric Space

§5. Comparative Study of A-Metric, A,-Metric, and Extended A,-Metric Spaces

Feature

A-metric Space

Ap-metric Space

Extended Ap-metric S-

pace

Introduced by

Mujahid Abbas et
al. (2015)

Manoj Ughade et al.
and subsequent exten-

sions

Generalized framework
proposed in the present

work

Underlying map-
ping

A: X" —[0,00)

Ab:Xn — [0,00)

Ay : X" — [0,00) with
control function © : X" —
[1,00)

Parameter in- | None Constant b > 1 Variable control function ©
volved
Non-negativity A(&r,..., &) 20 Ap(&1,-+- ,&n) 20 Ap(€1,-+,&n) 20
Identity property A&, ,6n) = | Same as the A-metric | Same condition retained

0 <= case

1= =&

Symmetry

Invariant under ev-
ery permutation of

coordinates

Invariant under every
permutation of coordi-

nates

Invariant under every per-

mutation of coordinates
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Feature

A-metric Space

Ap-metric Space

Extended Aj,-metric S-

pace

Triangle-type in-
equality

A(£17~~~ 7&’”) <
A(£17"' 75”—174)
+A(<7 7C7§n)

Ab(&l,"' 75”) <
b(Ab(£17"' 75’”*17C)
+Ab(<7 ,(7571))

Ab(gla"' 75’“«) <
@(517"' 75”)
(A, &nmrs0)

T+ Au(a, -+ ,a,fn))

Flexibility level

Least flexible

More flexible through

the constant b

Most flexible through the

variable control function ©

Special cases re-

covered

Metric space (n =
2) and S-metric s-
pace (n = 3)

Every A-metric space
when b =1

Both A-metric and Ap-

metric spaces

Nature of control

Fixed structure

Globally controlled by
a constant b

Locally controlled by O,
depending on the points in-

volved

Suitability for
fixed point theory

Classical  general-

ized contractions

Wider classes of con-

tractions

Highly adaptable frame-
work for nonlinear contrac-

tive mappings

Generalization hi-

erarchy

Base structure

Generalization of A-

metric spaces

Generalization of both A-
metric and Ap-metric s-

paces

§6. Examples of Extended A,-Metric Spaces

In this section, we present several examples of functions

Ap: X" — [0,00)

that satisfy the axioms of an extended Ajp-metric space introduced in the previous section. In
each case, the associated control function © is specified and the required properties are verified.

Example 6.1 Let S be a nonempty set and let I" := S* U S“ denote the collection of all finite

and infinite sequences over S. Fix n > 2. For aq,as, -+ ,a, € T, define

Ab(al7 0523 o 7a7L) = 275(0(1’0(2’“. ,Otn)

)

where £(ay, g, -+ ,a,) € NgU{oo} denotes the length of the longest common prefix shared by

the sequences a1, as, - -, a,. By convention,

27 =0
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and choose the control function © = 1.

Proof The nonnegativity is immediate since powers of 27% are nonnegative.

Moreover,

Ap(ar, g, a,) =0
if and only if

K(OéhOZQ,' T 7Oén) = 00,

which occurs precisely when all sequences coincide.

Symmetry follows because the common-prefix length is invariant under permutations of

the arguments.

For the generalized triangle inequality, let { € I' and define

ki ::E(ai,C), i:1,2,"',7l.

Then,
oy, a9, -+ o) = min k;.
( ) b ) n) = 1<1<n 3
Hence,
—l(a1,02, -,
Ab(alaa27"')an):2 ( a2 n)

< 92— ming <i<n ki

n n

<Z2_kl = Ab(aiv"' aai7C)'
1

i=1 i=
Therefore, the generalized triangle inequality holds with ® = 1. Consequently, (T, A;) is

an extended Ap-metric space. O

Remark 6.2 The above example provides a natural realization of an extended A,-metric on a

sequence space. The value
Ab(al, Qg -+ ’an) — 2—Z(a1,a27,.. )

depends on the length of the common initial segment shared by the sequences. Consequently,
sequences with larger common prefixes are regarded as closer to one another.

An important feature of this construction is that the distance is determined by structural
similarity rather than by numerical magnitude. This makes the example suitable for symbolic
systems, coding structures, formal languages, and tree-like models where proximity is governed
by shared patterns.

