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Abstract: Let G = (V, E) be a graph with p vertices and ¢q edges. A graph G is analytic
odd mean if there exist an injective function f: V — {0,1,3,5---,2¢ — 1} with an induce
edge labeling f* : E — Z such that for each edge wv with f(u) < f(v),

) - [f(v)l(f(u)ﬂ)ﬂ . if f(u) £0
f(uw) = [L;)ﬂf it fu) = 0

is injective. We say that f is an analytic odd mean labeling of G. In this paper we prove
that sun graph Sy, prism Dy, helm graph H,, the graph C}, o P>, banana tree, bamboo tree,
perfect binary tree, the graph PC,,, unicyclic graph, the caterpillar Px(no, n1,--- ,nr—1) and
spider graph are analytic odd mean graph.
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81. Introduction

Throughout this paper we consider only finite, simple and undirected graph G = (V, E) with
p vertices and ¢ edges and notations not defined here are used in the sense of Harary [2].
A graph labeling is an assignment of integers to the vertices or edges or both, subject to
certain conditions. There are several types of labeling. An excellent survey of graph labeling
is available in [1]. The concept of analytic mean labeling was introduced in [7]. A graph
G is analytic mean graph if it admits a bijection f : V' — {0,1,2,--- ,p — 1} such that the
induced edge labeling f* : E — Z given by f*(uv) = [L;f(v)r‘ with f(u) > f(v) is
injective. Motivated by the results in [7], we introduced a new mean labeling called analytic
odd mean labeling in [3]. A graph G is an analytic odd mean if there exist an injective function
f:V—4{0,1,3,5---,2¢q — 1} with an induce edge labeling f* : E — Z such that for each edge
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wo with f(u) < f(v),

. B [M], if flu)#0
() = [%U)ﬂ ,2 i ) =0

is injective. We say such an f is an analytic odd mean labeling of G. Otherwise, a Smaran-
dachely analytic odd mean labeling of G if there exists an integer 0 < k < ¢ holding with
|f~*(k)| > 2, where f~* is the inverse of f*. We proved that cycle C),, path P, n-bistar, comb
P, ® Ky, graph L,, ® K1, wheel graph W,,, flower graph F',,, some splitting graphs, multiple of
graphs, quadrilateral snake Q(n), double quadrilateral snake DQ(n), coconut tree, fire cracker
and some star graphs, splitting graph spl(G), P,(1,2,3,---,n), the complete bipartite graph
Kn.n, the graph C, ® K,,, the square graph of P,,, Cy,, By, ., H-graph and H®mK; are analytic
odd mean graphs in [4], [5] and [6].

We use the following definitions in the subsequent section to prove the results.

Definition 1.1 A sun graph S, is a cycle Cy, with a pendent edge attached to each vertex of a
cycle C,.

Definition 1.2 The prism D,,n > 3 is a cubic graph which can be represented as a Cartesian

product Py x Cy, of a path on two vertices with a cycle on n vertices.

Definition 1.3 A banana tree is a tree obtained from a family of stars by joining one end

vertex of each star to a new vertex.

Definition 1.4 A tree is called a spider if it has a center vertex ¢ of degree R > 1 and all the
other vertex is either a leaf or with degree 2. Thus a spider is an amalgamation of k paths with
various lengths. If it has x1’s path of length a1, x2’s path of length as,---. We denote the spider
graph by SP(a1%t,a9%2, -+ ,a,,*™) where a1 < ag < -+ < @y, and x1 + 22 + -+ + =y = R.

Definition 1.5 A helm H,,n > 3 is obtained from the wheel graph W, by adding a pendent
edge at each vertexr on the wheel’s rim.

Definition 1.6 A bamboo tree (P, ® Ki,,)% , is an one point union of P, ® K1, where
1<i<k.

Definition 1.7 A caterpillar Py(ni,n2,- - ,ng) is a tree in which all the vertices are within
distance 1 of a central path Py for k > 1. When k > 2, a caterpillar is obtained from a path

P = ujugus - - - u attaching n; > 0 pendent vertices Uf(l < j < ny) to each u;.

Definition 1.8 A perfect binary tree is a full binary tree in which all the leaves are at the same

level and in which every parent has two children.

82. Main Results

In this section we prove that sun graph S,, prism D,, helm graph H,, path union of n — 3
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copies of C,,,the graph C, o P, banaba tree, bamboo tree, the graph PC,,, unicyclic graph,
perfect binary tree, the caterpillar graph Py(ng,n1,--- ,nkg—1) and spider graph are analytic
odd mean graphs.

Theorem 2.1 For every positive integer n > 3, the sun graph S, is an analytic odd mean

graph.

