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Abstract: The purpose of the present paper is to find the necessary and sufficient conditions
under which a generalized h—Kropina change of Finsler metric becomes a projective change.
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81. Introduction

Let F™ = (M™, L) be an n—dimensional Finsler space on a differentiable manifold M™, equipped
with the fundamental function L(zx,y).

In the paper [3], Shukla, Pandey and Mishra have investigated the necessary and sufficient
conditions under which a generalized Kropina change of Finsler metric becomes a projective
change. They have also obtained the condition under which such change of metric of a Douglas
space give rise to a Douglas space.

The generalized Kropina change of Finsler metric is given by

Lm+1

gm

L(z,y) = where (3 = b;(z) (1.1)

and m is a constant not equal to —1, 0.

In the present paper we have considered the transformation (1.1), in which b;(z) in 8 has

been replaced by h—vector b;(x,y) so that gzj- is proportional to the angular metric tensor h;;.
Let %
o= phs (12

where p is any scalar function of x,y and h;; = g;; —l; [;. It has been shown by Shukla, Pandey
and Joshi in [2] that
Op = —% lg, for n>2, (1.3)

where 0, = %.
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We shall use the equation (1.3) without quoting it in the present paper.

Let 3 = b;(x,y)y" be defined on the manifold M"™. Then L — —L;: " is called generalized
Lg: " and F" = (M™,T) then the Finsler

space F is said to be obtained from F™ by a generalized h—Kropina change.

h—Kropina change of Finsler metric. If we write L =

If m = 1, then generalized h—Kropina change reduces to h—Kropina change of Finsler
metric. The quantities corresponding to F" will be denoted by putting bar over those quantities.
The fundamental quantities of F'™ are given by
1 02L? oL %L

li=— and hij = L—Byiayj = Gij

i = SR i - — Ul
9ij 2 0y'oy’ oy’ J

We shall denote the partial derivative with respect to 2 and y* by d; and 9; respectively
and write

Li=&L,  Lijj=0800L,  Lyx=d0;0L.

Then
L; =1, Lt hij = Lij

The geodesic of F™ are given by the system of differential equations

A2zt e dzr —0
ds? % ds ) 7

where G(x,y) are positively homogeneous of degree two in 3 and are given by

) . . L2
2G" = ¢" (y"0;0, F — O;F), F= >
where ¢/ are the inverse of g;;.
Berwald connection BT = (G%,, G%,0) of Finsler space F"" = (M™, L) is given by [5]
oG oG,

“Ta T

The Cartan’s connection CT = (F ;k, G;, G;k) is constructed from L with the help of following

axioms [5]:

1. Cartan connection CT is v—metrical;

2. Cartan connection CT is h—metrical;

3. The (v)v torsion tensor field S of Cartan connection vanishes;

4. The h(h) torsion tensor field T of Cartan connection vanishes;

5. The deflection tensor field D of Cartan connection vanishes.

The h— and v—covariant derivatives with respect to Cartan connection are denoted by |
and | respectively. It is clear that the h—covariant derivative of L with respect to BT" and CT

is the same and vanishes identically. Furthermore, the h—covariant derivatives of L;, L;; with

respect to CT are also zero.
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We shall write

§2. Difference Tensor D?

The generalized h—Kropina change of Finsler metric L is given by

Lm+1

gm

L= where ((z,y) = b;(z,y)y* and m # —1,0. (2.1)

We may put _
G =G+ D (2.2)

Then @; =G’ + D) and Gj-k = G, + D}y, where D} = 9; D" and D}y = O Di. The tensors
Di, D; and D;k are positively homogeneous in y* of degree two, one and zero respectively.
To find D? we deal with equation Lijir =0, [4] i.e.
Ok Lij — LijrGy, — Lyj By, — Lin Fjj, = 0. (2.3)

Since 8;8 = by, from (2.1), we have

() Ziz(m—i-l)g—: Li—mg:—: by (2.4)

(b) Zijzﬂf;l [(m + 1)8 — pmL] Ly +m(m +1) ; iy
—m(m+1)ﬁ C(Liby + Lybi) + m(m )5 Gl

() 9T, — (m+1)§:+i(m Lb)d, L—i—m(m—i-l)ﬁf:;( b — L0,
+Un+&)%;aﬂg ﬁ:iiab“

(@ 0Ty = gl + 18— oIk + [T (1)
—mm+2m%m,+mmﬂ—U%;;L¢j— (m+ln;:kh%
+%mymmm+1);;2 b;] oL + {(pL* — ﬁ)(m+méﬁ;uj
—m%m+mﬁ_JLL-Hmm+1);;JLb+Lb)
—m(m+1)(m+2)6 ey }6kﬁ+m(m+1)g:+i(ﬁL — Lb;) L
+m (m+1)ﬁm+i (BL: — Lb)O L, +m(m+1)ﬁ (s — BL) b
(1) (b = BLOOLD, — 6:1?L1J8kp

and
m -

(e) Lk = ;”“ [(m +1)3 — pmL?|Liji +m(m + 1) L (B — pL?)(Li Ljx+

ﬂerl
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m

L
+L;Lit, + LiLij) + m(m + 1)6m+2 (pL2 — B)(b;Lji + bjLix, + by Lij)

m—1

(m—f—l)ﬂ =

(Liijk + L;Lybj + Lijbi)