Moreover, the choice ® = 1 shows that the generalized triangle inequality is satisfied
without any additional relaxation factor. Hence, the space behaves as a particular case of an
extended Ap-metric space with the strongest control condition.

It is also worth mentioning that when n = 2, the mapping reduces to the classical prefix-
type metric commonly used in sequence analysis and ultrametric constructions. Therefore,

this example demonstrates that extended Aj-metric spaces naturally extend several well-known
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generalized distance frameworks while preserving meaningful geometric behavior.

Example 6.3 Let I' := [0,00) and fix constants ¢ > 0 and n > 2. Define

Ab(fla&?v"' a€n> = cmax{{l,fg,- v 75”}7

for all & € T" and take © = 1.

Proof The nonnegativity and symmetry are immediate.

Furthermore,
Ap(&1,62, &) =0
implies
maX{§17§27 e agn} = 07
and hence

§1=8& ==& =0.

For any a €T,

Y Al &a) = e max{g,a}
1=1 =1

>c m64<X gi = Ab(fla&??' o ag’ﬂ)

1<i<

Hence, the generalized triangle inequality is satisfied with © = 1. Therefore, (T, Ap) is an

extended A,-metric space. a

Example 6.4 Let (M, d) be a metric space and set T' := M.

For z1,x9, -+ ,x, € M, define

Ap(x1, @0, ,2y) = 1<rzn<ajx<n d(z, ;).
~ ~

Choose the constant control function © = n.

Proof The nonnegativity and symmetry follow directly from the properties of the metric

Moreover,
Ab(.’Iz‘l,.’L‘Q, e 7x’ﬂ) = O

if and only if d(x;,z;) = 0 for all 4, j, which implies z1 = z2 = -+ = x,,.

Let o € M. By the triangle inequality,
d(zi, z;) < d(z, @) + d(a, z;).
Taking the maximum over all ¢ < j, we obtain

Ap(z1, -+ ) <2 1r<nkaé<n d(zg, ).
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Since .
d( d(
k=1
it follows that .
Ab(.’L‘l,"‘, 2dek)7
k=1
Now observe that
Ab(xk; T axkva) = d(l’k, O{),

for every k =1,2,--- ,n. Hence,

Ap(xr, -+, xn) < ﬂZAb(l‘kw“ , Tk, Q).

35

Thus, the generalized triangle inequality holds with © = n. Consequently, (M, Ap) is an

extended Aj,-metric space.

Example 6.5 Let (M,d) be a metric space and define
Ab(xlax%"' 7:["71) = Z d(ﬂfi,l'j)7
1<i<j<n
for all z1,x2,--- ,z, € M.

Take the control function © =n — 1.

Proof The nonnegativity and symmetry are immediate.

Moreover,
Ab(xla e 73771) = O

if and only if all pairwise distances vanish, which implies 1 = o = --- = x,,.

For any a € M, using the metric triangle inequality,
d(zi, zj) < d(z, @) + d(a, z;).

Summing over all pairs 1 < i < j < n, we obtain
n
Ap(z1,- -y 2n) < (n—1) Zdwk,
k=1

Since
Ab(xk; T 7$k7OZ) = d(.’l?k,a),

we conclude that N
Ab(xh e ,xn) < (TL - 1) ZAb(xkv L, Tk, a)'

O

Hence, the generalized triangle inequality holds with © = n — 1. Therefore, (M, Ap) is an
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extended Ap-metric space. O

Example 6.6 Let K be a compact set and let T' := C'(K), the space of all continuous real-valued
functions on K. For fi, fa, -+, fn € C(K), define

Ab(fl?an"' >fn) ‘= sup max |f7,((13) - fj(x)|

zeK 1<i<j<n

and choose © = n.

Proof The nonnegativity and symmetry are immediate.

Moreover,

Ap(f1, for s fa) =0
ifand only if f1 = fo=---= f,.

Let g € C(K). By the pointwise triangle inequality,

[fi(x) = fi(@)| < [fi(z) — g(@)| + |g(2) = f;(@)].