Proof Let the vertex set and edge set of the sun graph be V(S,,) = {u;,v; : 1 < i <n}
and E(Sp) = {uiuirr: 1 <i<n—1}U{uv;: 1 <i<n}U{unui}
Now |V(G)| = 2n = |E(G)|. We define an injective map f: V(S,) — {0,1,3,5,--- ,4n— 1} by
fluj)=2i—1forl1<i<nand f(v;) =2n+2i—1for 1 <i<n.

The induced edge labeling f* is defined as follows:

ffuiugr) =2i+1for 1 <i<n-—1,

f*(uruy) = 2n2 — 2n — 1,

fuv) =2n(n—1)+2i(2n—1)+1for 1 <i<n.

We observe that the edge labels of w;u;+1 are 3,5,---2n — 1 as ¢ increases and the edge
labels of u;v; are increased by 4n — 2 as i increases from 1 to n. Hence all the edge labels are

distinct and odd . Hence S,, admits an analytic odd mean labeling. O

An analytic odd mean labeling of Sg is shown in Figure 1.
31 17

Figure 1

Theorem 2.2 For every positive n > 3, the prism D, is an analytic odd mean graph.

Proof Let the vertex set and edge set of the prism be V(D,,) = {u;,v; : 1 <i <n} and
E(Dy) = {uittiz1,vvi41 0 1 <i<n—-1}J{uwvi: 1 <i<n}J{unvi,vpv1}. Now |[V(Dy)| =
2n and |E(D,,)| = 3n. We define an injective map f : V(D,) — {0,1,3,5,--- ,6n — 1} by
fluj)=2i—1forl1 <i<nand f(v;) =2n+2i—1for 1 <i<n.
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The induced edge labeling f* is defined as follows:

ffuiuigr) =2i+1for 1 <i<n-—1,
f*(uruy) = 2n2 — 2n — 1,

f(uv)) =2n(n—1)+2i(2n—1)+ 1 for 1 <i < mn,

ffvvip1) =2n+2i+1for 1 <i<n-—1,

f*(vivy) = 6n% — 8n — 1.

We observe that the edge labels of w;u;4+1 and v;v;41 are 3,5,...,2n — 1 and 2n + 3,2n +
5,-++,2n+2n —1 = 4n — 1 respectively as ¢ increases and the edge labels of u;v; are increased
by 4n — 2 as i increases from 1 to n. So all the edge labels are distinct and odd. Hence D,,
admits an analytic odd mean labeling. a

An analytic odd mean labeling of Dg is shown in Figure 2.

319

25
Figure 2

Theorem 2.3 The helm graph H,,n > 3 is an analytic odd mean graph.

Proof Let V(H,) = {v,v;,u; : 1 < i < n} and E(H,) = {vv;,v;u; : 1 <i<n}U
{vivig1 + 1 <i <n-=1}U{v,vn}. Now |V(G)| = 2n+ 1 and |E(G)| = 3n. We define an
injective map f : V(G) — {0,1,3,5,--- ,6n— 1} by f(v) =0, f(v;) =4i—3 for 1 <i<n and
flu))=4n+2i—1for 1 <i<n.

The induced edge labeling f* is defined as follows:

f*(vv;)) =82 —12i +5for 1 <i <,
ffovigr)=12i—1for 1 <i<n-—1,

f*(vpv1) = 8n? — 12n + 3,

flou) =4n(2n—1)—6i(i — 1) +8ni — 1 for 1 <i <mn.

*
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We observe that when i increases, the difference of edges v;u; are decreased by 12. Clearly

all the edge labels are odd and distinct. Hence H,, admits an analytic odd mean labeling. O

An analytic odd mean labeling of Hyp is shown in Figure 3.

41wy

51 us

Figure 3

Theorem 2.4 The graph PCp(n > 4 and n is even) is obtained from C, = vivs---v,v1 by
adding the chords v; and vy—;y2 for 2 < i < 1 where |l = n/2. Then the graph PC, is an

analytic odd mean graph.

Proof Let G = PC,,. Let the vertex set and edge set of G be V(G) = {v;,: 1 <i < n}
and E(G) = {vivit1 : 1 < i <n—-1}U{vvp—it2 : 2 <i <1} U{v,v1}. Then there are
n vertices and 3n/2 — 1 edges. We define an injective map f : V(G) = {0,1,3,---3n — 3} by
flo;))=2i—1for1<i<n.

The induced edge labeling f* is defined as follows:
f*wivip1) =2+ 1 for 1 <i<mn,

f*(vpv1) =202 — 2n — 1,

f*(vivn—it2) =2n(n+3) — 2i(2n+3) + 5 for 2 < i <.

