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Abstract: The purpose of the present paper is to find the necessary and sufficient conditions

under which a generalized h−Kropina change of Finsler metric becomes a projective change.

The condition under which a generalized h−Kropina change of Finsler metric of Douglas
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§1. Introduction

Let Fn = (Mn, L) be an n−dimensional Finsler space on a differentiable manifoldMn, equipped

with the fundamental function L(x, y).

In the paper [3], Shukla, Pandey and Mishra have investigated the necessary and sufficient

conditions under which a generalized Kropina change of Finsler metric becomes a projective

change. They have also obtained the condition under which such change of metric of a Douglas

space give rise to a Douglas space.

The generalized Kropina change of Finsler metric is given by

L(x, y) =
Lm+1

βm
, where β = bi(x) y

i (1.1)

and m is a constant not equal to −1, 0.

In the present paper we have considered the transformation (1.1), in which bi(x) in β has

been replaced by h−vector bi(x, y) so that ∂bi

∂yj is proportional to the angular metric tensor hij .

Let
∂bi
∂yj

= ρhij , (1.2)

where ρ is any scalar function of x, y and hij = gij − li lj. It has been shown by Shukla, Pandey

and Joshi in [2] that

∂̇kρ = − ρ

L
lk, for n > 2, (1.3)

where ∂̇k ≡ ∂
∂yk .
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We shall use the equation (1.3) without quoting it in the present paper.

Let β = bi(x, y) y
i be defined on the manifold Mn. Then L → Lm+1

βm is called generalized

h−Kropina change of Finsler metric. If we write L = Lm+1

βm and F
n

= (Mn, L) then the Finsler

space F
n

is said to be obtained from Fn by a generalized h−Kropina change.

If m = 1, then generalized h−Kropina change reduces to h−Kropina change of Finsler

metric. The quantities corresponding to F
n

will be denoted by putting bar over those quantities.

The fundamental quantities of Fn are given by

gij =
1

2

∂2L2

∂yi∂yj
, li =

∂L

∂yi
and hij = L

∂2L

∂yi∂yj
= gij − lilj.

We shall denote the partial derivative with respect to xi and yi by ∂i and ∂̇i respectively

and write

Li = ∂̇iL, Lij = ∂̇i∂̇jL, Lijk = ∂̇i∂̇j ∂̇kL.

Then

Li = li, L−1 hij = Lij

The geodesic of Fn are given by the system of differential equations

d2xi

ds2
+ 2Gi

(

x,
dx

ds

)

= 0,

where Gi(x, y) are positively homogeneous of degree two in yi and are given by

2Gi = gij(yr∂̇j∂rF − ∂jF ), F =
L2

2

where gij are the inverse of gij .

Berwald connection BΓ = (Gi
jk, G

i
j , 0) of Finsler space Fn = (Mn, L) is given by [5]

Gi
j =

∂Gi

∂yj
, Gi

jk =
∂Gi

j

∂yk
.

The Cartan’s connection CΓ = (F i
jk, G

i
j , G

i
jk) is constructed from L with the help of following

axioms [5]:

1. Cartan connection CΓ is v−metrical;

2. Cartan connection CΓ is h−metrical;

3. The (v)v torsion tensor field S of Cartan connection vanishes;

4. The h(h) torsion tensor field T of Cartan connection vanishes;

5. The deflection tensor field D of Cartan connection vanishes.

The h− and v−covariant derivatives with respect to Cartan connection are denoted by |k
and |k respectively. It is clear that the h−covariant derivative of L with respect to BΓ and CΓ

is the same and vanishes identically. Furthermore, the h−covariant derivatives of Li, Lij with

respect to CΓ are also zero.
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We shall write

2rij = bi|j + bj|i, 2sij = bi|j − bj|i.

§2. Difference Tensor Di

The generalized h−Kropina change of Finsler metric L is given by

L =
Lm+1

βm
, where β(x, y) = bi(x, y) y

i and m 6= −1, 0. (2.1)

We may put

G
i
= Gi +Di. (2.2)

Then G
i

j = Gi
j +Di

j and G
i

jk = Gi
jk +Di

jk, where Di
j = ∂̇jD

i and Di
jk = ∂̇kD

i
j . The tensors

Di, Di
j and Di

jk are positively homogeneous in yi of degree two, one and zero respectively.