Taking maxima and then supremum over K, we obtain

Ay(fr,--+ 5 fn) £2sup max |[fi(x) — g(x)|.

z€K 1Sk<n
Furthermore,

Ab(fk7' o 7fkvg) = sup |fk($) —g($)|
zeK

Hence,
n

Ab(f17"' 7fn) g nZAb(fka 7fkag)'

k=1
Therefore, the generalized triangle inequality holds with © = n. Consequently, (C(K), Ap)

is an extended A,-metric space. d

Let I be a nonempty set and let A, : I — [0, 00) be an extended Ap-metric with control
function © : I — [1,00). For &,n € T, define

An(g) = Ab(na e 77776)7

n—1

whenever no confusion arises.

87. Main Results

Theorem 7.1 Let (X, Ap) be a complete extended Ap-metric space of arity n > 2 with control
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function © : X™ — [1,00). Assume that Ay is continuous. Let T : X — X satisfy

Ab(Tf,Tﬂ,Tf,,Tf)gkAb(€7,5,77), fOT’CL”fﬂ]GX, (1)

n—2 n—1

for some constant k € [0, 1).

Assume the orbit-control condition: for each o € X, the Picard orbit

T = TMxyg

satisfies
u 1
m};}r_r)loo H O(x;, ...,z xp) =: L(xg) < T
=m
Then, T has a unique fixed point z € X, and
T"xg — 2
for every xg € X.
Proof Fix xg € X and define the Picard sequence
T+l = LT, m =0
For every m > 0, put
dm, = Ab (xm,+17 Tm+42; Tm+1y -+ Tm+1 )
—_—————
n—2

Our goal is to show that d,,, — 0 geometrically (up to bounded multiplicative factors), and
then deduce that (z,,) is Cauchy.

Applying (1) with

§=1om, = Tm+1,
gives
dm = Ab<Txma Txm+1; Ty, - Toy, )
—_—
—2
N (2)
< k‘Ab(l‘m, 5 Tmy, xm—&-l)-
—_——
n—1
Thus, it remains to estimate
Ab(xﬂﬁ 7‘Tm7xm+1)
n—1

in terms of d,,,_1.
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Using the generalized triangle inequality repeatedly, we obtain

Ab($m7 Ty, merl) g Cmdmfla
—_———
n—1
where .
Om = H @(tm,€)7
=1
for suitable tuples t,, ¢ € {zo, -, Tms1}"

Combining this estimate with (2), we obtain
dm < kCpdpm—1. (3)

Tterating (3), we get

By the orbit-control hypothesis,
kaCj—>O (m — o),
j=1

and hence
dm — 0. 4)

Next, repeated application of the generalized triangle inequality yields

p—1
Ab(l'q,"' 7xq7xp) qu,pZdja (5)
—_——— pt

n—1

for suitable constants M, > 1.

Since d; — 0, the series Z;’; 4 4; converges, and therefore (zm) is a Cauchy sequence in
the Ap-sense.

Notice that the completeness of (X, Ap) implies the existence of z € X such that z,, — z.
Using continuity of Aj and passing to the limit in (1), we obtain

Ab(Tz,Tz,Tz7~-- ,Tz) < kAb(z,--- ,z).
— ——

n—2 n

Since 0 < k < 1, it follows that

and hence
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To prove the uniqueness, let u,v € X be fixed points of T. Then

Ab(u,--- ,u,v) :Ab(Tu,TU,Tu,~-- ,Tu)

—— ———
n—1 n—2
< kAb(u7 e ,u,v).
———
n—1

Since k < 1, we conclude that

which implies u = v. Therefore, T has a unique fixed point, and every Picard sequence converges
to it. O

Theorem 7.2 Let (X, Ap) be a complete extended Ap-metric space with continuous Ap. Suppose
there exists o € [O, %) such that for all £,m € X,

Ay (T8 T Tn) < a(Ap(& 6 T€) + Ay(n, 3, Tn) ).

n—1 n—1 n—1
Assume moreover that, for each xo € X, the Picard orbit
T = T™Mxyg
satisfies the orbit-control condition

P
. 1
m,lgirgoo 4 O(x;, -+, x4, ) =: L(zg) < =
=m

Then, T has a unique fixed point z € X, and

T"xy — 2 for every xg € X.