It can be easily verified that f is an analytic odd mean labeling and hence PC), is an

analytic odd mean graph. O

An analytic odd mean labeling of PC1g is shown in Figure 4.
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Figure 4

Theorem 2.5 Let G be a unicycle graph with a cycle Cy, = ajas - - - agay such that the vertex
a; 1s attached to n; pendent vertices. Then the unicycle graph admits an analytic odd mean
labeling.

Proof Let V(G) = {as,al : 1 <i<kand1<j<n}and E(G) = {aiai1 : 1<
i <k-1}U {aia‘g 1 <i<kandl <j < n}U{arar}. We assume ng = 0. Hence
Vi=ni+ne+---+n+k=|F|.

We define an injective map on the vertex set by f(a;) = 2i — 1 for 1 < ¢ < k and
flal)=2k—14+23""tn.+2jfor 1 <i<kand1<j<mn,.

The induced edge labeling f* is defined as follows:

f*(aialqu) =2i+1 for 1 S 7 S k — 1,

f*(arar) = 2k? — 2k — 1,

Frlaal) = 2062 + 52 =) + 200 ) + 22k + 25 — 1) Y07 ny + 4kj — 2(k + j) + 1 for
1<i<kand 1<j5<n,;.

Clearly the edge labels are odd and distinct. Hence the unicycle graph admits an analytic
odd mean labeling. a

An analytic odd mean labeling of the unicycle graph with & = 6 is shown in Figure 5.

31 29 27 25
Figure 5
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Theorem 2.6 The caterpillar Py(no,ni, -+ ,ng—1) is an analytic odd mean graph for k >
2, n; > 0.

Proof Let V(G) = {vi,vf :0<i<k—-1land 1l <j<n;}and E(G) = {v;—1v; : 1<
igk—l}u{vivf: 0<i<k—1land1<j<n;}. Hence|V|=ng+ni+...+n;+kand
|E| =ng+n1+---+ng+k— 1. We define an injective map on the vertex set by

fo) =0, f(v;) =2i—1for1 <i<k-—1,

f(vd)—2k+2j—3f0r1<j<ni,

f!) =2k — 3+2ZT OTLT+2] for1<i<k—1land1<j<n,

The induced edge labeling f* is defined as follows:

ffwimiv) =2i—1for 1 <i<k-—1,

F(wovd) = 2k(k —3) 4+ 2j(j — 3) + 4kj + 5 for 1 < j < n,

!

*(v;v ):{(Qk 3+22T Onr+2j—2z)(2/€ 3+22T Onr+2]+22)+1}—2for
1<i<k—-land1l<j<n;.

Clearly the edge labels are odd and distinct. Hence Py (ng,n1, ..., nk—1) admits an analytic
odd mean labeling. a

An analytic odd mean labeling of P5(3,2,1,5,4) is shown in Figure 6.

0 1
AB 15 17 /N29 4\
11

33 35

Figure 6

Theorem 2.7 The graph C, o P> is an analytic odd mean graph.

Proof Let G be the graph C,, o P. Let V(G) = {v;,vi1,vi2: 1<i<n} and E(G) =
{vivig1 : 1 <i<n—1}U{v,v1} U{vivi 1,005 2,010i2 : 1 <i<n}. Now |[V(G)| = 3n and
|E(G)| = 4n.

We define an injective map f: V(G) — {0,1,3,5,--- ,8n— 1} by

flo))=2i—1for1<i<n,

fwi1)=4i+2n—-3for 1 <i<n,

fwig)=4i+2n—1for 1 <i<n.

The induced edge labeling f* is defined as follows:
ffovipr)=2i+1for 1 <i<n-—1,
f*(vpvr) =202 —2n + 1,
fH(vwi1) =6i(i — 2) +2n(n — 3) + 8ni + 5 for 1 <14 < n,

(
fr(vi

<

vV 2) =2i(3i —2) +2n(n — 1) +8ni+ 1 for 1 < i < n,
Vo) =4i+2n—1for 1 <i<n.



Further Results on Analytic Odd Mean Labeling of Graphs 143

Clearly the edge labels are odd and distinct. Hence C}, o P, admits an analytic odd mean
labeling. O

An analytic odd mean labeling of C5 o P, is shown in Figure 7.

11 13 13

23 21
Figure 7
Theorem 2.8 Let Ky, King, -+, K10, be a family of stars with vertex sets V(K1 ;) =
{aj,a},af,--- ,a}”}, and deg(aj) = nj,1 < j < k. Let BT (n1,n2, - ,nk) be a banana tree
obtained by adding a new vertexr a and joning it to ai,a3,al,--- ,ai. Then BT (ni,na,--- ,ng)

admits an analytic mean labeling where n; is any positive integer.