Fm(m 4+ 12 =2 (Libybe + Lybabi + Libiby)

6+2

Lm— m+1
+m(m? —1)—— B L;L;Ly — (m+1)(m+2)5 —5 bib;b.-

Since fiﬂk =0in F, after using (2.2), we have
OiLij — LijeGy, — Ljy Fly — Ly Flj, = 0,
where F;k =Fj, + °Di; [1].

Substituting in the above equation the values of 8kfij, L;r and fijr from (2.4) and using

(2.3) and then contracting the resulting equation with y*, we get

2IijTDT + IjTD;ﬂ + IM«D; — Lw(LbJ - 6Lj)(ri0 + SiO) - Lw(Lbl— (25)
m ) 9 m—1
— BL;) (150 + sjo) — {m(m + 1)ﬁm+2 (pL* — B)L;j — m*(m + UW
1
LiLj+m(m+1)ﬁ +2(Lb + Ljb;) — (m—|—1)(m—|—2)ﬁ —5bibj }700
Lm+2 m+1

——poLij +2pm——m L, LijG" = 0.

M gm+ gm+1
where ‘0’ stands for the contraction with y* viz. 7;0 = rjxy"*, roo = ri;4'y’ and we have use
the fact that D;kyk = CD;:kyk = D! [4].

Next, we deal with L;; = 0, that is (%—fi — LirG; — LTF;- =0, then we have

ilj =

0;Li = Lip (G + Dj) = L (Fjj + “Djj) = 0. (2.6)

Putting the values of 8;L;, Ly and L, from (2.4) in (2.6) and using equation L;; =
0;L; — L;,G} — L, F;; = 0, and rearranging the terms, we get

Lerl Lm
by = LWD +7, “Dy; +mim+1)——

Gtz (BLi — Lb;i)(ro; + so5),

mﬁm-{-l
which after using 2r;; = b;|; + bj); and 2s;; = b;); — bj|;, we get

Lerl r ' C '

ﬁ aml i _L'LTD +LJTD +2L D —|—m(m—|— 1)6 T2 ¥

m (2.7)
(ﬁLj — Lbj)(?‘io + SiO)

X (BL; — Lb;)(roj + s05) +m(m + 1)@
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and o
—2m 5m+1 =Ly D} — Lj, D} +m(m + 1)5 — (BL; — Lb;)x
o (2.8)
x (roj + s0j) —m(m + 1)5 —5 (BL; — Lb;)(rio + sio)-
Subtracting (2.7) from (2.5) and contracting the resulting equation with y?, we get
, Lm m+1 .
_2LJTD + m(m + 1)6m+2 ( bj — ﬁLJ) Too — ﬂerl 2L D . (29)
Contracting (2.9) with 37, we get
Lm Lerl , 1 Lerl
{(m—l—l)ﬂ—m LT—mW br D" = _EmWTOO' (210)

Subtracting (2.8) from (2.5) and contracting the resulting equation with y’, we have

Lm mel
[ﬁmﬂ {(m+1)B — pmL*} Ly +m(m + )——LiL,

5
m+1
(m—|—1)ﬁ =1 (LibT+Lrb)+m(m—|—1)ﬁ —5bibr | D" (2.11)
Lm+1 1 m

In view of LL;. = g; — L;L,, the equation (2.11) may be written as

mel Lm+2 . mel ) )
(m+1) G P gir D" + W{(m —1)B+ pmL*}L;

= mm 1) +1b]L DT+m(m+1)ﬁ — (Lb; — BL;) b, D" (2.12)
Lerl 1 m

Contracting (2.12) with b'(= g"/b;), we get

- 26’"“ [m(m + 1)L*A + (m +1)8% — pmL?B|L, D"
Lerl
2 G [m(m +1)L2A + (m + 1)3% — pmL*B]b, D" (2.13)
Lm+3

= W[—2mﬁso + m(m + 1)Argo],

where A = b% — g—z and s = s,0b".
The equations (2.10) and (2.13) constitute the system of algebraic equations in L, D" and

b, D" whose solution is given by

—mL[{(m+1)8 — pmL?}roo + 2mL?so]

LD = Sl(m + DI2A + B(m + 1) — pmIZ}

(2.14)
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d
o  —2m(m + 1)L2Bso + [m(m + 1)(AL® = 52) + pm*L2BJro