Proof Let xg € X and define the Picard sequence

Tt1 =TT, m = 0.
Set
Um = Ab(l‘mymerhxma e axm)-
—_———
n—2

Applying the Kannan-type inequality with

é.:a:ma = Tm+1,
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we obtain
Ut < Oz(Ab(:cm,m s Ty Ting1) + Ap (T, ,zm+1,xm+2))-
—— —
n—1 n—1

Using the generalized triangle inequality repeatedly, each diagonal term can be estimated
by a finite product of ©-values multiplied by u,, or u,,11. Hence there exist finite constants
Cm, Cy1 = 1 such that

(1 —aChrt1)tums1 < aChpiy,.

By the orbit-control hypothesis, the products of ©-terms remain controlled along the orbit.
Consequently, there exists ¢ € [0,1) such that w11 < qu,, for all sufficiently large m.

Therefore,

U — 0 (m — 00).

Proceeding as in Theorem 7.1, one shows that the Picard sequence (z,,) is Cauchy in the
Ap-sense. Since (X, Ap) is complete, there exists z € X such that z,, — z.

Using the continuity of A, and passing to the limit in the contractive inequality, we obtain
Tz =z.

To prove uniqueness, let u,v € X be fixed points of T'. Then

Ab(uv"' ,’lL,’U) :Ab(TU’ ’T’LL,T'U)
——— —
n—1 n—1
ga(Ab(u7... ,U7U) —|—Ab(1}7-.. 7’(),’())) =0.
—1 n—1

Hence u = v. Therefore, T has a unique fixed point, and every Picard sequence converges
to it. O

Theorem 7.3 Let (X, Ay) be a complete extended Ap-metric space with continuous Ay. Suppose
there exist constants «, B,y = 0 satisfying

a+p+y<1,
such that for all £,m € X,

Ab(T&,T'f},T&, 7T§) < O(Ab(ﬁ, 55777) +BAb(§7 afaTg) +’YAb(777 7n’T77)
—_——— ~—— ~—— ——

n—2 n—1 n—1 n—1

Assume further that, for each xg € X, the Picard orbit x,, := T™xq satisfies

1

p
li (i, i, ) = Lxg) < —————.
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Then, T has a unique fixed point in X.

Proof Let
Tmt1 = 1Ty, m 2 0,
and define
Um ‘= Ab(xm; Tm+1,Tm, " s Tm )
—_———
n—2

Applying the Reich-type inequality with

é.:xma = Tm+1,
gives
U1 < QUm + BA (T, Ty Timg1) + Vmgt
—_————
n—1

Using the generalized triangle inequality, the diagonal term is bounded by a finite ©-
multiple of v,,. Hence there exists a finite constant C,, > 1 such that

(1 =Y vma1 < (@ + BCr)Um.

By the orbit-control condition, the products of the corresponding ©-terms remain bounded

along the orbit. Consequently, there exists ¢ € [0,1) such that vy, 11 < quy, for all sufficiently
large m.

Therefore,

Uy, — 0 (m — 00).

Proceeding as in Theorem 7.1, one shows that the Picard sequence (z,,) is Cauchy in the
Ap-sense. Since (X, Ap) is complete, there exists z € X such that z,, — z.

Passing to the limit in the contractive condition and using continuity of A;,, we obtain
Tz = z.
To prove uniqueness, let u,v € X be fixed points of 7. Then

Ab(u,~~ ,u,v) = Ab(Tu,Tv,Tu7~~~ ,Tu)
n—1 n—2

<OéAb(’U,,"' ,u,U) +6Ab<u7 7’11,,’(1/) +’}/Ab(’U,"' 7’(},’0).

n—1 n—1 n—1

Since

we obtain
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Because a < 1, it follows that
Ab(u,~~ ,u,v) =0,
——

n—1

and hence u = v. Therefore, T has a unique fixed point in X. 0

Theorem 7.4 Let (X, Ap) be a complete extended Ap-metric space with continuous Ap. Suppose
there exists A € (0,1) such that for all &,m € X,

AmaX{Ab(§7"' 35777)7 Ab(§7 7§7T§>7 Ab(ﬁ» 7777T77)}

A (TETn.TE. --- . T < n—1 n—1 n—1
b( 57 m, 57 ) E) 1+Ab(§77£7n)
n—2 \ 2
n—1

Assume further that the Picard orbit satisfies the same orbit-control condition as in Theo-

rem 7.1. Then, T has a unique fized point in X.