To find Di we deal with equation Lij|k = 0, [4] i.e.

∂kLij − LijrG
r
k − LrjF

r
ik − LirF

r
jk = 0. (2.3)

Since ∂̇iβ = bi, from (2.1), we have

(a) Li = (m+1)
Lm

βm
Li−m

Lm+1

βm+1
bi; (2.4)

(b) Lij =
Lm

βm+1
[(m+ 1)β − ρmL2]Lij +m(m+ 1)

Lm−1

βm
LiLj

−m(m+ 1)
Lm

βm+1
(Libj + Ljbi) +m(m+ 1)

Lm+1

βm+2
bibj ;

(c) ∂jLi = m(m+ 1)
Lm−1

βm+1
(βLi − Lbi)∂jL+m(m+ 1)

Lm

βm+2
(Lbi − βLi)∂jβ

+(m+ 1)
Lm

βm
∂jLi −m

Lm+1

βm+1
∂jbi;

(d) ∂kLij =
Lm

βm+1
[(m+ 1)β − ρmL2]∂kLij +

[mLm−1

βm+1
((m+ 1)β

−ρ(m+ 2)L2)Lij +m(m2 − 1)
Lm−2

βm
LiLj −m2(m+ 1)

Lm−1

βm+1
(Libj

+Ljbi) +m(m+ 1)2
Lm

βm+2
bibj

]

∂kL+
{

(ρL2 − β)m(m+ 1)
Lm

βm+2
Lij

−m2(m+ 1)
Lm−1

βm+1
LiLj +m(m+ 1)2

Lm

βm+2
(Libj + Ljbi)

−m(m+ 1)(m+ 2)
Lm−1

βm+3
bibj

}

∂kβ +m(m+ 1)
Lm−1

βm+1
(βLj − Lbj) ∂kLi

+m(m+ 1)
Lm−1

βm+1
(βLi − Lbi)∂kLj +m(m+ 1)

Lm

βm+2
(Lbj − βLj)∂kbi

+m(m+ 1)
Lm

βm+2
(Lbi − βLi)∂kbj −m

Lm+2

βm+1
Lij∂kρ

and

(e) Lijk =
Lm

βm+1
[(m+ 1)β − ρmL2]Lijk +m(m+ 1)

Lm−1

βm+1
(β − ρL2)(LiLjk+
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+LjLik + LkLij) +m(m+ 1)
Lm

βm+2
(ρL2 − β)(biLjk + bjLik + bkLij)

−m2(m+ 1)
Lm−1

βm+1
(LiLjbk + LiLkbj + LjLkbi)

+m(m+ 1)2
Lm

βm+2
(Libjbk + Ljbkbi + Lkbibj)

+m(m2 − 1)
Lm−2

βm
LiLjLk −m(m+ 1)(m+ 2)

Lm+1

βm+3
bibjbk.

Since Lij|k = 0 in F
n
, after using (2.2), we have

∂kLij − LijrG
r

k − LjrF
r
ik − LirF

r
jk = 0,

where F
i

jk = F i
jk + cDi

jk [1].

Substituting in the above equation the values of ∂kLij , Lir and Lijr from (2.4) and using

(2.3) and then contracting the resulting equation with yk, we get

2LijrD
r + LjrD

r
i + LirD

r
j − Lw(Lbj − βLj)(ri0 + si0) − Lw(Lbi− (2.5)

− βLi)(rj0 + sj0) −
{

m(m+ 1)
Lm

βm+2
(ρL2 − β)Lij −m2(m+ 1)

Lm−1

βm+1

LiLj +m(m+ 1)2
Lm

βm+2
(Libj + Ljbi) −m(m+ 1)(m+ 2)

Lm+1

βm+3
bibj

}

r00

+m
Lm+2

βm+1
ρ0Lij + 2ρm

Lm+1

βm+1
LrLijG

r = 0.

where ‘0’ stands for the contraction with yk viz. rj0 = rjky
k, r00 = rijy

iyj and we have use

the fact that Di
jky

k = cDi
jky

k = Di
j [4].