Proof Let the vertex set and edge set beV:{a,aj,agz 1§j§k,1§r§n‘j} and F =
{aa}: 1§j§k}u{aja;: 1§j§k,1§r§nj} respectively. We assume ng = 0. Hence
[Vi=ni+ne+---+np+k+1land |EF|=n1+no+---+ng+ k.

We define an injective function f on the vertex set of banana tree as follows :

fla)=0, f(aj) =25 —1for 1 <j <k,
f(a;):2k—1+2zj—éni+2rfor1§r§nj71§j§k,

1=

The induced edge labeling f* is defined as follows:

j—1 j—1 j—1
Frlajay) =20k + 1> = 7)) + 200 ni+ )2k — 14> n)+2j> ni—2k+1
=0 =0 1=0

for1<r<mn;,1<j<kand

= 2
(2k—1+22§:0 ni—|—2) +1
2
j—1 j—1
2h(k+1)+2) ni(2k+1)+20)_ni)* +1
=0 1=0

f*(aaj) =
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for 1 <j<k.

Clearly the edge labels are odd and distinct. Therefore f is an analytic odd mean labeling
and hence the banana tree is an analytic odd mean graph. |

An analytic odd mean labeling of BT(3,5,6,4) is shown in Figure 8.

17 19

Figure 8 43

Theorem 2.9 Let K1y, Kiny, -+, K1 ny, K11 be a family of stars with vertex sets V(Ky ;) =
{v; :0<r< nj} and deg(v?) =mnj, for 1 <j <k, V(Kix) = {v,v1,v2, - ,vx}. The bam-
boo tree (P ® Ky p;) for j = 1,2,...,k is obtained by joining the vertex vi,va,...,vr with
vi vl ,v,ﬁ respectively. Clearly the number of vertices and edges of the bamboo tree are
ni+ns+---+ng+k+1and ny +ns + ... +ni + k respectively. Then the bamboo tree
(P ® K1) for j =1,2,---,k is an analytic odd mean graph.

Proof Let the vertex set and edge set be V = {v,vj,v;- 1< i<k 0<r< nj} and

E={w,;: 1<j< k}U{’Uj’UJl- 1< < k}U{’U?’U; P 1<i<k1<r< nj} respectively. We
assume ng = 0. Hence |[V|=ni1+na+...+nx+2k+1 and |E| =ny +ng + - - - + ng + 2k.

We define an injective function f on the vertex set of bamboo tree as follows:

flw)=0, flv;) =2j—1for 1 <j <k,

f(vjr) :4k—1+2zg;3ni+2r for 1 <r<n;1<j<k,

f(UJQ)=2k+2j—1f0r 1<j<k.

The induced edge labeling f* is defined as follows:

[*(vvj) =252 —2j4+ 1 for 1 < j <k,

. 2
f*(vjv]l-) = [(4/€+ 1+ 223;& nl) + 1} ~2-22for1<j<k,
. 2
fr(wjvy) = [(zuc — 1423 ni + 27°) + 1} +2—2(k? +j%) —4kj for 1 <r <mny,1 <
J<k.
Clearly the edge labels are odd and distinct. Therefore f is an analytic odd mean labeling
and hence the bamboo tree is an analytic odd mean graph. O
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An analytic odd mean labeling of (P ® Ky ;) for j =1,2,3,4 with ny = 5,n2 = 4,n3 =

3,n4 = 7 is shown in Figure 9.

1 Vg
vi
211w} 3wl 41 43
v} Uy
45 4
vy o v v
11 U3 13 15 47
vy o8
4
33 o
v o7/ 39 S
3
317)3 vi v3 Vs
Figure 9

Theorem 2.10 The perfect binary tree T of order p is an analytic odd mean graph.

Proof Let V(T) ={v;: 1<i < p}and E(T) = {vjve,v;v2i41 : 1 < i < q/2}. Hence
V| = p and |E| = p — 1. We define an injective map f : V(G) = {0,1,3,---,2p— 3} by

fv1) =0 and f(v;) =2i — 3 for 2 < i < p. The induced edge labeling f* is defined as follows:
[ (vive) =
[ (vivs) =
[ (viva) = 61 —8i+3for2<i<gq/2,
F*(vivaigr) = 6i%2 — 1 for 2 <i < q/2.

We observe that the difference of edge labels of v;ve; and v;v9;11 is 8 — 4 as i increases
from 1 to 4. Therefore the edge labels are odd and distinct. Hence the binary tree admits an

analytic odd mean labeling. a

An analytic odd mean labeling of T' of order 15 is shown in Figure 10.