2[m(m +1)L*A + p{(m + 1)8 — pmL?}]
Contracting (2.12) by ¢ and putting the values of b.D" and L,.D" from (2.14) and (2.15)

respectively, we get

b, D" =

(2.15)

_ m[{(m+1)8 — pmL?}roo + 2mL?s] x
2{m+ 1) — pmL?}[m(m + 1)L2A + p{(m + 1)5 — pmL?}]

i

(2.16)

[((m +1)L%b" — {2(m + 1)8 — pmL?} y] mL? i
~ (m+1)8—pmL? 50

i
where [* =

S

Proposition 2.1 The difference tensor D' = [eel of generalized h— Kropina change of
Finsler metric is given by (2.16).

Remark The difference tensor for h—Kropina change of Finsler metric is obtained by putting

m =1 in equation (2.16).

83. Conditions for Projective Change

The Finsler space F" is said to be projective to Finsler space F™ if every geodesic of F™ is
transformed to a geodesic of F". It is well known that the change L — L is projective if
G=c+ P(x,y)y", where P(x,y) is a homogeneous scalar function of degree one in y¢, called
projective factor [6].

Thus from (2.2) it follows that L — L is projective iff D' = Py’. Now we consider that
the generalized h—Kropina change L — L = %;1 is projective. Then from equation (2.16),

we have
m[{(m +1)8 — pmL*}roo + 2mL%sq]x

" 2{m+ 1)B — pmL2Hm(m + D)L2A + B{(m + 1)3 — pmL?}]
[(m + 1)L — {2(m +1)8 — pmL*}y'] mL? g
(m+1)3 — pmL2™”

7

Py (3.1)

Contracting (3.1) with y;(= g;;47) and using the fact that sjy; = 0 and y;4° = L?, we get

—m[{(m+1)8 — pmL?}roo + 2mL?s0]

= 2mm + DA + H{(m + B — pmL?}] (82)
Putting the value of P from (3.2) in (3.1), we get
m(m + 1)[{(m+1)8 — pmL?}roo + 2mL?s](By’ — L?b?) (3.3)

2{m + 1) — pmL?}[m(m + 1)L2A + p{(m + 1) — pmL?}]

mL? i
— S
(m+1)8 — pmL2""
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Transecting (3.3) by b;, we get

25 %0 here A= 82— D £0 (3.4)
= wher = - —= . .
m+1) A’ L?

Putting the value of rog from (3.4) in (3.2), we get

msSo

Eliminating P and rop from (3.5), (3.4) and (2.16), we get
i i B il so

The equations (3.4) and (3.6) give the necessary conditions under which a generalized h—Kropina

change becomes a projective change.

Conversely, if conditions (3.4) and (3.6) are satisfied, then putting these conditions in
(2.16), we get

mso
(m+1)A 4

mso

br=- [CESYS

¢ ie. D'=Py', where P=—
Thus F is projective to F".

Theorem 3.1 The generalized h— Kropina change of a Finsler space is a projective change iff
equations (3.4) and (3.6) hold the projective factor P is given by equation (3.5).

If m = 1, then the equations (3.4) and (3.6) are reduced to the equations

roo = %, (3.7)
and
54 = [bi - %yz] SZO (3.8)
respectively and the projective factor is given by P = —ZS—Z. Thus, we have

Corollary 3.1 The h—Kropina change of Finsler metric is projective iff the conditions (3.7)
and (3.8) hold.

84. Douglas Space

The Finsler space F™ is called a Douglas space if and only if Gy — G7y" is homogeneous
polynomial of degree three in y® [7]. We shall write hp(r) to denote a homogeneous polynomial

in y¢ of degree r. If we write BY = Diy/ — DIy then from (2.16), we get
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B — m(m + 1)L2[{(m + 1)8 — pmL?}roo + 2mL?so)(biy’ — by?)
2{m +1)B — pmL?}[m(m + 1)L2A + p{(m + 1) — pmL?}]
mL?

~(m+1)8—pmL? (o = s50") (4.1)

From (4.1), we find if a Douglas space is transformed to a Douglas space by generalized
h—XKropina change of Finsler metric, then B% must be hp(3) and if B¥ is hp(3) then generalized
h—Kropina change transforms a Douglas space into a space of the same kind.

Theorem 4.1 The generalized h— Kropina change of Douglas space leads to a Douglas space
iff BY given by (4.1) is hp(3).

If m = 1, then the equation (4.1) becomes

g _ Ll28 = pL?)rop + 2L°s0)(b'y’ — b'y’) (4.2)
T (20— pL?)2L2A + (20 — pL?)] '

L2 G
~ 25— iz o sy

Thus, we have

Corollary 4.1 The h—Kropina change of Douglas space leads to a Douglas space iff BY given
by (4.2) is hp(3).
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