Next, we deal with Li|j = 0, that is ∂jLi − LirG
r

j − LrF
r

ij = 0, then we have

∂jLi − Lir(G
r
j +Dr

j ) − Lr(F
r
ij + cDr

ij) = 0. (2.6)

Putting the values of ∂jLi, Lir and Lr from (2.4) in (2.6) and using equation Li|j =

∂jLi − LirG
r
j − LrF

r
ij = 0, and rearranging the terms, we get

−mLm+1

βm+1
bi|j = LirD

r
j + Lr

cDr
ij +m(m+ 1)

Lm

βm+2
(βLi − Lbi)(r0j + s0j),

which after using 2rij = bi|j + bj|i and 2sij = bi|j − bj|i, we get

−2m
Lm+1

βm+1
rij =LirD

r
j + LjrD

r
i + 2Lr

cDr
ij +m(m+ 1)

Lm

βm+2
×

× (βLi − Lbi)(r0j + s0j) +m(m+ 1)
Lm

βm+2
(βLj − Lbj)(ri0 + si0)

(2.7)
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and

−2m
Lm+1

βm+1
sij =LirD

r
j − LjrD

r
i +m(m+ 1)

Lm

βm+2
(βLi − Lbi)×

× (r0j + s0j) −m(m+ 1)
Lm

βm+2
(βLj − Lbj)(ri0 + si0).

(2.8)

Subtracting (2.7) from (2.5) and contracting the resulting equation with yi, we get

−2LjrD
r +m(m+ 1)

Lm

βm+2
(Lbj − βLj) r00 − 2m

Lm+1

βm+1
r0j = 2LrD

r
j . (2.9)

Contracting (2.9) with yj, we get

[

(m+ 1)
Lm

βm
Lr −m

Lm+1

βm+1
br

]

Dr = −1

2
m
Lm+1

βm+1
r00. (2.10)

Subtracting (2.8) from (2.5) and contracting the resulting equation with yj, we have

[

Lm

βm+1
{(m+ 1)β − ρmL2}Lir +m(m+ 1)

Lm−1

βm
LiLr

−m(m+ 1)
Lm

βm+1
(Libr + Lrbi) +m(m+ 1)

Lm+1

βm+2
bibr

]

Dr

= −mLm+1

βm+1
si0 +

1

2
m(m+ 1)

Lm

βm+2
(Lbi − βLi)r00.

(2.11)

In view of LLir = gir − LiLr, the equation (2.11) may be written as

[

(m+ 1)
Lm−1

βm
− ρm

Lm+2

βm+1

]

girD
r +

[

Lm−1

βm+1
{(m2 − 1)β + ρmL2}Li

−m(m+ 1)
Lm

βm+1
bi

]

LrD
r +m(m+ 1)

Lm

βm+2
(Lbi − βLi) brD

r

= −mLm+1

βm+1
si0 +

1

2
m(m+ 1)

Lm

βm+2
(Lbi − βLi)r00.

(2.12)

Contracting (2.12) with bi(= gijbj), we get

− 2
Lm

βm+1
[m(m+ 1)L2△ + (m+ 1)β2 − ρmL2β]LrD

r

+ 2
Lm+1

βm+2
[m(m+ 1)L2△ + (m+ 1)β2 − ρmL2β]brD

r

=
Lm+3

βm+2
[−2mβs0 +m(m+ 1)△r00],

(2.13)

where △ = b2 − β2

L2 and s0 = sr0b
r.

The equations (2.10) and (2.13) constitute the system of algebraic equations in LrD
r and

brD
r whose solution is given by

LrD
r =

−mL[{(m+ 1)β − ρmL2}r00 + 2mL2s0]

2[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2} (2.14)
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and

brD
r = −−2m(m+ 1)L2βs0 + [m(m+ 1)(△L2 − β2) + ρm2L2β]r00

2[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2}] . (2.15)

Contracting (2.12) by gij and putting the values of brD
r and LrD

r from (2.14) and (2.15)

respectively, we get

Di =
m[{(m+ 1)β − ρmL2}r00 + 2mL2s0]×

2{m+ 1)β − ρmL2}[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2}] (2.16)

[(m+ 1)L2bi − {2(m+ 1)β − ρmL2} yi] − mL2

(m+ 1)β − ρmL2
si
0,

where li =
yi

L
.

Proposition 2.1 The difference tensor Di = G
i − Gi of generalized h−Kropina change of

Finsler metric is given by (2.16).

Remark The difference tensor for h−Kropina change of Finsler metric is obtained by putting

m = 1 in equation (2.16).