Proof Let
Tm41 - = Tl’m,, m 2 07
and define
W = Ab ($m+1a Tm+2,Tm+1, """ s Tm+1 )
—_— ————
n—2

Applying the rational-type inequality with

§ = T, = Tm+1,
yields
A
Wiy < max {Ab(ﬂcm, e ,mm,xm+1),Ab(mm, e ,xm,Txm),
1+Ab(93m7"'axmaxm+1) N—— S———
n—1
Ab(.’l;m+1, e 7$m+lawm+2)}-
—_—
n—1

If w,, = 0 for some m, then the Picard sequence becomes stationary and reaches a fixed
point. Otherwise, repeated use of the generalized triangle inequality together with the orbit-
control condition allows the ©-factors to be absorbed into a contraction coefficient. Hence,
there exists A" € (0, 1) such that

W g A/'wm—l

for all sufficiently large m. Therefore,
Wy, — 0 (m — 00).

Proceeding as in Theorem 7.1, one shows that the Picard sequence (z,,) is Cauchy in the
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Ap-sense. Since (X, Ap) is complete, there exists z € X such that z,, — z.

Passing to the limit in the contractive inequality and using continuity of A, we obtain
Tz = z.
To prove uniqueness, let u,v € X be fixed points of 7. Then

)\max{Ab(u,~o ,u,v),0,0}

Ap(u, - u,v) = Ap(Tu, Tv, Tu,- -+ ,Tu) < nol
b( ) b( N ,) 1+Ab(u’...7u’v)
n—1 n—2 N——
n—1
Hence
Ab(uv"' ,U,’U) =0,
——
n—1
which implies u = v. Therefore, T' has a unique fixed point in X. O

We now present an example illustrating the applicability of Theorem 7.1.

Example 7.5 Let X = R and define

Ab(ﬁCl,mQ,"' 7xn) = max |:I;l_xj|a L1, L2y )ZL‘RER
1<i<j<n

Choose the control function ©® = n. Define the mapping
T:X =X, T(x) = sz,
where 0 < s < 1. Then, for every &, € X, we have

Ab(T&,TT],TE, 7T§) = |5€7377| = S|§777| = 5Ab(§777757 75)
n—2 n—2

Hence,
Ab(Tf,TTLTf, 7T§) < kAb(§a77a§,"' 75)7
———— ——

n—2 n—2

where k = s € [0,1). Thus, the contractive condition (1) of Theorem 7.1 is satisfied.

Moreover, for the Picard sequence x,, = s™xo, the control values O(z;, -+ ,x;,2,) = n

remain constant along the orbit. Hence the orbit-control condition is also satisfied.

Therefore, by Theorem 7.1, the mapping 7" has a unique fixed point, namely 0, and
T"xg — 0 as m — oo

for every zp € R.
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Example 7.6 Let X = R and define

Ap(z1,29, -+ ,Tp) = max |z; — ;]
1<i<j<n

Define the nonconstant control function

1
O(z1, 2z, Tp) =14+ ————.
2+ |l
Clearly,
3
1< O(xy,x0, + ,2,) < 3
for all x1,x2, - ,x, € X.

Now define the mapping
T:X — X, T(z) = sz,

where 0 < s < 1.
For every &,n € X, we have

Ab(TfaTnana 7T§) = |5§—37I| :8|€_77| :SAb(€7777€a 75)

n—2 n—2

Hence, the Banach-type contractive condition holds with & = s € [0,1).

Next, consider the Picard sequence x,,, = T™xg = s™xg. Then

1
Ty s T, ) = 1+
( P = = Dlaml 1
=1+ !
B 2+ (n — 1)|s™xzg| + |sPxo|
Since
s"xg — 0 (m — 00),
we obtain 5
G(xma 7xm,xp) - 5
Also,
3
1 < @(xmv ,l’m,l‘p> g 57

for all m, p € N. Therefore, the corresponding finite products of ©-values remain bounded along
the Picard orbit. Consequently, the orbit-control condition required in Theorem 7.1 is satisfied.
Hence all assumptions of Theorem 7.1 hold. Therefore, the mapping 7" has a unique fixed point
0, and

T"xg — 0 for every xy € R.