Figure 10



146 P.Jeyanthi, R.Gomathi and Gee-Choon Lau

Theorem 2.11 The spider graph SP(1",k™),n > 1, and k,m > 2 is an analytic odd mean
graph.

Proof Let V(SP(1™, k™)) = {v} U{wa,: 1<a<n}U{v!: 1<i<kandl<j<m}
and E(SP(1", k™)) = {vv{,vgvg+1 1 <i<k—-land1<j<m}U{vw,: 1<a<n}
We define an injective map f : V(SP(1", k™)) — {0,1,3,5,---,2(km + n) — 1} by f(v) =
O,f(vg) ={—-12k+2i—1for1 <i<k,1<j<mand f(w,) =2mk+2a—1for1 <a<n.
The induced edge labeling f* is defined as follows:

frv]) =2k(j —1)(k(j —1) +1) + 1 for 1 < j <m,

f (v§v§+1)_2k(j—1)+2i+1forlgigk—landlgjgm,

f*(vw,) = 2mk(mk — 1) + 2a(a — 1) + 4mak + 1 for 1 < a < n.

It can be verified that the edge labels are odd and distinct. Hence SP(1™, k™) is an analytic
odd mean graph. a

An analytic odd mean labeling of SP(1",6°) is shown in Figure 11.

2mk +2n—1

63
61

37 39 4 43 45 47

25 27 29 31 33 35

13 15 17 19 21 23

3 5 7 9 1n

Figure 11

Theorem 2.12 The spider graph SP(2™,k™),n > 1,k,m > 2 is an analytic odd mean graph
if (a) k is even and m is any integer and (b) k is odd and m is even.

Proof Let V(SP(2™, k™)) = {v} U{ws1,wa2: 1 <a<n}U {vf c1<i<kand1<j<
m} and E(SP(2", k™)) = {vv{,vafﬂ s l<i<kansl <j<m}U{vwei,wei1we2: 1<
a < n}. We define an injective map f : V(SP(1",k™)) — {0,1,3,5,--- ,2km + 4n — 1} by
f)=0,fw)) =G —1)2k+2i—1for 1 <i<k 1<j<m flwa)=2mk+ 4a — 3 for
1<a<nand f(wgz) =2mk+4a—1for 1 <a <n.

The induced edge labeling f* is defined as follows:

frwo]) = 2k(j = 1)(k(j = 1)+ 1) + Lfor 1 < j <m,

(v vf+ )=2k(j—1)+2i+1for1<i<k—1land1l<j<m,
f*(vwg,1) = 2mk(mk — 3) + 4a(2a — 3) + 8mak + 5 for 1 < a <n,
[ (weiwez2) =2mk+4a—1for 1 <a<n.

*
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It can be verified that the edge labels are odd and distinct. Hence SP(2™, k™) is an analytic
odd mean graph. O

An analytic odd mean labeling of SP(2",5%) is shown in Figure 12.
2mk +4n — 3 2mk +4n — 1

47
43
35 3'7 39
0 25 27 29
15 17 15

Figure 12

Theorem 2.13 The spider graph SP(1%,2" k™), n,s > 1,k,m > 2 is an analytic odd mean

graph if (a) k is even and m is any integer and (b) k is odd and m is even.

Proof Let V(SP(1%,2" k™)) = {v} U {we1,wao : 1 <a <n}U{v) : 1<i<
and 1 < j < m}U{u, : 1 < r < s} and E(SP(1%,2",k™)) = {vv{,vgvg+l o1
i < kand 1 < j < m}U{vwe1,We1We2 : 1 < a < n}. We define an injective map
f:V(SPQ1™ k™) — {0,1,3,5,---,2km + 4n + 2s — 1} by f(u,) = 2mk + 4n + 2r — 1 for
1 <r <sand f(v), f(v)), f(wa1) and f(was2) are defined as in Theorem 2.12. Then the
induced edge labeling f*(vv?), f*(vafﬂ), [ (vwg,1) and f*(we,1we,2) are as in Theorem 2.12

and

k
<

(2mk +2r +4n — 1)* + 1

[ (ouy) = B
forl <r<s.
It can be verified that the edge labels are odd and distinct. Hence SP(1%,2" k™) is an
analytic odd mean graph. O

An analytic odd mean labeling of SP(1%,2",3%) is shown in Figure 13.

2mk +4n — 3 2mk +4n — 1

2mk +4n + 1

2mk +4n+3

2mk +4n +2s — 1 1 3 5

Figure 13
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