§3. Conditions for Projective Change

The Finsler space F
n

is said to be projective to Finsler space Fn if every geodesic of Fn is

transformed to a geodesic of F
n
. It is well known that the change L → L is projective if

G
i
= Gi +P (x, y)yi, where P (x, y) is a homogeneous scalar function of degree one in yi, called

projective factor [6].

Thus from (2.2) it follows that L → L is projective iff Di = Pyi. Now we consider that

the generalized h−Kropina change L → L = Lm+1

βm is projective. Then from equation (2.16),

we have

Pyi =
m[{(m+ 1)β − ρmL2}r00 + 2mL2s0]×

2{m+ 1)β − ρmL2}[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2}] (3.1)

[(m+ 1)L2bi − {2(m+ 1)β − ρmL2} yi] − mL2

(m+ 1)β − ρmL2
si
0,

Contracting (3.1) with yi(= gijy
j) and using the fact that si

0yi = 0 and yiy
i = L2, we get

P =
−m[{(m+ 1)β − ρmL2}r00 + 2mL2s0]

2[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2}] . (3.2)

Putting the value of P from (3.2) in (3.1), we get

m(m+ 1)[{(m+ 1)β − ρmL2}r00 + 2mL2s0](βy
i − L2bi)

2{m+ 1)β − ρmL2}[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2}] (3.3)

= − mL2

(m+ 1)β − ρmL2
si
0,
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Transecting (3.3) by bi, we get

r00 =
2β s0

(m+ 1)△ , where △ = b2 − β2

L2
6= 0. (3.4)

Putting the value of r00 from (3.4) in (3.2), we get

P = − ms0
(m+ 1)△ . (3.5)

Eliminating P and r00 from (3.5), (3.4) and (2.16), we get

si
0 =

[

bi − β

L2
yi

]

s0
△ . (3.6)

The equations (3.4) and (3.6) give the necessary conditions under which a generalized h−Kropina

change becomes a projective change.

Conversely, if conditions (3.4) and (3.6) are satisfied, then putting these conditions in

(2.16), we get

Di = − ms0
(m+ 1)△ yi i.e. Di = Pyi, where P = − ms0

(m+ 1)△ .

Thus F
n

is projective to Fn.

Theorem 3.1 The generalized h−Kropina change of a Finsler space is a projective change iff

equations (3.4) and (3.6) hold the projective factor P is given by equation (3.5).

If m = 1, then the equations (3.4) and (3.6) are reduced to the equations

r00 =
βs0
△ , (3.7)

and

si
0 =

[

bi − β

L2
yi

]

s0
△ (3.8)

respectively and the projective factor is given by P = − s0
2△ . Thus, we have

Corollary 3.1 The h−Kropina change of Finsler metric is projective iff the conditions (3.7)

and (3.8) hold.

§4. Douglas Space

The Finsler space Fn is called a Douglas space if and only if Giyj − Gjyi is homogeneous

polynomial of degree three in yi [7]. We shall write hp(r) to denote a homogeneous polynomial

in yi of degree r. If we write Bij = Diyj −Djyi, then from (2.16), we get
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Bij =
m(m+ 1)L2[{(m+ 1)β − ρmL2}r00 + 2mL2s0](b

iyj − bjyi)

2{m+ 1)β − ρmL2}[m(m+ 1)L2△ + β{(m+ 1)β − ρmL2}]

− mL2

(m+ 1)β − ρmL2
(si

0y
j − sj

0y
i). (4.1)

From (4.1), we find if a Douglas space is transformed to a Douglas space by generalized

h−Kropina change of Finsler metric, then Bij must be hp(3) and if Bij is hp(3) then generalized

h−Kropina change transforms a Douglas space into a space of the same kind.

Theorem 4.1 The generalized h−Kropina change of Douglas space leads to a Douglas space

iff Bij given by (4.1) is hp(3).

If m = 1, then the equation (4.1) becomes

Bij =
L2[(2β − ρL2)r00 + 2L2s0](b

iyj − bjyi)

(2β − ρL2)[2L2△ + β(2β − ρL2)]
(4.2)

− L2

(2β − ρL2)
(si

0y
j − sj

0y
i).

Thus, we have

Corollary 4.1 The h−Kropina change of Douglas space leads to a Douglas space iff Bij given

by (4.2) is hp(3).
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