Example 7.7 Let (X, Ay) be an extended Ap-metric space with control function © : X —
[1,00).
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Fix a point ¢ € X and define the constant mapping
T:X - X, T(x) =c, r e X.
Then, for every £,n € X, we have

Ab(Tf,-” ,Tf,T?]) = Ab(c,--- ,C,C) = 0.
N———— ——

n—1 n—1

Hence,
Ab(Tgv e ,T£7T77) < O‘(Ab(ga T 7£7T£) + Ab(nv T 7773T77)>7
—_—— ~—— ———

n—1 n—1 n—1

for every a € [0, %) Therefore, the Kannan-type contractive condition of Theorem 7.2 is
satisfied.

Moreover, the Picard sequence generated by T is
Ty = C, m 2= 0,
which is constant. Consequently,
O(Tmy -+ T, xp) = O(c, -+, 0),
for all m,p € N. Hence, the orbit-control condition is trivially satisfied.

Therefore, by Theorem 7.2, the mapping T possesses the unique fixed point ¢, and every

Picard sequence converges to c.

Next, we present an example illustrating Theorem 7.3.
Example 7.8 Let X = R and define
Ap(z1, 22, ,&p) := 1<r?g;(<n x; — zjl.

Define the nonconstant control function

1
O(z1, 22, &) =1+ s
! 24 i |l
Clearly,
3
1< @(xlax27"' ,l'n) < 57
for all xy,x9, -+ ,x, € R.

Now define the mapping

T:X — X, T(x) = sz,
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where 0 < s < 1. Then, for every £, € X, we have
Ab(T§7T’I’],T§, e 7T£) = |S€ - 57]' = S|€ - 77| = SAb(faThfa e 75)
2 2

Choose

Then,
a+f+y=s<1,

and hence the Reich-type contractive condition of Theorem 7.3 is satisfied.

Now consider the Picard sequence x,, = T™xq = s xq.

Then,
(T, s T, xp) =1+
( P = Dl + 1
1
= 1 + .
24 (n—1)|smxo| + |sPxo]
Since
sMxy — 0, (m — 00),
we obtain 5
T,y T, Tp) — 7
Also,
3
1<O(@m,  , Tm,Tp) < 2

for all m,p € N.

Hence, the corresponding products of ©-values remain bounded along the Picard orbit,
and the orbit-control condition is satisfied.

Therefore, all assumptions of Theorem 7.3 hold. Consequently, the mapping 7" admits the
unique fixed point 0, and

TMxg — 0 for every o € R.

Finally, we present an example illustrating Theorem 7.4.

Example 7.9 Let (X, A;) be an extended Ap-metric space with control function © : X™ —
[1,00). Fix a point p € X and define the constant mapping

T: X — X, T(z) = p, x e X.
Then, for every £, € X, we have

Ab(T€7 7T§7T77) = Ab(p7 7p7p) = 0.
——— ———

n—1 n—1
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Therefore,

AmaX{Ab(€7"' 75777)7 Ab(€7 7§7T€)7 Ab(”’ ’77/7T77)}
-1 -1 -1

1+Ab(€7,£a77) ’
~——

n—1

Ab(Tga e 7T§7T,’7) <
————

n—1

for every A € (0,1). Hence, the rational-type contractive condition of Theorem 7.4 is satisfied.

Now consider the Picard sequence

Since T is constant,

Thus,
@(J}m, e a'rmmxp) = @(p, e 7p)a

for all m,p € N.
Consequently, the orbit-control condition is trivially satisfied.
Therefore, all assumptions of Theorem 7.4 hold. Hence, the mapping T possesses the

unique fixed point p.

88 Application of Theorem 7.4

Let X := C([0,1]), the Banach space of all real-valued continuous functions on [0, 1], equipped

with the supremum norm

[flloo := sup [f(x)].

z€[0,1]
Define A : X™ — [0,00) by

Ay(fr, fo, o fn) = max ||fi — fjllocs fi, fo, o fa€ X.

1<i<j<n
Choose the control function © = n. Then, (X, Ap) forms a complete extended Ap-metric
space. Indeed, the convergence and Cauchy properties induced by A; coincide with the usual
uniform convergence on C([0,1]), and C([0, 1]) is complete with respect to the supremum norm.
Let k : [0,1] x [0,1] — R be a continuous kernel, h € C([0,1]), and let ¢ : R — R be a

continuous nonlinear function.

Assume that there exist constants
K>0 and L>0
such that

1
sup / |k(z,y)|dy < K,
z€[0,1] JO
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and
lp(u) — ()| < Llu—v|,  uwveR.

Assume further that
A:=KL e (0,1)

and define the operator T': X — X by
1
(TF)(x) = / ke o(f(@) dy +h(z), =€ 0,1]

We show that T satisfies the rational-type contractive condition of Theorem 7.4.
Let f,g € X. Then, for every = € [0, 1],

1
(Tf)(x) = (Tg)(x)| = /0 k(z,y) (e(f() — elg(v))) dy

1
< / k()] [9(F () — 2(9(v)] dy
0
1
<L [ Ik 1) - o)l dy
0
1
SLIf =gl | Ik(z,v)dy.
I =l | Ikl dy
Taking the supremum over z € [0, 1], we obtain

ITf = Tglloe < KL[f = glloc = Allf = glloo-

Hence,
Ay(Tf.Tg.Tf,-- ,Tf) =|Tf—Tgllw <As(f, 9., f).
——

n—2 n—2

Since

1+Ab(f7gafa"' 7f) >1a
-2

it follows that

AmaX{Ab(fagvf7'” 7f)7 Ab(fvava"' 7f)7 Ab(gng7g7"' 3.9)}

A (TFf,Tqg, Tf,---,TFf) < n—2 n—2 n—9
b( [ Tg,Tf, ) f) 1+Ab(f,g,f7"'7f)
n—2 K
n—2

Thus, T satisfies the rational-type contractive condition of Theorem 7.4.

Moreover, the orbit-control condition required in Theorem 7.4 is satisfied since © = n is
constant along every Picard orbit. Hence, the corresponding finite products of ©-values remain
bounded. Therefore, all assumptions of Theorem 7.4 are satisfied. Consequently, T possesses a
unique fixed point v € X such that

Tu = wu.
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Equivalently, the nonlinear integral equation

u() = / ko) o(u(y) dy + h(z), = e 0.1],

admits a unique continuous solution u € C(][0, 1]). Furthermore, for every initial function ug €
C([0,1]), the Picard iterative sequence ty,+1 := T'u,, converges uniformly to the unique solution
u and therefore, the above nonlinear integral equation provides an application of Theorem 7.4

in the framework of extended Ap-metric spaces.

89. Conclusion

In this paper, we investigated fixed point theory in the setting of extended A,-metric spaces,
which generalize several well-known structures including metric spaces, b-metric spaces, ex-
tended b-metric spaces, S-metric spaces, Sp-metric spaces, extended Sy-metric spaces, A-metric
spaces, and Ap-metric spaces through the introduction of a variable control function. This gen-
eralized framework provides greater flexibility for the study of nonlinear contractive mappings

and convergence analysis.

Within this setting, we established fixed point results for various classes of contractions, in-
cluding Banach-type, Kannan-type, Reich-type, and nonlinear rational-type contractions. The
obtained theorems were proved under suitable orbit-control conditions that ensure the conver-
gence of Picard iterative sequences. Consequently, our results unify and extend many classical
fixed point theorems available in the existing literature on generalized metric spaces.

To demonstrate the applicability of the developed theory, several illustrative examples of
extended Ap-metric spaces were presented. In addition, an application to nonlinear integral
equations was discussed, showing that the proposed framework is not only theoretically signif-

icant but also useful in practical problems arising in nonlinear analysis.

The results obtained in this work open several directions for future research. One may
investigate fixed point theory in fuzzy, probabilistic, or stochastic extended A,-metric spaces,
study multivalued and hybrid contractions, or explore applications in optimization theory, d-
ifferential equations, and computational mathematics. We believe that extended Ap-metric
spaces provide a fruitful and flexible framework for further developments in modern fixed point

theory and its applications.
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